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This study examines the connection between mathematical knowledge (described as a teacher’s 
engagement in mathematical processes and actions on the products of those processes) used by a 
beginning secondary mathematics teacher (Fiona) in her personal mathematical problem solving and the 
mathematics in which she engaged her students in her classroom instruction. This Process and Action 
approach involved analysis of Fiona’s use of four mathematical process/product pairs (justifying/ 
justification, generalizing/generalization, defining/definition, and representing/representation). Two 
themes arose in the analysis of interview and classroom observation data: (a) Although able to do so, 
Fiona did not regularly engage in processes in her personal mathematics or classroom mathematics, and 
(b) Fiona focused on selected features of a product or mathematical object rather than attending to all 
relevant features.  

.eyZords� 7eacher .noZledge� Mathematical .noZledge for 7eaching 

Purposes or Objectives of the Study 

5esearch interest has recently bXrgeoned regarding the relationship betZeen teachers¶ mathematical 
NnoZledge and the Zays that that NnoZledge impacts Zhat happens in the classroom. 2f particXlar interest 
is hoZ teachers¶ NnoZledge affects both Zhat teachers do and Zhat stXdents learn. 2ver the years, 
researchers �e.g., (isenberg, 1977� +ill, 5oZan, 	 %all, 2005� MonN, 1994� have investigated the 
relationship betZeen teacher NnoZledge and stXdent achievement, typically Xsing pro[ies for teachers¶ 
mathematical NnoZledge. 7hese stXdies have often foXnd that teacher NnoZledge is related to stXdent 
achievement, bXt they have not shed light on hoZ teacher NnoZledge affects Zhat is happening in 
classrooms. 7his TXestion has received mXch less attention from researchers, and many of the stXdies of 
that relationship do not separate content NnoZledge and pedagogical content NnoZledge �e.g., +ill, %all, 
%lXnN, Goffney, 	 5oZan, 2007� /ehrer 	 FranNe, 1992� SZafford, -ones, 	 7hornton, 1997�, leaving 
one to Zonder aboXt the effects of content NnoZledge itself on instrXctional practice. StXdies that 
e[amined the relationship betZeen content NnoZledge and classroom practice �e.g., %aXmert et al., 2010� 
5oZland, Martyn, %arber, 	 +eal, 2000� 7choshanov, 2011� WilNins, 2008� have foXnd relationships, bXt 
these stXdies focXsed on narroZly defined aspects of classroom practice �e.g., cognitive demand of tests 
and homeZorN, stXdents¶ opinions aboXt instrXction, teachers¶ self�reports of reform practices� and Xsed 
Zritten tests of predetermined categories of teacher NnoZledge �e.g., high and loZ content NnoZledge, 
cognitive type of content NnoZledge�. AlthoXgh the stXdies identified relationships, they did little to 
e[plain Zhy these relationships might have occXrred. 7he stXdy reported here Xsed e[tensive sets of 
intervieZs and observations focXsed on teachers¶ mathematical NnoZledge and its Xse in the classroom to 
characteri]e and e[plain the relationship betZeen a teacher¶s mathematical NnoZledge and classroom 
practice. 7his stXdy addressed the TXestion of Zhat characteri]es a beginning secondary mathematics 
teacher¶s engagement in personal mathematics and classroom mathematics and the relationship betZeen 
them. 
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Perspective 

We describe mathematical NnoZledge in terms of foXr mathematical processes and their respective 
prodXcts� defining, MXstifying, generali]ing, and representing, and actions on �or Xses of� definitions, 
MXstifications, generali]ations, and representations �=bieN, Peters, 	 Conner, 2008�. Using the processes 
and prodXcts to characteri]e a teacher¶s mathematical NnoZledge alloZs Xs to e[amine the mathematics 
demonstrated in his�her problem solving �personal mathematics�, the mathematics in Zhich the teacher 
engaged his or her stXdents �classroom mathematics�, and the relationship betZeen the teacher¶s personal 
and classroom mathematics. A second affordance of Xsing mathematical processes is that it transcends 
both mathematical content areas and grade levels, since the Xse of these processes and prodXcts is not 
dependent on either of these factors. ([amining mathematical NnoZledge as NnoZledge evidenced by 
engagement in mathematical processes alloZed Xs to e[amine mathematical NnoZledge over a period of 
three and a half years across three different content areas. 

