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To base teaching on student thinking requires analyzing and interpreting students’ thinking, key 
components of the construct of professional noticing (e.g., Jacobs et al., 2010). Although 
substantial research has been conducted using this construct, less attention has been paid to 
teachers’ evaluations of student work based on these analyses and interpretations. In this 
theoretical report, I argue that evaluation of student thinking is a key prerequisite for effective 
instructional decision making for responsive teaching. I then present a synthesized framework of 
evaluation criteria and an elaborated process for effective and responsive evaluation of student 
written work using these criteria. Finally, I analyze excerpts from two interviews with 
elementary prospective teachers to demonstrate the utility of these products. 
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Effective mathematics teaching requires basing instruction on students’ thinking (e.g., 
National Council of Teachers of Mathematics, 2014). To engage in such responsive teaching, 
teachers need the skills of eliciting (e.g., Shaughnessy & Boerst, 2018b), understanding (e.g., 
Association of Mathematics Teacher Educators, 2017), evaluating (e.g., Dyer & Sherin, 2016), 
and productively responding to (e.g., Jacobs et al., 2010) student thinking. Therefore, teacher 
preparation programs must provide multiple opportunities for prospective teachers (PTs) to learn 
how to enact these skills. This theoretical report contemplates PTs’ ability to evaluate student 
mathematical thinking as reflected in written mathematical work, a construct which is 
underdeveloped in the literature. I argue that thoughtfully evaluating student work and thinking 
is an essential aspect of responsive teaching because it shapes how teachers can productively 
respond to students’ mathematical understandings and ideas (Dyer & Sherin, 2016; Jacobs et al., 
2010; van Es & Sherin, 2021). In this report, I address the following research questions: What 
criteria for evaluation of student work and/or thinking have been documented in the literature? 
and Can these criteria be synthesized into a process that can be used to evaluate students’ 
written mathematical work in a systematic way supportive of responsive teaching? 

Evaluating Students’ Thinking in Responsive Teaching 
One essential meaning of the verb ‘evaluate’ is “to determine the significance, worth, or 

condition of… usually by careful appraisal and study” (Merriam-Webster, n.d.). Thus, evaluation 
is necessarily judgmental, but it should be thoughtful (i.e., based on evidence and/or reasoning). I 
define “evaluation of student thinking/work” as the process teachers use to make reasoned 
judgments about students’ mathematics using relevant criteria and against relevant standards to 
inform their next steps for teaching, including providing feedback and responding to students. 

Robertson et al. (2015) defined responsive teaching as teaching that embodies three 
characteristics: (1) foregrounding the substance of students’ ideas, (2) connecting students’ ideas 
to key ideas within the discipline, and (3) taking up and pursuing students’ ideas. Evaluation of 
student thinking plays a critical role in applying these tenets. For example, to connect a student’s 
idea to a key idea within the discipline, a teacher must evaluate how closely the student’s idea 
aligns with it. Ideally, this evaluation would help the teacher consider how to help move the 
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student’s thinking towards that key idea. Also, during typical classroom instruction, due to time 
constraints, teachers must choose which ideas will be pursued by the whole class (Stein et al., 
2008; Stockero et al., 2017). To make such decisions, teachers must evaluate students’ ideas in 
reference to their relevance to the learning goal (Stein et al., 2008). 

Potential Criteria for Evaluating Students’ Written Work 
From a synthesis of the literature, I define six criteria that teachers could use to evaluate 

students’ written mathematical work to support instruction aligned with the tenets of responsive 
teaching and a seventh criterion, personal preference, that could be detrimental to responsive 
teaching if used by a teacher to evaluate students’ written work (Table 1). 

 
Table 1: Definitions of Potential Criteria for Evaluating Students’ Written Work 

 
Criterion Definition 
Strategic competence The extent to which a student’s strategy was appropriate for solving the problem, 

including discussions of mathematical limitations of the strategy for solving this or 
similar problems. 

Logical validity The extent to which a student’s reasoning forms a logically valid mathematical 
argument. 

