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Abstract
This study addresses the sample error and linking bias that occur with small and unrepresentative
samples in a non-equivalent groups anchor test (NEAT) design. We propose a linking method
called the synthetic function, which is a weighted average of the identity function (the trivial
equating function for forms that are known to be completely parallel) and a traditional equating
function (in this case, the chained linear equating function) used in the normal case in which
forms are not completely parallel. Specifically, we compare the synthetic, identity, and chained
linear functions for various-sized samples from two types of national assessments. One design
uses a high reliability test and an external anchor, and the other uses a relatively low reliability
test and an internal anchor. The chained linear equating functions derived from the total sample
are used as the criterion equating function in both assessments. The results from each of these
methods were compared to the criterion equating function with respect to linking bias and error.
The study indicates that the synthetic functions might be a better choice than the chained linear

equating method when samples are neither large nor representative.
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Introduction

Test equating is a statistical method that makes scores from different test forms
interchangeable by adjusting for differences in difficulty among forms built to the same
specifications. As with other statistical procedures, the equating of test scores is subject to
sampling effects such as sampling error or sampling bias. If the sample is large and
representative, the equating relationship in the sample may accurately represent the equating
relationship in the population. The smaller the sample, the more likely it is that the equating
function computed for that particular sample differs substantially from that of the population.
Additionally, sampling error may affect the extent to which the sample represents the population
from which it was drawn, and, as a result, can influence the quality of the equating. In practice,
the use of a small sample can be expected to have more influence on equating when equated
samples are not representative.

We propose a linking method called the synthetic linking function, which can be used
instead of conventional test equating when samples are very small and unrepresentative. As the
name indicates, the synthetic function is a weighted average of the identity function appropriate
for equating when forms are completely parallel and a traditional equating function (e.g., the
chained linear equating function). This function has not been defined in the literature. The major
purpose of this study is to investigate the potential benefits of the synthetic method for linking
that involves small samples. This study addresses the sample error and linking bias that occur
with small samples in the non-equivalent groups anchor test (NEAT) design with respect to
various equating/linking functions. Identity, chained linear, and synthetic functions are compared
to the criterion function in terms of linking error resulting from sample variability and bias for
different sized samples. The same form of analysis is conducted using two types of national
assessment programs, one with a highly reliable external anchor and one with a moderately
reliable internal anchor, to enhance the generalizability of the findings.

The analysis is preliminary to the extent that, in the synthetic function, the weighting of
components is even rather than selected on any rational grounds. Thus the present study
illustrates the potential benefit of a synthetic function, but it does not provide an operational

procedure.



Small-Sample Equating

Most of the literature on small-sample equating focuses on the minimum sample size
needed to ensure the accuracy of test equating. For example, Hanson, Zeng, and Colton (1991)
examined the functioning of various equating methods with samples ranging from 100 to 3,000
observations. They found that, with samples of 100, the identity function provided lower linking
errors (including bias and sample error, which is zero for the identity function) than any other
linear and equipercentile equating method in the random groups equating design. According to
Harris (1993) and Kolen and Brennan (2004), a rule of thumb is a sample size of at least 400 per
form when using linear equating or equating based on the Rasch item response theory model, and
1,500 per form when using equipercentile equating or equating based on a three-parameter item
response theory model. In any given situation, however, the shapes of the distributions and the
degree of linking precision required should be examined when considering sample size
requirements. In addition, in the case of equipercentile equating, the effects of log-linear
smoothing (Holland & Thayer, 2000) require consideration. Because linking may be situation
specific, the literature provides no definitive recommendation for sample sizes for an appropriate
linking process.

In related research, Livingston (1993) examined the effectiveness of log-linear models
used to presmooth discrete probability distributions. He considered samples of 10, 25, 50, 100,
and 200 examinees per form in the common-item NEAT design. He found that the benefits of
smoothing were greatest when the sample was small, but that the number of moments in the
observed distribution that should be preserved in the smoothed distribution depends on the
sample characteristics. It is also worth noting that if the samples are small, then log-linear
smoothing, a nonlinear process, may introduce sampling bias that can offset the gain due to
reduction in the standard error of equating (SEE).

Based on a slightly different perspective, von Davier and Kong (2005) examined the SEE
and the statistical sensitivity of the standard error of equating difference (SEED) in the NEAT
design among linear equating methods for different size samples. They concluded that
differences between the Tucker and chained linear equating functions might not be statistically
significant with a sample of 100 observations, although they may be significant in the original
large samples. This finding indicated that substantial uncertainty results when computing
equating functions with a small sample. Additionally, they found that a sample of 200



observations was apparently large enough for the SEED to detect a statistical difference between
the two methods for most of the score range. The SEEs and the SEEDs are asymptotic results; it
is therefore important to determine how they vary with sample size. For samples as large as
10,000 observations, parameters will be estimated accurately; consequently, the +2SEE and
+2SEED bands will be narrow. As samples become smaller, these bands become broader,
indicating greater uncertainty in the equating results, especially at the extreme scores.

Parshall, Houghton, and Kromrey (1995) examined the effects of sample size on the
stability and bias of linear equating with two parallel forms based on the common-item non-
equivalent-group design. Specifically, they examined the SEE and statistical bias in linear
equatings with small samples, such as 15, 20, 50, and 100. Their results suggested trivial levels
of equating bias even with small samples but substantial increases in standard errors as sample
size decreases. The sampling error is smallest in the proximity of the mean raw score of the
examination, and the error increases monotonically (but not linearly) as a function of the
deviation of scores from the mean. This implies that the standard error associated with
differences in sample size becomes more pronounced for scores at greatest distances from the
mean raw score for the examination.

In a similar manner, Skaggs (2005) used an equivalent-groups design to study the
equating of the passing score on a certification test using samples ranging from 25 to 200
observations. He selected four equating methods—Iinear, mean, presmoothed (using log-linear
models), equipercentile, and unsmoothed equipercentile—and compared them with respect to
equating bias and the SEE. He found that the SEE became smaller as sample size increased,;
however, equating bias changed little as a function of sample size. Even the sample that included
200 observations evinced substantial equating error on at least part of the raw score scale,
yielding a significant percentage of misspecified examinees in terms of their pass/fail
designations. Additionally, Skaggs found that two- and three-degree smoothing generally
produced smaller standard errors than did unsmoothed equating, and, as Livingston (1993)
found, this benefit increased as sample size decreased to, but not below, 50 observations.

As summarized above, several studies have been conducted to examine the effects of
small samples on equating with respect to equating error or statistical bias. Some experts believe
that use of an identity function is preferable to nontrivial equating with extremely small samples,

as the large random equating error associated with very small samples negates the benefits of



equating. Statistical methodology cannot solve problems caused by poorly collected data or data
insufficiency. In many testing programs (e.g., in programs with a consistently low volume of
examinees), however, it may not be feasible to obtain large samples. Nevertheless, these
programs need to report, in a timely manner, comparable scores over different administrations or
test forms. This dilemma is particularly severe in the common situation in which form

construction has not been well-structured.

