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Introduction
Mathematics textbooks have been found to have a strong influence on classroom practice 
(Fan, 2013; Howson, 1995; Stylianides, 2014; Valverde, Bianchi, Wolfe, Schmidt, & Houang, 2002) 
and the tasks that they include can stimulate different levels of mathematical thinking and 
learning (Watson, & Ohtani, 2015; Stein, Smith, Henningsen, & Silver, 2000; Sullivan, Clarke, 
Clarke, & O’Shea, 2010). At a South African school (the context of this study), learners in two 
language-based streams are taught mathematics using different textbooks up until the end of 
Grade 9. In Grade 10, however, learners who choose to write the National Senior Certificate 
examinations merge from both streams and are thereafter taught together. Although both groups 
of learners have encountered similar mathematical content en route to Grade 10, the textbooks 
utilised respectively in the two language-based streams do not necessarily approach this content 
in the same way. At the time the study was undertaken, one stream, which was taught in German 
according to the German Baden-Würtemberg curriculum, used the Elemente der Mathematik 
textbook series (Griesel, Postel, & Suhr, 2005). The other, which was taught according to the South 
African CAPS curriculum, used Classroom Mathematics Grade 9 (Rhodes-Houghton et al., 2013). 
What sparked our interest in this study was the fact that the first author of this article was teaching 
Grade 9 Mathematics in the English stream at this school, with the knowledge that she would be 
moved to teach a Grade 10 class the subsequent year. It was thus imperative to understand the 
mathematics that learners were exposed to in the separate streams in preparation for teaching a 
merged Grade 10 class. Thus, in a larger study (Mellor, 2015), a comparative textbook analysis 
was undertaken as a means of attempting to interrogate the affordances for learning experienced 
by the two groups before progressing to Grade 10, with the ultimate aim of helping her, and other 
Grade 10 teachers at the school, have a deeper understanding of their learners’ mathematical 
backgrounds, thus avoiding potential ‘mathematical mismatches’ between the teachers and their 
learners (Skemp, 1976).

The topic of functions was selected as the focus for the textbook analysis because it is generally 
agreed that functions form one of the most important unifying ideas in mathematics education 
(Knuth, 2000), and are ubiquitous in high school mathematics in general (Even, 1990). Emphasis is 
placed on the topic in both the South African and German curricula. Furthermore, various national 
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assessments (such as the Annual National Assessment results 
for Grade 9 and the National Senior Certificate results for 
Grade 12) have indicated that the topic of functions is a 
recurring area of weakness for learners in South Africa 
(Department of Basic Education, 2012, 2013a, 2013b, 2014a, 
2014b). As linear functions, specifically, is the first type of 
function studied in depth in both the South African and 
German mathematics curricula, it seemed an appropriate 
place to begin the investigation.

The overall purpose of this study was therefore to analyse 
and compare the manner in which linear functions are 
presented in the South African and German mathematics 
textbooks used at the observed school by learners en route to 
Grade 10. Due to variations between the South African and 
the German mathematics curricula adhered to in the two 
language-based streams, similar mathematical topics are not 
necessarily taught at the same grade level across the two 
streams. The topic of linear functions is introduced and 
taught as an area of focus in Grade 7 in the German stream 
while this occurs in Grade 9 in the English stream at the 
school. In order to compare textbook content on linear 
functions pitched at a similar level for purposes of this 
comparison, the English stream Grade 9 textbook, Classroom 
Mathematics Grade 9 (CM) was therefore paired with the 
German stream Grade 7 textbook, Elemente der Mathematik 3 
(EDM). To this end, the study was informed by the following 
questions:

•	 How are linear functions presented in Classroom 
Mathematics Grade 9 and Elemente der Mathematik 3?

•	 What affordances for learning about linear functions 
are made available in Classroom Mathematics Grade 9 and 
Elemente der Mathematik 3?

It must be noted that this investigation did not aim to 
endorse either textbook’s approach as superior. Furthermore, 
this study was not aimed at making any value judgements 
with regard to the academic strategy of using different 
language-based streams in the research school. Rather, the 
study intended to provide a thorough comparison of both 
textbooks’ content originating in two different education 
systems, with the aim of understanding the affordances for 
learning made available to the two groups before progressing 
to Grade 10.

The teaching and learning of 
functions
It has been argued that the concept of functions is one of the 
most important in all mathematics (Dubinsky & Harel, 1992). 
The topic lays a foundation for further study within the 
field of mathematics itself, while it also contributes as a tool 
in other subjects due to its capability to model phenomena in 
the real world (Ayalon, Lerman, & Watson, 2013). Functions 
and graphs form one of the initial points in mathematics 
where learners encounter using one symbolic system to 
express and understand another (Leinhardt, Zaslavsky, & 
Stein, 1990). Linear functions, in particular, form a crucial 

aspect in the learning of elementary algebra (Pierce, Stacey, 
&  Bardini, 2010). The study of functions is, however, often 
the point at which a learner may conclude that ‘mathematics 
is meaningless and difficult’ (Pierce, 2005). Schoenfeld 
(as  cited in Leinhardt et  al., 1990) argues that to avoid 
difficulties and misconceptions in the study of functions, a 
deep understanding of the correlation between the simplest 
form – a graphical line and its algebraic equation – is required.

When selecting criteria by which to compare the textbook 
content on linear functions and the affordances for learning 
made available to learners in the two textbooks, this study 
therefore investigated whether this fundamental topic is 
presented in a manner promoting procedural or conceptual 
knowledge, as well as how these types of knowledge are 
sequenced. Against this background, the integration of the 
multiple representations of functions, and the presence of 
links established between linear functions and the real 
world, as well as to other mathematical content areas, were 
also considered.