Conceptual 
understanding 

The extent to which a student’s work demonstrates understandings of mathematical 
concepts related to the topic of the problem. 

Efficiency/ 
sophistication 

The extent to which a student’s strategy and/or work for the problem is efficient or 
mathematically sophisticated, including judgments related to the placement of the 
strategy within a developmental progression. 

Clarity The extent to which a student’s thinking, reasoning, and work are communicated in 
ways others can easily understand. 

Accuracy/procedural 
understanding 

The extent to which a student obtains a correct answer, correctly completes 
computations, and/or knows/follows steps of a procedure. 

Personal preference The extent to which the evaluator prefers a student’s strategy for solving the problem 
due to their own relationship with the strategy. 

 
In the next sections, I will describe and synthesize literature that implicates the first six of the 

criteria in Table 1 and comment on how teachers’ evaluations of student work or thinking on 
each criterion could contribute to responsive teaching.  
Strategic Competence 

Building from one of the strands for mathematical proficiency from the Adding it up report 
(National Research Council [NRC], 2001), Copur-Gencturk and Doleck (2021) defined three 
aspects of strategic competence. First, the student must devise a valid solution strategy for 
solving the problem. Second, the student must translate the problem and/or strategy into a useful 
mathematical representation. Finally, the student must execute their chosen solution strategy 
accurately. However, when evaluating student work for a non-computational problem, I consider 
accuracy to be a separate criterion for evaluation. An appropriate strategy that contains a minor 
calculation error in its application in a written solution could be seen by a teacher as strategically 
competent despite its inaccuracy. 

Monitoring students as they work on a mathematical task is one of the five practices for 
orchestrating a productive mathematical discussion (e.g., Stein et al., 2008). Notably, the goal of 
monitoring is “to identify the mathematical learning potential of particular strategies or 
representations used by the students, thereby honing in on which student responses would be 
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important to share with the class as a whole” (Stein et al., 2008, p. 326). Thus, as teachers 
circulate, they should be evaluating the student work they see for its strategic competence, which 
will then inform their decision for which strategies may be best to share with the class. Such 
decisions align with tenet (3) of responsive teaching: taking up and pursuing students’ ideas. 
Logical Validity 

Although logical validity could also be viewed as an aspect of strategic competence, I 
consider strategic competence to be a criterion for evaluating the reasonableness of a student’s 
strategy selection. Logical validity is more fine-grained, as it considers the validity of each step 
of reasoning (implicit arguments) in the student’s work. As Özdemir and Pape (2012) noted, 
teachers can support students by asking them to explain their reasoning for selecting a strategy 
(strategic competence) and justifying why it works (logical validity). 

As part of the process for selecting student solutions to present to the class (Stein et al., 
2008), a teacher may decide to have a student share work that illustrates a common error in 
reasoning to help the class understand why it is not valid (Ayalon & Rubel, 2022). Doing so 
helps students connect their ideas to key disciplinary ideas, tenet (2), through contrast. However, 
Morris (2007) suggested that PTs may have difficulty applying this criterion, as they will often 
fill in logical gaps in students’ arguments with their own reasoning. 
Conceptual Understanding 

Teachers often have a particular learning goal in mind when they plan a lesson and the tasks 
or activities contained within it. Hiebert et al. (2018) and Morris et al. (2009) described the 
process of decomposing the learning goal into component mathematical subconcepts. These 
subconcepts are specific conceptual understandings that students may have an opportunity to 
demonstrate as they work on a task. Evaluating student work to determine which conceptual 
understandings the student has demonstrated is therefore important for considering next steps. 

