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ABSTRACT

This study reports on the design and implementation of an equity-focused, project-based algebra
curriculum in two advanced eighth-grade classrooms. We document with substantial detail a
promising approach to capturing how students demonstrate and build robust mathematical
understandings in ways that strongly connect to equity issues. We illuminate important avenues
through which the proposed framework, design principles, and the Teaching for Robust
Understanding framework (Schoenfeld, 2020) can effectively support the design, implementation, and
assessment of equity-focused PjBL curricula. The paper concludes by discussing implications for
researchers, teachers, curriculum designers, and the broader project-based learning (PjBL)
community.
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Numerous studies endorse project-based learning (PjBL) as an alternative to traditional
pedagogies, providing fertile ground for expansive learning (Bell, 2010; Kokotsaki et al., 2016; Lucas
Education Research, 2021). In mathematics, PjBL not only offers increased opportunities for students
to enhance their disciplinary understandings but also promotes collaboration, motivation, problem
solving, critical thinking, and social-emotional skills (Boaler, 2002; Holmes & Hwang, 2016; Rehman
et al., 2023). However, researchers have yet to reach a consensus on how to precisely define PjBL
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(Condliffe et al., 2017; Thomas, 2000). In this study, we adopt the definition provided by the Buck
Institute for Education (n.d.) as “a teaching method in which students gain knowledge and skills by
working for an extended period of time to investigate and respond to an authentic, engaging, and
complex question, problem, or challenge” (para. 1). Our open-source, modeling-focused, project-
based algebra curriculum (to be elaborated in the Method section of this paper) was designed in
accordance with the Gold Standard PjBL model, which involves (a) a challenging problem or question,
(b) sustained inquiry, (c) authenticity, (d) student voice and choice, (e) reflection, (f) critique and
revision, and (g) public product (Larmer et al., 2015).

In recent years, advocacy has increased (Becton-Consuegra, 2020; Hypolite & Rogers, 2023;
Miller et al., 2021; Tierney et al., 2023) for the adoption of PjBL as a strategy to promote equity and
alleviate the entrenched “educational debt” (Ladson-Billings, 2006, p. 3) that has accumulated over
time in American society. Moving away from viewing equity as merely closing the achievement gap,
we follow R. Gutiérrez (2009) in conceptualizing equity as consisting of four dimensions: access,
achievement, identity, and power. In this paper, we (a) examine how students demonstrate robust
mathematical understandings (achievement), (b) analyze who contributes to classroom discourses
and in what ways (access and power), and (c) explore what cultural-historical resources students bring
to bear and how they leverage mathematics to address problems of personal significance (identity).

With exceptions such as Gutstein (2016) and Cross et al. (2012), a paucity of research details
the descriptions and implementations of equity-focused PjBL mathematics curricula. Additionally, to
the best of our knowledge, we are not aware of any studies that reconceptualize mathematical
understandings in relation to equity in the PjBL context. This study addresses these gaps by (a)
describing the design and implementation of an equity-focused project-based algebra curriculum in
two eighth-grade classrooms and (b) proposing a framework that characterizes how students
demonstrate robust mathematical understandings in ways that critically intersect with equity issues.
Specifically, we ask, “How did students demonstrate mathematical understandings in equity-focused
project-based algebra classrooms? In what ways did these behaviors intersect with issues of equity?”

Literature Review

Learning and Understandings

This study is grounded in Wenger’s (1998) learning theory, which frames learning in terms of
participation in communities of practice. Moreover, we recognize that learning is fundamentally
shaped by cultural, racial, and political factors that have systematically empowered some while
marginalizing others (Martin, 2007; Nasir et al., 2020).

Our conceptualization of mathematical understandings combines the mainstream notion of
building connections (Hiebert & Carpenter, 1992; Sidney & Alibali, 2015) with Perkins and Blythe’s
(1994) performance-based perspective. According to Perkins and Blythe, students demonstrate
mathematical understandings through various performances, such as correctly following procedures;
explaining concepts; generalizing ideas; applying knowledge to new situations; and deriving
consequences.

Building on this perspective, Huang (2022) proposes an observation system to identify
behaviors related to understanding within problem solving, including problematizing ongoing work,
suggesting multiple solution approaches, and examining problem statements and proposed ideas. In
a subsequent work, Huang (2023) introduced a refined list of behavioral indicators of robust
mathematical understandings. These indicators encompass spending time understanding complex
ideas, even after reaching a solution; posing “what if” questions to problematize ongoing work;
proactively suggesting multiple solution approaches; and examining conflicting ideas (Huang, 2023).
Notably, existing behavioral indicators of robust mathematical understandings do not account for
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equity issues, such as how cultural-historical resources might play a role in students” generation of
mathematical knowledge or who has access to demonstrate understandings in the first place. In this
study, we will expand upon these referenced behavioral indicators with an eye towards equity within
the context of PjBL mathematics classrooms.

Designing for and Analyzing Productive, Equitable Mathematics Learning

Our work can be understood as a social design experiment (K. D. Gutiérrez & Jurow, 2016; K.
D. Gutiérrez et al., 2020) rooted in Style’s (1996, p. 21) idea of providing “windows and mirrors” for
historically marginalized students. Social design experiments combine design-based research
traditions (Design-Based Research Collective, 2003) with equity goals to (a) develop theoretically
grounded and practical interventions, (b) iteratively refine local theories for consequential learning,
and (c) ameliorate and redress historical injustices (K. D. Gutiérrez & Jurow, 2016). Importantly,
researchers collaborate with various stakeholders to discern the pressing needs of marginalized
communities and reorganize learning ecologies to challenge existing inequities and nurture
individuals to become “historical actors” and designers of their own futures (K. D. Gutiérrez et al.,
2019, p. 291).

