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PRESERVICE ELEMENTARY TEACHERS’ MENTAL
COMPUTATION STRATEGY USE IN MULTIPLICATION ON
ONE- AND TWO-DIGIT NATURAL NUMBERS
Anders MANSSON

Abstract: It is investigated if the mental computation strategies in the research literature are enough
to satisfactorily categorize the mental computation strategy use by preservice elementary teachers
in multiplication on one- and two-digit natural numbers. The preservice elementary teachers use of
mental computation strategies is measured operationally with a written questionnaire. The paper
indicates that there are few new strategies used by preservice elementary teachers which are not
already contained in the research literature. However, the paper indicates that there is a theoretical
need to clarify the strategy definitions, and that there several useful and valuable strategies on
multiplication that do not occur in the research literature on mental computation.
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1. Introduction

Mental computation is part of the elementary school curricular content globally, and in recent years
there have in many countries been an increased focus on mental computation in elementary school
teacher education (Csikos, 2016; Hartnett, 2007; Lemonidis et al, 2014). There are many advantages of
becoming better at mental computation, for example that it improves number sense (Hajra & Kofman,
2017; Heirdsfield et al, 2002, 2011), it gives a better understanding of the place value system and
elementary calculation rules (Gilirbiiz & Erdem, 2016; Maclellan, 2001; Reys, 1984, 1992; Sowder,
1990, 1992, 1994), and it is often involved in everyday use of mathematics (Baranyai et al, 2019a;
Thompson, 2010). Mental computation strategies in connection to elementary school pupils have been
well researched, but less so in connection to preservice elementary teachers (PETs). In this article the
latter group’s strategy use will be investigated. A brief background to mental computation is given in
sections 2.1—2.4 before stating the research question in section 3.1.

2. Mental computation

2. 1. What is mental computation?

One can in the research literature find different definitions of mental computation, or synonyms such as
mental calculation, mental math, and mental arithmetic (Lemonidis, 2016; Sowder, 1988; Thompson,
1999). An overarching trait among the definitions, and the one that will be used in this paper, is
calculating without use of any equipment (Baranyai et al, 2019b; Lopez, 2014; Mclntosh & Dole, 2000;
Reys et al, 1995).

2. 2. What is a mental computation strategy?

Mental computation strategies are different ways that arithmetic problems are solved mentally (Hartnett,
2007; Threlfall, 2000, 2002). For example, one can calculate 6 X 23 as 6 X 20+ 6 X 3 =120+ 18 =
138, which is a mental computation strategy commonly referred to as “the distributive rule”. Some
strategies are more general like this, and others are more dependent on the numbers involved in the
calculation such that multiplication by 2, 4, 8, ... can be done by repeated doubling. Mental computation
strategies elementary school pupils use to calculate with natural numbers up to 100 have been well
researched and documented for addition and subtraction (Beishuizen, 1993; Blote et al, 2000;
Heirdsfield, 1997, 2001; Klein et al, 1998). Some of these strategies have official names, such as SA
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(standard algorithm done mentally), 1010 (separately adding tens and ones), N10 (stringing), N10C
(stringing with compensation), A10 (bridging through multiples of ten), and B (balancing). There exist
variants of these definitions and their names, but generally there is consensus on what they should mean
(Heirdsfield, 2004; Varol & Farran, 2007). Elementary school pupils’ use of mental computation
strategies for multiplication and division has been researched to a lesser degree (Callingham, 2005;
Heirdsfield et al, 1999; Murray et al, 1994; Oliver et al, 1991). There are few studies on PETs’ mental
computation strategy use, in addition and subtraction (Baranyai et al, 2019a; Hajra & Kofman, 2017,
Mansson, 2022; Whitacre, 2007), multiplication (Baranyai et al, 2019a; Lemonidis et al, 2014; Whitacre,
2007), and division (Mutawah, 2016).

2. 3. Why learn mental computation strategies?

To do mental computation efficiently, one need to learn several different strategies and know when to
use which strategy (Hajra & Kofman, 2017; McIntosh, 2003). Many mental computation strategies are
possible for pupils to discover on their own, but one cannot presume that all pupils will be able to do so
(Murphy, 2004). There is evidence to suggest that pupils are often not directly exposed to mental
computation strategies in school but are rather left to themselves to devise strategies. Some pupils then
get stuck in unwieldly mental computation strategies, such as doing the standard algorithm mentally,
and therefore need to learn more efficient strategies in an organized and systematic way (Askew, 1997;
Baranyai et al, 2019b; Hajra & Kofman, 2017; Joung, 2018; Mclntosh et al, 1995). Hope and Sherrill
(1987) highlight that pupils with less developed skills mostly use standard written methods for mental
computation, while pupils with higher developed skills use a variety of mental strategies. Thompson
(2009) stresses the importance of teaching and using mental calculation strategies, since the traditional
methods are not effective enough to improve pupils’ numeracy proficiency.