Cohen and Benton (1988) recommended that teachers analyze students’ thinking for 
evidence of specific conceptual understandings as they circulate while monitoring student work. 
As Stein et al. (2008) noted, one key goal of monitoring student responses is to ensure that 
approaches to the task aligned with the learning goal (i.e., that demonstrate specific conceptual 
understandings) will be available for class discussion. Diagnosing these specific conceptual 
understandings foregrounds the substance of students’ ideas, tenet (1). 
Efficiency/Sophistication 

To orchestrate an effective mathematical discussion, teachers need to the sequence of 
solutions presented to the class. Stein et al. (2008) suggested one possible effective sequence is 
to present a strategy that is more accessible to students before presenting a more complex 
strategy. Thus, it would be important for teachers to evaluate students’ solutions on an axis of 
efficiency, sophistication, or placement on a developmental progression. A study by Ayalon and 
Rubel (2022) confirmed that PTs often sequence strategies in increasing order of complexity, and 
PTs justified this decision by discussing students’ ability to access more strategies. Additionally, 
several studies (e.g., Clements & Sarama, 2021; Moreno et al., 2021; Schack et al., 2013) have 
examined how instruction on learning trajectories succeeded in supporting PTs and teachers to 
learn to notice students’ mathematical thinking, a prerequisite to tenets (1) and (2). Therefore, 
evaluation on this criterion may support responsive teaching by improving teachers’ noticing. 
Clarity 

During a classroom discussion, students may make mathematical contributions, either 
verbally or through presenting their written work. Van Zoest et al. (2020) provided a framework 
that teachers can use to think about such contributions. According to the framework, a student’s 
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contribution can be non-mathematical, clarification-needed, inference-needed, or standalone 
(Van Zoest et al., 2020). A teacher’s evaluation of a mathematical contribution on this 
framework could help them determine their next teaching move. For example, if the teacher 
evaluates the contribution as “inference-needed,” they may ask a student to restate the 
contribution with additional context and precision before asking the class to engage with it. In 
this process, the student is given an opportunity to clarify their meaning if an incorrect inference 
was made. By making an evaluation of the clarity of a student’s contribution and responding 
appropriately, the teacher can support the class in understanding the connection of the idea 
shared to key conceptual understandings or disciplinary concepts, tenet (2). 
Accuracy/Procedural Understanding 

For some procedural tasks, the learning goal concerns students’ ability to demonstrate 
accurate computation and ability to follow the steps of a procedure. However, for other tasks, 
although teachers may wish to take note of computational or procedural errors, evaluations on 
this criterion may be of a lower priority in terms of responding productively to students’ ideas. 
Nevertheless, as I explain below, it has been an evaluation criterion observed in prior research. 

Prior Studies on Considering Students’ Written Work 
Several studies have found that PTs and teachers often attend to the accuracy of students’ 

written work. For example, in a study by As’ari et al. (2019), most algebra teachers’ ideal 
solutions for understanding student thinking employed accurate symbol manipulation after 
translating the given information into algebraic equations. As’ari et al. (2019) concluded the 
teachers in this study valued accuracy and procedural understanding highly. However, because 
the teachers also valued correctly mathematizing the given information into an algebraic 
representation, these teachers may also have valued solutions that demonstrated strategic 
competence (NRC, 2001). Additionally, PTs often assume a correct answer in student work 
indicates conceptual understanding (e.g., Bartell et al., 2013; Shaughnessy & Boerst, 2018a; 
Spitzer et al., 2011). Studies by Son (2013) and Lee (2021) concluded that, although PTs often 
successfully attended to errors in students’ work, few PTs developed clear interpretations of the 
student’s underlying mathematical difficulty. These studies strongly suggest that procedural 
understanding and accuracy are criteria that PTs and teachers use to evaluate students’ work.  

Prior qualitative research has provided some additional nuance to these findings. For 
example, Michael (2005) claimed that elementary PTs value solutions where all information and 
steps are shown, and their evaluations of solutions appeared to be positively influenced by 
features that made the work easy to follow. Corven (2021) also found that elementary PTs often 
preferred work that was clear to them, regardless of the solution’s accuracy or validity. 

Personal preferences may also affect PTs’ evaluations of student work. For example, Van 
Dooren et al. (2002) observed that PTs generally prefer student solutions that match the one they 
would have used to solve a problem when asked to choose from among several correct examples 
of student work. A replication and expansion of this study by Michael (2005) noted a statistically 
significant, positive correlation between PTs’ frequency of using a particular strategy to solve 
word problems and their evaluation scores for student work using a similar strategy. 

