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We report the results of a study on informal covariate statistical reasoning conducted with 22
students (aged 16 and 18 years). We designed and implemented a task in a digital technology
environment to introduce the line of best fit. The task design having elements that foresee
misconceptions reported in the literature, and by focusing on four statistical ideas that we
consider being central to the development of informal reasoning about the line of best fit. After
having used the digital technology environment, students transitioned from viewing points of a
scatterplot as individual points or fragmented into subsets to viewing the scatterplot as an
aggregate from a mathematical mechanism that links them through the notion of distance from a
point set to a right line.
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Introduction

In statistics, covariation is the variation of two statistical variables that take numerical values
(Moritz, 2004).The values for each variable are obtained from the same observation unit and
expressed as an ordered pair; observations compose a set of pairs called bivariate data. The
graphical tool used to represent a bivariate data set in a plane is a scatterplot. The most used
techniques to investigate statistical covariation are correlation and regression. Correlation
quantifies the strength of the linear relationship between a pair of variables, while regression
expresses the relationship as a mathematical model (linear equation).

The correlation and regression are statistical objects that express global properties of a data
set, properties that do not belong to isolated points of the data set but all of them. An isolated
individual data does not contain the properties that will emerge when a data is associated with
other data, namely the data viewing as an aggregate. Stigler (2016) used the term aggregation to
designate the first pillar of statistical wisdom. For him, aggregation is the mechanism by which
can provide more information of a data set, there is a loss of information of the individual data
for retaining global properties of the data set.

Statistical educators have mentioned the aggregate to highlight a recurrent phenomenon in
the learning of statistical concepts. Hancock et al. (1992) were the first to raise the problem that
in data analysis, students are prone to focus on the characteristics of individual data without
making sense of the aggregate properties of a data set, such as the mean. Other authors have
mentioned the same problem concerning the notion of distribution (Bakker & Gravemeijer,
2004), in group comparison (Ben-Zvi & Arcavi, 2001), and the concept of the sample (Saldanha
& Thompson, 2002). The correlation and regression result from an aggregation process and
require that a point could be conceived of as an aggregate.

With the availability of specialized statistical applications and software, opportunities open
up in teaching for students to look at data sets as an aggregate; the possibility of multiple
representations, dynamic trawling, real-time data updating, and performing tedious calculations
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are ideal to show how statistical summaries are related to the data set from which they originate
(Biehler et al., 2013). This paper informs about a design research that use the online data analysis
platform CODAP, and an applet designed in GeoGebra with the aim to promote the development
of covariational reasoning in high school students; In particular, we are interested in observing if
the design of the task and the use of the software allow students to begin to see the points of
scatterplot as an aggregate or, more precisely, the process of finding the line of best fit as an
aggregation process.

Background

Many researchers have been interested in the problems of the correlation and regression
teaching and learning. The first studies were about the conceptions of university students, such as
of Truran (1995), who was interested in the detection and characterization of the interpretations
of university students about the correlation coefficient and the determination coefficient.
Sanchez-Cobo et al. (2000) studied verbal, graphical, and numerical representations of
correlation, and Sorto et al. (2011) studied students’ conceptions of the line of best fit. At the
pre-university school levels, there is the study by Watson and Moritz (2007) analyzed students’
reasoning when making graphical representations about covariation, and Casey (2015, 2014)
studies of students’ conceptions of what the line of best fit is. Regarding high school students’
conceptions, two studies related to the graphical representation of covariation stand out: the
study by Watson and Moritz (1997) analyzed the graphical representation established by students
about the covariation present in non-symbolic contexts, and the study of Estepa and Batanero
(1996) established some conceptions of covariation in students when they judge the relationship
of two variables based on scatterplots.

A current trend in statistical education is to conduct research that investigates the
relationships between teaching design and progress in student learning. In this way, studies have
begun in which the design of the intervention in the classroom is an important component
highlighting technology as an element that can help students make more accurate covariation
judgments (Batanero et al., 1998; Cobb et al., 2003; Inzunza, 2016). At the high school level,
research that includes teaching intervention is still scarce and scattered; we found only three
studies at this level, each paper covering one topic: covariation in big data contexts (Gil & Gibbs,
2016), scatterplots, and the line of best fit (Medina et al., 2019), visualization and trend in the
data (Dierdorp et al., 2011).

