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Abstract

We measured student performance on the concept of limit by promoting reflection
through four agents of change: instructor, peer, curriculum and individual. It is
based on Piaget’s four constructs of reflective abstraction: interiorization,
coordination, encapsulation, and generalization, and includes the notion of reversal,
as refined into a construct by Dubinsky. Our quasi-experimental study examined the
performance of two sections of first-semester calculus students at a midwestern
community college. Scores by students in the experimental section were
significantly higher than scores by students in the control traditional section on a
posttest of limits. A deeper examination of a three-tiered subgroup showed the
reflective abstraction section had moderate effect size on mathematical knowledge
and strategic knowledge and a large effect size on explanation.
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Resumen

Se midio6 el rendimiento de los alumnos en el concepto de limite promoviendo la
reflexion a través de cuatro agentes de cambio: instructor, compafieros, curriculo e
individuo. Se basa en cuatro conceptos sobre la abstraccidn reflexiva de Piaget:
interiorizacion, coordinacion, encapsulacién y generalizacién, e incluye la nocién de
inversion, definida por Dubinsky. Nuestro estudio cuasi-experimental ha estudiado
el comportamiento de dos grupos de estudiantes de céalculo de primer semestre en un
colegio comunitario del medio oeste. Las puntuaciones de los estudiantes del grupo
experimental fueron significativamente mas altas que las puntuaciones de los
estudiantes del de control tradicional en un examen posterior de los limites. Un
examen mas profundo de un subgrupo de tres niveles mostré que la abstraccion
reflexiva tenia un efecto moderado en el conocimiento matemaético y que el
conocimiento estratégico tenia un efecto grande sobre la variable explicacién.

Palabras clave: abstraccion, limites, agentes de cambio, calculo.
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of the key concepts in calculus is the limit. It is the first topic that

students encounter and it requires a type of subtle reasoning that is
not used in algebra (Cornu, 1991). Research indicates that many students
struggle with limits (Artigue, 1992; Artigue, Batanero & Kent, 2007;
Cappetta, 2007; Cappetta & Zollman, 2009; Cornu, 1981, 1991; Davis &
Vinner, 1986; Juter, 2005, 2007; Li & Tall, 1993; Monaghan, Sun & Tall,
1994; Oehrtman, 2009; Robert, 1982; Sierpinska, 1987; Tall 1992; Tall &
Vinner, 1981; Williams, 1991). Additionally there is a significant difference
between what instructors want their students to learn and what students
actually understand (Hardy, 2009).

In order to improve student conceptual understanding of the concept of
limit, a theoretical framework is needed to examine how and why students
learn certain mathematical concepts. Kidron (2008) recognizes that multiple
frameworks are necessary to understand the conceptualization of the notion
of limit. In this study reflective abstraction, as defined by Piaget (Beth &
Piaget, 1966) and refined by Dubinsky (1991) is used. Piaget describes four
constructs of reflective abstraction in developing conceptual understanding.
These are interiorization, coordination, encapsulation, and generalization.
While Piaget describes reversal with these four constructs, Dubinsky adds
reversal as a fifth construct. This paper investigates the question: Can these
reflective abstraction constructs be initiated to increase student learning of
limits, and if so, how?

First, Piaget (1967) claims that reflective abstraction is a personal
activity; therefore the individual student may be capable of initiating
reflective abstraction. Second, Cobb, Jaworski, and Presmeg (1996) discuss
the relationship between social discourse and individual reflective
abstraction, and therefore, peers may be capable of initiating reflective
abstraction. Third, Cobb, Boufi, McClain and Whitenack (1997) assert the
teacher can prompt shifts in the discussion that may lead to reflective
abstraction, so the teacher may be capable of initiating reflective
abstraction. Finally, several curricula have been developed in recent years
to encourage students to reflect about their thinking in mathematics. These
include the Harvard Project (Hughes-Hallett, 1997), Project CALC (Smith
& Moore, 1991), Calculus and Mathematica (Davis, Porta, Uhl, 1994)

C alculus plays a vital role in the undergraduate curriculum and one
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among others. So it appears that a curriculum also might initiate reflective

abstraction.

Based upon the writings of Piaget (Beth & Piaget, 1966) and Dubinsky
(1991), reflective abstraction constructs are defined as:

Interiorization: A student performs the steps in a procedure.
The student reflects on the procedure and begins to define a
concept.

Coordination: A student examines two different processes and
integrates them into a coordinated process that is used to
analyze a mathematical concept.