Identity Function Versus the Weighted Function

As mentioned, an alternative to equating with small samples is to use the identity
function. In general, the identify function will be appropriate when test specifications are well-
defined and two forms are nearly parallel in both difficulty and content. Harris (1993) pointed
out two reasons for not conducting equating: (a) equating is unnecessary or (b) equating is
unwarranted. In practice, equating is unnecessary when the forms to be equated are similar
enough that equating would likely produce more error than it would remove. Additionally, Harris
stated that no equating should be considered when samples are small. Recently, Skaggs (2005)
found that when using samples as small as 25 no equating is likely to do less harm to examinees
than some form of equating because equating with small samples may lead to a degree of
equating error that could exceed the total equating error variance, at least when using linear
equating methods.

Whether or not to use the identity function will be a major decision in a small sample
situation. This decision may depend on several variables such as specific sample size, location of
passing scores on the raw score scale (if applicable), equating design (e.g., NEAT or random
group design), and degree of difference between forms. For example, Skaggs (2005)
recommended the use of identity function in the random group case when forms differ by one-
tenth of a standard deviation or less, indicating a small difference between them. Using the
identity function may allow a small amount of equating error when test forms are carefully
developed from the same set of test specifications. Ironically, well-controlled test assembly for a
stable test is usually accompanied by ample data available for equating. Data paucity is likely to
affect the test assembly process as well as the equating process (Neil Dorans, personal
communication, May 8, 2006). This means that the use of the identity function instead of some

form of equating may lead to a large amount of unknown bias, called systematic error.



In general, the total equating error can be partitioned into random error and systematic
error components. Which is more worrisome in small sample equating situations: bias or
equating error (i.e., random error) resulting from sample variability? The answer may depend on
the situation. For example, bias may be problematic especially for tests with cut scores. The
sample equating function may have less linking bias than the identity function; however, for
small samples, it has quite a bit of error due to sample variability. Conversely, the identity is
usually quite biased but it has no sample variability (i.e., error). The intent in using the identity is
for the increase in systematic error to be more than offset by the decrease in random error. The
sum of random equating error variance and squared bias equals the mean squared error in
equating. Based on this relationship, if the squared bias associated with the identity function is
less than the random equating error variance associated with using other equating methods, the
identity function is preferable to other equating functions (Kolen & Brennan, 2004, p. 289).

This study is designed to introduce an alternative, called the synthetic linking function,
which is a weighted average of the identity function (having no equating error but large bias) and
the traditional equating function (having small bias but large equating error). The synthetic
function is not normally an equating function, for it does not in general satisfy the invertibility
requirement for equating functions. However, this requirement may be achieved with an
appropriate weight system. Unless the weight attached to the identity function decreases to 0 as
the sample size increases, the synthetic function need not converge to the population equating
function as the sample size increases.

Appropriate weighting of the identity and conventional equating functions is not clear
without either historical information concerning variability of form difficulty or specific
information concerning construction of forms. Despite these limitations related to the synthetic
function, the synthetic function can be a better choice than the sample equating function or the
identity function in certain specific contexts. For instance, with very small equating samples, the
synthetic function may provide smaller linking error than other traditional methods, and it may
also provide less bias than the identity function does. The synthetic function offers a useful
compromise between the two and can better reduce the total mean squared error than can the
sample equating function or the identity function when equating samples are small. For that

reason, we suggest the synthetic function as an alternative where test equating must be based on



very small samples; however, the proper development of weights is a subject for further research.
The equations for the synthetic function are presented in detail in the methodology section.

The Major Purpose of This Study

This study addresses the sample error and equating bias that occur with small and
unrepresentative samples in the NEAT design. Specifically, this paper focuses on identity,
chained linear, and synthetic functions with samples of various sizes (N = 10, 25, 50, 100, and
200) from two types of national assessments: one with a highly reliable external anchor (Study 1)
and one with a moderately reliable internal anchor (Study 2). Study 2 uses data sets from a
teacher licensure testing program that requires pass/fail designations. Because the original
samples from these assessments are large, the chained linear equating function derived from the
total samples is used as the criterion for both types of assessment. We compare the results from
the three methods (identity, sample-based chained linear, and synthetic functions) with the
criterion function with respect to equating bias, equating error, and the root mean squared error

(RMSE) index, defined as a function of equating error and bias.

Methodology

Design

A NEAT design is often used with small samples in practice. As presented in Table 1, in
the NEAT design there are two test forms, X and Y, to be equated and a target population, 7, for
which the equating is done. These two operational tests (X and Y) are given to two samples of
examinees from different test populations or administrations (denoted here by the populations P
and Q). Accordingly, the two test scores, X and Y, are each only observed either on P or on Q,
but not on both. An anchor test, ¥, is given to both samples from P and Q resulting in the
following data structure, where v* denotes the presence of data. The anchor test score, ¥, can be
either a part of both X'and Y (the internal anchor case) or a separate score (the external anchor
case).

In the NEAT design, the Target Population, 7, is a mixture of P and Q in which P and O
are regarded as partitioning 7. P and Q, are also given weights that sum to 1. This is denoted by

T=xkP+(1-x)0. (1)



The partition of T'is determined by the weight k. If k =1, then T=Pand ifk =0then 7= Q. If
=Y, then P and Q are represented equally in 7. Any choice of x between 0 and 1 is possible and

reflects the amount of weight that is given to P and Q in determining the target population.

Table 1
Data Collection: NEAT Design
Target Original
population populations * g !
, P N N
0 V v

Equating/Linking Functions Used in This Study

As mentioned earlier, we investigated only the chained linear equating method (equating
Form X to Form Y) in this study, along with the identity and synthetic functions, because we
expected similar equating results from other linear methods (e.g., Tucker, Levine), and the
samples of interest are too small to ensure the adequacy of equipercentile equating results
(Harris, 1993; Kolen & Brennan, 2004). The description for these methods is as follows:

Chained linear equating function. Many observed score equating methods are based on
the linear equating function. Usually, the rationale behind linear equating on the target
population, 7, is to set standardized deviation scores (z-scores) on the two forms to be equal such
that

where ,,,0,,, i, and o, are the means and the variances of X and Y in 7.* Solving for y in

the above equation results in the equation for the linear equating function:

Linyy (¥) = iy + 0y {M} @

XT



In this study, we use the chained linear equating function as a generic linear function in
the NEAT design. We expect similar results for the other linear observed-score equating
functions in the NEAT design, such as the Tucker and the Levine observed-score equating
functions. All these functions and their (untestable) assumptions are described in detail
elsewhere (von Davier & Kong, 2005; Kolen & Brennan, 2004).

The chained linear equating function in the NEAT design is given by chaining the two

linear linking functions (i.e., by using the mathematical composition of the two linear functions),

from X'to Von P [Lin,, (x)] and from V'to Yon Q [Lin,, (v) ]. This results in the usual form for

the chain linear equating function as follows:

CLy, (x) =Lin,, (Lian (x))
= Hyo +(GYQ /GVQ)((,UVP +(GVP /O-XP)(X_ILIXP))_/JVQ) (3)

=t + (0101 070 ) (1 = t10) + (0201 01 ) (01 74 ) (x = 13 )

von Davier, Holland, and Thayer (2004) showed that the chain linear function from Equation 3
can be written in the same general form as Equation 2.
Identity linking function. An alternative to equating with small samples is to not conduct

any equating at all. Formally, the identity function is
IDy; (x) = x, 4)

where x is a raw score of the new form X that is placed on the raw-scale of the old form Y.
Obviously, the identity function is linear. The random equating error is zero for the identity
linking, because the equated scores are obtained through a deterministic procedure. As
mentioned before, however, the use of the identity can increase systematic error (i.e., bias). For
the identity linking to function properly, the two test forms to be equated need to have the same
number of items (i.e., the same number of possible scores).?

