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Learning progressions have become an important construct in educational research, in part
because of their ability to inform the design of coherent standards, curricula, assessments, and
instruction. In this paper, I discuss how a learning progressions approach has guided our
development of an early algebra innovation for the elementary grades and provide examples of
how this approach can help challenge a settled mathematics learning status quo about the kind
of algebra students can learn, when they can learn it, and how all students can be successful.
Empirically derived learning progressions are an important part of designing early algebra
innovations that can open new curricular pathways for teaching and learning algebra, creating
accessible and effective avenues of learning for all students.
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Using a Learning Progressions Approach to Develop an Early Algebra Innovation

Over a decade ago, my research interests turned towards a question that I view as critically
important in teaching and learning algebra: Does early algebra matter? Since I assume early
algebra does matter, perhaps a better way to frame this question is to what extent does early
algebra matter, in what ways does it matter, and how might we capture or measure this? There
are deep implications for the answers to these questions. A truly effective integration of early
algebra (or, algebraic thinking in the elementary grades) would entail significant costs because it
requires “deep curriculum restructuring, changes in classroom practice and assessment, and
changes in teacher education—each a major task™ (Kaput, 2008, p. 6). Such costs highlight the
need for carefully constructed models of early algebra instruction—models that have been
missing from elementary grades mathematics. However, these models, as curricular roadmaps
for developing children’s algebraic thinking across elementary grades in a deep, systemic way,
are essential to understanding early algebra’s impact.

To build such a model, our research team turned to a learning progressions approach.
Learning progressions have become an important construct in educational research (Clements &
Sarama, 2004, 2009; Confrey et al., 2014; Simon, 1995; Stevens et al., 2009), in part because of
their ability to inform the design of coherent standards, curricula, assessments, and instruction
(Daro et al., 2011). We focused our work on the development of several core components
aligned with this approach (e.g., Clements & Sarama, 2004; see also Fonger et al., 2018): (1)
empirically-derived learning goals around algebraic thinking in elementary grades; (2) grade-
level instructional sequences designed to address these learning goals; (3) validated assessments
to measure students’ understanding of core algebraic concepts and practices as they advance
through the instructional sequences; and (4) progressions that specify increasingly sophisticated
levels of thinking students exhibit about algebraic concepts and practices in response to an
instructional sequence. A learning progressions approach served two purposes in our work. It
provided an over-arching “large-grain-size-level” framework to guide our design of a Grades K—
5 early algebra intervention from which we might measure the impact of early algebra on
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children’s algebra readiness for middle grades. It also provided a theoretical mechanism for
identifying “small-grain-size-level” cognitive foundations in children’s algebraic thinking that,
along with other existing research in the field, could inform the development of our intervention.

At a large-grain-size level, we used a learning progressions approach (e.g., Shin et al., 2009,
Stevens et al., 2009) in the development of learning goals, grade-level instructional sequences,
and grade-level assessments for K—5. Using Kaput’s (2008) content analysis of algebra as a set
of key aspects (ways of thinking algebraically) and core strands (content domains where
algebraic thinking occurs), we identified core algebraic thinking practices of generalizing,
representing, justifying, and reasoning with mathematical structure and relationships as an
underlying conceptual framework for the design of our goals, sequences, and assessments
(Blanton, Brizuela et al., 2018). We viewed a conceptual framework organized around algebraic
thinking practices as critical to avoid designing instructional sequences based simply on the use
of ubiquitous “algebra” tasks (e.g., solving equations) and not cohesively grounded in what it
means to think algebraically.

To develop our learning goals, we analyzed the treatment of the core algebraic thinking
practices in several dimensions: (1) empirical research on Grades K-8 students’ algebraic
thinking; (2) national curricular frameworks and standards such as the Principles and Standards

for School Mathematics (National Council of Teachers of Mathematics [NCTM], 2000) and
Common Core State Standards (National Governors Association Center for Best Practices
[NGA] & Council of Chief State School Officers [CCSSO], 2010); (3) Grades K-8 curricular
materials (e.g., Everyday Mathematics, Singapore Math, Investigations); and (4) formal algebra
content at both secondary and postsecondary levels. We then organized early algebra content to
align with strands in Kaput’s (2008) algebra content analysis, in particular, “the study of
structures and systems abstracted from computations and relations” (Strand 1) and the “study of
functions, relations, and joint variation” (Strand 2) (p. 11). These strands also aligned with core
content around which the early algebra research base had coalesced. Based on this, we structured
our findings on early algebra content within several “Big Ideas” (e.g., Stevens et al., 2009), or
content domains, where core algebraic thinking practices can occur: Generalized Arithmetic;
Equivalence, Expressions, Equations, and Inequalities; and Functional Thinking. We then
unpacked the role of algebraic thinking practices within each Big Idea by delineating core
algebraic concepts related to the practices, claims that specify the nature of skills or
understandings expected of students regarding a specific concept, evidence in students’ work that
would indicate they had developed the skills or understandings specified in our claims, and
research-based difficulties and misconceptions that students have with a concept (Shin et al.,
2009). The concepts, claims, evidence, and difficulties or misconceptions associated with the
algebraic thinking practices within each Big Idea informed the development of grade-specific
learning goals.

