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The purpose of this project was to understand how implicit views of authority support or limit 
prospective elementary teachers’ (PTs) mathematical activity of justifying and to understand 
how the experience of justifying might support a development of an internal source of authority. 
In this case study of 18 PTs, we coordinate an analysis of 1) their responses to two justification 
tasks and 2) interview transcripts in which they discuss their experiences in learning to justify. 
Preliminary results indicate ways in which their views of authority limited their reasoning about 
mathematics by not recognizing their own sense-making and supported a sense-making 
exploration of mathematics that was freeing and empowering. These results provide mathematics 
teacher educators with insight to help them identify and address limiting views of authority and 
leverage productive views of authority. 

Keywords: Preservice Teacher Education, Reasoning and Proof, Teacher Beliefs  

Purpose of the Study 
Attending to this year's theme of “persevering through challenges”, we address a familiar 

challenge encountered in mathematics teacher education. When prospective elementary teachers 
(PTs) enter content courses, they typically hold limiting views of mathematics as memorizing 
procedures. They often are not aware that mathematics makes sense and that procedures can be 
justified (Ball, 1990; Feiman-Nemser, 2001; Ma, 1999; Spitzer et al., 2010; Thanheiser, 2009), 
nor do they generally view themselves as a source of authority for reasoning about mathematics 
as mathematical sense-makers (Cady et al., 2006; Perry, 1970; Povey, 1997). As mathematics 
teacher educators (MTEs), we want our students to take ownership of their mathematical sense-
making. Explaining and justifying one’s thinking are activities that support the vision of sense-
making and argumentation described in national documents: “By developing ideas… justifying 
results, and using mathematical conjectures… at all grade levels, students should see and expect 
that mathematics makes sense” (NCTM, 2000, p. 56).  

When student generated mathematical contributions are validated through collaborative 
reasoning, students are supported in developing the skills of explaining and justifying their 
thinking along with assessing the validity of that thinking (Gresalfi & Cobb, 2006; Reinholz, 
2012). Such support is necessary for students to develop an internalized authority that is based on 
sense-making through their own reasoning, rather than relying on an external source of authority 
represented by experts such as the teacher or textbook (Boaler & Selling, 2017; Engle & Conant, 
2002; Lampert, 2003; Reinholz, 2012; Schoenfeld, 1994). To better understand how to support 
students in taking ownership of their sense-making, we use the context of a justification-
feedback-revision cycle to explore the connections between PTs’ justifications, their process of 
justification, and their views of authority and sense-making in the mathematics classroom.  
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Understanding how PTs view authority to reason about mathematics in the classroom 
provides valuable insight into how MTEs can uncover these views, support PTs in interrogating 
their views, and then help PTs learn how to use their authority to contribute ideas and evaluate 
the reasonableness of contributed ideas. In this proposal we share how one class of 18 PTs 
engaged in a justification-revision cycle and argue that attending to PTs’ views of authority 
provides insight into (1) potential barriers to learning to justify and (2) productive views of 
authority that support learning to justify. 

To support this argument, we seek to answer the following questions: 

1. How do PTs’ descriptions of their justification process provide insight into their views of 
authority? 

2. How do PTs’ views of authority support or limit their justification?  

 
Perspective/Theoretical Framework 

As justification and authority are central to our study, we unpack these two constructs and 
explain how the relationship between them frame our work (see Figure 1).  
 

 
Figure 1: Framework that connects authority and justification  

 
Authority 

We define authority as who (or what) is responsible for sharing mathematical contributions 
in instructional environments and who (or what) is responsible for validating these mathematical 
contributions (Gresalfi & Cobb, 2006; Wilson & Lloyd, 2000). In instructional environments, 
students engage with a web of authority that includes instructors, their peers, themselves, 
textbooks, and other authorities in their life (Amit & Fried, 2005). The development of an 
internalized source of mathematics authority in which students view themselves as an authority 
is associated with the development of mathematical sense-making abilities (Povey, 1997; 
Schoenfeld, 1994). This view of the self as an authority supports sense-making because it carries 
the expectation that the students take on responsibility for reasoning about what makes sense – 
first through sharing their own ideas, and then through providing an explanation that justifies 
their thinking and solution to their peers and instructor. This view is in contrast to the 
expectation that the teacher or other external sources is responsible for telling them what makes 
sense and what is correct, a view that limits students' sense-making.  