Synthetic linking function. We propose an alternative method called the synthetic linking
function for equating with small samples. The synthetic linking function creates a compromise
between the identity function (no equating) and linear linking by combining them using a
specific weight system:



Syny (x) = wx CLy (x) + (1—w) x IDy (x), 5)

where w is a weight between 0 and 1; x is raw score in Form X; CLyr is the chained linear
function (which can be replaced by other types of equating functions); and /Dy is the identity
function. Note that the weight w from Equation 5 is not the same as the weight x from Equation 1
that is used for defining the target population.

As discussed previously, equating with small samples may lead to large sampling error
reflected in the SEE. Given that the SEEs for the identity linking are zero, the SEEs for the

synthetic linking can be substantially reduced as compared to the chained linear function used

here:
Var(Syn,, (x)) = w?Var(CL,, (x)) + (1— w)*Var(ID, (x)) + 2w{l— w)CoV(CL,; (x), 1D, (x)) ©)
=w*Var(CL,,(x)).
Hence,
SEE(Syn,, (x)) = .5 x SEE(CL,, (x)) )
if w=.5.

As can be seen, when giving the same weight to the identity and chained linear functions,
the SEE is reduced by one half. Similarly, Equation 8 shows that the bias of the synthetic
function that is mostly introduced by use of the identity function can be reduced under the
assumption that the chained linear equating function is not biased or much less biased when

compared to the identity function.
(syny (x)) = wx [ 4(CLy; (x)) ]+ (1= w) x [ u(IDy (x))]. (8)

One issue related to use of the synthetic function has to do with the manner in which the
two functions are averaged using a certain weight system. There is no literature/definitive
guidance regarding the weight systems when averaging the two different equating/linking
functions. The best approach in this case will be to reevaluate the data-collection design,
beginning with the design of the test itself (Michael Walker, personal communication, May 3,

2006). However, more often the weight system for the two functions will be investigated after



collecting data. In that case the following aspects can be considered as some guidelines to
deciding on specific weights: the a priori information about the tests forms and the anchor (e.g.,
sample size, tests and anchor reliability, test specifications, and test variability over time) and
information about the two populations of examinees. For example, when the standardized mean
differences on the anchor in the two equating samples are small (< 0.1) but the mean difficulty
difference of the test forms is large (> % standard deviation), the identity function should have a
low weight (less than .5 in Equation 5). In other words, the identity function should be weighted
less because it cannot adjust for the difference in difficulty between the two forms, which would
introduce bias in the equating results and because the conventional equating function can be
determined with relatively good accuracy. Conversely, when the mean difficulty difference of
the two tests forms is small, the identity function can be highly weighted (greater than one half in
Equation 5). That is, the identity function might receive a higher weight (closer to 1) when test
forms are constructed to be nearly parallel. The weight on the identity function might decrease
when the sample size increases.

Although weight systems for the two functions are flexible, a simple scheme to illustrate
use of the synthetic function weights the two functions equally. This weighting will be used in
this study. Based on the finding about test variability, however, other weights might be used as
well. A more thorough analysis for choosing the appropriate weights is an interesting issue for
further research, and it will be presented elsewhere. An equation that will transform the ordinary
weight system into the symmetric weight system is presented in the appendix.

Criterion function. We chose the linear equating derived from the substantially large total
samples as the equating criterion. It may be questionable why the total sample criterion function
is linear in nature, but it is worth noting that the linear function is the linear part or first term in
an expansion of the equipercentile function (von Davier, Holland, & Thayer, 2004, p. 12). The
remainder (called R(x)) caused by the shape difference between linear and nonlinear functions is
small if the score distributions of the tests are similar in shape. We chose the linear criterion to
avoid confounding the differences in accuracy with the differences in the shape between the
large and small samples’ equatings. We compared the chained linear, identity, and synthetic
functions in small samples with a chained linear equating function derived from the total groups

with respect to equating bias, SEE, and an RMSE index.
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Procedure
As the first step, we used the chained linear method with the total samples from P and Q

and then obtained the Form X scores equated to the Form Y scores. These equated X scores are
the equating criterion. As the next step, we linked the Form X scores to the Form Y for the five
sample sizes. For each sample size, we estimated bias and RMSE by use of a Monte Carlo
simulation with 1,000 replications. For each replication and sample size, the three different
equating/linking methods were then applied. These small sample equating results were compared
with the equating criterion derived from the total groups by computing differences over the entire
range of scores. The differences between them were investigated with respect to the following

deviance measures.

Deviance Measures

In order to evaluate equating/linking results, equating bias (see Equation 9) and the SEE
(see Equation 10) were calculated over 1,000 replications, along with the RMSE and
standardized root mean squared error (SRMSE) that is free from the score scale (see Equations
11 and 12). Particularly, the SRMSE is used for comparing the results from assessments having
different reporting scale lengths.

Equating bias was defined as the mean difference between an equating method and
criterion equating over 1,000 replications. The standard deviation of these differences over 1,000
replications is a measure of the SEE or error due to sample variability. The sum of squared bias
and squared SEE is an indication of total equating error variance, and the square root of this

value is an RSME index. The following equations represent bias, equating error, and RMSE

measures conditioned on each raw score point (x;):

J
Z[éyj (%) —e, (xl.)}
Bias, =d, == : (9)
J
SEE; =sd, = \/Varj [éyj (xl.) —e, (xl.)] = \/Varj [éyj (xl.)]. (10)

RMSE, = \/d? + sd?. (11)

11



SRMSE,= Yo —— (12)

where i is the number of score points, ; is the number of replications (/ = 1,000), &, (x) denotes

the raw score equivalent calculated from one of the equating functions (chained linear, identity,

and synthetic functions) in the sample j, e, (x) indicates the raw score equivalent from the
criterion equating function, and o, is the standard deviations of Y in Population Q.

As shown in these equations, bias indicates the difference between the average estimated
y-score equivalent across all samples and the population (actual) y-score equivalent, and
equating error indicates the difference between the estimated y-score equivalent for a sample and
the average estimated y-score equivalent across all samples. These conditional bias, equating
error, and RMSE indexes were averaged over the entire range of raw score points, respectively,

to obtain a single summary measure for each deviance measure.

Small-Sample Selection

New samples of 10, 25, 50, 100, and 200 observations were randomly selected from P
(those who took (X, 7)) and Q (those who took (Y, ¥)), respectively, using SAS PROC
SURVEYSELECT. This method of simple random sampling selects units without replacement.
Each possible sample of » units drawn from N has the same probability of being selected. For
each sample size, we randomly selected 1,000 samples with the same sampling rate and sample
design. Accordingly, 5,000 (=5 x 1,000, where five represents the five sample sizes) random
samples were drawn from the original Np for (X, ') and Ny for (Y, V); samples were then paired
to equate Form X to Form Y using the linking/equating methods. The exact same sampling
procedures were employed for the real data sets from two types of national assessments.