Processes for Evaluating Student Work 
Philipp’s (2018) study on diagnostic competence provided insights into how mathematics 

teachers think about students’ written solutions to mathematics problems. According to Philipp, 
after reconstructing a student’s solution from their perspective, a teacher evaluates the student’s 
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work in terms of its strengths and deficits. However, Philipp’s process is problematic for several 
reasons. First, although “deficits” may be an accurate characterization of how teachers in 
Philipp’s study viewed aspects of students’ work or thinking, a growing body of research (e.g., 
Louie et al., 2021) encourages the use of anti-deficit approaches to such analyses. Second, 
Philipp (2018) specifically defined deficits as “errors” (p. 121), but other aspects of the work 
could also raise concerns for a teacher (e.g., gaps in logical reasoning, unclear parts of the work, 
or not demonstrating an important subconcept of the learning goal). Finally, Philipp’s process 
ceases after strengths are identified, but interactions with a student after teachers attend to and 
interpret their mathematics can help develop the student’s thinking (e.g., van Es & Sherin, 2021), 
even when no errors or concerns are identified. To address these concerns, I created Figure 1, 
which is a refinement and elaboration of Philipp’s (2018) idealized diagnostic process. 
 

 
Figure 1: An Elaborated Process for Evaluating Students’ Written Mathematical Work 

The row labeled “Evaluate the solution” in Figure 1 poses questions aligned with the six 
productive criteria for evaluation in Table 1. However, some solutions may not contain sufficient 
evidence to answer all the questions in the “Evaluate the solution” row. For example, Spitzer et 
al. (2011) state that, for a procedural solution, an appropriate answer to the question “What does 
the student understand conceptually?” would be that there is not enough evidence to substantiate 
any such claim. The “Evaluate the solution” row in Figure 1 is also not meant to be followed 
strictly from left to right. Expert teachers will apply the evaluation criteria implicated by those 
questions flexibly, strategically, and purposefully depending on the details in a student’s work.  
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Application of the Elaborated Process 
I will now demonstrate an application of the framework in Figure 1. Below is an excerpt 

from an interview with Charlotte (pseudonym), an elementary PT who had just finished her first 
mathematics content course. Charlotte was asked to reconstruct the student’s thinking shown by 
the solution in Figure 2, which was a response to the story problem, “A licorice rope was 36 
inches long. Tammy cut the entire rope into pieces 4.5 inches long to share with her friends. How 
many pieces did she make?” (adapted from Moore et al., 2020). 
 

 
Figure 2: A Missing Factor Approach to Solving a Division Story Problem 

Charlotte: So, I think they understand, just by starting out, I think they understand the 
correlation between division and multiplication. So, they switched the 36 divided by 4.5 
to a multiplication problem. So, they understood that 36 inches [trails off]…. [T]hey don't 
know yet how many groups of 4.5, so they switched it to the problem L groups of 4.5 
inches equals 36. So, to make it easier for them, they did 4.5 plus 4.5 to get a whole 
number, to get 9, and they understand that 9 goes into 36 four times. So, 9 plus 9 plus 9 
plus 9 equals 36…. [B]y doing the 9 plus 9 plus 9 plus 9 is just saying like parentheses, 
4.5 plus 4.5, close parentheses four times, so they can see that L equals 8…. 

Interviewer: So, they had the idea that each of these 9’s represents two copies of 4.5? 
Charlotte: Yes, and it looks like they could have made their work clearer by doing, like under 

that maybe, parentheses 4.5 plus 4.5, and do that across the line…. But it seems like 
they're able to understand it [so] that they don't need the work. If they were struggling 
and not getting the right answer, as a teacher, I might have been like, well, show your 
idea behind the 9. But, since they have the work above it, it seems like they understand 
what they're trying to say…. Maybe when they were first learning this, they did put that 
line under it. But maybe they're further along in the process where they understand now 
that, with the work above it, that 4.5 and 4.5 will give the 8 instead of 4…. 

