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This paper describes a retrospective analysis of data collected during a 4-year longitudinal study on 
children’s thinking about measurement through a teaching experiment methodology. It focuses on results 
from individual interviews with two students on volume measurement. Data analysis was guided by 
Sarama and Clements’ (2009) learning trajectory on volume measurement. Results indicate that (1) both 
students progressed through levels of the learning trajectory during the study, (2) different representations 
of 3-D objects (e.g., physical objects, cubes, pictorial representations) influenced their strategies, and (3) 
their individually constructed definitions for the term “volume” affected their decisions in volume 
comparisons.  

.eyZords� MeasXrement� /earning 7raMectories� Geometry and Geometrical and Spatial 7hinNing� 
(lementary School (dXcation 

Background and Rationale 

MeasXrement can bridge tZo critical domains of mathematics, geometry and nXmber, as Zell as 
provide conceptXal sXpport to those domains �Clements 	 Sarama, 2007�. 5esearch has shoZn that 
children have difficXlty in fXlly grasping the concept of volXme measXrement �%attista 	 Clements, 1996� 
%en�+aim, /appan, 	 +oXang, 1985� (nochs 	 Gabel, 1984�. ,n measXrement conte[ts, inclXding 
volXme, many children apply formXlas to get the ansZers ZithoXt Xnderstanding the meaning of these 
formXlas �Clements 	 %attista, 1992�. 1ation�Zide assessments also revealed stXdent difficXlties in 
solving volXme measXrement problems. 7he 1977±1978 resXlts from the 1ational Assessment of 
(dXcational Progress �1A(P� shoZed that less than 50 percent of the stXdents at grade 5 throXgh 8 Zere 
able to ansZer TXestions correctly aboXt the volXme measXrement of three dimensional �cXbe� arrays �%en�
+aim et al., 1985�. StXdents¶ errors stemmed mostly from coXnting the nXmber of visible faces of cXbes 
shoZn, coXnting the nXmber of visible cXbes in the diagram, estimating the nXmber of faces of cXbes 
shoZn in a given diagram, and doXble coXnting cXbes �%attista 	 Clements, 1996� %en�+aim et al., 1985�. 
7he researchers stressed that many stXdents Zere Xnable to enXmerate the cXbes correctly in sXch an array. 
2verall, these stXdies shoZed that stXdents coXld not correctly solve volXme measXrement tasNs becaXse 
they Zere �a� not correctly applying the volXme formXla, �b� not correctly coXnting the nXmber of cXbes in 
3�D arrays, or �c� confoXnding volXme and sXrface area measXrement. AlthoXgh the cXrrent research tells 
Xs mXch aboXt children¶s thinNing in volXme measXrement, missing is longitXdinal ZorN shoZing hoZ 
stXdents¶ thinNing aboXt volXme measXrement groZs throXghoXt their development and Zith the 
instrXction they receive.  

Theoretical Framework 

7he theoretical perspective gXiding this stXdy is described by the frameZorN of hierarchic 
interactionalism, Zhich indicates ³the inflXence and interaction of global and local >domain specific@ 
cognitive levels and the interactions of innate competencies, internal resoXrces and e[perience´ �Clements 
	 Sarama, 2007, p. 464�. 2f the 12 tenets of hierarchic interactionalism, the learning traMectories tenet 
�Sarama 	 Clements, 2009� is the most germane to this report. ,t gXided the design of the longitXdinal 
stXdy and informed the development of instrXctional tasNs. A hypothetical learning traMectory consists of 
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three components� a learning goal, a liNely path for learning as stXdents progress throXgh levels of 
thinNing, and the instrXction that gXides stXdents along the path �Sarama 	 Clements, 2009�. FXrthermore, 
the learning traMectory for volXme measXrement Zas Xtili]ed as the data analysis tool for this stXdy.  

