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Abstract: The Calculus Concept Inventory (CCI), Epstein (2013) aims to test the 

understanding of calculus ideas, rather than ability to perform calculations. In this paper the 

CCI is used to measure the effect of the undergraduate calculus cohort over the 

understanding of calculus in a heterogeneous population including recipients of the program 

Ser Pilo Paga (Pilos). There is a global positive gain of 0.10 (3), a weak correlation between 

gain and the percentage of Pilos, a negative correlation between initial score and the gain, 

and no correlation between class size and gain. The values hopefully would provide a 

baseline for comparing future interventions on the teaching of calculus. 

 

The prime goal of teaching calculus for non math-major students is to achieve an understanding 
of the mathematical concepts and their relations. In this paper, I aim to gauge the outcome of the 
education process in different groups of students that took a Differential Calculus class at the 
Universidad de Bogotá Jorge Tadeo Lozano during the second semester of 2016. I have 
characterized the results of students within different subgroups: by gender, recipients of “ser pilo 
paga” (a state-sponsored program aimed at low-income students), session size, and initial score. 
The results contribute to the understanding of the differences between Pilos (recipients of ser pilo 
paga'') and the general population of this university. 

Firstly, a definition of the understanding of first-year calculus is needed. (Sofronas, et al., 2011) 
interviewed 24 experts and book authors and concluded with a set of goals and sub-goals, 
organized in a framework (a hierarchically organized list). For each goal of the framework, the 
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authors reported the percentage of experts who think it is a key element of understanding.  The 
basic general goals in the survey are: “(a) mastery of the fundamental concepts and-or skills of the 
first-year calculus, (b) construction of connections and relationships between and among concepts 
and skills, (c) the ability to use the ideas of the first-year calculus, and (d) a deep sense of the 
context and purpose of the calculus” (Sofronas, et al., 2011).  Let me point out to the fact that there 
was consensus only on one goal: “Mastery of Fundamental Concepts and-or Skills”, thus there is 
no agreement among experts on what constitutes understanding of mathematics. 

Furthermore, what has been considered “fundamental” has changed over time. Historically, math 
education has swung back and forth between two extremes. On one end, there is have traditional 
education, also called procedural teaching, which puts a strong focus on the teaching of basic skills. 
Their proponents argue that the acquisition of those skills lowers the cognitive load needed to 
understand higher concepts, as well as provides basic facts that are important in the construction 
of higher-order concepts and their interpretation (NCTM, 2021). On the other end, there are 
proponents of high order understanding (Österman & Bråting, 2019). They claim that high-level 
skills can and should be taught, thus the focus of the education effort should lie in, for instance, 
problem-solving and creative thinking. There is a large divide between the two communities, for 
instance, Berry and Nyman (2003), report results of interviews highlight a better understanding of 
the algebraic symbolic view of calculus over the graphical representation (presumably a 
traditionalist approach); Habre and Abboud (2006) called the traditional approach to calculus 
teaching, as “teaching techniques for solving drill problems”, (p. 57); while comparing to a 
reformed calculus class, which emphasizes visualization (Habre & Abboud, 2006). 

A particular goal of the calculus reform movement was to give the students fluency in the use of 
multiple representations. Since computers can perform the procedural, pencil-and-paper 
algorithmic techniques (called pejoratively “symbol pushing”), mathematics should involve more 
visual work and real work scenarios (Zazkis, 2013). In contrast conceptual knowledge is described 
as including graph interpretation and creation skills, knowledge of various representations and how 
to translate between them, ability to derive procedures from basic principles, ability to tackle novel 
problems, physical interpretations of functions/graphs that describe motion, and the ability to 
translate word problems into calculus equations (Zazkis, 2013). Contemporary calculus textbooks 
like Stewart Calculus, used in this study include several exercises that aim to improve the 
understanding of representations. 

Now, is there really a split between mastery of fundamental concepts or skills and a deep sense of 
context and purpose of calculus? It is common -in discussions among colleagues or the literature- 
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to see it referred to as a dichotomy: a class could focus on either of them. I adhere to the view that 
there is no such dichotomy. On the contrary, there is a reinforcement loop between the acquisition 
of skills and the understanding of the purpose of a calculation. Thus, understanding of higher order 
concepts both requires “the mastery of fundamentals concepts and skills” and helps to achieve it. 
(Wu, 1999, p. 3) 