Framework Conceptual

The following four subsections present the concepts we consider central for understanding
the research from which this report was done. We defined the conceptual framework used here as
a set of concepts that clarify the key aspects to be studied. We aligned this notion of the
conceptual framework with the one presented by Miles and Huberman (1994, p.18).
Definition of Aggregate and Aggregation in Statistics

From examining how researchers use the term aggregate, we define it as a set of data
belonging to a larger whole with global properties. An aggregation process comprises an object
produced from an aggregate that highlights properties common to all data, properties that
individual data does not have. Thus, the mean and the line of best fit result from an aggregation
process. A condition for the mean of a data set or the line of best fit of a “cloud"! of points to be
seen as representatives of their respective data sets is that we must conceive them as aggregates.
This characterization tries to synthesize the comments of Hancock et al. (1992), Konold and
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Higgins (2002), Bakker and Gravemeijer (2004), Casey (2015), and Stigler (2016). From an
educational perspective, the question arises: How does a student come to conceive that a data set
is an aggregate? We hypothesize that there are two sources: context and mathematics. We can
perceive that all the data belong to a phenomenon or associate them with a causal relationship.
Here, we see the data within a context that unifies them. Also, we can perceive the data as part of
an aggregate if it belongs to a set linked by a mathematical property, for example, even numbers
in a set of numbers, cloud points aligned in a bivariate data set, etc. In both cases, the totality
transcends the given set such that we can imagine the existence of other data that could be added
to the given set.
Beliefs, Conceptions and Difficulties about Covariation

The literature reports that students do not separate their previous beliefs for observing and
evaluating the behavior of two quantitative variables, and they do not include the word variation
in their vocabulary (Moritz, 2004). Also, the previous concepts of a linear function in
mathematics can interfere in their ability to make sense of determining the line of best fit (Casey
& Nagle, 2016). Estepa and Batanero (1996) established some conceptions in the students when
they evaluate the covariation and the line of best fit. Deterministic conception when students
considered the relationship between the variables from a functional point of view (a line that
passes through all the points), they expect a correspondence where each value of the dependent
variable correspond to another value of the independent variable when this is not the case,
consider that there is no dependence between the variables, local conception when they use only
a part of the data and they generalize conclusions to the entire data set. Casey (2015, 2014)
establishes the following strategies for students to draw the line of best fit: draw a line that
divides the data points so that half of the points are at the top of the line and half are below the
line, draw the line through the midpoints of different cloud groups. In addition, in the students
may emerge the concept of “closeness” between the line and the point cloud but there is a lack of
understanding of other elements such as the error that corresponds to the sum of the squares of
the vertical distances between the observed and predicted values.
Informal Covariational Statistical Reasoning

Reasoning refers to the processes of obtaining and verifying propositions (conclusions) based
on evidence or established knowledge or assumptions. Reasoning can take many forms, ranging
from informal argumentation to deductive demonstration (National Council of Teachers of
Mathematics, 2009, p.5). Informal statistical reasoning is related to data, samples, chance,
inference, and relationships between statistical variables. Informal statistical reasoning about
covariation is related to bivariate data sets and relationships between statistical variables. In the
present research, the purpose is to develop students’ informal statistical reasoning about the line
of best fit. For this purpose, we define informal notions of linear (instead of quadratic) distance
and line of best fit, which does not coincide with the formal concepts but is not inconsistent with
them and has the advantage of being closer to students’ intuitions.
The Influence of Digital Technology on Reasoning about Statistical Covariation