The debate as to whether procedural or conceptual knowledge 
should be predominantly promoted in mathematics instruction 
has been well documented over the past century (Hiebert & 
Lefevre, 1986; Kilpatrick, Swafford, & Findell, 2001; Piaget, 
1978; Skemp, 1976). According to Hiebert and Lefevre (1986), 
the distinction between the two types of knowledge has 
generally juxtaposed formulaic skill against understanding. 
They describe procedural knowledge as knowledge that can 
be learnt by rote alone, while conceptual knowledge depends 
on the development of links and relationships. These ideas 
mirror Skemp’s (1976) work on instrumental and relational 
understanding, which describes instrumental understanding 
as being made up of ‘rules without reasons’, while relational 
understanding is knowledge of ‘what to do and why’ (p. 23). 
These extremes lie at two poles of a continuum. Skemp 
considers these different types of knowledge as instructional 
goals that a teacher can direct their learners toward. Kilpatrick 
et al. (2001), however, argue that procedural fluency is vital to 
support conceptual understanding and to attain mathematical 
proficiency; thus, the two cannot be taught independently. 
Research on how learners develop procedural and conceptual 
knowledge has historically suggested four causal relationships 
(Rittle-Johnson & Schneider, 2014): the ‘concepts-first’ view 
(which argues that children first learn conceptually and then 
derive procedural knowledge by repetition), the ‘procedures-
first’ view (which suggests that children first learn procedure 
and thereafter learn concept in a process of abstraction), 
the  ‘inactivation’ view (which posits that procedural and 
conceptual knowledge develop independently), and the 
‘iterative’ view (which puts forward that the causal 
relationship is bi-directional). Of these, the ‘iterative’ view is 
the most commonly accepted (Rittle-Johnson & Schneider, 
2014). This study therefore attempted to investigate whether 
the linear functions content in the two textbooks predominantly 
promoted procedural or conceptual knowledge of linear 
functions, and how this (linear functions content) is sequenced 
in the two books under consideration.
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A distinctive aspect of the study of functions is its integration 
of different types of representations. In mathematics, 
representations include verbal, numerical, graphical and 
symbolic descriptions of a concept, which allow for it to be 
interpreted, communicated and discussed (Tripathi, 2008). 
Van Dyke and Craine (1997) contend that in the study of 
functions, it is critical that learners comprehend the underlying 
equivalence between the different representations: the same 
function can be represented in tabular, algebraic and graphical 
form. This is reiterated by Leinhardt et  al. (1990), whose 
research indicates that school learners have difficulty in linking 
these various representations, resulting in compartmentalised 
knowledge that is not integrated into a coherent conceptual 
understanding of ‘function’. Rider (2007) and Knuth (2000) 
argue that developing conceptual understanding of functions 
requires learners to understand their various representations, 
to understand the representations’ respective strengths and 
weaknesses, and to be able to translate between them fluently. 
The desire that learners connect the various representations of 
a function is reminiscent of Hiebert and Lefevre’s (1986) and 
Kilpatrick et al.’s (2001) definitions of conceptual knowledge 
which emphasise the importance of creating links between 
different segments of information. Utilising the different 
representations is like ‘examining the concept through a 
variety of lenses, with each lens providing a different 
perspective that makes the picture (concept) richer and 
deeper’ (Tripathi, 2008, p. 439). In this study, as previously 
indicated, the extent to which the various representations of 
functions are integrated in the two textbooks was therefore 
also interrogated.

A further criterion that contributes to the mathematical 
learning process is the use of contexts that link mathematics 
to the real world. The realistic mathematics education 
movement is a prime example of how using tasks that relate 
to the real world can be utilised as ‘a source of learning 
mathematics’ (Van den Heuvel-Panhuizen, 2000). By using 
instructional material that is connected to reality, mathematics 
is hoped to be ‘imaginable’, so that it can remain close to 
learners’ experiences and be perceived as relevant to society. 
Particularly in terms of teaching functions, Leinhardt et al. 
(1990) suggest that using real-world applications serves the 
dual purpose of deepening understanding of the topic and 
‘perhaps increas[ing] students’ motivation by giving familiar 
meanings to the problems they encounter’ (p. 20). Durant 
and Garofalo (1994) furthermore describe that functions have 
traditionally been taught abstractly. This does not allow 
learners to perceive the context they originate from, nor to 
understand their usefulness. As such, the literature indicates 
that using learning material that relates to the real world in 
the teaching of functions can be viewed as a means of 
promoting learning. It can also contribute to developing 
‘productive disposition’ (Kilpatrick et al., 2001) – having the 
ability to see the value of mathematics. In light of this, the 
two textbooks in this study were also examined in terms of 
the extent to which they created links between linear 
functions and the real world.

Textbooks and tasks in the teaching 
and learning of mathematics
As indicated previously, textbooks have been shown to have 
a large influence on classroom practice (Stylianides, 2014; 
Valverde et al., 2002) as they are designed to help teachers 
structure their teaching and suggest a pathway for learners 
to follow when exploring a topic (Johansson, 2005). Their 
influence has led to a wealth of literature on textbook 
analysis being developed over past decades (e.g. Fan & Zhu, 
2007; Shield & Dole, 2013). Stylianides (2014) contends that 
textbooks can be analysed from various perspectives, among 
others the learner’s perspective, the teacher’s perspective 
or  a mathematical perspective (in terms of examining a 
textbook’s potential to aid learning). Fan (2013) argues that 
examining how a topic is presented in a textbook is only the 
first step – thereafter, causal issues need to be examined. For 
example, one could investigate why a particular textbook’s 
way of treating a topic in a specific context may be better 
than another.

Mathematical tasks, in many ways the building blocks of 
mathematics textbooks, have also been a focus of much 
international research in past years. Watson and Ohtani 
(2015), for instance, posit that mathematical tasks can 
influence learners’ learning as well as their perception of the 
nature of mathematics, and are in fact the ‘bedrock of 
classroom life’ (p. 3). Various frameworks exist that aid 
the  classification of tasks. For example, Shimizu, Kaur, 
Huang and Clark (2010) differentiate tasks with categories 
such as ‘complex’, ‘rich’ or ‘authentic’. Furthermore, the 
Task Types and Mathematics Learning Research Project in 
Australia classified tasks according to four types, namely 
exemplifying tasks, contextualised tasks, open-ended tasks 
and interdisciplinary tasks (Sullivan et  al., 2010). In this 
study, however, Stein et al.’s (2000) task analysis guide was 
selected to classify tasks due to its appropriateness to 
investigate our research questions.