2. 4. Why should preservice elementary teachers study mental computation strategies?

Even though mental strategies are a desired focus for computational instruction in schools, Hartnett
(2007) suggests that teachers have been slow to adopt such a focus in their classroom, and that a possible
barrier to adopting a mental strategies approach is the teachers’ own lack of knowledge about possible
mental computation strategies. Since PETs are the next generation of teachers, it is important that they
know and master mental computation strategies. They need a strong foundation of the mathematics of
mental computation and the ability to apply this important calculation method as well as use efficient
strategies of their own (Heirdsfield & Cooper, 2004; Lemonidis et al, 2014; Threlfall, 2002). Mental
mathematics ability is considered a hallmark of number sense (Hajra & Kofman, 2017; Sowder, 1992),
and good number sense is especially essential for elementary school teachers. Without it they are ill-
equipped to make sense and take advantage of children’s often unorthodox but very number sensible
solution strategies (Whitacre, 2007).

3. Method

3. 1. Purpose of article and research question

In the light of section 2.1—2.4, it is proposed that it is important to know the current knowledge and
proficiency base of PETs on mental computation. Knowing which strategies PETs are aware of and use,
provides valuable information for continuing professional development and improving teacher content
knowledge on mental computation, and for use in related research (Heirdsfield & Lamb, 2005; Valenta
& Enge, 2013). In this article a written questionnaire is utilized to conduct research into PETs’ mental
computation strategy use. A written questionnaire has an advantage over interviews when it comes to
gathering a large amount of data. One disadvantage is if some PETs calculate the exercises using pen
and paper even though they are instructed not to do so. In Ménsson (2022) it was demonstrated that
using written questionnaires to survey and categorize PETSs’ strategy use can be a valuable and reliable
method. This paper is based on the premise that to conduct research into PETSs’ strategy use it is
important to first determine if the existing research literature in fact covers the strategies used by PETs.
Further, when conducting research on PETs’ strategy use it helps if different research papers use the
same list of strategies. A search through the research literature reveals that there is no article containing
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an exhaustive and complete list of all strategies occurring in the research literature. The categories vary,
and they do not always account for all possible strategies. Also, since most research on mental
computation have been done with elementary school pupils it is not obvious that the mental strategies
considered in research in connection with pupils are the same as those used by PETs. Since PETs have
more schooling in mathematics than elementary school pupils it is possible that PETs use a different set
of strategies than the pupils do. The availability and ability of PETs to participate in written
questionnaires on mental computation also makes them suitable research participants. A relevant
research question not emphasized in the research literature is therefore:

When preservice elementary teachers do mental computation in multiplication on one- and two-digit
natural numbers, what strategies, beside those that can be found in the literature, do they draw on?

Depending on what the research reveals for the research question there could be a need to improve and
extend the list of strategies in the research literature (presented in section 3.4). The answer to the research
question is presented in section 3.6. Note that for practical reasons the investigation here is limited to
one- and two-digit numbers. Two-digit numbers are more interesting than one-digit numbers when it
comes to stimulating the development of number sense and insightful flexible number operations
(Beishuizen et al, 1997; McIntosh et al, 1992), but a few one-digit numbers are included for
completeness.

3. 2. Research participants

In 2022, a written mental computation strategy questionnaire was given to 271 first year PETs at a
university in Norway. The PETs were chosen by availability, and they were not provided with any prior
training on mental computation strategies prior to administering the questionnaire.

3. 3. Measures

The PETs’ use of mental computation strategies was measured with a written questionnaire with the
following 16 exercises (Figure 1):

1. 28x2 2. 3x19 3. 18 x5 4. 9x35
5. 70x 80 6. 22x8 7. 25x36 8. 15x15
9. 9x99 10. 21 x 40 11.12 x 25 12.15x 16
13.19 x 21 14.14 x 35 15.11 x 23 16.19 x 19

Figure 1. Questionnaire exercises

The exercises were chosen so that many different strategies would be induced and used by the PETs.
There is no general theory on how to find such exercises, and it is in the nature of things that is difficult
to construct exercises inducing strategies that one is not aware of. However, the ambition was to
construct exercises that at least could induce the strategies in Table 1. Figure 2 shows the questionnaire
instructions and how each exercise was presented to the PETs.

