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Third- through fifth-grade students participating in a classroom teaching experiment investigating the 
impact of an Early Algebra Learning Progression completed pre- and post-assessment items addressing 
their abilities to engage in functional thinking. We found that after a sustained early algebra intervention, 
students grew in their abilities to shift from recursive to covariational thinking about linear functions and 
to represent correspondence rules in both words and variables. 

.eyZords� Algebra and Algebraic 7hinNing� (lementary School (dXcation 

Algebra has historically served as a gateZay coXrse to higher mathematics that²dXe to high failXre 
rates²has been closed for many stXdents. More recent initiatives have identified algebra as playing a 
central role throXghoXt mathematics edXcation and re�framed it as a longitXdinal strand of thinNing across 
grades .�12 rather than as an isolated eighth� or ninth�grade topic �e.g., Common Core State Standards 
,nitiative, 2010� 1ational CoXncil of 7eachers of Mathematics, 2000�. 7his is not to be interpreted as a call 
to shift traditional algebra instrXction to earlier grades, bXt rather as one to introdXce elementary school 
stXdents to algebraic thinNing in the conte[t of age�appropriate activities. 

,n response to this call, Ze dreZ from research findings, cXrricXlar resoXrces, and standards docXments 
in the area of early algebra to develop an (arly Algebra /earning Progression >(A/P@ organi]ed aroXnd 
five ³big ideas´� �1� Generali]ed Arithmetic� �2� (TXations, ([pressions, (TXality, and ,neTXality� �3� 
FXnctional 7hinNing� �4� Proportional 5easoning� and �5� 9ariable. 

We condXcted a one�year classroom�based stXdy in grades 3±5 to gather efficacy data regarding the 
impact of (A/P�based classroom e[periences on elementary stXdents¶ developing Xnderstandings of these 
big ideas. 7he focXs of this paper Zill be oXr findings regarding the development of stXdents¶ fXnctional 
thinNing. We Zill share pre�post assessment data and representative e[cerpts from stXdent ZorN and briefly 
discXss the classroom intervention Ze believe contribXted to the groZth Ze observed. 

Theoretical Perspective 

FXnctional thinNing has been identified as one of the Ney strands of algebraic thinNing �.apXt, 2008� 
and one of the core content domains in early algebra research �%lanton, /evi, Crites, 	 DoXgherty, 2011�. 
%lanton et al. �2011� characteri]e fXnctional thinNing as ³generali]ing relationships betZeen covarying 
TXantities, e[pressing those relationships in Zords, symbols, tables, or graphs, and reasoning Zith these 
varioXs representations to analy]e fXnction behavior´ �p. 47�.  

(lementary cXrricXla often inclXde a focXs on simple patterning activities in Zhich the change in only 
one variable is observed. +oZever, an e[clXsive focXs on this type of activity is sXggested to hinder the 
development of stXdents¶ reasoning aboXt hoZ tZo or more TXantities vary simXltaneoXsly �%lanton 	 
.apXt, 2004�. A deeper Xnderstanding of change and the modeling of behavior in real Zorld phenomena 
reTXires stXdents to looN beyond recXrsive patterns and consider covariation in their stXdy of fXnctions 
�%lanton et al., 2011�. Confrey and Smith �1994� fXrthermore argXe that a covariational approach 
establishes a good foXndation for the development of correspondence rXles. 

(vidence e[ists that children in elementary grades are in fact capable of reasoning aboXt covarying 
TXantities and developing correspondence rXles. %lanton and .apXt �2004� foXnd that stXdents coXld 
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constrXct and reason Zith fXnction tables and identify covariational relationships and primitive 
correspondence rXles as early as first grade, Zhile older elementary stXdents coXld sXccessfXlly transition 
from Xsing natXral langXage to Xsing symbols to represent correspondence rXles more formally. %ased on 
these findings, %lanton and .apXt argXe that elementary cXrricXla shoXld go beyond recXrsive pattern 
finding to inclXde a focXs on relationships betZeen variables. 

Martine] and %ri]Xela �2006� liNeZise foXnd that third�grade stXdents coXld sXccessfXlly reason Zith 
linear fXnction tables bXt sometimes strXggled to maNe the transition from focXsing on recXrsive patterns to 
identifying general correspondence rXles that ZoXld apply to all cases. 7hey identified ³hybrid´ 
approaches, in Zhich stXdents e[amined the relationship betZeen inpXt and oXtpXt as reTXired in a 
covariational approach Zhile simXltaneoXsly relying on a recXrsive pattern. For e[ample, one stXdent 
observed in her table that ³the nXmber that yoX add to get from the inpXt to the oXtpXt is alZays one more 
than it Zas in the previoXs roZ´ �p. 292�. 7his is a limited approach in terms of generali]ing and maNing 
far predictions, bXt it does indicate progress in considering the relationship betZeen tZo variables. 