The next two sections describe two studies with similar formats conducted with the two
data sets of the different testing programs. The first study uses an external anchor in the NEAT
design; the reliabilities for both the tests (.92 — .94) and the anchors (.84) are high. Although
anchors are external in this design, the correlations between the tests and the anchors (.87 — .88)
are still high. This suggests more weight be placed on the identity function (see Table 2 for

details). The second study uses an internal anchor in the NEAT design, and the reliabilities for
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both tests (.82 — .86) and anchors (.67) are lower than those in the previous study. Although
internal anchors were used, the correlations between the tests and the internal anchors (.88) are
about the same as in the external anchor design (see Table 5). The data sets used in Study 2 are
from a licensure testing program having cut scores. Those cut scores (which fall in the exact raw
score range from 64 to 77) are located near the mean, suggesting less weight be placed on the
identity function. Although we expect the identity function to perform differently depending on
data characteristics, the equal weight system (.5) was employed when synthesizing the two
functions in both studies. Consequently, these studies may tell us how the identity function works

differently as a function of test reliability and correlations between total test and anchor in practice.

Study 1
Data
This study used data from two national administrations of a high-volume testing program.
The administrations took place in the fall of 2001 (called P) with Form X and in the winter of
2000 (called Q) with Form Y (the same set of data as in von Davier & Kong, 2005). The data
were collected following a NEAT design with an external anchor, as shown in Table 1. The data
sets consist of the raw sample frequencies of rounded equation scores® for two parallel, 78-item

tests(Xand ¥; x,=», =0, x,=y,=1 -, X, = ¥, = 78) and a 35-item external anchor test (V;
v, =0, v, =1 -+, v, =35) given to two samples (P and Q) from a national target population of

examinees (7). The number of examinees was 10,634 in P and 11,321 in Q. Descriptive statistics

for these groups are summarized in Table 2.

Table 2

Summary Statistics for the Observed Distributions of X, VinPand Y, V in Q: Study 1
N yr o SEM  Reliability P

Xp 10,634 39.25 1723 45-46 .91-94 .88

Vp 17.05 8.33 3.3 .84

Yo 11,321 32.69 16.73 45-46 .91-94 .87

Vo 14.39 8.21 3.3 .84

Note. SEM = Standard error of measurement. p = Correlation between total score and anchor.
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As shown in Table 2, the mean of the anchor test V7 is 17.05 (+0.08) in population P and

14.39 (£0.08) in Q, where 0.08 is the standard error of the mean. Thus, population Q is less

proficient than population P, as measured by V. In terms of effect sizes, the difference between
these two means (2.66) is approximately 32% of the average standard deviation of 8.27. This
magnitude indicates a fairly large difference between the two populations for this type of testing
program. However, psychometric properties (e.g., standard error of measurement, reliability,
correlation between total score and anchor) for the two forms were almost identical across
administration groups.

Small samples of 10, 25, 50, 100, and 200 observations were randomly selected from P
(those who took (X, 7)) and Q (those who took (Y, 7)) and paired to be used as equating samples
according to the procedures described above. The summary statistics for X, ¥, and V'in P and O

over 1,000 pairs of samples are presented in Table 3, along with statistics for the total group.

Results

Form X was equated to Form Y using a chained linear equating method with a sample of
10,634 examinees for Form X and 11,321 examinees for Form Y. For each raw score (0 to 78) on
Form X, the equivalent raw score on Form Y was determined. This raw-to-raw conversion served
as the equating criterion. To examine the effectiveness of small-sample equating, three
linking/equating methods were examined: chained linear, the identity function, and the synthetic
link. The results from each of these methods were compared to the equating criterion by
subtracting the criterion raw score equivalents from the raw score equivalent produced by one of
the equating methods for each possible raw score on Form X. The differences between them were
summarized with respect to equating bias, SEE, and RMSE/SRMSE indexes. Table 4 presents
the summary statistics averaged over the entire range of raw scores within each combination of
sample size and equating approach.

As shown in Table 4, both equating bias and error became smaller as sample size increased.
By design, the averaged difference (i.e., bias) between the identity function (no equating) and the
criterion equating on the total population was constant across the five sample sizes. As expected,
the identity function showed the greatest amount of equating bias (1.171) compared to the chained

linear and synthetic functions, but there is no equating error for this function.
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Table 3

Summary Statistics for the NEAT Design With a Highly Reliable External Anchor for Five Different Sample Sizes

Hxp Oxp Hvp Oyp y25¢0) (970) Hrvo Ovo Phxv Py

Total 39.25 17.22 17.05 8.33 32.68 16.72 14.38 8.20 .88 87
N=10

Average 39.48 16.79 17.16 8.18 32.78 16.38 14.38 7.97 87 .86

SD 5.58 3.36 2.69 1.58 5.22 3.16 2.65 1.54 A1 A1

Max 55.80 27.17 25.40 13.61 48.90 27.02 22.00 12.73 99 99

Min 21.70 5.83 7.00 2.11 17.80 5.64 7.00 3.73 -.10 -.02
N=25

Average 39.16 17.08 16.97 8.27 32.63 16.66 14.34 8.16 .88 87

SD 3.44 2.01 1.67 94 3.28 2.03 1.65 .96 .05 .06

Max 51.72 23.48 22.24 10.99 43.96 23.80 19.68 12.37 .98 97

Min 27.48 10.70 11.28 5.58 21.08 9.03 9.24 5.22 57 46

Total 39.25 17.22 17.05 8.33 32.68 16.72 14.38 8.20 .88 87
N=50

Average 39.21 17.12 17.02 8.29 32.72 16.69 14.39 8.19 .88 87

SD 2.40 1.39 1.13 .65 2.35 1.35 1.16 .65 .04 .04

(Table Continues)



Table 3 (continued)

o7

Hxp Oxp Hyp oyp y25¢0} (%70) Hvo (9270) Phrv Py

Max 48.44 21.25 21.70 10.04 41.04 11.81 18.08 10.27 .95 .95

Min 30.16 12.83 13.90 6.14 24.90 21.68 10.60 6.24 .63 .66
N=100

Average 39.17 17.24 17.03 8.33 32.64 16.68 14.36 8.19 .88 87

SD 1.71 97 .82 46 1.64 94 .79 44 .03 .03

Max 45.12 20.21 19.86 9.67 38.13 19.28 16.69 9.55 94 .93

Min 33.65 13.94 14.38 6.74 27.62 13.70 11.80 6.93 .64 12
N =200

Average 39.28 17.20 17.06 8.32 32.62 16.72 14.35 8.20 .88 87

SD 1.24 .65 .59 31 1.16 .64 .56 31 .02 .02

Max 42.57 19.26 18.96 9.27 36.71 19.12 16.45 9.17 .93 .92

Min 35.32 15.23 15.06 7.40 29.59 14.87 12.91 7.25 .79 .80

Note. uxp, oxp, typ, and oyp are the means and the standard deviations of X and V' in P. uyo, ovo, o, and oy are the means and the
standard deviations of Yand V'in Q. p., is the correlation between X and V' in P. p,, is the correlation between Y and V'in Q. The
average, SD, max, and min indicate mean, standard deviation, maximum value, and minimum values for each statistics (e.g., ixp, oxp,

Uyp, ovp, and p,,), respectively, computed over 1,000 replications.



