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Teams of educators conducted lesson study independently, supported by a 
resource kit that included mathematical tasks, curriculum materials, lesson 
videos and plans, and research articles, as well as protocols to support 
lesson study. The mathematical resources focused on linear measurement 
interpretation of fractions. This report examines the resource kit content, 
the changes in teachers’ fractions knowledge, and the lesson study 
processes that enabled changes in teachers’ knowledge. Quantitative 
findings show that teachers in the experimental condition (lesson study 
supported by resource kits) significantly improved three of the four facets 
of fractions knowledge studied, including understanding the whole, unit 
fractions, and fractions as numbers; whereas control group teachers did 
not. Qualitative data, including video and written reflections, illuminate 
activities that supported teachers’ knowledge development, including 
solving and discussing mathematical tasks, studying curriculum and 
research, and observing students during research lessons.   

Keywords: lesson study .  fractions .  professional learning .   
professional development 

Overview 
Lesson study is a common form of professional learning in Japan (National 
Institute for Educational Policy Research, 2011) and has spread to many 
other countries (World Association of Lesson Studies, 2012) since early 
English-language accounts of lesson study appeared (e.g., Lewis & 
Tsuchida, 1998a; Lewis & Tsuchida, 1998b; Stigler & Hiebert, 1999; Yoshida, 
1999). A growing body of research suggests that lesson study can have an 
impact on teachers' knowledge, professional community, teaching practice 
and student learning (Hart, Alston, & Murata, 2011; Lewis, Perry, & Hurd, 
2009; Lewis, Perry, Hurd, & O'Connell, 2006; Lo, Chik, & Pong, 2005; Meyer 
& Wilkerson, 2011; Olson, White, & Sparrow, 2011). Much existing research 
reports small-scale qualitative studies of lesson study facilitated by 
university-based educators. The data we report are drawn from groups in 
the experimental condition of a randomised controlled trial in which 
educators conducted lesson study supported by a resource kit for lesson 
study on fractions. Groups located across the United States operated without 
guidance from project researchers, other than the support provided by the 
resource kit. The larger randomised trial from which the data are drawn 
(Lewis & Perry, under review) found a significant impact of the 
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experimental treatment on teachers' overall fractions knowledge, as well as 
on students' fraction knowledge. This paper examines the design of the 
resource kit, the impact of lesson study when using the resource kit on 
specific facets of teachers' fraction knowledge, and the processes by which 
teachers built their knowledge of fractions. By assembling a resource kit that 
provides mathematical and logistical support for each phase of the lesson 
study cycle, the research tests a potentially sustainable form of lesson study 
that can be conducted without outside facilitators. 

Review of Literature 
Lesson study is a nearly universal form of professional learning in Japan, 
practised in more than 98% of public elementary and junior high schools and 
more than 94% of public high schools (National Institute for Educational 
Policy Research, 2011). In lesson study, shown at the left of Figure 1, teachers 
conduct collaborative "study–plan–do–reflect" inquiry cycles designed to 
improve classroom instruction (Lewis & Hurd, 2011; Takahashi, 2014; Wang-
Iverson & Yoshida, 2005). Typically, teachers begin the cycle by studying 
curriculum content and considering their long-term goals for students. Next, 
they plan a research lesson to be taught by one team member while other 
team members collect data on student learning. The research lesson provides 
an opportunity to enact and investigate the team's hypotheses about high-
quality teaching and learning. During the post-lesson reflection, teachers 
present and discuss the data collected during the research lesson in order to 
draw out implications for teaching and learning of the particular topic as 
well as more broadly.  

Diverse forms of lesson study are practised in Japan, sponsored by 
schools, districts, national professional organisations and other groups, and 
taking on somewhat different purposes in each setting: for example, to build 
teaching skill within a school, to build collective professional knowledge 
about how to implement a new mandate, or to improve curriculum and 
teaching methods for the future (Lewis, 2010; Lewis & Tsuchida, 1997; 
Takahashi, 2014). Honing a single lesson is not typically the primary goal of 
lesson study as practised in Japan (Isoda, Stephens, Ohara, & Miyakawa, 
2007; Lewis, Akita, & Sato, 2010; Lewis & Hurd, 2011; Nihon Kyouiku 
Houhougakkai, 2009). Rather, as highlighted in the middle rectangle of 
Figure 1, lesson study is expected to improve instruction by developing 
knowledge, beliefs, norms, routines, and materials that contribute to 
continuing instructional improvement.  

How does teachers' knowledge improve through lesson study? The 
striped rectangles in Figure 1 show features of effective professional learning 
identified by one major review (Desimone, 2009) and suggest how they 
relate to lesson study: teachers actively and collaboratively study content as 
they engage in lesson study, enabling them to build increasingly coherent 
knowledge, beliefs and routines. The hexagons in Figure 1 show some of the 
resource kit materials, and the arrows indicate their influence on the phases 
of lesson study. 

The study of the academic content and teaching materials—called 
kyozaikenkyu—is integral to lesson study (especially the first two phases of 
the lesson study cycle) as practised in Japan (Takahashi, Watanabe, Yoshida, 
& Wang-Iverson, 2005). During kyozaikenkyu, teachers use documents such 
as teacher's manuals, content frameworks, and research reports to study 
both the subject matter and its teaching and learning (Doig, Groves, & Fujii, 
2011; Shimizu, 1999; Takahashi et al., 2005). Japanese textbooks and 
accompanying teacher's manuals provide support for kyozaikenkyu by 
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identifying and discussing the key mathematical ideas in each unit, 
providing likely student solution strategies and connecting them to the key 
mathematical ideas, and situating the current unit within a multi-year 
trajectory of mathematical learning (Doig, Groves, & Fujii, 2011; Lee & 
Zusho, 2002; Lewis, Perry, & Friedkin, 2011; Miyakawa, 2011). Teaching 
materials found outside Japan might not provide good support for 
kyozaikenkyu. For example, comparison of the treatment of quadrilateral area 
in Japanese and United States teachers' manuals revealed that 28% of the 
statements in the Japanese teachers' manual, but only 1% of the statements 
in the U.S. manual, focussed on student thinking (Lewis et al., 2011). As 
described below, we assembled mathematical resources designed to provide 
U.S. teachers with support for kyozaikenkyu. 

 

 

Figure 1. Lesson study supported by mathematics resource kits:  
Theoretical model of impact on instruction. 

