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Abstract  The aim of this study is to identify the mistakes 
made by ninth grade students in the subject of functions and 
reveal the reasons for these mistakes. In line with this 
purpose, the case study method, which is among the 
qualitative research methods, was used in the study. The 
study group of the research was composed of 52 Anatolian 
ninth grade students and four mathematics teachers. Eight 
open-ended questions were used as the data collection tool. 
Non-structured interviews were conducted in order to reveal 
the reasons for the mistakes. The content analysis technique 
was utilized in analyzing the data. When the obtained 
findings were examined, it was observed that the majority of 
the students experienced problems in meaningfully 
perceiving and expressing the functions. When the data 
obtained from the interviews was examined, it was observed 
that the mistakes made by the students resulted from such 
reasons as lack of conceptual knowledge, 
memorization-based learning and the fact that they were not 
ready for the subject. 

Keywords  High School Students, Mistakes in Functions, 
Causes of Mistakes 

1. Introduction
Functions, which have a significant place in mathematics 

teaching programs, are one of the most basic subjects of 
mathematics. The variety in representations and 
generalizations rendered the functions different for 
mathematics [1]. The definition of functions is studied in the 
literature with different approaches. If the functions are to be 
defined in a broad term, they can be regarded as a dynamic 

mechanism (a process that transforms inputs into outputs) 
that performs a transformation [2]. In Anatolian mathematics 
course schedules, function is defined as the relationship 
between two variables (a change in an independent variable 
like 𝑥𝑥  but a change in a dependent variable like 𝑦𝑦 ). In 
another approach, function is defined as a special relation 
that pairs elements from a set with elements from another set 
[3]. 

In the beginning, the concepts of change and 
transformation came forward in the teaching process of 
functions. Later, when the concept of set became widespread, 
the rule of correspondence between two sets started to be 
used [4]. The mental formations in the process of learning 
the concept of function are composed of movement, process, 
object and scheme steps [5]. If the categories of students’ 
interpretation of the concept of function are to be listed under 
certain headings, they can be expressed as follows: 
perceiving the function as a system of unknown equations, 
associating the function with solving equations, evaluating it 
as a formula, perceiving it as a process of operations and 
perceiving it as a formula system related to graph drawing 
[6]. In a different study conducted to understand the 
functions, the difference between the concept of function and 
the concept image was set forth [7]. Although the concept of 
function is given with a definition, very few students 
consider the definitional properties when contemplating the 
functions. The images of the concepts must be enriched to 
increase perception and learning. In order to achieve this, 
examples which will make students contemplate the 
definitional properties, and on which they will be able to 
comment, must be presented [8]. 

Students’ learning the subject of functions forms a solid 
foundation for many subjects. However, it is understood 
from the conducted studies [1, 7, 9, 10, 11, 12, 13, 14, 15, 16, 
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17, 18, 33] that students may experience some difficulties 
and misconceptions due to the fact that the concept of 
function has an abstract mathematical structure. Some 
difficulties and mistakes are observed in almost all studies 
that have been trained on the concept of function. [15] 
reported that difficulties and mistakes related to the concept 
can be grouped under three headings, in a general sense; 
namely, as those related to the definition of functions, those 
related to the representation and the relationship among them 
and those related to the mathematical language used in the 
concept. In our country of Turkey, functions are generally 
taught in accordance with certain patterns (rule, definition 
and memorization). Memorization of its features based only 
on this definition brings along many mistakes and 
misconceptions [34]. In his study, [2] stated the difficulties 
and misconceptions that the students experienced in the 
subject of functions under certain headings as follows: 
 Regarding the function as a relation that makes 

one-to-one (1-1) correspondence. 
 Difficulties regarding the notations in list form 

(ordered pairs). 
 Misconceptions of students regarding the function 

graphs. 
 Difficulties and misconceptions of students 

regarding the algebraic expressions. 
 Difficulties regarding the symbols and signs that are 

used in the subject of functions. 
 Difficulties regarding the sub-concepts of functions. 
 Difficulties regarding understanding the 

meaning-based relationships among the 
representations of the function. 

When the related literature is examined, it is observed that 
the conducted studies generally focus on the subject such as 
students’ misconceptions, mistakes and learning difficulties 
in the subject of functions [8, 9, 10, 17, 19, 20, 21, 22, 23, 24, 
25]. Unlike other studies, this study elaborates on the causes 
of mistakes and errors in the functions in addition to 
determining the mistakes and errors. Such mistakes and 
errors have been evaluated by the open-ended questions that 
are retrieved from the literature review. 