Using our learning goals, we then constructed grade-level instructional sequences for each of
Grades K—5 by designing specific task structures that connected the algebraic practices with
related claims about the skills or understandings that might reasonably be expected of students.
For example, for Generalized Arithmetic we designed sequences of tasks that created
opportunities to generalize arithmetic relationships, to represent these relationships in different
ways, to develop appropriate general arguments for justifying the arithmetic relationships
students observed, and to use arithmetic generalizations students developed as objects (Sfard,
1991) for reasoning with novel problems or properties of arithmetic that make computational
work more efficient. Grade-level learning goals were used to guide content for these task
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structures. For example, the types of arithmetic relationships addressed at a particular grade, the
types of representations used to express them, or the nature of arguments students might develop
to show relationships were valid, were guided by our learning goals. We then used design
research (Cobb et al., 2003) to field-test and refine our proposed grade-level instructional
sequences. Finally, we used these task structures to develop validated, grade-level assessments
by which we could measure within-grade and across-grade (longitudinal) growth in children’s
algebraic thinking in order to understand early algebra’s impact.

Our effort to design a broader, multi-year (Grades K—5) approach to developing students’
early algebraic thinking—essentially, components (1)—(3) above—aligns with what is sometimes
characterized as “learning progressions” (Stevens et al., 2009). At the same time, a smaller grain
size approach was needed to fill in “gaps” in empirical research on our understanding of
children’s algebraic thinking (essentially, component (4) above), particularly in the early
elementary grades where the research base was less developed than that for Grades 3—5. Because
of its narrow scale in terms of a focus on specific algebraic concepts or practices within short
instructional timelines (e.g., weeks), this second aspect of our work might be seen as more akin
to learning trajectories (e.g., Stevens et al., 2009). This “small-grain-size-level” research was
critical for identifying increasingly sophisticated levels in students’ thinking about a particular
practice or concept within a Big Idea. For example, we identified trajectories in students’
thinking about concepts such as a relational understanding of the equal sign (Blanton, Otalora
Sevilla et al., 2018) and variable and variable notation (Blanton et al., 2017), as well as for
practices such as generalizing functional relationships (Blanton, Brizuela et al., 2015; Stephens
et al., 2017), generalizing arithmetic relationships (Ventura et al., 2021), and justifying claims
about arithmetic relationships (Blanton et al., 2021).

Regardless of the nomenclature used or whether focusing on “big” ideas over a broad span of
time (e.g., multiple years) or “small” concepts in a narrow span of time (e.g., weeks), a learning
progressions approach has provided a flexible theoretical paradigm with key features aligned
with our core research goals: identifying increasingly sophisticated ways students come to think
about an algebraic concept or practice in response to an instructional sequence (Duschl et al.,
2007; Simon, 1995; Smith et al., 2006); attending to specific content domains rather than general
cognitive structures in how we design our instructional sequences to study early algebra’s impact
(Baroody et al., 2004); organizing content within these domains to facilitate the development in
students’ understanding of algebraic concepts and practices over time (Smith, et al., 2006); and
relying on classroom-based empirical research, rather than just a logical analysis of the
discipline, to understand how students’ early algebraic thinking develops (Stevens et al., 2009).

The value of this approach extends beyond its role as a research paradigm, however. One of
the organizing questions of the PME-NA 2022 conference—How does your work challenge a
settled mathematics learning status quo?—is at the heart of early algebra’s goal of
“democratizing” students’ access to algebra. By democratizing access to algebra, we mean
opening up pathways to students for whom the traditional “arithmetic-then-algebra” approach—
teaching arithmetic in elementary grades, followed by formal algebra in secondary grades—has
been unsuccessful (e.g., Hiebert et al., 2005) and has limited students’ access to STEM career
and workforce opportunities (e.g., LaCampagne, 1995; NCTM, 2000). These challenges have
been particularly felt among students from historically underserved communities (e.g., Moses &
Cobb, 2001; Museus et al., 2011). For example, elementary grades students from lower
socioeconomic (SES) backgrounds are two times more likely to be deficient in mathematics than
students from higher SES backgrounds (U.S. Dept. of Education, NCES, 2007). This makes such
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students especially vulnerable in later formal algebra courses, which impacts their chance for
success in college (U.S Dept. of Education, 2008) and access to STEM-related disciplines and
careers. The promise of early algebra, then, is to address existing inequities in school
mathematics and broaden students’ access to STEM disciplines. In what follows, I consider a
few examples of how our work, built around learning progressions, has helped challenge the
status quo of settled mathematics learning around the kind of algebra students can learn, when
they can learn it, and how all students can be successful.

Representing Generalizations Using Variable Notation

The traditional “arithmetic-then-algebra” approach to teaching and learning algebra has
entailed certain views about what kind of algebra content should be taught and when. One aspect
of algebra that has historically been largely outside the purview of elementary grades is variable
and variable notation. Our work takes the view that variable notation is a useful tool that children
can begin to understand and use from early elementary grades. From this perspective, we have
sought to understand trajectories in students’ thinking about variable and the use of variable
notation to represent arithmetic and functional relationships. While the act of symbolizing a
generalization is central to algebraic thinking, the way in which a generalization is represented
can vary. In elementary grades, non-conventional forms such as natural language and
drawings—symbol systems whose meanings are already available to young children—have
historically been prioritized as a more productive way to represent generalizations (Resnick,
1982).

