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Abstract

We consider two-level models where a continuous response R and continuous co-
variates C are assumed missing at random. Inferences based on maximum likelihood or
Bayes are routinely made by estimating their joint normal distribution from observed
data R,y and Cys. However, if the model for R given C includes random coefficients,
interactions, or polynomial terms, their joint distribution will be nonstandard. We pro-
pose a family of unique factorizations involving selected “provisionally known random
effects” u such that h(Reps, Cops|u) is normally distributed and w is a low-dimensional
normal random vector; we approximate h(Rops, Cobs) = [ h(Robs, Cobs|u)g(u)du via
adaptive Gauss-Hermite quadrature. For polynomial models, the approximation is ex-
act but, in any case, can be made as accurate as required given sufficient computation
time. The model incorporates random effects as explanatory variables, reducing bias
due to measurement error. By construction, our factorizations solve problems of com-
patibility among fully conditional distributions that have arisen in Bayesian imputation
based on the Gibbs Sampler. We spell out general rules for selecting u, and show that
our factorizations can support fully compatible Bayesian methods of imputation using

the Gibbs Sampler.

KEY WORDS: Provisionally known random effects; the EM algorithm; adaptive Gauss

Hermite quadrature; compatibility; missing at random.



1 Introduction

Large-scale surveys and experiments within the social and health sciences frequently meet
four conditions that supply the focus of this article. First, the data typically have a hierarchi-
cal structure, with respondents nested within local organizational units such as schools and
hospitals or repeated measures nested within persons. Second, missing data are pervasive.
Third, partially observed covariates may be measured with error. Finally, the covariates of
interest may have random coefficients, statistical interactions or polynomial terms.

These characteristics have received some attention in recent methodological research. A
popular approach conceives the response variables and partially observed covariates as out-
comes within a multivariate, hierarchical linear model (HLM) under the assumption that the
data are missing at random (MAR; Rubin, 1976), an assumption often thought reasonable
given a presumably rich set of covariates (Schafer and Yucel, 2002; Goldstein et al., 2014).
Missing values are imputed from their posterior predictive distribution of the missing val-
ues using what has been termed a “fully conditional specification” (FCS) using the Gibbs
sampler. FCS requires the analyst to impute missing values for each variable subject to
missingness, conditional on all other unknowns. This approach has been shown to function
well when the process generating the joint distribution of unknowns is reasonably assumed
multivariate normal. Under the four conditions just described, however, multivariate nor-
mality is not possible even if the separate conditional distributions are normal. A concern
involves the bias that can arise from the incompatibility between the multiple normal condi-
tional distributions that generate the imputations and the assumed joint distribution of the
observed data (Erler et al., 2016; Enders et al., 2016; Enders et al., 2020).

In this article, we propose to address the problem of compatibility (Arnold and Press,
1989; Liu et al., 2014; Bartlett et al., 2015) within the framework of maximum likelihood
(ML) estimation under the ignorable missing data assumption that data are MAR and that
the parameter spaces for the multivariate HLM and the missing data mechanism are distinct

(Rubin 1976; Little and Rubin 2002).



We will first review currently popular methods of inference for normal-theory multilevel
models given incomplete data and show how to modify such approaches in which random
effects often become explanatory variables, allowing us to model fallible measurement as a
source of incomplete data. We’ll then describe our approach when incompletely observed co-
variates have random coefficients or polynomial terms, including statistical interactions. If a
carefully selected subset of these random effects is conditionally assumed known, the model
of interest can plausibly follow a normal-theory specification. The “provisionally known
random effects (PKREs)” thus selected can be integrated out of the likelihood using numer-
ical methods. Capitalizing on the invariance properties of ML estimates (MLE), we show
that our re-parameterized model can be translated back to the original model’s parameter
space. Auxiliary variables are introduced to increase the robustness of the MAR assumption.
We will illustrate application of the model by studying income inequality and mathemat-
ics achievement in US elementary schools. Although we base our case study on MLE, the
likelihood factorization we propose can readily be implemented within a Bayesian approach
with assurance of compatibility between conditional distributions and the joint distribution
of observed data elements. We elucidate general rules for selecting low-dimensional “provi-

7

sionally constant” random effects for a general class of models involving random coefficients
or polynomial terms, including interactions.

Section 2 reviews estimation of normal-theory hierarchical models from data MAR. Sec-
tion 3 explains how to estimate an analytic hierarchical model with random coefficients and
cross-level interaction effects given data MAR via a PKRE. Section 4 describes estimation
of the analytic model using auxiliary covariates to strengthen the MAR assumption. Section
5 extends the model with polynomial terms including within-level interactions and spells
out rules for selecting provisionally constant random effects. Section 6 illustrates analysis of

income inequality in math achievement. Section 7 evaluates our estimators by simulation.

Finally, section 8 discusses the limitations and extensions.



2 Inference for Multivariate Normal HLMs from In-
complete Data Using Random Effects as Predictors

We begin with a review of the normal theory case. Following Schafer and Yucel (2002), our
scientific interest focuses on the regression of a response variable R* on covariates C*. The
elements of R* and C*, which are continuously measured, are partially observed. Ours is
a two-level HLM (Lindley and Smith, 1972; Dempster et al., 1981) in which the response
variable R* is a characteristic of “level-1 units” (e.g., students) who are clustered within
level-2 units (e.g., schools). In contrast, the covariates may be characteristics of either level-
1 units or level-2 units. In longitudinal studies, the level-1 units might be repeated occasions
of measurements clustered within persons at level 2. Our scientist is primarily interested in
the conditional distribution f;(R*|C*) assumed normally distributed. However, to account
for the missing values in C*, we propose a normal linear model fo(C*). Because of missing
data, we cannot separately estimate the parameters of f; and f; without discarding the
cases with missing values on any element of R* or C*. It is well known that a procedure that
analyzes only the cases with complete data is prone to bias and/or loss of efficiency (Little
and Rubin, 2002). The cost can be particularly high when a missing item of C* varies at
level 2, in which case all of the level-1 units in the level-2 unit having missing values are
discarded along with that level-2 unit itself.

To make efficient inference possible, and following Schafer and Yucel (2002), we compose

each outcome vector Y* = [R* C*T]T and write a multivariate HLM h(Y™*)
Y* = X*a+Zb+7r" ~ N(X*a,V* = Z2°Q77 + %) (1)

where b ~ N(0,Q) and r* ~ N(0,X*). Here, X* and Z* are composed of completely observed
covariates; « is a vector of fixed regression coefficients while b and r* are independent random

effects that vary at levels 2 and 1, respectively. We partition the complete data (CD) Y* into



components Y* = (Y, Yonis). In particular, if Y* is N by 1 but we observe only M (< N)
elements Y s = Y of Y*, we construct an M-by-N matrix O in which every row contains a
single entry equal to unity indicating which value of Y* that is observed. All other entries

in the same row are 0. Our model for the observed Y is therefore
Y = Xa+Zb+r~NXa,V=207Z"+Y) (2)

where Y = OY*, X = OX*, Z = OZ*, r = Or* and ¥ = OX*OT. Assuming data MAR, we
can make efficient estimates of the parameters § = («, 2, ¥*) using ML or Bayes inference
from the observed data according to Equation (1). The most common method in recent
literature is a Bayesian approach based on multiple imputation (MI) that we will consider
in the final section of this article (see “Discussion”). However, Schafer and Yucel (2002)
showed how one can obtain MLE using the EM algorithm and use the estimates for MI. Shin
and Raudenbush, SR hereafter, (2007) showed how to recover MLE for the analytic model
J1(R*|C*) by constructing model (1) carefully and estimating the model without a need for

imputations. This approach allows some components of Y* to vary at level 2.