Theoretical and analytical framework
This study was framed theoretically and analytically by an 
adapted version of Stein et al.’s (2000) task analysis guide. 
This guide provides a framework by which to evaluate 
learning material in terms of the level of cognitive demand 
of tasks – the type of thinking required by learners to 
successfully solve problems. It is the cumulative effect of 
learners’ engagement with instructional tasks that allows 
them to learn mathematics and forms their conception of  
the nature of mathematics and their perception of whether 
they can make personal sense of the subject (Stein et  al., 
2000).

As shown in Figure 1, the task analysis guide’s four 
categories (‘memorisation’, ‘procedures without connections’, 
‘procedures with connections’, and ‘doing mathematics’) 
are  split into two sections, namely ‘lower-level demands’ 
and  ‘higher-level demands’. ‘Lower-level demand’ tasks 
include those that can be solved by memorisation or by 
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using  procedures that can be applied independently of 
understanding the underlying concept (procedures without 
connections). ‘Higher-level demand’ tasks require the ability 
to use procedure in a manner that relies on an understanding 
of the underlying concept (procedures with connections) as 
well as tasks that are non-algorithmic and require learners to 
explore underlying concepts (doing mathematics).

This task analysis guide was for us the springboard from 
which to evaluate the opportunities for learning in this 
study’s analysed textbook content. In order to engage with 
this study’s research questions specifically, the guide was 
adapted using the literature on procedural and conceptual 
mathematical knowledge, while also considering literature 
on the multiple representations of functions. Firstly, the task 
analysis guide was used to investigate the interplay of 
procedural and conceptual knowledge in the two textbooks 
in the following manner: textbook elements that resonate 
with the description of ‘lower-level demands’ were described 
as promoting procedural knowledge, while those that 
resonate with the description of ‘higher-level demands’ were 
described as promoting conceptual knowledge. This use of 
the task analysis guide was based on the language used to 
describe procedural and conceptual knowledge by key 
theorists on the topic, particularly Hiebert and Lefevre (1986) 
and Kilpatrick et  al. (2001). Hiebert and Lefevre describe 
procedural knowledge as knowledge that can be gained by 
rote learning and that can exist without being connected to 
any existing schemas, echoing the descriptions in Stein et al.’s 
(2000) ‘lower-level demand’ tasks. Furthermore, Hiebert and 
Lefevre describe conceptual knowledge as being rich in links, 
with connections to pre-existing knowledge. Such knowledge 
is gained by meaningful learning that promotes knowledge 
integration into existing schemas. Kilpatrick et al.’s description 
of conceptual knowledge, and Skemp’s (1976) comparable 
description of ‘relational understanding’, also highlight 
conceptual knowledge’s reliance on connections. This view 
of conceptual knowledge resonates well with the ‘higher-level 

demand’ categories in Stein et  al.’s task analysis guide. 
Importantly, the task analysis guide category of ‘procedures 
with connections’ highlights that making links between 
multiple representations of mathematical ideas helps to 
develop mathematical meaning. Thus, with these adaptations, 
the task analysis guide allowed the linear functions textbook 
content to be analysed and then compared.

In addition, the Trends in International Mathematics and 
Science Study (TIMSS) textbook investigation (Valverde 
et al., 2002) guided this study’s research methodology. The 
global TIMSS in the mid-90s investigated and compared 
how textbooks contribute to implementing education policy 
and curricular goals in 48 education systems. As the TIMSS 
research examined textbooks in terms of their educational 
opportunity with the goal to compare textbooks from 
different countries, their methodology resonates well with 
this study’s aim of examining CM and EDM’s linear 
functions content in terms of their affordances for learning. 
In the TIMSS, each analysed textbook chapter was partitioned 
into smaller units of analysis, called ‘blocks’, by separating 
content according to its purpose. Ten categories were used to 
differentiate the purpose of textbook content: narrative, 
related narrative, unrelated instructional narrative, related 
graphic, unrelated graphic, exercise set, unrelated exercise 
set, activity, worked example, and other. For example, a 
single textbook page in their study could have been made up 
of content with four different purposes, thus resulting in 
four separate blocks. Each block was then analysed as an 
individual component. The TIMSS methodology lent itself 
to be used in conjunction with the adapted version of Stein 
et  al.’s (2000) task analysis guide for the purposes of this 
article’s study, as it provided a means of delineating the 
selected textbook content into individual units that could 
then be classified and analysed.

Research design and methodology
The approach used in the larger study (Mellor, 2015) was as 
follows: once the relevant chapters on linear functions were 

Source: Stein, M.K., Smith, M.P., Henningsen, M., & Silver, E. (2000). Implementing standards-based mathematics instruction: A casebook for professional development. New York, NY: Teachers 
College Press (p. 16)

FIGURE 1: A summary of task analysis guide.

Stein et al.’s taxonomy

Lo
w

er
-le

ve
l d

em
an

d 
ta

sk
s

Memorisa�on tasks have these features:
They involve a reproduc�on of previously learnt facts,
formulae, rules or defini�ons.
They cannot be solved using a procedure.
They are not ambiguous – exact reproduc�on of previously
seen material.
They have no connec�on to concepts or meanings that
underlie the fact, rules, formulae or defini�ons.
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Procedures with connec�on tasks have these features:
They focus students’ a�en�on on the use of procedures for the purpose of
developing deeper levels of understanding.
They suggest pathways to follow that are broad general procedures that
have close connec�ons to underlying conceptual ideas.
They make connec�ons among mul�ple representa�ons.
Generally, procedures cannot be followed mindlessly. Learners need to
engage with the conceptual ideas that underlie the procedures.

Procedures without connec�ons tasks
Are algorithmic.
Have li�le ambiguity about what needs to be done.
Have no connec�ons to the concepts or meaning that
underlie the procedure.
Focus on correct answer rather than understanding.
Require no explana�ons (or explana�on solely on procedure).

