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The mathematical knowledge for teaching (MKT) measures have become widely used among researchers 
both within and outside the U.S. Despite the apparent success, the MKT measures and underlying 
framework have been subject to criticism. The multiple-choice format of the items has been criticized, and 
some critics have suggested that opening up the items might be an option. One way of opening up the items 
is to include commentary boxes that allow teachers to explain their thinking. This paper reports on a 
Norwegian study where commentary boxes were added to MKT items in order to investigate the 
connection between teachers’ responses to the items and their written reflections. The results indicate that 
there is a mismatch between the answers given by the teachers on the MKT items and their written 
reflections. Teachers’ written reflections do not always support their responses to the MKT items. 

.eyZords� Mathematical .noZledge for 7eaching� 7eacher .noZledge� 7eacher 5eflections 

Introduction 

.noZledge aboXt mathematical topics and teaching tasNs Zith Zhich teachers strXggle is XsefXl Zhen 
preparing professional development �PD� programs �+ill, 2010�. 9arioXs methods have been Xsed to stXdy 
and assess different aspects of teachers¶ NnoZledge �e.g., +ill, Sleep, /eZis, 	 %all, 2007�. 7he ZorN by 
%all and colleagXes at the University of Michigan �e.g., %all, 7hames, 	 Phelps, 2008� is Zell NnoZn, and 
they have developed the concept of ³mathematical NnoZledge for teaching´ �M.7�. M.7 is defined as 
³the mathematical NnoZledge Xsed to carry oXt the ZorN of teaching mathematics´ �+ill, 5oZan, 	 %all, 
2005, p. 373�. 7hey have also developed sets of mXltiple�choice �MC� items to measXre M.7. 7hese 
M.7 measXres Zere designed from stXdies of the ZorN of teaching mathematics in the U.S. �e.g., +ill, 
2010�. 7he resXlts from these researchers¶ efforts are encoXraging. M.7 appears to maNe a difference to 
the mathematical TXality of instrXction �+ill et al., 2008�, as Zell as to stXdents¶ achievements in 
mathematics �+ill, et al., 2005�. Morris et al. �2009, p. 492� have described M.7 as� ³the most promising 
cXrrent ansZer to the longstanding TXestion of Zhat Nind of content NnoZledge is needed to teach 
mathematics Zell.´ 

Many researchers have bXilt Xpon the efforts of %all and colleagXes, and the M.7 measXres have been 
Zidely Xsed both Zithin and oXtside the U.S. �e.g., 1g, 2012�. Despite the apparent sXccess of this 
research, there have also been critics �e.g., Schoenfeld, 2007�. ,t is sXggested, for e[ample, that the 
NnoZledge reTXired for teaching may be more cXltXrally based than simply pertaining to mathematical 
NnoZledge �Stiegler 	 +iebert, 1999� Stylianides 	 Delaney, 2011�, and that cXltXral aspects have not 
been taNen into consideration in the development and application of the M.7 measXres. 7here have been 
efforts to stXdy the challenges of translating and adapting the items into a different cXltXral conte[t �e.g., 
FaXsNanger, -aNobsen, Mosvold, 	 %MXland, in press� 1g, 2012� and to compare some of these challenges 
�1g, Mosvold, 	 FaXsNanger, 2012�. SXbstantial additional investigation is needed to learn more aboXt the 
cXltXral issXes related to the translation, adaptation and Xse of M.7 items in different cXltXral conte[ts. 
Another criticism relates to the MC format of the items. Schoenfeld �2007� claimed that the MC format has 
the potential to complicate the items for test�taNers. 7his claim Zas sXpported by findings from a 
1orZegian stXdy �FaXsNanger, Mosvold, %MXland, 	 -aNobsen, 2011�. ,n the 1orZegian stXdy, teachers 
sXggested that the items inclXde commentary bo[es to enable the teachers to e[plain their thinNing, Zhich 
has been proposed as one Zay to open Xp the items. 7hXs, an e[tended discXssion of the validity of the 
items appears to be necessary. 

7he present paper contains a discXssion of the criticism as addressed by adding commentary bo[es to 
enable the inclXsion of teachers¶ Zritten reflections to the M.7 items. 2ne e[pectation ZoXld be that 
teachers responding correctly to an item ZoXld also provide reflections that sXpport their responses, bXt to 
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oXr NnoZledge no previoXs attempts have been made to investigate opening Xp of M.7 items in this Zay. 
We address herein the folloZing research TXestion� 

What is the connection betZeen teachers¶ responses to M.7 items and their Zritten reflections 
concerning the content of the items" 

Given the importance of developing stXdents¶ flXency in mXlti�digit arithmetic as a foXndation on 
Zhich to bXild a proper Xnderstanding of the decimal nXmber system �e.g., 9erschaffel, Greer, 	 
De Corte, 2007�, Ze have chosen to analy]e data from a M.7 testlet, inclXding foXr items Zhere different 
methods of decomposing a three�digit nXmber are presented.  