Is in this context that Concept Inventories were created. They are specifically designed to test the 
comprehension of the conceptual base of a given subject. In order to solve the questions, students 
have to be able to apply the principles to simple but interesting situations; where usual calculations 
and algorithms are of little or no use (Epstein, 2007). The first Concept Inventory was the Force 
Concept Inventory (FCI), by Hestenes, et al., (1992). Here I  use the Calculus Concept Inventory 
(CCI), (Epstein, 2006, 2007, 2013), in order to assess the students’ conceptual understanding of 
basic Differential Calculus. The CCI has been used in different contexts to measure the 
understanding of calculus concepts (Rhea, 2008). One of the claims by Epstein and others about 
calculus understanding, in which the CCI has been used as an argument is this: the single most 
important factor increasing the understanding of calculus concepts is the use of the instructional 
style called Interactive Engagement (IE) (Epstein, 2013, Thomas & Lozano, 2013). Broadly 
speaking, an IE oriented teaching style looks for ways to have the students actively participating 
in the classroom activities; compared to the traditional lecture in which they are only recipients of 
the knowledge that is being given to them. 

Within this framework, I wanted to test the level of understanding of calculus concepts by students 
of Differential Calculus at the Universidad de Bogotá Jorge Tadeo Lozano (UTADEO). The 
population consists of undergraduates, some of whom (about 1/3) come from a state-sponsored 
program aimed at low-income students. Another particularity of the present study is the use of a 
large session (about 100 students) to present the theory of mathematics; previously (until 2015) 
most calculus courses consisted in small groups (less than 30 students). First, I report how this 
particular cohort of students and this institution compared to other institutions who have taken the 
CCI. Secondly, I use the results of the CCI as a way to characterize the different subgroups of 
students. 

Regarding the structure of this article, in the section Materials and Methods I characterize the 
student population and explain the methodology. In the section Results I discuss the overall results 
and findings. Finally, in the section Conclusion I have included the closing remarks and 
concussions. 
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MATERIALS AND METHODS 

Population 

This study was conducted with students of Differential Calculus at the UTADEO. This is a 
Colombian university, located in Bogotá. There are some particularities regarding the population: 

• The Colombian government has a test for high school students, Saber 11 (ICFES, 2014). 
Since the year 2015, the Colombian government started a scholarship program “Ser Pilo 
Paga”, aimed at those students who do well in this test (the specific threshold varied during 
the existence of the program), and cannot afford the cost higher education. Those students 
are referred to as Pilos. Some of the students in this study are Pilos. (ICETEX - MEN, 
2015) 

• While most Colombian universities use either the state test or internal knowledge testing 
in order to filter admission, the UTADEO does not. The point in case is to give the 
opportunity of higher education even to students whose previous background has not given 
them enough opportunities. 

• The first session of the week is given by full-time professors. They present the concepts to 
a large class (about 100 students). In class, grading is done by using clickers. Both the large 
and the small sessions happen at the same time of the day, at different days of the week. 
There were four of those large classes, given by three different professors. 

• In the second session, students participate in smaller groups (about 25 students), led by a 
part time teacher; there they solve questions, exercises, and problems in a hands-on 
approach. I obtained averaged gain for the small session groups, as well as the percentage 
of Pilos in the small sessions. There were 20 small sessions, led by 12 part time teachers. 

• The book used throughout the class is “Single Variable Calculus: Early Transcendentals”, 
by James Stewart (Stewart, 2015). As with most contemporary calculus books, this 
textbook has been influenced by the reform movement. Therefore, it includes, for instance, 
the graphical, analytical, and numerical treatment of functions. 

• The first CCI test was administered during the first semester of 2016 (January through 
May). 
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Table 1 shows the characterization of the population of students in Differential Calculus. 
Causes of the difference in population between those in the CCI study and the universe of the 
Differential Calculus population (521 students) include students who did not attend class the 
day of either the first of the second application of the CCI test, students who withdrew the 
class, and students who did not fill the gender information in the questionnaire. I did include 
in the CCI study students who did not fill the fields related to the prior Differential Calculus 
knowledge, gender, or participation in the Ser Pilo Paga program. 

Quantity Value 

Number of Students who signed up for Differential Calculus 521 

Percentage of signed up who did not cancel their enrollment 90 % 

Percentage of students who did not cancel their enrollment and later on approved 64 % 

Percentage of students who did not cancel their enrollment but later on attendance 3 % 

Percentage of students who did not cancel their enrollment and later on failed by 
grade 

33 % 

Table 1: Characterization of the Differential Calculus Students 

Table 2 shows the characterization of the population in the CCI test. It is worth  mentioning 
that Pilos make up 1/3 of it, and only 31 (10%) of the students claimed to have studied 
calculus before. 

Quantity Value 

Number of students 305 

Males 158 

Females 147 

Pilos 105 
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Students who have studied calculus 31 

Students who have studied pre-calculus 49 

Table 2. Characterization of the Students in this study 

Fig. 1 is a histogram of the distribution of ages of the students within the study. It peaks at 
18 years of age. Most of the population (254 students) is younger than 22. 