As functions are conceptual structures that can be 
considered the basis of mathematical thinking, it is important 
for this subject to be understood well by students. As stated 
above, comprehension of functions is more difficult than 
other subjects, and this brings along many mistakes and 
errors. In this respect, this study is also important in that it 
can reveal the extent to which students comprehend 
functions and that it offers solutions to this problem. Taking 
the students of a certain school as subjects can be said to be 
the restriction of the study. 

2. Purpose of the Study 
This study has two purposes. The first one is to identify the 

mistakes of ninth-grade students in accordance with the 

scope of the selected questions. The second one is to identify 
the causes of such mistakes within the same scope. 

3. Methodology 
The aim of this study is to identify the mistakes made by 

ninth grade students in the subject of functions and reveal the 
reasons for these mistakes. In line with this purpose, the case 
study method, which is among the qualitative research 
methods, was used in the study. A case study is defined as 
the method in which one or more situations, environments, 
programs, social groups or other interdependent systems are 
examined in detail [26]. 

4. Participants 
The study group of the research was composed of 52 ninth 

grade students and four mathematics teachers who were 
selected via the simple random sampling method from an 
Anatolian High School located in a province. The teachers 
interviewed were assigned codes: T1, T2, T3 and T4 and the 
ninth grade students interviewed were given codes ranging 
from S1 to S13 in order to keep the identities of the students 
and teachers in the study group confidential. 

5. Data Collection 
A test, which was composed of eight open-ended 

questions, was used as the data collection tool. The test was 
prepared in order to identify the mistakes of the students in 
the subject of functions. The related literature [9, 16, 17, 18, 
24] was utilized in order to establish the reliability of the test. 
The studies conducted on this subject were examined and a 
question pool composed of 18 questions was formed in the 
preparation process of the test. Then, the questions were 
examined by six experts (They are academic staff). The 
examined questions were evaluated by considering the 
criteria such as aim, content, duration for answers and level. 
Lastly, the number of questions was reduced to eight. To 
utilize the related literature and to consult expert opinion was 
considered adequate for the reliability and validity of the 
prepared test. 

The non-structured interview technique was used as a data 
collection tool regarding the second question of the research. 
The interviews were conducted with 13 students and four 
teachers. By doing so, an attempt was made to obtain 
detailed data via maintaining a flexible environment during 
the interviews. The principle of volunteering was taken as 
basis in selecting the participants for the interviews, as 
required by scientific ethics. Students were free to participate 
or not participate in the study. The purposeful sampling 
method was used in selecting these 13 participants. The 
participants were selected based on their written statements 
(Depending on the answers to each question). The interviews 
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were conducted at times deemed suitable by the students in 
order to perform the interviews in order to create optimum 
interview conditions. Each conducted interview lasted for 
approximately 10 to 15 minutes. And interviews recorded by 
tape. 

6. Data Analysis 
The content analysis technique was used in analyzing the 

data. The data obtained in the first stage of the data analysis 
was read by the researcher several times. Answers given for 
each question were divided into meaningful sections and 
coded. Then, the researcher performed coding again, three 
weeks later, to establish coding reliability. The coding 
reliability percentage was found to be 98%. The frequencies 
of the answers given to the questions were rendered in 
numeric form and given as tables in order to allow for 
objective comments. Moreover, non-structured interviews 
were conducted with 13 students and four teachers in order to 
determine the reasons for student mistakes. The sections of 
the interviews which were related to the research were also 
featured. 

7. Findings and Interpretation 
This section gives the analysis results regarding the 

answers given by the participating students to each of the 
eight open-ended questions that were prepared in the subject 
of functions. Furthermore, some excerpts from the 
interviews conducted with the students and teachers were 
conveyed in this section. 

When Table 1 was examined, it was observed that 
although 21 students answered this question correctly, more 

than half of the students made various mistakes in answering 
this question. The mistakes made in this question are as 
follows: the fact that no element was left unpaired in the 
domain was considered to single-handedly fulfill the 
requirement for being a function; it was taught that no 
element must be left unpaired in the codomain as well; and 
the requirement for the fact that an element in the domain has 
only one image was also perceived as a requirement for the 
elements in the codomain. Non-structured interviews were 
conducted with the students and teachers in order to research 
the reasons for the mistakes made by the students. Excerpts 
from the interviews conducted with one teacher and three 
students about this question, as well as the answer of one 
student, are given below. 

