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Abstract

This document reviews the basic principles of matched filter signal detection and shows how these apply to detection of the OFDM waveform. The application of these results to an in-door channel link budget for OFDM in the 2.5 GHz bands is presented.

Background

Detection of digital communications waveforms using matched filters is a classical method well known to exhibit both theoretical optimality and to be effective in practice. Matched filters are optimal in the sense that for AWGN, they maximize the output signal-to-noise ratio (SNRo) at the point in time that the signal is to be detected. Furthermore, the value of SNRo only depends on the signal waveform energy and is independent of the shape of the signal waveform being used.

Assume a signal waveform s(t) which is zero except for the signalling symbol interval [0,T]. Let s(t) have unit energy, that is 

Es =  ( s(t)2 dt = 1





(1)

The filter matched to this signal has an impulse response

h(t) = s (T-t)





(2)

and it will only be non-zero for times in the symbol interval [0,T] as well.

Let us suppose now that the received signal is

r(t) = Er1/2 s(t) + n(t)





(3)

which consists of the received signal waveform with energy Er and AWGN  n(t) with PSD N0/2.

The matched filter output 

y(t) = r(t) ( h(t)  = so(t) + no(t)






(4)

consists of an output signal component so(t) and an output noise  component no(t). If  y(t) is sampled at the end of the symbol interval T, it is easily shown that  

y(T) = so(T) + no(T) =  Er1/2 Es + no(T) = Er1/2  + no(T).




(5)

It is also easily shown the output noise of the matched filter at time T has zero mean and variance

(o2 = E( no(T)2)) =  Es No/2 = N0/2






(6)

so that the output signal-to-noise ratio from the filter at the end the symbol is 

SNRo = so(T)2 / (o2 = 2 Er / No






(7)

which is the classic result. Note it is independent of the actual shape of s(t) and only depends on the received signal energy. The matched filter result is that no other filter than the one defined by (2) will produce a greater SNRo. Also note that when one defines the filter to be scaled according to a unit energy reference symbol waveform, Es =1, the noise power out of the matched filter is always No/2, the PSD level of the AWGN. 

Matched filter detection of the OFDM waveform

The OFDM waveform is a multiplex of 2K independent and mutually orthogonal signals 

x(t) = ( xk(t),
k = k1, k1 +1,....k1+K-1



(8)

where the kth sub-carrier has two orthogonal components

xk(t) = Ik (EIk ½) sIk(t) + Qk (EQk ½) sQk(t) 






(9)

with

sIk(t) = (2/T)1/2 cos (2(fkt)
t ( [0,T]




(10)  

and 

sQk(t) = (2/T)1/2 sin (2(fkt)  
t ([0,T] 




(11)

being the mutually orthogonal, unit energy, in-phase and quadrature waveforms of the kth sub-carrier. The 2K waveforms form an orthonormal basis set. The sub-carrier frequencies are fk = k (f with the sub-carrier spacing (f =1/T.

The modulation values Ik and Qk transport the data. For the QAM constellations, they have mean values of zero and variances of one. For BPSK, only Ik is used. The energies in the components for QAM are given by

EIk = EQk = T Pk/2





(12)

and for BPSK are they are given by

EIk= T Pk,  EQk = 0


 


(13)

where Pk  is the received power of the kth sub-carrier which is estimated from the link equations.

Notice that in OFDM one must implement 2K matched filters (or correlators) to demodulate each OFDM symbol. From (2), (10) and (11) they are easily seen to be 

hIk(t) = sI k (T-t) = (2/T)1/2 cos(2( fkt)
t ([0,T]



(14)

and

hQk(t) = sQ k (T-t) = -(2/T)1/2 sin(2( fkt)
t ([0,T]



(15)

The transfer function of the filters is easily found. For the in-phase filter it is

HIk(f) = 1/2 [H0(f-fk) + H0(f+fk)]





(16)

with

H0(f) = (2T)1/2 [sin(( f T)/ (( f T )]exp(-j( f T)





(17)

The magnitude squared, (HIk(f)(2, of the transfer function of an OFDM matched filter is plotted in the Fig 1 below for positive frequencies. It is noted that the bandwidth of the matched filter in OFDM is related to the sub-carrier spacing (f, which is 312.5 KHz in the current WLAN OFDM systems, and has no direct relationship to the occupied bandwidth of the OFDM multiplex.

The output noise power of the matched filter can be found by integrating the (HIk(f)(2 x Sin(f) over frequency. For AWGN with input PSD Sin(f) = No/2,

 (Ik2 = No/2 ( (HIk(f)(2 df





(18)

This integral can be quickly approximated by looking at the Fig. and estimating the effective noise bandwidth of the OFDM matched filter as (f. It is seen that (remembering to include the negative frequencies)

(Ik2 ( 2 (No/2) (f T/2 = No /2.






(19)

One could compute the integral of (16) numerically, however this is not necessary because by  Parseval's Theorem

(Ik2 = No/2 ( (HIk(f)(2 df = No/2 ( (sIk(t)(2 dt = No/2





(20)

due to the orthonormality of the OFDM basis set . So the simple approximation was in fact exact. The analysis for the quadrature components is essentially identical. Other properties follow for AWGN. For example the set of 2K random variables composed of the noise outputs from the 2K matched filters are s.i.i.d gausssian random variables with variances No/2.
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Fig. 1 Magnitude squared of OFDM matched filter for in-phase or quadrature component of sub-carrier fk
The output signal-to-noise ratio for the OFDM matched filters, averaged over all symbols in the set {Ik, Qk} is

SNRIk = 2 EIk /No = 2 PIkT/No , 
SNRQk = 2 EQk /No
= 2 PQkT/No


(21)

where EIk and EQk are the average energies received in the in-phase and quadrature components of the kth sub-carrier. The received symbol energy and symbol power of the kth sub-carrier are

Ek = EIk + EQk  = TPIk +TPQk = TPk






(22)

where T is the matched filter (same as the ifft/fft) processing interval which is 3.2 (secs in the current WLAN OFDM systems.