The topic of Fractions was chosen due to its fundamental nature, its 
difficulty for U.S. students (National Mathematics Advisory Panel, 2008), 
and frequent requests from teachers involved in lesson study for resources 
on this topic, perhaps reflecting the fact that as few as 20% of elementary 
teachers regard their fractions knowledge to be strong or very strong (Ward 
& Thomas, 2006). Our literature review documented a number of challenges 
in U.S. students' understanding of fractions (see Figure 2) and suggested that 
linear measurement representations of fractions might help alleviate some of 
these challenges (Davydov & Tsvetkovich, 1991; Olive & Steffe, 2002; Saxe, 
Diakow, & Gearhart, 2013). Although linear measurement representation of 
fractions is emphasised by some high-achieving countries and by the State 
Standards recently adopted by most states in the USA (Common Core State 
Standards Initiative of the National Governors Association Center for Best 
Practices, 2010), it is often neglected by U.S. textbooks (Lewis et al., 2011; 
Watanabe, 2007). Research on pre-service teachers' fraction knowledge 
reveals difficulties in common with elementary students (such as failure to 
grasp different denominators as different units that cannot be added without 
conversion) and also difficulties different from those of younger students 
(Newton, 2008).  

Figure 1. Lesson Study Supported by Mathematical Resource Kits: Theoretical Model of Impact on 
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The intervention (lesson study supported by a resource kit) allowed 
teachers to build fraction knowledge by solving and then discussing selected 
tasks, through study of students' solution strategies and 
(mis)understandings, and through study of curriculum materials and video 
of classroom lessons that employ a linear measurement representation of 
fractions.  

Method 
Volunteer teams of U.S. educators interested in improving fractions 
instruction in Grades 2 to 5 were recruited through personal and internet 
mathematics lesson study networks. In the interest of supporting naturally 
occurring collaborative groups, we did not specify local group membership 
except to require that each team include at least one elementary classroom 
teacher within the Grade 2 to 5 range. Teams of between four and nine 
educators from across the USA applied and were admitted to the study on a 
first-come first-served basis once they had signed a memorandum of 
understanding and obtained district permission to participate.  

A total of 39 locally constituted groups of educators participated in the 
study; most participants were elementary teachers (87% of participants), 
with coaches, administrators, and middle-school teachers making up the 
remaining 13%. Of all participants, 41% were new to lesson study. After 
baseline assessments of fraction knowledge were completed (for teachers 
and for students in the classes expected to participate in the research 
lessons), the 39 groups of educators were randomly assigned to one of three 
professional learning conditions. This report focuses primarily on the 13 
lesson study groups randomly assigned to the experimental condition.  

Groups in the experimental condition were mailed mathematical and 
lesson study resources with written instructions to guide the group through 
the four phases of the lesson study cycle shown in Figure 1. (These resources 
are detailed in the later section Fractions Resource Kit). The teams 
independently conducted lesson study, guided by the resources, over an 
average period of 91 days.  

Sites had no personal contact with the project investigators. They video-
recorded their lesson study meetings and research lesson(s) and mailed the 
video data back to us, together with artefacts from the lesson study cycle 
(e.g., lesson plans, student work) and written reflections on each meeting 
and on their overall learning from the lesson study cycle. After completion 
of the lesson study cycle, participants once again took the fractions 
assessment (with items reordered).  

Control groups were identical to the experimental group in all study 
assessments, but engaged in professional learning on self-chosen topics 
other than fractions, using lesson study or a locally selected form of 
professional learning other than lesson study. Requiring the control groups 
to focus their professional learning on fractions might have provided a 
stronger test of the intervention, but we chose not to do this because 
mathematics coaches (who recruited some groups to the study) felt that it 
was unethical to ask all groups to focus their professional learning on 
fractions and then withhold the fraction resources from some of the local 
groups. In addition, asking the control groups to focus on a topic other than 
fractions eliminated the worry of cross-condition contamination. Prior 
research indicates that simply participating in professional learning focused 
on fractions (or on various other mathematical topics) is not sufficient to 
improve teachers' mathematical knowledge of the target topic (Gearhart et 
al., 1999; Hill & Ball, 2004; Saxe, Gearhart, & Nasir, 2001; Timperley, 
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Timperley, Wilson, Barrar, & Fung, 2007) so the impact of the intervention 
cannot be attributed simply to the professional learning focus (fractions 
versus a self-chosen topic).  

Data Sources and Coding 
This study had three main sources of data, and each source required its own 
particular instrumentation, coding, and analysis. 

Assessment of teachers' fraction knowledge. The assessment of teachers' 
knowledge of fractions included 47 items; with 21 of the items drawn from 
the Learning Mathematics for Teaching (LMT) study (Hill & Ball, 2004; Hill, 
Schilling, & Ball, 2004), and most of the remaining items drawn or adapted 
from other published assessments or research (Beckmann, 2005; Center for 
Research in Mathematics and Science Teacher Development, 2005a, 2005b; 
Norton & McCloskey, 2008; Ward & Thomas, 2006; Zhou, Peverly, & Xin, 
2006).  

Four scales tapped specific facets of teachers' fraction knowledge: 
equality of parts; fraction as a number; understanding of the whole; and unit 
fractions. Another scale counted overall errors. Two additional scales 
tracked teachers' attention to particular fraction representations: linear 
measurement and circle area.  

Scores on the scales were produced by coding responses to open-
response items like those shown in Figure 2.  
 

 

Complete the following item by drawing additional parts or 
shading on the diagram.  
If this rectangle is , draw a shape that could be the whole.  
 

 

 

Figure 2. Sample item (adapted from Norton & McCloskey, 2008). 

Teachers' responses, blinded as to experimental condition and whether they 
were from the pre-test or post-test, were coded by two researchers. A 
reliability estimate of 90% or higher was achieved for each item. (Coding 
protocols are available on request.) For example, the item shown in Figure 2 
was coded as correct if the respondent drew a shape with an area 
approximately three-quarters of the area of the shown rectangle or divided 
the shown rectangle into four approximately equal pieces and shaded three 
of them. The item shown in Figure 2 was used in the scale "Understanding of 
Whole" and could contribute one point to the "Fraction Errors" scale if 
answered incorrectly. 

The Appendix provides additional item examples and scale information, 
including reliability estimates (Cronbach's alpha). Since most of the scales do 
not reach conventional standards for reliability, we regard them not as stable 
constructs but as item collections that tell us about the particular clusters of 
ideas teachers gained (or failed to gain) during the lesson study reported 
here. 

