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Abstract 

Collaborative problem solving (CPS) has been shown to both engage and benefit 
students’ learning of mathematics. However, there is evidence that group work is not 
always easy to facilitate, in part because educators lack details about learners’ 
engagement during group work: the processes of problem solving involved, and how 
these are engaged. In this exploratory study, we focused on these processes in the 
moments of related math activity, or math moments, engaged by two groups of 
interested, urban, middle-school aged students during four sessions of work in the 
Virtual Math Teams (VMT) environment. We examined three phases of their problem 
solving: Exploring, Constructing, and Checking. In addition, to further describe the 
students’ cognitive and behavioral engagement, we considered both the process of 
students' use of executive functions (EF), during problem solving, termed executive 
functions in practice (EFP), as well as the stage of CPS (Participation, Cooperation, 
and Collaboration), during phases of problem solving. We learned that the relation 
between each phase of problem solving, categories of EFP, and stages of CPS vary; 
for example, the problem-solving phase of Exploring was found to have a more 
positive effect on EFP and CPS than either Constructing or Checking. Implications 
for educational practice, and next steps for related research are described. 

Keywords: momentary engagement, problem solving, executive functions, 
collaborative problem solving 
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1. Introduction 

Studies have shown that, compared to individual activity, students’ collaboration during 
mathematical problem-solving increases their opportunities for engagement (e.g., Webb et al., 2019) 
and can support students to develop their identities as learners of mathematics (e.g., Featherstone et al., 
2011). However, following a review of 66 qualitative and quantitative studies, van Leeuwen and Janssen 
(2019) concluded that teachers’ abilities to adjust the assistance they offer their students during 
collaborative activities vary, and their effectiveness, in turn, significantly impacts whether student 
learning occurs. To understand how collaborative problem solving (CPS) might be optimized in 
classroom instruction, detail is needed about students’ engagement in phases of problem solving during 
moments when they are working with mathematics. 

 
Momentary engagement refers to individuals’ activity, or participation, during a brief period of 

time, and has primarily been discussed as situation-specific (Nolen et al., 2015; Symonds et al., 2021). 
Dietrich et al. (2022) pointed to the importance of further examining such experiences to consider 
complex change. Investigation of momentary engagement in group-based contexts, in particular, could 
extend understanding of the role of group work in supporting students’ attention to tasks (e.g., Hmelo-
Silver et al. 2018; Pollastri, et al., 2013), enhancing reasoning (e.g., Barron, 2003), and promoting the 
development of a collective working memory that may increase their capacity for problem solving 
(Kirschner et al., 2018; van den Bossche, et al. 2011; Zambrano et al., 2019). 

 
In this article, we report on findings from an exploratory study of two groups of urban middle 

school students’ work with online collaborative problem solving in the Virtual Math Teams (VMT, 
https://vmt.mathematicalthinking.org/) environment (Stahl, 2013). These data are publicly available and 
de-identified. The two groups each worked with the same four sessions of open-ended dynamic 
geometry problems, and their sustained engagement across the sessions indicated that all participants 
had a developed interest in the problem solving they were doing (Renninger et al., manuscript in 
preparation; Renninger & Hidi, 2016). To study cognitive and behavioral engagement during phases of 
the students' problem solving (Exploring, Constructing, and Checking), we investigated the students’ 
use of core categories of executive functions (EF; Working Memory, Cognitive Flexibility, Inhibitory 
Control) which we describe as executive functions in practice (EFP), their cognitive engagement, as 
well as their behavioral engagement in each stage of CPS (Participation, Cooperation, Collaboration). 

1.1 Momentary engagement and mathematics 

Studies of engagement in academic tasks have primarily focused on three types of engagement: 
cognitive, behavioral, and affective (e.g., Skinner & Pitzer, 2012; see Fredricks et al., 2004; Fredricks 
& McColskey, 2012 for reviews). Research has shown that these types of engagement co-occur and are 
malleable. As Pohl (2020) explained, students who are completing math tasks benefit from being 
cognitively engaged as this positions them to recall math concepts and to use these in planning strategies, 
work on solving the problem, monitor their progress, and evaluate their correctness. Moreover, research 
has shown that when students are sufficiently behaviorally engaged to complete tasks and participate in 
their mathematics class, their cognitive engagement is effectively supported (Dong, et al., 2020), and 
they are able to maintain engagement (Cook, et. al., 2020). Within-person fluctuations in engagement 
levels have also been observed, leading a number of researchers to call for more situated and moment-
specific analyses (e.g., Dietrich et al., 2022; Nolen, 2020; Rogat et al., 2022; Salmela-Aro et al., 2021; 
Symonds et al., 2019, 2021). Given these findings, the study of momentary engagement in the context 
of collaborative activity in mathematics may be particularly important. 

1.1.1 Mathematical sense-making and practices 

Mathematical sense-making is central to the process of problem solving in mathematics, as it 
describes individuals' developing understanding and flexible use of mathematical concepts (e.g., Harel 
& Sowder, 2005; Schoenfeld, 1992/2016). The development of mathematical sense-making is a 
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cognitive process that requires students to work with new information and make connections to what 
they already know (e.g., Kasmer & Kim, 2011; Rau & Matthews, 2017); it also is a skill that is developed 
and enhanced through collaboration in specific contexts, such as problem solving (Bonotto, 2005; 
Gerson 2008; Kelton et al., 2018; Stahl, 2013).  

 
Problem solving has been variously described as a set of steps, or phases, that begins with 

understanding the problem and progresses through a sequence that includes making a plan, carrying it 
out, and checking (Polya, 1945; Schoenfeld, 1992/2016). Stahl (2013) clarified that the process is not 
so linear when individuals are working collaboratively with open-ended, inquiry problems that allow 
exploration. In the collaborative context, the process involves discovery which includes explorative 
dragging (exploring), experimental construction (constructing), and determination of dependencies 
(checking)—phases of problem solving that have been shown to benefit conceptual understanding. 

  
Boaler and Selling (2017), for example, reported that students in mathematics classrooms that 

have explicitly prioritized the exploration of strategies as a component of problem solving have a deeper 
understanding of mathematics content, as well as more positive feelings about mathematics, than 
students in classrooms that do not encourage exploration. Studies also have provided evidence that 
checking work following problem solving is associated with higher levels of student performance and 
conceptual understanding (e.g., Eshuis et al., 2019; Kuhn et al., 2020; Zhang et al. 2021). 

1.1.2 How mathematics practices are engaged, EFP and CPS 

Study of students’ use of cognitive and behavioral engagement with phases of problem solving 
has the potential to provide detail about how students engage in collaborative mathematics activities. 
Research has addressed the outcomes of EFs, as individual categories of behavior, and as a composite 
description of engagement (e.g., Mann et al., 2017; Younger et al., 2023) and CPS (e.g., Andrews-Todd 
& Forsyth, 2020) individually. To the best of our knowledge, however, no one has either investigated 
the use of executive functions (EFs) and/or stages of CPS during students’ behavioral engagement in 
phases of problem solving.  

 
In the present study, we use EFP to describe the process of students’ use of EFs in naturally 

occurring settings such as collaborative group work. Whereas EFs are usually studied in controlled 
settings with standardized tasks (Bailey et al., 2018, Chan et al., 2008; McCoy, 2019), in our 
investigation we are focused on the process of students’ cognitive and behavioral engagement with 
problem solving; therefore, we review EFs as they are activated and practiced in an ecologically valid 
context.  