Doing mathema�cs are tasks that:
Require complex and non-algorithmic thinking.
Require students to explore and understand the nature of mathema�cal
concepts, processes or rela�onships.
Demand self-monitoring or self-regula�on of one’s own cogni�ve processes.
Require learners to access and use relevant knowledge and experiences.
Require learners to analyse the task and ac�vely examine task constraints
that may limit possible solu�on strategies and solu�ons.
Require considerable cogni�ve effort and may involve some level of
anxiety due to the unpredictable nature of solu�on processes.
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identified in CM and EDM, their contents were examined 
and then compared by means of a qualitative content 
analysis. The first step in this process was to partition the 
selected chapters into much smaller units of analysis. To do 
so, the content of each selected page was segmented into 
various ‘blocks’ of information, separated by their purpose. 
The five purpose categories in Table 1 were used.

After the chapters had been partitioned into ‘blocks’, each 
individual block was then coded so that the content could be 
accurately described, allowing for analysis to take place 
thereafter. Making use of the adapted task analysis guide, as 
described above, each block was first coded as promoting 
conceptual or procedural knowledge of linear functions. 
During this coding process, we realised that Stein et  al.’s 
(2000) four categories were not sufficient to code all textbook 
content. Although this method was effective to code exercises 
and worked examples, it did not cater for sections of 
instructional narrative or graphics. In light of this, a fifth 
category was added (a posteriori) to the original categories 
of  the task analysis guide. It was titled ‘reading for 
understanding’. When coding content that fell into this 

category, we drew on both the ideas in the task analysis guide 
and the literature on procedural and conceptual knowledge 
to determine if it promoted procedural or conceptual 
knowledge. After coding for procedural or conceptual 
knowledge, each block was then coded according to the 
representations of functions included in the block. The 
following representations of functions were considered: 
flow  diagram, table, equation, graph, ordered pairs, and 
words. Finally, each block was also coded in terms of whether 
it made links to other mathematical content areas (for 
example, geometry, area, etc.) or to the real world (Mellor, 
2015). In order to promote validity and reliability of the 
coding process, two inter-raters provided feedback on the 
coding, and discrepancies were resolved by discussion.

Table 2 illustrates a selection of content ‘blocks’ similar to 
those found in the analysed chapters, as well as how these 
were coded. Once all relevant textbook content had undergone 
this coding procedure, analysis of the data took place.

Analysis and discussion of findings
Valverde et  al. (2002) differentiate between a textbook’s 
macrostructure – broad features of the book as a whole – and 
its microstructures – the features of individual chapters. 
Although not the focus of this study, a brief summary of the 
two textbooks’ macrostructures is included to provide 
context for the detailed analysis of the elected chapters’ 
microstructures thereafter. The analysis of the microstructures 
focuses on the affordances for learning presented in the 
textbooks regarding the interplay between procedural and 
conceptual knowledge, the integration of the multiple 
representations of functions and links established to other 
mathematical content areas and the real world.

TABLE 2: Examples of the types of content ‘blocks’ found in Classroom Mathematics Grade 9 and Elemente der Mathematik 3, and how these were coded.
Sample ‘block’
delineated by purpose

Category Procedural/Conceptual 
knowledge

Representations Link to the 
real world

Link to other mathematical 
content area

Worked example:
Determine the gradient of the line between the points (1; 6) and 
(3;10).

m y y
x x

2 1

2 1
= −

−

m 10 6
3 1

∴ = −
−

m 4
2

∴ =

m 2∴ =

Procedures  
without  
connections

Procedural Ordered pairs No No

Exercise:
Given: y = 2x + 1
a) Set up a table for input values x = 0, x = 2, x = 4
b) Sketch the graph
c) �Describe a real-world situation that could be described with 

this equation.

Procedures with 
connections

Conceptual Equation
Table
Graph
Words

Yes No

Exercise:
In an isosceles triangle, the size of each individual, equal base 
angle (output) is determined by the size of the third angle (input). 
Investigate this relationship and determine the equation of the 
function that describes it. Keep in mind that there may be a 
restriction on the possible input values for this function. 

Doing  
mathematics

Conceptual Equation No Yes: geometry

Instructional narrative:
The gradient of a line can be understood when compared to the 
effort required when walking up a hill. A flat hill, needing less 
effort, would have a lower gradient than a steep hill, which 
would need lots of effort to climb. 

Reading for 
understanding

Conceptual Graph Yes No

TABLE 1: The different purposes of textbook content used to partition the 
selected chapters.
Purpose Description

Instructional 
narrative 

Written language (that may incorporate mathematical symbols) that 
presents or explains mathematical content

Graphic A picture, diagram or graph that is incorporated to complement the 
instructional narrative

Exercise Unsolved mathematical tasks that the learner should attempt
Worked 
example

Solved mathematical tasks that aim to provide instruction or 
explanation

Other Any content that does not fit the above criteria 

Source: Mellor, K. (2015). An analysis of linear functions in a South African and a German 
textbook: Prospects and possibilities. Unpublished B.Sc. (Hons) Research Report, University 
of the Witwatersrand, Johannesburg, South Africa (p. 18)
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Individual textbook contexts: The macrostructures
The two textbooks differ markedly in terms of their 
macrostructures. Classroom Mathematics Grade 9 has 
27 chapters overall, three of which relate to linear functions. 
These three chapters are located at different points in the 
book. In comparison, Elemente der Mathematik 3 is made up 
of only six chapters overall with one chapter on linear 
functions. Although a similar total number of pages are 
dedicated to linear functions in both books, the pages are set 
out in a contrasting manner: when segmenting the chapters 
for analysis, CM had 78 blocks across the 38 analysed pages, 
while EDM had 166 blocks in its 39-page chapter. The 
content of EDM is thus far denser, with EDM having about 
double the number of content blocks of CM within a similar 
amount of space. A further analysis of these content blocks 
follows in the next section.