Sarama and Clements �2009� asserted that stXdents¶ Xnderstanding of volXme measXrement gradXally 
improves Zith the instrXction they receive in addition to their natXral development. 7hey defined the 
volXme measXrement traMectory throXgh eight levels. According to the traMectory, children initially focXs 
on e[ternal aspects of arrays as sets of faces. /ater, stXdents develop an appreciation of the internal 
strXctXre of 3�D arrays. 7hey gradXally become capable of coXnting the nXmber of cXbes contained in 
obMects, one by one or in a pattern of roZs and colXmns and layers. 7his level is called Primitive 3�D Array 
CoXnter �PAC�. 7he ne[t level, Capacity 5elater and 5epeater �C55�, focXses more on volXme as 
capacity. At the C55 level, a stXdent ³fills a container repeatedly Zith a Xnit and coXnting hoZ many. 
With teaching, >a stXdent@ Xnderstands that feZer larger than smaller obMects or Xnits Zill be needed to fill 
a given container´ �Sarama 	 Clements, p. 307�. 7he ne[t level, Partial 3�D StrXctXrer �PS�, describes 
stXdent coXnting in terms of roZs or colXmns �or Xnits of Xnits� of a solid bXilt Zith Xnit cXbes. 7he ne[t 
more comple[ level of volXme involves thinNing in terms of layers of Xnit cXbes and is called 3�D 5oZ 
and ColXmn StrXctXrer �95CS�. 7he highest level described in the volXme measXrement learning 
traMectory is 3�D Array StrXctXrer �A5�. At this level, stXdents can mentally de�compose 3�D arrays into 
layers. 7hese levels are Xsed to describe stXdent¶s thinNing for a particXlar tasN or teaching episode rather 
than to define the stXdent¶s overall thinNing aboXt volXme measXrement.  

Purpose 

7he aim of this stXdy Zas to investigate stXdents¶ thinNing in volXme measXrement over a foXr�year 
period Zithin the conte[t of a teaching e[periment.  

Research Question 1: +oZ do stXdents develop coherent NnoZledge and integrated strategies for 
volXme measXrement across Grade 2 throXgh Grade 5"  

Research Question 2: +oZ are stXdents¶ abilities for spatial thinNing, algebraic reasoning, or 
proportional reasoning related to their measXrement NnoZledge and strategies" 

Method 

7he sample for this report consisted of tZo children �5yan and 2Zen� from a MidZestern pXblic 
school. (ach stXdent represents MXst one of seven case stXdies Zithin a foXr�year longitXdinal stXdy 
investigating children¶s thinNing and learning across length, area, and volXme for Grades 2±5. ,nstrXctional 
tasNs Zere developed Zithin the conte[t of a teaching e[periment �Steffe 	 7hompson, 2000�. 7he 
teaching e[periment consisted of a series of teaching episodes for Zhich the research team generated a set 
of tasNs and predictions for stXdent responses and then later checNed stXdent responses against these 
predictions. (ach teaching episode Zas an individXal, semi�strXctXred intervieZ, Zhich lasted 15 to 40 
minXtes. 7he intervieZ tasNs Zere informed by the learning traMectory for volXme measXrement �Sarama 	 
Clements, 2009�. %efore the first teaching episode, an initial assessment Zas administered in the form of a 
clinical intervieZ in Zhich the intervieZ tasNs Zere posed ZithoXt feedbacN or instrXction. All intervieZs, 
inclXding the initial assessments and teaching episodes, Zere videotaped, transcribed, and analy]ed by a 
groXp of researchers, the aXthors. 

DXring the foXr�year teaching e[periment, 2Zen encoXntered 30 volXme measXrement tasNs Zithin 12 
intervieZs, and 5yan encoXntered 30 volXme measXrement tasNs Zithin 11 intervieZs Zhen they Zere in 
third, foXrth and fifth grades in addition to their initial assessment intervieZ dXring second grade. 7he 
teaching episode tasNs represented volXme Zith a variety of obMects �e.g., physical obMects, cXbes, pictorial 
representations�. Additionally, the tasNs reTXired a variety of actions� filling a container Zith Zater, 
pacNing a bo[ Zith the Xnit cXbes, bXilding a prism Zith Xnit cXbes, and finding the volXme given only 
linear measXrements. Some of the tasNs reTXired stXdents to draZ 3�D obMects.  
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Results and Discussion 

Five themes emerged from the analysis of the data for both stXdents� �a� finding volXme of rectangXlar 
prisms, �b� relating the si]e and the nXmber of Xnits, �c� visXali]ing representations of the 3�D obMects, �d� 
fle[ible Xnit sense, and �e� fractions and volXme measXrement. DXe to space limitations, only the first three 
themes Zill be presented in this paper.  