 
In general, three core EFs are used to describe individuals’ cognitive engagement with tasks: 

working memory, cognitive flexibility, and inhibitory control (Diamond, 2013). Working memory refers 
to the ability to recall and manipulate relevant information to work with tasks (Bailey et al., 2018; 
Diamond, 2013; Radvansky & Copeland, 2006). Cognitive flexibility describes the ability to adjust 
one’s behavior or thoughts to changed circumstances such as unexpected failure, or opportunity 
(Diamond, 2013; Jacques & Zelazo, 2001). Inhibitory control pertains to the ability to resist the impulse 
to respond to a situational demand and to instead engage in a more appropriate but subdominant response 
(Letang et al., 2021; Veraska et al., 2020).  

 
Studies of EFs have shown that they are critical for both achievement and learning (Caviola et 

al., 2020; Jose et al., 2020; Long et al., 2011; Mann et al., 2017; Skaguerlund et al., 2019). In 
mathematics, research has pointed to positive associations between math achievement and core EFs 
(e.g., Brookman-Byrne et al., 2018; Clark et al., 2010; Swanson & Beebe-Frankenberger, 2004; see also 
Cragg & Gilmore, 2014 for a review of the literature on EF and mathematics). Specifically, in solving 
a mathematical problem, working memory allows students to recall and apply previously learned 
knowledge (Karpike, 2012; Peng et al., 2016); cognitive flexibility allows students to sort through 
different solutions and choose the most efficient strategy (Huizinga et al., 2014; Yeniad, et al., 2013); 
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and inhibitory control allows students to focus their attention on the task and ignore distractions (Bishara 
& Kaplan, 2022; Ponitz et al., 2009). 

 
Different EFs also may be uniquely utilized in one or another part of problem solving. For 

example, Viterbori et al. (2017) found that when students are working on multi-step problems, working 
memory significantly predicted problem solving accuracy, presumably because it allowed students to 
make use of correct mathematical information. Viterbori et al. also reported that students may need to 
call upon cognitive flexibility to shift between multiple representations of a problem. In other work, Lee 
et al. (2009) suggested that inhibitory control may be particularly necessary for students’ understanding 
when a problem includes irrelevant information that needs to be ignored.  

 
By contrast, collaborative problem solving (CPS) describes stages in the process of two or more 

individuals working together to achieve a shared goal: participation, cooperation, and collaboration. 
Drawing upon the A3C framework, referring to attendance, coordination, cooperation, and collaboration 
(Jeong et al., 2017) and self-regulated learning theory (Hadwin et al., 2011), we describe CPS stages as 
reflecting the extent to which students’ behavioral engagement is influenced by other students in their 
group. Participation refers to individual behaviors in which a student may act according to their own 
goals and methods, but their goals and methods are dependent on and shaped by other people; 
Cooperation refers to group behaviors in which a common goal is explicitly established, but the methods 
to achieve it are not joint; Collaboration refers to group behaviors in which goals and methods are shared 
and jointly enacted 

 
Peer-to-peer interactions during group problem solving provide a basis for knowledge 

construction that results in shared group cognition that is not present when an individual works alone 
(Stahl, 2013; van den Bossche, 2011; Zambrano, et al., 2019). Students’ behavioral engagement when 
working with a group has been shown to differ from individual problem solving. For example, Sun et 
al. (2022) found that fifth grade students’ behavioral engagement was highest during collaborative work 
and lowest during independent work associated with direct instruction. Furthermore, outcomes of group 
problem solving often differ from individual problem solving as shown by Mohammadhasani and 
Asadi’s (2020) study of students' completion of mathematics problems in online collaborative groups. 
They reported that those who completed the problems collaboratively experienced greater learning gains 
than those who worked on them individually. These findings are consistent with other studies 
demonstrating that students working in groups on academic tasks outperform those working individually 
on the same tasks (e.g., Eshuis et al., 2019; Sankaranarayanan et al., 2021). 

1.2 Current study 

In this study, we explored the process of two groups’ momentary engagement during four 
sessions of online collaborative problem solving in the VMT environment. Our goal was to detail the 
process of the students’ problem solving during group work, considering variations in cognitive and 
behavioral engagement among students who were interested and on task. We selected the groups for 
study based on the following criteria as assessed in a prior study (Renninger et al., manuscript in 
preparation): high levels of interest in mathematics (all participants in each group studied, remained on 
task throughout each of the problem-solving sessions; Renninger & Hidi, 2016), similar number of math 
moments (see section 2.3.1), but differences in their demonstrated levels of collaboration (for the 
methodological determination, see 2.3.4). Specifically, Group 1 was less collaborative than Group 2. 
Although there were different numbers of students in the two groups selected for analysis, data from 
prior study suggested that differences in the number of participants in student groups did not influence 
the observable dynamics of groups. 

Study of two groups that had high levels of interest allowed study of high levels of cognitive 
and behavioral engagement during group work; study of groups that had approximately the same number 
of moments of math-related activity, or math moments ensured that the structure of the sessions were 
similar for both groups. These two criteria allowed us to focus on potential differences between the 
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groups related to the quality of the students’ collaboration. We expected that these data could provide a 
preliminary mapping of the engagement of students in this age groups’ online collaborative problem 
solving and could help to address what teachers need to know to effectively support their students to 
work collaboratively. 

 
Many studies of engagement measure two time points, usually before and after task completion; 

however, as Siegler (1998) pointed out, study of any type of change ideally assesses and measures 
change while it is occurring. Given findings such as Symonds et al.’s (2021) indicating that momentary 
engagement varies within individuals, methods of measurement should ideally assess student 
engagement across the entire process of problem solving, and, in the group context, should account for 
co-negotiated engagement processes (Rogat et al., 2022). Here, the chat and replayer functions of VMT 
provided us with moment-to-moment records of the students’ cognitive and behavioral engagement. We 
focused on three features: (a) the phases of problem solving engaged – Exploring, Constructing, and 
Checking; (b) the students’ use of core EFP – Working Memory, Cognitive Flexibility, and Inhibitory 
Control during phases of problem solving providing information about cognitive engagement; and (c) 
each stage of CPS – Participation, Cooperation, Collaboration– during phases of problem solving, which 
provided information about their behavioral engagement. 

Two research questions were addressed:  
 
RQ 1:  What is the relative proportion of each phase of problem solving overall, and is the 
distribution of phases similar by session? Do these proportions vary for two groups with 
different levels of collaboration?  
 
RQ 2: How do groups engage with different phases of problem solving? Are there differences 
in the cognitive and behavioral engagement of two groups with different levels of collaboration? 
Specifically, what is the relation between each phase of problem solving and the EFP and CPS 
of each group? Is there change across sessions?   

2. Methods 

2.1 Participants 

Participants were two groups of middle school students from the same urban school who were 
enrolled in an after-school program. Group 1 had three members and Group 2 had four members; their 
participation in the group was anonymous and their data were de-identified. 

2.2 VMT learning environment 

The VMT environment is an online, multi-user version of GeoGebra that includes a shared 
workspace and a chat tool to the side of the screen (see Figure 1). Each group of students worked in a 
separate VMT room. Group members communicated with each other through the chat, which allowed 
them to type and submit messages that were displayed to all of them. Only one student was able to 
interact with the shared space at a time, and did so by clicking on a “take control” button. While one 
student was "in control" others made suggestions through the chat. The same groups of students worked 
together on each of the four sessions of geometry topics (see Table 1). The first three sessions each 
lasted for an hour. During the fourth session, the students worked for more than two hours, mid-way 
through the session, they took a break. The problems on which the students worked and the instructions 
were the same for each group in each session, and prompted student use of the chat to discuss their work.  
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2.3 Problems 

The problems for each of the sessions were rich, open-ended geometry problems that were 
specifically designed to scaffold support for developing skills in “collaborative and mathematical 
discourse, exploring dependencies, geometric construction, analytic explanation and domain content” 
(p. 163, Stahl, 2013). Problem content for each session was distinct and was anchored in the preliminary 
standards for high-school geometry described in the Common Core State Standards Initiative (2011). 
Thus, the students were asked to engage in working with alternate representations and dependencies, 
including congruence, symmetry, and rigid transformations. Problems for each session were sequenced 
to support the students’ developing levels of skill for understanding and working with proof, consistent 
with the van Hiele levels for geometric reasoning (see deVilliers, 2003, as cited in Stahl, 2013). 
Problems first focused the students on noticing and wondering (Ray-Riek, 2013), and followed this with 
encouragement to describe what they were doing and their justification for this in their chat-based 
explanations of their work.   