Microstructure: Interplay of procedural and 
conceptual knowledge
Of CM’s 78 content blocks, just over half were coded as 
promoting procedural knowledge (54%) while only about 
a  third of EDM’s 166 blocks were coded as procedural 
(37%).  As  is visible in Figure 2, both textbooks appear to 
adopt Hiebert and Lefevre’s (1986) view of a mathematically 
competent learner in the sense that they promote a combination 
of both conceptual and procedural knowledge. Additionally, 
Kilpatrick et al.’s (2001) view on mathematical proficiency is 
helpful in making sense of the different foci of the respective 
chapters: when it comes to linear functions, CM does not 
promote conceptual understanding as much as EDM does.

With the aim of gaining a more holistic understanding of how 
the respective textbooks utilise conceptual and procedural 
knowledge, the linear sequencing of the content was also 
analysed. As indicated earlier, the chapters on linear functions 
are arranged differently in the two textbooks: CM has three 
chapters inserted at different locations of the textbook while 

EDM has only one chapter with six subsections. Examining 
the linear sequencing of the coded content blocks in the 
separate sections highlighted the interplay between the 
individual blocks (Mellor, 2015). Figure 3 depicts these 
relationships. For example, Chapter 7 of CM (Functions and 
Relationships 1) begins with three content blocks that were 
coded as promoting conceptual knowledge, and ends with 
three content blocks that were coded as promoting procedural 
knowledge.

Analysis of the three chapters of CM did not indicate a 
consistent method of arranging content that promotes 
procedural and conceptual knowledge. The chapters 
‘Functions and Relationships 1’ and ‘Functions and 
Relationships 2’ can be viewed as a unit as they cover the 
same content. Mellor (2015) explains further as follows:

It therefore appears that in these two chapters the content is 
arranged predominantly according to the ‘concepts-first’ view. 
This view posits that learners first acquire knowledge of 
concepts and use this as a foundation to develop procedural 
knowledge (Rittle-Johnson & Schneider, 2014). Contrastingly, 
the chapter on ‘Graphs’ appears to subscribe to the ‘iterative’ 
view of the development of conceptual and procedural 
knowledge. This suggests that the causal relationship between 
conceptual and procedural knowledge is bi-directional, where 
an increase in conceptual knowledge influences procedural 
knowledge and vice versa (Rittle-Johnson & Schneider, 2014). 
This view is particularly in line with Kilpatrick et  al.’s (2001) 
view of mathematical proficiency that suggests that conceptual 
and procedural understanding (as well as their other three 
strands) are interdependent and develop in conjunction with 
each other. (p. 28)

In EDM, there appears to be a more consistent pattern of 
content blocks supporting concept or procedure. Like the 
‘Graphs’ chapter in CM, the subsections of the Linear 
Functions chapter also indicate a predominantly ‘iterative’ 
view, with procedural and conceptual knowledge being more 
consistently integrated. There is, however, also a trend of the 
subsections beginning with conceptual content. As a whole, 
the content of EDM appears to combine conceptual and 
procedural content more consistently than CM across the 
analysed chapters (Mellor, 2015).

Further points of interest regarding the pattern of EDM’s 
content in Figure 3 occur at the noticeable clusters of 
conceptual or procedural blocks. These occur at the end of 
subsections 6.1, 6.2, 6.3 and 6.5, and in the first half of 
subsection 6.6. A closer examination reveals that in the clusters 
for subsections 6.2 and 6.3, this is solely due to the nature of 
the ‘regular’ exercises at that point. In 6.1, 6.5, and 6.6, 
however, the conceptual clusters are due in part to longer, 
special investigative tasks that invite learners to explore the 
topic of linear functions. These small sections, entitled ‘Im 
Blickpunkt’ [In Focus] present content to extend learners such 
as using graphical calculators to work with linear functions, 
learning about the line of best fit, or using functions to 
investigate how to save electricity. Classroom Mathematics 
Grade 9 does not include this type of enrichment content, 

Source: Mellor, K. (2015). An analysis of linear functions in a South African and a German 
textbook: Prospects and possibilities. Unpublished B.Sc. (Hons) Research Report, University 
of the Witwatersrand, Johannesburg, South Africa (p. 27)
CM, Classroom Mathematics Grade 9; EDM, Elemente der Mathematik 3.

FIGURE 2: Comparison of blocks that promote procedural and conceptual 
knowledge in Classroom Mathematics Grade 9 and Elemente der Mathematik 3. 
The number of blocks coded in each category per book is also given.
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which is a contributing factor to the two textbooks’ contrasting 
proportional breakdowns of content that promotes conceptual 
and procedural knowledge (see Figure 2).

Analysis of individual content blocks provided further 
explanation of the different approaches to conceptual and 
procedural knowledge found in the two textbooks. Figure 4 
provides a summary of the coded content blocks from both 
chapters in terms of their cognitive demand. Classroom 
Mathematics Grade 9 has noticeably more content that 
promotes ‘procedures without connections’, while EDM has 
more ‘procedures with connection’ and ‘doing mathematics’ 
content. No content blocks in either book were categorised as 
‘memorisation’. ‘Reading for understanding’ content was 
categorised almost exclusively as promoting conceptual 
understanding in both CM and EDM, and made up a similar 
percentage of content. The remaining content blocks in the 
compared chapters are made up predominantly of exercises 
and, to a lesser extent, worked examples. Thus, it can be 
argued that it is the nature of the tasks that these textbook 
chapters include (in terms of exercises and worked examples) 
that influences the type of mathematical knowledge that the 
two books promote.

Comparing specifically selected tasks from the two 
textbooks indicated that although the two textbooks include 
similar tasks with similar desired outcomes, the level of 
cognitive demand of the tasks is generally higher in EDM 
than in CM. Consider the following comparison between 
Figures 5 and 6.