Owen’s Thinking on Volume Measurement  

a) Finding volume of rectangular prisms. ,n the second grade spring semester²dXring his initial 
assessment, 2Zen Zas asNed to determine the nXmber of cXbes needed to maNe a 3 in � 2 in � 2 in prism 
presented as a physical obMect Zith the individXal cXbes displayed. While holding the prism and shoZing 
the intervieZer Zhat he coXnted, 2Zen said, ³12«becaXse there is 3 here >shoZing one Zhole sXrface of 
one face@ «and 3 here >shoZing another Zhole sXrface of one face@.´ /ater, he changed his ansZer to 6 
�correct�. While determining the nXmber of cXbes, 2Zen mentally constrXcted and coXnted layers 
�composite Xnits� of 6 in the figXre. +oZever, Zhen asNed hoZ many cXbes altogether ZoXld be needed to 
fill the partially filled bo[ of 3 Xnits � 3 Xnits � 4 Xnits �FigXre 1�, he looNed at the figXre and said ³aboXt 
35´ ZithoXt any apparent strategy.  

  
Figure 1 Figure 2 Figure 3 

 
Appro[imately 12 months later, in the third grade spring semester, 2Zen Zas asNed to compare the 

volXme of the tZo prisms in FigXre 2. AlthoXgh he reported a correct additive comparison of 12 more 
cXbes ZoXld be needed to bXild the larger prism, to determine hoZ many blocNs ZoXld be needed to maNe 
the smaller prism �3 Xnits � 2 Xnits � 2 Xnits�, he incorrectly ansZered 16. When asNed to bXild the first 
figXre Zith the actXal cXbes, 2Zen bXilt the figXre by Xsing an appropriate roZ strXctXring strategy, Zith 
12 cXbes.  +e made tZo separate roZs of 3, placed them ne[t to each other, then e[plained that there Zere 
tZo layers of 6 in the figXre, and changed his ansZer from 16 to 12. ,n response to an e[tension of the 
same tasN, 2Zen said that he ZoXld need 36 cXbes to bXild the second figXre �4 Xnits � 2 Xnits � 3 Xnits� 
shoZn on the paper. Pointing to one of the lateral faces of the figXre, he e[plained 6 plXs 6 is 12 and then 
pointed to the front face and lateral face respectively and said ³another 12.´ 2Zen appeared to have 
attended to the sXrface area of the vertical faces only. When asNed to bXild the figXre Zith cXbes to checN 
his ansZer, he constrXcted roZs and layers correctly and changed his ansZer to 24.  

7hroXghoXt the intervieZ, 2Zen did not initially determine the nXmber of cXbes correctly. ,nstead he 
first attended to the sXrface area or coXnted the sTXares on the lateral faces. 7hese actions are consistent 
Zith the PAC level. 2n the other hand, Zhen asNed to bXild, 2Zen correctly resolved the tasNs at the PS 
level by sNip�coXnting and thinNing aboXt volXme in an organi]ed Zay� he Zas adding the nXmber of Xnits 
in roZs.  

Appro[imately eleven months later, in the spring semester of foXrth grade, 2Zen Zas asNed to 
compare the volXme of a rectangXlar prism to a Xnit cXbe �FigXre 3�. 2Zen stated that one cXbe on the side 
Zas one of the cXbes in the rectangXlar prism and coXnted the nXmber of cXbes on the bottom. +e said that 
5 times 4 Zas 20 and 20 times 3 Zas 60. ,n this tasN, he saZ that there Zere 3 hori]ontal layers in the solid. 
+oZever, he calcXlated the nXmber of cXbes in each layer incorrectly� he coXnted the length as 5 instead of 
6, liNely in an attempt to avoid doXble coXnting a roZ. 1evertheless, this shoZed that he coXld thinN at the 
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95CS level by coXnting layers of Xnits mXltiplicatively. /ater, in the same intervieZ, 2Zen Zas given the 
same tasN again �see Fig. 1� and asNed hoZ many cXbes ZoXld be needed to fill the oXtlined bo[. %y 
attempting to coXnt the cXbes individXally 2Zen gave an incorrect ansZer of 27. +e did not Xse layers or 
mXltiplicative thinNing althoXgh he Xsed the strategy of strXctXring in terms of layers for the previoXs tasNs 
of the same intervieZ. 2Zen may have failed to resolve this tasN sXccessfXlly becaXse of the high 
visXali]ation demand of the tasN.  

