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SUMMARY. In this paper, we analyze a two-level latent variable model for longitudinal data
from the National Growth of Health Study where surrogate outcomes or biomarkers and covariates
are subject to missingness at any of the levels. A conventional method for efficient handling of
missing data is to reexpress the desired model as a joint distribution of variables, including the
biomarkers, that are subject to missingness conditional on all of the covariates that are completely
observed, and estimate the joint model by maximum likelihood, which is then transformed to the
desired model. The joint model, however, identifies more parameters than desired, in general. We
show that the over-identified joint model produces biased estimation of the latent variable model,
and describe how to impose constraints on the joint model so that it has a one-to-one correspon-
dence with the desired model for unbiased estimation. The constrained joint model handles miss-
ing data efficiently under the assumption of ignorable missing data and is estimated by a modified
application of the expectation-maximization (EM) algorithm.

KEYWORDS. Longitudinal data analysis; Multivariate outcomes; Random effects; Missing

data; Latent variable; the EM algorithm



1. Introduction

The National Heart, Lung, and Blood Institute initiated the Growth and Health Study (NGHS) to
investigate ethnic disparities in dietary, family, psychosocial and physical activity factors of obesity
about 2,379 girls in 1985. It collected data on development of obesity and factors associated with
the development from 1,213 African-American and 1,166 white girls. The study followed the
subjects from 1987-1988 when they were 9 to 10 years old until 1996-1997 when they were 18 to
19 years old. The subjects were assessed on development of obesity and related factors annually
[1].

We consider multiple biomarkers of obesity: body mass index (BMI), sum of skinfolds at
triceps, subscapular, and suprailiac sites (Skinfold), maximum below-waist circumference (Waist),
and percent body fat by bioelectrical impedance analysis (PercentFat). Many investigators have
identified the risk factors of child obesity using one of these biomarkers as an outcome variable
[2-6]. Although useful, some of these biomarkers do not differentiate the fat mass from body mass
while others are measured with error. For example, BMI, the ratio of body weight in kilograms
to height in meters squared, is widely used to define obesity (BMI> 30) for men and women.
Consequently, it is a broadly analyzed outcome variable as a surrogate body fat. However, it
cannot distinguish muscle mass from body adiposity, in particular, for children and adolescents
[7-9].

Our analysis aims to quantify child obesity via multiple biomarkers and study its risk factors
simultaneously. Specifically, we want to control for ethnic and social disparities in the growth
of obesity, and ask how environmental factors such as TV watching and mother’s BMI influence
the development of child obesity. Because obesity is not directly observable, NGHS collected
the four biomarkers of obesity. We formulate a latent-variable model (LVM) of simultaneous
equations where biomarkers, given the latent obesity, are independent in a measurement model, and
the obesity is regressed on covariates in a structural model [10-19]. Given completely observed
covariates and biomarkers having ignorable missing data [20], the LVM may be estimated by

maximum likelihood (ML) via standard LVM software such as Amos [21], EQS [22], and Mplus



[23].

This paper focuses on a longitudinal multilevel model where occasions at level 1 are nested
within individuals at level 2 and where missing data are present at both levels under the assump-
tion of ignorable missing data [20, 24]. Roy and Lin [25] estimated a longitudinal LVM given
nonignorable dropouts and level-1 covariates missing not at random by ML. Das et al. [26] es-
timated a structural equation model by a Markov Chain Monte Carlo method where continuous
responses and covariates at level 1 may be missing at random in the measurement model. Both
approaches handle level-1 outcomes and covariates subject to missingness.

Recent advances enable efficient handling of missing data in a hierarchical linear model (HLM)
by ML [27-30] or by Bayesian approaches [27, 31-33]. Shin and Raudenbush [28] formulated
a univariate HLM as a joint normal distribution of variables, including the outcome, subject to
missingness conditional on completely observed covariates. The authors estimated the joint model
by ML via the EM algorithm [34], and then transformed the estimated joint model to the HLM.
They showed that the unconstrained joint model, in general, over-identifies the HLM and that the
over-identified HLM leads to biased inferences. Therefore, the authors estimated a constrained
joint model to just identify the HLM for unbiased estimation. The method, however, cannot be
used for the complicated LVM of simultaneous equations. In this paper, we extend the method to
the LVM where multiple biomarkers and covariates are subject to missingness at any of the levels.

We analyze the LVM given biomarkers and covariates that are subject to missingness with
a general missing pattern at any of the levels. A conventional method for efficient handling of
the missing data is to reexpress the LVM as a joint distribution of the variables, including the
biomarkers, that are subject to missingness conditional on all of the covariates that are completely
observed, and estimate the joint model which is then transformed to the LVM. The unconstrained
joint model, however, identifies more parameters than desired in the LVM. Furthermore, the LVM
is not nested within the joint model, in general. The consequence is that the over-identified joint
model leads to biased estimation of the LVM. This paper explains how to characterize the joint

model so that it is a one-to-one transformation of the LVM for unbiased estimation. To yield un-



biased estimation of the LVM while handling missing data efficiently, we estimate the constrained
joint model according to the LVM within each iteration of the EM algorithm.

The next section introduces an LVM of our interest given incomplete data. Section 3 explains
a joint model for efficient handling of missing data and shows how to impose proper constraints
on the joint model for unbiased estimation of the LVM. Section 4 describes the EM algorithm for
efficient handling of the constrained joint model. Section 5 simulates an LVM to show that the
conventional method produces biased estimation of the LVM and that our approach corrects the
bias. Section 6 illustrates unbiased and efficient analysis of the desired LVM given the NGHS data.

Section 7 discusses the limitations and future extensions of our method.

2. Latent Variable Model

This section introduces the LVM of interest [15]. The structural model is
Ui = AT o+ BEb; + e, b % N(0, D), e, % N(0,1), (1)

where Uj;, is a univariate latent obesity score, A;; is a vector of covariates having fixed effects «,
B;; 1s a vector of known covariates having level-2 unit-specific random effects b; independent of
a level-1 unit-specific random error €;;, and level-1 unit or occasion k is nested within level-2 unit
or subject i for k = 1,--- ;k;and7 = 1,--- . n, and D is a positive definite matrix. This model
cannot be directly estimated due to unobservable U;;,. However, Uy is related to biomarkers by a

measurement model
R, = v + Uik + a; + e, (2)

where Ry, is a vector of J biomarkers, 70 = [y01 Vo2 - - Yos]7 is a vector of J intercepts, y; =
(Y11 12+ M J]T is a vector of the J effects or factor loadings of Uy, and subject-specific ran-
dom effects a; “OoN (0, @3]:15]') are independent of level-1 random errors e;; WON (0, 6937:173)

for a diagonal matrix ®;_,1, = diag(¢1,19, - ,t;) with diagonal elements or submatrices

(11,19, ,1s) and all other elements equal to zero. To make parameters identifiable in the



model (1), we assume that var(e;;)=1 and that A;;, does not contain an intercept. Note that the
jth and j'th biomarkers of subject 7 at occasion k are correlated and their covariance is equal to
Y1715 var(Ui).