€ 
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Written reflections. In addition to the assessment data, we collected 
written reflections at the end of the lesson study cycle, using the following 
prompt:  

Describe in some detail two or three things you learned from this lesson 
study cycle that you want to remember, and that you think will affect your 
future practice. These might be things about fractions or mathematics, about 
teaching, about student learning, or about working with colleagues. (If you 
don't feel you learned anything from this cycle of lesson study, please note 
that and identify changes that might have made the lesson study work more 
productively for you.) 

Lesson study video and artefacts. Lesson study groups sent video data and 
artefacts from their lesson study meetings and research lessons by mail. To 
date, video recordings of meetings from four of the thirteen lesson study 
groups have been coded, using Studiocode software, for the extent of the use 
of the resource kit materials and selected aspects of discussion content, such 
as mention of linear measurement representations and focus on student 
thinking.  

Using data from the coded groups, we identified segments of video 
related to the issues addressed in this paper and chose some for 
transcription, in order to examine the lesson study process. We cannot yet 
make any claims about how well the selected instances represent the overall 
lesson study process across the thirteen groups. 

Design of the Mathematical Resource Kit 
We began the design of the mathematical resource kit by reviewing research 
and developing a set of research-based conjectures about elementary 
students' fraction challenges and the learning experiences that help students 
overcome these challenges. Our ideas are roughly summarised in Table 1, 
which is taken from the Mathematical Resource Kit provided to the 
experimental group teachers. Table 1 is the final version of a table that 
appears in three progressively more complete versions in the Mathematical 
Resource Kit. The initial version of the table omits the right-most column 
and the next version includes a blank right column where groups are asked 
to record their ideas about "the tasks and experiences that build this 
understanding [of fractions]". 

Table 2 below describes the content of the resource kit, which contains 
research and curriculum materials on fractions as well as tools to support 
lesson study.  

As shown in these tables, the resource kit emphasises the potential of 
linear measurement representations to build students' understanding of 
equality of fractional parts (through iteration of the same unit); fractions as 
numbers (through relatively easy connection to the number line); attention 
to the whole (through use of a stable, familiar standard measurement unit, 
such as a metre); and understanding of non-unit fractions as composed of 
unit fractions (through iteration of a length unit).  

The resource kit was provided in a binder, with a main section that 
included tasks and discussion questions to guide team members as they 
proceeded through each phase of the lesson study cycle. The four groups 
whose video records have been analysed to date used the binder as designed 
(Perry, Roth, & Friedkin, 2013). 
 



 A Sustainable Model for Professional Learning Catherine Lewis & Rebecca Perry 

 MERGA 
 

Ta
bl

e 
1 

 
 A

n 
Ex

ce
rp

t F
ro

m
 th

e M
at

he
m

at
ica

l R
es

ou
rc

e K
it 

(W
ha

t's
 H

ar
d 

A
bo

ut
 F

ra
ct

io
n 

N
um

be
r S

en
se

?)
 (R

ev
isi

te
d 

II)
 

  H
ow

 M
ig

ht
 L

in
ea

r M
ea

su
re

m
en

t C
on

te
xt

 H
el

p?
 

Li
ne

ar
 m

ea
su

re
m

en
t m

ay
 le

ad
 st

ud
en

ts
 to

 th
in

k 
ab

ou
t "

ho
w

 m
uc

h"
 o

r "
ho

w
 lo

ng
" (

br
in

gi
ng

 in
 

im
ag

es
 o

f r
el

at
iv

e 
si

ze
) n

ot
 ju

st
 "h

ow
 m

an
y 

pi
ec

es
"(

w
hi

ch
 m

ay
 fo

cu
s o

n 
co

un
tin

g)
. 

St
ud

en
ts

 m
ay

 b
e 

as
ke

d 
to

 p
ar

tit
io

n 
a 

w
ho

le
 fo

r 
th

em
se

lv
es

, h
el

pi
ng

 th
em

 u
nd

er
st

an
d 

th
e 

w
ho

le
 in

 
a 

w
ay

 o
th

er
 th

an
 ju

st
 co

un
tin

g 
pi

ec
es

. 

  A
 n

um
be

r l
in

e 
(o

r r
ul

er
) m

ay
 m

ak
e 

it 
ea

sy
 to

 se
e 

  t
ha

t t
he

 sa
m

e 
po

in
t c

an
 b

e 
de

sc
rib

ed
 b

y 
di

ffe
re

nt
 

  f
ra

ct
io

ns
. 

 C
om

pa
re

d 
to

 fr
ac

tio
na

l p
ar

ts
 o

f a
re

a 
(w

hi
ch

 ca
n 

be
  

 re
ar

ra
ng

ed
 in

 m
an

y 
w

ay
s)

, l
en

gt
h 

m
ay

 p
ro

vi
de

 a
   

  
 cl

ea
r i

m
ag

e 
of

 w
ha

t i
s ! ! m

, ! ! m
, !
" !!
 m

, e
tc

. 
 L

in
ea

r m
ea

su
re

m
en

t m
ay

 h
el

p 
pr

ov
id

e 
a 

st
ro

ng
  

 im
ag

e 
th

at
 th

e 
un

it 
th

at
 fi

ts
 in

 3
 ti

m
es

 is
 lo

ng
er

 th
an

  
 th

e 
on

e 
th

at
 fi

ts
 in

 4
 ti

m
es

, t
ha

t  
! ! is

 h
al

f t
he

 le
ng

th
 o

f 
  ! ! , 

et
c. 

Ex
am

pl
e 

of
 S

tu
de

nt
 D

iff
ic

ul
ty

 o
r U

nd
er

st
an

di
ng

 

W
he

n 
as

ke
d 

to
 p

ut
 th

e 
fr

ac
tio

n 
! ! o

n 
a 

nu
m

be
r 

lin
e,

 a
 st

ud
en

t s
ai

d 
"y

ou
 ca

n'
t p

ut
 it

 o
n 

a 
nu

m
be

r 
lin

e,
 b

ec
au

se
 it

's 
tw

o 
pi

ec
es

 o
ut

 o
f t

hr
ee

 p
ie

ce
s, 

it'
s n

ot
 a

 n
um

be
r."