Part of the hesitation for the use of variable notation with young children has likely been due
to strict interpretations around Piaget’s formal stages of development, along with the concern
that premature formalisms (Piaget, 1964) might lead to meaningless actions on symbols (Blanton
et al., 2017). It is reasonable to assume that the well-documented challenges adolescents have
with the concept of variable and the use of variable notation (e.g., Knuth et al., 2011;
Kiichemann, 1981) would be even more prominent among younger, elementary grades children.
Yet, unlike younger children, adolescents are expected to build a mathematical understanding of
literal symbols to notate variable quantities affer they have deeply developed ways of thinking
about letters in linguistic contexts (e.g., Braddon et al., 1993). This suggests that difficulties with
variable notation may be more related to conflicts generated by students’ use of literal symbols
in mathematical contexts that rely on the understandings they already have about literal symbols
in non-mathematical contexts (McNeil et al., 2010).

Research, however, increasingly supports that variable notation can be a valuable tool for
young learners (e.g., Blanton, Stephens et al., 2015; Brizuela et al., 2015; Carpenter et al., 2003;
Cooper & Warren, 2011; Dougherty, 2008; Fuji & Stephens, 2008). Learning progressions have
helped us better understand why this might be the case. In a recent study (Blanton et al., 2017),
we explored a trajectory in first graders’ understanding of variable and use of variable notation to
represent functional relationships. The conceptual space of interest here is the level at which
children do not yet understand the concept of variable quantity nor how to use variable notation
to represent a variable quantity, a level we characterize as pre-variable/pre-symbolic. The close
analysis involved in mapping out a learning trajectory helped surface a more nuanced view of
students’ understandings about variable and variable notation. In particular, we observed that
students’ whose thinking was “pre-variable” did not yet perceive a variable quantity in a
mathematical situation. As such, they naturally searched for other tools and ways of
understanding within their conceptual field to make sense of a situation involving an unknown.
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How might this manifest in students’ mathematical actions? When young learners at a pre-
variable/pre-symbolic level of thinking encounter a situation with a variable quantity, they
typically assign a numerical value to the quantity, either randomly or based on some numerical
feature of the situation. They might also propose (hypothetically) that the quantity be measured
or counted to determine a specific value, even though it cannot be. This is not an unreasonable
approach, given that students’ mathematical experiences are, typically, fully centered on
arithmetic at this point, where quantities are known or can be counted or measured and
represented by a numerical value. Moreover, a child whose thinking is pre-variable (that is, the
child cannot imagine or does not “see” an unknown within a situation) would not reasonably be
expected to look for literal symbols (or even non-conventional representations such as natural
language) to symbolize a quantity. Instead, we would expect them to use the tools and ways of
understanding already available to them, which are arithmetic in nature.

As students progress in their thinking, some pick up the use of algebraic notation before they
can perceive variable quantities. Such cases are indicated by the use of literal symbols as labels
or to represent objects rather than quantities. That is, students recognize that a literal symbol can
be used to recognize something, but not a variable quantity, since this is outside of their
conceptual field. However, once variable and variable notation co-emerge in children’s thinking,
children begin to use variable notation in meaningful ways to symbolize variable quantities
(Blanton et al., 2017). Through our construction of a learning trajectory around variable and
variable notation, we came to see that the challenge was not that young learners cannot
understand (and, thus, should not be exposed to) variable notation. It is, rather, that they have
learned to interpret mathematical situations through an arithmetic lens which leads to certain
ways of (arithmetic) problem solving that are inadequate for situations involving variable
quantities. Instead, if they first learn to perceive a variable quantity, this motivates the need for a
symbol system—whether conventional or not—to represent the quantity. Once they perceive a
variable quantity, the symbolic system—including the use of literal symbols—can be
meaningfully used to represent unknowns.

Our findings elsewhere support that children can learn to use variable notation in meaningful
ways. For example, in a large-scale, randomized (CRT) study in 46 elementary schools on the
effectiveness of our Grades 3—5 instructional sequences (i.e., early algebra intervention), we
found significant differences in how treatment students, who were taught the intervention as part
of their regular curriculum, were able to represent functional relationships with variable notation
in comparison to control students, who were taught only their regular curriculum. Figure 1
compares treatment and control students’ use of variable notation and natural language (words)
to represent a functional relationship they observed using data they had culled from a problem
situation. Not only were treatment students significantly better able to represent a function with
variable notation (as well as with words) than control students, treatment students were also
significantly better able to use variable notation than words. (Even students in control schools
were better able to use variable notation than words, although the differences were not
significant).

The point here is that a learning progressions approach has enabled us to better understand
potential challenges to young learners’ understanding of variable and variable notation and to
design instruction that can significantly improve their understanding, both of which call into
question the long-held view that young learners should focus on representational tools that are
already available to them (e.g., natural language, diagrams). While we strongly support young
learner’s use of representational systems such as natural language, we equally support the
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introduction of variable and variable notation in appropriate ways to young learners and view
learning progressions research as a means to help shift perceptions that variable and variable
notation is beyond the grasp of young children.
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Figure 1. Comparison of treatment and control students use of variable notation to
represent a functional relationship.