Encapsulation: A student encapsulates a concept by construc-
ting individual meaning. Encapsulation is the act of
personifying a concept. An abstract notion or a collection of
abstract notions becomes meaningful to an individual.
Generalization: After an individual has encapsulated a notion, it
is extended and applied to a wider collection of mathematical
problems.

Reversal: A student constructs a new mathematical notion by
reversing the steps of the original notion.

Similarly, based upon Cobb’s discussion (Cobb, Boufi, McClain, &
Whitenack, 1997) of the role of reflective discourse in the classroom
community to initiate reflection, the four “agents of change” are defined as
(Cappetta, 2007; Cappetta & Zollman, 2009):

Individual: A student spontaneously engages in reflective
abstraction.

Peer: A classmate challenges or questions an individual.
Instructor: The instructor challenges or questions an individual.
Curricular: Activities in the curriculum are designed to
challenge and guestion students.

This paper describes a study of a curriculum designed to initiate
reflective abstraction on the concept of limit in college calculus.
Specifically, this curriculum includes the four agents of change (individual,
peers, instructor, and curriculum) to investigate two research questions:

Can reflective abstraction be initiated using agents of change in
the learning of limits?
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= |If so, does using agents of change in an experimental
curriculum improve student performance?

Methodology

A quasi-experimental design was used. The traditional, a matched section
of calculus students, studied a traditional curriculum. These students
studied limits in a conventional manner. The experimental, a second
matched section of calculus students, studied an innovative curriculum.
This curriculum is designed to initiate reflective abstraction through the use
of four agents of change, namely, the individual student, student peers, the
instructor or the curriculum itself.

The two sections were pretested to identify any potential significant
differences in concepts and knowledge of limits. After intervention, the two
sections were given a posttest to identify significant differences between
sections and in sections, from pre- to posttest. All pretests and posttests
were scored using a two-point rubric designed by the Illinois State Board of
Education (2005b): Completely correct response, including correct work
shown (2 points); Partially correct response (1 point); and No response, or
incorrect response (0 points). An independent grader also used the rubric to
score the pretests and posttests in order to establish inter-rater reliability.

The instructor for the two sections both were experienced, dedicated
calculus faculty members — committed to student learning. Both individuals
regularly participate in activities designed to improve instruction, and were
eager to join in the research project. Both instructors were told separately
that their curriculum was designed to improve student performance and
understanding on the concept of limit. Each section (traditional and
experimental) viewed their section as the “experimental” group.

The traditional and experimental curricula (lesson plans, class activities,
class work sets, homework sets) were scripted and covered the same topics,
lasted the same amount of time, taught at the same time and days (five days
per week, fifty minutes per day), and were evaluated by the same
standardized examination. In order to keep external influences to a
minimum (outside group work, math assistance area, tutors), students were
told to complete all homework assignments independently. Both curricula
were field tested for content validity. Both curricula were revised, edited
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and approved by a Delphi method of iterations using an expert panel of
teaching-award recipient professors in a mathematics department at a
research university.

The traditional curriculum used Calculus by Larson, Hostetler, and
Edwards (2006) as a guide. The instructor demonstrated examples similar
to those in the text as part of the lecture. Students completed standard text
exercises in class. Students also completed standard text exercises for
homework. The instructor began each subsequent day by answering student
questions about the homework. The traditional curriculum was not designed
to initiate reflective abstraction nor was it designed to hinder it. In order to
determine how it occurs in a traditional classroom, a collection of lessons
was audio taped. The transcripts of these lessons were analyzed to identify
instructor as an agent of changes of reflective abstraction.

The experimental curriculum was modeled using the ACE (Activity,
Classroom Discussion, Exercise) teaching cycle (Weller et al., 2003). Each
day’s lesson was designed to include activities that would ask students to
reflect on the mathematics, so the curriculum is a potential agent of change.
Students worked on activities in cooperative groups, so the student’s peer
group is a potential agent of change. The instructor de-briefed the activity
in a classroom discussion, so the student’s instructor is a potential agent of
change. Each student completed a set of exercises related to the activity, so
the individual student is a potential agent of change. To demonstrate that
this occurred, student class work, student homework and transcripts of
group work were examined.

The limit examples used in the experimental section were identical to
those used in the traditional curriculum. Both instructors taught the scripted
curriculum modeled on three sections of the textbook Calculus by Larson
and Hostetler (2006). All students were given the same homework
assignments from the textbook. Classes of both matched sections were
observed and recorded by the researcher to validate that the prescribed
curricula was followed. The only differences between the two calculus
sections were the collaborative activities and the teacher scripted
interactions.
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Results

The researcher and an independent grader scored the pretests and posttests
using the short-response rubric from the Illinois State Board of Education
(2005hb). There were very few discrepancies in grading. These discrepancies
were remedied by constructing and consulting item-specific scoring
schemes and re-grading.