Our design of mathematically rigorous PjBL activities aimed at encouraging active knowledge
generation was guided by the productive disciplinary engagement (PDE) framework (Engle &
Conant, 2002; Engle, 2012). The emphasis of the framework is that PDE entails active participation in
the ways of thinking, reasoning, and communicating, which define the discipline. Three principles of
the PDE framework particularly resonate with our intention to foster robust mathematical
understandings: (a) problematizing, or encouraging students to tackle intellectual problems; (b)
authority, or positioning students as authors and producers of knowledge; and (c) accountability, or
holding students” intellectual work accountable to each other and to disciplinary norms (Engle &
Conant, 2002, pp. 400-401).

Agarwal and Sengupta-Irving (2019) extend the PDE framework into a connective and
productive disciplinary engagement (CPDE) framework that foregrounds issues of history, power,
and culture in students’ learning. This extension introduces two additional principles necessary for
fostering connective learning: epistemic diversity and historicity and identity. Epistemic diversity centers
on “heterogeneity in knowing and doing a discipline—e.g., perspectives, meanings, practices,
values —that are historically and culturally constituted” (Agarwal & Sengupta-Irving, 2019, p. 351).
Guided by this principle, we explicitly leveraged non-dominant ways of knowing and doing as
legitimate bases for understanding mathematics and broader society. The principle of historicity and
identity explicitly recognizes students as both individuals in the present moment and individuals
shaped by socio-cultural-political history (Agarwal & Sengupta-Irving, 2019). Accordingly, we wove
together the immediate academic contexts, students” histories of experiences, and broader socio-
cultural-historical practices when designing for and examining students’ learning.

While our intentional leverage of students’ cultural-historical resources and identities was
informed by CPDE, we acknowledge that this strategy aligns with core practices of culturally relevant
pedagogy (Ladson-Billings, 1995), culturally responsive pedagogy (Gay, 2000), and culturally
sustaining pedagogy (Paris, 2012). We drew further inspiration from justice-centered mathematics
education (Berry et al., 2020; Gutstein, 2006, 2016) and critical race curriculum (Yosso, 2002) to foster
sociopolitical consciousness, position mathematics as a tool for understanding and challenging
inequitable systems, and support students in developing plans and taking actions for change.

Our examination of classroom interactions and the orchestration of PjBL activities by our
teacher partners were guided by the Teaching for Robust Understanding (TRU) framework
(Schoenfeld, 2014, 2017, 2020). TRU offers a theoretically robust and empirically tested approach that
provides actionable insights for crafting powerful learning environments (Schoenfeld et al., 2023). It
delineates five key dimensions of instruction: (a) the mathematics, (b) cognitive demand, (c) equitable
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access, (d) agency, ownership, and identity, and (e) formative assessment, positing that classrooms
scoring high on these dimensions cultivate knowledgeable, flexible, and resourceful disciplinary
thinkers (Schoenfeld, 2020). Focusing on the mathematics and cognitive demand in our context entails
designing PjBL activities around core mathematical ideas and practices, echoing PDE’s
problematizing principle that engages students in disciplinarily rigorous and intellectually
challenging problems. Our understanding of equity was deepened by TRU’s elaboration of equitable
access. This concept not only informed our design of providing opportunities for students to define
core mathematical concepts (as opposed to imposing standard definitions on them) but also focused
our analysis on who participated and in what ways. It also revealed how students leveraged non-
dominant resources to justify their ideas that might otherwise be considered invalid. We incorporated
TRU’s dimension of agency, ownership, and identity with PDE’s authority principle to design
opportunities for students to generate, propose, and make consequential decisions in their learning
process, supporting both mathematical identities highlighted by TRU and cultural-historical identities
emphasized by CPDE. While formative assessment was not a focus of this study, we note that the open-
ended activities we designed into the curriculum elicited students’ ideas, allowing them to build on
or challenge each other’s perspectives, and enabling our teacher partners to adjust subsequent
learning activities accordingly. Applying TRU to PjBL contexts is novel (A. H. Schoenfeld, personal
communication, June 7, 2024), and we hope that our work can illuminate some promising ways in
which TRU can support the design and implementation of equitable PjBL practices.

Method

Designing Equity-Focused Project-Based Algebra Curriculum

As researcher-educators, we recognize the influence of our identities and experiences on this
work. The first author, Huang, was a PhD candidate in Science and Mathematics Education
concurrently pursuing a Master’s degree in Mathematics at the University of California, Berkeley
during this research. As a Chinese woman in mathematics, she has often been frustrated by societal
assumptions that attribute her mathematical success to her Asian background while linking her
female peers’ struggles to their gender. These experiences have deepened her commitment to creating
inclusive spaces where students from all backgrounds can engage meaningfully with rigorous
mathematical thinking and be recognized as capable mathematical thinkers. The second author,
DosAlmas, brings a liminal Black, multiracial, nonbinary, queer perspective shaped by navigating
boundaries within an intersectional identity matrix. Rather than fitting neatly within predefined
categories, DosAlmas’s liminality informs their worldview and drives their insistence on
transgressing binaries. This perspective fuels their dedication to addressing the teaching and learning
needs of marginalized students and ensuring that STEM, particularly mathematics, is broadly
accessible. Together, these backgrounds inspire a curriculum design approach that actively involves
diverse stakeholders and challenges the binary constructs often taken for granted in society.

Our equity-focused project-based algebra curriculum was developed through extensive
collaboration among researchers, teachers, coaches, and a student advisory committee, reflecting our
commitment to involving various stakeholders in the design process. We started by incorporating
insights from the student advisory committee on youth cultural experiences (e.g., gossip in social
media) and systemic inequities (e.g., school-to-prison pipeline) to identify meaningful problems.
Modeling was an intentional focus of our curriculum, rooted in our team’s dedication to engaging
students in core mathematical practices (e.g., defining; connecting; representing; abstracting;
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justifying; problem solving) and fostering 21st-century skills! such as innovation, critical thinking, and
social ~responsibility. = The open-source nature of our curriculum (available at
https:/ /xqsuperschool.org/) helped reduce barriers to educational resources beyond the students we
could physically reach.