2.4 Coding and data reduction 

2.4.1 Math moments 

Math moments refer to chunks of related and sequential mathematics activity during open-ended 
problem solving. In the present study, identifying the moments when students were working with 
mathematics (as opposed to socializing or asking procedural questions) during each session of problem 
solving provided the context for studying the student groups’ cognitive and behavioral engagement 
during phases of problem solving. As such, math moments were not identified based on screen or tab in 
this VMT context. Rather, the group members set the direction of the math moments that they engaged, 
and we aggregated these based on the group members’ steps in their discovery process as they worked 
on the open-ended problem solving of each session. Thus, while the sessions of problem solving were 
comparable to each other in the opportunities they afforded, individual math moments might not be due 
to their having different foci, lengths, etc. For this reason, we aggregated these data for analyses at the 
session level.   

 
Math moments were consensually identified by two researchers for each group (Hill, 2012; see 

Tables 2 and 3 for a description of the content and duration of the math moments engaged by each 
group’ across sessions). Most of the moments for each session for each group were math moments. 
While it was expected that the groups would vary in their work with each of the problems, the math 
moments identified for each included similar content (e.g., constructing an equilateral triangle, or 
discussing the meaning of constrained points), and/or often reflected the prompts that the problem 
provided. The consensual reliability check was employed to ensure that a consistent set of considerations 
informed the identification of math moments for each group, and between groups (e.g., the decision that 
multiple attempts at the same construction were described as multiple moments).  

 
 
 
 
 
 
 
 
 
Figure 1.  
Screenshot of VMT Activity. 
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Note. The screenshot is of Topic 2, Equilateral Triangles. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 
Session Topic Descriptions 
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Topic 1 
Introduction to 
VMT 

Objective: Understand how to construct objects and create dependencies  
 

Session Goals:  
 

• Use construction tools (i.e. point tool, compass tool, etc.) to construct 
points, segments, and figures 

• Construct appropriately independent and dependent points  
• Perform “drag tests” (moving points of a given figure) to test 

dependencies  

Topic 2 
Equilateral 
Triangles 

Objective: Understand the properties of triangles 
 

Session Goals:  
 

• Construct an equilateral triangle using two circles with a common 
radius 

• Generate sets of dependent relationships of a given figure with an 
inscribed triangle 

• Converse about the different properties of triangles 

Topic 3 
Perpendicular 
Bisectors 

Objective: Understand the properties of perpendicular lines and perpendicular 
bisectors 
 

Session Goals:  
 

• Construct a perpendicular bisector of the radius of a circle 
• Construct a perpendicular bisector through an arbitrary point on a 

line 
• Construct a parallel line tool 

Topic 4 
Inscribed Polygons 

Objective: Understand geometric proportions 
 

Session Goals: 
 

• Construct an equilateral triangle inscribed within another 
proportional equilateral triangle 

• Construct a square inscribed within another proportional square 
• Construct a hexagon inscribed within another proportional hexagon 

 
2.4.2 Phases of problem solving 

As described in Table 4, three phases of problem solving may characterize math moments: 
Exploring, Constructing, or Checking (e.g., Polya, 1945; Salminen-Saari et al., 2021; Schoenfeld, 
1992/2016; Stahl, 2013). Although more formal conceptualizations of problem solving may point to 
these phases occurring sequentially, as Stahl (2013) noted, groups working with problems in VMT 
sessions may engage in these phases in any order. For example, a group may enter the Constructing 
phase and begin to construct figures before the group has had a chance to explore the problem, or the 



Renninger et al 

__________________________________________________________________________ 
Special Issue: Perspectives on Momentary Engagement and Learning Situated in Classroom Contexts 

75| F L R  

group may skip the Checking phase entirely after they have completed their constructions. Two 
researchers coded the phases of problem solving associated with each math moment, following which 
an independent researcher coded 20% of the data drawn at random and conducted a reliability check; 
reliability was substantial, k= .67 (Landis & Koch, 1977). 

2.4.3 EFP 

Group members' EFP were coded at the individual student level for each math moment. All 
students were coded for categories of behaviors associated with Inhibitory Control, Working Memory, 
and Cognitive Flexibility (see Table 5). As shown in Table 5, the coding rubric for assessing each EFP 
was derived from the existing literature on the relevant EF and consisted of multiple items. By definition, 
the coding of EFP involved (a) reviewing the students’ process during problem solving, (b) required 
identifying the opportunities to use EFP created by the group and afforded by the activity's design, and 
was followed by (c) consideration of to what extent individuals took advantage of opportunities. 

 
Coding of EFP was undertaken in three steps. First, two researchers reviewed each group’s work 

using the replayer focusing on the identified math moments for the groups. Second, the researchers had 
an initial meeting to discuss and agree on opportunities that were identified for group participation (e.g., 
to code Working Memory, the researchers needed to agree about whether there is information that the 
students need to recall to complete a task). We only scored items describing behaviors for which students 
had opportunities to engage in. When students did not have an opportunity to use EFP, we coded this as 
nonapplicable. 

 
Third, the researchers conducted an independent assessment of each student’s EFP during math 

moments using the questions described in Table 5. For each question, students were scored on a four-
point scale consisting of the values 1 (fully exhibited described behaviors), 0.5 (had some but not all 
behaviors), -0.5 (had minimal number of associated behaviors), and -1 (did not exhibit the behaviors). 
Scores ranged from -1 to 1, with a 1 indicating that the student took full advantage of the opportunities 
afforded in that moment to exhibit a given EF, and a -1 indicating that a participant took no advantage 
of those opportunities. As described above, an exception was made for instances in which no opportunity 
was present (n/a). This affected Cognitive Flexibility scores the most, possibly because it is a higher 
order EF (Diamond & Ling, 2016) more than other EFP, leading to fewer moments in which Cognitive 
Flexibility was coded.  

 
Finally, an average score for each type of EFP (Working Memory, Cognitive Flexibility, and 

Inhibitory Control) was calculated for each individual and for the group. The average EFP score was an 
aggregate of Working Memory, Cognitive Flexibility, and Inhibitory Control average scores for the 
individual and the group. Amount of each type of EFP was calculated for each student. To confirm 
reliability, two raters independently rated students’ use of EFP. All coding was established through 
discussion; scores were reviewed and revised following Hill (2012) until 100% agreement was achieved. 
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Table 2 
Group 1’s Math Moment Content and Duration, Sessions 1-4 

Session 1: Introduction Session 2: Equilateral Triangles Session 3: Perpendicular Bisectors Session 4: Inscribed Polygons 

1. Segment A construction (03:18) 1. Segment DE construction (06:29) 1. Segment construction (03:06) 1. Polygon drag and discussion (17:31) 

2. Dragging points A and B (03:13) 2. Triangle DEF construction (04:47) 2. Circle constructions (02:57) 2. Outer triangle construction (07:16) 

3. Various segment construction (02:34) 3. Firsts attempt at construction of circles 
A and B (06:27) 

3. Segment construction (02:51) 3. First attempt at inner triangle 
construction (12:07) 

4. Discussion of figure (01:48) 4. Second attempt at construction of 
circles A and B (06:39) 

4. First attempt at line J construction 
(04:18) 

4. Inner triangle drag test (09:32) 

5. Experimenting with text (11:23) 5. Point C construction s(03:23) 5. Second attempt at line J construction 
(04:02) 

5. Tab hints (00:22) 

6. Various segment construction (01:38) 6. Triangle ABC construction (02:44) 6. Line J drag test (06:01) 6. Inner triangle drag test (03:48) 