 O
r "

 ! ! is
 n

ot
 a

 n
um

be
r, 

it'
s t

w
o 

nu
m

be
rs

". 
(K

er
sl

ak
e,

 1
98

6;
 B

eh
r &

 P
os

t, 
19

92
) 

• 
D

iff
ic

ul
ty

 se
ei

ng
 h

ow
 to

 d
iv

id
e 

a 
w

ho
le

 in
to

 
eq

ua
l p

ar
ts

. 

• 
D

iff
ic

ul
ty

 se
ei

ng
 th

at
 ! ! is

 e
qu

al
 to

 ! !  ,
  ! ! , 

 ! ! , 
 ! !"

 , 
…

 

• 
St

ud
en

ts
 a

dd
 ! ! +

 ! ! a
nd

 g
et

 ! !  ,
 w

ith
ou

t r
ea

lis
in

g 
th

ey
 a

re
 a

dd
in

g 
tw

o 
di

ffe
re

nt
 th

in
gs

 (t
hi

rd
s 

an
d 

fif
th

s)
 —

 a
 b

it 
lik

e 
ad

di
ng

 a
pp

le
s a

nd
 

ha
m

m
er

s. 

• 
St

ud
en

ts
 m

ay
 th

in
k 

" ! ! is
 b

ig
ge

r t
ha

n 
! ! b

ec
au

se
 

5 
is

 b
ig

ge
r t

ha
n 

4"
. 

• 
D

iff
ic

ul
ty

 se
ei

ng
 th

at
 a

s ! ! fi
ts

 in
 th

e 
w

ho
le

 3
 

tim
es

, ! !  f
its

 in
 th

e 
w

ho
le

 4
 ti

m
es

. H
as

 tr
ou

bl
e 

se
ei

ng
 th

at
 ! !
  ,
! !, e

tc
. e

qu
al

 1
. 

Ty
pe

 o
f U

nd
er

st
an

di
ng

 o
r K

no
w

le
dg

e 

A
 F

ra
ct

io
n 

is 
a N

um
be

r 
A

 fr
ac

tio
n 

re
pr

es
en

ts
 a

n 
am

ou
nt

, n
ot

 ju
st

 p
ie

ce
s 

(s
uc

h 
as

 2
 o

f 3
 p

ie
ce

s o
f a

 p
iz

za
) o

r a
 si

tu
at

io
n 

(s
uc

h 
as

 2
 o

f 3
 sh

irt
s a

re
 re

d)
. 

Pa
rt

iti
on

in
g 

Fr
ac

tio
ns

  
• 

A
 w

ho
le

 ca
n 

be
 d

iv
id

ed
 in

to
 sm

al
le

r a
nd

 
sm

al
le

r e
qu

al
 p

ar
ts

. 
• 

Th
e 

sa
m

e 
fr

ac
tio

na
l q

ua
nt

ity
 ca

n 
be

 
re

pr
es

en
te

d 
by

 d
iff

er
en

t f
ra

ct
io

ns
. 

Th
e M

ea
ni

ng
 of

 th
e D

en
om

in
at

or
 

• 
D

iff
er

en
t u

ni
ts

 (s
uc

h 
as

 ! ! a
nd

 ! !) a
re

 d
iff

er
en

t 
si

ze
s. 

• 
Th

e 
m

or
e 

un
its

 a
 w

ho
le

 is
 p

ar
tit

io
ne

d 
in

to
, 

th
e 

sm
al

le
r e

ac
h 

on
e 

is
. 

• 
! !
 fi

ts
 e

xa
ct

ly
 n

 ti
m

es
 in

to
 th

e 
w

ho
le

. 



 A Sustainable Model for Professional Learning Catherine Lewis & Rebecca Perry 

 MERGA 
 

Ta
bl

e 
1 

 
(c

on
tin

ue
d)

 

   
 H

ow
 M

ig
ht

 L
in

ea
r M

ea
su

re
m

en
t C

on
te

xt
 H

el
p?

 

  U
si

ng
 a

 st
an

da
rd

 m
ea

su
re

m
en

t u
ni

t m
ay

 b
e 

 
  c

le
ar

er
, m

or
e 

fa
m

ili
ar

, a
nd

 m
or

e 
st

ab
le

 th
an

 a
n 

ad
  

  h
oc

 u
ni

t (
su

ch
 a

s p
ie

 p
ie

ce
s)

, m
ak

in
g 

it 
ea

si
er

 to
  

  k
ee

p 
tr

ac
k 

of
 th

e 
w

ho
le

. 

 
Le

ng
th

 m
ea

su
re

m
en

t m
ay

 tr
an

sf
er

 to
 th

e 
nu

m
be

r l
in

e 
m

or
e 

ea
si

ly
 th

an
 so

m
e 

ot
he

r 
m

od
el

s, 
so

 th
at

 st
ud

en
ts

 se
e 

th
e 

re
la

tiv
e 

si
ze

 o
f 

fr
ac

tio
ns

.  
A

 fa
m

ili
ar

 st
an

da
rd

 m
ea

su
re

m
en

t u
ni

t (
a 

m
et

re
, 

fo
ot

, e
tc

.) 
m

ay
 m

ak
e 

it 
re

la
tiv

el
y 

ea
sy

 to
 se

e 
! ! a

s 
a 

le
ng

th
 th

at
 g

oe
s i

n 
3 

tim
es

, ! ! a
s a

 le
ng

th
 th

at
 

go
es

 in
 4

 ti
m

es
, e

tc
. 

 

Ex
am

pl
e 

of
 S

tu
de

nt
 D

iff
ic

ul
ty

 o
r U

nd
er

st
an

di
ng

 

• 
D

iff
ic

ul
ty

 m
ak

in
g 

th
e 

w
ho

le
 w

he
n 

yo
u 

gi
ve

 
th

em
 a

 fr
ac

tio
na

l p
ar

t l
ik

e:
 "T

hi
s p

ap
er

 is
 ! ! , 

 
sh

ow
 m

e 
th

e 
w

ho
le

". 
• 

Se
es

 th
at

 th
e 

m
ag

ni
tu

de
 o

f a
 fr

ac
tio

n 
de

pe
nd

s 
on

 th
e 

m
ag

ni
tu

de
 o

f t
he

 w
ho

le
 (e

.g
., 

ha
lf 

of
 a

 
sm

al
l c

oo
ki

e 
is

 n
ot

 th
e 

sa
m

e 
as

 h
al

f o
f a

 la
rg

e 
co

ok
ie

). 
• 

C
on

fu
si

on
 a

bo
ut

 w
he

th
er

 th
e 

dr
aw

in
gs

 
to

ge
th

er
 re

pr
es

en
t  
! !  o

f a
 p

ie
 o

r  
! !"

  o
f a

 p
ie

. 