Research suggests that technology can help students make more accurate covariation
judgments (Batanero et al., 1998; Cobb et al., 2003; Inzunza, 2016). Technology plays a very
important role in statistics since it makes them visual, interactive and dynamic, allowing a focus
more on concepts rather than algorithms and calculations, where interactivity and the quality of
use of graphs allow conducting experimentations with data; this allows engaging students in
productive activities (Biehler et al., 2013). Specifically, the topics of regression and correlation
with the technology possess the following relevant features: 1) The possibility to form
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scatterplots and fit a regression line by visually showing the changing quadratic deviations of the
line as it fits the cloud of points. 2) Obtain the numerical value of the correlation coefficient and
determine the algebraic expression of the regression line. 3) Dragging points from the scatterplot
and observing in real-time the effect of their location within the cloud on the strength
(correlation coefficient) and direction (regression line) of the relationship, allowing one to see
the interactions between the elements dragged and the statistical measures. 4) Linking multiple
representations to discover and observe patterns and trends in data simultaneously from different
perspectives (the graph, the summary measures, the regression line). In the present study, we
show how with the help of technology, students can conceive of the line of best fit as the result
of an aggregation process.

Methodology

The study participants were 22 high school students around the age of 17 who had not
studied the topics related to correlation and linear regression. The application of the task took
place in a computer classroom during a two-hour class session. The author of the present work
carried out the implementation of the task. The data obtained were the worksheets developed by
pairs of students.

We follow the principles of the design experiment of Cobb & McClain (2004) for the design
and implementation of the task: the use of technology, we used CODAP and GeoGebra software
because their features allow designing elements that we consider relevant for students to observe
and interact with. For the classroom discourse, the teacher oversaw, monitoring, coordinating,
and making sense the interaction between the students and between students and the
technological tool. The structure of the task in the classroom is collaborative work students had
the opportunity to explore solutions, compare them with those of their peers, and clarify them in
a group meeting. To establish the central statistical ideas, we analyzed the difficulties and
conceptions reported in the literature to promote elements of the task that anticipate the
difficulties and students' conceptions. Also, we reviewed the content stipulated by the NCTM
(2000, p.327-328) for the study of bivariate data (correlation and regression) in the last school
level of high school and the bivariate data unit of the program of the College of Sciences and
Humanities of the UNAM, Mexico.

The task starts from the graphical view in GeoGebra, where the data in Table 1 are displayed.
The data correspond to the measure in fat gain (in kilograms) and change in energy use (in
calories) from other “non-exercise activity” (NEA) (restlessness, daily life, and the like) of 12
young adults who overfed for eight weeks. We suggest that the teacher conduct a discussion
asking whether changes in restlessness and other non-exercise activities explain weight gain in
overeaters, guiding students to study the relationship between the variables on pencil and paper,
followed by making the scatter plot in CODAP and leading them to describe the behavior of the
point cloud (intensity and direction).

Table 1: Measures of Change in NEA and Fat Gain in the 12 Young Adults
NEA change (cal) -94 57 29 135 143 245 355 486 535 571 620 690
Fat Gain (kg) 42 3 37 27 32 24 13 16 22 1 23 1.1
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Figure 1: Screenshot of the Graphical View of the Task in GeoGebra

The central statistical ideas related to the line of best fit are present in the elements that
make up the task and are:

1. The possible line always depends on all points in the scatterplot, i.e., all points influence
the determination of how close or far away a line is.

The graphical view of GeoGebra shows a line that is movable by holding the click anywhere
on it this line moves in different ways as desired, varying its slope or varying its point of
intersection with the axis. The intrinsic characteristic of the movable line of being connected to
the points (data in Table 1) focuses on the idea of conceiving a point cloud as an aggregate, i.e.,
all points in the cloud influence the determination of the best fit line.

2. Given a cloud of points and a line, we define the error of a pair of points (called residual)
as the absolute value of the difference between the ordinate of the point and the ordinate
of the projection of the point on the line of fit.

For each dashed segment in the graphical view, we show the numerical value called residual
that corresponds to the difference between the ordinate of each data and the ordinate of the point
that belongs to the moving line. What happens to the value of each residual if you move the line
near or far from the point cloud? We intend to focus on the statistical idea of error, seen as a
distance between a moving line point and a cloud point (datum).