The full curriculum included eight modules: one module on identity- and community-
building and seven modules on mathematical content. Due to space constraints, this paper will focus
on two mathematical content modules: “Change the Stories,” which focuses on understanding and
transforming linear models, and “Going Viral,” which leverages exponential models to represent and
challenge social issues. In what follows we describe three deceptively simple design principles,
illustrate their connections to existing works, and provide examples? of how these principles came to
life in our PjBL classrooms.

Design Principle 1: Engage Students with Socio-Historically Meaningful Problems While Maintaining
Mathematical Rigor

We intentionally incorporated socio-historically meaningful problems to reflect the historicity
and identity (Agarwal & Sengupta-Irving, 2019) of students, foster authenticity (Larmer et al., 2015),
and promote socio-political consciousness (Gutstein, 2006; Yosso, 2002). To avoid the pitfall of
backgrounding students’ disciplinary learning in equity-focused pedagogies, we upheld
mathematical rigor by engaging students in core mathematical practices with intellectually
challenging problems and high expectations. This approach aligns with the challenge element of the
Gold Standard PjBL model (Larmer et al., 2015), the problematizing and accountability principles of
PDE (Engle & Conant, 2002), and the mathematics and cognitive demand dimensions of TRU
(Schoenfeld, 2020).

For example, the “Change the Stories” module began with a recent news article (Desjardins,
2021) highlighting the disproportionate arrest and detention of Black children in Rutherford County,
Tennessee. Students were prompted to analyze a statement from the Rutherford County judge, “It’s
not my job to know statistics,” alongside the fact that 48% of children passing through her court were
incarcerated, a sharp contrast to the state average of 5%. A subsequent activity involved brainstorming
powerful statistical questions about the situation—questions whose answers could motivate and
empower advocates for change in Rutherford County. One common question raised by students
related the annual number of unjustly detained children and the annual cost of incarcerating them.
This question prompted the development of a linear model incorporating variables such as total
annual cost, annual cost per person of juvenile detention, average number of incarcerated children,
and annual cost to maintain a jail even without incarceration.

Given the multitude of variables students had to meaningfully incorporate and the complex
data awaiting their research in reports and news sources, the intellectual challenge of transforming
real-world problems into mathematically valid models was substantial. Students were held
accountable for justifying their proposed models and explaining how different representations
(equations, tables, graphs) connected to one another. In their presentations, students were also
expected to “change the stories” by proposing alternative scenarios, such as Rutherford County not
incarcerating any children and redirecting funds toward quality education.

1 Our dedication to fostering 21st-century skills aligns with the goals of the Gold Standard PjBL model (Larmer et al., 2015).
2 We note that these examples were taken from observed classroom interactions to illustrate the design principles. They could be viewed as results of

our curriculum implementation, but they are not considered results of this paper as they do not directly address our research questions.
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Design Principle 2: Leverage and Nurture Students’ Sense of Agency and Authority in the Learning Process

We explicitly leveraged and nurtured students’ sense of power (R. Gutiérrez, 2009), agency
(Gutstein, 2006; Schoenfeld, 2020), and authority (Engle & Conant, 2002) in the learning of
mathematics. We achieved this plan in two complementary ways. First, we supported students in
pursuing their own driving questions, recognizing the diversity in their histories, aspirations, and
problems that they genuinely wanted to address (K. D. Gutiérrez & Jurow, 2016; Agarwal & Sengupta-
Irving, 2019). Second, we infused the PjBL process with opportunities for defining; connecting;
creating; revising; explaining; reflecting; and presenting. This approach promoted students’ voice and
ownership over mathematics while engaging them in core mathematical practices (Engle & Conant,
2002; Larmer et al., 2015; Schoenfeld, 2020). Notably, the first strategy incorporated the first four
elements of the Gold Standard PjBL model (Larmer et al., 2015), while the second strategy
incorporated the last four.

Examples of Strategy 1

After exploring the Rutherford County example, students were prompted to reflect on societal
issues they genuinely cared about and choose their own counter-stories for retelling in their projects.
Students were scaffolded with brainstorming questions such as the following;:

1. Why is this story important to you?

2. Who is impacted?

At a later stage, we offered a storyboard template to guide students’ storytelling:

1. What problem is your story addressing? How did it impact the involved community?

2. Who played a role in making a change? What powerful statistics did they uncover?

3. What was the process of changing the powerful statistics?

4. How has the situation evolved, especially for the most affected community?

5. What work remains to be done, and what are the next steps?

These prompts served as a catalyst for students to direct their attention not only towards identifying
inequities within their communities or the broader society but also towards exploring proactive
measures that could be implemented to address and resolve these disparities.

Examples of Strategy 2

We supported student agency, authority, and robust understandings of exponential functions
by encouraging them to (a) precisely define their understandings of “going viral,” (b) connect their
definitions with prior knowledge and real-world phenomena, (c) create examples to problematize
initial definitions proposed by themselves or their peers, (d) revise their definitions based on new
insights, and (e) explain the rationales underlying their revised definitions. Students were regularly
prompted to reflect in their journals by answering questions such as the following:

1. What did you accomplish today?

2. How did you collaborate with your classmates?

3. What would you like to work on next time we work on projects?

4. What was challenging about today’s work?

5. How can your teacher help you?

Additionally, students had ample opportunities to present ideas in both small-group and whole-class
discussions, as well as to out-of-classroom audiences.