7. Circle constructions (02:09) 7. Discussion of impressions (03:25) 7. Line construction (02:52) 7. Exploring compass tool (16:31)a  

8. Discussion of figure (01:21) 8. Discussion of constrainment (03:11) 8. Circle constructions (01:28) 8. Second attempt at inner triangle 
construction (25:43) 

9. Angle Constructions (03:25) 9. Discussion of segment lengths (01:58) 9. Line constructions (03:45) 9. Reflection (09:42) 

10. Experimenting with grid (03:14) 10. Discussion of angles (00:15) 10. Perpendicular line drag test (00:49) 10. Discussion of dependencies (06:19) 

11. Polygon constructions (02:34) 11. Discussion of unsure relationships 
(03:26) 

11. Circle constructions (03:08) 11. Testing dependencies (02:57) 

12. Intersection constructions (09:02) 12. Discussion of triangle types (02:30) 12. Line constructions (05:03) 12. Planning outer square (04:00) 

13. Segment and dependencies (02:48) 13. Discussion of unsure relationships 
(03:41) 

13. Dragging lines (02:07) 13. Outer square construction (17:46) 

 
14. Dragging triangles (03:38) 14. Creating tools (08:49) 14. Planning inner square (03:48) 

  
15. Testing tools (05:59) 15. Inner square construction (06:01) 

   
16. Reflection (03:27) 



Renninger et al 

__________________________________________________________________________ 
Special Issue: Perspectives on Momentary Engagement and Learning Situated in Classroom Contexts 

77| F L R  

 
Note. Duration is reported in minutes and seconds based on time stamp.  
a Students took a break and then resumed work. 
 

Table 3 
Group 2’s Math Moment Content and Duration, Sessions 1-4 

Session 1: Introduction Session 2: Equilateral Triangles Session 3: Perpendicular Bisectors Session 4: Inscribed Polygons 

1. Planning problem (05:57) 1. Triangle DEF construction (07:29) 1. Segment IJ construction (03:06) 1. Discussion of impressions (07:15) 

2. Exploring angles (04:06) 2. Circle G construction (02:03) 2. Circle I and J constructions (03:30) 2. First attempt at outer triangle 
construction (02:37) 

3. Shape constructions (02:38) 3. First attempt at circle H construction 
(03:06) 

3. Segment KL construction without 
perpendicularity (06:20) 

3. First attempt at inner triangle 
construction (01:39) 

4. Experimenting with display (09:21) 4. 2nd attempt at circle H construction 
(05:12) 

4. Segment KL construction with 
perpendicularity (03:06) 

4. Testing construction (06:47) 

5. Segment constructions (04:19) 5. Circle J and L construction (05:26) 5. MN line construction (10:09) 5. Second attempt at outer triangle 
construction (32:47)a 

6. Dragging figures (05:51) 6. Triangle JKL construction (02:08) 6. Discussion of perpendicular 
bisectors (04:49) 

6. Discussion of compass tool (23:37) 

7. Experimenting with circles (03:54) 7. Circle K and J construction (02:37) 7. Testing perpendicularity (16:44) 7. Second attempt at inner triangle 
construction (13:34) 

8. Experimenting with compass tool 
(07:08) 

8. Triangle JKL construction (01:14) 8. Creating new tool (04:21) 8. Discussion of impressions (05:42) 

9. Discussion of figures (02:41) 9. Discussion of figures (05:29) 9. Testing new tool (11:09) 9. First attempt at outer square 
construction (07:03) 

10. Line segment constructions (04:31) 10. Discussion of impressions (05:00) 
 

10. Second attempt at outer square 
construction (04:22) 

 
11. Discussion of constrainment (03:02) 

 
11. Third attempt at outer square 
construction (04:37) 
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12. Discussion of segment lengths (03:18) 

 
12. Fourth attempt at outer square 
construction (14:08) 

 13. Discussion of angles (08:08)   

 14. Discussion of triangle types (02:55)   

 15. Discussion of triangle changes (03:47)   

Note. Duration is reported in minutes and seconds based on time stamp.  
a Students took a break and then resumed work
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Table 4 
Phases of Mathematical Problem Solving During Math Moments, Definitions and Examples 

Phase Definition Example 

Exploring Examining characteristics and dependencies 
among the geometric elements either to 
understand the problem or plan how to solve it 

Multiple students drag a point in a pre-constructed triangle; 
others observe their peers’ dragging and comment on how 
the proportions and size of the triangle is affected 

Constructing Purposefully adding or modifying geometric 
elements in order advance problem solving by 
creating new figures or tools 

The group constructs a triangle in a way that its sides are 
equilateral 

Checking Exploring, moving, turning, flipping, or resizing 
existing elements in order to assert their 
relationship 

The group drags all vertices of an equilateral triangle to see 
if it stays equilateral 

 
Note. Math moments may also include hybrids of the different phases of problem solving or discussion.  
 
2.4.4 CPS 

Group members’ CPS was coded using a three-step process that paralleled that described for coding 
and scoring EFP. CPS was coded at the individual level for behaviors associated with participation, and at the 
group level for behaviors associated with cooperation and collaboration (see Table 6). Although the groups 
were drawn for analysis based on differences in levels of collaboration, here we studied each stage of each 
group’s CPS to understand their collaboration during phases of problem solving, and in relation to EFP during 
phases of problem solving. As depicted in Table 6, the coding rubric for each stage of CPS was derived from 
the existing literature and included multiple items. Reliability of all coding was established through discussion; 
scores were reviewed and revised following Hill (2012) until 100% agreement was achieved. 
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Table 5 
Rubric for Scoring Categories of Core Executive Functions in Practice (EFP) 

Category Item Examples 

Working Memory  Does the student bring up and use mathematical concepts, ideas, 
practices, or tools that haven’t been mentioned in the session? 
(e.g., Karpike, 2012; Radvansky & Copeland, 2006) 

The student brings up a new term that is relevant in a discussion, such as using the 
term “right triangle” to identify a triangle that has a right angle. 

 
Does the student bring up or maintain attention to and use 
mathematical concepts, ideas, practices, or tools that have been 
mentioned in the session? 
(e.g., Bailey et al., 2018; Gathercole, et al., 2006) 

The student is chatting with another student and utilizes ideas mentioned in the 
directions, such as talking about the length of different segments of a triangle. 

 
Does the student remember how to use relevant features of the 
tool? 
(e.g., Diamond & Ling, 2016; Gathercole, et al., 2006) 

The student uses the circle-making tool correctly in order to complete a step or solve a 
problem, or the student guides another student on how to use the tool. 

Cognitive Flexibility Does the student recognize that a shift in approach or 
perspective might be needed? 
(e.g., Laureiro-Martínez & Brusoni, 2018; Huizinga et al., 
2014) 

When a method of construction does not yield the expected results, such as the 
construction of an acute triangle when the goal was a right triangle, the student asks 
their group members if there is another way to construct the figure. 

 
Does the student switch perspectives, frames, or strategies due 
to an external perspective? 
(e.g., Laureiro-Martínez & Brusoni, 2018; Huizinga et al., 
2014)  

The student changes their method of construction after another student points out that 
the current method is not suitable, such as learning from a peer to anchor points to 
lines due to a peer’s suggestion after initially making improper intersections. 

 
Does the student move beyond a strategy that is not working? 
(e.g., Diamond & Ling, 2016; Huizinga et al., 2014; Jacques & 
Zelazo, 2001) 

When the current method of solving the problem doesn’t yield the expected 
construction, the student suggests and/or tries another method, such as using the radii 
of circles to measure length after visual line estimations were unsuccessful. 