Pretest Analysis. The pretests consisted of twelve computational
questions. Students earned 2 points for a correct solution, 1 point for a
partially correct solution, and 0 points for an incorrect solution. A total of
35 students participated. Table 1 summarizes the statistics from the pretests.
Using a two-tailed t-test and a significance level of p < .05, the results were
t (32) = 0.57 and p = .58. No significant difference was found between the
means of the traditional section and the experimental section on the
pretests.

The data was further analyzed using a standardized measure of effect
size, Cohen’s d. Effect size estimate the strength of an apparent
relationship. Cohen's d is defined as the difference between two means
divided by a standard deviation for the data. Cohen defined effect sizes >
0.2 as small; > 0.5 as medium and > 0.8 as large (Cohen, 1988). Comparing
the traditional to experimental sections on the pretest, we measured Cohen's
d = 0.192, so there was minimal effect.

Table 1
Scores or Pretest — All Participating Students

Section
Measure Experimental Traditional
Sample Size 16 19
Mean 7.313 6.316
Standard Deviation 5.237 5.132

Effect Size — Cohen’s d 0.192




REDIMAT 2(3) 349

Posttest Analysis. The posttests consisted of 14 questions. Twelve
guestions were computational and two questions were essays. Again, these
tests were scored using the same short response rubric from the Illinois
State Board of Education (2005b) that was used in the pretest analysis.
Table 2 summarizes the posttest scores for all students who participated in
the study. Using a significance level of p < .05, a one-tailed t-test for
equality of means was performed. The results of the t-test are t (32) = 2.63
and p < .01. Cohen's d = 0.877 so there was a large effect. The significance
level and effect size show that the students in the experimental section
outperformed those in the traditional section.

Table 2
Scores or Post-test — All Participating Students

Section
Measure Experimental Traditional
Sample Size 16 19
Mean 21.18 16.95
Standard Deviation 4.48 5.14

Effect Size — Cohen’s d 0.877

A small number of students missed at least one of the five class sessions.
A second analysis of the posttests examines the performance of the students
who attended all of the class sessions. Table 3 summarizes the posttest
scores for the students who attended all classes. Using a significance level
of p < .05, a one-tailed t-test for equality of means was performed. The
results of the t-test are t (25) = 1.76 and p = .046. Cohen's d = 0.66 so there
was a medium effect. Using this selection criterion, the students in the
experimental section again outperformed those in the traditional section.
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Table 3
Scores on Post-test Restricted to Only Students Who Attended All Classes

Section
Measure Experimental Traditional
Sample Size 13 15
Mean 21.38 18.4
Standard Deviation 4.50 4.47

Effect Size — Cohen’s d 0.660

In order to minimize differences that might be due to previous
knowledge, an analysis of covariance is included. The posttest scores are
covaried against the pretest scores. The results are F = 6.40, p = .017.
Again using a significance level of p < .05, a significant difference is
present between the experimental and traditional sections. Covariance
results are summarized in Table 4.

Table 4
Post-tests versus Section Type Covaried with Pre-test Score for All Students

Analysis of Variance for Post, using Adjusted SS for Tests

Source df  SeqSS AdjSS AdjMS F p

Pre-test 1 148.25 121.03 121.03 6.01 0.020
Section Type 1 128.94 12894 128.94 6.40 0.017

Error 32 64436 644.36 20.14

Total 34 92154
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Three-Tiered Comparison Subgroup. To get additional information, a
comparison subgroup was chosen from the students in the study. These
students were chosen based on their level of improvement from the pretest
to the posttest. Two students with greatest improvement, two students with
median-level improvement, and two students with least improvement were
chosen from each section. These twelve students (six from each section)
had their posttests re-scored using the five-point extended response rubric
from the Illinois State Board of Education (2005za).

An analysis of covariance was performed using the pretest scores as a
covariate. The results of that test show that F = 2.54, p =.17; so the result
was not significant at the p < .05 significance level. Results from the
analysis of covariance are summarized in Table 5. With no statistical
differences shown in the pretest, it may be fair to compare the six students
in the experimental section to the six students in the traditional section.