Table 4
Summary of Differences Among Various Equating Functions Using Small Samples in a
NEAT Design With a Highly Reliable External Anchor

Deviance measures ~ Chained linear—criterion Identity—criterion Synthetic—criterion
N=10
Bias .989 1.171 877
SEE 7.032 .000 3.516
RMSE 7.101 1.171 3.623
SRMSE 425 .070 217
N=25
Bias 241 1.171 601
SEE 3.915 .000 1.957
RMSE 3.922 1.171 2.048
SRMSE 235 .070 123
N =50
Bias 114 1171 .607
SEE 2.609 .000 1.305
RMSE 2.612 1.171 1.439
SRMSE 156 .070 .086
N=100
Bias .019 1171 594
SEE 1.777 .000 .889
RMSE 1.777 1.171 1.069
SRMSE .106 .070 .064
N =200
Bias 012 1.171 589
SEE 1.262 .000 631
RMSE 1.262 1171 .863
SRMSE 075 .070 .052

Note. The values for the bias, SEE, RMSE, and SRMSE were averaged across the entire

range of raw scores that were calculated over 1,000 replications.
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The chained linear method showed the smallest bias (from .012 to .989), but it also showed
the greatest amount of equating error (from 1.262 to 7.032). The synthetic function showed the
next highest level of bias (from .589 to .877) and showed the next highest equating error (from
.631 to 3.516) across the five sample sizes. As Equation 7 indicates, the SEE of the synthetic
function was reduced by one-half compared to the SEE of the chained linear function. As a
function of equating bias and error, RMSE and SRMSE also showed a consistent pattern across the
five sample sizes. RMSE and SRMSE were smaller for all methods as sample size increased. The
identity function showed the smallest RMSE compared to other functions for samples as small as
50. When sample size increased, however, the synthetic function showed a smaller RMSE than the
identity function. The RMSE index of the chained linear function was much larger than that of
other functions, even when samples were as large as 100. In addition, the identity function showed
a SRMSE of equating less than .1. The SRMSE for the synthetic function was less than .1 for
samples as small as 50, but chained linear approached this level only for samples of 100 or greater.
At samples of 200, all the methods resulted in SRMSE values of less than .1.

Figures 1 to 5 plot the bias of equating for each method compared to the criterion at each
score point. As shown in these figures, chained linear equating appeared to be better than the
other techniques when it was averaged over 1,000 replications. Even for samples of size 25,
chained equating showed very little bias for the middle raw score range, 35 to 55, although the
bias increased toward both ends of the raw scores. As presented in Figure 5, chained linear
showed almost no bias across the entire range of raw scores when samples were as large as 200.
The average bias of chained linear equating was located within one SEE criterion even when
samples were as small as 50. The identity function tended to produce higher raw equivalent
scores compared to the criterion, and this tendency was stronger when raw scores increased. As
expected, the bias of the synthetic function was located somewhere between chained linear and
identity across the entire range of raw scores.

Because equating bias was averaged over 1,000 replications, it might misrepresent the
actual trend. For that reason, the bias of chained linear equating based on small samples was
presented along with its error band representing plus or minus one empirical SEE. This range
represents the 68% confidence interval for the chained linear equating function. In both cases,
the 68% band for chained linear equating was very wide, implying severe fluctuation across
1,000 replications. As expected, the 68% band became narrower as sample size increased. As
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presented in Figure 4, the 68% band was still wide even for the medium sample size (e.g., 100)
condition, but the chained linear function might be as effective as the identity function for the
raw score region 35 to 50. As presented in Figure 5, chained linear equating approached a level
of bias and error similar to that of the identity and synthetic functions with samples of 200. The
68% band for the synthetic function was also presented in these figures. As Equation 7 indicates,
this band was located in the middle of the 68% band for the chained linear function.

The comparison between the chained linear function and the synthetic function was
particularly interesting. When sample sizes were small (less than 50), in general, the synthetic
function outperformed the chained linear function because the identity function (no equating
error) is part of the synthetic function. The figures suggest that, for samples as small as 10, 25, or
50, the identity function is generally preferable to any of the other linking functions under study.
This result corroborated Skaggs’ (2005) finding. Although Skaggs concluded that some form of
equating is clearly preferable to no equating for samples larger than 75, the identity function (no
equating) showed a generally smaller RMSE index than the chained linear function for samples
as large as 200 in the current study. The reason may be related to test design in that Forms X and
Y were close to parallel. However, the synthetic function, which contains a chained linear

component, showed a smaller RMSE than did the identity for samples as large as 100.
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Figure 1. Equating bias of different methods over 1,000 replications (N = 10) in the high-

reliability external anchor design.
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Figure 2. Equating bias of different methods over 1,000 replications (N = 25) in the high-

reliability external anchor design.
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Figure 3. Equating bias of different methods over 1,000 replications (N = 50) in the high-

reliability external anchor design.

20



%]
o “L__ T T = HHK
o L T ' SRR
DL NN AN
(9} sess
E
©
® L e ERERRRAAAAAT I e AR RS s e ananng
T e
o -1p==TT o e e,
X -2 = R

-3 1

-4

-5 i i i i i i i

0 10 20 30 40 50 60 70 80

Raw score on X

——— Criterion (Ch. Lin. Total) = = = 68% band, Synthetic —+—Avg. Chained Linear
— = 68% band, Ch. Linear —»— |dentity function —e— Synthetic function

Figure 4. Equating bias of different methods over 1,000 replications (N = 100) in the high-
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Study 2
Data

Data sets from two national administrations of a licensure testing program, mostly
composed of low-volume tests, were used to examine the impact of small samples on equating
for combinations of sample size and equating method. The administrations took place in April
2004 with Form X (called P) and in March 2004 with Form Y (called Q). The data were collected
following the NEAT design with an internal anchor as shown in Table 1.

The data sets consist of the raw sample frequencies of right scores for two nonparallel,
110-item tests* with 36 internal anchor items given to two samples (P and Q) from a national
population of examinees (7). The number of examinees was 6,019 in P and 6,386 in Q.
Descriptive statistics for these groups are summarized in Table 5.

As presented in Table 5, the mean of the anchor test Vis 26.75 (+0.05) in population P
and 26.56 (+0.05) in population Q, where 0.05 is the standard error of the mean. The difference
between these two means (.19) indicates a negligible difference between the two populations for
this type of testing program. Thus, population Q is as able as population P, as measured by V. In
addition, the anchor test shows relatively lower reliability than the total test because in this case

the anchor is a shorter version of the total test.

Table 5
Summary Statistics for the Observed Distributions of X, Vin P and Y, V in Q: Study 2

N 1 o SEM Reliability 0
X 78.58 10.78 4.2 82— .86

6,019 88
Vp 26.75 4.08 2.3 67
Y 79.44 10.85 4.2 82— .86

6,386 88
Vo 26.56 4.06 2.3 67

The summary statistics for X, ¥, and Vin P and Q in the new samples (10, 25, 50, 100,
and 200) are presented in Table 6, along with statistics for the total group. The equating

procedures and statistical criterion are the same as in Study 1.
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Table 6
Summary Statistics for the NEAT Design With a Low Reliability Internal Anchor for Five Different Sample Sizes