The tasks in Figures 5 and 6 test similar content knowledge 
– that of being able to represent functions in four different 
ways (albeit with CM investigating only one function and 
EDM investigating four different functions). Both questions 

appear toward the end of their respective chapter or 
section.  However, Figure 5 promotes ‘procedures without 
connections’ (thus contributing to content that promotes 
procedural knowledge), while Figure 6 promotes ‘procedures 
with connections’ (thus contributing to content that promotes 
conceptual knowledge). Schoenfeld, Smith and Arcavi (1993) 

Source: Mellor, K. (2015). An analysis of linear functions in a South African and a German textbook: Prospects and possibilities. Unpublished B.Sc. (Hons) Research Report, University of the 
Witwatersrand, Johannesburg, South Africa (p. 28)
CM, Classroom Mathematics Grade 9; EDM, Elemente der Mathematik 3.

FIGURE 3: Analysis of coded content blocks, sequenced as in the respective chapters, in terms of procedural and conceptual knowledge.
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rela�onships 1

 (chapter 7) 
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 (chapter 17) 
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Procedural
knowledge

Linear sequence of coded content blocks in CM

Linear sequence of coded content blocks in EDM (with translated �tles)

6.1 Func�ons as
clear rela�onships 6.2 Propor�onal func�ons 6.3 Linear func�ons 
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equa�ons
6.5 Mixed
exercises
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deepen

understanding

Source: Mellor, K. (2015). An analysis of linear functions in a South African and a German 
textbook: Prospects and possibilities. Unpublished B.Sc. (Hons) Research Report, University 
of the Witwatersrand, Johannesburg, South Africa (p. 29)
CM, Classroom Mathematics Grade 9; EDM, Elemente der Mathematik 3.

FIGURE 4: Comparison of each category used in the coding process for 
procedural and conceptual knowledge.
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FIGURE 5: Translating between function representations in Classroom 
Mathematics Grade 9.

Input value (x)
Output value (y)

-3 -2
-8

-1 0 1
1

2
4

3
7-2-5-11

6. The rela
onship between input and output values is given in the table below.

a) Write down an algebraic rule which represents the rela
onship.
b) Use the table to represent the rela
onship as ordered pairs.
c) Represent the rela
onship by means of a flow diagram.
d) Represent the rela
onship graphically for the input values in the table.
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(as cited in Schwarz & Dreyfus, 1995) state that if tasks focus 
on translating between representations of functions in a 
manner that becomes highly procedural, this skill no longer 
contributes considerably to conceptual understanding. This 
is in line with the classification description in the task 
analysis guide which states that tasks should be classified as 
‘procedures without connections’ if the required procedure is 
evident ‘based on … placement of the task’ (Stein et al., 2000, 
p. 16). In the set of exercises that lead up to and include the 
task in Figure 5, the act of translating between representations 
does become very procedural. Furthermore, the task only 
requires one functional relationship to be manipulated, and 
uses only a table presenting consecutive integers as its 
starting point, reducing opportunity for conceptual links to 
be developed. In comparison, the task in Figure 6 requires 
learners to engage simultaneously with four ‘starting points’ 
when manipulating representations in a layout that highlights 
the interplay between them. Additionally, the provided table 
form of the function goes up in twos, and the respective 
functions need to be linked to a real-world context. Both 
these aspects contribute to the task’s potential to strengthen 
conceptual understanding. As argued in Mellor (2015), 
the  comparison of these two tasks thus illustrates how 
similar  content can be presented in a manner that creates 
different affordances to strengthen procedural or conceptual 
understanding thereof.

The use of graded questions also differs in the two textbooks’ 
linear functions content. Both books include a highly similar 
task on isosceles triangles that requires learners to describe 
the functional relationship between the base angles and the 
third angle. These two tasks are provided in Figures 7 and 8.

The comparison between the exercises in Figures 7 and 8 
again highlights a notable difference between the manner in 
which the two textbooks pose their tasks: in CM, the tasks 
often include sub-questions that guide the learner while in 
EDM, this occurs less frequently. In this particular case, the 
task in Figure 7 is a ‘procedures with connections’ task as 
although it does develop deeper levels of understanding, it 
clearly suggests pathways for learners to follow that remove 
it from the category of ‘doing mathematics’. In comparison, 
the exercise in Figure 8 gives little guidance to the learner, 
thus promoting non-algorithmic thinking and metacognition. 
Here, learners could perhaps come to realise on their own 
how useful the tabular form of a function can be. This 
would  arguably have more impact on their conceptual 
(and  procedural) understanding than being explicitly told 
to  create one as in iii) of Figure 7. This comparison thus 
exemplifies how the use of sub-questions can lead to a decline 
in the cognitive demand of a task.

The comparisons between Figures 5 and 6 and Figures 7 and 
8 provide a potential explanation of the discrepancies 
between the two textbooks highlighted by the coding process 
depicted in Figure 3: although the contents tested are in many 
respects similar, the manner in which the tasks are designed 
contributes to their ability to promote either conceptual or 
procedural knowledge and thus influences the affordances 
for learning made available in the books. We acknowledge 

Source: Adapted from Griesel, H., Postel, H., & Suhr, F. (2005). Elemente der Mathematik 3: 
Baden-Würtemberg. Braunschweig: Schroedel (p. 239)
Note: Translation in (b) by K.M.

FIGURE 6: Task from Elemente der Mathematik 3 on translating between 
function representations, (b) translation of the task.
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y = 2x-1

Table

Equa�on

Graph
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Source: Rhodes-Houghton, R., Aird, J., Brownbill, C., Essack, R., Hoole, S., Kitto, A., … Van 
Duyn, J. (2013). Classroom Mathematics Grade 9: Learner’s Book. Johannesburg: Heinemann 
(p. 98)

FIGURE 7: Task from Classroom Mathematics Grade 9 on isosceles triangles.

2. The diagram alongside represents an isosceles triangle in
    which    and Ĉ are equal.

e) Write down a formula that represents the rela�onship
     between the input and output values.