2.1 Estimation via the EM algorithm

The EM algorithm (Dempster et al. 1977) requires evaluation at each iteration m + 1 of the
conditional expected CD score given the observed data and parameter estimates at iteration
m. To find the CD score, our model for the CD Y* is a multivariate HLM (1). Write model
(1) at the level of cluster j and let ¢ be an arbitrary scalar element of (€2, £*). The CD score

equations are well known (c.f., Raudenbush and Bryk 2002, Chapter 14):
Sa7CD — ZX*TV* 1 X* )

dvec( V*
Seop = 3 Z ( ) (Vr @ Vi e [(Y) — Xia) (Y — X;o)" = V)] . (3)



The conditional expected score equations given the observed Y; thus clearly depend on the
conditional mean and variance of Y;* which we readily derive from the fact that Yj*(mﬂ) Y, 00 ~

N (Yj*(mﬂ), ‘A/j*(mﬂ)) given iteration-m estimates 0™ = (@™ Q™ 3*(m)) (SR 2007) where

Yo = xratm 4 oty im Ty, - xgam),

J

J J

2.2 Example 1: Contextual Effects Model

We apply this framework to the “contextual effects model” (Willms, 1986) for the study of
income inequality in the mathematics achievement of US elementary school children. This
model decomposes the association between family income and educational achievement into
a within-school component and a between-school component. In its simplest form, the model

is typically written as
Rij = 0+ 70(Cij = Cj) +701(Cj — C) + ug; + ey (5)

where R;; is a measure of math achievement for student 7 in school j, Cj; is a measure
of the income of that child’s parents, C; is the sample mean of C;; within school j, and
C is the overall sample mean income for i = 1,--- ,nj and j = 1,---,J. Here 7 is
known as the “within-school coefficient” while g1 is the “between school” coefficient; and
up; and e;; are independent, normally distributed random effects that vary at levels 2 and
1, respectively. Of interest is the “contextual component” . = 91 — 10 Which, if positive,
suggests that attending a school with high-income peers predicts elevated achievement net
of the contribution of a student’s family income.

Two problems arise in the conventional analysis (SR, 2010). First, past analyses have
treated parental income as completely observed when, in fact, most surveys report substantial

fractions of missing data on income. Second, the sample mean C; will be a noisy proxy for



the actual mean income of parents in a school if the sample size per school is modest, as is
the case in most US national surveys. Using random effects as explanatory variables within
the MAR framework addresses both issues. Reflecting that income is partially observed, we
propose the CD model

Rjj = 00 + o€ +Yo1¥; + to; + € Cii=0+vit+e; (6)

R

where v; and €;; are independent, normally distributed random effects at levels 2 and 1,

*

respectively. The joint distribution of R}; and C}; may be written

)

R 10 Y00 10 Yo1Vj + Uo; Y065 + €55
j _ i J Y + J J ) (7)
Cr 0 1 ) 01 vj €5

¥

Stacking the equations within level-2 unit j, we have the general form of the model

Y = Xja+ Zjbj+1; ~ N(Xja, V) = Z;QZ7" + 1,, @ ©*) (8)

for X7 = 77 =1, ® I, bj ~ N(0,Q) and 7} ~ N(0,,; ® ¥*) where we denote 1,, as a
vector of m unities and [,,, an m-by-m identity matrix for a positive integer m. The HLM
score equations for 6 are familiar (Raudenbush and Bryk, 2002, Chapter 14; SR 2010) and

will therefore not be elaborated here.

2.3 Compatibility

A set of conditional distributions f;(R*|C*,6;) and fo(C*|R*, 6,) is said to be compatible if
there exist a joint distribution {h(Y*|0) : 6 € O} and surjective maps {¢t; : © — ©, : j = 1,2}
such that for each j, 6; € ©; and 0§ € ¢;'(6;) = {0 : t;(0) = 6;}, we have f1(R*|C*,6;) =
h(R*|C*,0) and fo(C*|R*,05) = h(C*|R*,0) (Liu et al. 2014). Assuming a prior p(6), Schafer

and Yucel (2002) developed the Gibbs sampler based on multivariate normal (MN) A(Y*|0)



that is compatible with an analytic HLM f;(R*|C*,0;) when C* is linearly associated with
R*. The MN h(Y*|0), however, cannot be compatible with f;(R*|C*,6;) when C* has non-
linear effects (Kim et al. 2015; Enders et al. 2020). Goldstein et al (2014) and Enders
et al. (2020) factored h(Y*|0) = fi(R*|C*,0,)f2(C*|05) and estimated a compatible HLM
fi1(R*|C*, 6,) with the non-linearities by the Gibbs sampler via a Metropolis algorithm. We
extend the HLM further with the nonlinear effects of C* that includes random effects as
latent covariates. We estimate h(Y*|0) efficiently by ML via a PKRE and translate the

estimates to the ML estimates of the compatible HLM as explained in the next section.

3 Coping with Random Coefficients and Interactions

Our scientific focus is again on fi(R*|C*, v) assumed normal in distribution as in Equations
(6). However, the model now includes elements of C* that have non-linearities including
random coefficients, polynomial terms, or interactions. In this case, even if we can reasonably
assume that fo(C*) is normal, the joint distribution h(Y™*) cannot be normal.

Recent research on the problem of non-linearities has focused primarily on two widely
used methods of analysis of multilevel incomplete data. Perhaps the most popular method
of imputation for HLMs under the MAR assumption imputed missing values by a series
of sequential univariate regression models (Raghunathan et al. 2001), which is also known
as MI by fully conditional specification or FCS (van Buuren et al. 2006). However, these
conditionals will not be compatible with the joint distribution of interest in the presence of
the non-linearities of interest in this article, as shown by Enders et al. (2016) and Enders et
al. (2020). The main alternative approach estimates the joint distribution of the outcome
and covariates subject to missingness. Missing values may be imputed based on their fully
conditional distributions (Liu et al. 2000; Schafer and Yucel 2002; Goldstein et al. 2009)
and by maximum likelihood (SR 2007, 2010; Ren and Shin 2016). These normal-theory

models were not designed to handle the non-linearities of interest here. By means of a Gibbs



sampler via the Metropolis Hastings algorithm, Goldstein et al. (2014) imputed missing
values of a response and covariates including interaction and polynomial terms having fixed
effects in a multilevel model where covariates and response may be continuous or categorical.
Similarly, Erler et al. (2016) took the sequential fully Bayesian approach (Ibrahim et. al.
2002) that expresses the joint distribution of variables MAR, including the outcome, into a
series of univariate conditional models to handle missing values of cluster-level continuous
and discrete covariates having fixed effects. Erler et al. (2019) extended the approach to
imputing missing values of level-1 covariates having fixed effects. Enders et al. (2020) showed,
however, that these approaches do not guarantee compatibility when the partially observed
covariates have random coefficients. Lacking a formal model for the joint distribution of

interest, these approaches appear to fall short of ensuring compatibility.

3.1 Factorization of the Likelihood Based on Provisionally Known

Random Effects

To cope with nonlinearities induced by partially observed covariates having random co-
efficients, polynomials, or interaction terms, we model the joint distribution h(Y™*|v)p(v)
induced by the scientific model of interest fi(R*|C*,v) and the model for the covariates,
f2(C*|v)p(v). The problem is similar to the problem of estimation of generalized linear
mixed models (Hedeker and Gibbons, 1994; Raudenbush et al., 2000). Using the notation

of Equation (2), we must evaluate

h(Y) = [ n(YIp0) )

The integral just defined does not have closed form in the presence of non-linearities and

must be approximated numerically. To facilitate the approximation, we choose a PKRE, call



it « such that

h(Yu) = / B(Y b, w)p(blu)db (10)

is a normal HLM discussed in Section 2. The problem of approximation is then to evaluate

WY = / B(Y Ju)g(w)du. (11)

The computational challenge is to select u such that the dimension of the analytic integral

(10) is maximized while the dimension of numerical approximation (11) is minimized.

3.2 Example 2: A Partially observed covariate having a random

coefficient

We return to our example of income inequality in US elementary schools. A common find-
ing in multilevel studies of educational achievement is that relationship between student
socioeconomic background and achievement varies from school to school (Raudenbush and
Bryk, 1986). This variation could reflect variation in school organization, composition, and
resources. To assess the variation in income inequality within schools, we expand the con-
textual model (6) to allow for a random coefficient

Ry = (00 + up;) + (o + uij)e + €, Cf =0+ v+ € (12)
where ug; ~ N(0,70), uj; ~ N(0,711), vj ~ N(0,7,,), cov(ug;, ui;) = To1, cov(ugy, V) = Toy
and cov(u}‘j, vj) = 7y,. This is model (6) for up; = Yorvs + uo; if 711 = 0. Let var(uj) =7
for u} = [ug; ui; v;]". Level-1 random effects ej; ~ N(0,0°) and €}; ~ N(0,0.) are assumed
independent of each other and of the level-2 random effects. We denote the parameters of
the CD model (12) as 675 = (700, Y10, T 0%,0,0c).