Methods 

7he research reported in this paper is part of a larger proMect focXsing on teachers¶ M.7 and their 
corresponding beliefs aboXt M.7 �e.g., FaXsNanger, 2012�. For the pXrpose of this paper, data from 30 
teachers¶ responses to M.7 items and their Zritten reflections Zill be analy]ed, taNen from one testlet 
inclXding foXr MC items. 7his testlet has not been released for pXblication,1 therefore Ze are only able to 
provide a description of it. 7he stem presents a conte[t dealing Zith groXps of stXdents Zho have 
decomposed a three�digit nXmber �e.g., 456� into hXndreds, tens, ones and tenths in different Zays. 7he 
TXestion posed is Zhich ansZer the teacher shoXld accept as correct. ,n the first item �1a�, the stXdents 
have ansZered incorrectly �e.g., 456 decomposed into 4 hXndreds, 50 tens and 6 ones�. 7he remaining 
three items represent correct decompositions inclXding hXndreds, tens and ones �1b�, hXndreds, tens and 
tenths �1c� and tens and ones �1d�. 7he decomposition that strictly folloZs the positions �e.g., 456 divided 
into 4 hXndreds, 5 tens and 6 ones� is not present in any of the items.  

AlthoXgh M.7 items are normally Xsed in a testing sitXation, other alternative Xses have been applied. 
,n oXr stXdy, the teachers responded to the items at home. ,t is important to consider the advantages as Zell 
as disadvantages of alloZing teachers to ZorN Zith the M.7 items at home �see e.g., +ill, 2011�. 2ne 
obvioXs conseTXence is that the teachers in oXr stXdy had the opportXnity to discXss the items Zith others. 
7heir Zritten reflections, hoZever, Zere individXal. 7hey Zere asNed to reflect on the folloZing TXestions 
in the commentary bo[es� �1� What do the stXdents responding as in items �a� to �d� NnoZ" �2� What, if 
anything, do they need to learn more aboXt" �3� Do the items in this testlet reflect a content that is relevant 
for the grade�s� yoX teach" �Why"�Why not" Please provide an illXstrating e[ample from yoXr classroom�. 
7he reflections Zere provided for the entire testlet, not for each individXal item. 

7he 30 teachers �8 men and 22 Zomen� Zere participating in a one and one�half year PD coXrse, and 
the Zritten ZorN reported on Zas given as an assignment after their first day in this PD. Si[teen of these 
teachers ZorNed in grades 1±4, nine in grades 5±7 and five in grades 8±10. 7heir ZorNing e[perience as 
teachers varied from less than 5 years to more than 20 years, and their formal edXcation in mathematics 
�edXcation� varied from 0 to 60 (C7S.2 

7he analysis Zas condXcted Zith the aid of the compXter softZare 19ivo9 �4S5 ,nternational�. 7he 
teachers¶ Zritten reflections Zere first divided into tZo groXps. 2ne groXp contained reflections from 
teachers Zho had identified the correct Ney for all foXr items in the testlet �main groXp 1, table 1�, Zhereas 
the second groXp contained reflections from teachers Zho had responded incorrectly to one or more of the 
items �main groXp 2, 7able 1�. ,n the ne[t phase of the analysis, a groXnded theory approach �StraXss 	 
Corbin, 1998� Zas applied in order to analy]e the reflections from these tZo groXps of teachers according 
to hoZ they had commented on the items. %ased on several cycles of reading and re�reading the data, the 
teachers¶ reflections Zere refined into codes that Zere revised several times to establish consistency. 7he 
codes Zere based on Zell�established findings from the literatXre concerning place valXe �e.g., -ones, 
7hornton, PXtt, et al., 1996� 9erschaffel, Greer, 	 DeCorte, 2007�. 7Zo sXb�categories �a and b in table 1� 
Zere discovered for each of the tZo main groXps as a resXlt of this analysis. 
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Results 

,n this section, Ze present the resXlts from oXr analysis of data regarding the connection betZeen 
teachers¶ responses to the foXr M.7 items and their Zritten reflections on the content of the items. ,tem 1a 
presents a conte[t Zhere a groXp of stXdents had given an incorrect response to the M.7 item. All 30 
teachers in oXr stXdy identified the Ney in this item, bXt 10 teachers had incorrect responses to at least one 
of the other items in the testlet. ,f the teachers selected the alternative ³, am not sXre,´ their ansZer ZoXld 
then be coded as incorrect �see 7able 1�. 