Appro[imately eight months later, in the first intervieZ of fifth grade, 2Zen Zas given a solid bo[ 
�4 in � 3 in � 3 in�, Zhich did not have any Xnit indication on it and a collection of 1�inch cXbes and Zas 
asNed hoZ many small bo[es it ZoXld taNe to fill the big bo[ �FigXre 4�. 2Zen strXggled in the beginning 
and gave an incorrect ansZer of 12. After bXilding one vertical layer of 4 in � 3 in � 1 in, Zhich aligned to 
one face of the bo[, he changed his ansZer. +e foXnd the nXmber of cXbes in one layer, 12, and thoXght 
there Zere ³3 roZs >layers@´ so 36. ,n this instance, 2Zen shoZed the 95CS level of thinNing as 
evidenced by his tendency to thinN aboXt prisms in terms of layers bXilt from cXbes. 

 

   
Figure 4 Figure 5 Figure 6 

 
2ne of the tasNs for the second intervieZ of the semester Zas aboXt finding the volXme of the room 

compared to a cXbic meter and a cXbic decimeter �FigXre 5�. After iterating a meter sticN across the floor of 
the room, 6 times for the length and 3 times for the Zidth of the base of the room, 2Zen reasoned correctly 
that 18 cXbic meters ZoXld fit in the bottom layer of the room. +e said that there ZoXld be ³3 of those 
>layers@ going high«so 18 times 3.´ +e conclXded that therefore, 54 cXbic meters ZoXld fit into the room. 
+e also measXred all three dimensions of the cXbic meter and one dimension of the cXbic decimeter blocN 
Zith a meter sticN and foXnd that 10 cXbic decimeters ZoXld fit along each edge of the cXbic meter. 7hXs, 
he mXltiplied 10 times 10 times 10 and foXnd a prodXct of 1000 to represent the nXmber of cXbic 
decimeters in one cXbic meter. ,n order to determine the nXmber of cXbic decimeters that ZoXld fit into the 
room, he mXltiplied 54 by 1000. 2Zen foXnd appro[imate valXes for the measXrement of the dimensions 
of the room �actXal room si]e� 7 m � 4 m � 3 m�. 7he stXdent applied mXltiplication and applied A5 level 
strategies to resolve this tasN by Xsing only the linear measXrement of the 3�D prisms, by bXilding and 
manipXlating composite Xnits of cXbic decimeters as Zell as cXbic meters, and by mentally decomposing 
arrays into layers, roZs, and colXmns.  

b) Relating size and number of units. 2Zen encoXntered a nXmber of tasNs reTXiring him to relate 
the si]e and nXmber of Xnits. Starting in third grade, as sXggested in the volXme measXrement traMectory 
C55 level, he Zas aZare that different Xnits ZoXld give a different volXme measXrement and he 
recogni]ed an inverse relationship betZeen the si]e and nXmber of Xnits.  

c) Visualizing representations of the 3-D objects. ,n the spring semester of foXrth grade, 2Zen Zas 
asNed to draZ something that Zas 3 times as big as a 1�Xnit cXbe. 2Zen dreZ three sTXares in a 3�1 form. 
1e[t, he Zas asNed to draZ a pictXre of a solid three times the volXme of a 3�2�1 solid. +e created the 
draZing shoZn in FigXre 6. With an aerial perspective, he coXld visXali]e the neZ solid from a top vieZ. 
,n the folloZ Xp intervieZ, Zhile looNing at his old draZing, 2Zen e[plained that there ZoXld be 2 layers 
of 9 so that there ZoXld be 18 cXbes. 7he figXres 2Zen dreZ did not have 3�D perspective� hoZever, he 
coXld Xse his oZn representations to determine the nXmber of cXbes in the figXres.  
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Ryan’s Thinking on Volume Measurement  

a) Finding volume of rectangular prisms. ,n the second grade spring semester initial assessment, 
5yan Zas asNed hoZ many cXbes altogether ZoXld be needed to fill the partially filled bo[ of dimensions 3 
Xnits � 3 Xnits � 4 Xnits �FigXre 1�. 5yan dreZ line segments e[tending the edge lines of the cXbes and 
gave an incorrect ansZer of ³18.´  