Viewing mathematics authority as residing in the teacher negatively impacts students’ 
conceptual mathematical thinking “by turning always from one figure to another, and never to 
themselves, the students …fail to develop their own mathematical thinking,” (Amit & Fried, 



Proceedings of the 43rd Annual Meeting of PME-NA 

—————————————————————————————————————————————————————————— 
Olanoff, D., Johnson, K., & Spitzer, S. (2021). Proceedings of the forty-third annual meeting of the North American 
Chapter of the International Group for the Psychology of Mathematics Education. Philadelphia, PA. 
 

901 

2005, p. 165). In addition, they position “themselves as outsiders with respect to mathematical 
discourse” (ibid).  Undergraduate students develop an internal source of authority as they learn to 
think critically and develop persuasive arguments (Povey, 1997). A shift in authority from 
external to internal becomes apparent when students “support their opinions with reason and 
logic” (Cady et al., 2006, p. 296), in other words, when they justify.  
Justification 

Students are sense makers (Ernest, 2000) and justification is essential to sense-making (Bieda 
& Staples, 2020). We adopt Bieda and Staples’ (2020) definition of justification as “the process 
of supporting mathematical claims and choices when solving problems or explaining why a 
claim or answer makes sense,” (p. 103). (See left box in Figure 1). We think of justification as a 
way of communicating understanding (Jaffe, 1997), and as distinct from mathematical proof, 
which is a final product, in that a justification does not have to be logically complete (Melhuish 
et al., 2020). A justification should seek to convey structure and generality if applicable. For 
example, for their first justification task, PTs were asked to determine if the sum of two odd 
numbers is always odd, always even, or sometimes odd and sometimes even, and then justify 
their thinking. While we did not expect them to use a number theoretic approach to the 
justification, they were encouraged to attend to the structure of an odd number as a collection of 
groups of two and one left over, or as two groups of the same size with one left over and use one 
of these definitions of odd to argue a general case (see Table 1 in the next section for examples). 

PTs experience challenges in learning to justify and in supporting children in learning to 
justify. (G. J. Stylianides et al., 2013). PTs often conflate justification with providing/checking 
multiple examples rather than viewing justification as a general argument based on mathematical 
properties and definitions of terms (Harel & Sowder, 2007). Teachers (including PTs) need to 
develop a common language and understanding of justification so they can understand what 
justification and proving look like in an elementary classroom and can support their students in 
this activity (Harel & Sowder, 2007; Staples & Lesseig, 2020; A. J. Stylianides, 2007). We add 
to the literature by building on our understanding of PTs’ justifications. We coordinate this 
understanding with their views of authority through examining the limiting/supporting 
relationship between views of authority and justification (see Figure 1). 

 
Methods 

Participants 
The 18 PTs participating in this study were enrolled in their first mathematics content course 

for prospective elementary teachers. The study was conducted at an urban public university in 
the Pacific Northwest of the United States. PTs at this university were required to complete a 
sequence of 3 mathematics content courses to enter their teacher education program. This course 
was taught by one of the authors.  
Context 

This first course in the sequence was inquiry-based with the goal to develop students’ 
mathematical knowledge for teaching (Ball et al., 2008; Hill et al., 2008) and the expectation that 
students share their reasoning as a learning community. The main topics of the course were 
number and operation with an emphasis on sense-making through justifying, representing ideas 
in multiple ways, and making connections between these multiple representations.  

For the present study, the course was taught asynchronously online via an online learning 
platform and shared Google slides. Emphasis was placed on the value of reviewing and 
reflecting on previous work and providing feedback to their classmates with the intention of 
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positioning PTs as sense-makers and as sharing responsibility for theirs and their classmates’ 
learning as a part of a community. To support PTs in sense-making and justification, they were 
asked to complete multiple cycles of (a) sharing a rough draft (Jansen, 2020) of a justification, 
(b) reviewing and providing feedback on other PTs’ justifications, and (c) revising their initial 
draft based on the feedback they received from classmates and the instructor. In this study, we 
focused on their first two justification tasks, in which they completed the following statements 
and then justified why the statements were true: 

• The sum of any two odd numbers is [always odd, always even, sometimes odd/even]. 
• The sum of three consecutive numbers is [always, sometimes, never] divisible by three. 