Our goal is to identify the obesity factors A;;, and B;; and explain their associations with the
obesity U;; by efficient analysis of the LVM, that is, by analyzing all available sample data with-
out dropping any observations. The challenge is to efficiently handle missing data in (R, Aix),
which is explained in the next section. In this paper, we refer to the associations as the “effects”

of the factors, but do not mean causality. Such use of the term “effects” is pervasive in the literature.

3. Missing Data

To handle missing data in R;; and A;; efficiently, we reparameterize the LVM in terms of a joint
distribution of the response variables R;; and all covariates subject to missingness in A;; condi-
tional on all covariates completely observed. Because A;; may have covariates subject to missing-
ness as well as covariates completely observed, we decompose Ay, = [SE VoI WL, W™ where
p1-vector S;. and po-vector Yo, are level-1 and -2 covariates subject to missingness, respectively,
and pz-vector Wy, and py-vector Wy, are level-1 and -2 covariates completely observed, respec-
tively. Then, the joint model is a multivariate distribution of level-1 Yy, = [RZ. SL]T and level-2
Y5, that are subject to missingness conditional on Wy;,, Ws; and B;;, that are completely observed.
In this section, we explain that this joint model over-identifies the LVM, in general. The conse-
quence is biased estimation of the LVM as will be illustrated in Section 5. For a positive integer

m, let I, and 1,, denote an m-by-m identity matrix and a vector of m unities, respectively.

3.1. Over-identification Problem

If we were able to observe Uj,, we would directly analyze the structural model (1) without involv-
ing the measurement model (2). To analyze all observed data in the model (1), we would estimate
the multivariate distribution of (U, Si, Yo;) given completely observed (W35, Wor, Bix). In this

simple case, we are able to not only reveal the over-identification problem explicitly, but also ex-



plain how to correct the problem clearly. In the following subsection, we extend the multivariate
distribution to efficient handling of missing data in (Y7;x, Y2;) conditional on (W35, Wy, By,) for
the general LVM.

If U, were observed, efficient handling of the missing data in the desired model (1) might be

achieved, without the measurement model (2), by

Wik
Si = |Ba B +10 I, O bsi | T |€sir|> (3)
2i
Y 0 Ba 0 0 I, bai 0

where 65’1 and fs are 1-by-p3 and p;-by-ps matrices of the fixed effects of Wy, on Uy, and Sy,

respectively, 8L, 3,2, and [y are 1-by-py, p1-by-ps and po-by-p, matrices of the fixed effects of

bm' Tuu Tus Tu2

iid

Wy; on Uy, Sy and Yy, respectively, and [p,, | ~ N | 0, | Ty, T. Teo is independent of

b2i T2u TQS T22
Cuik | id Euu Z:us .
~ N |0, . We center level-1 S;; and Wy, around respective sample means
€sik Zsu ZJss
and level-2 Y5; and WW5; around respective weighted sample means < -~ and g ]‘:/2 in Equation

(3), except for By, that is centered around its group mean for precise estimation of the variance
matrix [35]. The centering ensures that we identify the model (1) with no intercept and model

Whi
(2). Shin and Raudenbush [28] expressed [5L, 571)] .

WQi
(I,, @ WL )Bs and BoaWo; = (I,, ® W) Bs, and efficiently estimated the model (3) by ML via

= 55Wuzk7 551W1ik + 532W2i =

the EM algorithm where U;;, was observable.

Although the conditional model (1) expresses a single effect of each covariate in S;; on Uy,
the multivariate model (3) expresses a distinct covariance at each level between the covariate and
obesity to identify p; extraneous parameters than desired in the model (1). The two distinct co-
variances identify the within-child association between the time-varying covariate and outcome

that may be different from the between-child association, the association between the child-mean



covariate and outcome. The associations identify a contextual effect of the covariate that is defined
as the difference between the between- and within-child associations [35, 36]. Controlling for the
within-child association, the contextual effect explains the expected difference in obesity between
two children who have the same value of the covariate at an occasion, but who differ by one unit
in their child-mean covariates. Consequently, the multivariate model identifies a contextual effects
model where each covariate in S;; has a contextual effect, controlling for the within-child effect
of the covariate [29]. Because the model (1) expresses no contextual effect of the covariate, im-
plying identical between- and within-child associations between the covariate and outcome [36],
the multivariate model (3) over-identifies the model (1) and expresses the single effect of each
covariate in S;; as a weighted average of the two associations [30, 35]. The weighted average is
different from the single effect when model (1) is directly estimated [35, 36]. The consequence
is that the desired model (1) is not nested within or congenial to the multivariate model (3) [37].
The over-identified model (3) yields biased estimation of the desired model (1) unless constrains
are imposed on the model (3) [28]. We illustrate the over-identification problem causing biased
estimation by a simulation study in Section 5.

In order to correct the bias, we impose p; constraints on the model (3) so that it represents
a one-to-one transformation of the LVM. For clarity, we describe the constraints for a random-
intercept model (1) having B;; = 1. Appendix A explains the constraints for a random- coefficient

Tuu|2 Tus|2 . .
by;) = . Given Y5;, we constrain

Tsu|2 Tss|2

the covariances between U and each covariate in S;; to equal, i.e.

model (1). To simplify the notation, let cov(b,;, bs,

of = TospToly = SusZsy s (4)

ss]2 =

which says that the association between U, and each of the level-1 covariates is the same at each
level given Y5;. The constraints imply cov(Usk, Sik|Yai) [var(Si|Ya:)] ™ = (Tusiz + Zus) (Tssi2 +

Yss) t = of for Ty5p = af Tyye and T, = of By, and the one-to-one transformations between



the LVM and the multivariate model (3)

ap = 2;1251“ Qg = T{gl(Tzu — Thsay),

_ T
az = Bu1 — 551041, (5)
Gy = ﬁuQ - BSTQOQ - 5;20427 1= Euu - &?Essah

T T T
D= Tuu — Oy TQQCYQ — 2@1 T32a2 — Tssal.