The output SNRs of the matched filters are referred to as the received constellation modulation SNRs. It is customary to determine the bit-error rate and packet-error-rate performance of digital communications links as a function of Ek/No. These performance curves depend on the error control coding and decoding algorithms employed and may vary from implementation to implementation. For the QAM constellations that have equal average in-phase and quadrature power, it is seen from (21) and (22) that Ek/No is identical to the in-phase and quadrature signal-to-noise ratios at the matched filter outputs. 

In 80211a and in the 80211g OFDM proposal, the transmit symbol power and energy is equally divided between K = 52 sub-carriers. (48 data sub-carriers and 4 pilot sub-carriers). As mentioned above, in QAM constellations the data sub-carrier power is on the average equally divided between the in-phase and quadrature components. In BPSK, it is allocated all to the in-phase component.

OFDM Link Budget at 2.45 GHz

The received sub-carrier symbol power is found from the link equation  

Pk = P MAX,TX - 10log10(K)  + GTX - PPA Backoff -  Lk,pathloss - Lotherlosses + GRX .

(23)

Here ;

PMAX,TX = maximum transmit power in dBm  (currently limited to 20 dBm at 2.4 GHz)

K = number of OFDM sub-carriers (48 data + 4 pilot)

GTX , GRX = antenna gains of transmit and receive antennas (which following [1] we will make 0 dB)

PPA Backoff = power amplifier output backoff  (estimated in [1] at 6 dB for OFDM)

Lk, pathloss = Path loss of the kth sub-carrier

Lotherlosses = Other losses such as antenna coupling losses, implementation losses and a margin for multipath (which following [1] we will estimate at 10 dB).

Incorporating the values of [1] into (23) gives

Pk = -13.2 - Lk, pathloss    dBm






(24)

or in terms of received energy per sub-carrier symbol in dBm/MHz

Ek = 10log10(PkT) =10log10(Pk/ (f) = -7.7 
- Lk, pathloss       dBm/MHz



(25)

To estimate the average path loss of the indoor channel versus range, it is useful to employ the model of ITU-R P.1238-1 as reported in 802.15.2 document 00/294/r1
[2].

Lk, pathloss = 20log10(fMHz)  + ( log10(r)  + Lf (no. of floors) -27.7 dB



(26)

At 2.45 GHz, 

Lk, pathloss = 40  +( log10(r ) + Lf (no. of floors)  dB. 





(27)

Here ( is the distance power loss coefficient. For free space path loss it is 20. For indoor models it is reported as 28, 30 and 22 for residential, office and commercial respectively. We shall adopt the value of 30 for the office model. Lf is a floor penetration loss factor depending on the number of floors to be penetrated. This can be as much as 15 dB for one floor in an office. However, we shall avoid multiple floors for the sake of this discussion. (See [2] for multiple floor situations.)

Combining (25) and (27) predicts the received sub-carrier symbol energy versus distance for the single floor office environment as

Ek =  -47.7 - 30log10(r)        dBm/MHz






(28)

The PSD of the AWGN is computed as follows. 

{No/2} = Nthermal + NNoiseFigure = 10log10(kT0/2) + 6 = -114.2 –3 +6 = -111.2 dBm/MHz  
(29)  

As shown earlier, this is also the output power of the OFDM matched filters.

Combining (28) and (29) yields the QAM matched filter output signal-to-noise ratios in dB (which are also Ek/No), for the 80211g OFDM data symbols as a function of range. 

Ek/No =60.5 - 30log10(r)        dB.






(30)

From this data, one can determine the packet error rate (PER) versus range for each of the data rates for a given decoding implementation. For example using the results reported in [1] for PER versus Ek/No for the various DATARATES of the CCK-OFDM implementation one obtains ranges as shown in the Table. Sustainable throughput rates at these DATARATES depend on the number of data symbols in the packet and on the preamble length as explained in [1].

	DATARATE Mbps
	Ek/No dB for PER=10-1
	Max range   m

	54
	17.5
	27.1

	36
	12.5
	39.8

	24
	8
	56.2

	12
	3
	82.5

	6
	0
	103.9


Table 1.
    Maximum range in an indoor office environment defined by ITU P-1238.1          versus DATARATE

Comments

There are a number of assumptions in the link budget equations that make it difficult to compare the results of the Table 1 above with those presented in [1]. For example, there will be some gain in the antennas. As much as 6 dBi is allowed without reductions of transmit power. Even infinitesimal di-pole antennas have 1.5 dB of gain. On the other side of the ledger, a 6 dB backoff may be insufficient for OFDM with 64 QAM. An allowance of 8 or 9 dB may be more conservative. All in all these factors may more or less balance out. 

The in-door path loss model of [2] used in this submission is significantly different from that used in [1]. Using the model of [1] leads to significantly greater ranges than those presented in Table 1. However, [2] appears to be the most recent output of 802.15 TG2 and is the accepted ITU-R in-door propagation loss planning model for the frequency band from 900 MHz to 100 GHz..

The principal purpose of this submission was to describe the nature of matched filter detection in OFDM systems and illustrate how one computes their output noise power and their output signal power. These results stand completed.
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� We elect to use the ITU loss model instead of the one used in  [1] because the model given there is not contained in their reference 802.15 doc. 00/134 and it is discontinuous at 8 m.





Submission
 page 1 
Paul H. Moose, Adv. Broadband Comm.