7he stXdy of fXnctions in the elementary grades can lay the foXndation for sXccess in later grades. 
7eachers can nXrtXre stXdents¶ fXnctional thinNing by helping them develop algebraic habits of mind that 
encoXrage bXilding patterns, maNing conMectXres, generali]ing, and MXstifying mathematical relationships 
�%lanton 	 .apXt, 2011� Moss, %eatty, %arNin, 	 Shillolo, 2008� Moss 	 Mc1ab, 2010�. Martine] and 
%ri]Xela �2006� call for carefXlly designed interventions that consider the relationship betZeen ³Zhat 
stXdents know and Zhat Ze Zant them to learn” �p. 293�. ,n this stXdy, Ze aimed to move beyond the 
patterning e[periences elementary cXrricXla and standards docXments �e.g., 1ational CoXncil of 7eachers 
of Mathematics, 2000� propose stXdents shoXld have and pXsh stXdents to consider covariational 
relationships and develop correspondence rXles. Specifically, this paper addresses the folloZing research 
TXestion� 

+oZ does the fXnctional thinNing of grades 3±5 stXdents Zho have had a year�long focXs on early 
algebra �inclXding fXnctions� compare to that of stXdents Zho have had more traditional arithmetic�based 
e[periences" Specifically, hoZ does stXdent performance compare across the folloZing aspects of 
fXnctional thinNing� 

a� ConstrXcting a fXnction table" 
b� ,dentifying a recXrsive pattern" 
c� ,dentifying a covariational relationship" 
d� 5epresenting a correspondence rXle in Zords and symbols" 
e� MaNing ³far´ data predictions" 

Method 

Participants 

Participants inclXded appro[imately 300 stXdents from tZo elementary schools in soXtheastern 
MassachXsetts. 7he school district in Zhich these schools reside is largely Zhite �91�� and middle class, 
Zith 17� of stXdents TXalifying for free or redXced lXnch. Si[ classrooms �tZo from each of grades 3±5 
and all from one school� served as e[perimental sites and 10 classrooms �foXr grade 3, foXr grade 4, and 
tZo grade 5, from both schools� served as control sites. 

Classroom Intervention 

StXdents in the e[perimental condition participated in an (A/P�based classroom teaching e[periment 
>C7(@ for appro[imately one hoXr each ZeeN for one school year. A member of oXr research team²a 
former elementary school teacher²served as the teacher dXring these interventions. A typical one�hoXr 
lesson consisted of a ³MXmpstart´ at the beginning of class to revieZ previoXsly discXssed concepts, 
folloZed by groXp ZorN centered on research�based tasNs aligned Zith oXr (A/P. 7hese tasNs Zere 
designed to encoXrage stXdents to reason algebraically in a variety of Zays and MXstify their thinNing to 
themselves and their classmates. 
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7he last five ZeeNs of the C7( focXsed on fXnctional thinNing, in particXlar, problem sitXations in 
Zhich stXdents investigated linear patterns and relationships. ,n most of these tasNs, stXdents Zere 
presented Zith a scenario in Zords or pictXres and Zere asNed to record and organi]e data, identify and 
describe recXrsive patterns and covariational relationships, e[press correspondence rXles in Zords and 
symbols, and maNe near and far predictions. MXltiple representations²verbal, pictorial, tabXlar, graphical, 
and symbolic²Zere typically generated from a given problem conte[t. StXdents Zere encoXraged to 
discXss connections among representations �e.g., to identify the meaning of the slope and intercept in a 
symbolic correspondence rXle by referring to the fXnction table or by referring bacN to the original problem 
conte[t�. 

StXdents in the control condition participated in their XsXal classroom activity Zith their regXlar 
classroom teachers. District�Zide, all classroom teachers Xsed ³GroZing Zith Mathematics´ �,ron, 2003� 
cXrricXlXm materials. 7his cXrricXlXm does not inclXde a focXs on early algebra.  