Interviewer: In your opinion, how would you evaluate the reasoning shown in this solution? 
Charlotte: I think that it's good that they understand the concept that division and 

multiplication relate to each other with switching the problem up like that. And then, with 
the 4.5 plus 4.5 equaling 9, it's good that they made it a whole number so they're not 
messing around with the decimals and everything. So, I think they showed the work they 
needed for this problem. I understood it, and it seems like they understood it as a student. 
So, overall, I think they understand the concept of division. 

Charlotte’s engagement with the student work was generally aligned with Figure 1. Charlotte 
interpreted the student’s work as showing that “they understand the correlation between division 
and multiplication,” and she cited mathematical details from the student’s work (“L groups of 4.5 
inches equals 36”) to support her inference. Thus, Charlotte both attended to and interpreted 
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mathematical details in the student’s work (Jacobs et al., 2010). Further, she recognized where 
she had filled in a step in the student’s reasoning (“they could have made their work clearer by 
doing, like under that maybe, parentheses 4.5 plus 4.5”) that was implicit in the work 
(metacognition; Morris, 2007). Charlotte did not indicate a need to elicit the student’s thinking 
for confirmation, suggesting she considered the contribution as standalone (Van Zoest et al., 
2020). Charlotte also compared the work to (hypothesized) past performance (Jessup, 2018) 
when she said, “Maybe when they were first learning this, they did put that line under it. But 
maybe they're further along in the process [now]” (contextual factor). Thus, Charlotte was 
generally able to reconstruct the solution from the student’s perspective to prepare for evaluation. 

Charlotte considered and evaluated the logical validity of the student’s reasoning, though she 
did not make an explicit strategic competence evaluation. Nevertheless, she did diagnose a 
specific conceptual understanding (the relationship between multiplication and division) 
demonstrated by the student’s work. Given the relationship between strategic competence and 
mathematical knowledge for teaching described by Copur-Gencturk and Doleck (2021), this 
statement could be interpreted as an implicit evaluation of the strategy as valid. However, 
Charlotte did not conduct a full breakdown of the learning goal into subconcepts and 
overgeneralized the student’s conceptual understanding. At the conclusion of the evaluation, 
Charlotte stated, “overall, I think they understand the concept of division,” but she did not 
elaborate on what other specific understandings of division the work demonstrated. Charlotte did 
consider the efficiency of the strategy in the solution in terms of ease for the student by stating, 
“with the 4.5 plus 4.5 equaling 9, it's good that they made it a whole number so they're not 
messing around with the decimals.” Additionally, Charlotte commented that the student’s final 
answer was correct, indicating an evaluation of accuracy (no errors). Finally, Charlotte discussed 
ways in which the work could have been made clearer, but claims, “I think they showed the work 
they needed for this problem. I understood it, and it seems like they understood it as a student.” 
Charlotte’s response exemplifies a generally productive application of the process in Figure 1. 

However, not all PTs I interviewed exhibited this level of alignment with the process. The 
transcript below shows Jane’s (pseudonym) response to the solution in Figure 2. 

Jane: We started out with an equation of L times 4.5 equals 36, with 36 being how much of 
the rope we have, and the 4.5 being how much we want to cut it into, and L being our 
pieces. So, we know that 4.5 plus 4.5 would be 9, so we would add up 9 until we get 
relatively [close] or to the exact answer of 36, which they did. And we also know that 9 
was the sum of 4.5 plus 4.5, so, because we had to use four 9’s in order to get the 36, our 
answer would then be 8 pieces. 

Interviewer: So because we had four 9’s and each of those 9’s was two 4.5’s, that’s where 
they got the 8 from? 

Jane: Yes. 
Interviewer: So, how would you evaluate the reasoning shown in this solution? 
Jane: I think this is a really good method to use. It’s quick and it seems pretty simple. 
Interviewer: Okay. Any other thoughts or comments about this solution? 
Jane: No. 