   
  

   
  

 • 
M

ay
 th

in
k 
! ! is

 b
ig

ge
r t

ha
n 
! ! b

ec
au

se
 4

 is
 

bi
gg

er
 th

an
 3

 (c
om

pa
rin

g 
nu

m
er

at
or

s)
, o

r ! ! 
is

 b
ig

ge
r t

ha
n 

 ! !  ,
 b

ec
au

se
 9

 is
 b

ig
ge

r t
ha

n 
4 

(c
om

pa
rin

g 
de

no
m

in
at

or
s)

, o
r  
! !  i

s t
he

 
sa

m
e 

si
ze

 a
s  
! !  b

ec
au

se
 th

e 
di

ffe
re

nc
e 

be
tw

ee
n 

th
e 

to
p 

an
d 

th
e 

bo
tto

m
 in

 b
ot

h 
fr

ac
tio

ns
 is

 2
. 

• 
 

Ty
pe

 o
f U

nd
er

st
an

di
ng

 o
r K

no
w

le
dg

e 

Kn
ow

in
g 

W
ha

t i
s t

he
 W

ho
le 

• 
C

on
st

ru
ct

in
g 

th
e 

w
ho

le
 w

he
n 

gi
ve

n 
a 

fr
ac

tio
na

l p
ar

t. 
• 

K
ee

pi
ng

 tr
ac

k 
of

 th
e 

w
ho

le
.  

 

 

Fr
ac

tio
n 

Si
ze

 
• 

U
nd

er
st

an
ds

 th
at

 fr
ac

tio
n 

si
ze

 is
 d

et
er

m
in

ed
 

by
 th

e 
(m

ul
tip

lic
at

iv
e)

 re
la

tio
ns

hi
p 

be
tw

ee
n 

nu
m

er
at

or
 a

nd
 d

en
om

in
at

or
 —

 n
ot

 ju
st

 b
y 

th
e 

nu
m

er
at

or
, n

ot
 ju

st
 b

y 
th

e 
de

no
m

in
at

or
, a

nd
 

no
t b

y 
th

e 
di

ffe
re

nc
e b

et
w

ee
n 

nu
m

er
at

or
 a

nd
 

de
no

m
in

at
or

. 
 



 A Sustainable Model for Professional Learning Catherine Lewis & Rebecca Perry 

 MERGA 
 

Ta
bl

e 
1 

(c
on

tin
ue

d)
 

   
 H

ow
 M

ig
ht

 L
in

ea
r M

ea
su

re
m

en
t C

on
te

xt
 H

el
p?

 

W
he

n 
st

ud
en

ts
 th

in
k 

ab
ou

t a
 tu

rt
le

 th
at

 tr
av

el
s 

in
 a

 st
ra

ig
ht

 li
ne

 ! ! m
ile

 a
 d

ay
 fo

r 4
 d

ay
s, 

th
ey

 
m

ay
 e

as
ily

 d
ev

el
op

 a
n 

im
ag

e 
of

  ! !  a
s ! !  r

ep
ea

te
d 

fo
ur

 ti
m

es
. I

n 
co

nt
ra

st
,  
! !  o

f a
 re

ct
an

gl
e 

or
 ci

rc
le

 
m

ay
 n

ot
 p

ro
vi

de
 th

e 
sa

m
e 

st
ro

ng
 im

ag
e 

of
 

re
pe

tit
io

n 
of

  ! !  s
in

ce
 th

e 
ar

ea
 ca

n 
be

 sp
lit

 in
 

m
an

y 
di

ffe
re

nt
 w

ay
s. 

  W
he

n 
st

ud
en

ts
 m

ea
su

re
 a

n 
ob

je
ct

 t
ha

t 
is

 lo
ng

er
  

  t
ha

n 
1 

fo
ot

 (
m

et
re

, 
et

c.)
, 

it 
m

ay
 b

e 
re

la
tiv

el
y 

 
  e

as
y 

 to
 v

is
ua

lis
e 

so
m

et
hi

ng
 a

s 
a 

w
ho

le
 p

lu
s 

an
  

  a
dd

iti
on

al
 

fr
ac

tio
na

l 
pa

rt
 

an
d 

to
 

un
de

rs
ta

nd
  

  f
ra

ct
io

ns
 g

re
at

er
 th

an
 1

. 

  E
xa

m
pl

e 
of

 S
tu

de
nt

 D
iff

ic
ul

ty
 o

r U
nd

er
st

an
di

ng
 

• 
Se

es
 th

at
 e

qu
iv

al
en

t f
ra

ct
io

ns
 h

av
e 

th
e 

sa
m

e 
m

ul
tip

lic
at

iv
e 

re
la

tio
ns

hi
p 

be
tw

ee
n 

nu
m

er
at

or
 a

nd
 d

en
om

in
at

or
. I

n 
! !,  

! !  ,  
! ! , 

et
c.,

 d
en

om
in

at
or

 is
 tw

o 
tim

es
 n

um
er

at
or

. 

• 
Se

es
  ! !  i

s m
ad

e 
up

 o
f 5

 e
ig

ht
hs

 o
r 5

 ti
m

es
  ! ! 

, t
ha

t  
! !  i

s m
ad

e 
up

 o
f 9

 e
ig

ht
hs

 o
r 9

 ti
m

es
  

! ! , 
et

c. 

• 
"Y

ou
 c

an
't 

ha
ve

  ! !  ,
 b

ec
au

se
 th

er
e's

 o
nl

y 
 ! !  

in
 a

 w
ho

le
 

Ty
pe

 o
f U

nd
er

st
an

di
ng

 o
r K

no
w

le
dg

e 

Fr
ac

tio
n 

Si
ze

 (c
on

tin
ue

d)
 

• 
Se

es
 n

on
-u

ni
t f

ra
ct

io
n 

as
 a

n 
ac

cu
m

ul
at

io
n 

of
 

un
it 

fr
ac

tio
ns

. [
A

 u
ni

t f
ra

ct
io

n 
ha

s a
 n

um
er

at
or

 
of

 1
. A

 n
on

-u
ni

t f
ra

ct
io

n 
ha

s a
 n

um
er

at
or

 o
th

er
 

th
an

 1
.] 