Developing Mathematical Arguments

Justifying claims about mathematical relationships is central to early algebraic thinking, yet
the role of justifying or proving in school mathematics has historically been limited, particularly
in elementary grades (Ball et al., 2002; Stylianides, 2016). However, studies suggest that
deductive reasoning emerges in the elementary grades (Falmagne, 1980) and that with
appropriate instruction, students can learn to use deductive—rather than empirical—reasoning to
develop mathematical arguments (Stylianides & Stylianides, 2008). This challenges the long-
held view that children’s lack of ability to reason deductively is due to a developmental
constraint and, instead, points to limited classroom opportunities as the more likely cause for
their challenges with building good, grade-appropriate mathematical arguments (Stylianides,
2016; see also, e.g., Ball & Bass, 2003; Carpenter et al., 2003; Lampert, 1992; Maher & Martino,
1996). Studies suggest that the lack of argumentation in elementary grades has far-reaching
implications in that it detaches students from sense-making (Staples et al., 2012) and can
promote difficulties with proof and proving in high school (e.g., Coe & Ruthven, 1994; Knuth et
al., 2002; Stylianides & Stylianides, 2008).

Stylianides and Stylianides (2008) and Stylianides (2007) suggest that research that details
trajectories in children’s thinking in response to instructional sequences focused on
argumentation can help us understand how young children come to reason deductively in
response to specific instructional conditions. Because justifying mathematical relationships is a
core practice in our conceptual framework, we are interested in how students’ come to build
strong mathematical arguments in response to instruction. We recently conducted a study in
which our goal was to identify progressions in Grades K—1 children’s understanding of parity
arguments and underlying concepts (e.g., even and odd numbers) in response to our Grade K and
Grade 1 instructional sequences (Blanton et al., 2021). Our particular focus was on how
children’s understanding of representation-based proofs (Schifter, 2009)—versus empirical
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arguments—developed from the start of formal schooling, before their introduction to any parity
concepts.

While our sample was small due to the design nature of our work, our findings were similar
to those of other researchers who have conducted extensive work in this area (e.g., Schifter et al.,
2009; Stylianides, 2007; Van Ness & Mabher, 2019). For example, even in kindergarten, we
found that students were able to construct informal structural parity arguments that did not rely
on the use of specific or even generic numbers. What we found even more surprising was how
rare empirical arguments were in these early grades, even though such arguments are a
predominant proof strategy in secondary grades (Coe & Ruthven, 1994; Staples et al., 2012). For
example, kindergarten students were unfamiliar with the concepts of pair and even and odd
numbers prior to our instructional sequence in Grade K, but by Grade 1 pre-test (i.e., after the
Grade K sequence), many students routinely used a pairs strategy (where numbers that can be
represented as pairs of cubes are even and those that cannot be represented in this way are odd)
to reason about the parity of numbers represented in concrete, visual, and abstract forms. More
importantly, out of a group of 10 students interviewed, no student used an empirical argument to
justify why the sum of an even and an odd would be odd. Six out of ten were able to correctly
use a structural argument involving a pairs strategy (three students could not build either type of
argument; one student was not asked this question).

In developing trajectories in children’s thinking about particular algebraic concepts or
practices, we have found that introducing algebraic thinking earlie—even as early as
kindergarten—can help mitigate the development of misconceptions in students’ thinking that
can occur within an arithmetic-focused approach to instruction. We have observed this in
students’ understanding of variable quantity and variable notation, where engaging students in
mathematical tasks that first help them perceive variable quantities can support their use of
variable notation in meaningful ways. We have seen that the early introduction of representation-
based arguments can help offset entrenched forms of empirical reasoning by providing students
with an accessible, grade appropriate process for justifying their claims. We have seen early
attention to functional relationships between quantities mitigate an ingrained focus on recursive
patterns in function data that makes it difficult in later elementary grades to re-focus students’
thinking on co-varying quantities. We have seen concrete and visual tools help students begin to
think relationally about the equal sign even before symbols and equations are introduced, thereby
disrupting the operational thinking that is often fostered through arithmetic work focused on
standard forms of representations (Blanton, Otalora Sevilla et al., 2018). In this way, learning
progressions in early algebra research has helped challenge historically settled notions (even
some of our own) regarding what algebraic concepts should be addressed and when. But early
algebra’s mission to democratize access to algebra is broader than “what” or “when.” It is
ultimately about “who.” In what follows, I briefly touch on some of our evidence around this.

Challenging Perceptions of Who Can Do Algebra

The underlying premise of early algebra is that developing children’s informal notions about
mathematical structure and relationships, beginning in kindergarten, will better prepare them for
success in formal algebra in later grades. As described earlier, our work has focused on the use
of a learning progressions approach to build the tools with which we could explore this premise,
and we are starting to see the contours of an answer to the question of whether early algebra
“matters.” Our recent 3-year randomized (CRT) study on the effectiveness of the Grades 3—5
early algebra “intervention” (i.e., grade-level instructional sequences) offers some evidence of
this. The study was conducted in 46 schools across urban, rural, and suburban settings, where the
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intervention was taught by classroom teachers as part of their regular mathematics instruction.
We found overall that, at each of Grades 3-5, students who received the intervention as part of
regular instruction significantly outperformed their peers who received only regular instruction
in both their knowledge of algebraic concepts and practices and their use of algebraic strategies
to solve tasks (Blanton et al., 2019). Moreover, treatment students maintained a significant
advantage over control students in middle grades, one year after the intervention ended (Stephens
etal., 2021).