,n the third grade spring semester, Zhen asNed hoZ many of these cXbes Zere necessary to maNe the 
smaller shape in FigXre 2, 5yan gave the ansZer 25 �incorrect� and e[plained that he coXnted 4 for each 
lateral side, 6 for the front side, and 6 for the ceiling. +e did not coXnt the cXbes on the base and also 
added the nXmbers incorrectly. 5yan Zas asNed to bXild the physical representation of the shape Zith 
actXal Xnit cXbes. After bXilding he noticed his mistaNe and said, ³, Zas coXnting them Zrong«, Zas 
coXnting the sides«, shoXld have been coXnting cXbes.´ +e also tooN the cXbe in the top corner and said 
that he Zas coXnting that cXbe as tZo althoXgh he shoXld have coXnted it as one. +is final ansZer of 12 
Zas correct after being alloZed to bXild the strXctXre Zith Xnit cXbes. 5yan¶s reali]ation of his incorrect 
strategy might have inflXenced his volXme definition throXghoXt the tasN, Zhich changed to ³hoZ many 
cXbes there are.´ ,n the ne[t tasN of the same intervieZ, Zhile finding the nXmber of cXbes in the second 
figXre of dimensions 4 Xnits � 3 Xnits � 2 Xnits �FigXre 2�, 5yan cXrtailed his previoXs strategy of coXnting 
the faces of cXbes. +oZever, he still ansZered incorrectly �28 cXbes� becaXse he only coXnted the visible 
faces of some cXbes. When he Zas asNed to bXild the physical representation of the figXre, he bXilt the 
actXal figXre roZ by roZ and reached the correct ansZer. 5yan¶s responses and strategies, Zhile resolving 
these tasNs, Zere consistent Zith the PAC level. Specifically, he initially coXnted the oXter faces of cXbes. 
2n the other hand, Zhile bXilding the shape Zith the actXal cXbes, 5yan coXld thinN more systematically in 
terms of colXmns as e[emplified in the PS level. 5yan Xsed a higher level of strategy Zhile Xsing 3�D 
physical obMects than Zhen resolving the tasN Zith the figXral representations on the paper.  

Seven months later, in the fall semester of foXrth grade, 5yan Zas shoZn the actXal cXbes and 
container in FigXre 7 and asNed hoZ many blocNs ZoXld be needed to fill the container. 5yan coXnted by 
fives Xp to 20 by shoZing the bottom roZs of 5 and said that there ZoXld be aboXt 20 blocNs. 7hen he 
coXnted by 20s Xp to 100 reporting a correct ansZer. When the same type of TXestion Zas asNed for a 
larger container �8 in � 10 in � 5 in� and Zith missing cXbes in the first layer �FigXre 8�, 5yan failed to 
give a correct ansZer for the nXmber of blocNs needed to fill the Zhole container. ,n order to prompt the 
stXdent, the intervieZer tooN the e[tended roZs and colXmns so the shape Zas changed bacN to its original 
version, and reminded 5yan that he said 100 blocNs ZoXld fill the previoXs container. 1e[t, the 
intervieZer added 4 more cXbes to the side of 4 and repeated the TXestion. 5yan e[plained that the 
complete part had 4, the missing part also had 4 and e[plained that if they filled the missing part, 40 ZoXld 
go in the first layer, 80 in tZo layers, and so forth� he added composite Xnits of 40s Xntil he reached a 
correct response of 200. ,n the first tasN of the intervieZ, 5yan coXnted first roZ by roZ and after finding 
the nXmber of cXbes for one layer, iterated the nXmbers by adding for each layer. +oZever, he coXld not 
implement the same strategy properly Zhen both roZs and colXmns Zere missing on the bottom layer or 
Zhen the nXmbers got bigger than 5 or 6 in a roZ.  
 

Figure 7 Figure 8 Figure 9 
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AlthoXgh 5yan shoZed 95CS level strategy of coXnting composite Xnits and then coXnting layers by 
sNip coXnting in the first tasN, he did not Xse this strategy Zhen the mental strXctXring demand increased as 
in the later tasN. 2nce he NneZ hoZ many cXbes Zere in one layer, he Xsed repeated addition to add Xp the 
blocNs in all the layers. 7his strategy is a typical 95CS strategy in the learning traMectory.  