Methods 

2Xr data consist of five tasN�based intervieZs and 16 teaching observation cycles of a secondary 
mathematics teacher, Fiona �a pseXdonym�. At the beginning of data collection, Fiona Zas enrolled in a 
secondary mathematics teacher certification program at a large Mid�Atlantic Xniversity. She Zas one of 
several in the program Zho volXnteered to participate in the stXdy. 7he tasN�based intervieZs �Area, 
Count, Cube, Wrap, and Defining� Zere condXcted dXring Fiona¶s teacher preparation program for the 
pXrpose of Xnderstanding her Xse of mathematical processes and prodXcts in her personal mathematics. 7o 
Xnderstand Fiona¶s Xse of processes and prodXcts in her classroom teaching, teaching observation cycles 
Zere condXcted dXring her stXdent teaching �pre�calcXlXs�, first�year teaching �algebra�, and second�year 
teaching �geometry�. An observation cycle consists of a pre�observation intervieZ, an observation, and a 
post�observation intervieZ.  

All the tasN�based intervieZs Zere videorecorded and aXdiorecorded, transcribed, and annotated. 
7eaching observation cycles Zere aXdio�recorded, transcribed, and annotated. Still photos from the 
teaching observation cycles Zere also collected. 7he tasN�based intervieZs Zere coded line�by�line for 
Fiona¶s Xse of processes and�or prodXcts by the research team. 7he coded instances Zere elaborated, 
categori]ed into the foXr process�prodXct categories, and analy]ed for emerging themes. Any 
disagreements Zere resolved by revieZ of the data by the entire team. 7his procedXre Zas repeated for the 
teaching transcripts, bXt inclXded the coding and analysis of mathematical activity and pedagogical 
choices. After the initial coding and analyses, the team then compared Fiona¶s Xse of process and�or 
prodXcts in her personal mathematics Zith their Xse in her classroom mathematics.  

FigXre 1 illXstrates parts of the CXbe and Area tasNs. ,n CXbe, Fiona Zas asNed to describe the pattern 
and determine the sXrface area and volXme of the model shoZn in the left panel of FigXre 1. ,n Area, Fiona 
Zas asNed to describe the mathematical relationship betZeen the sXm of the area of the circles and the area 
of the eTXilateral triangle shoZn in the right panel of FigXre 1 as the nXmber of circles on the base 
increased. >2ne side of each eTXilateral triangle passes throXgh the centers of the circles on that side and 
the endpoints of the same side lie on circle�s�.@  

 

  

Figure 1: Some of the illustrations accompanying the cube and area tasks 
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Results 

Representing  

Fiona tends to notice and pay attention to only select featXres of representations rather than accoXnting 
for the representation¶s complete set of relevant characteristics. ,n Area, Zhen Fiona Zas given the graph 
of the fXnction defined as the difference betZeen the area of the triangle and the sXm of the areas of the 
circles, she focXsed on the x�valXe of the minimXm point of the fXnction as invariant and interpreted it as 
the point at Zhich the area of the triangle e[ceeds the sXm of the area of the circles. She seemed to 
recogni]e that the graph of the differences reTXired a change from negative to positive ZithoXt recogni]ing 
that the negative�to�positive change captXred by the minimXm Zas a change in slope rather than a change 
in the oXtpXt valXe of the fXnction. She did not attend to the x�intercepts, the featXre of the graph most 
relevant to the TXestion she Zas asNed, Xntil she Zas specifically asNed aboXt them.  

,n her classroom mathematics, Fiona missed opportXnities that might have engaged her stXdents in 
linNing different representations. For e[ample, in stXdent teaching, she pXrposefXlly did not interpret for 
stXdents a graphical representation of derivative that appeared on an activity sheet. DXring the post�
observation intervieZ, Fiona ably linNed this graphical representation to a symbolic representation of 
derivative bXt she stated that ³they don¶t NnoZ that, and if , ZoXld e[plain it to them , ZoXld have 
confXsed them, , thinN endless amoXnts´ as the reason for not discXssing the graphical representation. She 
seemed to have made a conscioXs choice not to inclXde this in her lesson. 7his might have been becaXse 
her goal Zas only for stXdents to be able to apply the limit definition of derivative in order to complete 
e[ercises and she thoXght that trying to develop fXrther Xnderstanding of the limit definition Zas not Zorth 
confXsing stXdents. 