Design Principle 3: Support PjBL with Cohesive Instructional Stages and Progress-Focused Assessment

This design principle combined a structured approach to PjBL module development with an
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assessment strategy that prioritized student progress over identifying shortcomings. Each of our
modules consisted of six stages. The hook stage sparked students” curiosity using intriguing, relevant,
and socio-historically meaningful problems similar to those in Gutstein (2006) and Yosso (2002). The

Building a Project to
Answer the Driving Questions

B
Hook Activate Pitch
“Explore” Lessons
X\A\‘ . “Connect” Lessons

Figure 1. Overview of PjBL Instructional Stages

activate stage involved several inquiry-based lessons, with some focusing primarily on exploring new
mathematical ideas and others on connecting with prior knowledge and experiences. The pitch stage
supported students in developing, presenting, and refining their project ideas through active
knowledge generation, peer sharing, and feedback exchange processes.? During the prototype stage,
students brought their project ideas to life while upholding disciplinary norms and standards.* The
finish and share stage supported students in revising their projects and presenting them to broader
audiences. In the final reflect stage, students self-assessed their completed projects and the entire
learning journeys, appreciating skills developed and identifying areas for further improvement.
Figure 1 provides an overview of the instructional stages.

We followed Agarwal and Sengupta-Irving (2019) in emphasizing students’ strengths and
progress while avoiding a focus on assumed deficiencies. Our teacher partners” assessment of student
learning was guided by three principles: (a) grading based on what students know rather than what
they do not know; (b) evaluating the learning process, not just the end product; and (c) recognizing
exemplary work, fostering a culture where students learn from mistakes without being penalized for
errors. We ensured the accessibility of assessment rubrics for students and tasked them with providing
examples for each rubric item that best represented their work. Specifically, students were encouraged
to build portfolios (Figure 2) showcasing success with relevant topics, progress made in
understanding them, and ongoing attempts towards mastery.

3 Both the activate and pitch stages emphasized student voice and choice (Larmer et al., 2015) while foregrounding mathematics, cognitive demand
(Schoenfeld, 2020), and problematization (Engle & Conant, 2002).

4 Guided by Engle and Conant (2002) and Schoenfeld (2020), we ensured students were held accountable to the field of mathematics throughout the
PBL process. Reflection, critique, and revision (Larmer et al., 2015) were integrated throughout the PBL process but were more salient in the

prototype, finish and share, and reflect stages.
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I can write equations that accurately model a real-world situation, using variables and parameters in
their correct relationships.

Link to work that you think shows your learning: Work 1 Work 2 ‘Work 3

How does this work show your learning? What are you still working on?

I can calculate a reasonable estimate of a powerful statistics.
Link to work that you think shows your learning: Work 1 Work 2 ‘Work 3

How does this work show your learning? What are you still working on?

I can change variables and parameters in an equation and describe how changes to those variables or
parameters change the output of the equation, using a graph.

Link to work that you think shows your learning: Work 1 Work 2 Work 3

How does this work show your learning? What are you still working on?

I can construct arguments about how policies impact communities and advocates for how policies

might better meet the needs of those communities.

Link to work that you think shows your learning: Work 1 Work 2 Work 3

How does this work show your learning? What are you still working on?

I can find personal relevance in my learning and use it to build curiosity that helps me to learn.
Link to work that you think shows your learning: Work 1 Work 2 Work 3

How does this work show your learning? What are you still working on?

Figure 2. Portfolio Prompt (Change the Stories Module, Condensed Version)

Data Collection & Analysis

We implemented our curriculum in two advanced eighth-grade algebra classrooms. The first
classroom, with 21 students, was located in the Southeastern United States, serving primarily Black
(61.9%) and White (33.3%) students. The second classroom, consisting of 15 students, was located in
the Midwestern United States, where eight students (53.3%) were White, three (30%) were Black, two
(13.3%) were Latiné, and two (13.3%) were of mixed race. We collected a total of 2,150 minutes of
classroom videos; documented 35 ethnographic fieldnotes; conducted 860 minutes of semi-structured,
audio-recorded interviews individually with each student and teacher partner; and gathered all
project artifacts. Each student interview lasted approximately 8-13 minutes and each teacher
interview lasted approximately 30-40 minutes, with initial interviews conducted before and final
interviews conducted after the PjBL classes.

We adapted grounded coding (Charmaz, 2006; Vollstedt & Rezat, 2019) to examine how
students demonstrated mathematical understandings in relation to equity in PjBL classrooms. Given
the insufficient connection between mathematical understandings and equity in existing studies,
grounded coding facilitated an iterative, fluid process where empirical data played a pivotal role in
generating new concepts and categories (Vollstedt & Rezat, 2019). In the first phase, we developed an
overview of the data by reviewing all recordings and partitioned the dataset into smaller segments.
During the second phase, we created analytic memos for each recording, which documented observed
behaviors, corresponding timestamps, and our initial hypotheses regarding their connections to
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mathematical understandings and equity. Concurrently, we identified emerging themes.>

The third phase involved refining our analysis through an extensive exploration of relevant
literature, examining how existing studies operationalized behavioral indicators of mathematical
understandings and how they might shed light on equity issues. We integrated these insights to refine
our emerging themes and streamline codes to avoid redundancy. In the fourth phase, we developed
highly detailed transcripts capturing students” utterances and behaviors, utilizing frequent codes from
the previous phase to pinpoint, categorize, and structure the extensive data.t In the fifth phase, we
conducted a holistic review of all collected data to evaluate whether the emerging categories provided
a comprehensive narrative. This review was compared with our initial impression of the data, guiding
revisions to the categories to ensure accuracy and thoroughness.

Reporting Results

The analysis process described above enabled us to categorize over 200 examples of students
demonstrating mathematical understandings into five categories. Considering the extensive dataset,
we purposefully selected examples for the next section using the following criteria: (a) capturing the
essence of the corresponding categories, (b) spotlighting different activities to illustrate our
curriculum from various angles, (c) featuring as many students as possible, (d) balancing the number
of examples from each classroom, and (e) balancing examples that hinted at within-classroom equity
issues with those transcending classroom walls. Notably, despite the differences in school locations
and student demographics between the two classrooms, we identified at least 12 examples of each
category from each classroom.