 

Figure 1. Distribution of ages of students in the study 

The Test 

In words of Epstein (Epstein, 2006): “The calculus concept inventory (CCI) is a test of 
conceptual understanding (and only that -there is essentially no computation) of the most 
basic principles of Differential Calculus”. The 2006 version consists of 22 multiple options 
- single choice questions. In this study, I translated the original English text to Spanish. 

In the context of the CCI, the improvement of the understanding of calculus by a group of 
students is measured by the normalized gain. Epstein, (Epstein, 2013), defined it as: 

⟨𝑔⟩ =
𝜇𝑓−𝜇0

𝑠𝑚𝑎𝑥−𝜇0
                   (1) 
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with 𝜇0 the mean score of the class at the first test,  𝜇𝑓the mean score of the class in the second 
test, and 𝑠𝑚𝑎𝑥 is the maximum possible value of the score (22 in this case). The gain measures: 
“the gain in the class’ performance (...) as a fraction of the maximum possible gain” (Epstein, 
2013). 

In the present work, I have calculated the gain for each of the 20 small sessions, as well as 
for some subgroups of students characterized by different characteristics:  gender, Pilos, and 
initial score. 

RESULTS 

For each of the 305 students I have both the initial and final value of the score of the test. The 
gain defined by Equation 1 is interpreted as the improvement of the understanding of calculus 
by the whole population. To determine an uncertainty of the gain I interpreted the standard 
deviation of each of𝜇0and𝜇𝑓 as the uncertainty of each measurement. Therefore, the 
uncertainty of the gain is given by: 

𝛿𝑔 =
𝜇𝑓−𝑠𝑚𝑎𝑥

(𝑠𝑚𝑎𝑥−𝜇0)2 𝛿𝜇0
+

𝛿𝜇𝑓

𝑠𝑚𝑎𝑥−𝜇0
                      (2) 

where 𝛿𝜇 is the standard deviation,  𝛿𝑔uncertainty in the gain. 

This gives a gain of 𝑔 = 0.10 ± 0.03, which is clearly statistically significant gain. Now, since 
the gain relies in average values this gain could be the result of a few individuals making 
strong improvement, but this is not the case here as can be seen in  Figure 2. At the left, in 
black, the distribution of pre-class test scores; at the right, shaded, the post-class test scores. 
It is clear that after the class the distribution of test values is shifted towards higher score 
values. Thus, as measured by the CCI, I conclude that taking a one semester class of 
Differential Calculus resulted in a clear improvement in understanding. 
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Figure 2. Distribution of raw scores, both for pre- and post-test 

 

Since the gain of the whole population only gives a global characterization, I proceeded to 
calculate the gain that different sub-groups have had on the test. This was applied as an 
exploration of the data that could guide the improvement of the teaching of calculus and could 
help us find where I should focus my efforts. I did not explicitly start from a hypothesis of 
these groups to have had an advantage, on the contrary, I wanted the data to show the 
inequities. The result of this process is summarized on Table 3. Every value in this table is 
statistically significant, as can be seen comparing the respective values and the uncertainty. 
Of these groups, Pilos have a higher gain 0.12, compared to 0.09 of no-Pilos. Males also 
improved more than females, with 0.11 compared to 0.09. The best session, session 6.2, 
scored 0.27, a very impressive value compared with the rest of the students. The worst 
session, at 0.05, did half of the improvement than the general population. 
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Gain Sub-Group 

0.10 ± 0.03 Whole Population 

0.11 ± 0.03 Males 

0.09 ± 0.04 Females 

0.12 ± 0.04 Pilos 

0.09 ± 0.03 No-Pilos 

0.09 ± 0.01 Have studied Calculus 

0.08 ± 0.01 Have studied pre-calculus 

0.27 ± 0.17 Best session 

0.05 ± 0.01 Worst session 

 

Students attended two sessions a week, and the second session was led by a part time teacher 
and held in smaller groups. Does the group size impact the understanding of calculus? From 
Figure 3, I concluded that there is no correlation between the second session group size and 
gain. 
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Figure 3.  Normalized gain vs. complementary class size. The horizontal line corresponds to a linear 
regression giving a slope of 0.04, and p-value 5 × 10−6. Therefore, one can say with significance 
that there is no correlation between second (small) session size and gain. 