€

Hxp Oxp Hyp oyp 250} (9)79) y2i40; OvQ Pxv Py

Total 78.58 10.78 26.75 4.08 79.44 10.85 26.56 4.06 .88 .88
N=10

Average 78.55 10.27 26.76 3.90 79.38 10.51 26.53 3.93 .86 .86

SD 3.47 2.75 1.33 1.06 341 2.62 1.26 1.01 11 10

Max 89.00 19.71 30.30 7.55 89.70 19.75 30.50 8.05 .99 .99

Min 66.00 4.14 22.40 1.23 59.40 4.08 20.20 1.27 17 A5
N=25

Average 78.58 10.59 26.77 4.02 79.41 10.77 26.55 4.02 .88 .88

SD 2.15 1.73 81 .66 211 1.60 18 .63 .05 .05

Max 85.72 16.80 29.12 6.79 85.40 15.72 28.76 6.19 .97 .98

Min 70.88 5.80 23.92 2.37 72.28 6.17 23.76 2.18 61 .58
N =150

Average 78.60 10.73 26.75 4.05 79.46 10.83 26.57 4.06 .88 .88

SD 151 1.23 .58 47 1.57 121 .59 46 .04 .04

Max 83.90 15.31 28.56 5.76 84.38 15.31 28.40 5.82 .95 .96

Min 72.44 6.85 24.36 2.68 74.00 7.56 24.48 2.80 71 .76

(Table continues)



Table 6 (continued)

v

Hxp Oxp Hyvp oyp y25¢0) OyQ Hrvo Ovo Pxv Py
N=100
Average  78.53 10.81 26.74 4.08 79.41 10.86 26.55 4.07 .88 .88
SD 1.07 .88 41 34 1.06 .83 40 31 .02 .02
Max 82.11 14.16 27.84 5.32 82.97 13.77 27.73 5.02 .93 .95
Min 75.16 8.33 25.32 3.09 75.78 8.65 25.30 3.16 .79 15
N=200
Average  78.57 10.77 26.75 4.07 79.47 10.83 26.56 4.06 .88 .88
SD A7 .61 29 .23 .76 .56 .28 22 .02 .02
Max 80.91 12.74 27.53 4.77 81.60 13.23 27.33 4.98 .94 .93
Min 76.14 8.95 25.85 3.38 76.53 9.10 25.52 3.40 .80 .82

Note. uxp, oxp, pyp, and oyp are the means and the standard deviations of X and V' in P. uyp, oy, tvo, and oy are the means and the
standard deviations of Yand V'in Q. p., is the correlation between X and V' in P. p,, is the correlation between Y and V'in Q.
The average, SD, max, and min indicate the mean, standard deviation, maximum value, and minimum values for each statistic

(e.g., uxp, oxp, Uyp, ovp, and p,,), respectively, computed over 1,000 replications.



Results

Form X was equated to Form Y using a chained linear equating method with a sample of
6,019 examinees for Form X and 6,386 examinees for Form Y. For each raw score (0 to 108) on
Form X, the equivalent raw score on Form Y was determined. This raw-to-raw conversion served as
the equating criterion. To examine the effectiveness of small sample equating, the same three linking
methods as in Study 1 were examined. The results from each of these methods were compared to the
criterion equating function. Within each sample size/equating approach, the conditional bias, SEE,
RMSE, and SRMSE, which were calculated over 1,000 replications, were averaged across the entire
range of scores, as in Study 1. Table 7 presents the averaged bias and equating error for
combinations of sample size and equating method, along with the RMSE and SRMSE measures.

As presented in Table 7, by design, the averaged bias (1.170) and equating error (0.00) of the
identity function were constant across the five sample sizes. For the chained linear method, less
equating bias and error occurred as sample size increased; however, the pattern of equating bias was
somewhat inconsistent. When the sample size was as small as 10, both the identity and chained linear
function showed very large bias. Although there is no random error for the identity function, this
function showed the greatest amount of bias (1.170) compared to the chained linear and synthetic
functions when sample sizes increased. The chained linear showed the least bias (from 1.618 to .056),
but it showed the greatest amount of equating error across sample sizes, 10 (11.373) to 200 (1.966). As
in Study 1, the synthetic function showed the next highest level of bias (from 1.164 to .559), but it
provided much smaller equating error (5.686 to .983) than did the chained linear.

As a function of equating bias and error, RMSE and SRMSE also showed a similar pattern
across the five sample sizes as in Study 1. RMSE and SRMSE were smaller for both the chained
linear and synthetic functions as the sample size increased. The identity showed the least RMSE
for sample sizes 10 to 100, and the synthetic function showed the least RMSE when the sample
size was as large as 200. Overall, the identity function seems better than any linking function in
this case. The identity function showed a SRMSE of equating less than .11. The SRMSE for the
synthetic function was approximately .2 only for samples as small as 50, but the chained linear
equating approached this level for samples of 200 (or greater). At samples of 200, all the methods
resulted in SRMSE values less than .2. The SRMSE values were about twice as large as those in
Study 1, reflecting the differences in the reliabilities, correlations, and nature of the two

assessments.
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Table 7
Summary of Differences Among Various Equating Functions Using Small Samples in a
NEAT Design With a Low Reliability Internal Anchor

Deviance measures ~ Chained linear—criterion Identity—criterion Synthetic—criterion
N=10
Bias 1.618 1.170 1.164
SEE 11.373 .000 5.686
RMSE 11.487 1.170 5.804
SRMSE 1.059 108 535
N=25
Bias 769 1.170 .809
SEE 6.235 .000 3.118
RMSE 6.283 1.170 3.221
SRMSE 579 108 297
N =50
Bias 190 1.170 646
SEE 4.300 .000 2.150
RMSE 4.305 1.170 2.245
SRMSE 397 108 207
N=100
Bias .056 1.170 588
SEE 2.984 .000 1.492
RMSE 2.985 1.170 1.604
SRMSE 275 108 148
N =200
Bias .096 1.170 559
SEE 1.966 .000 983
RMSE 1.968 1.170 1.131
SRMSE 181 108 104

Note. These values for the bias, SEE, RMSE, and SRMSE were averaged across the entire range

of raw scores that were calculated over 1,000 replications.
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Figures 6 to 10 plot the conditional bias of equating for each method, along with an error
band representing plus or minus one empirical conditional SEE. As in Study 1, this range
represents the 68% confidence interval for the chained linear equating function. Even with a
sample size of 200, the 68% band for chained linear equating was very wide, implying severe
fluctuation across 1,000 replications. Although the 68% band was very wide for raw scores less
than 70, it became narrower as sample size increased for raw scores of 70 to 100. The chained
linear function seems to outperform the identity function at a certain score region when the

sample sizes were as large as 100.

Raw Score differences
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Raw score on X
——Criterion (Ch. Lin. Total) = = = 68% band, Synthetic ——Avg. Chained Linear
= = 68% band, Ch. Linear —»— |dentity function —=&— Synthetic function

Figure 6. Equating bias of different methods over 1,000 replications (N = 10) in the low-

reliability internal anchor design.
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Figure 7. Equating bias of different methods over 1,000 replications (N = 25) in the low-

reliability internal anchor design.
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Figure 8. Equating bias of different methods over 1,000 replications (N = 50) in the low-

reliability internal anchor design.
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Figure 9. Equating bias of different methods over 1,000 replications (N = 100) in the low-

reliability internal anchor design.
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Figure 10. Equating bias of different methods over 1,000 replications (N = 200) in the low

reliability internal anchor design.
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As in Study 1, when sample sizes were small (less than 200), the synthetic function
outperformed the chained linear function. The identity function was preferable to either
alternative for samples as small as 25. Again, the synthetic function showed smaller equating
error for samples as large as 200 compared to the chained linear function. The chained linear
function, however, performed as well as the synthetic function when the sample size was 200. As
in Study 1, overall RMSE/SRMSE for the synthetic function were smaller than those for the
identity function when sample sizes were greater than 100. When only the cut-score region was
considered, however, RMSE/SRMSE for the synthetic function were much smaller than those for
the identity function even when the sample was as small as 50. As presented in Table 5, the
means of the internal anchor tests were almost the same across samples P and Q, indicating equal
abilities for the two groups. The means for the total tests were also the same, indicating equal
difficulty for the two test forms. Thus, the use of the identity function might be useful in this
case, along with some form of equating.