Fr
ac

tio
ns

 C
an

 R
ep

re
se

nt
 Q

ua
nt

iti
es

 G
re

at
er

 T
ha

n 
O

ne
 

M
ay

 b
e 

di
ffi

cu
lt 

fo
r 

st
ud

en
ts

 w
ho

 h
av

e 
a 

st
ro

ng
 

im
ag

e 
of

 a
 fr

ac
tio

n 
as

 a
 p

iec
e o

f s
om

et
hi

ng
. 



 A Sustainable Model for Professional Learning Catherine Lewis & Rebecca Perry 

 MERGA 
 

Table 2 
Fractions Resource Kit: Overview of Contents, With Examples 

Section 1: Mathematics Tasks to Solve and Discuss 
Participants individually solve three mathematics tasks, anticipate student 
approaches, discuss solutions with the group, and examine sample student 
work.  
Tasks: 
• Estimate the answer to  !"

!"
  + 

!
!
    (NAEP, reproduced in Post, 1981)  

• Find two fractions between  and 1 (Dougherty & Fillingim, 2009). 
• Find the number of     

!
!
 yard pieces that can be made from  

!
!
   yard of string. 

(U.S. Department of Education, Institute of Educational Sciences, 
National Center for Education Statistics, 2003)   

At the end of this section, groups examine the two left-most columns of 
Table 1 and discuss the connections between the two columns and the 
student work examined. 
Section 2: Curriculum Inquiry: Different Models of Fractions 
Groups examine eight common fraction representations and consider how 
they might shape students' understanding of fractions. Participants 
individually solve and then discuss a more difficult version of the task used 
to introduce fractions in the Japanese textbook: describe the length of a 
mystery piece in metres, using an un-ruled metre strip as reference. (The 
mystery piece was !

!
 metres for teachers, !

!
 metre in the textbook.) Groups 

then examine the Japanese textbook and fractions curriculum trajectory, as 
well as classroom video of fractions lessons taught by an experienced 
Japanese teacher to U.S. students. Discussion prompts call attention to issues 
such as how the textbook task helps students see non-unit fractions as 
accumulations of unit fractions and why the classroom teacher selects 
particular student misunderstandings for discussion. 
Section 3: Choosing a Focus for Your Lesson Study Work 
Groups choose a focus for their lesson study, focusing on either Path A 
(introduce fractions using a linear measurement context) or Path B (focus on 
another aspect of students' fraction number sense, such as connecting 
fractions to the number line). Path A groups study additional materials 
based on the Japanese curriculum (e.g., lesson plans; teaching manuals). 
Path B groups study other resources depending on the issue investigated 
(Saxe, Diakow, & Gearhart, 2013; Saxe, Shaughnessy, Shannon, Langer-
Osuna, Chinn, & Gearhart, 2007; Van de Walle, 2007).  
Section 4: Planning, Conducting, and Discussing the Research Lesson 
This section includes a blank research lesson template to support groups as 
they plan, observe, and reflect on a research lesson. The template prompts 
groups to write a rationale for their lesson, consider how the lesson fits 
within the larger trajectory of student learning, design a data collection plan, 
and write up what they learned, among other activities. Protocols for 
observation and discussion of a research lesson are also included. 
Section 5: Lesson Study Refresher: Overview and Suggestions for Getting Started 
For groups new to lesson study or in need of a refresher, this section 
provides guidelines for norm setting, a sample meeting agenda, an overview 
of the whole lesson study cycle, and so forth. 

€ 

1
2
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What Was the Process of Change in  
Teachers' Knowledge of Fractions? 

Teachers' end-of-cycle reflections provide insight into how the lesson study 
processes shown at the left of Figure 1 interacted with the resources kit 
(shown in the hexagons) to enable teachers' development of knowledge 
about fractions. In their written reflections, teachers mention experiences 
from every phase of the lesson study cycle, as the following excerpts 
illustrate. 

We clarified each other's misunderstanding as we read the material on 
fractions and discussed how ideas could be utilised in our classrooms. As 
teachers we enriched our own understanding of fraction content and 
student perceptions as we … [tried] to find more effective approaches to 
math instruction. I will introduce fractions using the linear model identified 
in this research, as I believe students can more clearly see the splitting of a 
whole into equal parts than they can in the area model of dividing brownies 
that I have used in the past. I appreciate the clean connection from the strips 
to the number line and expect my fourth graders to develop a clearer 
understanding and visualisation of fractions. Iterating the unit fraction to 
create other fractions is a logical and sound approach for students to 
manipulate and build fraction understanding. This requires a deeper 
understanding and more thought than my previous strategies of providing 
examples of various fractions and asking them to identify them. This lesson 
study has profoundly affected the activities I use to teach fractions. (#584)  

I had never considered giving a student a part of the whole such as 2/5 or 
2/3 and asking the student to figure out the whole. The other really helpful 
part of the lesson study was watching my colleagues struggle with their 
own misconceptions. Math tends to come easily and, as a result, I need to 
watch others identify and correct their misunderstandings in order to fully 
anticipate student misunderstandings. (#4-1-655) 

Sharing ideas, listening to positive feedback and push back from colleagues, 
taking in critical feedback and de-privatising my practices helped me snag 
the … weak spots in my practice. I am extremely grateful. My students are 
all performing better, enjoying math more now. (#525) 

Seven of the thirteen lesson study groups in the experimental condition 
chose to teach one or more of the lessons, which were provided on video in 
the resource kit, together with lesson plans, the textbook (Hironaka & 
Sugiyama, 2006), and excerpts from the associated Teacher's Edition. One 
teacher reflected: 

… the videos of Dr Takahashi's lessons were used as our model for our 
master lesson. Before we began, we were interested in how our students 
would react to such a lesson. We felt that the population of Dr Takahashi's 
students was quite different than ours. We weren't sure if our students 
would be as flexible in their thinking; however, we were very pleasantly 
surprised! 

The video-recorded lesson study meetings offer an even more fine-grained 
opportunity to see how the activities and interactions within the lesson 
study cycle sparked changes in teachers' thinking about fractions. For 
example, in the following transcript, a group of teachers help each other 
unpack what it means that the size of the fraction depends on the size of the 
whole, as they together make sense of a section of the resource kit on 
understanding the whole.  

Teacher 4:  And the importance of the whole itself. 
Teacher 2:  So what would that be? Just understanding the fraction? 
Teacher 4:  That really has something to do with the whole of it 

doesn't it? A third can be bigger than a half depending on 
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the size of the whole. I don't think I ever thought about 
that until I was teaching.  