3.2. Efficient Handling of Missing Data

Because Uy, is unobservable, we need to estimate the measurement model (2) in addition to the
desired model (1). Because observed biomarkers are also subject to missingness, the multivariate
model (3) cannot handle the missing data in both A;;, and R;;. Instead, we formulate the joint
distribution of (R;, S;, Y>;) subject to missingness given completely observed covariates for R; =

[RL RL--- R} ]" and S; =[S} S}, --- Si.]" based on the aggregated models (2) and (3)

R; L, ® Yo + (WyiBu + Bibyi + €4i) @ M 1p, ® a; e
Sz’ = Wsiﬁs + (1k1 X [pl)bsi + €s + 0 + 0 ) (6)
Yo X2i B2 + ba; 0 0

_ T _ T _ T _

for W, = [Wuz'l Wuz2Wuzkz] , B = [Bz'l Bz’2"‘Biki] €ui — [Euﬂ €ui2"'€uiki] , € =
T T TT _ T _ 1, T T T 1T

[ei1 € 61’1@1-] Wi = [Lp, @ Wair Iy @ Waig - Iy @ Wi, ]™ 5 €5 = [€5i1 €5i2° Esiki] , and

Xo; = I,,, ® W To derive estimators, we reexpress model (6) parsimoniously as

Yy Xii 0 51 Zii 0 by €14 ai; + Ci;

= + + + , (7
Yo 0 Xy Bo 0 1, bai 0 0
Lk, ® %0
R; Tisk, Ww®I; 0O B,®1, 0
forYy; = , X1 = Br=|Bu@m |41 = )
S; 0 0 W 0 I, @ I,
Bs
bui ® €ui @ 1y, ® a; €;
bu = n , €15 = n , A1y = g . and C1; = , Where Var(bu, bgl) =
bSi €si 0 0



T T J
i i itk i=15J
T T2 I, @ (Buun7y) I @ (M2us) (1 13,) @ (D52185) 0
,var(ey;) = ,var(ay;) = ,
7—17; T22 [kl & (ZsuV?) Ikl & Zss 0 0
Iy, @ (@f,75) 0 T ® (M) Tus ®m Tus ®@m
and Var(cu) = for T11 = , T12 = ,
0 0 Tsu ® ’7{ Tss T82

and 192 = T5,. Note that the joint model (7) enables us to analyze a subject who has at least a
single value observed in (Y};, Ys;) for efficient analysis of the LVM.

To efficiently handle missing data, let Oy; and Os; be matrices of the observed value indicators
(1 if observed, 0 otherwise) in Yj; and Y5;, respectively, such that they extract all observed data
Y% = O01;Y1; and Yy, = Oy;Ys; from Yy; and Yy, respectively [28]. The model (7) for the observed

data is

Y Xy 0 b Zy 0 bii aj; + €3; + €3;
- + + ;o (®)
Yy 0 X3 o 0 Oy ba; 0

for X7, = O, X4, X5, = 09X, 27 = O1324;, af; = Oqsaq;, €5; = Ori€14, and e7; = Oyzeq;. We
reexpress the model (8) parsimoniously as Y;° ~ N (5, V;°) for Y = [V Yo7,
Xfiﬁl o Zfﬂ—llZflT + Oh' [Var(Gu) + Var(au) + VaI'(ClZ')]O%; ZfileOg;

Mz(') = ) V; = (9)
X552 Ooito1 Z3F Og; 9203,

4. Estimation via the EM Algorithm

This section sketches efficient estimation of the joint model (7) by a modified application of the EM
algorithm [34]. See Appendices B, C and D for details. The modification is due to the fact that we
efficiently estimate the LVM to find the constraints (4) that will be imposed on the joint model (7)
within each iteration of the EM algorithm. We view (Y3;, Ya;, U;, bu;, bs;, a;) as complete data and
Y;° observed within unit i for U; = [U;; Uy - - - Us,|. The constraints (4) require that the parameters
a of the LVM be estimated. Within each iteration of the EM algorithm, we estimate the parameters
« and translate them into the parameters of the joint model (7) according to the transformations (5).

To estimate «, let A; = [A;y Aig -+ Au,)Ts & = [en €z €)™ v = og 1507 Us = [1 Uiil]”,



€rik = [€uir €sik]’s €5 = [€wi €si] for the LVM, b3, = [by; bsi] ™, bF = [b3; baul™, Bf = [Bu Bsl”,
Tuu Tus Tu2 Tll T12 2 Euu Eus Wuz 0

T11: 5T12: aT: s = s usi — s

Tsu Tss T52 T1T2 T22 Esu Zss 0 Wsi

and Ty = Ty — T21T1_11T12 for the joint model. The complete data ML estimators in iteration

1 R
kare a®) = a1 4 <Z?=1 > AikAzil;> S Soky Awea and D = 30,b,b] /n for the

structural model (1) and

n k; -1 n k;

A(k) A(k: 1) *

7]' Uik;eikj7
i=1 k=1 i=1 k=1

n
s l 9
= . a’ij?

ZZ%

lllilkl

ZZ (10)
1—1 Zi 1 k=1

a 1 % 7%

T = ﬁ;blbﬁ,

Bl = *(k Y <ZZ ® uszWUSi)> ZZ ® uszelz)
Agk) (Z 2\1 W%Wm) Z 2|1 ®W21 b2z TngﬁlbL-)

for the joint model (7). At the E step, we obtain conditional expectations, F( A3 AL|Y?), E(Aien

N

Y?), E@bIYE), BE(UlY?), EURYY), E(Unen|Y), Een;Y7), E(efylYe), E(af]Yy?),
Elew €1,1Y:2), E(|Y?), E(b;b;T|Y?), and E(e},;|Y;) from the distribution of Y1, Yo, U, €, €5,
bf,a;|Y°. Let V(A) denote a vector of distinct elements in a variance-covariance matrix A. At
convergence, the Fisher information matrix is obtained from the observed log-likelihood of pa-
rameters (Yo, V1, 87, B2, Ty Tuw, V(Tss), V (Tos), V(T2),&, V(Xss), a1, a2). The variance matrix
associated with the parameter estimates in the constrained joint model (7) is produced by invert-
ing the Fisher information matrix. We obtain the point estimates and the standard errors associated

with the parameters of the LVM by the invariance property of MLEs and multivariate delta method,



respectively.
The next two sections illustrate the method by analyses of simulated and NGHS data. The
convergence is taken to be the difference in the observed log-likelihoods between two consecutive

iterations less than 1075,

5. Simulation

In this section, we simulate a simple LVM involving two biomarkers (/ = 2), a level-1 covariate
Sik, and a level-2 covariate WW5;. The goal is to show that given W, the over-identified joint model
(7) of (R, Six) leads to biased estimation of the LVM and that the constrained joint model (7),
according to equations (4), corrects the bias. Next, we simulate ignorable missing data to show
that our method via the constrained joint model estimates the desired LVM well given incomplete

data.