We chose not to follow the common practice of describing students solely by their race or
gender, intending to emphasize that students, even within the same racial or gender group, are not
homogeneous. Instead, we portrayed students” identities using descriptions primarily derived from
their self-reflections in interviews, complemented by teachers’ reports and our own impressions. All
names in this paper are pseudonyms chosen by the students themselves.

Results & Discussion

To answer the first research question, we developed a five-category framework (Figure 3) that
categorized how students demonstrated robust mathematical understandings in the equity-focused
PjBL classrooms. Connecting mathematical ideas foregrounded students” ability to discern and establish
meaningful connections, resonating with the importance of interconnectedness in robust
understandings (Hiebert & Carpenter, 1992). Innovating problem solving spotlighted students’
flexibility and creativity in proposing alternative approaches to thinking about, representing, or
solving problems, underscoring their epistemic diversity (Agarwal & Sengupta-Irving, 2019) while
fostering deeper understandings by exposing students to diverse perspectives (Schoenfeld et al.,
2023).

Concretizing abstract objects involved students drawing on prior knowledge and real-world
experiences to generate tangible examples, reflecting research that underscores the integration of
concrete and abstract reasoning (Purwadi et al., 2019). Justifying with relevance highlighted how
students leveraged their personal identities and sociocultural resources to justify ideas, merging the
fundamental practice of justification (Thurston, 1994) with the practical application of mathematics as
a tool to reflect on and address real-world problems (Gutstein, 2006). Problematizing underlying

5 The first two phases correspond to initial coding in Charmaz (2006) and open coding in Vollstedt and Rezat (2019).
6 The fourth phase aligns with focused coding in Charmaz (2006) and axial coding in Vollstedt and Rezat (2019).
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assumptions showcased students actively scrutinizing and grappling with the complexities inherent in
their mathematical and social endeavors, aligning with the problematizing principle (Engle & Conant,
2002) and the behavioral indicator of problematizing ongoing work (Huang, 2022, 2023).

0 -l Recognize and establish
meaningful connections

between mathematical ideas .
Connecting

0 2 Propose alternative ways Mathematical
to think about, represent, Ideas
or solve problems

0 3 Concretize abstract

concepts using examples Problematizing ) Innovating
that are grounded in real- Underlying Demonstrating Problem
world experiences Assumptions Robust Solving

Mathematical

0 4 Leverage personal identities Understandings

and sociocultural resources to
justify ideas, utilizing math to
reflect on or address situations
of personal significance

Concretizing

05 Scrutinize and grapple with JUStI,fymg Abstract
~ ~ the complexities inherent in with Objects
current mathematical and Relevance

social endeavors

Figure 3. Demonstrating Robust Mathematical Understandings in Equity-Focused PjBL Classrooms

In the remainder of this section, we will provide examples for each category and discuss how
they intersect with issues of equity.

Connecting Mathematical Ideas

After extensive exploration of real-world data from Rutherford County, three students
demonstrated robust mathematical understandings by collaboratively establishing connections
among various variables:

Jordan: So, the number of kids who were locked up for nothing over ten
years, is the percent of kids in Rutherford County who got locked
up, multiplied by the number of kids who got sent to court over ten
years, whether or not they got locked up, subtracted —

Roman: By the number of kids who were locked up for something over ten
years.
Zendaya: By the percent of kids locked up fairly multiplied by the total

number of kids sent to court over ten years.

Jordan: Yeah, yeah. They are the same.
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In this conversation, Jordan (Black, charismatic, cool, kind) clarified how specific variables?
contributed to the modeled variable of the number of children unjustly incarcerated over ten years.
Notice that multiplying the variables Jordan specified resulted in the total number of incarcerated
children in the past ten years. Roman (Black, energetic, funny, optimistic) seamlessly extended
Jordan’s thought, noting that the modeled variable equaled the result of Jordan’s ideas subtracted by
Roman’s variable.® This collaborative sensemaking produced a correct model of the underlying
mathematical relationships. Concurrently, Zendaya (Black, giving, smart, social) proposed an
alternative connection, which was also correct, by breaking down Roman’s variable into a product of
two components.? Jordan’s affirmation that Roman’s and Zendaya's ideas were essentially equivalent
highlighted the trio’s ability to synthesize various components and connect them meaningfully,
demonstrating robust understandings of both the mathematical relationships at play and the
inequities being modeled.

To answer the second research question, we underscore the Black students” active positioning
of themselves as central contributors to mathematical discourse in the above excerpt. This suggested
productive authority (Engle & Conant, 2002) and ownership over mathematical content (Schoenfeld,
2020), sharply contrasting with the observation that White students often dominated classroom
discussions in non-PjBL courses with this same class of students (teacher interview, December 13,
2022). By meaningfully connecting mathematical ideas, these students not only developed robust
mathematical understandings that supported their subsequent advocations for change but also
challenged existing power dynamics within the classroom. This example further substantiates
findings from Gutstein (2016) that designing mathematical activities around relevant societal
problems can broaden historically underrepresented students’ access to and participation in
mathematical discourse.

Innovating Problem Solving

In the next example, students demonstrated robust mathematical understandings by
generating various methods for understanding and simplifying the expression 2 X 2 X 2 X 2,
Chris: 27 because if we break up the exponent, 27 is really 2 X 2 X 2 X 2.
Combining the first three 2’s, we have seven 2’'s multiplied together.
So, that’s 2.

Megan: [ also got 2’ because there are three 2’s on the left— that makes it 2’.
And then since they have the same base, you can add the exponent.

And3+4=7.