,n both her personal and classroom mathematics, Fiona often focXses on local featXres of 
representations and seems not to grasp the entire representation. 7his tendency of locali]ation and 
inattention to connections is freTXently observed in her personal and classroom mathematics and sXggests 
that mathematics as an integrated system is not central to her conception of mathematics.  

Justifying 

,n her personal mathematics, Fiona regXlarly maNes initial mathematical claims for Zhich she provides 
no or limited mathematical rationale. Fiona offers mathematical MXstification Xnprompted only Zhen she 
recogni]es an error and engages in correcting the error. 2therZise, Fiona MXstifies her mathematical claims 
only after she is prompted by the intervieZer Zith TXestions sXch as, ³+oZ might yoX convince someone 
of yoXr claim"´ Moreover, Zhen Fiona MXstifies by referencing properties of mathematical obMects, she 
often fails to complete a valid mathematical argXment. ,n these instances, Fiona often attends to one 
property of the mathematical obMect, bXt fails to attend to other relevant and necessary properties. ,n the 
Area intervieZ, for e[ample, Fiona engaged in MXstifying that the sXm of the areas of the circles in an array 
is larger than the area of the triangle in the same array. She identified tZo differences in the symbolic 
representations of the tZo areas, bXt based this argXment on one difference in the formXlas �one area 
formXla involved mXltiplying by � and the other involved dividing by the sTXare root of three� ZithoXt 
accoXnting for the other difference ��x � �x ± 1� � �x ± 2� � « � 0� versXs x2� �see FigXre 2�.  

 

 

Figure 2: Fiona’s representations of the sum of areas of the circles and the triangle area 
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,n the conte[t of Fiona¶s classroom mathematics, Fiona seldom engages in mathematical MXstification 
or asNs stXdents to MXstify. Across all three years of teaching, Fiona regXlarly misses opportXnities to 
engage stXdents in MXstifying. 2ne of these instances occXrred as Fiona taXght rXles for derivatives in 
stXdent teaching. Fiona folloZed her presentation of the prodXct rXle Zith a presentation of the TXotient 
rXle. (ven Zhen a stXdent pointed oXt the similarity betZeen the prodXct rXle and the TXotient rXle, Fiona 
did not Xse the comment as a segXe to recogni]ing and MXstifying that the TXotient rXle can be vieZed as an 
instance of the prodXct rXle.  

When Fiona engages in MXstifying or asNs stXdents to MXstify she often accepts sXperficial rationales. 
7hese sXperficial rationales Zere often rXles or step�by�step procedXres Fiona taXght the stXdents to Xse for 
a set of homeZorN e[ercises. ,n first year teaching, for e[ample, Fiona asNed the stXdents to MXstify the 
claim that 156 is the y�intercept of the eTXation y   78x � 156. Fiona accepted a stXdent response of 
³%ecaXse , NnoZ the eTXation is y eTXals mx � b and then b is the y�intercept,´ echoing a fact that Fiona 
had taXght dXring the previoXs class.  

,nstances of MXstifying in Fiona¶s personal mathematics and teaching seem to indicate that Fiona sees 
the role of MXstifying as verifying an assertion rather than as a critical process in her mathematics. AlthoXgh 
Fiona ably demonstrates her ability to MXstify in her personal mathematics, she rarely does so ZithoXt 
prompting. 2ften her MXstifications are invalid, becaXse she attends to only some of the relevant featXres or 
properties of a mathematical obMect. ,n Fiona¶s classroom mathematics, she MXstifies or has stXdents MXstify 
in the conte[t of revieZing homeZorN e[ercises or in�class e[amples. 7hese MXstifications are XsXally 
sXperficial rationales or rXles that do not provide mathematical connections.  