S9: “...It denotes a function since no element was left 
unpaired in the domain, that is to say, set A. In order for it to 
denote a function, no element must be left unpaired in the 
domain. That is what I remember from its definition...” 

S3: “...element ‘c’ in set B has more than one image. Since 
an element cannot have more than one image according to 
the function denotation rule, this relation is not a function. 
From its definition...” 

S7: “...It is not a function since there is an unpaired 
element in set B. In order for a relation to denote a function, 
no element must be left unpaired in the domain and every 
element must have an image. From its definition...” 

T2: “...Since most of the students memorize the rules, they 
cannot learn the subjects at the conceptual level. The 
students who made mistakes in this question made those 
mistakes as they confused the requirements with each other 
because they memorized the definition of functions...” 

Table 1.  The Answers Given by the Students to the First Question 

Frequency Answers Basic Foundations of the Answers 

21 It is a function because no element was left unpaired in the 
domain and every element has only one image. The state of being a function was correctly expressed. 

15 It is a function because no element was left unpaired in set A 
(domain). 

The state of being a function was only associated with the fact 
that no element was left unpaired in the domain. 

4 It is not a function because there is an unpaired element in set 
B (codomain).  

The fact that no element was left unpaired in the domain was 
generalized and perceived as a requirement for the codomain. 

6 It is not a function because “c” in the codomain has two 
images. 

The state of having an image, which is valid for the elements in 
the domain, was also perceived as a requirement for the 

elements in the codomain. 

3 Unrelated answer Unrelated statements were made because the question was not 
fully understood. 

3 Unanswered No answer was given. 
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Figure 1.  Given by one of the Students Answered the First Question 

When the data obtained from the conducted interviews 
was examined, it was observed that the students 
misinterpreted the statements “No element is left unpaired” 
and “Every element must have an image”.In view of the 
interviews conducted with teachers and students, the reason 
for these mistakes made by the students was associated with 
the fact that the students were not able to understand the 
requirements in the definition of functions at the conceptual 
level.In other words, since they did not know the meanings 
of the statements “No element is left unpaired” and “Every 
element must have an image”, they perceived the 
requirements for the domain for the codomain as well in 
fulfilling these requirements. 

Table 2.  The Answers Given by the Students to the Second Question 

Frequency Answers Basic Foundations of the 
Answers 

11 𝑓𝑓−1(𝑥𝑥) = √𝑥𝑥 + 4 − 2 
Inverse of the function was 

found correct 

8 𝑥𝑥2−4𝑥𝑥
2

or 𝑥𝑥2-4𝑥𝑥 

It was associated with the 
general formula 𝑓𝑓(𝑥𝑥) =
 𝑎𝑎𝑎𝑎 + 𝑏𝑏, 𝑓𝑓−1(𝑥𝑥) =  𝑥𝑥−𝑏𝑏

𝑎𝑎
 

5 

It was correctly 
perceived in logic, but 
the operation was not 

completed. 

The process of operation for 
finding the inverse of the 
function was stated, but 

problems were experienced 
in continuing the operations. 

12 Unrelated answer 
Unrelated statements were 
made because the question 
was not fully understood. 

16 Unanswered No answer was given. 

When Table 2 was examined, it was observed that 
although 11 students gave correct answers to this question, 
the majority of the students made various mistakes in 
answering this question. The mistakes made in this question 
are as follows: operational mistakes and the fact that the 
method, which is used in finding the inverse of an equation 
of the first degree, was adapted to an equation of the second 
degree. Non-structured interviews were conducted with the 
students and teachers in order to research the reasons for the 
mistakes made by the students. Excerpts from the interviews 
conducted with one teacher and one student about this 

question, as well as the answer of one student, are given 
below. 

S8: “...I know what must be done to find the inverse of the 
function. If the function had not been in the form of an 
equation of the second degree, I would have completed my 
operation. However, I was not able to perform the 
operations in this function...” 

T1: “...Students do not experience much difficulty in taking 
the inverse of the functions that are represented with the 
equations of the first degree. However, they make certain 
mistakes while taking the inverse of the functions that have 
two or more degrees since they were not able to learn the 
operations in the exponential numbers and root numbers in 
detail and since these subjects will be given in the second 
semester of the ninth grade. We do not feature this kind of 
question much in the courses due to these mistakes and due 
to the fact that students are not ready. Furthermore, since the 
students had not encountered these types of questions much, 
they associated them with the logic of practically taking the 
inverse of the function in the equations of the first degree...” 