Data Collection 
Data includes (a) PTS’ written rough draft and revised justifications provided via Google 

slides, and (b) transcripts of an hour-long interview with PTs conducted via Zoom. Interviews 
were conducted by the lead author during week six of a ten-week term after PTs had completed 
both justification-revision cycles. The semi-structured interviews included questions asking PTs 
to describe the process they went through when creating their justification, how confident they 
were that their response was a valid justification, and how (and to what extent) they utilized 
classmates' ’ork and the instructor’s and classmates’ feedback. 
Data Analysis 

To analyze our data, we used an inductive approach (Thomas, 2006). We started with reading 
through the PTs’ responses to the justification tasks (provided in our shared Google slides) and 
their interview transcripts and recording observations about (1) how PTS justified, (2) key 
moments in the interviews in which PTs described their experience in justifying, and (3) 
statements from the transcripts that provided insight into their views of authority. After an initial 
pass through our data, we then developed categories as described below. 

Justification Data. We analyzed PTs’ draft (D) and revised (RIesponses to the two 
justification prompts (see above). Since the PTs were introduced to the construct of convincing 
yourself, convincing a friend, and convincing a skeptic to characterize PTs’ levels of 
justifications in the class (Mason et al., 1982), we leveraged these categories in our analysis to 
code their justifications (see Table 1). Note that the code Misinterpreted was used to code PTs’ 
justifications that misinterpreted the prompt. Two of the authors coded each of the justifications 
individually and met to resolve disagreements through debate.  
 

Table 1: Coding Scheme for Justifications 
 Description Example for: The sum of three consecutive numbers is 

[always, sometimes, never] divisible by three. 
Self PTs relied solely on 

specific examples 
Example: 4+5+6 = 15 
Justification: 15/3 = 5 

 
Friend PTs described 

general structure and 
didn’t yet use this 
description of 
structure to argue 
for the general case, 

If you add any 3 same groups of #s together, that large 
sum can always be separated again back into 3 equal 
parts. Because consecutive numbers are 3 of the same 
number plus an additional 3, that additional 3 that is 
added into the numbers to make them consecutive, can 
therefore be separated into 3 equal parts. (PT 1) 
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or their argument 
was unclear 

 

 

Friend/Skeptic PTs written 
justification is a 
general argument 
based on structure 
and the visual 
representation uses 
specific examples 

 

 
Skeptic PTs written 

justification and 
visual representation 
that build a general 
argument based on 
structure. 

 
 

 
Interview Data  

To create an initial analysis of the interview data, the first author wrote brief descriptions of 
each interview summarizing each PTs’ general approach to justification and how their discussion 
of their justification process provided insight into their view of authority. To further this analysis, 
we reviewed the interview transcripts and identified moments the PTs talked about sources of 
authority they looked to while writing their justifications (self, peers, instructor, previous 
experience, etc.) and how they determined that their justification was valid. For example, in 
describing their experience with justification, PT 1 said she did not understand “what you guys 
wanted” and that she didn’t “know what you need.” This indicated to us that the student was 
seeking verification from an external source of authority. In contrast, PT 2 shared, “For some 
reason, especially math, when I learned something that I can connect something on my own.  I 
feel so much more accomplished!” This indicated that this student was starting to view this 
responsible for their own sense-making, indicating an internal source of authority. After all PTs’ 
responses were read with such moments indicated, we categorized the PTs as having a primarily 
external source of authority, internal source of authority, or mixed. The mixed source of 
authority emerged when a student alternated between describing internal and external sources of 
authority. It is important to note that these interviews are snapshots of one moment during a 10-
week term. Thus, their discussions of justification give us insight into their views of authority at 
the moment of their interview, but do not yet provide a comprehensive description of their 
overall orientation toward authority.  
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Results 
Justification 

Results from our analysis of the PTs’ justifications are shown in Table 2. In general, the PTs 
did attend to the mathematical structure of the concepts they were justifying, as shown by the 
prevalence of Friend and Friend/Skeptic justifications. However, their justifications 
demonstrated mixed success with developing logic to link the structure to the concept. For 
example, for the first justification, 9/18 students’ justifications were Friend level with missing or 
unclear logic preventing the justification from being coded Friend/Skeptic. Including a 
generalized visual representation of their justification proved to be the challenge that limited 
many of the justifications to Friend/Skeptic rather than reaching the level of Skeptic. While 
students demonstrated some success with written generalizations of their justifications, with few 
exceptions, visuals were limited to “dot drawings” of one or two examples. 
  