Data Collection 

A pretest and �identical� posttest Zere designed to measXre stXdents¶ Xnderstandings of algebraic 
topics identified across the five ³big ideas´ of the (A/P. 7he maMority of tasNs Zere research�based, 
adapted from tasNs Xsed in oXr or others¶ prior stXdies. ,n total, 290 stXdents completed the pretest �117 
e[perimental, 173 control� and 293 stXdents completed the posttest �126 e[perimental, 167 control�. We 
also condXcted individXal intervieZs Zith ten stXdents �6 e[perimental, 4 control� across grades 3±5 at the 
conclXsion of the stXdy to gain deeper insight into their thinNing aboXt a sXbset of the assessment tasNs.1 

From the pre�post assessment, Ze Zill focXs in this paper on one tasN²the Brady task �see FigXre 1�²
that investigated stXdents¶ fXnctional thinNing aroXnd a sitXation involving linear groZth. 

Data Analysis 

(ach part of the Brady task Zas first scored dichotomoXsly �i.e., correct or incorrect�. For all bXt part a 
�Zhich reTXired no e[planation�, stXdent strategies Zere also coded. 

For parts b, c, and d, stXdent responses Zere categori]ed according to the type of relationship 
described� recursive, covariational, or functional. For e[ample, the most prevalent response to part b Zas 
for stXdents to provide a description of a recXrsive pattern �e.g., ³7he people colXmn goes Xp by 2s.´�. We 
anticipated stXdents ZoXld respond in this Zay, given the focXs of typical elementary cXrricXla, and thXs 
designed parts c and d to try to pXsh stXdents beyond recXrsive thinNing. Part c reTXired stXdents to 
consider the relationship betZeen tZo variables, thXs reTXiring either a description of a covariational 
relationship �e.g., ³When the nXmber of tables goes Xp by 1, the nXmbers of people goes Xp by 2´� or a 
correspondence relationship �e.g., ³7he nXmber of people is 2 more than 2 times the nXmber of tables´�. ,n 
part d, stXdents Zere e[pected to describe the correspondence relationship symbolically �e.g., ³2n � 2   p 
Zhere n   nXmber of tables and p   nXmber of people´�. 

StXdent responses to part e Zere coded according to the strategy Xsed to determine the nXmber of 
people Zho coXld sit at 10 tables� drawing indicated that stXdents dreZ 10 tables and coXnted the nXmber 
of people Zho coXld be seated, recursive indicated that stXdents e[tended the pattern foXnd in the table in 
part a to 10 tables, and functional indicated that stXdents Xsed the correspondence relationship betZeen the 
tZo variables to find the solXtion �i.e., 2 � 10 � 2   22 people�. StXdent responses to part e that inclXded no 
ZorN or e[planation Zere placed into an answer only category. 

Across all of the items, responses that stXdents left blanN, or for Zhich they responded ³, don¶t NnoZ´ 
Zere groXped into a no response category, and responses that Zere not sXfficiently freTXent to constitXte 
their oZn codes Zere placed into an other category. 

7o assess reliability of the coding procedXre, a second member of the research team coded a randomly 
selected 20� sample of the data. ,nitial agreement betZeen coders Zas at least 74� for each item. All 
differences in scoring Zere discXssed by the coders and resolved. 
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%rady is having his friends over for a birthday party. +e Zants to maNe sXre he has a seat for everyone.  
+e has sTXare tables.  

 
 

 
 
�

 
 
��

 
 
 
 
a� ,f %rady Neeps Moining sTXare tables in this Zay, hoZ many people can sit at 3 tables" 4 tables" 5 tables" 

5ecord yoXr responses in the table beloZ and fill in any missing information�  

1Xmber of tables 1Xmber of people 
1  
2  
3  
4  
5  
6  
7  

 

b) Do you see any patterns in the table? Describe them. 

c� Find a relationship betZeen the nXmber of tables and the nXmber of people Zho can sit at the tables. 
Describe yoXr relationship in Zords.  

d� Describe yoXr relationship Xsing variables. What do yoXr variables represent" 

e� ,f %rady has 10 tables, hoZ many people can he seat" ShoZ hoZ yoX got yoXr ansZer. 

Figure 1: The Brady Task 

 
Results and Discussion 

,n this section, Ze report pre�post resXlts from the Brady Task and offer representative e[cerpts from 
the Zritten assessment to illXstrate particXlar categories of responses. 

Completing a Table (Part a) 

,n the first part of the Brady task, stXdents Zere asNed to complete a fXnction table Xsing the given 
description of the problem sitXation and accompanying pictXres. 7hird� and foXrth�grade stXdents 
strXggled Zith this tasN at pretest �see 7able 1�, Zhile fifth�grade stXdents Zere already fairly sXccessfXl 

+e can seat 4 people at one sTXare 
table in the folloZing Zay� 

,f he Moins another sTXare table to the first 
one, he can seat 6 people� 
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prior to the intervention. Grades 3±4 e[perimental stXdents made significant improvements over the coXrse 
of the intervention and oXtperformed control stXdents at posttest. 