3. Adding all the residuals, we obtain the measure (residuals) of closeness or remoteness
between the cloud of points and the moving line.

In the file, there is a value called residuals. The teacher should mention that the residuals
correspond to the sum of all residuals, and we calculate them by adding the absolute values of
the difference between the points of the cloud and the possible points of the movable line. The
objective is to provide a notion of distance from a line to a point cloud, and with this, to define a
measure of the closeness of the line to the point cloud; this distance is the sum of all residuals.
The student will explore how the distance from the line to a cloud changes by freely moving the
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line and observing the corresponding distance value. We suggest asking the students: Where do
you think you should place the line so that the value of the residuals is the minimum? Can you be
sure that the location you consider is unique, yes, or no? why?

4. The line that best fits the data is the one where the sum of residuals is minimal.

With the idea of defining the line that best fits the data as the one where the errors (residuals)
or vertical distances are the smallest possible in some average sense in general, we suggest that
the teacher indicate how to determine the line of best fit that GeoGebra yields and ask Is the way
you placed the movable line the same as the line yielded by GeoGebra, yes, or no? How do they
differ? What do you think is the criterion that GeoGebra uses to determine the line of best fit?
We use a notion of linear distance and not quadratic distance because the former is more intuitive
for the students., however, it seems clear to us that, understanding the idea with linear distance, it
can be easily generalized considering the quadratic distance, arguing the reason for the
advantages of this one.

Findings & Discussion

The analysis of the students' responses in judging the relationship between the variables
shown in the problem situation together with the table of values without the use of technology
provides the following reasoning as a result:

The functional covariation strategy comprises searching for and isolating bivariate data that
adhere to a mathematical model, i.e., they focus their attention on the points they locate on a line.
Students whose solutions fall into this category divide the data set into two parts, those that
correspond to a linear model and those that do not. So their description of the data refers only to
the subset of data that corresponds to the model and ignores those that are left out, and based on
the data they selected, they describe the general trend, but their statements, often coinciding with
the trend of the entire cloud, state, for example: "the more fat you consume, the more calories
you increase", "the less you change in calories through movement, the less fat you will
decrease". They also involve in their description’s characteristics of the context of the
problem: "fat increases because it remains encapsulated", "the less activity you do, the more fat",
"the fats remain in the body". Their beliefs may influence their choice of the point cloud data set
other than following the criterion that they lie on a straight line.

When students focus their attention on what happens in the passage from one point to the
next within the values table, they present the strategy of randomness. They tracked the
differences between successive points as they review the points from left to right, and they do
not notice any predictable patterns. Sometimes, the difference is positive or negative, and the
size varies. Thus, they conclude: “the fat increases or decreases depending on how many calories
are burned in ANE”, “if the calories decrease or increase depending on the ANE, the fat will also
increase or decrease”, “the calories that are burned will increase the kg or calories that are
burned will decrease the kg”, the students who follow this strategy, it is evident that there is no
correlation since it is not possible to know if from one value to another value fat levels will go up
or down. In both strategies, they visualize the data by paying attention to their individual or
partial characteristics, and not as a whole. Thus, the analysis according to the first strategy
consists of separating the data into two, in the second, of going through them one by one and
seeing if and by how much they increase or decrease. When they use the CODAP platform to
enter the table of values and make the scatter diagram and again to judge the relationship
between the variables, the inverse covariation arises, which globally describes the behavior of

Olanoff, D., Johnson, K., & Spitzer, S. (2021). Proceedings of the forty-third annual meeting of the North American
Chapter of the International Group for the Psychology of Mathematics Education. Philadelphia, PA.

Articles published in the Proceedings are copyrighted by the authors.