Inhibitory Control Does the student exhibit signs of semantic inhibition by 
inhibiting past conceptions of an idea to engage in problem 
solving? 
(e.g., Cervera-Crespo & Gonzalez-Alvarez, 2017; Chan et al., 
2008) 

The student purposely ignores or rejects the urge to create a construction based on 
their visual understanding of geometry (e.g., by stopping a group member from 
copying the example), which is an indication that they realize that their construction 
may not be correct even if it “looks” right. 

 Does the student follow and/or revisit norms for group practice? 
(e.g., Diamond & Ling, 2016) 

The student responds when questions or statements are addressed to them specifically, 
such as releasing control when another student asks to take control. 
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 Does the student exhibit signs of response inhibition by 
controlling a motor impulse to instead act more appropriately?  
(e.g., Chan et al., 2008; Verbruggen & Logan, 2008) 

When a construction is not working as expected, the student tries different, unfamiliar 
tools to resolve the problem with the construction rather than using the same, familiar 
tool again. 

 Throughout the session, does the student attend to the task? 
(e.g., Diamond, 2013; Chan et al., 2008) 

All of the student’s activity is relevant to the content. 

 
Table 6 
Rubric for Scoring Stages of Collaborative Problem Solving (CPS) 

Level of Analysis, Stage Item and Sample Sources Examples 

Individual Level 
Participation 

Does the student make use of the following resources: directions, the group 
members, past problems/parts of the current problem, math knowledge, 
tools?  
(Melzner et al., 2020; Su et al., 2018) 

To construct a figure, the student looks to the directions for steps, asks group members 
for confirmation, uses their math knowledge to choose the appropriate tool, and uses 
the tool to construct the figure by employing a previously established method. 

 
Does the student attend to and notice things that need further investigation or 
explanation? 
(Su et al., 2018; Zhang et al., 2021) 

The student attends to the construction being made by another student and 
communicates in the chat what they notice. 

 
Does the student work through their goals? Options: No follow through; 
Follow through, no consideration for goals; Follow through, 
incomplete/failed; Follow through, complete; Modified goal/new attempt 
(Straub & Rummel, 2021; Zhang et al., 2021) 

The student follows through with steps they or their group have identified. 

 
Does the student recognize (is the student aware) that another perspective or 
approach is being us ed/suggested? 
(Straub & Rummel, 2021; Zhang et al., 2021) 

The student, while in control, implements suggestions from other students and changes 
their original construction to fit their peers’ suggestions. 

 
Throughout the entire session, is the student’s engagement with the program 
balanced? 
(e.g,. Melzner et al, 2020; Straub & Rummel, 2021) 

The student participates in most math moments and has an equal balance of chat and 
tool use overall. 

Group Level 
Cooperation 

Does the group define their goals? 
(e.g., Jeong, et al., 2017; Kuhn et al., 2020) 

Students all agree on a specific step to do before a student actually attempts the step. 

 
Does the group share new ideas, including brainstorms they may be uncertain 
about? 
(e.g., Marek et al, 2015; Mercer & Sams, 2006) 

Students bring up different ways or methods to solve a problem. 
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 Do students maintain positive communication and turn-taking? 
(e.g., Eshuis et al., 2019; Mercer & Sams, 2006) 

Students make sure that everyone has had a chance to take control and, if not, 
encourages others to participate. 

 
Do students engage in discussion during and/or after problem solving beyond 
naming the directions? 
(e.g., Phelps & Damon, 1989) 

A student uses the chat function to ask another student a question, and that student 
responds and answers the question. 

Collaboration Does the group execute their goals together? 
(e.g., Andrews-Todd & Forsyth, 2020; Jeong, et al. 2017; Marek et al., 2015) 

When constructing a figure, each person takes control to construct some part of the 
figure. 

 
Is there evidence of shared understanding? 
(e.g., Kuhn et al., 2020; Mercer & Sams, 2006) 

When reflecting on the problem after an attempt, students discuss and agree on their 
satisfaction with their attempt. 

 
If challenges and alternatives are raised, are they pursued and negotiated? 
(e.g., Andrews-Todd & Forsyth, 2020, Marek et al, 2015) 

A student disagrees with a statement made by another student, and there is a 
discussion about the disagreement. 

 
Does the group incorporate viewpoints from each other when necessary? 
(e.g., Kuhn et al., 2020; Mercer & Sams, 2006) 

A student makes a suggestion for a specific construction, and the student in control 
makes the suggested construction. 

 
Is there evidence of extension of thinking? 
(e.g., Eshuis et al, 2019;  Jeong, et al., 2017; Mercer & Sams, 2006) 

Students build off on each other’s ideas by introducing new perspectives. 

 
Does the group provide justification or give mathematical reasoning for each 
other? 
(e.g., Phelps & Damon, 1989; Vandenberg et al., 2021) 

When a question is posed by a student, other students answer the question and attempt 
to explain their answers. 

 
Throughout the activity, can continuity be identified among the group? 
(e.g., Eshuis et al, 2019; Mercer & Sams, 2006) 

Throughout the entire session, students consistently build on and add to each other’s 
constructions and discussions. 
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2.5 Analysis strategy 

Data analyzed for each group’s cognitive and behavioral engagement with each session of problem 
solving includes information about the students' activity in the shared workspace, as well as their written 
contributions in the chat. Observed information about student participation is reported first, followed by a 
description of analyses of the problem solving of each group. To answer RQ1, we first used Wald Z tests to 
compare the proportion of phases in each group’s total number of math moments. We used Wald Z to directly 
compare each proportion as some moments were coded in more than one phase. To consider the distribution 
of phases between sessions, bar graphs were developed to show patterns in the data. 

 
In RQ2, we explored how each group engaged during math moments; we studied both their cognitive 

(EFP) and behavioral (CPS) engagement. We divided our analyses into three parts. The first set of analyses 
focused on the scores for aggregated sessions to observe general behavior. To understand the importance of 
each phase of problem solving on participants' engagement, we used bar graphs to compare EFP and CPS 
scores in each of the three phases.  

 
For the second and third parts, we ran multivariable regression analyses. Each analysis had a particular 

EF (Average EFP, Working Memory, Inhibitory Control, or Cognitive Flexibility) or CPS (Participation, 
Cooperation, or Collaboration) indicator score, averaged across students in a group for each moment, as the 
outcome variable. In analyzing phases, comparison always assessed one phase against the other two phases.  
The initial model (Model 1) included the phase and the group as binary predictors, whereas Model 2 (when 
appropriate) also included a phase-group interaction term. We looked for statistically significant coefficients 
for the phase predictor, the group predictor, and the phase-group interaction predictor. A significant phase 
coefficient suggested that the outcome differed between moments in that phase compared to moments not in 
that phase. A significant group coefficient indicated that the two groups differed on that outcome on average. 
A significant phase-group interaction suggested that the effect of phase on that outcome differed between the 
two groups. Because the within-group correlations of observations may result in downwardly biased standard 
errors in an ordinary linear regression (Moulton, 1986), we employed sandwich estimators for the standard 
errors to correct for this possibility. We conducted one follow-up analysis on the effect of phase on 
Collaboration using just the Group 1 data, given that Group 2 was selected because they evidenced more 
collaborative behaviors than Group 1, to determine whether any particular phase had a more significant effect 
on this outcome.   

 
Finally, for the fourth part, we used line graphs to further consider change across sessions for each 

group’s EFP and CPS scores during each phase of problem solving. We looked for patterns of increase and/or 
decrease in each outcome across sessions. 

3. Results and Discussion 

A total of 8-16 math moments were identified in each session of problem solving (see Tables 2 and 3; 
see Table 4 for an explanation and illustration of each phase of problem solving). Moments in which students 
were disengaged or were not actively working on problem solving (e.g., learning to use one of the VMT tools) 
were not analyzed. Although both groups worked for the same amount of time on each session, the number of 
math moments within problem solving sessions varied by group and by session, but not to a statistically 
significant degree.  