Table 1: Teachers’ Reflections Regarding Multiple Decompositions  

 7hinN mXltiple decompositions are 
correct �1� 

7hinN mXltiple decompositions are 
incorrect �2� 

All correct �a� 7 13 

At least one incorrect 
�b� 

1 9 

 
,t is important to notice that it Zas not alZays evident in Zhich groXps the teachers shoXld be placed� 

Zhen placing the teachers in groXps Ze alloZed them the benefit of doXbt if their reflections Zere 
ambigXoXs �e.g. Gerd¶s reflection beloZ�. 7Zo among the seven teachers in the first groXp coXld have 
been placed in the second groXp, bXt Zere placed in the first groXp althoXgh some thoXghts in their Zritten 
reflections Zere incomplete.  
 

Correct Responses with Supporting Reflections (Group 1a, Table 1) 

AlthoXgh 20 teachers identified all foXr correct Neys in this testlet, only seven displayed sXpporting 
thinNing in their Zritten reflections. 2da3 Zas one of the seven teachers Zho gave the correct ansZer to all 
foXr items, and she Zrote this in her reflections on item 1c� 

, thinN Ze have before Xs an advanced solXtion in relation to the place valXe system �in this item�. 7his 
stXdent has a Zell�developed nXmber concept and is able to Xse his fantasy Zhen replacing the one 
Zith tenths. ,n this Zay, his NnoZledge aboXt tenths is displayed. 

7Zo of the seven teachers indicate that the stXdents display a very good Xnderstanding Zhen they maNe a 
decomposition of nXmbers that differs from the standard decomposition. 7or Zrites� 

7hey coXld have given a more simple solXtion by Xsing 4 hXndreds, 5 tens and 6 ones, bXt Ze can say 
that some �stXdents� are clever in the Zay they don¶t necessarily Xse the correct decomposition bXt still 
get the right ansZer. 

7he reflections of some teachers Zere less clear, and as a resXlt it Zas difficXlt to evalXate Zhether or not 
they displayed a correct manner of thinNing. ,n relation to item 1b, Gerd Zrites� 

7his is, conscioXsly or XnconscioXsly, Zritten in a more advanced Zay. ,t might be that he Zants to 
shoZ that he has complete mastery of this, or it might MXst be a coincident. 

7hese reflections indicate that Gerd believes that the stXdents might have a more advanced Xnderstanding, 
bXt she is not certain aboXt Zhether or not their responses are conscioXs. /ater in her reflections, hoZever, 
she Zrites that� ³none of these solXtions are perfect according to the place valXe system.´ 7his last 
assertion is not e[plained fXrther.  
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Correct Responses with Non-Supporting Reflections (Group 2a, Table 1) 

2f the 20 teachers Zho had correct responses to all foXr MC items in this testlet, 13 provided 
reflections that did not entirely sXpport their responses. Dina Zrites� 

7he stXdents need to learn aboXt the standard place valXe system and the proper e[change betZeen 
digits. 

%rit Zrites� 

7he stXdents need to learn more aboXt e[change, learn to fill Xp the ones, tens, hXndreds, etc. .noZ 
that each position has its �distinct� valXe. When the valXe e[ceeds 9, they shoXld shift position. 

,n relation to item 1d, Frida Zrites that the stXdents� 

... lacN an Xnderstanding of the place valXe system, and the stXdent only Xnderstands the tens place and 
ones place in the place valXe system. 7he total sXm is still 456, so the stXdent obvioXsly Xnderstands 
decomposition and the valXe of the nXmber �...� All stXdents are on their Zay toZards an Xnderstanding 
of hoZ a nXmber can be Zritten in e[tended form. 7hey have to learn more aboXt the place valXe 
system. 7hey need to reach an Xnderstanding of Zhich nXmber belongs Zhere, one nXmber in each 
position. 