Teacher 5:  I never thought about it until I read something today, 
actually about the third of a cookie versus half of the 
cookie. It depends on the size of the cookie and I never 
considered that until today.  

Teacher 1:  The books that we have … give you two fractions and 
[you] write less, greater, or equal, they would never say 
"half of a something" … "half of another", they would just 
say "half" and "half" and the kids end up putting "equal". 

Teacher 2:  There's one question in here [resource kit] … one kid said 
he could be correct because it's trying to get them to 
think that you don't know what size the original object 
was that we can have halves of different sizes, 
depending. And there was a question in there where I 
was like "Ohhh" —  

Teacher 5:  That's where I got it.  
Teacher 4:  Well think, would you rather have half of an individual 

pizza or a third of an extra-large? (Group 23, 11 16 09E 
21:25.37) 

How Did Teachers' Knowledge of Fractions Change? 
Table 3 shows the specific changes in teachers' knowledge of fractions from 
pre-test to post-test. Teachers who participated in lesson study with 
mathematical resources showed significant increases in three of the four 
facets of fractions knowledge, and in use of linear measurement 
representations. Both experimental and control group teachers showed 
significant reduction in fractions errors, with greater reduction in the 
experimental group.  

Teachers' end-of-cycle written reflections confirm their learning about 
the facets of fractions knowledge emphasised in the resource kit and suggest 
that the linear measurement representation offered support for teachers' 
knowledge development.   

Teaching fractions in a linear manner was a real aha moment for all of us on 
the team, especially me. Watching the students try to figure out how long a 
piece of ribbon was using linear models was wonderful!!! It just made so 
much more sense! I am left asking why fractions haven't always been 
introduced and taught in this way? Using linear fractions helped our 
children to clearly see fractional parts as equal in size and recognize how to 
build a new fraction from a unit fraction. (#578) 

I acquired a deeper understanding of teaching the meaning of fractions.  
Linear manipulations were effective in helping the children understand 
fractional parts as equal in size and how to build a new unit from a unit 
fraction. (#575) 

I think the most important idea I took away from this lesson study is the 
way we approach teaching fractions in the USA.  We have such a variety of 
examples for the students that they don't seem to be able to truly 
understand what a fraction is.  The research article entitled Initial Treatment 
of Fractions in Japanese Textbooks was very interesting.  I think it was very 
helpful for us to focus on the linear method of looking at and learning about 
fractions as well as focusing on understanding fractions instead of relating 
them to multiplication, division, ratios etc. ... which is what our 3rd grade 
textbook does.  (#561) 

 



 A Sustainable Model for Professional Learning Catherine Lewis & Rebecca Perry 

 MERGA 
 

Table 3 
Teachers' Fractions Knowledge and Representation Use, by Assessment Time and 
Treatment Group 

 Lesson Study with 
Resource Kit (N = 73) 

Control Groups  
(N = 140) 

 Pre-Test 
(SD) 

Post-Test** 
(SD) 

Pre-Test 
(SD) 

Post-Test** 
(SD) 

Knowledge Facet     
Equal parts 0.86 

(0.87) 
0.84 

(0.85) 
0.68 

(0.83) 
0.81 

(0.89) 
Fraction as number 1.18 

(1.11) 
2.081 
(1.46) 

1.49 
(1.19) 

1.38 
(1.35) 

Whole  4.88 
(1.60) 

5.272 
(1.26) 

4.80 
(1.65) 

4.9 
(1.53) 

Maths error* 2.63 
(2.31) 

1.673 
(1.78) 

2.20 
(1.87) 

1.764 
(2.13) 

Unit fraction 2.11 
(0.97) 

2.525 
(0.99) 

2.01 
(1.00) 

2.12 
(1.12) 

Representations     
Linear 
representation 

1.33 
(1.20) 

2.956 
(2.05) 

1.61 
(1.45) 

1.88 
(1.61) 

Circle representation 0.77 
(1.07) 

0.58 
(0.76) 

0.81 
(p.93) 

0.82 
(1.00) 

*  Higher maths error score indicates more errors. 
** Significant pre- to post-test changes as indicated below: 

1  Paired difference t = 4.802, 72 df, p < 0.001 
2  Paired difference t = 2.704, 72 df, p < 0.001 
3  Paired difference t = 5.113, 72 df, p < 0.001 
4  Paired difference t = 2.568, 139 df, p < 0.05  
5  Paired difference t = 2.84, 72 df, p < 0.01 
6  Paired difference t = 7.25, 72 df, p < 0.001 

Discussion 
The assessment data indicate significant improvements in selected facets of 
fractions knowledge by educators who participated in lesson study on 
fractions supported by a mathematical resource kit. The qualitative data 
confirm and illuminate this picture, providing insight into how teachers' 
knowledge development occurred through experiences including solving 
and discussing mathematical tasks, analysing student work, examining 
curriculum materials, planning, and observing and reflecting on the research 
lesson.  

The design of this study does not allow us to discern whether the 
mathematical resource kits themselves, without the lesson study process, 
would have resulted in similar changes. The written reflections quoted 
above and video coding conducted to date suggest, however, that lesson 
study was central to the changes that occurred for teachers. For example, 
collegial discussion during the "study" phase helped teachers unpack the 
mathematical content of the materials, the "plan" phase required teachers to 
negotiate a shared view of good instruction, and the research lesson and 
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post-lesson discussion provided an opportunity to see the impact of the 
instructional approach on students and draw out implications for their own 
future instruction.  

In their written reflections, teachers mentioned specific ideas from the 
resource kit and also mentioned elements of the lesson study experience that 
was likely to have made it possible to incorporate those ideas into practice: 
elements such as the "push back from colleagues" and "critical feedback" 
noted by the participants quoted above. Colleagues' ideas, including their 
"push back" and "feedback" may be critical in helping educators to assimilate 
knowledge and accommodate their existing knowledge and beliefs, building 
stronger "coherence" (Desimone, 2009; arrow near the centre of Figure 1) and 
in enabling teachers to take advantage of the research-based knowledge 
found in the resource kit and use it in the classroom. By studying, 
discussing, and enacting elements of fractions teaching and learning with 
colleagues—including using unit fractions to compose and decompose 
fractions, seeing fractions as numbers, looking at the fraction-whole 
relationship, and using linear measurement representations—teachers in this 
study were able to significantly improve their own understanding of these 
elements. As laid out by Desimone (2009), these experiences included strong 
emphasis on content, ongoing (rather than "one-shot") learning, and 
collective work with colleagues. Joint planning, enactment, and reflection on 
actual instruction was likely to have provided a powerful push to 
understand and use the resource kit contents well, since the lesson would be 
taught to students in front of colleagues.  