5.1. Over-identification Problem

Five occasions (k; = 5) are nested within each of 1000 subjects (n = 1000) in the simulated LVM

U, = Szk + Wo; + b; + €ik, b; ~ N(O, 1), €; ~ N(O, 1), (11)
Rik = 12 + 12Uzk +a; + e, a; ~ N(O, 025[2), 6ikNN(O, 025[2),

where ap = a3 =0, a1 =as =D =71 =7 =M =72=1L711 =7 =§ = § = 0.25,
Sik. ~ N(0,1), and Wy; ~ Bernoulli (0.5). We simulate the model with no missing data because
the corresponding unconstrained joint model (7) identifies more parameters than desired to yield
biased estimation of the LVM regardless of whether there are missing data or not. Given the
simulated data, we estimate the LVM (11) by three different ML methods via the EM algorithm:
direct estimation of the LVM given complete data; estimation of the corresponding constrained
joint model (7), according to Equations (4), which is then transformed to the LVM; and estimation
of the unconstrained joint model that is transformed to the LVM. We call the three approaches
benchmark, just-identified and over-identified estimation methods. An estimation method works

well if it produces all point estimates close to the benchmark counterparts. Note that we do not
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simulate missing data because the complete data analysis illustrates the over-identification problem
and the consequential biased estimation.

Table 1 displays the results. The benchmark estimates are shown under column heading
“Benchmark”. All point estimates are close to their true values. The standard errors are very small.
The just-identified LVM estimates and their standard errors in the next column under heading “Just-
identified” are identical to the benchmark counterparts. The last column under “Over-identified”
shows over-identified LVM estimates. It is apparent that all point estimates of the model (1) and
their standard errors are comparatively underestimated while the effects of U;; and their standard

errors in the model (2) appear overestimated relative to the benchmark counterparts.

5.2. Missing Data

To compare the performance of the just-identified and over-identified estimations given incomplete
data, we simulate ignorable missing values (R;, S;x) in the simulated data set of Table 1. Let Mg
be 1 if R;; is missing, and 0 otherwise. We define Mg, for S;; likewise, and draw missing values

according to

logit(p;) = 1 + Wy + &;, d; ~ N(0,1)

for the W, simulated completely observed so that

Mg ~ binomial(k;, p;), if logit(p;) > t

Mg, ~ bnomial(k;, 1 — p;), if logit(p;) < —t,

We set thresholds ¢, = 2.09 and ¢, = 0.91 which are equal to the 70" and 30" percentiles of
logit(p;), respectively. Consequently, we drop 28.14% and 13.14% of R;; and S;, respectively.
Note that the parameters of LVM (11) are distinct from those of the missing data mechanism above.
Then, the missing values are missing at random or ignorable because the missing data mechanism
depends on completely observed covariate W5, [20].

The estimated LVMs appear in Table 2 under the same column headings as those of Table 1.

Both just-identified and over-identified points estimates are close to their complete-data counter-

11



parts in Table 1. Due to the missing values, however, the standard errors are inflated relative to
their complete-data counterparts, in general. Therefore, the just-identified LVM estimates appear

unbiased under the simulated missing rate.

6. Analysis of NGHS Data

Now, we estimate a just-identified LVM to analyze the NGHS data. Each subject in the study
was scheduled to visit a clinic for measurement once a year, but a number of subjects had item-
nonresponse, or missed their visits to produce unit-nonresponse. We analyze all these subjects, in-
cluding those having unit-nonresponse, in the joint model (7) as they have at least person-specific
characteristics observed to strengthen the inferences at level 2 [29]. Table 3 summarizes the lon-
gitudinal data for analysis where level-1 variables are time-varying while level-2 variables are
individual-level or base-line characteristics. The biomarkers have high correlations ranging from
0.81 to 0.92 as shown in Table 7. We reason that the high positive correlations result because they
are the biomarkers of obesity. The previous studies identified influential covariates of the biomark-
ers as age (Age), race ethnicity (Race), single-parent family (OneParent), maturation categorizing
prepuberty, puberty, post-menarche, and > 2 years after post-menarche (Maturation), maximum
parental education categorizing high school or less, and some college or more (ParentEd), house-
hold yearly income (Income, categorizing < $19, 999, $20, 000 — $39, 999, and > $40, 000), the
weekly number of hours of TV watching (TV), overall physical activity pattern score (PhysicalAct,
the higher, the more physically active), and mother’s BMI (MotherBMI). Maturation and Income
are coded as 0, 1, 2, 3 and 0, 1, 2, respectively. Our preliminary analysis shows that the linear
associations between the coded covariates and obesity are reasonable. Specifically, we took the
first principal component of the biomarkers as the obesity outcome, explaining 91.4% of the total
variability in the biomarkers. Figure 1 draws the obesity outcome against the coded covariates,
revealing that the linear associations are reasonable. We analyze dummy indicator variables for
white students (White), single-parent family (OneParent), and and the maximum parent education

of some college or more (ParentEd). Except for Age, White, OneParent and ParentEd, nine other
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variables miss up to 32% of their values.

We use all available data to efficiently analyze a random-intercept LVM and a random-coefficient
LVM. The random intercept LVM has R;;,=[BMI Skinfold PercentFat Waist]”, S;,=[Maturation
TV PhysicalAct]”, Y5;=[MotherBMI Income]”, Wy;,=[Age Age? Age x White]?, Wy; = [Par-
entEd White OneParent]”, and B;, = 1, while the random-coefficient model has every compo-

Doy Doy
nent the same as the random-intercept counterpart except for By,=[1 Age;|T and D =

DIO Dll

The estimated structural and measurement models of the random-intercept LVM appear in
Tables 4 and 5, respectively. From the fitted structural model under column-heading “MAR” in
Table 4, TV, Maturation, MotherBMI, Age, and OneParent are positively associated while Physi-
calAct, quadratic Age, Age-by-White interaction and White are negatively associated with obesity,
ceteris paribus. Controlling for other covariates, Income and ParentEd are not statistically signifi-
cant, unlike previous studies [38-40]. The estimated measurement model in Table 5 shows that all
biomarkers are highly significant and, thus, predictive of the latent obesity.

The estimated random-coefficient LVM is also displayed in Tables 4 and 5. The last column
of Table 4 under column heading “MAR” shows the estimated structural model. The statistical
inferences on all fixed effects stay the same as they are in the random-intercept LVM. However,
the effects of linear and quadratic Age, Age-by-White interaction and White strengthen, compared
to the random-intercept counterparts. In particular, the negative gap of white girls’ obesity relative
to black girls’ triples. Besides, the variance of the random intercept in the random-coefficient
LVM doubles from that of the random-intercept LVM. The measurement model in Table 5 shows
that the obesity has attenuating effect on biomarkers, comparatively with the random-intercept
counterparts. The likelihood ratio test for the null hypothesis Hy : Dy, = D;; = 0 produces the
p-value< 0.01. Although the p-value is conservative [41-43], the small p-value reveals evidence
that the effect of age varies randomly across individuals. To confirm the evidence, we compute the
Akaike’s Information Criterion (AIC) for the random-coefficient model AIC;=498,993.00 and the
AIC for the random-intercept model AIC;=507,572.40. The AAIC= 8579.4 > 10, which is the

13



difference between AIC; and AIC,, also indicates that age has a random effect on the child obesity
[44].