Algebraic thinking in the elementary grades is now codified as essential to algebra education
in frameworks such as the Common Core State Standards for Mathematics (NGA Center &
CCSSO0, 2010). Through the adoption of these standards, many states have elevated the role of
algebra, leaving students potentially vulnerable to a persistent marginalization in school. With
students from underserved communities already underrepresented in STEM professions (Oscos-
Sanchez et al., 2008), the long-term implications for the inequity of access to educational on-
ramps for students around early algebra are significant. As such, early algebra innovations
should be designed to ensure that they are inclusive of learners across diverse classrooms. So,
while our overall results are promising, it was (and continues to be) important for us to further
unpack our findings for students in different demographics and learning conditions. One example
of this was our comparison in the performance of a subset of participating treatment and control
schools for which the majority of students were from underserved communities (i.e., 100% low
SES, 94% underserved racial minorities). We found that, like our overall population, treatment
students again significantly outperformed control students at each of Grades 3—5 on both their
knowledge of algebraic concepts and practices and their use of algebraic strategies to solve tasks
(Blanton et al., 2019). To visualize the significance of this finding, Figure 2 compares the
performance of students in treatment and control schools for this subset of schools along with the
performance of the overall control group. In addition, it also shows that, while treatment students
from schools with underserved communities did underperform the overall control group prior to
the intervention, by the end of Grade 3 they outperformed even the overall control group
(although not significantly) and maintained this advantage throughout the end of the intervention
in Grade 5.
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Figure 2. Comparison of performance for underserved students (US) in treatment and
control schools with control students overall.
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These promising results support findings from other studies that show providing students
from historically underserved communities with more challenging learning environments in
elementary grades can increase mathematics proficiency (Lee, 2011; Zilanawala et al., 2018).
While it’s difficult to tease out whether the role of a learning progressions approach was
sufficient for these results, we can say that when a learning progressions approach was used, we
have found a significant improvement in a// learners’ ability to think algebraically.

Building on this, we are continuing to explore how to develop a more inclusive early algebra

intervention in Grades K—2. We expanded our recent design work around instructional sequences

and assessments in Grades K-2 to include a more intentional focus on students with learning
differences in order to understand how these students make sense of the algebraic concepts and
practices in our intervention and how its features (e.g., concrete and visual tools) support
learning. We have found that tools such as balance scales helped students analyze equations and
reconsider unfamiliar equation forms (Stephens, Sung, Strachota et al., 2022), even prior to
developing strong computational skills. Further, we have documented how these tools mediated
the abilities of diverse learners to generalize and represent what they notice about structure and
relationships involving parity concepts (Strachota et al., 2021)

While this work is ongoing, our Grades K-2 instructional sequences already show promise
overall in developing children’s algebraic thinking. We recently conducted a small, one-year
cross-sectional study (n = 80) in each of Grades K-2 that examined the potential of each grade-
level sequence when taught by classroom teachers. After only a one-year intervention in each
grade, we found a marginally significant interaction between treatment condition and
performance that showed gains favoring treatment students in their understanding of early
algebra concepts such as the structure of evens and odds, mathematical equivalence and
equations, properties of arithmetic, the representation of varying unknown quantities, and
functional thinking [F (1, 58) = 3.794, p=.056] (Stephens, Sung, Blanton et al., 2022). Further,
we found no significant three-way interaction among treatment condition, performance on the
assessment, and grade level, suggesting that the impact of the intervention was similar across
grade levels. With these findings for Grades K—2 and our more fully developed findings about
the effectiveness of our Grades 3—5 intervention, we are optimistic about the innovation’s
potential to positively impact all students’ experiences in algebra.

Conclusion
A learning progressions approach has been central in our efforts to develop an empirically

grounded model for teaching and learning algebra that can increase all students’ opportunities for

success in algebra. It has provided both a framework for developing an innovation to measure
early algebra’s impact and a mechanism to examine fine-grained details in how children’s
algebraic thinking develops. It has also helped us think about how to reframe learning around an
asset-based perspective in which instruction can build on the rich ways students think about
algebraic concepts and practices, rather than from a deficit model built around students’
misconceptions. Designing innovations from a perspective of what students can do (or, as Jim
Kaput used to say, the “happy stories”) can minimize the need to design for the purpose of
“undoing” misconceptions in students’ thinking that arise when elementary grades instruction
does not attend to algebraic concepts and practices. Early algebra innovations based on learning
progressions can open new curricular pathways for teachers and create effective avenues of
learning that can democratize all students’ access to algebra. We are hopeful that such models
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can continue to challenge the national discourse on teaching and learning algebra around the kind
of algebra students can learn, when they can learn it, and how all students can be successful.

Acknowledgment
The research reported here was supported by the US Department of Education under IES
Award # R305A 170378 and the National Science Foundation under Award # 1720129. Any
opinions, findings, and conclusions or recommendations expressed in this material are those of
the authors and do not necessarily reflect the views of the US Department of Education or the
National Science Foundation.

References

Ball, D. L., & Bass, H. (2003). Making mathematics reasonable in school. In J. Kilpatrick, W. G. Martin, & D.
Schifter (Eds.), 4 research companion to principles and standards for school mathematics (pp. 27-44).
National Council of Teachers of Mathematics.

Ball, D. L., Hoyles, C., Jahnke, H. N., & Movshovitz-Hadar, N. (2002). The teaching of proof. In L. I. Tatsien (Ed.),
Proceedings of the International Congress of Mathematicians (Vol. 111, pp. 907-920). Higher Education Press.

Baroody, A. J., Cibulskis, M., Lai, M.-L., Li, X. (2004). Comments on the use of learning trajectories in curriculum
development and research. Mathematical Thinking and Learning, 6(2), 227-260.
https://doi:10.1207/515327833mtl0602 8

Blanton, M., Brizuela, B., Gardiner, A., & Sawrey, K. (2017). A progression in first-grade children’s thinking about
variable and variable notation in functional relationships. Educational Studies in Mathematics 95(2), 181-202,
https://doi 10.1007/s10649-016-9745-0.