Table 1: Proportion of Students Who Successfully Completed the Table in Response to Part a 

 Grade 3 Grade 4 Grade 5 
 Pre Post Pre Post Pre Post 
Control .379 .524 .449 .716 .816 .946 
([perimental .359   .868 .512   .932 .857 .955 

 ([perimental groXp oXtperformed control groXp at posttest �p � 0.01�.  
 
7hese findings are consistent Zith %lanton and .apXt¶s �2004� and Martine] and %ri]Xela¶s �2006� 

assertions that provided the appropriate e[periences, elementary stXdents can learn to constrXct fXnction 
tables to represent covarying data. While those stXdents Zith an arithmetic�based cXrricXlXm coXld 
sXccessfXlly constrXct tables by fifth grade, those stXdents Zith early algebra e[periences coXld do so 
sooner. 

Recognizing and Describing a Pattern (Part b) 

StXdents Zere ne[t asNed to identify any patterns they saZ in the table. 7his is a tasN Zith Zhich Ze 
e[pected stXdents to be fairly sXccessfXl as only the identification of a recXrsive pattern Zas reTXired. 2ne 
third�grade stXdent stated at pretest, for e[ample, ³<oX coXnt by 2¶s every time.´ Most stXdents tooN this 
recXrsive approach� hoZever, some stXdents identified a covariational relationship. A foXrth�grade stXdent, 
for e[ample, Zrote ³plXs 1 table   plXs 2 more people´ at pretest, indicating attention to the relationship 
betZeen tZo variables. 2ne fifth�grade stXdent in the e[perimental groXp Zrote ³� 2 � 2´ at posttest, 
indicating he or she Zas attending to the fXnctional relationship betZeen the nXmber of tables and the 
nXmber of people. 7able 2 shoZs the proportion of stXdents Zho provided a correct pattern or relationship 
to describe the data in the table. 2verall posttest differences Zere only marginally significant at grade 3. 

Table 2: Proportion of Students Who Provided a Correct Recursive, Covariational,  
or Functional Table Description in Response to Part b 

 Grade 3 Grade 4 Grade 5 
 Control ([perimental Control ([perimental Control ([perimental 
 Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post 
5ecXrsive .182 .333 .205 .579 .275 .418 .415 .341 .579 .541 .476 .386 
Covariational .015 .079 .103 .211 .130 .254 .098 .296 .237 .351 .214 .409 
FXnctional .000 .000 .000 .000 .000 .000 .000 .000 .000 .000 .000 .023 
7otal correct .197 .412 .308   .790 .405 .672 .513 .637 .816 .892 .690 .818 

([perimental groXp oXtperformed control groXp at posttest �p � 0.01�.  
 
7hat stXdents had some initial sXccess Zith this tasN²especially by grade 5²is not sXrprising given 

the fact that elementary cXrricXla typically focXs on identifying recXrsive patterns in their ZorN Zith 
nXmber seTXences and data tables. ,t is interesting to note, hoZever, that an increasing proportion of 
stXdents provided descriptions of the covariational relationship involved. 1ote that by fifth grade, more 
stXdents in the e[perimental groXp Zere providing sXch responses than Zere identifying recXrsive patterns, 
sXggesting the C7( sXccessfXlly encoXraged them to consider relationships betZeen variables. 

Expressing a Functional Relationship Using Words and Variables (Parts c and d) 

StXdents Zere ne[t e[plicitly asNed to move beyond recXrsive patterning to consider the covariational 
or fXnctional relationship betZeen the nXmber of tables and the nXmber of people. We initially anticipated 
this ZoXld be very difficXlt for stXdents given the lacN of focXs on these concepts in typical elementary 
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cXrricXla. 7able 3 shoZs the proportion of stXdents Zho provided a correct description of the covariational 
or fXnctional relationship in Zords �Part c� and the fXnctional relationship in symbols �Part d�. 

Table 3: Proportion of Students Who Provided a Correct Covariational or Functional Relationship 
in Words (in Response to Part c) and Symbols (in Response to Part d) 

 Grade 3 Grade 4 Grade 5 
 Control ([perimental Control ([perimental Control ([perimental 
 Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post 
Relationship in words (part c) 
Covariational .015 .079 .026 .237 .101 .164 .146 .136 .316 .487 .119 .182 
FXnctional .000 .000 .000 .079 .000 .000 .000 .273 .026 .027 .000 .341 
7otal correct  .015 .079 .026   .316 .101 .164 .146  .409 .342 .514 .119 .523 
 
Relationship in symbols (part d) 
FXnctional .000 .000 .000  .158 .000 .000 .000 .295 .000 .000 .000  .455 

([perimental groXp oXtperformed control groXp at posttest �p � 0.01�. 
 