Figure 2 displays the effects of age for black and white girls based on the random-coefficient
LVM. Adjusting for the effects of other covariates in the model, Age is positively associated with
obesity [3, 45, 46]. However, we find that the positive association weakens more rapidly for white
girls than for black girls toward the later stage of adolescence, thereby widening the racial gap in
obesity between the two subpopulations of girls. The gap starts widening rapidly from about age
14 where a 95% confidence interval for obesity is (0.05,0.59).

Table 4 compares the complete-case analysis under column heading “MCAR” with our missing
data analysis under “MAR” of the random-intercept and -coefficient structural models. We dropped
57.22% of occasions and 37.16% of subjects for the MCAR analyses. The estimated random in-
tercept model under MCAR reveals that the effects of Maturation and Income are comparatively
over-represented while the effect of Age-by-White interaction is relatively under-estimated. Fur-
thermore, the statistical inferences of the complete-case analysis are relatively biased. The effect
of Income is statistically significant under MCAR, but insignificant in our missing data analysis
while the effects of quadratic Age, Age-by-White interaction, White and OneParent are statistically
insignificant in the complete-case analysis, but significant under MAR. The biased inferences re-
sult mainly because the standard errors of the complete-case analysis are up to 142.22% more
inflated than the MAR counterparts. For analysis of the random-coefficient model, the complete-
case analysis over-represents the effects of Maturation and Income , but under-represents those of
Age-by-White interaction and White, relative to the MAR counterparts. The Age-by-White in-
teraction effect is statistically insignificant under MCAR, but significant under MAR. The biased
inference is due to the MCAR standard error that is 240% as large as the MAR counterpart.

Table 6 shows the complete-case analyses of the measurement models. The effects of obesity
on biomarkers and their standard errors are comparatively overestimated. Overall, the complete-

case analyses appear comparatively biased and inefficient.
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7. Discussion

In this paper, we presented a maximum likelihood method for unbiased estimation of a latent
variable model of simultaneous equations where biomarkers are related to latent obesity in a mea-
surement equation and the latent obesity is regressed on covariates in a structural equation. Both
covariates and biomarkers may be subject to missingness with a general missing pattern at any level
of the hierarchy. The method handles missing data efficiently under an assumption of ignorable
missing data. To handle missing data efficiently, we reexpressed the LVM as a joint distribution of
the variables, including the biomarkers, subject to missingness conditional on completely observed
covariates. The joint model, however, over-identifies the desired LVM when level-1 covariates are
subject to missingness. The consequence is that the over-identified LVM may produce considerably
biased inferences as was illustrated in Section 5. To overcome the problem of over-identification,
we constrained the joint model to be a one-to-one transformation of the LVM, efficiently estimated
the constrained joint model by ML via the EM algorithm and, then, transformed the estimated joint
model to the LVM for unbiased and efficient estimation. We simulated an LVM to show that the
just-identified LVM estimates are unbiased while the over-identified LVM counterparts are biased.

We wrote a SAS IML program to estimate a constrained (and unconstrained) joint model,
which was then transformed to the desired LVM via the one-to-one transformation formulas (5).
The convergence criterion was the difference in observed log likelihoods between two-consecutive
iterations, which was taken to less than 1076,

An alternative approach to our efficient ML estimation of LVM (1) given incomplete data is via
multiple imputation (MI) [47]. Given the estimated joint model (7), we may randomly draw MI of
completed data for subsequent analysis of the LVM [28, 30]. The MI may include the latent obesity.
Existing statistical software packages cannot impute the level-1 and -2 missing data efficiently
according to the joint model (7) to the best knowledge of the authors. Therefore, researchers may
be tempted to use MI of missing values using standard imputation software packages such as SAS
PROC MI and NORM [48], followed by complete-data analysis given the imputation by standard

LVM software [47]. When MI of single-level data is applied to multilevel data, the variance-
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covariance structure of the imputed data sets will not accurately represent the multilevel process
(7) that generated the data, nor will the structural relations at each level be captured correctly.
The resulting inferences may be substantially biased [48]. If MI is applied correctly according to
the data-generating process (7), subsequent complete-data analysis of the LVM given the MI will
produce estimation of the LVM comparable to the estimated LVM by our method. Both of our
ML method and the MI approach require efficient estimation of the joint model (7). Following
the estimation, our method requires technical transformation of the joint model to the LVM by the
multivariate Delta method while the MI approach includes the cumbersome extra step of drawing
MI for subsequent complete-data analysis of the LVM [30]. However, once generation of MI is
automated, the MI approach will be less technical and, thus, broadly accessible to a wide range of
researchers. We would like to take on this research in near future.

A limitation of the current approach is our assumption that the covariate having a random ef-
fect is completely observed. When such a covariate has missing values, it should be modeled on
the left-hand side of the joint model in order to handle missing data efficiently. At the same time,
the covariate appears on the right-hand side of the joint model for estimation of the random ef-
fect. Such a joint model is non-normal so that normal factorization of the joint model that leads to
the desired LVM as a conditional distribution of biomarkers given covariates does not apply. One
possible solution is a Bayesian approach where parameters are assumed to have their prior distri-
butions, and the missing data are imputed from their posterior distributions given the parameters.
Although the relaxed assumption will make our method more applicable, it is beyond the scope of
the current research.

Another limitation of our current approach is the multivariate normal joint model to handle
missing data efficiently. We analyzed discrete covariates, household income and maturation stage,
subject to missingness. Although it is not appropriate to handle such discrete missing values under
the joint normality, the identified model is the desired LVM we want to analyze [14, 16, 19]. The
advantage is that we analyze the covariates subject to missingness by the efficient missing data

method [11, 28, 29, 49]. Robust handling of a mixture of discrete and continuous missing data is
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in our future research agenda.