7he sXggested solXtions in items �b� throXgh �d� are all mathematically correct, and these teachers have 
identified the correct solXtions in the MC items. ,n their reflections, hoZever, they seem to insist on the 
mathematical convention� ³When the valXe e[ceeds 9, they shoXld shift position.´ AlthoXgh they 
recogni]e that the stXdents¶ solXtions Zere mathematically correct, they do not regard them as ³the ansZer 
the teacher is seeNing,´ and, therefore, their reflections do not sXpport their responses to the MC items. 7he 
Zritten reflections of these teachers are in line Zith those given by the nine teachers in the last groXp �2b in 
7able 1�, Zhich consists of teachers Zho have identified one or more incorrect Neys and Zho have Zritten 
reflections sXpporting their responses to the MC items. For e[ample, (rna identified three correct Neys and 
Zrites this in her reflections� 

StXdent b� is Zrong, bXt still right. ,ncorrect decomposition, bXt the correct total �amoXnt�. 7he stXdent 
has Xnderstood hoZ to decompose the nXmber so that it doesn¶t increase or decrease in valXe, bXt still 
hasn¶t placed it correctly according to the place valXe system.  

(li identified the correct Ney for item 1a only, and she Zrites this in connection Zith items 1b�d� 

b� 7his stXdent manages to decompose the nXmber 456, bXt apparently hasn¶t completely Xnderstood 
the valXe of the digits in the place valXe system. ,t is indeed correct that yoX can decompose 456 into 3 
hXndreds, 15 tens and 6 ones, bXt this is not the ansZer the teacher is seeNing. 

c� 7his stXdent has Xnderstood the valXe of the nXmbers 4 and 5, bXt is mi[ing Xp the ones. ,t is a little 
bit fXnny to see that the stXdent maNes it so hard on himself. 7his stXdent NnoZs that there are 10 
tenths in 1 one.  

d� 7his stXdent NnoZs hoZ many tens there are in 456, bXt hasn¶t Xnderstood the valXe of the digits.  

Which of these ansZers yoX shoXld approve as correct depends on hoZ long the stXdents have been 
ZorNing on this topic. ,f the stXdents have been ZorNing Zith this for an e[tended period of time, , 
ZoXldn¶t have approved any of the ansZers. ,f, hoZever, this is the introdXction to decomposition of 
nXmbers, , ZoXld have approved b� throXgh d�.   

,n their reflections, the teachers in the foXrth groXp appear to insist on the same mathematical convention 
as the teachers in the second groXp do. 

Incorrect Responses but “Correct” Reflections (Group 1b, Table 1) 

2Xt of the ten teachers Zho gave incorrect responses to one, tZo or three items, or Zho gave the 
response ³, am not sXre´ to some of these items, one teacher shoZed an Xnderstanding of the M.7 being 
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measXred in her reflections. /aXra marNed all three items Zith ³, am not sXre´ �Zhich is coded as an 
incorrect response�, bXt she argXed in her reflections that the testlet stem coXld be interpreted in different 
Zays and that the Ney for each item ZoXld be dependent on hoZ the stem Zas Xnderstood. 7he folloZing is 
an e[cerpt from /aXra¶s reflections�  

,tem a� is Zrong by all means. ,tems b�, c� and d� are Zrong if it �the problem presented in the stem� is 
a closed problem, bXt they are correct if it is an open problem.  

%y ³closed problem´ this teacher means Xsing the positions given �e.g., 456   4 hXndreds, 5 tens and 6 
ones� and by ³open problem´ the teacher means open to other Zays of decomposing three�digit nXmbers. 
7his teacher¶s Zritten reflections are in line Zith some of those from the seven teachers in the first groXp.  

Discussion and Conclusions 

FoXr groXps �as presented in 7able 1� emerged in oXr analysis, and the resXlts from oXr stXdy indicate 
that there is not alZays a clear connection betZeen the teachers¶ responses to the M.7 items and their 
Zritten reflections. 5esearchers Zho Xse the M.7 items ZoXld probably e[pect, or at least hope, that 
teachers Zho ansZer the MC items in the measXres correctly also have an appropriate Xnderstanding of the 
content, and the other Zay aroXnd. ,n oXr stXdy, there are some teachers Zho folloZ this pattern. We have, 
hoZever, identified an apparent mismatch betZeen the responses to the MC items and the Zritten 
reflections of several teachers. We have seen an e[ample of one teacher �groXp 1b� Zho provided incorrect 
responses to the MC items bXt Zho displayed a high level of Xnderstanding in her Zritten reflections. She 
appears to NnoZ the mathematics bXt she is still Xnable to determine for Zhat ansZer the test�maNers are 
looNing. Another groXp of teachers �groXp 2a�, Zere interesting as they Zere able to select the correct 
ansZer, bXt appeared to still believe that there is a particXlar name for the nXmber that is better. 7hese 
teachers are able to see that ³4 hXndreds, 5 tens and 6 ones´ is the same valXe as ³4 hXndreds, 15 tens and 
6 ones,´ bXt still believe that the name that matches the place valXes is better. ,f Ze consider the e[ample 
of Xsing the standard 1orZegian algorithm for calcXlating 456 minXs 37 �FigXre 1�, Ze have an e[ample 
Zhere the ³place valXe name´ is clearly not the best name for the nXmber. As a resXlt, teachers Zho hold 
sXch beliefs coXld be seen as in transition along a continXXm. First, Ze have the teachers Zho are not able 
to Xnderstand non�standard decompositions of nXmbers. Second, there are teachers Zho can Xnderstand 
mXltiple decompositions of nXmbers, bXt Zho still believe that the standard decomposition is best. 7hird, 
there are teachers Zho Xnderstand and valXe mXltiple decompositions of nXmbers. FoXrth and finally, there 
is a possibility that some teachers Xnderstand, valXe and can e[plain the Xse of alternate decompositions. 