Clearly Rj; cannot be marginally normal in distribution because of the multiplication of

10



the two normal random effects uj; and €;;. Our strategy is to select one of these two random
effects to be considered “provisionally known;” we choose uj; for this purpose because it
has lower dimension varying across schools than does €;; which varies across students within

each school. Therefore, we write

E
Ug,; Q|1 Toolt  Tov|1
y) * * _
uy; ~ N uy;, = (13)
Vj Qy|1 Tvoll - Twvl

where ay; = Tleﬂl and Tpw1 = Tew — cppTiiag for k k' = 0,v. We can therefore write

the “provisional” joint model h(Y}|uj;) for Y = [V - -Y,:‘JE]T as
* * * * * * * *T *

where X7 = 1, ® [l Luj;], @ = [0 § aop )t ZF = 1y, ® Iy, by = [ug; — aopuy; vy —
auuufj]T ~ N(0,92) and r} = [rf;f T~ N0, V=1, ®37) for

Tij

* * \2 2 *
P R e (N0 +ui;V*oe + 0% (no +uiloee | (15)

0 1 € (710 + ui;)oce Tee

The CD score is therefore familiar; see Equations (3). To complete the EM algorithm to
estimate h(Y}|u};)¢(ui;;0,711), we will maximize the likelihood L(0) = szl h(Y;) for

B(Y5) = [ Wil Joluti0m)duiy, RVl ~ N (X V= 02 +9;) (16

where h(Y}|uj;) is from Equation (14), X; = O;X7, Z; = O,;Z7 and ¥; = O;¥307 = @2 %
for O; = &;2,0;; and Xy; = 0;;530L. We use adaptive Gauss-Hermite Quadrature (AGHQ)
to numerically approximate integral (16) (Naylor and Smith 1982; Pinheiro and Bates 1995;
Rabe-Hesketh et al. 2002).

An additional AGHQ step is needed to complete the E step by evaluating the expectation

11



of a CD score component Scp; of cluster j from Equations (3)
B(SorslY;) = [ [ Soms (47 Y5003 )g(u, 1Y) s, n

where f(Y;|Y;,uj;) has the familiar form of the empirical Bayes posterior normal density
with the means and covariance matrix in Equations (4). We use AGHQ to approximate the
outer integral with respect to the univariate random effect, uj;; see Appendix C for detail.
Because g(uj;]Y;) is nonstandard, we use the Bayes theorem to find

h(Y]\u’{])gb(u”{], 0,711)
h(Y;)

g(u|Y;) (18)

By the invariance property of MLE, we translate the MLE of the “provisional” parameters

0 = (a, 2,710, Oce; 02, 711) of model (14) to a one-to-one transformation é{u) via model (13).

3.3 Example 3: Cross-level interaction effects involving partially-

observed covariates
Following Lee and Bryk (1989), we wish to extend the contextual effects model in two ways
to allow the level-1 covariate: (i) to have random coefficients as in the previous section; and
(ii) to interact with the level-2 covariate. We therefore write the model

Ry = (00 + Y015 + toj) + (10 + 7115 + )€ + €5 Cy=0+vj+e; (19)

150

where ug; and uy; are, as before, bivariate normal, but conditional on v; with variances 7y,
and 7y}, respectively, and covariance 7y, Other random effects are as defined in model
(12). The parameters are 02*19) = (Y005 Y015 V105 V11 T00[ws T01|1s T [y T2 O, Tus, Oce)-

This model involves two products of normal theory random effects: vje;; and uyje;;.
Using the logic of the last section, we wish to choose a PKRE such that, conditional on that

effect, our CD joint model will be a normal-theory HLM. The question is how to choose

12



this random effect. We might provisionally hold both v; and u,; constant, but we would
prefer to minimize the dimension of the provisionally constant random effects such that the
computational burden of numerical approximation is a minimum. Alternatively, we could
provisionally hold €; constant. But while €; is a scalar, it varies across all level-1 units,
which could be a very large set. Instead, we choose to provisionally hold constant the scalar

level-2 random effect
Uy = YV + Uy (20)

In addition, we define uj; = 7017 + ug; to represent the model parsimoniously as R;; =
(Y00 + up;) + (710 + ui;)€;; + ei;. This model is therefore equivalent to model (12) to imply
Equations (13)-(18) and a one-to-one correspondence between 07, and 67,

Consequently, the CD model (12) is a one-to-one transformation of the provisional model
h(Y;;|ui;)¢(ui;; 0,m11) in Equation (14) by distribution (13) and, also, of h(Y}|v;)é(vs;0,7,,,) =
Fi(RG1C, vg) f2(CF|vi)é(vs50,7,,) in Equations (19) by Equation (20). We choose to esti-
mate joint model (14) via the PKRE for efficient computation that is guaranteed to be com-
patible with the scientific model fi(R};|C};,v;) by the one-to-one correspondence. Whereas
scientific interest focuses on 62‘19), we will be estimating the parameters 6 = (o, 2, 710, Oce, 02, T11)
of the provisional joint model (14). We then exploit the invariance property of MLE again,
translating the MLE of 6 back to those of 02‘19).

The standard approach of replacing v; and €;; with C’;‘ — C* and Ch — C‘]’-‘, respectively,
in model (19) produces biased estimation of (yo1, Y11, Tooj To1w, Ti1jy) even if Rj; and C;
were fully observed; see Appendix A. Model (19) can readily incorporate multiple covariates
having random effects and also having multiple cross-level interactions. Moreover, it is

straightforward to include covariates having fixed coefficients. This is important given the

need to add auxiliary information to strengthen the robustness of the MAR assumption.
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4 Auxiliary Covariates

Our focus is on estimation of income inequality in achievement of model (19). Because certain
variables such as family income have severe missing rates, it robustifies the MAR assumption
to involve auxiliary covariates (e.g., parent occupation and pre-test score) correlated with
missing values or patterns (Collins et al. 2003). We consider two approaches to augment
auxiliary covariates, partially observed or measured with error, to the CD model. One
approach is to assume such covariates to be linearly associated with the outcome and income.

Violation of the linearity, however, may produce biased estimation. The other approach is

*

to augment them as responses to R};, thereby allowing them to be non-linearly associated

with the outcome and income. We then transform the MLE of the CD model to those of a

nested model (19).

4.1 Linearly Associated Auxiliary Covariates

To augment auxiliary covariates that are linearly associated with the outcome and income,

we extend the scalar C}; of model (12) to a vector C}; = [C}; Ajl; A5T]" consisting of income

Cy}; and auxiliary covariates Aj;; at level 1 and A3; at level 2. We then write the CD model

R} = (00 + ug,) + (710 + uij)e; + ’YQToqz'j +e;, Ch=0+v;+e]; (21)

where & = [§ 6] 5;}T, v; = v v ygj]T and €}, = [e}; €5 OT}T = [e;; 07]" for the means

[07 63]" and school-specific random effects [v{; vy;|" of [A7] A5T]" and the child-specific

* * * _ T, ) * _ T,
random effects €f;; of Aj,;. Other components yo0, Y10, ug; = Y¥; + Uoj, ui; = Vi +

uy; and ef; are defined in model (19) except the linear effects vy of €};;. Again e, and

UCC EC

€;; ~ N(0,%.) are independent of each other and u} ~ N(0,7) for ¥, = ' | and
Yo Xn

T let cov(uy, v;) = 7o, cov(ui;,v;) = 11, and v ~ N(0,7,,). Auxiliary

* * *
ui = [ug; ui; v

J

predictors (11, v9;) and €7;; are linearly associated with the outcome and income at levels 2

14



and 1, respectively. The parameters are 6,,) = (700> Y10, V20, T> 02, 8, e ).

We select uj; provisionally known again. Let Y;; = [R; Cf; AiL]" and A3; be of respective

lengths p1 and py. Using model (13) now for f(ug;, v;|uj;) and app = [own oy, agy]™, we
find the provisional joint model (14) this time for Y;* = [Y}¥F - - - YJJE A3TT" where

X = diag{[X{];--- X;}

In;j

]T,ng}’ Q= [O‘{ O‘zT]Ta Z; = diag{lﬂj ® Iy, Ip, },

o * * T T * 1T * *T *T NT1T * _ qs *
b; = [uoj — Qouy; Vi — al,|1u1j] , T = [rlj ST o', U5 = diag{Il,, ® Zj,O}

for Xikij = [Ipl [plufj]a X;j = [Im [p2u’1ﬁj]7 O‘{ = [700 0 6? Qo[1 Qy|1 afl\l]? O‘g = [55 aZQ\l]Tv
1 B?- el B?»EeBlj + 02 B?-Eg
TU = J J > E] — / ! (22)
0 Iy efj YeByj e

denoting B} = [yi0 + u}; 739]-

We estimate 62‘21) using its one-to-one transformation 6 = («a, €, V10, V20, X¢, 02, T11) of
h(Y} |ui;)¢(uiz; 0,711) by the EM algorithm, computing h(Y;) and E(Scp,|Y;) by AGHQ as
before. See Appendix B for the E step. The scalar PKRE uj; yields efficient computation.