Table 2: Results of Justification Coding 
Justification Misunderstood Self Friend Friend/Skeptic Skeptic 

Sum of 2 Odds (D) 2 3 9 4 0 
Sum of 2 Odds (R) 0 2 9 7 0 

3 Consecutive #s (D) 5 5 3 5 0 
3 Consecutive #s (R) 1 3 4 8 2 

 
Authority 

In characterizing PTs’ views of authority (as seen during their week 6 interview) we found 
that of the 18 PTs, 8 provided evidence of viewing themselves as an authority (internal), 6 PTs 
primarily looked to an external source of authority, and 4 provided evidence of a mixed view of 
authority. From the analysis of interview transcripts, we selected two PTs that represent 
contrasting examples of views of authority. The two examples are contrasting because one PT’s 
descriptions indicated more external views of authority, whereas the other was more internal. We 
used the following figure (Figure 2) to represent the distribution of how we categorized PTs’ 
views of authority and how each of 18 PTs’ justifications were coded in our analysis. We then 
trace PT 1’s and PT 2’s level of justification.  
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Figure 2: PTs Views of Authority and Level of Justification 

 
PT 1. We categorized PT 1 as primarily looking to external sources of authority. Overall, in 

terms of justifying, PT 1 struggled with providing a clear argument. For example, for the first 
justification PT 1 revised her justification from the level of Friend to a Friend/Skeptic, but in the 
second justification, her justification started at Self and improved to the level of Friend after 
revision. In her interview she shared a desire to explain the math behind a concept while also 
wanting to know what “we,” as the instructors, wanted for a solution. She explained that she did 
not understand “what you guys wanted” and that she did not “know what you need.” She also 
shared that she found this difficult because the instructor did not provide an outline of an 
expected solution. At times, PT 1 did say that her explanation made sense to her: “I'm just like, I 
think this works. I hope it works. I don't know if it works, but it makes sense to me.” This 
suggests that PT 1 is experiencing tension between viewing herself as responsible for 
determining what consists of a valid justification and wanting to meet the external standards of 
what the instructor wants for a justification to be considered valid.  

PT 2. In contrast, we categorized PT 2 as having an internal source of authority. PT 2 clearly 
articulated coming to understand mathematics through her own sense-making. Throughout the 
interview, she mentioned first wanting to remember “math I was taught” but then recognizing 
that she could create her justification based on her own understanding, saying “for some reason, 
especially math, when I learned something… or like I can connect something on my own… I 
feel so much more accomplished!” In addition to viewing herself as an authority, she also 
mentioned looking to the instructor as a source of authority in sharing her uncertainty about 
“what [the instructor] was looking for” and looking to her classmates’ slides as a source of 
authority for contributing mathematical ideas. She stated that she used her classmates’ slides to 
help her know what to do on the first justification. While PT 2 viewed herself as a primary 
source of authority, she also recognized there is value in seeking help from the instructor, and her 
classmates. This illustrates how PTs with an internal source of authority incorporate, but do not 
replace, other external sources of authority with their own internal source of authority. 
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Discussion 
PTs in this study struggled to provide justifications that were general both verbally and/or 

visually and the prevalence of the Friend and Friend/Skeptic codes indicate that PTs struggled 
with providing generic examples through a visual representation. This is consistent with current 
literature in our field (Lo et al., 2008; Martin & Harel, 1989; Rø & Arnesen, 2020). This analysis 
gives us context as we examine PTs’ views of authority. The interview analysis indicated that 
nearly half (8 of the 18) of the PTs viewed themselves as primary sources of authority, while the 
others (10 of the 18) looked primarily to external authorities or had mixed views of authority. 
The purpose of this study is to explore potential limiting and supportive views of authority as 
evidenced through their discussion of their justification process. We turn now to a comparison of 
their justifications and their views of authority. 