Robyn: My approach is to look at 2? first and then counting the single 2’s from
the right to the left. So 2°, 2,, and 2’

In this exchange, Chris (White, confident, smart, athletic) applied the mathematical definition of
exponents as repeated multiplication, skillfully breaking down and reorganizing numbers to reach a
correct solution. Megan (White, athletic, creative, hesitant) employed a different strategy, recognizing
the common base and accurately employing exponent rules to arrive at the same result. Robyn (Black

7 The two variables, in Jordan’s words, were “the percent of kids in Rutherford County who got locked up” and “the number of kids who got sent to court
over ten years, whether or not they got locked up.”
8 Roman'’s variable was, in his own words, “the number of kids who were locked up for something over ten years.”

9 The two components, in Zendaya’s words, were “the percent of kids locked up fairly” and “the total number of kids sent to court over ten years.”
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mixed with Latiné, trustworthy, humble, quiet) took a sequential approach, starting with 2? and
incrementing the exponent for each additional factor, presenting yet another valid method. These
distinct approaches not only underscored the students’” mathematical proficiency and flexibility in
addressing mathematical expressions but also created rich opportunities for meaningful connections
among diverse perspectives.

In response to the second research question, we observed that embracing alternative
approaches in the classroom provided opportunities for students who were not among the fastest
problem-solvers, such as Megan and Robyn, to voice their ideas and be publicly acknowledged.
Importantly, we do not view meaningful mathematical engagement as a zero-sum game where
providing more opportunities for underprivileged students means that traditionally privileged
students will receive less. This example illustrated that encouraging students to innovate problem
solving opened the door for all students, including both traditionally privileged (e.g., Chris) and
underprivileged (e.g.,, Robyn), to equitably shape their classroom conversations. Therefore,
innovating problem solving could help address issues of access (R. Gutiérrez, 2009; Schoenfeld, 2020)
while supporting students” authority (Engle & Conant, 2002), agency, ownership, and mathematical
identities (Schoenfeld, 2020).

The second example of innovating problem solving featured Jake (Black, energetic, playful,
imaginative) and Ben (Black, logical, careful, deep thinker), who demonstrated robust mathematical
understandings by presenting a novel, culturally resonant representation of “going viral” (Figure 4).
This occurred in the context of intuitively graphing the spread of gossip in the movie “Crazy Rich
Asians,”10 which disseminated through social media to the protagonist’s mother before he had a
chance to talk to her personally. Jake and Ben drew inspiration from the culturally embedded concept
of a “family tree” (Bouquet, 1996, p. 43), thoughtfully integrating cultural-historical resources into
their mathematical innovation while accurately capturing key figures and the direction of information
flow. With respect to the second research question, this example illustrated that encouraging students
to innovate problem solving provided opportunities to honor student’s epistemic diversity (Agarwal
& Sengupta-Irving, 2019); support meaningful connections between cultural-historical resources and
disciplinary content (Ladson-Billings, 1995); and develop their sense of authority (Engle & Conant,
2002) and cultural-disciplinary identities (Agarwal & Sengupta-Irving, 2019; Schoenfeld, 2020).

A

Figure 4. Innovative Problem Solving: Alternative (Family Tree) Representation

10 The activity was designed to support students’ engagement with different representations, serving as a pivotal reflection point that scaffolded students’

subsequent refinement of their intuitive criteria for determining whether something “went viral.”
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Concretizing Abstract Objects

In the following example, students demonstrated robust mathematical understandings by
creating concrete examples of three abstract graphs (see Figure 5):

Figure 5. Illustrating Abstract (Linear and Exponential) Graphs

Teacher: =~ What is a scenario that can be represented by one of these graphs?

Thomas:  For the left one, just a guy having 75 apples, and then he eats like five
every day. So, it goes down the [inaudible text segment] and ends
when there’s no more apples.

Teacher:  He's eating five apples a day, that’s a constant rate of change. Good.
Who has a scenario to represent the graph on its right?

Demetrius: I got it. There’s a surprise party happening for Tyrese, three of his
friends are planning it. The whole school knows about it, from his
three friends. And then every day, three kids tell three other kids that
they shouldn’t go. They’re full. And then the next day, all nine, well,
nine plus the beginning three, each tell three other kids. And so on.
So less and less kids come.

Teacher:  Okay, so the number of people who are going to attend the party
would be decreasing exponentially.

Demetrius: Yes.

Teacher: ~ Okay. That works. That works. Does somebody else have a scenario?
Ryan: Serial murder?

Teacher:  Can you elaborate on how a serial murder death is exponential?
Ryan: For every person they kill, they kill two more.

John: Yeah, once they start killing, they can’t stop.

Alexis: What about crimes in general?

John: Once you commit one crime and get away with it—

Alexis: You won't stop.

John: You're most, yeah, you're most likely going to keep doing it.
Alexis: That’s what my uncle did that got him to prison.

Josh: There might be something with addiction.
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In the above discussion, Thomas (White, smart, kind, lazy)!! linked his linear graph scenario
to the familiar context of apple consumption, enhancing its relatability and ensuring a robust
application of linear models. Demetrius (Black, funny, athletic, creative) incorporated a shared
enthusiasm for surprises among his peers into his accurate concretization of the exponential decay
graph. Ryan (White, loud, funny, chill) broached a topic of serial murder and presented it in a manner
that withstood mathematical scrutiny. John (Latiné, enthusiastic, sociable, diligent) built on his out-
of-school understanding to elaborate further, emphasizing how engagement in activities such as
murder can lead to perpetuated and escalated actions. Alexis (Black, outgoing, caring, smart)
expanded the scope of the dialogue by reflecting on the nature of crimes in general, while Josh (White,
quiet, smart, annoying) added a socio-psychological layer by discussing addiction.

This rich and open-ended discussion, influenced by popular culture narratives surrounding
crime, showcased the diverse ways in which students leveraged their lived experiences and socio-
cultural-historical knowledge to contribute meaningfully to mathematical discussions. The active
roles taken by students of various racial backgrounds!? in generating this sophisticated dialogue
transcended the traditional approach of discussing canned textbook problems. Examples that might
be swiftly dismissed in a standard mathematics classroom not only became integral to the ongoing
discourse but were recognized as significant contributors to the overall mathematical discussion.