To translate 92‘21) to 92*19), we use model (13) to let fBx; = yko + uy,; and find
E(Brslvi) = o + viavs and cov(Brj, Buj|vi) = Tire = Tiw — Yia Vi Tow
for v¢; = 7 /7 and k, K" = 0, 1. We then marginalize auxiliary €};; out to obtain
E(Rjjles;,vi) = q00 +Y01v5 + (Y10 + Vivs)€s; + 7%E<6>{i]”6:j)7
var(Rjjle;;,vy) = 100 + 2151655 + Ther; - yaovar(el;les)vao + o

that should be of form (’700 + ’)/Oll/j) + ("}/10 + 711”;’)5*

* *2 2
ij and 7'00‘,/ + 27’01‘,/617 + 7—11|V€ij + o y

respectively. See Appendix D for detail. We illustrate this approach in sections 6 and 7.
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4.2 Non-linearly Associated Auxiliary Covariates

The linearity assumption between Aj,; and (R},

Cy;) in model (21) may be violated to

*

produce biased estimation of 6. In that case, we augment Aj; to multivariate Rj; =

[R;; A7]T of length 7, allowing them to be non-linearly associated in

R:j = (Y00 + Ugj) + (710 + UL)EQ} + e:jﬂ 62} ~ N(0,%) (23)

and C7; = [C}5 A3T]" in Equations (21) for conformable vectors o0 and y1¢ of fixed effects
and random vectors ug; and uj; independent of ej; as before. It is straightforward to find
the provisional joint model (14) for Y3 = (Rj;,C};) and Aj;, selecting r-by-1 uj; to be
provisionally known. We estimate the joint model efficiently and, then, translate the bivariate
distribution of R;; and C}; to 9?19); see Appendix D again for the translation. Numerical

approximation is now intensive with respect to vector uj;. Finally, some of Aj;; may be

1ij
linearly associated with the outcome and income while others may not. We illustrate this
case in Data Analysis.

With additional known auxiliary covariates, we marginalize them out first given their

expectation and covariance matrix estimated from sample before the translation above.

5 Within-Level Interactions and Polynomial Terms

We write a CD model including the level-2 interaction effects o4 of v

R} = (o0 + Y01¥5 + Yoal1s + Yosbes + YoaVivrs + Uog) + Vip€s; + € (24)
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and C7; as in model (21) where ug; ~ N (0, 7o0,) and €;; has fixed effects 710 for simplicity.

We select one interactive term v;, < the other in dimension, provisionally known to find

Uoj 0 Too|v 0 0
Vij vi ~ N a1l ) Q= 0 Tvivlle Tviv2le : (25>
Vaj Q2| 0 Tvovile Tv2v2|c

Let b; = [ug; v{; — ozfuyyj vy — ozleyuj]T = [ug; b7, by;]" to find the model given v;

R} = Xpap+ Zbi + i€l + el ~ N(Xfor, 25,025 + VoS0 + 0°)

CZ*] = 5 -+ v; + 6;;'7 AL] = 51 + O./,,1|,,Vj + blj + GL»]-, A;j = 52 + O./,/2|,/I/j + bgj (26)

T
for Xf, = [1v; V2], ag = [Y00 Y01 + Va2 1w + Vs Veap] and Zh; = [17& + Vv 7]
where C7; varies within but not between clusters. As in Section 4.1, we stack these equations
to find the implied provisional model (14) for Y} = [V --- Y7 A37]", and compute R (Yj),

setting Scp; = 1 below, and E(Scp,|Y;) by
WY, E(Sen,|Y;) = / E(Ses g, Y h(Y;|3)é(v5;0, 7o), (27)

numerically for h(Y;|v;) from the provisional model.

We now consider another CD model including level-1 interaction effects
Rj; = (Y00 + YorVj + Uoj) + V10675 + (720 + V%ffj)fﬂj + e;; (28)

and C7; in model (21) where ¢; and €];; have main (19 and 7z9) and interaction effects (730).

We select an interactive term €;;, < €};; in dimension, provisionally known again, and find

*

5

T

* *
eijler; ~ N(aece 1l

— -1 _
E1|c) for Qelle = zjlco'cc and El\c - E11 — Qe OccX
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T * %
Given €;; provisionally constant, let ug; = 75,1 + ug; and aj;; = €];; — Qec€]; 0 express

CZ‘G;} ~ N(5 + 6”, ch)7 A;j (51 + Oéd|c€ + V1j + alz]? AZJ = 52 + bgj (29)

T _ * %2 _ T T *
where XRij = [1 €ij %‘]7 ar = [Yoo Y10+Y20Xel e 7300461\c]a Bm 720"‘7305”7 COU(RW lzjleJ 2])

BT Yje and C; now varies between but not within clusters to imply the provisional model

127

(14) given € = (e3;, -+ ;€ ;) for b = [ug; v vT]". We compute h(Y;) and E(Scp;|Y;) by
hY;)E(Scp;Y;) :/ (Scpjle;, Vi) (Y;€5)0(€5; 0, In; 0 )dej (30)

numerically for h(Yj|e}) from the provisional model as before. The numerical integral can
be computationally intensive, in particular, given large cluster sizes; multivariate Laplace
approximation (Pinheiro and Bates 1995; Raudenbush et al. 2000) and parallel computation

of each cluster may result in efficient computation.

5.1 Rules for Choosing Provisionally Known Random Effects

We now provide general rules for selecting PKREs:

(i) For an interaction e as in Equations (28), we hold €;;, < €], in dimension, constant.

Zjellj

The resulting model quadratic in €, will minimize the dimension of AGHQ);

ij
(ii) For a level-2 interaction v;1y;, we hold one with a smaller dimension constant again;

(iii) For a three-way interaction €€}, €5, at level 1, hold two terms < the third one in

dimension constant and this applies to a three-way interaction at level 2, too;
(iv) For cross-level interactions vjej; as in model (21), hold u}; = 7{,v; + uy; constant;

(v) For the cluster-specific effects uj; of €;;, we hold u]; constant;

'L]’
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(vi) Finally, for a subset of these effects, hold constant the union of the PKREs of the

subset.

Our CD model in each case includes a scientific model of interest and induces a provisional
joint model (14). Because the models are one-to-one transformations of each other, the

scientific model is guaranteed to be compatible with the joint model we estimate.

6 Data Analysis

Rising income inequality in the US and other nations has recently attracted substantial
attention (Piketty, 2014). A key question involves the consequence of such inequality for
equality of opportunity among children. Following past research, we decompose the associ-
ation between family income and educational achievement into a contextual component and
a child-specific component (Firebaugh, 1978; Willms, 1986; Lee and Bryk, 1989). The con-
textual component reflects the fact that elementary schools in the US are quite segregated
based on family income. Such segregation reflects and may reinforce residential segregation
as a function of family income. Two children having the same family income might differ
in educational achievement as a result of their experience in low-income versus high-income
schools. The individual component reflects socioeconomic inequality within schools. Chil-
dren attending the same school who differ with respect to family income may tend to differ
with respect to their achievement. However, the magnitude of this within-school disparity
may vary from school to school (Raudenbush and Bryk, 1986; Lee and Bryk, 1989). The con-
textual effects model (Willms, 1986) supports the composition of inequality in achievement
that we seek.

First, we decompose family income for child ¢ in school j into between-school and within-

school components as in model (19)

*

In(income;;) = Cf; = d+vj+e;, mathSy = Ri; = (Yoo+01¥5+uos)+(y0+711v+usy )6 +ej;

19



for the mean of log-income ¢, the school-specific deviation from the mean v; ~ N(0, o..), and
the child-specific component €;; ~ N(0,0.). A child’s mathematics achievement in spring
1999 (mathS) depends on these components via the model (19) for mathS;; = Rj;. The
parameters are 92}9) = (700,701,’710,711,7'00|m To1|vs T11|w> 02,8, Ty, Occ)-

We choose math achievement as our outcome because of its importance in predicting
educational attainment and adult earnings (Nomi and Raudenbush, 2016; Rivera-Batiz,
1982). In model (19), 71 is the between-school gradient, reflecting the expected difference
in R}; associated with a unit difference in school mean income; 719 reflects the average within-
school gradient. However, the within-school gradient may depend on school mean income, an
interaction effect represented by 711, and this gradient may also vary randomly over schools
as represented by ui; ~ N(0,71,). School-mean achievement is 7y and, conditional on
income, varies randomly over schools, ug; ~ N (0, 7g|,). If the within-school gradients were

constant (717 = 117 = 0), the overall linear coefficient for income will be
E(Rfjw{kj =c+1)— E(R;‘HC’Z =c¢) = pyo1 + (L = p)no

where p = 7../(Tee + 0cc) can be regarded as an index of school segregation as a function
of income. Define 7. = 791 — 710 as the “contextual effect” (Willms, 1986), the expected
difference in math achievement between two students with the same family income who
attend two schools that differ by one unit in school mean income. A nation’s income gradient
would be pv. + v10, which increases with the within school segregation based on income, p,
the contextual coefficient, 7. and within-school gradient ;9. This simple relationship will
not hold if the within-school gradients vary over schools, and one purpose of our analysis is

to test that proposition.