We report and discuss results by research question. 
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3.1 RQ 1: What is the relative proportion of each phase of problem solving overall, and is the distribution 
of phases similar by session? Do these proportions vary for two groups with different levels of 
collaboration? 

We begin addressing RQ1 by overviewing findings from analyses of aggregated data from all four 
sessions and both groups. We examined the relative proportion of the three phases of problem solving, as well 
as the between-group differences in these proportions. 

3.1.1 Overall findings 

As shown in Figure 2, both groups spent most of their time constructing. Although we identified very 
few moments that included more than one phase of problem solving, these moments were counted in the 
analyses of all relevant phases. 

Figure 2. Relative Proportions of Phases of Problem Solving 

 
3.1.2 Between-group comparisons 

For both groups, we identified similar numbers of math moments corresponding to each phase of 
problem solving (see Table 7). As such, it appeared that across the two groups, the frequency of engagement 
in each phase of problem solving was approximately the same. In other words, phase and group were not 
interacting. We suggest, however, this does not necessarily mean that the two groups were engaged in problem 
solving in the same way. They could potentially vary in how they engaged and the strategies they employed, 
given that the groups were purposefully selected for study based on differences in their collaboration. We 
addressed this question in RQ2, by analyzing students’ EFP and CPS. 

Table 7 
Groups’ Math Moments by Phase 

Phase Group 1 Group 2 z p 
 

n % of 
moments 

n % of 
moments 
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Exploring 12 20.7 12 26.1 -0.649 0.516 

Constructing 31 53.4 31 67.4 -1.439 0.150 

Checking 12 20.7 5 10.9 1.345 0.177 

3.1.3 Analyses by session 

Overall, for both groups, the relative proportions of all phases of problem solving fluctuated 
considerably (Figure 3). We included the data from the first session in our analyses as it was the students’ 
orientation to engaging with the VMT. Similar to Symonds et al.’s (2021) results, this meant that students' 
engagement in different sessions varied. We conjectured that this might also indicate that the phases engaged 
were influenced by the context (the topic, the prompts of the activity; opportunities created during the groups' 
engagement). Indeed, collaborative contexts have been found to offer learners support for engagement that 
enables the development of cognitive, as well as social skills (Romero-López et al., 2020; Sun et al., 2022).  

Figure 3.  
Proportion of Phases in Each Session. 

 
3.2 RQ 2: How do the two groups engage with the different phases of problem solving? Specifically, 
what is the relation between each phase of problem solving and the EFP and CPS of each group? Do 
these relations differ for the two groups? Is there change across sessions? 

Having examined the frequencies of each group’s engagement in different phases of problem solving 
in RQ1, we then turned to considering how each of these phases related to students' cognitive and behavioral 
engagement both as individuals and as a group. RQ2 examined how Exploring, Constructing, and Checking 
were associated with participants' EFP and CPS scores. We began this investigation with analyses that used 
aggregated data from all sessions and both groups. An Average EFP score, representing the mean of the three 
EFP, was calculated. Then, both overall and across sessions, we addressed how each group engaged EFP and 
CPS during each phase of problem solving. 

3.2.1 Phases 

As shown in Figure 4, different patterns were identified in students’ EFP scores during each of the 
three phases of problem solving. We found that Average EFP, which combined the three categories of EFP, 
was highest during Exploring (0.85). The same pattern was true with each of the core EFP (Working Memory, 
Cognitive Flexibility, Inhibitory Control): scores were higher in moments of Exploring. Scores were similar 
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during Constructing and Checking, but on average, as indicated by Average EFP, Constructing was associated 
with slightly higher average EFP than Checking, and specifically with higher Working Memory and Inhibitory 
Control than Checking. Nevertheless, Cognitive Flexibility was higher during Checking than during 
Constructing. We also observed that, across all phases, Working Memory was always the highest-scoring EFP. 
Inhibitory Control was the second highest overall, and Cognitive Flexibility was the lowest.  

Figure 4.  
EFP Scores by Phase of Problem Solving.  

CPS scores also varied by phase, as shown in Figure 5. Overall, we observed that the three CPS scores 
were high and did not differ substantially during moments of Exploring; Collaboration – the most developed 
stage of CPS – was especially high in this phase. Math moments that included Exploring had the highest CPS 
scores; Exploring also was the phase in which the three stages of CPS were more balanced.  

Figure 5.  
CPS Scores by Phase of Problem Solving.  
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Analyses of each individual stage of CPS revealed additional patterns. Participation and Cooperation 
scores were relatively similar for each of the three phases of problem solving, whereas Collaboration was 
higher during Exploring and much lower during Construction and Checking. These results appeared to indicate 
that the phase of students’ Exploring afforded more opportunities for full behavioral engagement in CPS 
practices than either of the two other phases of problem solving. 

3.2.2 Effect of phases 

In the next analyses, we examined whether the differences observed were significant. We assessed the 
effect of phases on EFP and CPS using regression (Table 8). As shown in Table 8, moments of Exploring had 
significantly higher EFP and CPS than non-Exploring moments, specifically for the indicators of Average 
EFP, Working Memory, Participation, and Collaboration. These findings complemented the observations of 
the previous section, suggesting that EFP and CPS scores were highest in moments of Exploring. 

Table 8 
Regressions, Between Group Analyses, EFP and CPS 

  
Model 1 Model 2 

Effect Predictors Estimate SE Estimate SE 

Exploring 
     

 Average EFP  
     

 
Intercept .669*** .033 .647*** .036 

 
Exploring .129*** .038 .235*** .060 

 
Group .085* .038 .129** .045 

 
Interaction 

  
-.192* .076 

     R2 
 

.039 .051ꜝ 

 Working Memory  
     

 
Intercept .698*** .050 .675*** .055 

 
Exploring .159*** .047 .269** .078 

 
Group .167** .053 .213*** .066 

 
Interaction 

  
-.199* .095 

     R2 
 

.046 .053 

 Cognitive Flexibility  
     

 
Intercept .566*** .075 .546*** .080 

 
Exploring .280** .097 .435*** .082 

 
Group -.013 .093 .029 .109 

 
Interaction 

  
-.241 .164 

     R2 
 

.026† .030 

 Inhibitory Control n.s.     

 Participation  
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Intercept .709*** .029 .704*** .032 

 
Exploring .078* .033 .106 .055 

 
Group .100** .032 .111** .039 

 
Interaction 

  
-.050 .067 

     R2 
 

.039 .040 

 Cooperation 
     

 
Intercept .676*** .027 .681*** .030 

 
Exploring .043 .028 .017 .055 

 
Group .211*** .029 .200*** .035 

 
Interaction 

  
-.047 .035 

     R2 
 

.134 .135 

 Collaboration        
     

 
Intercept .302*** .032 .282*** .036 

 
Exploring .316*** .036 .414*** .048 

 
Group .255*** .043 .296*** .054 

 
Interaction 

  
-.177* .070 

     R2 
 

.183 .190 

Constructing 
     

 Average EFP  
     

 
Intercept .696*** .038 .713*** .046 

 
Constructing -.001 .039 -.031 .062 

 
Group .092* .038 .053 .060 

 
Interaction 

  
.064 .078 

     R2 
 

.016† .018 

 Working Memory  
     

 
Intercept .742*** .054 .728*** .067 

 
Constructing -.02 .054 .005 .092 

 
Group .178*** .054 .209*** .076 

 
Interaction 

  
-.051 .106 

     R2 
 

.029 .030 

 Cognitive Flexibility n.s. 
    