As 7able 3 shoZs, stXdents strXggled Zith these tasNs at pretest. 2nly one stXdent Zrote a correct 

correspondence �i.e., fXnctional� rXle in Zords at that time. All other correct responses to part c at pretest 
involved describing in Zords the covariational relationship betZeen the nXmber of tables and the nXmber 
of people. A fifth�grade stXdent Zrote, for e[ample, ³7he rXle is if yoX add a table tZo more people can 
sit.´ 1o stXdents Zrote a correct symbolic fXnctional rXle in response to part d at pretest. ([perimental 
stXdents improved in this area TXite a bit over the coXrse of the intervention, Zith over 30� of foXrth 
graders and almost half of fifth graders prodXcing correct symbolic rXles at posttest. For e[ample, 

 
A � 2 � 2   B� A for the nXmber of tables, B for the nXmber of people �grade 3� 

x ā 2 � 2   y� x represents the nXmber of tables, y represents the nXmber of people Zho sit at the 
tables �grade 4� 

p � 2 � 2   m� p   � of tables, m   � of people �grade 5� 
 

We attribXte this performance to e[perimental stXdents¶ ongoing e[perience ZorNing Zith variables in a 
variety of conte[ts and to the connections continXoXsly made among varioXs representations and the 
original problem conte[t in the C7(. 

Making a “Far” Prediction (Part e) 

Finally, stXdents Zere asNed hoZ many people %rady coXld seat at his party if he had ten tables. As 
described in the data analysis section, stXdents tooN three main approaches� draZing ten tables and 
coXnting the nXmber of people Zho coXld be seated, e[tending the pattern foXnd in the table in part a to ten 
tables, or Xsing the fXnctional relationship betZeen the tZo variables. See 7able 4 for the proportion of 
stXdents Zho correctly Xsed each approach. ³AnsZer only´ refers to stXdents Zho only ansZered ³22,´ 
Zith no ZorN shoZn to indicate strategy Xse. 
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Table 4: Proportion of Students Who Correctly Applied a Drawing, Recursive, Functional, or 
“Answer Only” Strategy to Make a “Far” Prediction in Response to Part e 

 Grade 3 Grade 4 Grade 5 
 Con ([p Con ([p Con ([p 
 Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post 
DraZing .167 .143 .077 .132 .203 .284 .220 .296 .368 .324 .333 .091 
5ecXrsive .076 .191 .128 .237 .188 .224 .220 .205 .237 .487 .286 .296 
FXnctional .000 .000 .000 .079 .000 .000 .024 .273 .026 .027 .024 .364 
AnsZer only .030 .079 .128 .105 .073 .119 .073 . 000 .053 .054 .048 .068 
2ther .000 .000 .000 . 000 .000 .045 .000 .023  .000 .054 .000 .046 
7otal correct .243 .413 .333 .553 .464 .672 .537 .797 .684 .946 .691 .865 

StXdents in both control and e[perimental conditions shoZed improvement Zith this tasN, bXt there 
Zere no significant posttest differences betZeen groXps in terms of correctness. 7his is not entirely 
sXrprising given that the ³far´ prediction²to 10 tables²is not actXally that far. 7hXs draZing and 
recXrsive strategies are not all that inefficient. ,n sXbseTXent administrations of this tasN, Ze plan to asN 
stXdents hoZ many people coXld sit at 100 tables. 1ote, hoZever, the e[perimental groXp¶s increasing Xse 
of a fXnction rXle to help them solve this problem. We again attribXte this difference to the C7(¶s focXs on 
moving beyond recXrsive patterning to consider covariational relationships and correspondence rXles. 

Conclusion 

([perimental stXdents shoZed significant improvement in this stXdy in their abilities to constrXct 
fXnction tables �in grades 3 and 4�, identify patterns or relationships in tables �in grade 3�, and represent a 
fXnctional rXle verbally �in grades 3 and 4� and symbolically �in all grades�. 7hese findings sXpport the 
ZorN of others �e.g., %lanton 	 .apXt, 2004� Martine] 	 %ri]Xela, 2006� Zho assert that elementary 
stXdents are capable of sophisticated fXnctional thinNing and call into TXestion the lacN of focXs on 
relationships betZeen co�varying TXantities in many elementary cXrricXla and recent standards docXments. 

Endnote 
1 DXe to limited space, Ze do not discXss intervieZs here bXt Zill share representative e[cerpts in oXr 

presentation. 
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