Table 1: Each variable for analysis with mean (standard deviation (sd), missing %).

symbol name mean (sd, missing %) symbol name mean (sd, missing %)
R;; mathS 0.00 (1.00, 8)  Aj;  occupation 0.00 (1.00, b5)
Cy; income 10.73 ( 0.71, 32)  Aj, age 0.00 (1.00, 6)
Aj;  mathF 0.00 (1.00, 12) A3,  enrollment 0.00 (1.00, 17)
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To do so, we use data from 21,211 children attending kindergarten in 1,018 schools as
of fall 1998, a nationally representative sample known as the Early Childhood Longitudinal
Study of 1998 (“ECLS”) that is publicly available at https://nces.ed.gov/ecls; see Table 1.
Only 8 percent of the math achievement data are missing. However, family income data
are missing for 32% of the sample, a finding that is quite typical in surveys of educational
achievement. Fortunately, ECLS (Tourangeau et al., 2009) provides data on auxiliary vari-
ables, including the maximum occupational status score of parents (occupation), missing for
only 5% of the cases, as well as math achievement in fall 1998 (mathF), which is strongly
predictive of math achievement in spring 1999 (mathS). In all, we have 4 auxiliary variables,
correlated with income, outcome or missing patterns.

In this paper, we take convergence to ML to be less than 10~ in the square root of the
summed squared differences between 6 of two consecutive iterations. We estimate the model
for covariates C7; using all observed values by ML via the EM algorithm (SR 2007) and a

*

scientific model for R;; given the covariates and their sample cluster and overall means by
complete case analysis, and transform the estimates to the initial values 0 of the joint model.
We carry out complete case analysis by R (R Core Team, 2017), estimate 6 on a Dell XPS
laptop with the 11th generation Intel(R) Core(TM) i9-11900H processor at 2.50GHz and 64

GB RAM, and test a hypothesis at a level a = 0.05.

6.1 Linearly Associated Auxiliary Covariates

Recall from section 4 that we have two strategies. Following Section 4.1, we model the
auxiliary covariates linearly associated with the outcome and income in model (21) where

A*

1;; 1s a vector of mathF, occupation, and age in months at assessment of spring 1999
(age) and Aj; is the square root of kindergarten enrollment (enrollment) by the Box-Cox
transformation. Consequently, 92‘21) = (Y00, Y10, Y20, T, 0%, 8, X,) consists of 10 fixed effects
(3-by-1 720 and 5-by-1 8) and 39 variances and covariances (7-by-7 7 and 4-by-4 ¥.).

We standardized each variable to have mean 0 and variance 1, except income for inter-
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pretation. Estimation of 62‘21) with a provisionally known uj; and 20 abscissas converged fast
to ML in 9 iterations and 13 seconds. The transformed estimates éag) and standard errors
(SEs), multiplied by 100, are listed under “EM-AGHQ I” in Table 2. The school-mean and
within-school components of family income are positively associated with math achievement
while their interaction effect is insignificant. The within-school income effects appear to
vary at most modestly across schools with the variance estimate 77, = 0.19 less than the
associated SE 0.25. Based on In(711),) ~ N{In(7i1p,), var(ﬁ”,,)/ﬁzl'y], we find a large-sample

95% confidence interval (CI) for 741),: (0.01,2.62) near zero.

Table 2: Estimatesx 100 (standard errorsx100) of model (19) by EM-AGHQ I and II.
predictor parameter EM-AGHQ I EM-AGHQ II

1 Yoo 0.36 (2.38) 0.20 (2.46)
v Yo1 78.69 (2.93)""  77.22 (3.01)"
¢ Y10 28.06 (1.36)"" 37.38 (1.74)"
€5V Y11 0.77 (2.03)  14.33 (3.58)""

T00|,/ 9.30 9.64

Toily 0.64 2.35
i 0.19 (0.25) 3.08 (0.69)"

95% CI for 71, (0.01, 2.62) (1.98, 4.78)

o2 75.21 73.74

log joint ML -107361.00 -107177.03

*. p-value<.05; **: p-value<.01

To test this model against the null hypothesis that v; = 0 and 71, = 0, we estimated the

null model, the multivariate normal distribution of linearly associated (R};, Cy;, A7,

efficiently by the EM algorithm (SR 2007, 2010). The model consisted of 42 parameters com-

A;j)u

prising 6 fixed intercepts and 6-by-6 level-2 and 5-by-5 level-1 variance covariance matrices,
and converged to log ML -107370.60. Compared to the log ML of 92‘21) displayed at the last
row of Table 2, the likelihood ratio test statistic to test the two joint models is 19.20 with 7
degrees of freedom to give a conservative p-value < 0.01 (Stram and Lee 1994). Therefore,
we infer that the outcome is non-linearly associated with income. Lastly, estimation using

10 abscissas also produced the same estimates under EM-AGHQ 1.
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6.2 Non-linearly Associated Auxiliary Covariates

Preliminary analysis indicates that mathF and occupation may be nonlinearly associated
with the outcome and income. To test the hypothesis, following Section 4.2, we model
=age in model (21):

multivariate responses R;; =(mathS, mathF, occupation) and Aj,;

R:j = (Y00 + USj) + (710 + UL)EQ} + 720€L'j + ejj (31)
and Cj; = [Cj; A}y As;]" as before for 3-by-1 vectors oo, Y10 and 7 of fixed effects and
random vectors up;, ui; and ef; ~ N(0,3.). Therefore, 7 is 9-by-9, ¥ 3-by-3 and ¥ 2-by-2;
the CD model comprises 12 fixed effects and 54 variances and covariances. With 3-by-1 uj;
provisionally known, we estimated the joint model using 10 abscissae per dimension which
converged to ML in 734th iterations and 928 minutes. The log ML of 92“31) is shown at
the bottom row under EM-AGHQ II. The LRT statistic to test Hy : model (21) vs H; :
model (31) is 367.93. The conservative LRT with 17 degrees of freedom (Stram and Lee
1994) produces a p-value 0 to reject the null in favor of mathF or occupation nonlinearly
associated with the outcome and income.

The translated estimates éag) and SEs are listed under EM-AGHQ II in Table 2. Com-
pared to those under EM-AGHQ I, the main effect of within-school income is larger; fur-
thermore, the interaction effect is significant, and so is the random effects of income by the
Wald test to produce a 95% CI for 71; now distant from zero. We conclude that the linearity
assumption associated with Equations (21) is violated to attenuate the main, interaction

and random effects of within-school income €;, confounded with the auxiliary covariates.
As a result, EM-AGHQ II produces a smaller 62 = 73.74 and, thus, explains more outcome

variability within schools than does EM-AGHQ 1.
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6.3 Known Auxiliary Covariates

Either model (21) or (31) may be extended to control for known auxiliary covariates such
as race ethnicity and gender at level 1 and school location and sector at level 2. The joint
model may be estimated given the provisionally known uj; again, and translated to é:w) and

SEs. See Appendices B and D for detail.

7 Simulation Study

We focus on ML estimation of the scientific HLM (19) after simulating outcome Rj; and
income C; from a joint model conditional on auxiliary covariates within which the HLM is
nested. The goal is to compare our estimators (EM-AGHQ) with those by four methods: 1)
the benchmark method (BM) given v; and €};; 2) complete-case analysis (CC) given Cf — C*
and Cj; — Cy instead; 3) MLE on MI (SR 2007, 2010); and 4) the Gibbs sampler (GS)
of Enders et al. (2020) implemented in software Blimp (Keller and Enders 2021). BM is
based on complete data while others are based on data MAR. Therefore, a good method
will produce estimates near the BM counterparts. BM and CC estimate the scientific model
by the lme4 package (Bates et al. 2015) in R. MLE on MI uses C programs to estimate
incompatible MHLM (8) by ML and impute missing values including latent school mean
incomes 20 times, more than did past multilevel missing data analyses (Schafer and Yucel
2002; SR 2007, 2013; Enders et al. 2020), from their predictive distribution given observed
data implied by the MHLM at ML (SR 2007, 2010); and estimates the HLM given the MI
by Ime4. GS estimates the joint model, simultaneously generating 20 imputations of missing
values excluding latent school mean incomes, by Blimp and, then, the HLM (19) given the
MI by Blimp again. EM-AGHQ estimates the joint model by our C program and translates
the estimates to the desired MLE in R.