Blanton, M., Brizuela, B., Gardiner, A., Sawrey, K., & Newman-Owens, A. (2015). A learning trajectory in 6-year-
olds’ thinking about generalizing functional relationships. Journal for Research in Mathematics Education,
46(5), 511-558.

Blanton, M., Brizuela, B., Stephens, A., Knuth, E., Isler, ., Gardiner, A., Stroud, R., Fonger, N., & Stylianou, D.
(2018). Implementing a framework for early algebra. In C. Kieran (Ed.), Teaching and learning algebraic
thinking with 5- to 12-year-olds: The global evolution of an emerging field of research and practice (pp. 27—
49). Springer.

Blanton, M., Gardiner, A., Ristroph, 1., Stephens, A., Stroud, R., & Knuth, E. (2021). Progressions in young
learners’ understandings of parity arguments. Mathematical Thinking and Learning.
https://doi.org/10.1080/10986065.2022.2053775

Blanton, M., Otalora Sevilla, Y., Brizuela, B., Gardiner, A., Sawrey, K., & Gibbons, A. (2018). Exploring
kindergarten students’ early understandings of the equal sign. Mathematical Thinking and Learning, 20(3),
167201, https://doi: 10.1080/10986065.2018.1474534

Blanton, M., Stephens, A., Knuth, E., Gardiner, A., Isler, 1., & Kim, J. (2015). The development of children’s
algebraic thinking: The impact of a comprehensive early algebra intervention in third grade. Journal for
Research in Mathematics Education, 46(1), 39-87. http://dx.doi.org/10.5951/jresematheduc.46.1.0039

Blanton, M., Stroud, R., Stephens, A., Gardiner, A., Stylianou, D., Knuth, E., Isler, 1., & Strachota, S. (2019). Does
early algebra matter? The effectiveness of an early algebra intervention in grades 3—5. American Educational
Research Journal, 56(5), 1930—-1972.

Braddon, K. L., Hall, N. J., & Taylor, D. (1993). Math through children’s literature: Making the NCTM standards
come alive. Teacher Ideas Press.

Brizuela, B. M., Blanton, M., Sawrey, K., Newman-Owens, A., & Gardiner, A. (2015). Children’s use of variables
and variable notation to represent their algebraic ideas. Mathematical Thinking and Learning, 17, 1-30.
http://dx.doi.org/10.1080/10986065.2015.981939

Carpenter, T. P., Franke, M. L., & Levi, L. (2003). Thinking mathematically: Integrating arithmetic and algebra in
elementary school. Heinemann.

Clements, D. H. & Sarama, J. (2004). Learning trajectories in mathematics education. Mathematical Thinking and
Learning, 6(2), 81-89. http://doi:10.1207/s15327833mtl0602 1

Clements, D., & Sarama, J. (2009). Learning and teaching early math: The learning trajectories approach.
Routledge.

Cobb, P., Confrey, J., diSessa, A., Lehrer, R., & Schauble, L. (2003). Design experiments in educational research.
Educational Researcher, 32(1), 9—13.

Lischka, A. E., Dyer, E. B., Jones, R. S., Lovett, J. N., Strayer, J., & Drown, S. (2022). Proceedings of the forty-fourth annual meeting
of the North American Chapter of the International Group for the Psychology of Mathematics Education. Middle Tennessee
State University.

39


https://doi.org/10.1080/10986065.2022.2053775
http://dx.doi.org/10.1080/10986065.2015.981939

Articles published in the Proceedings are copyrighted by the authors.

Coe, R., & Ruthven, K. (1994). Proof practices and constructs of advanced mathematics students. Educational
Research Journal, 20, 41-53.

Confrey, J., Maloney, A., & Nguyen, K. (2014). Introduction: Learning trajectories in mathematics. In A. Maloney,
J. Confrey, & K. Nguyen (Eds.), Learning over time: Learning trajectories in mathematics education (pp. xi—
xxii). Charlotte, NC: Information Age.

Cooper, T. J., & Warren, E. (2011). Years 2 to 6 students’ ability to generalise: Models, representations and theory
for teaching and learning. In J. Cai & E. Knuth (Eds.), Early algebraization: A global dialogue from multiple
perspectives (pp. 187-214). Springer.

Daro, P., Mosher, F. A., & Corcoran, T. (2011). Learning trajectories in mathematics: A foundation for standards,
curriculum, assessment, and instruction (Research Report No. 68). Consortium for Policy Research in
Education.

Dougherty, B. (2008). Measure up: A quantitative view of early algebra. In J. J. Kaput, D. W. Carraher, & M.
Blanton (Eds.), Algebra in the early grades (pp. 389—412). Lawrence Erlbaum Associates.

Duschl, R. A., Schweingruber, H. A., & Shouse, A. W. (Eds.). (2007). Taking science to school: Learning and
teaching science in grades K-8. National Academies Press.

Falmagne, R. J. (1980). The development of logical competence: A psycholinguistic perspective. In R. Kluwe & H.
Spada (Eds.), Developmental models of thinking (pp. 171-197). Academic Press.