As presented in Figure 8, bias of the identity function was outside of the 68% band of the
chained linear function, particularly for raw scores greater than 65. This indicates that some
nontrivial linking function may be necessary for sample sizes as large as 50 to enhance the
accuracy of examinees’ pass-fail designations. The benefits of equating were clear when the
sample size was as large as 100. As expected, the synthetic function showed a narrower error band
than did the chained linear across samples sizes. The chained linear function seems to achieve a
level similar to that of the synthetic function when samples sizes are close to 100. With samples of
less than 100, however, the 68% band for the chained linear function was still wide for the cutoff
score range (raw scores of 64 to 77). In Study 2, the tests employed had different passing scores or
performance (i.e., proficiency) standards for different states. In this case, equating accuracy is
much more important in the passing score range than at other score points. For assessments in
which a pass/fail decision is rendered based upon the total test score, the focus should be on the
standard errors of equating at and near the cutoff score. Accordingly, one way to assess small-
sample equating results is to examine their impact on examinees with respect to pass/fail decisions,
as Skaggs (2005) discussed. For that reason, summary measures were calculated only for the cutoff

score region (raw score points from 61 to 80). These results are presented in Table 8.
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Table 8
Summary of Differences Among Various Equating Functions Using Small Samples in a
NEAT Design With a Low Reliability Internal Anchor: Only for the Cutoff Score Region

Deviance measures  Chained linear—criterion Identity—criterion Synthetic—criterion
N=10
Bias 399 1.293 812
SEE 3.958 .000 1.979
RMSE 3.978 1.293 2.139
SRMSE 367 119 197
N=25
Bias 181 1.293 717
SEE 2.266 .000 1.133
RMSE 2.273 1.293 1.341
SRMSE 210 119 124
N=50
Bias 091 1.293 .690
SEE 1.549 .000 75
RMSE 1.552 1.293 1.037
SRMSE 143 119 .096
N=100
Bias 012 1.293 .642
SEE 1.106 .000 553
RMSE 1.106 1.293 .848
SRMSE 102 119 .078
N=200
Bias 044 1.293 625
SEE 753 .000 376
RMSE .54 1.293 .730
SRMSE .069 119 .067

Note. The values for the bias, SEE, RMSE, and SRMSE were averaged across the range of cutoff

scores that were calculated over 1,000 replications.
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As presented in Table 8, again, across all sample sizes the identity function showed the
greatest amount of linking bias (1.293) compared to the chained linear and synthetic functions.
The chained linear showed the least bias (from .399 to .012), and the synthetic function showed
the next highest level of bias (from .812 to .625). Although the chained linear still showed larger
linking error across sample sizes 10 (3.958) to 200 (.753) than did the others, its linking error
was much smaller when only the cutscore region was considered. Consequently, RMSE and
SRMSE were also much smaller for the chained linear and synthetic functions. When equating
samples are as small as 25, the identity function seems preferable relative to the other two
functions. When sample sizes increase, another linking function may be necessary to enhance the
accuracy of pass/fail designations. As a result, the synthetic function showed the least
RMSE/SRMSE when samples are as large as 50. The benefit of the identity function (large bias

but no equating error) was not clear when sample size was close to 100.

Discussion

One requirement in equating is to have a large enough sample to produce stable and
accurate results. Many testing programs (e.qg., certification tests), however, are low volume in
nature; therefore, it is often hard to obtain as many as 50 examinees for test equating. In the
present study, we introduced an approach, called the synthetic linking function, to conduct test
linking with small samples. Essentially, the synthetic function uses a weighting system to form a
compromise between the identity function and the sample equating. We compared the linking
results of the identity, the synthetic, and the chained linear functions with the linking criterion
with respect to both random and systematic linking errors. Specifically, we examined the linking
bias and linking error for two testing programs; one program used a highly reliable external
anchor (Study 1), whereas the other used an internal anchor with a lower reliability (Study 2).

We maintain that when equating samples are neither representative nor large the identity
or the synthetic function may be preferable to a traditional equating function. An equating
function used with very small samples may be more harmful than the identity function due to the
effect of sample size on random linking error. As a result, small-sample equating may not
accurately represent the true equating relationship. The present findings converge with previous
recommendations (Harris, 1993; Kolen & Brennan, 2004) regarding minimum sample sizes. The
chained linear function, even with the largest sample size in this study (200), produced

substantial equating error, revealing inferiority to the identity function. As long as two test forms

32



are well-designed and almost parallel, the identity function is likely to do less harm to examinees
than conventional equating. It should be noted, however, that use of the identity function might
be inappropriate when the difference between the test forms and the differences in the shape of
their respective score distributions are both substantial.

The results of the present study were very consistent, thereby leading to similar
conclusions for small sample equating. The two studies indicated that the proposed synthetic
function method might be an alternative when sample sizes are small and groups differ in ability.
In both studies, the synthetic function, and even the identity, outperform the chained linear
method based on very small samples. Even with samples as large as 200, the synthetic function
method was preferred to the chained linear equating method regardless of anchor quality. The
chained linear function showed the greatest amount of linking error, although its bias was
relatively small. In addition, in both studies, RMSE/SRMSEs for the synthetic function were
smaller than those for the identity function when sample sizes were greater than 100. The
synthetic function exhibited lower linking error at the expense of a small amount of bias. It is
worth noting that when the sample size increases, an alternative to the identity function is
normally needed to reduce the total error of test linking.

The two studies presented here were conducted on two assessment programs having
inherently different data characteristics. In both studies, after examining data and testing program
characteristics, we applied the same weights when synthesizing the chained linear equating
function with the identity function. Study 2 indicates that the identity function is not necessarily
more biased for tests with relatively low reliability and low correlations with the anchor as long
as the groups are similar in ability and the tests are similar in difficulty. However, for all sample
sizes in Study 2, the SRMSE values are much larger, more than twice as large, as in Study 1.
One reason might be the relatively smaller examinee groups available for the linking criterion in
Study 2 (Nx = 6,019; Ny= 6,386) compared to Study 1 (Nx = 10,634; Ny=11,321). This
difference may have affected computation of the equating criterion. Another reason may be that
both reliabilities and correlations between the tests and the anchor scores are much lower in
Study 2 than in Study 1.

The investigation of equating accuracy may differ according to the specific properties of
each testing program. In Study 2, the tests employed had different passing scores or performance
(i.e., proficiency) standards for different states. In this case, linking accuracy is much more
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important in the passing score range than at other score points. Based on empirical findings,
Parshall et al. (1995) stated that if the cutoff score is near the mean score for the test, where
standard errors are smallest, equating can probably be supported for small samples. Conversely,
when cutoff scores are not near the mean, the magnitudes of the standard errors in the region of
the cutoff score may make the small sample result less tolerable. This assertion was partially
supported in our Study 2; when we focused solely on the cutoff score region, the identity
function was preferable with very small samples (e.g., 10 or 25), but the use of the synthetic
function was more promising than other functions with moderately small samples (e.g., 50 or

100). This implies that some nontrivial linking function is preferable when sample sizes increase.