Generalizing 

,n Fiona¶s personal mathematics, she generali]es bXt rarely Xses generali]ations. AlthoXgh she 
generali]es, she does not tend to generali]e ZithoXt being prompted even Zhen it seems reasonable to do 
so. For e[ample, in CXbe, Fiona Zas asNed to find the volXme and sXrface area of a stacN of cXbes. Fiona 
recogni]ed that the volXme of a cXbe in one particXlar layer Zas one�eighth the volXme of a cXbe in the 
previoXs layer, bXt Zas hesitant to conclXde that this Zas trXe for all layers and did not do so Xntil she Zas 
prompted. Fiona¶s generali]ations are not alZays correct, and these incorrect generali]ations are often dXe 
to her focXsing on a limited domain or set of e[amples and not accoXnting for all possibilities. For 
e[ample, in CoXnt Zhen asNed aboXt a three�dimensional analogXe of the circles sitXation shoZn in the 
right panel of FigXre 1, Fiona generali]ed that no matter the si]e of a pyramid constrXcted of spheres, there 
are no interior spheres. She based this incorrect generali]ation on having e[amined only a single case. 

,n Fiona¶s classroom mathematics, there Zere many more instances of generali]ations than 
generali]ing. Similar to her personal mathematics, Fiona does not engage in generali]ing Zhen it seems 
that it ZoXld be appropriate to do so. For e[ample, rather than giving stXdents a single eTXation that can be 
Xsed in varioXs e[ercises, Fiona directed stXdents to Xse three different eTXations for three different, bXt 
clearly related, cases� the eTXation y�x   k to find the valXe of k, the eTXation y   kx to find the valXe of x, 
and the eTXation f   kd to find the valXe of k in an e[ercise involving +ooNe¶s /aZ. Fiona discXsses and 
implements activities that potentially provide stXdents the opportXnity to engage in generali]ing. +oZever, 
Zhen she implements activities aimed at generali]ing, she XsXally leads stXdents to reach a generali]ation 
that she has predetermined rather than alloZing for generali]ations she has not anticipated. 7he theme in 
her teaching seems to be that generali]ations are finished prodXcts, sXggesting that she may consider the 
Xniverse of possible generali]ations as fi[ed and NnoZn. Also, Fiona states generali]ations that are false, 
often based on a limited domain or set of e[amples. For e[ample, Zhen introdXcing a lesson on graphing 
lines, Fiona states the incorrect generali]ation, ³7here is a y�intercept and an x�intercept for every single 
line,´ not accoXnting for hori]ontal or vertical lines.  

AlthoXgh Fiona¶s personal mathematics did not maNe Xse of generali]ations and her classroom 
mathematics contained almost no generali]ing, Fiona¶s personal mathematics and her classroom 
mathematics have tZo main commonalities. First, Fiona often does not generali]e Zhen it seems as if it 
ZoXld be appropriate to do so. Second, Fiona often incorrectly generali]es or states incorrect 
generali]ations becaXse she is focXsing on a limited domain or e[amples and is not accoXnting for all 
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possibilities. 7he absence of fXrther commonalities in Fiona¶s generali]ing and Xse of generali]ations may 
be attribXted to the lacN of the Xse of generali]ations in her personal mathematics and the lacN of 
generali]ing in her classroom mathematics. 

Defining 

As Zith other processes, the process of defining does not seem to play a central role in either Fiona¶s 
personal mathematics or her classroom mathematics. We hardly ever observed her engaging in defining 
and most often Ze saZ her engaged Zith the prodXct of defining, namely definitions. ,n her personal 
mathematics and teaching, she tends to focXs on elements of definitions rather than thinNing aboXt the 
definition as a Zhole. She seems to compartmentali]e definitions and not to coordinate them in her 
teaching or in her personal mathematics. ,n the tasN�based intervieZs, she Zas presented Zith si[ Zays in 
Zhich people may talN aboXt a parallelepiped �see FigXre 3�. She Zas asNed Zhich of the si[ descriptions 
are most similar to each other. ,f Fiona Zere to be thinNing of these si[ statements as defining si[ separate 
obMects, Ze ZoXld e[pect her to consider the mathematical entity each statement defines and to compare 
those entities. +oZever, she chose to e[amine parts of each statement and to compare them to parts of 
other statements. For e[ample, she stated that descriptions % and F are similar to each other becaXse they 
both describe a si[�sided polyhedron. +oZever, she never endeavored to e[amine each description as a 
Zhole.  