Is the rela�onship between the input and output values a func�onal
rela�onship? Give a reason for your answer.

f)

g) Describe the numbers which may be used as input values.

d) Describe in words how you calculated the output value.
B c

A

a) If    = 10°, find Â.B

B

b) If    = 30°, find Â.B

c) Draw up an input-output table where    is the
     input value and Â is the output value, with
        = 35°; 40°; 50°; 75°; 80°.B

B

Source: Griesel, H., Postel, H., & Suhr, F. (2005). Elemente der Mathematik 3: Baden-
Würtemberg. Braunschweig: Schroedel (p. 232)
Note: Translation in (b) by K.M.

FIGURE 8: Task from Elemente der Mathematik 3 on isosceles triangles, (b) 
translation of the task.
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that these examples were hand-picked and that bias affected 
the choices. However, after having engaged deeply with the 
content of the two textbooks, we concluded that these are 
representative examples of how the two books set their tasks. 
Classroom Mathematics Grade 9 does, therefore, appear to set 
tasks of a lower cognitive demand than EDM although the 
task content outcomes are largely similar. This could therefore 
be a strong contributing factor to the proportional breakdown 
of procedural and conceptual knowledge in the chapters 
being compared.

Microstructure: Integration of the multiple 
representations of functions
Both the task analysis guide (Stein et al., 2000) and Kilpatrick 
et  al. (2001) stress that in mathematics using multiple 
representations is an indication of conceptual understanding. 
This is especially the case in terms of the study of functions, 
where an understanding of their various forms is an integral 
aspect of the topic (Knuth, 2000; Leinhardt et al., 1990; Van 
Dyke & Craine, 1997). In light of this, we examined how the 
two textbooks integrate various representations of functions 
(flow diagram, table, equation, graph and words) into each 
content block of the analysed chapters. The manner in which 
this is done creates different affordances for learning linear 
functions. The results of this investigation are presented in 
Figure 9.

The two textbooks have different foci in terms of multiple 
representations. About half of CM’s content blocks make use 
of only one representation of functions. Of this, the notable 
contributors are ‘graph only’ questions (28% of total blocks) 
while ‘equation only’ questions make up about 15% of all 
content blocks. The next most frequent category is shared 
between blocks that integrate two and three representations, 
each making up about a fifth of total blocks. Finally, just over 
10% of blocks incorporate either four or five representations. 
This indicates that although there is a clear focus on content 
that involves either graphs or equations, the book does place 
importance on integrating other representations into its 
content. In comparison, only about a fifth of EDM’s content 

blocks utilise just one representation. Over half of its content 
blocks integrate two representations of functions. This modal 
category is composed overwhelmingly of content blocks 
that combine graphs and equations (45%). Blocks that utilise 
three representations make up its second highest category 
(just over 20% of the data) with only 2 out of the 166 coded 
blocks using four representations. Thus, although CM 
focuses on individual skills related to linear functions more 
than EDM does, the book also emphasises translating 
between three or more representations to a higher degree 
than the German book: a third of CM’s coded content 
integrates three or more representations while only a quarter 
of EDM’s content encourages this.

As indicated previously, the ability to translate between 
multiple representations in mathematics is seen to contribute 
toward conceptual understanding (Kilpatrick et al., 2001). It 
was therefore surprising that although CM includes many 
tasks that integrate multiple representations, analysis of the 
chapter as a whole indicated a predominance of procedural 
knowledge. Translating between multiple representations 
can, however, become highly procedural if focused on 
repeatedly in the same fashion. Tasks such as in Figure 5 
occur frequently in CM, in both the exercises and worked 
examples, which contributed to these content blocks being 
coded as promoting procedure. This can, however, hold 
value as Kilpatrick et al. (2001) describe:

Without procedural fluency, students have trouble deepening 
their understanding of mathematical ideas or solving 
mathematical problems. The attention they devote to working 
out results they should … compute easily prevents them from 
seeing important relationships. (p. 122)

Translating between the multiple representations of functions 
is an acknowledged weakness in high school mathematics 
(Leinhardt et al., 1990; Rider, 2007) and it thus appears that in 
CM, this skill is being promoted to the point that it becomes 
procedural. If learnt with understanding, this would hopefully 
lead to flexible mathematical knowledge where learners can 
use the various representations to their advantage. Thus, if 
the conceptual links behind the translations are stressed in the 
classroom rather than purely the procedural steps, the content 
of CM has the potential to allow learners to translate between 
the representations of functions in a manner where this 
becomes second nature.

Although the content of EDM does not promote the 
translation between representations to the point that CM 
does, the book focuses in depth on the relationship between 
linear functions and solving linear equations. Consider, for 
example, the task in Figure 10.

Such a task has the potential to develop strong connections 
and deep understanding of the relationship between linear 
equations and linear graphs. Although EDM may not develop 
the procedural fluency that CM does in translating between 
representations of functions, tasks such as this present the 
opportunity for procedural steps to be understood conceptually 

Source: Mellor, K. (2015). An analysis of linear functions in a South African and a German 
textbook: Prospects and possibilities. Unpublished B.Sc. (Hons) Research Report, University 
of the Witwatersrand, Johannesburg, South Africa (p. 33)
CM, Classroom Mathematics Grade 9; EDM, Elemente der Mathematik 3.

FIGURE 9: Percentage of content blocks that utilise one or more function 
representations (flow diagram, table, equation, graph, written words).
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in a manner that was not evident in CM. Thus, overall, EDM 
can be seen as promoting deep, interconnected knowledge 
of  linear functions in equation, graphical and tabular form, 
while CM promotes procedural fluency in a broader range of 
representations.

Microstructure: Links from linear functions to 
other mathematical topics and the real world
Hiebert and Lefevre (1986) argue that conceptual 
understanding of a mathematical topic comes about when 
‘the holder recognises its relationship to other pieces of 
information’ (p. 4). Apart from ‘internal’ links between 
multiple representations, the tasks discussed in Figures 7 and 
8 illustrated how both books have used linear functions to 
add meaning to the study of isosceles triangles (and vice 
versa). The two textbooks are quite similar in this regard, 
with both linking individual tasks to topics such as rate, area 
or volume, number systems and patterns in similar ways. As 
discussed, EDM also particularly emphasises the connection 
between linear functions and solving linear equations to 
deepen conceptual understanding of both topics. The textbook 
also touches on the concept of linear regression toward the 
end of the chapter, suggesting the use of linear functions in 
statistical analysis and prediction. In terms of linking 
functions to other mathematical topics to deepen conceptual 
understanding, both books include opportunities to do this, 
although EDM does so to a stronger degree than CM.