Proceedings of the 43rd Annual Meeting of PME-NA 1665

29 <

the cloud, for example: “when increasing calories there is more fat-burning”, “the more change
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in ANE, the less fat increase there is”, “when the change in ANE is greater, the increase in fat is
less”, “the more increase in ANE, the more fat loss there is. The less increase in ANE, the less
fat loss”, the context of the problem also influences, for example: “the fat does not increase
because, although you do not exercise if you keep moving”, “the increase in fat depends on the
amount of ANE that is carried out daily”. Without using technology, students focus their
attention on the variation from point to point (Randomness: fat sometimes increases and
sometimes decreases), while that using the technology influences to make a description of the
general trend the cloud, ignoring particular fluctuations (inverse covariation. fat values decrease
as ANE values increase).

We see that treating the situation with the help of technology and the use of some of its
possibilities influences students to abandon their tendency to highlight in their description of the
cloud to a set of individual points that they compare with each other, to highlight a global
property which becomes evident when you have an aggregate view of the set of data. In addition,
with and without technology, the description that they did of the relationship between variables
is influenced by the contextual content of the problem. Students do not see the data as simply
numbers, but numbers with a context, which for Moore (1990) is what it implies to establish the
statistical association.

Regarding the analysis of the students' responses when asked to establish the line of best fit
to the data using the GeoGebra applet, the following reasoning emerged:

In many student responses when using technology, the intuition of the closeness of the set of
points to a line is revealed; for example: "that the blue points were closer to each other to the
line", "I think it is the line that passes near all the points and does not join them, so each one has
a certain distance". This intuitive idea becomes operative with a notion of distance from a line to
a set of points. The software allows to calculate the residuals, that is, the differences of the
ordinates of each pair of points with the same abscissa, one belonging to the cloud and the other
on the line. Each residual can be viewed as a distance from the point of the cloud to the line (for
the present purpose it does not affect the fact that strictly the distance from a point to a line is
defined as the distance of the segment that passes through the point perpendicular to the line) and
the sum of residuals as the total distance of all residuals from the cloud to the line. As this sum
can be seen in the software and is updated in real-time as the line moves, the students manipulate
and see a real function determined by the point cloud and whose independent variable is the lines
in the plane; then for them, the line that minimizes the function is the line closest to the points,
that is, the one with the best fit. The following expressions of the students indicate some of their
ideas in this regard: “the less distance there is between the points and the line, the remainder will
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change”, “the further the line of adjustment of the points in the table is in the graph is greater the
value of residuals since there is a greater distance", " when the line is better centered, the level of
residuals is lower, that is, it passes centering in the middle of the points.

One condition for viewing a set of data as an aggregate is to imagine a rational mechanism
that unites them all into a totality that represents them, even if individual information is lost.
When students choose a subset on a line from the point cloud, they consider the subset as an
aggregate but ignore and discard some data; they do not see the cloud as an aggregate. The
process of looking for the line closest to the point cloud with a notion of distance shows that each
one of the points contributes to determining said line. This fact is significant because the
literature has highlighted that one problem for students to understand the statistical notions of
centers, variation, data comparison, and data distribution, is that they see the budding data set as
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an added (Bakker & Gravemeijer, 2004; Konold & Higgins, 2002; Roseth et al., 2008). Also, the
context is an important factor to see a data set as an aggregate since in this case, it is the
existence of a causal mechanism (the term is from Zimmerman, 2007) that suggests that all the
data are related, in our case, that ANE and fat accumulation are part of a causal process.

Conclusions

A necessary condition for understanding the topics of regression and correlation is
conceiving a set of bivariate data as an aggregate. However, students do not reach this
conception spontaneously and probably not with traditional methods as they have been taught the
topics at the high school level. There are two levels in which it is convenient to analyze the
appearance and development of a set of points as an aggregate: the mathematical level and the
contextual level. At the mathematical level, technological resources allow students to move from
seeing a cloud of points as individual points or fragmented into subsets to seeing it as an
aggregate based on a mathematical mechanism that links them with the notion of distance from a
cloud to a straight line. At the context level, it is the existence of a causal mechanism that helps
to imagine a unity in the data set. It would remain to work on the sources of variability for
students to explain why the data differ from the probable causal model.

Note
! We use the term "cloud" of points or simply "cloud" to refer to bivariate data represented in
the scatterplot.
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