Important instructions! For every exercise do these steps in order:

1. Calculate the exercise in your head. In this step you are not allowed to write anything.
2. Write down the answer.

3. Explain mathematically how you were thinking when you calculated the exercise in your
head.

Exercise 1

28x2=

Explanation:

Figure 2. Questionnaire instructions together with first exercise
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The PETs’ written explanations of their strategy use were categorized by the author by referring to the
list of mental computation strategies in section 3.4. This was demonstrated in Mansson (2022) to be an
informative and reliable approach. It is an operational method, basing the categorization solely on the
PETs’ own written explanations, and not speculating on how they were “really thinking” when they

calculated.

3. 4. List of mental computation strategies

Table 1 lists the mental computation strategies found from an exhaustive search in the research literature.
This list was used in the categorization of the PETs’ explanations. After each strategy a reference to
where the definition can be found in the research literature is provided. If several articles agreed on a
definition of a strategy, then only one of those articles were referenced. The strategies have been named
after the most common and established name occurring in the literature. Strategies identified as being
similar are placed together in the table, but other than that they are placed in no order.

Table 1. Mental computation strategies for multiplication on one- and two-digit natural numbers

Strategy

Definition

Source

Memory

Directly recall from memory of a known multiplication
numerical fact or a production of a numerical fact.
6X11=66 or 4x12=48

(Lemonidis et al, 2014)

Basic fact or derived
fact

Using a known or derived multiplication fact.
5X9 =45 so 50X 9 =450 or 50 X 90 = 4500

(Hall, 2019)

3X24=2X24+24=48+24=72
31 x 3 = (30 + 30 + 30) + 3

Commutative rule 3x4=4x%x3 (Anghilieri, 1999)
Counting 4 x 15: 15,30,45,60 (Lemonidis et al, 2014)
Repeated addition 3X24=24+24+4+24=48+24=72 (Hall, 2019)

(Lucangeli et al, 2003)

Mental analogue of
standard algorithm

Doing the standard algorithm mentally:
7 %x23: 7x3=21write 1 andcarry 2, 7 X 2 = 14,
14 + 2 = 16, thus the result is 161

(Whitacre, 2007)

Basic fact shortcuts

x5=10x1/2
X9=x10—-—x1
X11=x10+x1

X 12 = X 10 + double
X15=%x10+ X5

X 25 =%x100+ 4

(Wigley, 1996)
(Hall, 2019)

(Whitacre, 2007)

Distributive rule

14x3=(10+4)x3=10%x3+4%x3=30+12
=42
17x23=10x20+10Xx3+7Xx20+7 X3

(Thompson, 2008)

(Day & Hurrell, 2015)

Distributive rule units
first

7x23: 7x3=21, 7x20 =140,
21+ 140 =161

(Hall, 2019)

Distributive rule non-
standard

21x23=11%x23+10x% 23

46 X7 - 40x10=400 - 40x3 =120
- 400—-120=280 - 6 X7 =42
— 280442 =322

(Cooper et al, 1996)
(Erdem, 2017)

Distributive rule with

7X19=7%x20—-7x%x1

(Baranyai et al, 2019b)

25x72=50x36=100x18 = 1800

compensation
Factorization 15x12=(15%Xx4)x3 =60x3 =180 (Ding et al, 2017)
Doubling 8X5=4x10=2x20=140 (Wigley, 1996)

(Baranyai et al, 2019b)

Near doubles

3x5=2+1)x5=2%x5+5

(Mclntosh & Dole,

2005)

5X7=2x%X (2X%7)+7.So, double 7, double 14, (Heirdsfield et al,
then add 7 1999)

Trial and error 25 % 19: Notices that 25 X 4 = 100.Since 4 X 4 = (Heirdsfield et al,
16 (which is close to 19) one has that 25 X 16 = 1999)
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25X 4 x4 =100 %4 = 400.Remains 3, so add
25 X 3 =75, giving 400 + 75 = 475.

Combination of Using two or more strategies. (Baranyai et al, 2019b)
strategies 416 X 25 =416 X2 X 10+ (416 x10) + 2

3. 5. Data collection

The questionnaire was administered as part of a mathematics lecture at the university. The PETs were
not informed beforehand that they would take a questionnaire, so they had no way of preparing for it.
The PETs’ participation in the questionnaire were voluntary, anonymous, and by checking in a box on
the test they gave their consent or dissent to that the test results were used anonymously in research
purposes. There was no time limit to the test. The PETs were instructed to calculate each exercise
mentally, write down the answer, and then write an explanation on how they were thinking when they
solved the exercise (see Figure 2). The author categorized their explanations according to which mental
computation strategy in Table 1 they used (if any).