We simulate the ECLS Rj; and C}; closely in terms of sample sizes, correlations and

missing rates. Specifically, for n = 20 children in each of J = 1000 schools, we simulate:
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i) known auxiliary covariates Xo1; ~ Bernoulli(0.3) and Xy;; ~ Bernoulli(0.45) equal to
1 (0) for a private (public) school and a minority (white) child, respectively, where Xj;;
varies within, but not between, schools for simplicity; ii) random intercepts and slope fy; =
YooX2; + U, Br; = 110 X2; +uj; and oy = 639 Xa; 4 v; from N(1+ X5, 1) with covariances

0.8 for Xy; = [1 Xy;]7; iii) independent e}, €

iJ7 “1J

N(0,10) to simulate the CD joint model

R} = Boj + B1i(Ch; — Beoy) + 720X + €55, Cfy = Boj + 610X1i5 + €5 (32)

The simulated parameters in 6 consist of vk, = vi, = 6%, = [1 1], 720 = 010 = 1, variances
Too = T11 = Ty = 1 and 0., = 0? = 10, and covariances 751 = 79, = 71, = 0.8. We marginalize
X5 and Xy;; out given their simulated expectations and variances, and translate 6 to the

scientific model in column two of Table 3 as explained in Appendix D.
Table 3: Scientific model (19) estimated by BM, CC, MLE on MI, GS and EM-AGHQ. Each

estimate or cell occupies two rows: % bias (average estimated SE) in the first row and the
empirical estimate of true SE over simulated samples and a 95% coverage probability of the

estimator in the next.

covariate  simulated BM CC MLE on MI GS EM-AGHQ
1 Yoo=2.34 06% (.03) -8.32% (.05) -8.16% (.05) -.37% (.07)  .04% (.06)
.03, .96 .08, .11 .06, .09 07, .94 07, .92
vj Yo1=1.21 12% (.03) 29% (.03)  -5.81% (.06) -.59% (.05)  .07% (.05)
.03, .95 .05, .85 .06, .76 .05, .94 .05, .94
€ Y10=1.32 10% (.02) 16% (.03)  -5.14% (.03) -.26% (.04)  .06% (.03)
.02, .95 .04, .85 .03, .33 .04, .95 .04, .93
€V 7m1=0.83  -.07% (.02) -42.05% (.02) -54.00% (.03) -.52% (.03) -.04% (.03)
.02, .96 .02, .00 .02, .00 .03, .95 .03, .95
Vo0 =0.77 .00% (-) 60.31% (-) 2283% (-) .36%(-) .09% (.05)

03, - 06, - .05, - 05, - .05, .96

Top=0.33  -.05% (-) -28.75% (-) -34.68% (-) -64% (-) -.29% (.04)

02, - 06, - 03, - 04, - .04, .95
V=061 -13% (-)  39.00% ( - ) 7.31% (-) 2.69% (-) -.27% (.03)

01, - 02, - 02, - 03, - .03, .95
Vo2=320  -.02% (- ) 07% (-)  25.39% (-) .02% (-) -.05% (.02)

02, - 02, 05, - 02, .02, .96
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Next, we simulate the ECLS missing rates closely by

logit(pij) = ¢1 Xy + ¢2(1 — Xuij) + 25, 25 ~ N(0,1) (33)

given the known level-1 covariate X;;;: missing values drawn from Bernoulli(p;;) are MAR.
Because the mechanism does not provide information about the simulated model (32), the
parameter spaces of the missing data mechanism and joint model are also distinct. We
simulate higher missing rates for minority than white students by ¢; > ¢o: ¢, = —0.2 >
¢ = —1.2 for income C}; with a 35% missing rate (46% for Xy;; = 1, 27% for Xy;; = 0);
and ¢ = —2 > ¢ = —3 for response R;; with an 11% missing rate (16% for Xy;; = 1, ™%
for Xy;; = 0) on average.

We repeated simulating data and estimating the scientific model by the approaches 500
times to compute the % bias, average estimated SE (ASE), empirical estimate of the true
SE (ESE) over samples and coverage probability (coverage) of each estimator in the next
five columns. Each cell or estimate occupies two rows: % bias (ASE) in the first, and ESE
and coverage in the next row. The Ime4 package is unable to produce ESE and coverage of a
variance or covariance estimate. The BM estimates are of course very accurate and precise
with < 0.13% bias, small ASE close to ESE, and good coverages near the nominal 0.95 in
column three.

The CC estimates in column four, however, are biased despite the large sample sizes.
The standard deviations (SDs) /7o), and /711, are 60% and 39% biased upward while
the intercept oo, interaction effect 1, and covariance 7q1), are 8%, 42% and 29% biased
downward, respectively. Only the estimates of Yy1, 710 and o2 are comparable in accuracy
to those by BM as Equations (34) reveal in Appendix A. The coverages are low with a zero
coverage for ;. Finally, the uncertainty associated with the estimator of a cluster-level

effect 791 seems underestimated by ASE smaller than ESE.

MLE on MI generates incompatible MI based on MHLM (8) without consideration of the
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interaction effect and PKRE, thereby producing all estimates biased in column five that do
not seem better than the CC estimates. Fixed effects and covariance are biased downward,
and SDs upward. SEs are close to but coverages lower than CC counterparts.

On the contrary, GS without consideration of a PKRE produces estimates in column six
nearly as accurate as BM counterparts except the SD of the random slope that is biased
upward by 2.69% while EM-AGHQ yields all estimates in the last column as accurate or
almost as accurate as BM estimates. Overall, both approaches produce estimates slightly
less precise than BM estimates; ASE and ESE appear slightly larger than those by BM to
reflect extra uncertainty due to latent covariates and missing values.

Computation. We used 20 abscissas to estimate the joint model by EM-AGHQ. Given
data MAR, the estimation converged 450 times taking 101.6 iterations on average and 189
iterations at maximum, but did not converge until and was stopped to produce the estimates
at the 300th iteration 50 times (10%). This does not appear to be the weakness of our
approach as the convergence issue also occurred to each of BM and CC estimations producing
50 or more warnings of a model failing to converge. The convergence issue seems partly due
to high missing rates but few covariates to explain missing values and patterns. In our
experience thus far, the convergence rates seem positively associated with more covariates
or abscissas. For example, this simulation using 10 abscissas resulted in practically identical
estimates, but lowered the convergence rate given data MAR.

Blimp estimates 21 models per simulated data set: joint model (32) and the HLM given
each of 20 imputations. We set 20000 burn-in and 10000 post burn-in iterations to estimate
the joint model and impute MI, and 5000 burn-in and 5000 post burn-in iterations to estimate
the HLM given the MI. These settings are based on preliminary analysis of five simulated
data sets that produced the potential scale reduction statistics of all estimates of each model
lower than or near 1.1 to imply a reasonable convergence to posterior distributions (Gelman

and Rubin 1992).
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8 Discussion

In this paper, we have considered how to estimate a two-level hierarchical linear model
(HLM) efficiently where a continuous response R* and continuous covariates C* may be
MAR and C* may have interactive, polynomial or randomly varying effects. Non-linearities
of C* imply a nonstandard joint model h(R*,C*) = h(Y™*) where Y* = (Y,Y,,;s) for ob-
served Y and missing Y,,;s. The key idea is to introduce a unique factorization of the joint
model involving “provisionally known” random effects (PKREs) u such that the observed
joint model h(Y|u) = [h(Y|v,u)g(v|u)dv is an analytically tractable multivariate normal
(MN) theory HLM with respect to a high-dimensional random vector v. We computed the
likelihood A(Y) = [ h(Y|u)g(u)du numerically with respect to a low dimensional u by means
of adaptive Gauss-Hermite quadrature (AGHQ). The HLM involved random effects as pre-
dictors, reducing bias due to measurement error. The joint model hA(Y*|u)g(u) induced by
the HLM is guaranteed to be compatible with the HLM. We suggested general rules for
selecting the PKREs in a way that minimized the dimension of AGHQ. Although useful for
the HLMs considered in this paper, they are yet to be extended to other models, for example,
for discrete outcomes. We hope that our work will spur research on estimation via PKREs.

The non-linearities of multiple covariates, multiple outcomes and/or the presence of par-
tially observed discrete variables will increase the dimension of PKREs and, thus, the expense
of numerical integration by AGHQ. In that case, integration via multivariate Laplace ap-
proximation may contribute to efficient computation (Pinherio and Bates 1995; Raudenbush
et al. 2000).