 

Figure 2.  Given by one of the Students Answered the Second Question 

As it is also understood from the above-given statements, 
students experienced great difficulty in taking the inverse of 
the functions that are represented as the equations that have 
two or more degrees. They practically associated taking the 
inverse of the function in the equations of the first degree 
with the equations of the second degree. In view of the data 
obtained from the conducted interviews, the basic reasons 
for the mistakes can be listed as follows: the students were 
not ready for the operations in the equations of the second 
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degree, the rule of taking the inverse of the equations of the 
first degree was implemented on the equations of the second 
degree and such types of questions were not given in the 
courses. 

Table 3.  The Answers Given by the Students to the Third Question 

Frequency Answers Basic Foundations of the 
Answers 

14 

Since the function 
f(y)=5𝑦𝑦 + 3 is a variable 
dependent on 𝑦𝑦 and an 
operation that gives the 

image of the variable, it can 
denote a function. 

The question was 
answered correctly. 

18 

The function must not be 
𝑓𝑓(𝑦𝑦) but 𝑓𝑓(𝑥𝑥) and its 

value must not be 5𝑦𝑦 but 
5𝑥𝑥. 

Since the functions were 
generally taken as a 

variable dependent on 𝑥𝑥, 
a different variable was 

not evaluated as a 
function. 

7 Unrelated answer 

Unrelated statements 
were made because the 
question was not fully 

understood. 
13 Unanswered No answer was given. 

When Table 3 is examined, it is observed that 18 students 
stated that the relation f(y)=5𝑦𝑦 + 3cannot be a function. 
Thirteen students did not answer this question. Excerpts 
from the interviews conducted with one teacher and one 
student to determine the reason for this mistake, as well as 
the answer of the same student, are given below. 

S11: “...In order for this relation to denote a function, it 
must be f(x) = 5𝑥𝑥 + 3. The x must be absolutely present in 
order for it to be a function. Functions are composed of 
variables dependent on  x...” 

T3: “...Students made mistakes since functions were 
always expressed as variables dependent on x while they 
were studied. Since this is also the case with the books, the 
students evaluate the functions as dependent on x...” 

 

Figure 3.  Given by one of the Students Answered the Third Question 

Since the functions are generally expressed as a variable 
dependent on 𝑥𝑥 , whether or not a relation, which was 
expressed with a variable dependent on 𝑦𝑦, was a function 
caused many students to make mistakes. It is also understood 
from the conducted interviews that this condition results 
from the fact that the functions are constantly defined as 
dependent on the 𝑥𝑥. 

 

Table 4.  The Answers Given by the Students to the Fourth Question 

Frequency  Answers  Basic Foundations of the 
Answers 

6 Domain: set A, Image 
set: 2,3,4, Codomain: N 

The question was 
answered correctly. 

3 Domain: set A, Image 
set: N, Codomain: 2,3,4 

They misperceived the 
image set and the 

codomain. 

8 Domain: set A, Image set 
and Codomain: 2,3,4, 

They perceived the image 
set and the codomain as the 

same concepts 

10 Domain: set A, Image 
set: 2,3,4 

No answer was given 
related to the codomain. 

5 Domain: set A, 
Codomain: 2,3,4 

The image set was 
perceived as the codomain. 

11 Unrelated answer 
Unrelated statements were 
made because the question 
was not fully understood. 

9 Unanswered No answer was given. 

When Table 4 was examined, it was observed that almost 
no students were able to provide a correct answer to this 
question. Although most of the students correctly 
represented the domain, they made mistakes in representing 
the codomain and the image set. The mistakes made by the 
students are as follows: confusing the image sets with the 
codomain and perceiving the codomain and the image set as 
the same concepts. Excerpts from the interviews conducted 
with two students and one teacher to determine the reasons 
for these mistakes are given below. 

S1: “...In this question, the domain set is set A, that is to 
say {1, 2, 3}. The codomain is composed of the values {2, 3, 4} 
that are obtained by substituting the elements within set A in 
their respective places in the function. The image set is 
composed of natural numbers. The codomain and image set 
are set B...” 

S5: “...The domain set is set A. The codomain and image 
sets are set {2, 3, 4}, which is obtained by writing the 
elements within the domain in their respective places in the 
function. The codomain and image sets have the same 
meaning....” 

T4: “...The concepts of domain, codomain and image sets 
are given to the students in a comprehensible manner. 
However, students do not take an interest in these concepts 
since they attach more importance to the expressions that 
are studied as questions in books or the expressions that they 
frequently encounter. Therefore, many of them make 
mistakes as they did in this question. In other words, such 
types of concepts are not given much emphasis...” 