 Inhibitory Control n.s 
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 Participation  
     

 
Intercept .721*** .036 .690*** .046 

 
Constructing .009 .033 .066 .056 

 
Group .103** .032 .174*** .052 

 
Interaction 

  
-.118 .066 

     R2 
 

.028 .037 

 Cooperation 
     

 
Intercept .671*** .033 .677*** .041 

 
Constructing .025 .032 .013 .052 

 
Group .210*** .030 .195*** .053 

 
Interaction 

  
.024 .063 

     R2 
 

.132 .132 

 Collaboration 
     

 
Intercept .394*** .044 .404*** .052 

 
Constructing -.049 .047 -.068 .065 

 
Group .279*** .045 .255*** .078 

 
Interaction 

  
.039 .095 

     R2 
 

.096 .096 

Checking 
     

 Average EFP  
     

 
Intercept .700*** .031 .715*** .033 

 
Checking -.018 .056 -.093 .083 

 
Group .090* .038 .061 .041 

 
Interaction 

  
.195* .096 

     R2 
 

.016† .025 

 Working Memory  
     

 
Intercept .736*** .048 .748*** .050 

 
Checking -.026 .074 -.081 .117 

 
Group .173** .054 .152* .060 

 
Interaction 

  
.144 .124 

     R2 
 

.029 .032 

 Cognitive Flexibility n.s. 
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 Inhibitory Control  n.s 
    

 Participation  
     

 
Intercept .741*** .026 .757*** .028 

 
Checking -.074 .054 -.150 .080 

 
Group .097** .032 .068* .034 

 
Interaction 

  
.200* .094 

     R2 
 

.035 .048ꜝ 

 Cooperation 
     

 
Intercept .656*** .027 .653*** .029 

 
Checking .138*** .035 .152** .056 

 
Group .227*** .029 .232*** .033 

 
Interaction 

  
-.038 .058 

     R2 
 

.159 .159 

 Collaboration        
     

 
Intercept .336*** .031 .353**** .033 

 
Checking .154* .061 .070 .094 

 
Group .287*** .043 .255*** .048 

 
Interaction 

  
.217* .103 

     R2 
 

.108 .115 

 

Note. We considered Model 2 only when the change in R2 was significant, denoted by ꜝ.  
SE = standard error. *** p < .001; ** p < .01; * p < .05. All estimated coefficients are unstandardized. In cases where Model 1 is not a 
significant improvement over the null model (denoted by † in R2), but a predictor significantly differs from 0, we include the model in 
the table. n.s. indicates a model that does not significantly differ from the null model and has no statistically significant predictors. 

We also found a group-phase interaction for the effect of Exploring on Average EFP. It appeared that 
because the Group-Exploring coefficient in Model 2 was negative, Exploring had less of an effect on Average 
EFP for Group 2 than Group 1. In fact, despite the positive Group coefficient in Model 2, Group 1 had higher 
Average EFP in moments of Exploring than Group 2. One possible explanation for this finding was that Group 
2 just had consistently higher Average EFP, and we were seeing a ceiling effect. Regardless, the model results 
suggested that Exploring could have a strong and positive effect on Average EFP. 

 
In contrast, we found that moments of Checking evidenced significantly higher CPS than non-

Checking moments, specifically for Cooperation and Collaboration in Model 1. Interestingly, in Model 1 for 
Participation, Checking was not a significant predictor, although Group was. However, Model 2, which 
included the interaction term, was a significant improvement over Model 1; in that model, the Checking 
coefficient was significant and negative, whereas the Group-Checking interaction coefficient was significant 
and positive, and the Group coefficient was not significant. Model 2 suggests that both groups experienced 
similar levels of Participation in moments other than Checking, but Group 1 experienced less participation in 
Checking moments than Group 2. One possible explanation for this finding is that Group 2, which was selected 
for study because they evidenced stronger collaboration than Group 1, may have had broader Participation in 
moments of Checking, whereas Group 1 may have had uneven Participation in moments of Checking. 
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In summary, the presence of Exploring appears to strengthen students’ EFP and CPS scores, 

particularly Collaboration, more than other phases. This finding points to the possible benefit of the 
development of Collaborative skills and of having time and opportunities to explore. Another potential 
takeaway is related to the finding that Checking was an important predictor of CPS stages, but not EFP scores. 
This finding could suggest that moments of Checking bring students together to work either in parallel or in 
coordination. However, the Group-Checking interaction for Participation and the significant Group 
coefficients for Cooperation and Collaboration suggest that groups also may operate differently in moments 
of Checking. 

3.2.3 Comparing groups' EFP and CPS across phases 

For Average EFP, Working Memory, Participation, Cooperation, and Collaboration, we observed 
significant and positive Group coefficients across multiple phase models, suggesting that Group 2 scored 
consistently higher overall on these indicators than Group 1. In general, we did not observe significant phase-
group interactions in the models, suggesting that both groups were affected equally by each phase. However, 
for two models, Average EFP in Exploring and Participation in Checking, we observed phase-group 
interactions, as discussed in the previous section. For these two indicators, we did not observe the same patterns 
or phase effects for both groups. Specifically, Exploring had a substantially larger effect on Average EFP for 
Group 1 compared to Group 2, whereas Checking had a negative effect on Participation for Group 1 and a 
small positive effect on Participation for Group 2. 

3.2.4 Relative collaboration between phases 

Recall that the key distinction between the two groups in our study was that Group 2 evidenced 
substantially higher collaboration than Group 1 overall. As stated above, both Exploring and Checking had 
significant effects on Collaboration scores. However, we were curious about the relative importance of phase 
on Collaboration, and, based on inspection of the data, we were concerned that a ceiling effect on Group 2’s 
Collaboration scores could obfuscate relationships by limiting the potential variance. Therefore, we conducted 
a regression analysis for Collaboration with just the Group 1 data and all three phases as predictors. In this 
model (Table 9), all three phases had statistically significant and positive coefficients. However, the 95% 
confidence interval for the Exploring coefficient did not overlap with the 95% confidence interval for the 
Constructing or Checking coefficient. We concluded that the Exploring phase was associated with significantly 
higher levels of Collaboration than either the Constructing or Checking phases for Group 1. Additionally, the 
R2 value for this model was .288, indicating that phases explained 28.8% of the variance in Group 1’s 
Collaboration scores.  

Table 9 
Regression, Group 1 Collaboration by Phase 

   
95% CI 

Outcome Predictors Estimate SE LL UL 

Collaboration 
     

 
Intercept  -.072 .073 -.215 .072 

 
Exploring         .768*** .094 .582 .953 

 
Constructing         .368*** .077 .216 .520 

 
Checking          .403*** .082 .241 .565 

R2  .228    

Note. SE = standard error; CI = confidence interval; LL = lower limit; UL = upper limit.  
 *** p < .001; ** p < .01; * p < .05. All estimate coefficients are unstandardized. 
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3.2.5 Across sessions comparison 

To further explore patterns of change, line graphs were employed to compare both groups' EFP and 
CPS scores over time (see Figures 6 and 7). Given the small number of sessions, we have limited ability to 
make conclusive statements explaining patterns. However, we could make a few observations based on the 
figures and our analysis of these data. 

Figure 6.  
Average EFP Scores Across Sessions for Group 1 and Group 2. 

 

 
 

Figure 7.  
Average Collaboration Scores of Group 1 and Group 2 During Constructing Moments for Four VMT Sessions. 
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We first note that the two groups differed in Exploring and Checking by session. Group 1 had no 

moments of Exploring in sessions 3 and 4, while Group 2 engaged in this phase in all sessions. No group 
engaged in Checking in session 1, and Group 1 engaged in Checking in session 2, but not Group 2, and both 
groups engaged in similar amounts of Checking in sessions 3 and 4. In what follows, we focus on Constructing, 
as it was not only the most common phase but also the only phase in which both groups were involved across 
all four sessions.  