In this inclusive environment, students engaging in discussions about crime—whether
speaking humorously, invoking sociocultural narratives, or referencing family members” encounters
with the law —found themselves centrally involved rather than on the periphery of mathematical
conversations. It challenged conventional norms of what was relevant or appropriate in mathematics
classrooms, increasing opportunities for all students — particularly those often marginalized in typical
mathematics conversations—to contribute and see themselves as significant contributors to the
advancement of collective disciplinary discourse. In the language of TRU (Schoenfeld, 2020), this open
discussion provided equitable access to core mathematical ideas while supporting students” sense of
agency, ownership, and identities as powerful mathematical learners and practitioners.

Justifying with Relevance

In the next example, students explored potential stakeholders in disseminating Beyoncé’s
private performance, leveraging their sociocultural identities and real-world experiences to justify
their ideas:

Carri: I'm trying to find someone who does research on the spread of things.
Megan:  Oh, like a scientist? Who else would care?

Zoey: I'd be caring. I'd be the one sitting on social media waiting for the
video.

Megan:  Maybe Beyoncé and her family care about how the video is getting
out there too. I mean she has a team that does research and figures
out what's going on. They probably don’t want the performance to be
leaked.

Carri: Yeah, every time something popped up it was gone.

Embedded within the broader “stan culture,” where dedicated fans, known as stans,

11 We wish to underscore our commitment to preserving the authenticity of students’ language in our descriptions. It is important to note that, for us,
terms such as “lazy” are not uniformly negative but rather reflective of the student’s own expressions and experiences.

12 This excerpt was taken from the predominantly White classroom in the Midwestern United States.
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passionately idolize celebrities (Bermudez et al., 2020), the girls explored a dynamic online
phenomenon with which they genuinely identified. Carri (Black, spontaneous, social, compassionate)
connected professional researchers with their own mathematical and socio-scientific exploration.
Megan (White, athletic, creative, hesitant) expanded the perspective, suggesting that Beyoncé and her
team would likely be concerned about the video’s dissemination, possibly working to control its
release. Leveraging her identity as a devoted fan of Beyoncé, Zoey (Black, thoughtful, quiet, goal-
oriented) contributed by articulating the heightened interest of fans in actively monitoring social
media for the leaked video. Carri, drawing from personal experience, further substantiated the claim
that unauthorized content would quickly disappear from online platforms.

This collaborative example illustrated the thoughtful sensemaking embedded in students’
socio-mathematical explorations, showcasing that mathematics served not as a confined formula but
as a tool for deeper engagement with phenomena that held personal and sociocultural significance to
students. To address the second research question, justifying with relevance provided opportunities
for students to engage in justification —a core mathematical practice (Thurston, 1994) —in ways that
leveraged their socio-cultural-historical identities (Agarwal & Sengupta-Irving, 2019). This approach
bolstered productive disciplinary learning while also enriching traditional perspectives on the nature
of mathematical engagement and integrating socio-historical and identity dimensions to enhance
students” access to meaningful mathematics.

Problematizing Underlying Assumptions

In this final example, students demonstrated robust mathematical understandings by
scrutinizing and addressing the limitations of their emerging exponential model. Their model
represented the spread of news surrounding George Floyd, an African American man whose demise
in police custody triggered global protests and discussions on racial injustice and police brutality.

Cabinet: But the trend won't go forever, right?

DeMarcus:  Yeah the map will. Maybe we should say it stops.
Carrington: ~ Well ... it won't stop spreading, but it will calm down.
DeMarcus: It won't be as popular.

Cabinet: Ah, so it has a restricted domain.

In the above exchange, Cabinet (Black, positive, Christian, athletic) asked, “But the trend won't
go forever, right?” This student leveraged real-world intuitions to invite collaborative sensemaking
regarding the constraints inherent in their emerging model. DeMarcus (Black, funny, smart, risk-
taker) proposed a potential plateauing of the dissemination (“Maybe we should say it stops”),
elaborating on the idea that public interest in the news would naturally diminish over time.
Carrington (Black, energetic, sensitive, clingy) contributed by suggesting that the spread might not
entirely cease but rather gradually subside, possibly involving a smaller exponential growth factor or
warranting a transition to a different, slower-growing model. Cabinet synthesized these insights,
proposing that a resolution to this nuanced challenge lay in restricting the domain of their exponential
model.

To answer the second research question, we note that the students’ active scrutiny and
problematization of their model showcased vigorous agency (Schoenfeld, 2020) in holding themselves
accountable to the underlying mathematical principles (Engle & Conant, 2002) while addressing
nuanced real-world constraints. This provided opportunities for students to develop authority (Engle
& Conant, 2002); ownership over mathematical content and productive mathematical identities
(Schoenfeld, 2020); and socio-political consciousness (Gutstein, 2006). By meaningfully connecting
mathematics with societal problems of profound personal, racial, historical, and social significance
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and problematizing assumptions underlying emerging models, the students developed deeper
understandings of both the mathematical and the societal problems being modeled, enabling them to
be better equipped to “read” (i.e., understand) and “write” (i.e. change) the world with mathematics
(Gutstein, 2006, p. 23).

Conclusion

We have presented a promising approach to capturing how students demonstrated robust
mathematical understandings in PjBL classrooms and meaningfully connected these insights to issues
of equity. It is worth noting that although the framework was developed with a primary focus on how
students demonstrate understandings, subsequent analysis revealed that engaging in the behaviors
highlighted by our categories also provided opportunities for students to build deeper
understandings. Given the preliminary nature of the proposed framework, further research is
essential to test and refine it across various PjBL contexts in order to enhance its effectiveness as an
analytic and teaching tool.