When the above-given data is examined, it is observed that 
a majority of the students made mistakes in perceiving the 
concepts of image set and codomain. It is a worrisome fact 
that many students made mistakes despite the fact that these 
concepts are the most basic concepts of functions. This fact 
shows that the students were not able to fully internalize 
what codomain and image set meant. As it is also understood 
from the interview conducted with a teacher on this question, 
the basic reasons for those mistakes are the fact that the 
students rather take an interest in the concepts that they may 
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encounter in a question or the fact that sourcebooks do not 
place much emphasis on the basic concepts. 

Table 5.  The Answers Given by the Students to the Fifth Question 

Frequency  Answers  Basic Foundations of the 
Answers 

0 
𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥)  = 𝑔𝑔(𝑓𝑓(𝑥𝑥))  =
𝑥𝑥4 + 4𝑥𝑥2, 𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥) 
cannot be defined. 

Correct answer for the 
question. 

8 

𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥) =  𝑓𝑓(𝑔𝑔(𝑥𝑥))  
=  𝑥𝑥4 − 8𝑥𝑥2 + 18 
𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥)  = 𝑔𝑔(𝑓𝑓(𝑥𝑥))  
= 𝑥𝑥4 + 4𝑥𝑥2 

Compounds of the functions 
were correctly expressed. 
However, it was not stated 
that the function 𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥) 

could not be defined. 

18 
𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥)
=  𝑓𝑓(𝑔𝑔(𝑥𝑥)), 𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥)  
= 𝑔𝑔(𝑓𝑓(𝑥𝑥)) 

Students logically expressed 
the compound function. 
However, operational 

mistakes were made and the 
state of being undefined was 

not mentioned. 

15 Unrelated answer 
Unrelated statements were 
made because the question 
was not fully understood. 

11 Unanswered No answer was given. 

It is seen from Table 5 that none of the students were able 
to provide a correct answer to this question. Eight students 
expressed𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥) and 𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥)but they did not mention that 
the function 𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥)was not defined. Although 18 students 
logically expressed 𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥)  and 𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥) , they made 
operational mistakes with different digits in squaring the 
equation of the second degree. Excerpts from the interviews 
conducted with one student and two teachers to determine 
the reasons for these mistakes are given below. 

S12: “...From what I understand of this question, I have to 
find the compounds of the given functions. In order to find 
fog(x), we write g where we see x in f. Similarly, in order to 
find gof(x), we write f where we see x in g. I know this rule, 
but I do not know what requirements must be fulfilled in 
order for the compound function to become defined...” 

T1: “...When the subject of compound functions is given to 
the students, the definition of the typical compound function 
is given, as in this question. However, no emphasis is placed 
upon the state of being defined. This gave us certain results 
since this subject was not studied in the questions. 
Nevertheless, I think such details must be given...” 

T4: “...Since the compound function is defined as R→R, 
the students do not encounter the state of not being defined, 
as in the case with this question. Moreover, the fact that the 
students were not ready for squaring an equation of the 
second degree caused such results...” 

The fact that no correct answer was given to this question 
shows that the students were not able to perceive the 
definition of the compound function. Furthermore, the vast 
number of unrelated answers and blank answers is 
interesting. It can also be understood from the conducted 
interviews that the most significant reason for this condition 
is the fact that the students had not previously encountered 
the compound function’s state of being defined or not 
defined. The additional reasons for this condition are the fact 
that the domain and codomain of the compound function 

were constantly expressed as 𝑅𝑅→𝑅𝑅and the students were not 
ready for performing operations with the equations of the 
second degree. 

Table 6.  The Answers Given by the Students to the Sixth Question 

Frequency  Answers  Basic Foundations of 
the Answers 

27 

Since every element has an 
image in the graphs in options 

‘a’ and ‘c’, they denote 
functions. Since the elements 
have more than one image in 
options ‘b’ and ‘d’, they do 

not denote functions. 

The correct answer 
was given for the 

graphs’ state of being 
or not being functions.  

10 

Since a parallel line intersects 
the graphs on a single point 

when it is drawn to the graphs 
in options ‘b’ and ‘d’, they 
denote functions. Since it 

intersects on two points, they 
do not denote functions. 

The condition of a 
line’s intersecting on 
one point, which is 

expressed as the 
graphs’ state of 

denoting functions, 
was perceived as 
parallel to 𝑥𝑥axis. 

5 

Since the graph intersects𝑥𝑥 
and 𝑦𝑦 axes on two points, the 
graphs in options ‘c’ and ‘d’ 
do not denote functions. The 
graphs in options ‘a’ and ‘b’ 

denote functions. 