 

Figure 3: Six ways people may talk about a parallelepiped 

7his tendency to focXs on parts of a definition, rather than on the Zhole definition, is also reflected in 
her teaching. For instance, Fiona presented a definition of a verte[ as ³a point at Zhich three or more faces 
meet.´ +oZever, later on dXring the same lesson, Fiona introdXced the phrase, ³a verte[ of a cone,´ 
offering a description� for a cone, ³a cXrved sXrface connects the base to the verte[.´ 2ne of her stXdents 
pointed oXt that Zhat she has labeled as a verte[ is not actXally a verte[, given the original definition of a 
verte[. Fiona agreed Zith the stXdent ZithoXt offering an e[planation for her agreement. ,n the post�
observation intervieZ, Fiona e[plained that the stXdent Zho asNed the TXestion is ³very smart´ and 
ansZering his TXestion ZoXld MXst confXse the other stXdents in the class. 

7he previoXs e[ample involving the verte[ also highlights hoZ Fiona seems to vieZ mathematics as a 
static and fi[ed body of NnoZledge, rather than something that can be discovered Xsing the processes. ,f 
Fiona Zere to privilege a perspective of mathematics that encoXrages involvement in mathematical 
processes sXch as defining, Ze ZoXld have e[pected her to engage the stXdent in a discXssion of the 
mathematical properties of the tZo definitions of a verte[. 7his vieZ is fXrther illXstrated in her first year 
of teaching Zhen she presented her stXdents Zith a definition of a y�intercept of a line. Fiona asNed one of 
her stXdents to read the te[tbooN definition of a y�intercept, ³7he y�valXe of the point Zhere the line 
crosses the y�a[is.´ +oZever, Zhen Fiona repeated this definition and sXbseTXently Xsed it, she re�Zorded 
it as, ³7he y�intercept is the point Zhere oXr line crosses the y�a[is.´ Fiona seemed XnaZare of the change 
she made to the definition of a y�intercept, or she may not have seen a difference in the tZo definitions 
presented. (ither possibility points to her seeing mathematics as comprised of static and disconnected 

a. A parallelepiped is a box with a lid.  

b. A parallelepiped is a polyhedron with six faces that are parallelograms, which could be 
rectangles, squares or rhombuses but not trapezoids. 

c. A parallelepiped is a cube whose sides are rectangles. 

d. A parallelepiped is a prism the base of which is a parallelogram. 

e. A parallelepiped is a hexahedron each face of which is a parallelogram. 

f. A parallelepiped is a hexahedron with three pairs or parallel faces. 
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pieces of information, and thXs, if these pieces of information conflict Zith each other, she does not seem 
pertXrbed by it. 

Conclusions 

7Zo themes characteri]e Fiona¶s Xse of processes and actions on the prodXcts of those processes. 
7hese themes cXt across several processes and are evidenced both in her personal mathematics and in her 
classroom mathematics.  

Themes 

7he first theme is that, althoXgh Fiona has demonstrated competence in engaging in all foXr of the 
mathematical processes stXdied, the processes of generali]ing, MXstifying, and defining are not central to 
hoZ she engages in mathematics or hoZ she engages stXdents in mathematics. ,n her tasN�based 
intervieZs, Fiona generally engages in these processes only Zhen prompted. Similarly, Zhile teaching, she 
seldom engages in processes or reTXires that stXdents do so even thoXgh Ze observed several occasions 
�e.g., stXdents asNing Fiona for MXstification or Fiona providing stXdents Zith activities designed to lead to 
generali]ing� in Zhich it ZoXld have seemed reasonable to engage in processes. Fiona is far more liNely to 
engage in actions on the prodXcts of processes than to engage in processes or to engage her stXdents in 
those processes. 7he possible e[ception to this is the process of representing. ,n her personal mathematics, 
Fiona seems to Xse representing to help her in problem solving, often Xsing one type of representation to 
create another and connecting representations to provide MXstifications. ,n her classroom, althoXgh Fiona 
occasionally directs stXdents to Xse different representations in problem solving �e.g., directing stXdents to 
draZ a graph if they are strXggling Zith Zriting an eTXation of a line or having them Xse geometric figXres 
to generate tables of valXes in order to looN for a generali]ation� she often misses opportXnities to have 
stXdents e[amine mXltiple representations even Zhen it ZoXld seem to maNe sense to do so �e.g., not 
shoZing stXdents a graph to e[plain a limit definition of derivative�.  