Finally, we assumed the independence of biomarkers given obesity in the measurement model.
To see how plausible the assumption is for each LVM, we computed the correlations between
biomarkers implied by each fitted LVM and compared them to the corresponding sample correla-
tions. Table 7 reveals that the random-intercept LVM explains 54 to 89% of the sample correlations
while the random-coefficient LVM does 62 to 93%. The random-coefficient LVM explains high 87
to 93% of the sample correlations in three pairs involving waist circumferences while it explains
comparatively low 62 to 72% of the sample correlations between other three pairs of the biomark-
ers. Although the random-coefficinet LVM does a better job of explaining the sample correlations
than the random-intercept LVM, it can be further improved, in particular, for the biomarker pairs
that do not involve the waist circumference by relaxing the independence assumption. Another
way is to consider a more elaborate structural model having autoregressive random effects of the
latent child obesity as the obesity is likely to be correlated between occasions within a person [50,

51].
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Appendix A
Transformation Formular Deviation

It is easily to derive that the responses in models (1) and (3) are distributed as
Uik|Sik, Yai ~ N(ptair, Viir), Uik SiTk }/Q{]T ~ N (p2ik, Vair), (a)
where

M1k = SZ-TkOél + Y;fozz + ngkoé:a + W2:€@4, Viie = B,-TILDBM +1,

Bglwlik + BEQW% B kTuusz + Zuu B Tus + Eus B;gTu2
H2ik = 631W1ik + BSQW% ) ‘/21]“ = Tsusz + Esu Tss + Z]ss T82
B2 Wa; T3, Bix Ty T

Let us express model (3) such that it recognizes the latent random effect b,, of .S;;, as

(Ui (Sire = bs,)" b2 Yor | ~ N(psir, Vair) (b)
with
ﬂglwlik + /852W2i BZ];Tuusz + Zuu 2us BZj];Tus le;Tu2
651 Wlik + 532W2i Esu Ess 0 0
H3ik = ; Vain =
O Tsusz O Tss Ts2
L /822W2i ] L T2UBlk‘ O T2$ T22 ]

Then, a regression of Uj; on the other variables leads to
Uik Sit. — bs;» bsys Yai ~ N (paik, Vair) (c)
where
ik = (BT Togh = SusTi)osi + SEEL S+ Vi Tig* (To = ToTooh o) B
+ Wi (Bur — BLEL S6) + W, (&2 By T3 (Tau — T2sTss|2T ul2) Bi Bszzsslzsu> ;

Viik = Yuu — ZusZ;glzsu + BZI;(TUMZ - Tus|2T

ss]2

Tsu\2)B
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Model (c) implies model (a) if b;; = 0. Model (c) with by; = 0, however, has too strong assumption
that S;;, does not vary across level-2 unit. The violation of the assumption leads to substantially

biased inferences. Alternatively, model (c¢) implies model (a) if

of = BiTu2T, = SusYs, and Xy, — af Sgea; = 1. (d)

s8]2

In the following, we discuss constraints and transformation formulas for two cases: B;, = 1 and
BiTk =1 Xg;k] with ps covariates X4, having random coefficients in model (1). If B;;, = 1, then

one-to-one transformation formulas between models (a) and (c) are

-1 —1 T
) = Yy Yy, g = Toy (Toy — Thsar), az = Bur — B, 0,
T T T T T
g = Buz — 552041 — Baaa, D =Ty — g Togay — 207 Teaan — oy Tisu, (e)
T T T
=% — aq E550517 Tus = aq Tss + Qg Tys.

]T’ Tuu = Tuouo TUOU1 s Tus - TUOS ) Tsu = TT

us?
Tu1 uQ Tu1 u1 0

and T,,o = [T}, 0]". Note that we assume cov(Dy,;, bs;) = cov(bu,i, b;) = 0. Non-zero covari-

If Bl = [1 X1,], then let b,; = [by,; DL

Ut

ances can be estimated, but they introduce extraneous terms and make interpretable difficulty. Let

~ agTQQQQ + QQ{TSQQQ + OZ{TSSOQ 0 .
T = . Then the one-to-one transformation formulas for

0 0

a9, D, and T, are

Qo = T2_21 (TQUO - TQsal)a D= Tuu - T, Tuos = O‘?Tss + agTQ& (f)
and the others keep same as these in (e).
Appendix B

Parameter Estimation

The maximum likelihood estimators (MLE) of the complete data derived from their likelihood
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L(0|R;, Ui, Sui, Yai, bu,, bs, by, ) are

n ks
&](k) o (k=1) (ZZ ) > 2 1Umem],

=1 k=1

BI( 61 T + (ZE ® usz USZ > ZE ® uszﬁlz)
-1,

Bék) = Aék K (Z 2\1 W21W21)> Z(T2_|1 ® Wai) (bQi - TQlTl—llb”) ’ (8)

i=1

n
~ 1 9 R
= EZGU’ Tj = Zzezky

leilkl

= Z ZEMkEhk Zb:bjT7

11111k1

n ki
e (Z ZAMAZJ ZZA,ke,k, D= Zb b7

i=1 k=1 i=1 k=1

Given & and D for a random-intercept model (1), we update the estimators ius, f)uu, Tuu, Bul, Bug,

Tug, and Tus in model (7) via formulas (e). Given & and D for a random-coefficient model (1), we

A

update the estimators, f]us, DI Tuu Bul, Bug, TuOg, and Tuos in model (7) via formulas (f) and set
Tu12 = Tuls = 0.

At E-step, we estimate the following conditional expectations.

Uik = By Wi + BugWai + Ao (V)Y — i),

E(ULIY?) = Ui+ BiTuBi + L — Au(V7) AL,

Cirg = Der (V)Y = 157), BlefiylYy?) = ey + 15 — A (V) TTAL,

aij = Do (V) THY? = pf), E(af|Yy) = af + & — Au(V7) 71 AG, (b)
E(eY) = Acs(VE) Y = 1), €un = Ac(VE)THYE — 11f),

bp = My(VE)THYE = pf), BOBTIYS) = bibT + T — Ay(V)THAT

E(Uieiri|VY) = Unbing — Au(VE) AL Blerinely|Y?) = Gy + 5 — A (V)AL

where A, = [Aul AW szTu2] Oz A = [OlX((kfl)JH*l) Tj O1x(s—j) OlX((kﬁk)Jerkﬁpz)]OiT’
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Aa = [le(jfl)ki 1%16] 01X((J*j)ki+plki+p2)]0?’ Aes = 07,Ta Ae =

Y @ AT @4 AT'@¥,, 0 Z
Of,and Ay = | (T,,BT) @ 4T 17 @ T,y Ti| Of forA, =

S @A @97 AT®Y,, 0 Z

(TouBY) @1 1}, @ Tos Tao

(B;I];TuuBZI; + [le(kfl) Euu le(kifk)]) ®7’1T’ AuZ == 1%; ® (sz];Tus> + [le(kfl)pl zus le(kifk)pl]a
and A\, is a vector with the k" element equal to 1 and zero otherwise,

In addition, we calculate E(A;, AL |Y°), E(Aieir|Yy), and E(b;b! |Y,?) in the LVM.