Limitations and Future Research

Some cautions should be mentioned with respect to properties of the synthetic linking
function. In the present study, we did not thoroughly investigate its properties with respect to
particular requirements (e.g., equal construct, equal reliability, equity, population invariance, and
symmetry) that are often regarded as basic to all test equating (Dorans & Holland, 2000). In
general, the symmetric property is required for a relationship to be considered an equating
relationship. However, the synthetic function can meet this requirement when the ratio of total

score variance (o, / 0,,) to anchor score variance in P is exactly the same as the ratio
(o4 10,,)in 0. Inthis case, the chained linear equating function will have the same slope

(i.e., 1) as the identity function, as Equation 3 shows. Under this condition, any weight system
(e.g., .5/.5; .2/.8; .7/.3) performs well without violating the symmetric property.

The fact that the synthetic function can meet the symmetric property only under certain
conditions may make the synthetic function less attractive. In practice, it may be difficult to

obtain the same ratio across both groups ([o, / 0,,]1=[0,, / 7,,]1), particularly in small samples,

but the synthetic function may still be the method of choice in such cases.> However, this
limitation can be eliminated when averaging any /inear (not nonlinear) equating function with
the identity; a certain transformation in the weight systems (i.e., w in Equation 5) can make the
synthetic function symmetric when the slope of the linear equating function is not the same as
the identity function (implying the nonsymmetry of the synthetic function). The symmetric

property for the synthetic function is explained in detail in the appendix.
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In addition, there are limitations in generalizing the findings of the current study in
practice. Because the study examined (a) synthesis of only the chained linear equating function
with the identity function and (b) synthesis of the two functions only when both were equally
weighted, two issues arise: One issue involves determining which equating function should be
combined with the identity function to create the synthetic function. Many other methods, such
as the Levine, Tucker, or equipercentile methods, can be synthesized with the identity function.
Although mean equating was not examined in the current study, it is definitely an alternative
with very small samples. Of course, the selection of a certain equating function may depend on
data quality (such as reliability or score distributions) and on specific equating situations. The
second issue is related to the weight system for synthesizing two different functions. Although
equal weighting was used here for illustration, various weight systems can be employed based on
psychometric properties of the tests being equated, sample sizes of each group, test reliability,
and test specification.

An objective tool to guide weighting is still lacking. One possibility is to collect
empirical information from previous administrations or different forms of the same test; this
information can be called a priori. The a priori information can then be used to weight the two
functions. Future studies will be needed to establish a procedure for defining a priori information
using historical test information.

In both studies, small samples were randomly drawn from large samples. There was no
attempt to draw or construct unrepresentative small samples within each of the two original
groups. Future research might be designed to distort the distributions of the two tests in the small
samples by selecting, for example, a sample of only 10 highly able test takers. In general, more
research is needed (a) to explore performance of the synthetic function using data from various
testing situations across different administrations, (b) to resolve a number of issues (e.g.,
equating requirements, selection for the weight system), and (c) to expand the use of the
synthetic function in various scenarios.

Despite the limitations of the current study, it is clear that, in some cases, the synthetic
function can provide certain empirical benefits, including reduction of bias and linking error.
However, as with any other approach to small-sample linking, use of the synthetic function
should be approached cautiously. It is worth noting that we do not propose the synthetic function
as a solution or methodological fix to a problem that is caused by poor data collection practices.
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The synthetic function can be an alternative approach for the situation in which equating
samples, by nature, are small. In particular, data properties should be carefully investigated

before synthesizing the equating function with the identity function.
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Notes

! In this paper, we use the standard notation of x and o for means and variances. The

subscripts usually indicate the variable in the population.

2 There are trivial variations on the identity that would presumably be relevant for minor form

differences. For instance, simple adjustment based on score range is always possible.

® The right minus a quarter wrong formula scores are rounded to integers, and negative scores

are rounded to zero.

* Because two items were not scored in the X and Y forms due to content problems, the possible

maximum score for the X and Y forms was 108.

> Because of this limitation, we have for now named this method the synthetic /inking function
(as opposed to synthetic equating function), as the term linking can be used to refer to any
function used to connect the scores on one test to those on another test.
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Appendix
When combining the two equating or linking functions using an ordinary weight system
(called w), Equation Al (Paul W. Holland, personal communication, February 15, 2006) can be
used to transform the ordinary weight system into the symmetric weight system (called ). The
symmetric weight system can symmetrize the synthetic function resulting from averaging any
linear function with the identity function. For example, if e1(x) and e,(x) are two linear equating
functions, such as ei(x) = a1 + bix and ex(x) = ay + box, then the symmetric w-average of them is

given by e, (x) = Wei(x) + (1 — W) ex(x), where the weight, W7, is

_ w(l+b,)
1+wh, +(L—-w)b,

(Al)

If the two slopes are the same (b1 = b2), then W = w, and the ordinary w-average is the symmetric
w-average.

The synthetic function, which is a weighted average of the identity function and
traditional equating function (e.g., chained linear function), can be a special case of the general
averaged functions. Because the slope of the identity function is always 1 (i.e., ey(x) = x), the
slope of the other equating function should be 1 to maintain the symmetric property exactly. As
Equation 3 indicates, the slope of the chained linear equating function will be 1 only when the

following condition is met:

o
Oxe _Zv0 (A2)
Opp Oy

In other words, the synthetic linking function has the symmetric property when the ratio of total
score variance to anchor score variance in P is exactly the same as the ratio in Q, in which case
no restriction is necessary for the weight system and no transformation based on Equation Al is
needed.

In Study 1, we synthesized the chained linear equating function with the identity linking
function using the same weight (i.e., .5). Therefore, one is the chained linear equating function

calculated from Equation 3:

e1(x) = .9852x—.557, (A3)
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and the other is the identity function:
ea(x) = x. (Ad)

As can be seen, the two slopes are approximately the same; accordingly, the synthetic
function used in Study 1 approximately maintains the symmetric property. When inserting the
actual values from Equations A3 and A4 into Equation Al, the weight, 7, is .5019. The weight,
W, is close enough to all the possible values for w-weight, including w = .5 in this case. This
means that under this condition any weight systems can be used to average the two functions,
and the symmetric property is approximately maintained. Again, this can be confirmed simply by
using the variance ratios. As presented in Table 2, the ratio of total score variance to anchor
score variance in P (2.07 [=17.23/8.33]) is the same as the ratio in O (2.04 [= 16.73/8.21]); the
symmetric property is thus approximately met in the synthetic function.

The same observation was made in Study 2. The chained linear function is

e1(x) = 1.01145x+.468, (A5)
and the identity function is
ea(x) = x. (AB)

When inserting the actual slopes from Equations A5 and A6 into Equation Al, the
weight, 7, is .4986. Again, the weight, 7, is close enough to all the possible values for w-
weight, including w = .5. The ratio of total score variance to anchor score variance was 2.64
(=10.78/4.08) in P and 2.67 (= 10.85/4.06) in Q. Accordingly, the symmetric property was

approximately maintained.
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