A second theme is that Fiona has a tendency, Zhen ZorNing Zith processes and actions on the 
prodXcts of those processes, to focXs on some featXres of a prodXct or mathematical obMect and not attend 
to other relevant featXres. ,n her personal mathematics, many of Fiona¶s MXstifications are incorrect becaXse 
she has not attended to all of the relevant characteristics of the obMect in TXestion. ,n the Defining 
intervieZ, Fiona incorrectly defines a particXlar set of polyhedra as having e[actly one pair of parallel 
faces ZithoXt recogni]ing that some of the polyhedra in the set have more than one pair of parallel faces. 
,n her classroom mathematics, she Xses the term verte[ as having Xniversal applicability and fails to 
distingXish betZeen definitions of a verte[ of a polyhedron and a verte[ of a cone.  

Conceptions of Mathematics 

MXch of the ZorN to date on teachers¶ and stXdents¶ conceptions of mathematics has been focXsed on 
describing and categori]ing these conceptions. For e[ample, (rnest �1988� categori]ed conceptions of 
mathematics into three broad categories� an instrXmentalist vieZ of mathematics as a set of Xnrelated bXt 
Xtilitarian rXles and facts, a Platonist vieZ of mathematics as a static body of NnoZledge, and a problem 
solving vieZ of mathematics as dynamic and continXally e[panding. /erman �as cited in 7hompson, 1992� 
identified tZo different prevailing conceptions of mathematics� the absolXtist perspective, that is, the 
perspective that ³mathematics is based on Xniversal, absolXtist foXndations´ and the fallibilist perspective 
that ³mathematics develops throXgh conMectXres, proofs, and refXtations and is accepted as inherent in the 
discipline´ �7hompson, 1992, p. 132�. 

7here is groZing evidence that teachers¶ conceptions of sXbMect matter have an inflXence on their 
classroom instrXction and there have been a feZ stXdies that provide evidence of the linN betZeen teachers¶ 
conceptions aboXt mathematics and their instrXction �e.g., Cross, 2009� 5aymond, 1997� 7hompson, 
1984�. ,t is evident that this inflXence is not direct or simple and resXlts are inconsistent aboXt hoZ strong 
that inflXence may be.  

AlthoXgh Fiona did not speaN directly aboXt it, it is conceivable that Fiona¶s conception of 
mathematics coXld e[plain her approach to processes and actions on the prodXcts of those processes in 
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both her personal mathematics and her classroom mathematics. 7he pervasiveness and consistency of the 
tZo themes Ze identified across the foXr processes and in both Fiona¶s personal and classroom 
mathematics seem to indicate that Fiona has a conception of the natXre of mathematics that is not centered 
on the Xse of mathematical processes and does not reTXire attention to connections and consistency. ,t 
seems liNely that Fiona vieZs mathematics as a fi[ed body of facts, ideas, and rXles that are not necessarily 
or easily connected. Within sXch a concept of mathematics many of Fiona¶s actions maNe sense. For 
e[ample, if mathematics is a fi[ed set of ideas then it is reasonable that Fiona does not encoXrage creative 
generali]ing bXt chooses to focXs attention on the generali]ation stXdents are sXpposed to be learning. 
Fiona¶s apparent lacN of attention to the fact that mathematics needs to be connected and coherent helps to 
e[plain Zhy she seems not to notice or be concerned aboXt contradictory definitions of verte[. MeanZhile, 
a vieZ that mathematics is fi[ed and static may e[plain Zhy, Zhen a stXdent points oXt the discrepancy, 
she might find it adeTXate simply to tell stXdents that ³it¶s part of the definition.´ 
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