 
As shown in Figure 6, during Constructing moments, the EFP scores of both groups followed similar 

patterns of change across sessions, although the scores of Group 2 in each session were generally higher than 
those of Group 1. We also note that the two groups generally followed similar patterns of change in their EFP 
and that none of the observed patterns are linear, nor do they show a clear increase or decrease over time; both 
groups' EFP fluctuated from session to session.  

 
Review of the line graphs for each of the stages of CPS during Constructing moments showed similar 

patterns of change; Figure 7 provides an example for Collaboration. As expected, Collaboration scores were 
consistently higher for Group 2 than for Group 1. We call attention to the similarity of the groups' patterns of 
engagement and increases in their Collaboration scores over time. These results suggest that, with time, the 
groups were becoming more collaborative.  

 
This analysis does not differentiate between the effect of time and the effect of mathematical topic. 

Each group engaged in the problem solving sessions in the same order, so time and topic were confounded. 
Therefore, it was not possible to determine whether the findings were a function of change over time or 
characteristics specific to each session. While spending time working together may progressively increase 
students’ EFP and CPS, the groups may also be influenced by the opportunities provided by the design of each 
activity. The fact that we saw similar patterns of variation may suggest that there was some shared feature or 
structure of the activity that was guiding the students’ behavior. 

 
 
 

4. General discussion 
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We undertook this study to consider the process of middle school students’ momentary engagement 
during phases of collaborative mathematical problem solving. Although students have been repeatedly found 
to enjoy and benefit from opportunities to work together on problem solving (e.g., Featherstone et al., 2011; 
Webb et al., 2019), van Leeuwen and Janssen’s (2019) review of collaborative activity and learning showed 
that collaboration does not always result in learning and can be difficult to facilitate. In our study design, we 
sought insight that could inform teachers about the cognitive and behavioral engagement of students’ online 
collaborative mathematics activity, and purposefully examined moments during which the students were 
engaged in mathematics. We selected for study two groups of students who in prior study had been identified 
as having high levels of interest in working collaboratively online with mathematics problems—students in 
both groups were continuously engaged in working with their peers on math across the four sessions of 
problem solving. Studying interested youth enabled us to explore the potential for middle-schoolers’ 
productive engagement during the math moments of their work together. Furthermore, because we studied 
students’ online collaboration in the VMT environment, we were able to examine their moment-to-moment 
work in the workspace, as well as their interactions in the chat, which allowed study of fluctuations that differs 
from those possible had our analyses focused on the outcomes of cognitive or behavioral engagement, face-
to-face, or even using video footage. 

 
From RQ1, we learned that Constructing was the most frequently engaged phase of problem solving 

compared to the other phases of problem solving. However, RQ 2 showed that Exploring was associated with 
higher EFP and CPS scores, providing corroboration for Boaler and Selling’s (2017) results and suggesting 
that students who were encouraged to explore use of strategies in their work with mathematics developed 
deeper understanding, as well as positive feelings, compared to students who did not receive the same support. 
We also noted that scores for Collaboration in particular were higher when the math moments involved 
Exploring.  

 
While findings from RQ 1 suggested that the frequency of the cognitive and behavioral engagement 

for each group in each phase of problem solving was approximately the same, we learned from RQ 2 that how 
the groups engaged the phases varied. Given that we selected these two groups for study because the students 
had been identified as interested in the collaborative math sessions, it is not surprising that our results indicated 
that in all phases of problem solving, across all sessions, students in both groups maintained high and 
continuous levels of Participation (Renninger & Hidi, 2016). That the two groups also differed in their level 
of Collaboration was expected because they were selected for study based on this information. However, 
Group 2 also consistently scored higher than Group 1 in Cooperation in all phases of problem solving. 

 
Although prior study has shown that collaboration develops through working with others on problem 

solving (Bonotto 2005; Gerson, 2008; Kelton et al., 2018; Stahl, 2013), and its importance for the development 
of EF has been noted (Pollastri et al., 2013), we did not know how the processes associated with EFP might 
unfold. Our results showed that this effect most likely originates from higher EFP engagement during 
Exploring. Moreover, our findings related to the stage of Collaboration are particularly interesting. In each 
phase of problem solving, both groups of students had similar patterns of increase in their Collaboration scores 
across the problem solving sessions. Thus, although Group 2 was more collaborative in general, and we do not 
know how details of each task affected collaboration behaviors per se, we also saw that both groups became 
more collaborative the more they worked together. These results are consistent with literature showing how 
groups become better at collaborating over time as they start to share mental models that make them more 
efficient and effective even when problems demand higher mental power (van den Bossche, et al., 2011; 
Zambrano, et al., 2019). 

 
We also observed that despite differences in the EFP and CPS scores of the two groups, their scores 

fluctuated in similar ways across sessions during moments of Constructing. This finding leads us to wonder if 
there is some shared feature or structure of the problems (e.g., prompts for discussion, mathematics topic) that 
was guiding the groups’ behaviors (see Lieber & Graulich, 2020), as both groups of students received the same 
instructions and tasks in each problem-solving session.  
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4.1 Implications for theory and practice 

Our findings contribute to discussions of momentary engagement as both situation specific (e.g. Nolen 
et al., 2015; Symonds et al., 2021) and complex (Dietrich, et al., 2022); they also provide an extension of the 
existing literature. Focused study of the process of two groups of interested middle school students’ 
engagement during the math moments of their phases of their problem solving reveals relatively similar 
fluctuations and also highlights differences in how they are engaging. Study of the students’ use of EFP and 
stages of CPS, moreover, provides insight into what might be expected of students at this age as they engage 
in group work that involves open-ended problem solving. These results confirm that the collaborative context 
of group work promotes attention to the task (e.g., Hmelo-Silver et al., 2018; Pohl, 2020), enhances reasoning 
(e.g., Barron, 2003), and promotes use of working memory (e.g., Kirschner et al., 2018); they also underscore 
the importance of considering how students are engaging in this context. In addition, our findings suggest the 
potentially essential contribution of task features such as prompts to discuss math in mediating student 
cognitive and behavioral engagement.  

 
These data show that students vary in their cognitive and behavioral engagement in different phases 

of problem solving. They further point to the benefit of student group engagement in the phase of Exploring, 
in particular, as Exploring was associated with increased use of Working Memory and Collaboration. Our 
results also suggest that students may need support to collaborate during moments that include Constructing 
and Checking. As such, it may be critical to support teachers to attend to what a group is doing moment to 
moment, and specifically to variations in students’ behavior during different phases of problem solving. 

4.2 Limitations and future directions 

Future study with additional student groups, who vary in their level of interest in mathematics, as well 
as by age, and for whom demographic information is available is clearly warranted. Moreover, while for 
present purposes we aggregated study of moments of collaboration, a more qualitative exploration would 
provide a rich description of the context from which collaboration emerges. In addition to systematically 
examining the role of task features as determinants of fluctuations in momentary engagement during 
collaborative problem solving, we also suggest the utility for practitioners of additional analyses of the 
components of each EFP as well as those of each stage of CPS (represented by the questions used for 
assessment in our coding scheme rubric). Analyses such as these would provide additional detail and insight 
about which behaviors account for and are contributing to how student groups are engaging in problem solving. 
 
 

 
Keypoints 
 

 This study is the first to report on the process of students' executive functions and collaborative 
problem-solving during phases of problem solving. 

 The Virtual Math Teams environment enabled assessments of students' moment-to-moment 
engagement in phases of problem-solving. 

 Study findings highlight the importance of assessing both what students are doing during problem 
solving, as well as how they are engaging. 

 The relations between each phase of problem solving, categories of EFP, and stages of CPS vary. 
 The problem-solving phase of exploring has a positive effect on use of executive functions and 

collaborative problem solving. 
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