E(SuSLIYS) E(SuYoL|Ye) SuWlh. — SuWi
E(YuSLIY?) E(YuYL|Y?) YoWE,  YouWl

E(Ag ALY = ; (i)
Wik SL Wi Vsl WiaWE, Wi Wi
Woi ST, Wa; Yih Wo Wiy Wo Wy,
Ském — A (Vo) IAL
Vibew — A (Vo) LAL
E(Alkﬁlkp/;o) = 2 ! ) (.])
Whik€ir
Wai€i,
E(bb!'|Y?) = bib] + D — Aue(V?) AL (k)

where Sy, = BaWiik + BoWai + A(VE) (Y = 115), E(SaSLIYY) = SauSh + Tos + s —
A(VE) AL, Yoi = BoaWai+ Ay (Vo) 1Y — 115), EYai Yo [Y7) = YaiYah +Top — A, (V) AT,
B(Sa YR V) = Su Vi +Toa— Ay (VE)TAT and &, = Ao (V) 1Y —pig) for Ay = [Ay Ay 17
DT o]OF, A = (T BT) + [0pxe-1) Touw Opycimio]) @77+ Ao = 1L @Tos+ [0 (k=1 Sss
Opy s (hs—i)p s Dy = [(T2u B ) @71 1 QT Tho)OF, Ace = [O1x k=17 1 O1x(kid—k4prkstp2) Of »

bi = Dae(V?) 7Y — pif) and A, = [(DB]) @ 71 00]O].

Appendix C

Calculation of the Information Matrix
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The information matrix is obtained by differentiating twice the observed marginal multivariate
normal log-likelihood with mean and covariance given in (9), but we introduce new parameters
a7 and aw, which are defined in (5). Consequently, parameters >.,;, 12, Tys, and X, are the

functions of o, a5 and the other elements in > and 7" as

Yius = a?zssa Tu2 = agTQQ + Oz{TSQ’ (l)

Tus = a{Tss + Ogsz Euu =1+ 06?255061.

Let W(A) denote a vector by horizontally arranging the elements in the matrix A and v =
(70,71, B) in which 8** =[BT W (Bs1)T W (Bs2)" W (Ba2)T]". The arrangement makes us easily
extract the covariances between W (3s1), W (Bs2), W (522) and a;, a to estimate the variances of
a3, oy and D by multivariate Delta method. let H; = Oi@?leij with H;p = [1, ® I; (W) ® 1],
Hip = (1), @ I, Wiy @ I, Wy ® 1}y, ® I,], and His = [I,, I,, ® W], F; = O; ®3_, F;

I;
with Fj; = [1;, ® I; Wy ® M, Fia = Hip, and Fj3 = H;3, G; = H,; ,
O(J+P3P1+p4p2)><J
07t .
M; = H; I; ,and Q; = F; Pxpstpsprtpapz) . The expected information ma-
I p3+p3p1+pap2
0(p3p1+p4p2)xJ

trix for the MLE of y = (7o, 71, ) is
GI(Vo)'Gy  GI(V) My GT(VE) '@
Ly =D | MI(V) G At MI(V)' My MT(V?)'Q: (m)
i=1
Qi) G QT (VA)TIM; QT (V)@

where A has its (j, k)th component tr <(V;°)_1%(Vi°)_1§;?2>.
Define V (A) a vector by vertically arranging the distinct elements of the matrix A. Let 6 =

(é, T, Tuu, V(Tss)7 V(T23>, V(TQQ), V(Ess), Qq, 042) = ((51, (52, cee 75M) for M = 35 and M = 36
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in a random-intercept model (1) and in a random-coefficient model (1), respectively. Then

L OV OV
T =3 0w (2 G0,
i=1 J 1k

: )
ovye ovye

I =3 30w (0 G GE).
)3 2, "

ove . . . . .
and I5,, = 0, Isp-~ = 0, where 75 1s an element-wise derivative with respect to 9, for m =

1,2

, yrt

M.

Appendix D

The variance calculation of the parameters in the LVM

The variances of the estimators oy, e, 9, 81, € and 7 in the LVM are estimated in Appendix C. Let
01 = [Bay W(Ba1)" of ", 62 = [Bis W(Bs2)" W(B22)" af az]",and 03 = [T, V(Ti)" V(Ti2)"
V(Ty)" of ok, From the transformation formulas (5) and Delta method, the covariances of ds,

Gy, and D with B;;, = 1 are estimated as
R — ~ —~T R —~ ~ —~T ~ —~ ~ —~T
covag = V ficovi V[, covay = V focovhaVf,, covD = V ficovsV f, (0)

where covf; can be extracted from the inverse of the fisher information matrix in Appendix C,

Vfi= [Im _a1T®IP3 _BSTJ> V= [Im - (a{@j'm) - (a2T®Ip4> - STQ —52TQ],and

T T T T T
Vi = |1 aD oD oD D D for — 0D _ _ T _0T
3 OV (Tss) OV (Ts2) IV (Tz2) Oan Oaz OV(Tss); LoV (Tss); — 1
D o T _ 9T D _ T _ 9T oD _ _ _ 9D _
W (Ta); = 20 gt 0% av(Th); — 92 aV(Te); 02 Bay — 2Tpan — 2Tsan, and g2 =

_2T22a2 — QTQSOfl .

OTss T, oT: .
Note that VT aV(sz)j , and avug;;)j are unknown. We know for any p-by-p matrix w; the

first derivative of the ([, k)th (k > 1) element is

awl 5k5lT + 51(5,{ k>1
= (p)
or0l k=1,

0w
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and for any p-by-q (p # ¢) matrix ws the first derivative of the (I, k)th element is

(9@2

=6l k=1,2,---,p, 1=1,2,---,
I kT s p q (a)

where d;, and 1;, are p-by-1 and g-by-1 vectors with the h"* element equal to one and zero otherwise,
respectively. After we vertically arrange the distinct elements in to; and o, the first derivative of
the j** element for j = 1,2,--- ,p(p+1)/20rj = 1,2,--- , pq has a one-to-one transformation
with equations (p) and (q), respectively. Similarly, the variances of distinct elements in D could be

estimated for a random-coefficient model (1).

29



Table 1: Estimation of the simulated LVM (11) by three different estimation methods

Model Para. True value Estimate (S.E.%)

Benchmark Just-identified  Over-identified

(1) « 1 1.031 (0.075)  1.032 (0.075) 0.901 (0.065)
1 1.007 (0.024)  1.007 (0.024) 0.882 (0.021)

D 1 0.999 (0.069)  0.999 (0.069) 0.751 (0.052)

(2) Yo 1 0.993 (0.054)  0.993 (0.054) 0.993 (0.054)
1 1.026 (0.055)  1.026 (0.055) 1.026 (0.054)

" 1 0.987 (0.014)  0.987 (0.014) 1.129 (0.016)

1 0.987 (0.014)  0.987 (0.014) 1.129 (0.016)

19 0.25 0.268 (0.035)  0.268 (0.035) 0.267 (0.035)

0.25 0.291 (0.035)  0.291 (0.036) 0.291 (0.036)

T 0.25 0.240 (0.018)  0.240 (0.018) 0.240 (0.018)