Fonger, N. L., Stephens, A., Blanton, M., Isler, 1., Knuth, E., & Gardiner, A. (2018). Developing a learning
progression for curriculum, instruction, and student learning: An example from mathematics education,
Cognition and Instruction, 36:1, 30-55, doi: 10.1080/07370008.2017.1392965

Fuji, T., & Stephens, M. (2008). Using number sentences to introduce the idea of variable. In C. E. Greenes & R.
Rubenstein (Eds.), Algebra and algebraic thinking in school mathematics: Seventieth yearbook (pp. 127-140).
National Council of Teachers of Mathematics.

Hiebert, J., Stigler, J. W., Jacobs, J. K., Givvin, K. B., Garnier, H., Smith, M., Hollingsworth, H., Manaster, A.,
Wearne, D., & Gallimore, R. (2005). Mathematics teaching in the United States today (and tomorrow): Results
from the TIMSS 1999 Video Study. Educational Evaluation and Policy Analysis, 27(2), 111-132.

Kaput, J. (2008). What is algebra? What is algebraic reasoning? In J. J. Kaput, D. W. Carraher, & M. L. Blanton
(Eds.), Algebra in the early grades (pp. 5—17). Lawrence Erlbaum/Taylor & Francis Group & National Council
of Teachers of Mathematics.

Knuth, E. J., Alibali, M. W., McNeil, N. M., Weinberg, A., & Stephens, A. C. (2011). Middle school students’
understanding of core algebraic concepts: Equivalence and variable. In J. Cai & E. Knuth (Eds.), Early
algebraization: A global dialogue from multiple perspectives. Advances in Mathematics Education Monograph
Series (pp. 259-276). Springer. http://dx.doi.org/10.1007/978-3-642-17735-4 15

Knuth, E. J., Choppin, J., Slaughter, M. & Sutherland, J. (2002). Mapping the conceptual terrain of middle school
students’ competencies in justifying and proving. In D. S. Mewborn, P. Sztajn, D. Y. White, H. G. Weigel, R.
L. Bryant, & K. Nooney (Eds.), Proceedings of the 24" Annual Meeting of the North American Chapter of the
International Group for the Psychology of Mathematics Education (Vol. 4, pp. 1693 — 1670). Clearinghouse for
Science, Mathematics, and Environmental Education.

Kiichemann, D. E. (1981). Algebra. In K. Hart (Ed.), Children’s understanding of mathematics (pp. 102-119).
Murray.

LaCampagne, C. B. (1995). (Ed.). The Algebra Initiative Colloquium, Vol. 2, Working Group Papers. U.S.
Department of Education, Office of Educational Research and Improvement.

Lampert, M. (1992). Practices and problems in teaching authentic mathematics. In F. K. Oser, A. Dick, & J. Patry
(Eds.), Effective and responsible teaching: The new synthesis (pp. 295-314). Jossey-Bass Publishers.

Lee, O. (2011, May). Effective STEM strategies for diverse and underserved learners. Paper presented at the
National Research Council’s Workshop on Successful STEM Education in K—12 Schools, Washington, DC.

Mabher, C. A., & Martino, A. M. (1996). The development of the idea of a mathematical proof: A 5-year case study.
Journal for Research in Mathematics Education, 27, 194-214.

McNeil, N., Weinberg, A., Hattikudar, S., Stephens, A.C., Asquith, P., Knuth, E., & Alibali, M. (2010). A is for
apple: Mnemonic symbols hinder the interpretation of algebraic expressions, Journal of Educational
Psychology 102(3), 625-634. http://dx.doi.org/10.1037/a0019105

Moses, R. P., & Cobb, C. E. (2001). Radical equations: Math literacy and civil rights. Beacon Press.

Museus, S., Palmer, R. T., Davis, R. J., & Maramba, D. C. (2011). Racial and ethnic minority students’ success in
STEM education. Jossey-Bass.

National Council of Teachers of Mathematics (2000). Principle and standards for school mathematics. Author.

National Governors Association Center for Best Practices & Council of Chief State School Officers. (2010).

Lischka, A. E., Dyer, E. B., Jones, R. S., Lovett, J. N., Strayer, J., & Drown, S. (2022). Proceedings of the forty-fourth annual meeting 40
of the North American Chapter of the International Group for the Psychology of Mathematics Education. Middle Tennessee
State University.


http://dx.doi.org/10.1037/a0019105

Articles published in the Proceedings are copyrighted by the authors.

Common core state standards for mathematics. Council of Chief State School Officers. Retrieved from http://
www.corestandards.org/assets/CCSSI_Math%?20Standards.pdf

Oscos-Sanchez, M.A., Oscos-Flores, L.D., Burge, S.K. (2008). The Teen Medical Academy: Using academic
enhancement and instructional enrichment to address ethnic disparities in the American healthcare
workforce. Journal of Adolescent Health 42(3), 284-293.

Piaget, J. (1964). Developing and learning: Conference on cognitive studies and curriculum development. Cornell
University Press.

Resnick, L. B. (1982). Syntax and semantics in learning to subtract. In T. P. Carpenter, J. M. Moser, & T. A.
Romberg (Eds.), Addition and subtraction: A cognitive perspective (pp. 136-155). Lawrence Erlbaum
Associates.

Schifter, D. (2009). Representation-based proof in the elementary grades. In D. Stylianou, M. Blanton, & E. Knuth
(Eds.), Teaching and learning proof across grades: A K-16 Perspective (pp. 71-86). Routledge.