Jane’s reconstruction of the student’s work had some similarities to Charlotte’s in terms of 
attending to the mathematical details in the solution. However, unlike Charlotte, Jane did not 
apply metacognition to recognize that she filled in missing steps in the student’s work and 
inferred that the student thought the same way. Also, although Jane described the meaning of 
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each quantity in the original problem, she did not describe any conceptual understandings that 
the student demonstrated through their solution. Most of Jane’s reconstruction is recitation of the 
steps the student did rather than interpreting the student’s thinking, aligning with Level 1 in 
Fernández et al.’s (2013) framework: “interpretations of students’ answers mainly rely on the 
description of the operations carried out and not on the meanings” (p. 453). 

When I asked Jane to evaluate the student’s work, she made evaluations of strategic 
competence (“I think this is a really good method to use”) and efficiency/sophistication (“It’s 
quick”). However, she did not provide any rationales for these evaluations, even after prompting. 
Specifically, she did not draw on any details from the work to justify her evaluations. In line with 
Bartell et al. (2013) and Spitzer et al. (2011), PTs may need more support to use the process in 
Figure 1 effectively and consistently (e.g., basing their evaluations on mathematical details). 

Implications 
Teacher Education 

In the context of elementary teacher preparation, opportunities for PTs to evaluate written 
work (e.g., Fernández et al., 2013) and/or participate in simulated student interviews (e.g., 
Shaughnessy & Boerst, 2018a) can serve as initial exposures for PTs to consider how their future 
instruction can center student thinking. Such activities could be implemented in early content 
courses without a field experience component. The process in Figure 1 can also help MTEs 
understand how their PTs are engaging in productive (or unproductive) evaluations of student 
work and thinking. MTEs can then consider teaching PTs about evaluation criteria that are 
important but have not yet surfaced. For example, MTEs can purposefully select student work 
that is designed to elicit certain criteria for evaluation (e.g., a solution that does not clearly model 
the situation, yet reaches a correct numerical answer) as a basis for a classroom discussion.  

The primary contribution of the evaluation process in Figure 1 is the elaborated synthesis of 
the construct of professional noticing of children’s mathematical thinking (Jacobs et al., 2010) 
with Philipp’s (2018) framework of teachers’ diagnostic processes and the productive evaluation 
criteria from review of prior research in Table 1. Although professional noticing was one of the 
theoretical bases for Philipp’s (2018) process, the elaborated framework clarifies the 
relationships between these ideas in a way that is useful to MTEs and teachers. MTEs can share 
this process with their PTs to guide them towards examining student work in ways that 
productively center student thinking. Additionally, in-service teachers can compare their own 
evaluation processes to the one in Figure 1 to help them develop new ways of thinking about 
student work. The questions listed in the “Evaluate the solution” row of Figure 1 could also serve 
as prompts during a professional development centered on examining student work. 
Future Research 

Figure 1 can also be used to characterize how PTs and in-service teachers evaluate students’ 
mathematical work. Such investigations could lead to further refinements of this process. For 
example, tasks that ask students to execute a specified procedure may not provide any evidence 
of a student’s conceptual understanding (Spitzer et al., 2011), so skipping some of the questions 
in the “Evaluate the solution” row would be appropriate. Additional arrows that explicate more 
specific paths through the process based on the nature of the underlying task could then be added 
to Figure 1. Creating and analyzing flowchart diagrams of PTs’ reconstructions and evaluations 
could better emphasize the relationship between this process and evaluation criteria. 

Evaluating students’ work in ways that honor and center their thinking is complex. I 
hypothesize that opportunities to reconstruct and evaluate students’ written work alongside 
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instruction on processes for doing so could support PTs developing responsive teaching 
practices. However, more research is needed to ascertain how effective such instruction would 
be. Additionally, to tailor such instruction for PTs, it would be important to know the extent to 
which PTs’ individual attributes (e.g., mathematical knowledge or beliefs) influence their 
selection or application of evaluative processes. Although these questions are the domain of 
future empirical studies, this work establishes a sound theoretical base for such research. 
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