However, although these types of links have the potential to 
develop learners’ conceptual understanding of mathematical 
content, they do not necessarily contribute to the learners’ 
understanding of the value of linear functions, nor how 
functional relationships manifest themselves in the real world. 
While perhaps not originally meant in this sense, Hiebert and 
Lefevre’s (1986) description of conceptual understanding, 
cited above, could go beyond the realm of content knowledge 
to include a concept’s relationship to and value in the real 
world. As Kilpatrick et  al. (2001) argue in their discussion 
of  mathematical expertise, conceptual and procedural 
knowledge are just two strands of being mathematically 
proficient – understanding why the learned  knowledge is 
worthwhile is another (they call this aspect of mathematical 
proficiency ‘productive disposition’). Incorporating real-
world contexts can contribute to learners perceiving 
mathematics as useful and relevant (Durant & Garofalo, 1994; 
Leinhardtet al., 1990; Van den Heuvel-Panhuizen, 2000).

In terms of including content that demonstrates the use of 
linear functions in the real world, EDM and CM use different 
approaches. EDM includes more blocks linked to the real 
world than CM – 32% of content blocks in EDM compared to 
24% in CM. Furthermore, their placement of these blocks is 
not the same, particularly in terms of how the chapters 
are  introduced. Elemente der Mathematik 3 uses real-world 
situations in the majority of its worked examples that form 
the introduction to the chapter’s individual subsections. In 
comparison, CM does not use real-world contexts in its 
introductions (or worked examples). These contrasting 
introductory styles begin the chapters with different tones. In 
EDM, the mathematical content is used to make sense of 
realistic contexts, while in CM, the mathematics is positioned 
as being quite abstract and part of a pre-existing system to 
be  learned. Elemente der Mathematik 3 therefore appears to 
illustrate the real-world value of linear functions to a higher 
degree than CM. Overall, the analysis indicated that EDM 
promotes the interlinking of topics to a higher degree than 
CM, both in terms of links between mathematical topics and 
links between mathematics and the real world.

Conclusion and implications
This study has argued that CM and EDM create different 
affordances for learning about linear functions. Both textbooks 
provide opportunity to learn about linear functions 
procedurally and conceptually, but with different emphases. 
Elemente der Mathematik 3 presents this content in a more 
conceptual manner whereas CM presents the work more 
procedurally. Analysis indicated that this difference was 
evidenced by the cognitive demand of the included exercises. 
CM’s use of guiding questions and the (at times) repetitive 
nature of the tasks led to promoting knowledge of a 
predominantly procedural nature. Contrastingly, EDM 
included more tasks that provided opportunity for linear 
functions to be engaged with conceptually. The textbooks’ 
approaches to sequencing content in terms of procedural and 
conceptual knowledge also differs, with CM making use of 
both ‘concepts first’ and an ‘iterative’ arrangement of content 
while EDM appears to consistently use an ‘iterative’ approach, 
although with a trend of beginning individual subtopics 
more conceptually.

This study also found that CM includes a broader range of 
function representations than EDM. However, CM also 
includes a higher percentage of tasks that only deal with 
one type of representation. In comparison, over half of 
EDM’s coded content links two types of representations, 
predominantly linear equations to graphical representations 
of functions. In general, the findings indicated that although 
the German book covers fewer representations, those 
included are studied more in depth and conceptually than 
is apparent in CM.

Lastly, EDM creates more links between linear functions and 
other mathematical content areas as well as to the real world 
than CM does. According to Hiebert and Lefevre (1986) and 
Skemp (1976), conceptual knowledge is developed when 

Source: Griesel, H., Postel, H., & Suhr, F. (2005). Elemente der Mathematik 3: Baden-
Würtemberg. Braunschweig: Schroedel (p. 236)
Note: Translation in (b) by K.M.

FIGURE 10: (a) Task from Elemente der Mathematik 3 linking linear graphs to 
linear equations, (b) translation of the task.

7. Rechts siehst du, wie die Gleichung 3x - 5 = 2 durch Umformen 
    gel�st wurde. Zeichne zu jeder der drei Zeilen den zugehörigen 
    Graphen.
    Wie unterscheiden sich die Darstellungen, was ist 
     gemeinsam?

7. On the right you can see how the equa�on 3x - 5 = 2 was solved
    by manipula�on. Draw the graphs that correspond to each line
    of working.
    How do the representa�ons differ, what do they have in
    common?

a

b
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links and connections are created to existing mathematical 
knowledge. This suggests that learners using EDM are more 
likely to have greater affordances to integrate the topic of 
linear functions conceptually with their existing mathematical 
knowledge than learners using CM (Mellor, 2015). Also, EDM’s 
many links to the real world, particularly in introductory 
content, may provide additional affordances to learn, as 
working on realistic problems is considered to aid learners’ 
development of mathematical tools and understanding 
(Van den Heuvel-Panhuizen, 2000).

Overall, this study has exhibited that two different textbooks 
can present the topic of linear functions in different ways, 
and thus create different affordances for this content to be 
learnt. At the school where these textbooks were used in two 
language-based streams, learners entering a combined class 
in Grade 10 were thus exposed to different methods of 
making sense of mathematics. What do these findings mean 
for a teacher who is tasked with teaching Grade 10 learners 
in such a school? We argue that the key to successfully 
teaching learners in a combined class is the awareness and 
acknowledgement of the different affordances learners have 
been exposed to in terms of their mathematics content prior 
to Grade 10. This awareness may mean tailoring lesson plans 
by using the types of examples from the German book that 
would benefit the English stream learners, and vice versa.
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