The expression “a 
parallel line, which is 
drawn on the graph 

along the 𝑦𝑦 axis, does 
not intersect the graph 

at two points” was 
perceived as a valid 
condition for the 𝑥𝑥 

axis. 

7 Unrelated answer 

Unrelated statements 
were made because the 
question was not fully 

understood. 
3 Unanswered No answer was given. 

When Table 6 was examined, it was observed that 27 
students answered this question correctly. The ratio of 
correct answers to this question is high, but there are notable 
answers. For instance, 10 students stated that when a parallel 
line is drawn to the 𝑥𝑥 axis and it intersects on a single point 
on the graph, this denote functions. They stated that lines that 
intersect on two points do not denote functions. Five students 
evaluated in accordance with whether or not the graph 
intersected the axes, and they defined the one which 
intersected on more than one point as a function. Excerpts 
from the interviews conducted with one student and one 
teacher to determine the reasons for mistakes, as well as the 
answer of the same student, are given below. 

S2: “...In order for a graph to denote a function, the 
parallel lines, which are drawn on the graph, need to 
intersect the graph at two points. When these lines, which are 
drawn on the graph, intersect the graph at two points, they 
are not functions...”  

T3: “...When such types of questions are given, the 
requirements that must be fulfilled to denote a function are 
explained to the students with their reasons. When the 
students cannot fully learn a concept, they use 
memorization-based practical techniques. In the courses, it 
is emphasized that parallel lines are drawn on the y axis in 
order to determine practically whether or not it is a function. 
However, since parallel lines are similarly drawn on the x 
axis in one-to-one functions, these two cases were confused 
with each other and lead to incorrect answers...” 
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Figure 4.  Given by one of the Students Answered the Fourth Question 

When the data is examined, it is observed that there are 
significant mistakes. The students who made mistakes did so 
in a similar fashion by drawing parallel lines on the 𝑥𝑥 or𝑦𝑦 
axis instead of contemplating the requirements of a function. 
As it was expressed in the interview conducted with the 
teacher, such mistakes resulted from the fact that the students 
were not able to fully perceive the concept and they 
developed a practical approach. Moreover, another reason 
for the mistake is that it was associated with drawing a 
parallel line on the 𝑥𝑥 axis that is used when the function is 
one-to-one. 

Table 7.  The Answers Given by the Students to the Seventh Question 

Frequency  Answers  Basic Foundations of the 
Answers 

6 
The function is 

one-to-one and linear, 
but not surjective. 

Types of function were 
correctly expressed. 

3 
The function is 

one-to-one, linear and 
surjective. 

It was evaluated as surjective 
considering the fact that 

every element in the function 
had an image. 

20 Unrelated answer 
Unrelated statements were 
made because the question 
was not fully understood. 

23 Unanswered No answer was given. 

When the table is examined, it is observed that students 
experienced great difficulty with this question. The number 
of unrelated and blank answers is very high. Twenty-three 
students did not answer the question. Twenty students gave 
unrelated answers to this question. Excerpts from the 
interviews conducted with one student and two teachers are 
given below. 

T3: “...When types of function are given to the students, 
the representation of the sets are rather in the form of a Venn 
diagram. It is easier for students to understand it this way. 
Students’ unfamiliarity with expressing the types of a 
function that is given as an equation system caused this 
condition to emerge...” 

T2: “...Students might not been able to fully associate the 
concepts of domain and codomain with each other for 
function’s being one-to-one and surjective. Furthermore, the 

fact that there were no visual statements and that the 
function required an abstract perception caused the students 
to make mistakes...” 

S6: “...Since every element has an image in the domain, it 
is one-to-one and surjective. Moreover, it is linear since the 
equation is of the first degree...” 

As it can be understood from the above-mentioned 
statements, students experience great difficulty in expressing 
the types of functions. It is a worrisome fact that such a 
condition emerged, despite the given function being 
comprehensible. In the light of the interviews conducted 
with the teachers, the reason for the mistakes is the fact that 
students are not familiar with this type of question since the 
types of function are generally given using a Venn diagram. 
It is not easy for the students to perceive and evaluate a 
function that is given in the form of an equation. 
Consequently, another reason for the mistakes is the fact that 
this type of question is not featured in mathematics courses. 