 

Furthermore, I wanted to find out whether the presence of Pilos in a group had an effect on 
the class performance. Indeed, as the percentage of Pilos increases, the gain tends to increase 
also. This is seen in Figure 4, in which I have plotted the normalized gain against the class 
percentage of Pilos in the second (small) session. My analysis yielded a positive correlation 
represented in a line with slope of 0.097 ± 0.056. Nonetheless, the p-value is 0.1, so the 
analysis is inconclusive. 
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Figure 4. Normalized gain vs. percentage of Pilos. The dashed line corresponds to linear 
regression analysis with a slope of 0.097; the p-value is 0.10. 

 

In Figure 5, I have plotted the normalized gain against the initial class score. Since I am 
averaging over the population of students who obtained a given score,  I have included error 
bars. The last two points (12 and 14) correspond to the gain of single students; therefore, the 
concept of gain hardly can be applied to them and is safe to disregard them.  A  decreasing 
trend for low scores can be seen in the data, in which having a higher initial score leads to a 
smaller gain.  One hypothesis is that having a higher initial score implies a lower chance of 
improvement, so gain decreases. 
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Figure 5.   Normalized gain vs. initial raw score: the better the initial score, the lower the 
gain. The dashed line corresponds to linear regression analysis with a slope of -0.038; the p-
value is 5 × 10−6, therefore the correlation among the variables is significant. 

Another question of interest was, is there a relationship between the time of the day the 
lessons were held and the gain? Additionally, is there a relationship between the years of 
experience of the professor in charge of the large sessions and the gain? For the data, these 
two questions are related, as the most senior professor also taught the early sessions. The data 
is shown in Figure 6. Average normalized gains of the small session groups that were held at 
7:00 is significantly higher than those at 9:00, 11:00, or 18:00. Now, since students choose 
their schedule, time of the lesson could be a proxy to other characteristics of the population. 
The effect, however, could also be attributed to the experience of the professor in charge of 
the large class, as she has over 30 years of experience against 10 years of experience for the 
full-time professors in charge of the other large groups. 
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Figure 6. Average normalized gain of small sessions against time of the day the lecture was 
given. 

CONCLUSION 

I have applied CCI, a conceptual test of Differential Calculus, to 305 students of the subject, 
in Bogotá, who attend a class with both a large session (around 100 students in a lecture 
room) and a small session (between 14 and 25 students); each session is 2 hours, once a week.  
There is a positive gain of 0.10 ± 0.03 when taken over the whole population of the study, 
which indicates that there is a better understanding of basic concepts after taking the class. 
However, the gain is small, when compared to the reported data from University of Michigan 
(with an average of 0.35 (Epstein, 2013)). 

Since students were split into 20 small sessions, and the percentage of Pilos (students 
belonging to a national excellence program) varied among small sessions, I have found 
evidence of a positive correlation between the number of Pilos and the normalized gain, 
however, the statistics is inconclusive. Having some Pilos in a classroom may have improved 
understanding of Differential Calculus concepts. I expect the results of the present report to 
be a useful baseline. Therefore, future changes to the curriculum or other teaching 
intervention can be compared against the values herein reported, and therefore, could provide 
useful information. Moreover, researchers in similar institutions can compare their results 
against ours. 
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There are open questions. I have obtained a negative linear correlation between the initial test 
score and the gain. This trend is different from what is usually stated in the literature: that 
there is no relationship between the initial score and the gain. It would be interesting to see 
if this is seen in different data sets, since the p-value of 5 × 10−6 gives confidence in my 
analysis. A possible interpretation is that the students having a higher initial score diminishes 
the possibility of improvement. However, I have also been aware of the criticism of the CCI, 
according to the work of (Gleason, Thomas, et al., 2015) the CCI relies strongly on notation 
rather than on conceptual understanding relating multiple representations. I do not plan to 
address the shortcomings of the CCI in this work. Further studies could bring more light into 
this issue. 

Finally, the effect of seniority of the teacher with the time of the day the class is taught cannot 
be disentangled, therefore it is impossible to conclude whether any of those variables has an 
impact on the outcome of the students. These are still an open questions that should be tackled 
in further research. 

Limitations of the CCI 

The main weakness of the study is its reliance on the CCI itself, which is not exempt of 
criticism. According to a factor analysis reported by (Gleason, Thomas, et al., 2015, Gleason, 
White, et al., 2015), the CCI can be used to explain one single factor, “overall knowledge of 
calculus content”; rather than distinguishing between three factors, functions, derivatives and 
“limits/ratios/the continuum”. Furthermore, the internal reliability of the CCI (a Cronbach 
alpha of 0.7) is below the standard (0.8). On his work on the subject, Gleason does not call 
for a dismissal of the CCI, rather he wants it to be improved to overcome these difficulties. 
Such modification of the CCI is beyond the scope of this paper, but the author would gladly 
collaborate on such endeavor. 
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