 

 

Figure 1: Standard Norwegian algorithm for subtracting 37 from 456  

 
7he findings may be e[plained in a variety of Zays. We present foXr possible e[planations as folloZs. 

1. 7he findings are incidental. 7his might be connected Zith oXr stXdy being limited by the 
nXmber of participants as Zell as the limited focXs of the items. More research is necessary in 
order to investigate Zhether or not the same tendencies can be foXnd in a larger nXmber of 
participating teachers. 

2. 7his apparent mismatch is specific to this particXlar topic. ,t ZoXld be pertinent to also 
investigate Zhether or not, or if the same pattern can be foXnd for all sets of M.7 items.  
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3. 7here are cXltXral differences involved in hoZ teachers reflect Xpon these items. 2ne sXch 
difference might be related to hoZ the decimal nXmber system is taXght. ,f sXch cXltXral 
differences are involved, it ZoXld be of great interest to condXct additional research to 
investigate this fXrther. 5esearchers have already adapted and Xsed M.7 items in different 
coXntries �e.g., 1g, 2012�, and if there are cXltXral differences related to the connection 
betZeen teachers¶ responses to items and their reflections, great care shoXld be taNen Zhen it 
comes to hoZ the resXlts from sXch stXdies are interpreted. We sXggest that efforts shoXld be 
made to investigate these issXes both inside and across cXltXres to learn more aboXt the 
connection betZeen teachers¶ M.7, their corresponding beliefs and the edXcational cXltXre�s�.  

4. A final possible e[planation of the differences betZeen these 1orZegian teachers¶ responses 
to the M.7 items and their Zritten reflections is that there are indeed, as Schoenfeld �2007� 
argXed, constraints resXlting from the MC format of the items. SXch possible difficXlties Zith 
this format might be specific to cXltXre, as FaXsNanger and colleagXes �2011� sXggest. From 
the resXlts of the present stXdy, hoZever, it does not appear that the MC format itself maNes it 
more difficXlt for the teachers. 7he complicating connection betZeen the teachers¶ responses 
to the M.7 items and their Zritten reflections only indicates that the MC items are harder to 
interpret than they might appear. 7he inclXsion of commentary bo[es along Zith the items, or 
other Zays of opening Xp the items, shoXld be investigated fXrther. ,t ZoXld also be relevant to 
inclXde intervieZs Zith teachers to fXrther investigate teachers¶ reflections as Zell as the 
connection betZeen these reflections and their M.7 as measXred by their responses to the 
items.  

2Xr stXdy indicates that researchers have to be carefXl concerning the conclXsions they draZ Zhen 
measXring teachers¶ M.7. ParticXlar care shoXld be taNen Zhen Xsing these measXres in other cXltXral 
settings and more research is needed in this area. We argXe that it is important to inclXde the teachers¶ 
reflections in order to learn more aboXt their M.7, and more research is needed to investigating teachers¶ 
epistemic beliefs �Fives 	 %Xehl, 2008� related to the different aspects of M.7. Analyses of teachers¶ 
reflections concerning M.7 items can be particXlarly XsefXl in this regard. FolloZ�Xp intervieZs Zith 
teachers in groXps 1b and 2a ZoXld also be relevant for fXtXre stXdies.  

Endnotes 
1 7he nXmbers have been changed in oXr descriptions of the item in order not to reveal the entire item, 

and these details in the teachers¶ reflections have been changed accordingly. 
2 (C7S stands for (Xropean Credit 7ransfer and AccXmXlation System. 2ne year of fXll�time stXdies 

in 1orZay gives 60 (C7S. 
3 7he teachers¶ names have been changed to ensXre anonymity. 
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