Table 5
Post-tests versus Section Type Covaried with Pre-test Score for Three-Tiered
Comparison Subgroup

Analysis of Variance for Post, using Adjusted SS for Tests

Source df  SeqSS AdjSS AdjMS F p

Pre-test 1 25.27 16.57 16.57 151 0.250
Section Type 1 24.63 24.63 24.63 2.24 0.168

Error 9 98.76 98.76 10.97

Total 11 148.67

The twelve posttests for the students in the three-tiered comparison
subgroup were re-scored using the five-point extended response rubric from
the Illinois State Board of Education (2005a). The tests were scored three
on three criteria: first for mathematical knowledge, second for strategic
knowledge and third for explanation. The results appear in Table 6.
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Table 6
Extended Response Results for Students in the Three-Tiered Comparison
Subgroups*

Measures
Mathematical Knowledge Strategic Knowledge Explanation
E T E T E T
N 40.67 6 6 6 6 6
M 5.20 37.17 41.50 37.17 44.33 35.50
SD  0.635 5.81 6.28 5.11 7.09 8.31
d 0.756 1.14

* Each comprised of 2 students with least; 2 with medium-level; 2 with greatest
improvement; E means Experimental and T means Traditional

One-sided t-tests for equality of means of the experimental and
traditional students were performed for mathematical knowledge, strategic
knowledge and explanation measures. A significance level of p < .05 was
used for each of the tests. No significant difference was identified for the
mathematical knowledge measure, t (10) = 1.10, p =.15. Cohen's d = .635
so there was a medium effect. No significant difference was identified for
the strategic knowledge measure, t (10) = 1.31, p = .11. Cohen'sd = .756 so
there was a medium effect. [According to Vernez and Zimmer (2007) these
two Cohen’s d’s would be classified as large effect sizes in education
interventions.] A significant difference was identified for the explanation
measure, t (10) = 1.98, p = .04. Cohen's d = 1.14 indicating a large effect.

Agents of Change. The experimental curriculum was designed in to
initiate reflective abstraction. To demonstrate that this occurred, student
class work, student homework and transcripts of group work were
examined. A sample of these protocols was collected from the three-tiered
comparison subgroup. Items from these protocols were coded based on the
construct of reflective abstraction (interiorization, coordination,
generalization, reversal, and encapsulation) and the agent of change
(curriculum, peer, instructor, individual).

The traditional curriculum was not designed to initiate reflective
abstraction nor was it designed to hinder it. In order to determine how it
occurs in a traditional classroom, a collection of lessons was audio taped.
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The transcripts of these lessons were analyzed to identify instructor as an
agent of change. Peers were not given the opportunity in the classroom to
work together, so there were no opportunities to infer peer group as an
agent of change. Both the experimental section students and the traditional
section students completed the same textbook homework, so these protocols
were collected and analyzed for individual as an agent of change.

Conclusion

The following evidence suggests that reflective abstraction is a contributing
factor for improved student understanding of the limit concept. The
experimental curriculum was successful in promoting reflective abstraction
through individual, peer, curricular, and instructor as agents of change. The
traditional curriculum was not designed to promote reflective abstraction.
However, as one might expect from a good instructor, the traditional
curriculum promoted reflective abstraction through instructor as an agent of
change. The students in the experimental section outperformed the students
in the traditional section on a test of the concept of limit. Both sections
examined similar examples in class and completed the same homework
exercises. For these reasons it is fair to conclude that the curriculum was a
significant reason for the success of the students in the experimental
section.

The artifacts from the three-tiered subgroup provide evidence that the
experimental curriculum was successful in initiating reflective abstraction.
They also provide evidence that the teacher in the traditional section
regularly initiated reflective abstraction in his lectures. Finally, these
artifacts indicate that successful calculus students engage in reflective
abstraction regardless of the teacher or the curriculum. However, this
research shows that a curriculum designed to promote reflective abstraction
can improve student performance.

An interesting, unexpected result was that students in the experimental
section were better at written explanation of mathematics than were the
students in the traditional section. This indicates that opportunities to reflect
on learning, together with regular writing assignments, may improve a
student’s written communication skills in mathematics.
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In conclusion, our study indicates that an experimental calculus
curriculum can promote reflective abstraction. Furthermore, an
experimental curriculum, with instructor, peer, curriculum and individual as
agents of change, can show improved student performance, mathematical
knowledge, strategic knowledge, and written explanation on the concept of
limit.

Initiating reflective abstraction is an effective tool for improving a
student’s performance in mathematics. The constructs of interiorization,
coordination, encapsulation, generalization and reversal should be
examined in the process of mathematics curriculum development. Teachers
should promote reflective abstraction using instructor, peer, and curricular
as agents of change. Instructors should design problem sets that enable
students to initiate reflective abstraction independently. The challenges of
teaching and learning mathematics are substantial. Promoting reflective
abstraction may enable teachers to help students meet this challenge.
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