Table 8.  The Answers Given by the Students to the Eighth Question 

Frequency  Answers  Basic Foundations of the 
Answers 

1 

It is defined for all natural 
numbers except for 2, 

which makes the function 
not defined and 0 and 1, the 

images of which are 
negative. (𝑁𝑁 − {0,1,2}) 

The condition which was 
required for the 

expression to denote a 
function was correctly 

expressed. 

16 (𝑁𝑁 − {2}) 

Only the value which 
made the function not 
defined was taken into 

consideration. 

5 
Every element must have 
an image, and no element 

must be left unpaired. 

The general definition 
for the state of being a 

function was given. 
However, no explanation 
was made for the given 

expression. 

13 Unrelated answer 

Unrelated statements 
were made because the 
question was not fully 

understood. 

17 Unanswered No answer was given. 
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Figure 5.  Given by one of the Students Answered the Fifth Question 

When Table 8 is examined, it is observed that only one 
student correctly expressed the conditions that were 
necessary for the given function to be defined. Sixteen 
students stated that it would not be defined in the value 2 that 
made the denominator 0, but they did not state that the values 
0 and 1 were also not defined for the given function. Excerpts 
from the interviews conducted with one teacher and one 
student to determine the reasons for the mistakes, as well as 
the answer of the same student, are given below. 

S10: “...The denominator must not be 0 in order for the 
given relation to denote a function. Therefore, we cannot 
assign the value 2 to x. Furthermore, no elements must be left 
unpaired and every element must have an image. There is no 
problem since it is defined in other numbers...” 

T4: “...Students make mistakes in this question since a 
function’s state of being defined is taught in later years. In 
this question, they only stated that the denominator must not 
be 0. The students can better express a relation’s state of 
being a function with a Venn diagram and listing methods. 
They only focus on the given relation in these questions by 
performing one-to-one correspondence. Domain and image 
sets are not taken into consideration...” 

When the above given data was examined, it was observed 
that the students experienced problems in expressing the 
domain of the function. As it was also expressed in the 
interview conducted with the teacher, the students made 
these mistakes since they rarely use the algebraic notation, 
although they generally use the Venn diagram and listing 
method. Moreover, the fact that the students do not 
encounter such types of questions and they only consider the 
given relation and do not consider domain and image set is 
shown as another reason. 

8. Discussion and Conclusions 
This study revealed the mistakes made by the Anatolian 

ninth grade students in the subject of functions and the 
reasons for these mistakes. When the obtained data was 
examined, it was observed that the students experienced 
problems in the subject of functions and they made various 
mistakes. The mistakes of the students in the subject of 
functions as well as the reasons for these mistakes are given 
below. 

More than half of the students were not able to solve the 
first question that was related to the definition of function, 

and they made various mistakes. These mistakes are as 
follows: they believed that the fact that no elements were left 
unpaired in the domain single-handedly fulfilled the 
requirement for being a function; they believed that no 
element must be left unpaired in the codomain either; and the 
requirement that every element in the domain has a single 
image was perceived as a requirement for the elements in the 
codomain. The fact that the students memorize the 
requirements for a given relation to be a function comes 
forward as the reason for these mistakes [27]. This result 
shows similarity with the findings of the study of [28]. The 
students made operational mistakes resulting from the fact 
that the function was of the second degree in the second 
question that was related to taking the inverse of a function 
that was denoted in the form of an equation of the second 
degree. Furthermore, some students gave incorrect answers 
by implementing the rule of taking the inverse of a function 
of the first-degree on the equations of the second degree. In 
view of the conducted interviews (T1), the reasons for these 
mistakes are revealed as follows: students’ inefficiency in 
operational skills resulting from the fact that they are not 
ready for the operations related to the equations of the second 
degree; such types of questions are not featured in the 
courses; they meaninglessly memorize the rule of taking the 
inverse of a function in the equations of the first-degree. In 
the question which asked whether or not a relation depending 
on 𝑦𝑦 was a function, some students answered incorrectly, 
stating that the function must be dependent on 𝑥𝑥 not 𝑦𝑦 [29]. 
As it was also stated in the interview (T3), the most basic 
reason for these mistakes is the fact that the functions are 
explained in sourcebooks, and courses generally, as 
depending on 𝑥𝑥 . This result shows similarity with the 
findings of the study of [30]. In the question that featured 
domain, codomain and image set, the majority of the 
students correctly expressed the domain, but they gave 
incorrect answers in expressing the image set and the 
codomain. These mistakes are as follows: image set and 
codomain were confused with each other and evaluated as 
the same concepts. It was understood from the conducted 
interviews that these mistakes were made due to the fact that 
these concepts were not given much emphasis in 
mathematics courses and sources, and accordingly, these 
concepts were not learned by the students at conceptual 
level. 