3. 6. Results

To present the percent distribution of the PETS’ strategy use in a clear way similar strategies are grouped
together. Memory and Basic fact or derived fact are grouped as “Recall”. Counting and Repeated
addition are grouped as “Count”. The four distributive strategies (Distributive...) are grouped as
“Distributive”. Doubling and Near doubles are grouped as “Double”. (Commutative rule and
Combination of strategies are not considered as strategies in this case since they are usually only part of
other strategies.) Then, 59 % of the students used a Distributive strategy, 8 % used Recall, followed by
5 % Mental analogue of standard algorithm, 4 % Factorization, 3 % Trial and error, 3 % Count, 1 %
Basic fact shortcuts, 0 % Double. The average success rate was 85 %, and 2 % gave an unclear
explanation that was not possible to categorize unambiguously. Using a distributive strategy was also
the most used strategy for all exercises except exercise 5 (70 X 80), where Recall by 93 % of the PETs.
The dominant strategy was there to calculate 7 X 8 and add on two zeroes. The second most used
strategy (with some ties) was Mental analogue of standard algorithm in exercises 4, 6, 9, 13, 15; Count
in exercises 1, 2, 14; Trial and error in 8, 13, 14; Factorization in 7, 10, 11; Recall in exercise 12.
Success rates varied from highest about 98 % in exercises 1 and 5, to lowest about 65 % in exercise 7
and 16.

Below are presented instances where the PETs used strategies that deviated from the list of strategies in
section 2.4 are presented and commented on, thereby answering the research question in section 2.1.

3.6.1. One of the numbers ending with a zero. A common PET explanation to exercise 5 (70 X 80) is
to do the multiplication 7 X 8 and then attach two zeroes to the answer, which is the strategy Basic fact
or derived fact (or Factorization). However, in the following PET explanation to exercise 10 (21 X 40):
“21 x4 =84, 84 x 10 = 840” it is unclear if 21 X 4 = 84 qualifies as a “basic fact or derived fact”.
The definition of the strategy Basic fact or derived fact is not clear on this, so there is a theoretical need
to clarify or redefine this strategy.

3.6.2. Variant of Repeated addition. Exercise 2 (3 X 19) was calculated by a PET as “20 + 20 4+ 20 =
answer minus 3”. This is a Repeated addition but with compensation. One could consider this as a new
strategy, but it can also be considered as a variant of Repeated addition. In the latter case, it could be
added as a defining example to Repeated addition. The explanation could also be considered as a
Combination of the strategies, a combination of the strategies Distributive rule with compensation and
Repeated addition.

3.6.3. Variants of Distributive rule. Exercise 15 (11 X 23) was calculated by a PET as “11 X 10 +
11 x 10+ 11 x 3”. It could be regarded as Distributive rule non-standard, or as a combination of
strategies, for example using the Distributive rule twice. It could also be regarded as Trial and error, or
as a variant of Repeated addition. In any case, the core idea in the explanation is using the distributive
rule, so it is not a completely new strategy.
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3.6.4. Overlap of strategies and imprecise strategy definitions. Several PETs noticed that exercise
12 (15 X 16) could be solved by looking back at exercise 8 (15 X 15) and add 15”. As another example,
one PET explained exercise 3 (18 X 5) as “Thought of 9 X 5 = 45, then | multiplied 45 X 2 = 90”.
Both explanations could be categorized as Basic fact or derived fact, or as Memory, and the second
explanation could also be categorized as Doubling or Factorization. The strategy definitions in the
literature are not precise enough to unambiguously differentiate and categorize explanations as strategies
in these cases.

3.6.5. Combinations of strategies. The Commutative rule strategy seldom occurs alone, but usually and
implicitly in combination with other strategies. For example, one PET calculated exercise 2 (18 X 5) as
“5x 10 + 5 x 8”. Clearly the commutative rule has been used here in combination with the distributive
rule. If combinations of strategies in Table 1 should be considered as unique strategies is questionable
since that would give rise to many additional strategies.

3.6.6. Unreliable explanations. One PET explained most of his or her calculations as using the
Distributive rule in the way defined by Day & Hurrell (2015): “17 X 23 =10x 20+ 10X 3 +
7 X 2+ 7 x 3”. It is doubtful if this is how the PET thought since it is demanding on the memory to
calculate in this way. One can suspect that the PET calculated in this way by writing down the calculation
on paper even though being instructed not to do this. In any case, the explanation described above is a
multiplication strategy that can be used, and it is already contained in the list, so it is not a new strategy.