Further research may address the problem of highly correlated random effects at the
cluster level. One strategy would introduce shared random effects to cope with the “curse
of dimensionality” by AGHQ as well as the multicollinearity (Miyazaki and Frank 2006;
Sun et al. 2023). In addition, parallel computation of numerical integrals for groups of or
single clusters will reduce per-iteration computation time while application of the parameter-

extended EM algorithm (Liu et al. 1998) may reduce the number of iterations to converge.
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In related research, Rockwood (2020) estimated a multilevel structural equations model
by ML, integrating linear random effects conditional on nonlinear random effects analytically
and, then, nonlinear effects numerically by Gaussian quadrature. Our analysis encountered
both outcome and predictors quite severely missing. To simulate the analysis closely, we
simulated a MAR mechanism due to a known auxiliary predictor. We leave the important
extension to a MAR (Grund et al. 2021) or other mechanism due to the fully observed or
missing values of the outcome to near future.

It is possible to extend and automate our program that enables a user to specify an
analytic HLM and determines PKREs based on a set of rules given the HLM. To that end,
we need to develop a more general set of rules, for example, involving discrete covariates
MAR.

Often, MI of a binary predictor MAR under multivariate normality is efficiently analyzed
(Schafer 1997; Grund et al, 2018). The MI will be, however, incompatible with a HLM
having the nonlinear effect of the predictor and, thus, unable to always guarantee unbiased
estimation of the HLM. We are currently extending our ML approach via the PKRE idea
that will ensure compatibility with and, thus, produce unbiased estimation of a HLM having
the nonlinear effects of categorical predictors.

Extension of our approach to MI via Bayesian methods may increase the robustness
of findings and is straightforward. In particular, our MN joint model h(Y* v|u;0) =
h(Ypis, Y, v|u; 0) given the PKRE w implies estimation of § by the Gibbs sampler. The
sampler will impute (Y,,;s, v, u,0) from their posteriors compatible with the joint model
h(Y™*, v|u,0)g(u|@)p(0) for a reasonably assumed prior p(#) by drawing: i) Y;.;s and v from
MN A(Ys, v|Y, u,0); ii) u from nonstandard g(u|Y™*,v,0) = h(Y*,v|u, 8)g(u|0)/h(Y*, v|0),
for example, by importance sampling via Markov Chain Monte Carlo integration of h(Y™*, v|0)
E[h(Y*, v|u,0)] that samples u from a normal prior g(u|f); and iii) # from a standard poste-
rior p(8|Y*, u, v) (Schafer and Yucel 2002). A potential virtue of a PKRE is to minimize the

dimension of sampling the PKRE from a nonstandard posterior by importance sampling.
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We find it important to solve the measurement error problem by including level-2 random
effects as latent covariates. To that end, we also explain how the Gibbs sampler without
consideration of a PKRE (Goldstein et al. 2014; Enders et al. 2020) may be modified to
be compatible with our scientific model conditional on a latent covariate v in Appendix E.
A valuable future study is to compare the proposed Gibbs sampler estimators with existing
estimators of a more sophisticated HLM, for example, involving multiple nonlinear effects or

outcomes.

Acknowledgment

We thank two anonymous reviewers and an associate editor for their helpful comments, Craig
Enders and Brian Keller for providing Blimp simulation codes, and Dongho Shin for helping
Blimp simulation in R environment. The research reported here was supported by the In-
stitute of Education Sciences, U.S. Department of Education, through Grant R305D210022.
The opinions expressed are those of the authors and do not represent views of the Institute
or the U.S. Department of Education. The authors report there are no competing interests

to declare.

Appendix A: Problem of Bias in Estimating Model (19)
Let R}; = R;; and C}; = Cj; fully observed, ¢ = 0 to simplify notation, fBx; = yro +
up; ~ N(yro, Tre) and cov(ufy;, uj;) = 701 for k = 0,1 in model (19). Because C.; and

B; = (B, b1, v4) are independent of C;; — C.;, and €;;1Ci5 — Cj~ N(Cyj — Cj,00/n5),

R;; Boj + Bri(Ciy — C) Boce/nj + 0% Bijoce/n;

B8;,Cij —Cj~ N ;
j Vj Blja—cc/nj O-CC/nj

implying a mixed model R;;|Cy; — Cj ~ N [yo0 + 710(Ci; — C5), var(Ry;|Ci; — C.5)] for

var(Ry;|Cy; — Cj) = 100 + 2701(Cyj — Cj) + 111(Ciy — C5)? + (111 +750) e/ + 02,

COU(RZ']', CJ|CZJ — éj) = Y01 Twv + ’7117',/,,(01" — C]) + ’YloO'cc/nj.
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Let \j = 7,,,/(Tuy + 0ce/n;) be the reliability of C'; as an error-prone measure of v; (Rau-
denbush and Bryk 2002). The implied R;;|Ci; — C.;,C.j ~ N(pq;, Vij) has

ti; = o0+ o1 — (L= X)) (o1 — 710)] Cj +710(Ci5 — C5) + Ajy11C5(Ciy; — Cy)

‘/ij = 02 + |:7—00|l/ + (1 - )‘j)(VOl - 710)27_1/1/ + (Tll|u + VflTuu)Ucc/nj] (34)

+ 2 [701\1/ + (1= X)) (o1 — 710)71171/1/} (Cy — Cy) + [7’11|y +(1— )\j)’ﬁlﬂw] (Cij — C-j)Q-

The bias terms are complicated functions of cluster sizes n; and parameters, but revealing
in the balanced case of n; = n where A\; = \. The interaction effect Ay, of C;(Cy;;—C;) has a
downward bias term —(1—\)7; that introduces bias (1—\) (701 —V10)V1170r and (1=N)72 7,
in estimation of 74y, and 7y, respectively. Likewise, the main effect of C_'.j has a bias term
—(1—=X) (701 —710) which propagates bias (1—X;) (Y01 —710)*7 and (1—X) (Y01 —Y10) 7117w I
estimation of 7o, and 79y, respectively. Estimation of 7qo), results in an additional upward
bias term (711‘,, + Y2, Ty )0ce/n from the error-prone measure C_’.j of v;. Consequently, this
approach results in biased estimation of (71,11, T00v» To1|v» 7'11|V). In particular, the estimate
of 711 is biased downward, but those of 70, and 7, upward.

Two special cases are of interest. When 11 = 0, cov(Bo;, 51;|C.j) = To1j» and var(8y;|C.;) =
Ti1» become unbiased, and the estimator of 7y, becomes less biased. As cluster sizes

n; — 00, \; = 1, C.; — v; by the laws of large numbers, and all bias terms tend to zero.

Appendix B: The E Step for estimation of model (14)
]T7 Y;j = [R;k] A*T

Let Aj,; = [C’Z*] A{g Mj]T pi-by-1, A3, pa-by-1, and vy, = [V l/lTj]T. A

reasonably general CD model given known covariates X1;; at level 1 and Xj; at level 2 is

R}, = 700Xo; + uf; + BL(AL, — Do Xy — vij) + 150X 155 + €

ATij A(]OXQj + AIOXlz'j + Vlj + € A;] = Angj + Vo (35)

5
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for B{ = [’}/%ij + U,L ’y%] AOO = [5001 AOOZ]T and Al(] = [(5101 AlOQ]T' Denote Voj =
[ug; v1;]T to separate all other random effects v = [i; v4,]" from uj; at level 2, and let

Too To2 Tor Toor  Tozn

var(vi) = , cov(vy,uy;) = and var (vj|uj;) =

Ty Tao Ty Toon Toop

Define matrix O,; that selects observed values Ag; = Oy;A5; in A5; such that var(Ay;|u;) =

T _ _ _
Oij22|102j = T22|1j, and COU(Vaj,Vbj|Ufj,A2j) = Qabj = dabl — a2|10 O2JT2b|1 for

2j 22|1]

a,b = 0,2. The likelihood L(0) = [, [ h(Yjlu3;)¢(ui;|0, Ti1)du}; has a key component

1/2
* _ _ _ _ 1
h(Yjlu;) o <|QOOJ" A Toaps T [T 121 1> 63329{—5

i

GZIZJEUIGOMJ olzj Z]IOZ]A (Z Ozg 1] 6011] + ZQOO]T02|102j 221]6023>
T
T €h2; ( 22|1JO2JT20\1<QOOJ QOO]A QOO])TO2|102] 22\1; + T 2|1g) 6023'] } (36>

for o155 = Oij(df; — Ty, u;), €azj = Oaj(As; — N Xoj— Ty uf;) and Ay = 3777 Aoos;+
) Ry Yoo 1 Bf 30
Qoo where Apoy; = OLE 10 and d; = | 7 | - Xoj— ! Xij-
Ay Ao 0 Iy Ay

Define £(A) = E(Alui;, Y;), V(A) = var(Aluj;, Y;) and C(A, B) = cov(A, Bluj;, Y;). We

. 3 * *
have multivariate normal f(vo;, voj, 75;|ui;, Y;) for

S(VOJ') = TOlTﬂluTj + Aj_l (Z Oz] ij eOll] + QOOJT02|102] 221]6023> )

E(vyy) = Tyt uy; +T22|1O2] 22\1g6021 +QQOJQOOJ &(vo;) _T017'1_11U1; T02|102] 22\136023 )
E(ry) = SrAooild; —E(wy)),  V(r) =55 — X5 (Aocoij — AooiA; ' Aooi) X

V(Voj) = Aj_17 C(I/Oj, 1/2]‘) = A]-_IQEOIJ-QOQJ‘, C(l/oj,?“;kj) = —A]-_IAOOZ']'Z;,

V(vg;) = Qoo — Qoo (Qugy — Qoo A;  Quoy)Q02j5 Clra, 7)) = Qa0 Q00,C (05, 775).