None of the students was able to give a correct answer to 
the fifth question that was related to the compounds of two 
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functions that were given as equations of the second degree. 
The mistakes made by the students are as follows: they 
overlooked the compound function’s state of being defined 
and they made mistakes on operation stages. In view of the 
conducted interviews (T1, T4), the reasons for the mistakes 
can be listed as follows: the students had not previously 
encountered a compound function’s state of being defined or 
not defined; domain and codomain of the compound function 
are always expressed as 𝑅𝑅→𝑅𝑅in courses and source books; 
and the students were not ready to perform operations in the 
equations of second-degree. In the question that asked which 
of the relation graphs denoted a function, it was observed 
that some students made conceptual mistakes utilizing the 
statements [16, 27], “parallel lines are drawn to the axes and 
it is not a function if they intersect the graph of the relation 
on more than one point”.Some students drew parallel lines to 
the 𝑥𝑥  axis and interpreted accordingly. Moreover, some 
students evaluated the graphs, which intersected the axes at 
two points, as functions. In view of the information obtained 
from the interviews (T3), the reason for this condition is the 
fact that a memorization-based understanding emerged in 
order to develop a practical approach since the concept was 
not fully perceived. Another reason is that it was associated 
with drawing a parallel line to the 𝑥𝑥 axis that is used when 
the function is one-to-one. It was observed that the students 
experienced great difficulty in the seventh question that 
examined whether a given function was one-to-one, 
surjective or linear. Six students answered this question 
correctly. In view of the interviews conducted with the 
teachers (T3, T2), the basic reasons for the difficulties 
experienced in this question were stated as follows: the use 
of the equation system instead of a Venn diagram that is 
frequently encountered by the students in the questions that 
contain these concepts; abstract thinking, which involved 
domain, codomain and image set, was required for the 
question. These findings show parallelism with the findings 
of [34]. One student answered the eighth question, which 
requested the necessary conditions for a relation, which was 
defined from natural numbers to natural numbers to denote a 
function, correctly. Some of the students considered the 
value that made the denominator 0 without paying attention 
to the studied sets. It is also observed that the number of 
blank and unrelated answers is high. In view of the 
conducted interviews (T4), the fact that the students did not 
use the algebraic notations in such kinds of questions is 
observed as a significant reason for these mistakes. 
Moreover, another reason seems to be the fact that domain 
and codomain were not considered while examining the 
requirements for a relation to be a function. 

By nature, functions are not easy to perceive by students. 
Therefore, it is one of the subjects where misconceptions and 
mistakes are intensively experienced. Some changes have to 
be implemented in teaching the functions that hold 
importance, considering that they have the feature of 
combining the mathematical concepts and associating them 
with real life [2, 21]. The fact that rather operational 
properties are emphasized in teaching functions prevents 

effective learning. Accordingly, students make mistakes 
about the functions as a result of memorization-based 
learning [31]. To study operational properties as well as 
conceptual properties in detail; to show the transitions 
among notations such as algebraic, graphic and table form; 
and to associate them with real life will increase the effect in 
function teaching. Since students determine their approaches 
in accordance with the questions that they come across, the 
question types must have features that require contemplation 
[32]. Furthermore, it constitutes another problem that the 
ninth grade students are not ready for some concepts that are 
required for functions. For this reason, the subject of 
functions must be given after the basic subjects instead of 
within the first semester of the ninth grade. Thus, students 
will obtain basic acquisitions and they will be ready for a 
subject like functions that incorporates different acquisitions. 

Questions 
1) Given that A=(1,2,3,4) and B=(a,b,c,d,e,f), and 

f:A→B , does the relation f: (1,b), (2,c) (3,c), (4,e) 
make a function 

2) Find 𝑓𝑓−1(x) if f(x)=𝑥𝑥2+4x. 
3) Is f(y)=5y+3 a function? 
4) Given that A=(1,2,3) and f:A→N, what are the domain, 

codomain, and range sets for the function f(x)= x+1 ? 
5) Do f(x)=2 and f(x)=x have inverse functions? If yes, 

find them. 
6) If f(x)=𝑥𝑥2+2 and g(x)= 𝑥𝑥2-4, find gof(x) (?) 
7) Which ones of the following graphs can be assigned a 

function? Why? 

    

   

8) What are the conditions necessary for the relation 
f:N→N, f(x)= 𝑥𝑥

2+5
𝑥𝑥−2

 to be a function? 
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