0.25 0.258 (0.019)  0.258 (0.019) 0.258 (0.018)

“standard error

Table 2: Estimation of the simulated LVM (11)

given ignorable missing data

Model Para. True value Estimate (S.E.%)

Just-identified Over-identified

(D Q@ 1 0.994 (0.033) 0.878 (0.031)
1 1.061 (0.081) 0.932 (0.058)

D 1 1.010 (0.082) 0.763 (0.040)

2) Yo 1 0.987 (0.056)  0.987 (0.044)
1 1.013 (0.056)  1.013 (0.045)

Y 1 0.984 (0.019) 1.120 (0.033)

1 0.981 (0.019) 1.117(0.033)

13 0.25 0.248 (0.025)  0.248 (0.031)

0.25 0.317 (0.041)  0.318 (0.033)

T 0.25 0.249 (0.025)  0.249 (0.018)

0.25 0.260 (0.025)  0.260 (0.018)

®standard error



Table 3: NGHS data for analysis

level variable description mean (S.E.) missing (%)
BMI BMI(kg/m?) 22.42 (5.81) 308 (1.5)
Skinfold sum of skinfolds (mm) 45.11 (24.88) 783 (3.8)
Waist max. below-waist circumference (cm) 93.95 (12.87) 2807 (13.5)
level 1 PercentFat  percent fat by BIA 25.29 (11.49) 1694 (8.1)
Age age in years at time of visit 14.36 (2.99) 0 (0.0)
TV TV watching (hours/week) 31.35(21.32) 4834 (23.2)
PhysicalAct physical activity pattern score 17.35 (17.75) 6573 (31.5)
Maturation  maturation stage 2.10 (1.03) 1063 (5.1)
MotherBMI mother’s BMI 27.35(691) 6772 (32.4)
ParentEd “maximum parental education 0.75 (0.43) 0 (0.0)
level 2 Income household income 1.06 (0.83) 1156 (5.5)
White ‘race (white/black) 0.48 (0.50) 0(0.0)
OneParents  “single-parent family 0.31 (0.46) 0(0.0)

e o0 o

1 if some college or more, 0 otherwise

0 if < $20Kk, 2 if > $40Kk, 1 otherwise
1 if white, O if black

1 if single parent family, O if two-parent family



Table 4: Estimated model (1)

Para. Covariate Estimate(S.E.)
Random intercept Random coefficient

MCAR MAR MCAR MAR
a TV 0.005 * (0.001)  0.004% (0.001) 0.006% (0.001)  0.004* (0.001)
PhysicalAct  -0.004* (0.001) -0.003% (0.001) -0.002f (0.001) -0.002% (0.001)
Maturation 0.504% (0.043)  0.347% (0.021) 0.606% (0.051)  0.387% (0.024)
Q9 MotherBMI  0.149% (0.012)  0.150% (0.011) 0.156* (0.015)  0.133%(0.013)
Income -0.2857 (0.127)  -0.183 (0.096) -0.176 (0.158)  0.078 (0.114)
as AGE 0.454%(0.047)  0.502% (0.020) 0.647% (0.057)  0.713% (0.024)
AGE? -0.025 (0.013)  -0.025% (0.005) -0.039" (0.015) -0.031% (0.005)
AGE xWhite -0.032 (0.063) -0.057' (0.026) -0.081 (0.079) -0.124% (0.033)
oy ParentEd 0.041 (0.219)  0.012 (0.155) 0.094 (0.237)  0.144 (0.179)
White -0.330 (0.176)  -0.309% (0.137) -0.694  (0.225) -0.938% (0.186)
OneParent 0.357 (0.217)  0.3807 (0.159) 0.6107 (0.271)  0.568* (0.185)
Dg, 8.735 (0.575)  8.040 (0.386) 16.935 (0.802) 16.482 (0.560)
Dy, 0.818 (0.060)  0.942 (0.043)
Dy 0.154 (0.009)  0.155 (0.006)

2 Doo = D in a random-intercept model (1)
f p-value< 0.05, ¥ p-value< 0.01

Table 5: Estimated model (2) given incomplete data

Model (2) with Biomarker Bo; B 7; £

random intercept ~ BMI 22.74 (0.09) 1.46 (0.01) 1.06(0.02) 1.07 (0.09)
Skinfold 47.30 (0.37) 5.24(0.04) 75.05(0.83) 73.38 (2.73)
Waist 93.46 (0.29) 4.37(0.03) 2.02(0.10) 29.72 (1.16)
PercentFat 25.88 (0.19) 2.69 (0.02) 15.29(0.18) 21.00 (0.75)

random coefficient BMI 2274 (0.09) 1.08 (0.01) 0.54(0.01) 0.86(0.08)
Skinfold 47.37 (0.38) 3.95(0.03) 65.06 (0.73) 69.98 (2.56)
Waist 93.49 (0.28) 3.04 (0.02) 6.04 (0.11) 24.79 (0.97)
PercentFat 25.85(0.19) 1.95(0.02) 15.40(0.18) 21.88(0.76)




Table 6: Complete-case analysis of model (2)

Model (2) with Biomarker Bo; Blj 75 éj

random intercept ~ BMI 22.94(0.12) 1.74(0.02) 0.80(0.02) 1.12(0.10)
Skinfold  46.98 (0.48) 6.41(0.07) 70.74 (1.25) 58.82 (2.88)
Waist 95.02 (0.33) 4.52(0.04) 3.55(0.15) 18.22(0.97)
PercentFat 26.52 (0.25) 3.15(0.04) 14.58 (0.26) 19.96 (0.93)

random coefficient BMI 23.01 (0.12) 1.21(0.01) 0.44(0.02)  0.93 (0.09)
Skinfold  47.25(0.49) 4.46 (0.06) 66.98 (1.18) 52.75(2.77)
Waist 95.20(0.32) 3.05(0.04) 5.51(0.15) 17.88(0.93)

PercentFat  26.63 (0.25) 2.13(0.03) 15.74(0.28) 20.54 (0.94)

Table 7: Correlations and % sample correlations explained by LVM

Correlation Sample Model % of correlation

between correlation  correlation explained by

RIM RCM RIM RCM
BMI and Skinfold 0.89 0.48 0.56 53.50 62.27
BMI and WC 0.92 0.77 0.83 83.44 89.63
BMI and PBF 0.82 0.53 0.59 64.71 72.43
Skinfold and WC 0.81 0.65 0.71 79.84 87.39
Skinfold and PBF 0.81 045 0.51 55.29 63.07
WC and PBF 0.81 0.72 0.76 88.73 93.39

RIM: random-intercept model; RCM: random-coefficient model; WC:
waist circumference; PBF: percent body fat




Figure 1: Scatter Plots of Obesity Score against

Houshold Income and Maturation Stages
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Figure 2: Obesity growth curves for blacks and whites
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