Sfard, A. (1991). On the dual nature of mathematical conceptions: Reflections on processes and objects as different
sides of the same coin. Educational Studies in Mathematics, 22(1), 1-36. http://dx.doi.org/10.1007/BF00302715

Shin, N., Stevens, S. Y., Short, H., & Krajcik, J. S. (2009). Learning progressions to support coherence curricula in
instructional material, instruction, and assessment design. Paper presented at the Learning Progressions in
Science (LeaPS) Conference, lowa City, IA.

Simon, M. (1995). Reconstructing mathematics pedagogy from a constructivist perspective. Journal for Research in
Mathematics Education, 26(2), 114—145. http://dx.doi.org/10.2307/749205

Smith, C. L., Wiser, M., Anderson, C. W., & Krajcik, J. (2006). Implications of research on children's learning for
standards and assessment: A proposed learning progression for matter and the atomic-molecular theory.
Measurement, 14(1&2), 1-98.

Staples, M. E., Bartlo, J., & Thanheiser, E. (2012). Justification as a teaching and learning practice: Its (potential)
multifaceted role in middle grades mathematics classrooms. The Journal of Mathematical Behavior, 31,447 —
462.

Stephens, A. C., Fonger, N. L., Strachota, S., Isler, L., Blanton, M., Knuth, E., & Gardiner, A. (2017). A learning
progression for elementary students’ functional thinking. Mathematical Thinking and Learning, 19(3), 143—-166.
https://doi.org/10.1080/10986065.2017.1328636

Stephens, A.C., Stroud, R., Strachota, S., Stylianou, D., Blanton, M., Knuth, E., & Gardiner, A. (2021). What early
algebra knowledge persists one year after an elementary grades intervention? Journal for Research in
Mathematics Education, 2(3), 332-348.

Stephens, A., Sung, Y., Blanton, M., Gardiner, A., Stroud, R., & Knuth, E. (2022). Kindergarten—grade 2 students’
algebraic reasoning before and after a one-year early algebra intervention. Conference proposal under review.

Stephens, A., Sung, Y., Strachota, S., Veltri Torres, R., Morton, K., Gardiner, A., Blanton, M., Knuth, E., & Stroud,
R. (2022). The role of balance scales in supporting productive thinking about equations among diverse
learners. Mathematical Thinking and Learning, 24(1), 1-18.

Stevens, S. Y., Shin, N., & Krajcik, J. S. (2009). Towards a model for the development of an empirically tested
learning progression. Paper presented at the Learning Progressions in Science (LeaPS) Conference, lowa City,
IA. Retrieved from http://www.education.msu.edu/projects/leaps/proceedings/Stevens.pdf

Strachota, S., Morton, K., Veltri-Torres, R., Stephens, A., Sung, Y., Murphy Gardiner, A., Blanton, M., Stroud, R.,
& Knuth, E. (2021). Generalizing about even and odd numbers. Paper presented at the /4" Annual Conference
of the International Congress on Mathematical Education, Shanghai, China.

Stylianides, A. J. (2007). Proof and proving in school mathematics. Journal for Research in Mathematics Education,
38, 289-321.

Stylianides, A. J. (2016). Proving in the elementary mathematics classroom. Oxford University Press.

Stylianides, G. J., & Stylianides, A. J. (2008). Proof in school mathematics: Insights from psychological research
into students’ ability for deductive reasoning. Mathematical Thinking and Learning, 10(2), 103—133.

U.S. Department of Education. (2008). Foundations for success: The final report of the National Mathematics
Advisory Panel. Retrieved from http://www2.ed.gov/about/bdscomm/list/mathpanel/report/final-report.pdf

U.S. Department of Education, National Center for Education Statistics. (2007). The condition of education 2007
(NCES 2007-064). U.S. Government Printing Office.

Van Ness, C. K., & Maher, C. A. (2019). Analysis of the argumentation of nine-year-olds engaged in discourse
about comparing fraction models. Journal of Mathematical Behavior, 53, 13—41.

Ventura, A. C., Brizuela, B. M., Blanton, M., Sawrey, K., Gardiner, A., & Newman-Owens, A. (2021). A learning
trajectory in kindergarten and first grade students’ thinking of variable and use of variable notation to represent
indeterminate quantities. Journal of Mathematical Behavior. https://doi.org/10.1016/j.jmathb.2021.100866.

Lischka, A. E., Dyer, E. B., Jones, R. S., Lovett, J. N., Strayer, J., & Drown, S. (2022). Proceedings of the forty-fourth annual meeting
of the North American Chapter of the International Group for the Psychology of Mathematics Education. Middle Tennessee
State University.

41


http://dx.doi.org/10.1007/BF00302715
http://dx.doi.org/10.2307/749205
https://doi.org/10.1080/10986065.2017.1328636
http://www.education.msu.edu/projects/leaps/proceedings/Stevens.pdf

Articles published in the Proceedings are copyrighted by the authors.

Zilanawala, A., Martin, M., Noguera, P., & Mincy, R. (2018). Math achievement trajectories among black male
students in the elementary and middle-school years. Educational Studies 54, 143—164.
doi.org/10.1080/00131946.2017.1369414

Lischka, A. E., Dyer, E. B., Jones, R. S., Lovett, J. N., Strayer, J., & Drown, S. (2022). Proceedings of the forty-fourth annual meeting 42
of the North American Chapter of the International Group for the Psychology of Mathematics Education. Middle Tennessee
State University.


https://doi.org/10.1080/00131946.2017.1369414