The lesson video, plans and teacher's edition material included in the 
resource kit supported direct translation of the mathematical ideas into 
classroom practice, and although not required, most groups chose to base 
their research lesson on the one found in the video and the supporting 
lesson plans, textbook, and teacher's edition materials. Since 87% of the 
participants in this study were elementary teachers, and 41% of participants 
were new to lesson study, this study suggests the power of kyozaikenkyu 
(study of curriculum materials and content; Takahashi et al., 2005) for U.S. 
teachers, if supported by the types of resources available to Japanese 
teachers. In this study, these resources included a Japanese textbook series 
and teachers' edition (Hironaka & Sugiyama, 2006), video of the textbook 
content as taught during U.S. classroom lessons, and mathematical tasks and 
research enabling exploration of the linear measurement representation of 
fractions and its relationship to student thinking. 

One timely feature of this study is the emphasis on a linear 
measurement representation of fractions, which appeared to be new to many 
of the U.S. teachers in the study, and which is emphasised by the new 
Common Core State Standards (National Governors Association Center for 
Best Practices, Council of Chief State School Officers, 2010). Lesson study 
supported by mathematical resource kits may be a promising approach for 
supporting implementation of the fractions content of the Standards. 

The current study pushes us to think in fundamentally new ways about 
the scaling-up of educational improvement. The model of lesson study with 
resource kits provided no support to local educators, beyond that included 
in the resource kits and that inherent in the lesson study process. Local 
teams managed their lesson study work, connecting the materials to their 
own local context—for example, observing their own students for the 
fraction (mis)understandings they read about in the mathematical resources. 
The intrinsic rewards of learning about content and student thinking 
pointed out in the following reflection bode well for sustainability of this 
form of professional learning: 



 A Sustainable Model for Professional Learning Catherine Lewis & Rebecca Perry 

 MERGA 
 

Each year when I sign up to be part of our school's lesson study team, I am 
always nervous and worried that I do not have enough knowledge to be 
beneficial to a team. As a first grade teacher I am always worried that my 
understanding of the teaching of some topics will be too simplistic. Yet, 
each year I feel as if I learn so much and grow so much as an educator. Even 
though the lesson that our team presents may not be on my grade level 
instruction, the process … helps me to be a better teacher. I find that I am 
more aware of each question that I ask. I am able to thoroughly think 
through the possible outcomes of a question that I may present in class. 
(#578) 
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Appendix 

Scales Measuring Specific Facets of Teachers’  
Fraction Knowledge 

Attention to Equality of Parts (Equal parts). (Range 0 – 5, alpha = 0.19 on 
pre- and 0.18 on post-test).  A point was awarded for mention of equality of 
parts, in responses to five open-ended items.  Two sample items follow:  

1. Suppose students had just had a basic introductory unit on fractions.  
If you gave them the fraction  !

!
  , what are all the things you hope 

they would understand and tell you/show you about this fraction? 
(Mills College Lesson Study Group, 2009) 

2. Please explain what you see as the important mathematical 
connections between measurement and fractions. (Mills College 
Lesson Study Group, 2009) 

Fractions as Numbers (Fraction as number). (Range 0 – 9, alpha = 0.27 on 
pre- and 0.46 on post-test). In responses to eight open-ended items, teachers 
noted that fractions are numbers or suggested using a number line to help 
students understand fractions.  Two sample items follow: 

3. What similarities and differences do you hope students will notice 
between fractions and whole numbers? (Mills College Lesson Study 
Group, 2009) 

4. Anna says  !
!
  is not possible as a fraction. 

a)  Is  !
!
  possible as a fraction?     Yes    No    (Circle one.) 

b)  What action, if any, do you take as a teacher to respond to Anna? 
(Ward & Thomas, 2009) 

Understanding of the Whole (Whole). (Range 0 – 7, alpha = 0.64 on pre- and 
0.60 on post-test). Five LMT items concerned with fraction-whole awarded 1 
point if correct; following item (Ward & Thomas, 2009) awarded 1 point for 
correct answer to a), and 1 point for mention of whole in b).  

5. A group of students are investigating the books they have in their 
homes. Steve notices that !

!
 of the books in his house are fiction 

books, while Andrew finds that !
!
 of the books his family owns are 

fiction.  Steve states that his family has more fiction books than 
Andrew’s. 
a)  Is Steve necessarily correct?     Yes    No    (Circle one.) 
b)  Why/Why not? 
c)  What action, if any, do you take as a teacher to respond to Steve? 
 (Added to original item) 

Unit Fractions (Unit fraction). (Range 0 – 7, alpha = 0.0 on pre- and post-
test).  In responses to five open-ended items, teachers mentioned unit 
fractions. For example, in response to problem 1, one teacher wrote, “I 
would want students to understand that 5/8 is five 1/8ths”. 

Mathematical Errors in Open-Ended Problems (Maths error). (Range 0 – 15, 
alpha = 0.63 on pre- and 0.73 on post-test). One point awarded for each of 15 
qualitatively coded items in which error was identified — e.g., in response to 
5b), respondent writes that ½ is always greater than 1/5.  Skipped items 
were scored as errors. 
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Use of Linear Measurement Representation (Linear representation). (Range 0 – 
11, alpha = 0.38 on pre- and 0.58 on post-test). Respondents suggested linear 
representation (e.g., ruler, fraction strip) or number line in responses to 
eleven open-ended items (1 point for each item in which it is mentioned). 
For example, mentions linear representation in response to 6b), below: 

6. When asked to order fractions from smallest to largest, Robin orders  
them: !

!
 , !
!
 , !
!
 , !
!
 . 

a)  What understanding does Robin need to develop?   
b)  What action, if any, do you take as a teacher to respond to Robin? 

Use of Circle Area Representation (Circle representation). (Range 0 – 11, 
alpha = 0.31 on pre- and 0.28 on post-test). Respondents suggested circle 
area representation (pizza, cookie, etc.) in responses to eleven open-ended 
items (such as item 6, above). 

 
 