— A

T — DooaXo; — 11y, 610 = vec(Aly) and B = (Ip,414p, ® X5;)v5 + uf for
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Y8 = vec[yo0 110 Agp Ag] and u} = [ug; ui; v7]". The expected CD MLEs are

Z E(A; ALY,

Yoo = Y0t (Z E ) Z L Z E(e; ALJ
Y0 = 7o+ <ZZX“J 1”) ZZX“J e)Yi]
o0 = 0610+ vec (Z Z E [8(efj)| 1”) (Z Z X1 hj)

-1

Y5 = 7+ vec (ZE Y] Xg;> (ZXQJXQI;)

& = ZE Zs )|Y;| /N, E—ZE Zs el
Fo= ZE (wiui")|Y;]/ T

i| /N,

given 6 where E(ej;) = Bij E(r};) and E(e;?) = By E(riry]) By, for Byl = [1 — BL].

Appendix C: Numerical Integration by AGHQ
Let f(ui;) = h(Yjlui;)¢(ui;;0,711) be a function of uj,. Given 47; = E(ui;|Y;), Vi =

var(ui;|Y;) = L7,;/2, Q-point weights (wy, - -+ ,wg) and abscissas (ay,-- -, ag),

u1]7 u1j7 Ul])

¢ ul]?“‘lj? ul])

Q
flui)dui; =~ Ly Y we™ f(z), (37)
k=1

for z; = Luijar + u3;. The g(uj;|Y;) = f(ui;)/h(Y}) is approximately ¢(uj;;ui;, Viyy) for
large cluster sizes n; by the Bayesian central limit theorem such that f(uj;) oc ¢(ui;; @y, Vay)
produces well approximated h(Y;) by a low degree polynomial. The approximation is exact

if f(uj;)is a2Q) — 1 degree polynomial in uj; (Pinheiro and Bates 1995; Rabe-Hesketh et al.
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2002; Carlin and Louis 2009). Likewise, for E(Scpj|ui;, Y;) closed-form,

Q
E (Sep;|Y;) = /E(SCDHUTjaYJ) (uy;|Y;)dui; =~ ] ZE (Scpslzng, Yy )wee™ f(z15) (38)
k’:l

Let Y = (Y}, Yiis;), and ¢, and ¢y, be vectors of distinct elements of 7 and X, respec-
tively. The loglikelihood [ = }_.[; and score S =, .5; have summands

. al; Jln g,
lj =In h(Y;) = ln/gdemisjdVOjdulj, Sj - 8_9] =F |:g ( 20 J) ‘Y;:| .
for 9i = H f( ‘Alz]? 3377205 730, 0 )f( 11]‘“_]7 510) ¢E)¢(u;? V85 T) from Equations (35) Let

E= 85;? and ' = ‘%ecz . The & (611191 ) stacks

OJln g; _ . dln g, _ .
5( 8%01) = 225 ;AL 5( J) =0 E(ef) Xy,

Olng;\ _ 3 Ty yr—1 Olng;\ _ 1, Olngi\ _1or,
5( 6.0 ) = vec (Xlljg:g(eij >, £ 592 ) = 214@, & Do ) 2F As;j,

‘ (8;5) =vee (X €0)) & (85229) = & ETveclr " (uu ) — 77

for Ag; = 0743, €(e7) — njo~? and Ag; = vec( Y Elepe St —ny B t). We com-
pute S; also by AGHQ for var() ~ <Z S ST) (Hedeker and Gibbons 1994; Raudenbush
et al. 2000; Olsen and Schafer 2001). Section 7 shows good approximation for the sample

sizes analyzed in this paper.

Appendix D: Translating model (35) to é>(k19)
Define Sk = 71y X2; +uy;, Boj = 6801 X2+, cov(uzj, u*,;/j|X2j) = T, cov(u};j, vj|Xyj) =

T and var(v;| Xo;) = 7, for k, k' = 0,1. With X,; marginalized out, 8; = [Bo; 51j Bcj]” ~

o too tor tow Too Tol Tow o
N 7% EX, tn tw | = T Tw | T 7% V' X5[v00 710 do01]
5CIF21 tuzx Tov (5&)1
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for E(Xy;) = EX, and var(Xsy;) = VX, Let Bcj = Bej — 081 EXa ~ N(0,t,,) to find

BuslBos ~ (vio + i Boss i (39)

for v = 1 E X2, Vi = trw/tu, and cov(Bi;, BrilBej) = Tiw =tk — VirtwwYing-

Within cluster j given u}, denote A;j = Al — A Xoj — Vi = A X145 + €;;. Marginal-

izing X,;; out using £X; = E(Xy;;) and VX; = var(Xy;;), we find f(Yzj|u;‘) in

Al =AEX1+€;,  Rj=p+ (BlTjA10 + A EX) + B{’jé;*j + &

é;‘kj o-:e E:e Tee
for ~ N |0, where o}, = ’yg%VXl’Yao + o?, Yee = -
é;kj E:e 2:6 Ele
oT or, X 0101V X10101 + 0cc 0 VX1 AT, + Xe
lo1 V Xm0 and 2:6 _ 1 _ 101 19101 101 12102 1
A1oo i 0Xn A2V X10101 + X1e A0V XAy, + 21

Consequently, Ry;|f;, €;; ~ N[E(R}|5;, €;5), 0] for

60j + (BEAN + 7??;))EX1 + (ﬁlj + ,yg(]zic/o-:c + O-Zc/o-:c)eiﬁ (40)

/0:c> + (UZe - 0-;2/0-:0)‘

E(R};|B;, €i)

2

g = ’YQTO(ZE - ETCE:I/O:C)’VQO + 273;)(21(6 - ZTCJ;

As explained by Section 4.1, Equations (39)-(40) result in a mixed model (19) for

0 = Y00 + (Vodior + 1208102 + 130) EX1, o1 = 51 + 1000 EX,
Y10 = ’7;(0 + 'YIQZE)ETC/UZC + O-:c/o-:m T = ’Ylkl’

Estimating (EX;, VX, EX5, VX5) from sample, we find éag) above and compute var(é(lg))
by the delta method. Translations (41) simplify if EX; = 0 (e.g., EX; = E(X1; — X4;)).

In Section 6, we used the translations for X,; = 1 and Xj;; = 0.
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Appendix E: Compatible Gibbs Sampler without a PKRE

Without the merit of a PKRE, a Bayesian joint distribution based on Equations (19) is
FRGICS; v, w0z, uag, 0) f (uog, uig|0) f(CF vy, 0) (v 0, 72 )p(6)
for a prior p(#) and 0 = 969). Our scientific model is an analytic integral
ARG v, 0) = [ [ F(R|CF vy, w05, wj, 0) f (uog, wij|0) dugsduy.

The Gibbs sampler of Enders et al. (2020) may be modified to be compatible with our
scientific model conditional on a latent covariate v; by sampling i) v; from a compatible
posterior

p(vil) = L1 f(RGICT, v wog, way, 0) F (CFlvs, 0)9(v45 0, 1)
’ f 11, f(Rfjlcfja Vj, Ugj, Ulj, Q)f(cfﬂl/j, 8)o(v;;0,7,,)dy;

for the denominator approximated by the MCMC integration, and ii) a missing C}; from a

compatible normal posterior p(C};|-) oc f(R};|Cy;, v5, uog, iy, 0) f(Cfi vy, 0) with

O'CCO'2

'O-CC * *
B(CE) =6+ vy + 297 (e~ By), war(CE)) =

2 2 Q2 2
51]‘0-06 +o ﬂljo-cc +o0o

by Equations (15) fOI’ 50]' = Y00 + ")/Qll/j + qu and Blj = Y10 + ’}/Hl/j + ulj.
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