3.6.7. Unclear strategy use. Some PETs gave the following explanation to exercise 13 (19 X 21):
“20 X 20 — 1 = 399”. One can calculate in this way, but it is unclear which strategy the PETs have
used. If they would have explained the calculation explicitly using the conjugate rule (a — b) X (a +
b) = a? — b? such as 202 — 12 it would be a new strategy not included in Table 1.

4. Discussion and Conclusions

The results of this paper indicate that preservice elementary teachers (PETs) predominantly use
distributive strategies in mental computational on multi-digit multiplication, where 59 % of the PETs
used one of the four distributive strategies in Table 1. This is in close agreement with for example
Baranyai (2019b) where 60 % of the PETs used distributive strategies. In Lemonidis (2014) most PETs
used a mental analogue of a written algorithm, but also there a large part of the PETs used distributive
strategies. One could however raise doubts to if PETs claiming to use mental analogue of standard
algorithm really perform it purely mentally (i.e. without the use of any equipment) since that is
demanding on the short-term memory.

Most of the core strategic ideas that preservice elementary teachers (PETs) use in mental computation
are covered, or partly covered, by the research literature, but there are some exceptions, as presented in
section 3.6. These are strategies or variants of strategies that could be added to Table 1, such as
“Repeated addition with compensation”, or using the conjugate rule as discussed in section 3.6.7.
However, the main issue is that several of the strategy definitions in Table 1 are not clear and precise
enough to enable unambiguous strategy categorizations. For example, as discussed in section 3.6.1, since
the strategy Basic fact or derived fact is not limited to calculations involving zeroes, it could be a good
idea to define this strategy of attaching zeroes as a new and separate strategy from Basic fact or derived
fact. In some cases, the strategy definitions can be fixed by adding more defining examples to the
strategies, but in other cases the strategies need to be reworked. The problem can in practical situations
be avoided by grouping similar strategies, but theoretically seen it is not a completely satisfactory
situation to have overlapping and unclearly defined strategies. There is thus a theoretical need to clarify
the definitions in Table 1 to make them more precise and distinguishable.

Are there any strategies the PETs didn’t use but could have arisen and that one could consider adding
to Table 1? In fact, there are several. Some of them are more specialized, of more interest to so called
“expert mental calculators” (that is persons trying to do mental calculations on multidigit numbers as
quickly as possible), but there are those that could be useful for PETs and pupils. For example, as
commented on in section 3.6.7, one can use the conjugate rule to do multiplications such as 19 X 21 or
38 x 42. This is a good way to introduce the conjugate rule, and it is a gateway to algebra. Rewriting
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the conjugate rule as a? = (a — b)(a + b) + b?, here are two examples on how this rule can be used to
effectively calculate squares mentally:

212 =1 -1Dx21+1)+12=20x22+1=10x44+1 =440+ 1 = 441
172 =(17-3)x (17+3)+3%2=14%x20+9=28x 10 + 9 = 289

If one wants to calculate a square one can also use the quadratic rules (a + b)? = a? 4+ 2ab + b?. For
example

212=(20+1)2=20%2+2%X20x 1+ 12 =400 +40+ 1 = 441
192 =(20-1)2=202-2%x20x1+12=400—-40+1 =361
It is straightforward to check that the following algebraic equivalence holds:
(x+a) - (x+b)=x(x+a+b)+ab

This rule can be used when multiplying two numbers that are close together (such as in exercise 12
(15 x 16)). Here are two examples:

21-23=(20+1)-(20+3)=20-(20+1+3)+1-3=20-24+ 3 = 480 + 3 = 483
103-107 = 100- (100 + 3 +7) +3-7 = 100 - 110 + 21 = 11000 + 21 = 11021

Another multiplication strategy is when multiplying a two-digit number with 11. It can be done in
following way (note the non-standard use of parenthesis here):

34-11=3(3 + 4)4 = 374

That is, one inserts the sum of the two digits in between them. If the sum is ten or larger, one does it in
the following way:

79 = 7(7 +9)9 = 7(16)9 = (7 + 1)69 = 869

It is not surprising that these kinds of strategies did not occur among the PETs explanations, but since
they are useful strategies for mental multiplication and give opportunities to use algebraic computational
rules before going into algebra, one could consider adding them to the list of mental multiplication
strategies so that they can been taught to PETs and pupils.
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