Analytically, each category in our framework offers valuable insights into students’
mathematical learning while shedding light on issues of access, power, and identity that R. Gutiérrez
(2009) identifies as important dimensions of equity. Connecting mathematical ideas underscores the
interconnectedness in robust understandings (Hiebert & Carpenter, 1992), calling attention to who has
access to publicly make connections and position themselves as central contributors to classroom
discourse (Schoenfeld et al., 2023). Innovating problem solving spotlights students” flexibility and
creativity in proposing alternative approaches, explicitly honoring students” epistemic diversity
(Agarwal & Sengupta-Irving, 2019) and opening the door for all students —including those not among
the fastest problem solvers or otherwise underprivileged —to voice their ideas, develop authority
(Engle & Conant, 2002), and equitably shape classroom discussions. Concretizing abstract objects
foregrounds how students’ build on their real-world experiences to generate tangible examples of
abstract mathematics, inviting collaborative sensemaking around issues students find intriguing (e.g.,
crime) and broadening traditional notions of what counts as appropriate in mathematics classrooms.
Justifying with relevance highlights how students leverage their personal identities and sociocultural
resources to justify ideas, merging the core mathematical practice of justification (Thurston, 1994) with
the practical application of mathematics as a tool to reflect on and address societal problems they
genuinely care about. Finally, problematizing underlying assumptions centers on students actively
scrutinizing and addressing complexities inherent in their mathematical and social endeavors,
providing opportunities for them to develop agency, ownership, productive mathematical identities
(Schoenfeld, 2020), and socio-political consciousness (Gutstein, 2006).

As a teaching tool, our framework illuminates crucial learning objectives and design heuristics
that curriculum designers and teachers can leverage to tailor instructional strategies. For instance, a
focus on connecting mathematical ideas could help teachers encourage students to connect different
concepts, while guiding curriculum designers to create learning activities that integrate ideas across
different modules. Innovating problem solving suggests recognizing and nurturing students” strengths
and perspectives, embracing diverse forms of intellectual expressions, and vigilantly guarding against
mislabeling or overlooking students” non-normative ideas. We facilitated concretizing abstract objects
by encouraging students to create stories and represent graphs, recognizing this as one example of
using open-ended tasks to stimulate rich discussions (Wu, 1994) and support students in bridging
concrete and abstract reasoning (Purwadi et al., 2019). Justifying with relevance emphasizes engaging
students in core mathematical practices (Schoenfeld, 2020) while supporting them to integrate
personal identities and sociocultural resources into mathematical conversations. Finally,
problematizing underlying assumptions can encourage teachers to model critical scrutiny of nuanced
complexities in complex problems while supporting students to develop agency, confidence, and
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power in challenging inequitable systems with mathematics.

Three design principles formed the core of our curriculum: 1) engaging students with socio-
historically meaningful problems while maintaining mathematical rigor, 2) leveraging and nurturing
students” sense of agency and authority in the learning process, and 3) supporting PjBL with cohesive
instructional stages and progress-focused assessment. Regarding our equity goals, the first principle
enabled us to systematically connect mathematics with problems that students identified with,
facilitating meaningful integration of students’ resources, identities, and mathematical learning!3. We
were guided by the second and third principles to broaden access to meaningful mathematical
engagement!4 and to develop more agentic, resourceful advocates for change!>. We hope that these
principles can spark deeper insights into designing equity-focused mathematics curricula.

We would like to emphasize that an equity-focused PjBL curriculum alone may not be
sufficient to replicate the richness of equitable learning and robust mathematical understandings
documented in this paper. The synergy of (a) an open learning environment where diverse
perspectives were respected and all students were positioned as valid contributors, and (b) adept
teachers with expertise in facilitating discussions and advancing pertinent ideas mathematically in
collaboration with students, appeared to have significantly contributed to the results. Therefore, we
urge readers to not lose sight of how classroom cultures and teachers” moment-to-moment decisions
might play a role in advancing or constraining students’ experiences with equity-focused PjBL
curricula.

Given the limited exposure of TRU (Schoenfeld, 2020) in PjBL communities, we would like to
highlight two significant ways in which TRU advanced our equity goals. First, the equitable access
dimension prompted us to scrutinize how opportunities for participation were and could be allocated
among students. Second, we anchored our design principles in the agency, ownership, and identity
dimension, using it to stimulate discussions about opportunities for students to generate ideas and be
recognized as valuable contributors to classroom discourse. We believe that TRU offers additional
avenues for supporting broader equity-focused initiatives in PjBL, and we encourage readers to
explore these further.

Advancing equity-focused PjBL initiatives necessitates new tools, and we are confident that
our proposed framework, design principles, and TRU hold great potential in supporting more
equitable, ambitious PjBL practices.

Limitations

Our study’s focus on two 8th grade algebra classrooms may limit the generalizability
of findings, as students in these classrooms had higher prior mathematical achievements than typical
8th grade students in the United States, which is consistent with recent research findings (Remillard
et al., 2017). Moreover, we recognize that our framework does not account for the subtle differences
afforded and constrained by various sub-areas of mathematics. Therefore, future research is needed
to test and refine our framework in other sub-areas such as geometry and probability. Additionally,
replicating our approach, which involves incorporating a student advisory committee to customize
PjBL curriculum, may pose significant challenges for those constrained by time, resources, or
administrative support.

13 The student advisory committee played a key role in identifying meaningful problems. The Rutherford County example and the gossip example were
designed to connect mathematics with issues students identified with. The last four examples in the Results & Discussion section illustrate how
students built on their identities, real-world experiences, and sociocultural resources to advance their mathematical learning.

14 The first four examples in the Results & Discussion section demonstrate broadened access to mathematics.

15 A heightened sense of agency, resourcefulness, and socio-political consciousness was evident in the students’ portfolios and final interviews.
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