To address our first research question, “How do PTs descriptions of their justification process 
provide insight into their views of authority?” we analyzed PTs’ interview transcripts as 
described in the results section above, finding that 7 of 18 PTs’ first justifications were at the 
level of friend/skeptic and 10 of 18 PTs’ second justification were at or above the level of 
friend/skeptic. We use this analysis to now address our second research question, “How do PTs' 
views of authority support or limit their justification?” and look back to PT 1 and PT 2 as 
illustrative examples, comparing their justifications with our findings about their views of 
authority.  
PT 1 

During the interview, PT 1 explained that she primarily looked to external sources of 
authority for validation. If we look at PT 1’s justifications, we see that she did not develop a 
robust understanding of justification with her second justification remaining at the level of friend 
(see Table 1). However, several times in her interview she explained that “it makes sense to me, I 
don’t know why.” This is a productive place to start – recognizing the need for mathematics to 
make sense – to develop a robust understanding of justification. However, the need to “do what 
the instructor wants” appeared to limit her reasoning about each justification task. Instead of 
reasoning about the examples she had tried out, she expressed that she felt lost because she did 
not have an outline to follow, saying “Like there's no outline so I'm like, I don't know what you 
need.” PT 1’s description of this tension in determining whether or not she had a valid 
justification indicates that her need for external validation limited her efforts to produce a valid 
justification by way of making sense.  
PT 2 

In her interview, PT 2 described a process of discovery as she reflected on her experience in 
learning to justify. Her growing awareness that she can make sense of mathematics and does not 
need to rely on rules that she was taught, supported her exploration and reasoning. Several times 
in her interview she expressed that “When I figured it out, I was so glad!” and “It was like, just a 
cool connection to make!”. PT 2 developed an understanding of justification that aligns with the 
course goals, i.e., she describes justification as a process of making sense, and we see the result 
of this in the improvements that were observed across justifications 1 and 2. Her work for her 
initial justification 1 and revision were coded at the same level of Friend/Skeptic and her 
justification 2 was coded as Skeptic (see Table 1). PT 2’s view of herself as someone who could 
make sense of mathematics supported her experience in learning to justify. 

 



Proceedings of the 43rd Annual Meeting of PME-NA 

—————————————————————————————————————————————————————————— 
Olanoff, D., Johnson, K., & Spitzer, S. (2021). Proceedings of the forty-third annual meeting of the North American 
Chapter of the International Group for the Psychology of Mathematics Education. Philadelphia, PA. 
 

907 

Conclusion 
In this study we observed PTs developing sense-making and mathematical reasoning skills 

through justification. We saw how students whose ideas about learning mathematics were 
focused on remembering what they had learned or trying to “do what the instructor wanted” 
limited their exploration of these tasks and contributed to their sense of frustration. PT 1’s story 
illustrates this experience. In contrast, we saw students excited about their growing awareness 
that they can reason about mathematics for themselves, that they could contribute ideas in the 
instructional space through our shared Google slides, and could learn from their classmates’ 
work. PT 2’s experience illustrates this freedom in exploring mathematical ideas. Our PTs’ 
descriptions of their experiences in learning to justify provides insight into views of authority 
PTs hold and provide evidence that what we see in their justifications do not tell the entire story. 
On the surface, reviewing their justifications does not explain the reasons for their incomplete 
justifications. Understanding how their views of authority set up barriers to reasoning about 
mathematics informs our work as mathematics teacher educators (MTEs). For example, noticing 
when PTs may view justification as writing “what the teacher wants” helps us identify this 
barrier and then address it through dialogue about a) the value of sharing one’s initial 
understanding of a task and b) how to build on this understanding to reason about mathematics 
and “justify your thinking”. Furthermore, identifying moments when PTs use their authority to 
reason about mathematics helps us to support and leverage these moments and to alleviate 
uncertainty PTs may experience about sharing their reasoning. It is when we identify these 
barriers and address them, and when we identify productive views of authority and encourage 
these views, that MTEs will be better able to support PTs in justifying their reasoning and make 
sense of mathematics. Future studies can build upon this understanding and examine the impact 
of different teaching practices and tasks that are designed to support PTs in developing their 
internal source of authority. 
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