Eight months later, in the spring semester of fourth grade, 5yan Zas shoZn the tasN represented in 
FigXre 9 and Zas asNed, ³,f this cXbe has a volXme of one, Zhat is the volXme of this solid" +oZ many 
cXbes ZoXld it taNe to fill the bo["´ 5yan foXnd the volXme by adding all of the nXmber labels given for 
the edges. 7his tasN representation did not elicit his thinking clearly whereas the previous task was useful 
to probe his thinking about structuring in volume measurement. 

Appro[imately five months later, in the first intervieZ of fifth grade, 5yan Zas given a rectangXlar 
prism �4 in � 3 in � 3 in�, Zhich Zas Zrapped Zith paper, and a 1�inch cXbe �FigXre 4�. +e Zas asNed hoZ 
many of the cXbes it ZoXld taNe to fill the bo[. %y iterating the cXbe along one side of the prism, 5yan said 
³it is aboXt 36«.1,2,3,4.´ +e pointed to a roZ of 4 on the bottom of the lateral face by iterating the cXbe 
and continXed to iterate vertically by coXnting ³4, 8, 12.´ 7hen he continXed to coXnt by pointing Zith his 
finger on the Xpper edge of the bo[ vocali]ing 12, 24, 36. /ater, Zhen given a centimeter cXbe and asNed 
hoZ many of those cXbes ZoXld fit into prism, 5yan made a composite Xnit of 8�centimeter cXbes to 
represent each 1�inch cXbe. 1e[t, he reasoned correctly and mXltiplied 36 by 8 and gave an ansZer of 288. 
5yan shoZed 95CS level of thinNing by mentally decomposing a 3�D array into layers. Additionally, his 
strategy of bXilding a composite Xnit of 8�centimeter cXbes Zas consistent Zith A5 level. 

b) Relating size and number of units. ,n the spring semester of third grade, 5yan¶s volXme definition 
Zas, ³the nXmber of cXbes in a shape.´ ,n order to determine Zhether he Zas able to relate the Xnit si]e 
and volXme, he Zas posed a tasN reTXiring him to compare the volXme of a 4 in � 2 in � 2 in rectangXlar 
Zooden prism Zith a 4 cm � 3 cm � 2 cm rectangXlar yelloZ plastic prism. +e Zas told, ³Another person 
compared the figXres and thoXght that since the yelloZ prism has 24 cXbes and the Zooden one has 16, the 
yelloZ figXre has a larger volXme. Do yoX agree"´ 5yan thoXght, by his definition of volXme, that the 
volXme of the blocN made of centimeter cXbes Zas greater even thoXgh he articXlated that tZo Zooden 
cXbes are MXst liNe 24�centimeter cXbes. Similarly, in the spring semester of the fifth grade, he Zas given a 
tasN relating different Xnit si]es and the nXmber of Xnits in volXme measXrement. When asNed Zhich 
obMects ZoXld melt into more Zater, 5yan thoXght that the collection of smaller cXbes ZoXld melt into 
more Zater becaXse there Zere more of them even thoXgh he noticed the difference in the Xnit si]e. +e 
stated that they ZoXld need foXr of the larger cXbes to ³maNe´ the si[ of the smaller cXbes. We sXggest that 
5yan¶s volXme definition had not sXbstantially changed throXgh third and foXrth grade, nor had he 
conceptXali]ed volXme as the amoXnt of space an obMect ZoXld taNe Xp.  

c) Visualizing representations of the 3-D objects. ,n the spring semester of fifth grade, 5yan Zas 
asNed to maNe a draZing on paper of a 1�inch cXbe that he Zas handed, and second to draZ a pictXre of 
3 in � 2 in � 2 in figXre shoZn in a tZo�point perspective draZing Zith shading.  +e dreZ a sTXare and 
called it a cXbe. +e strXggled to copy the 2�D draZing of the 3�D image.  

Conclusions and Implications 

According to the resXlts, Zhen finding the volXme of rectangXlar prisms, both 2Zen and 5yan 
demonstrated abilities in each of the levels of PAC, PS, 95CS, and finally A5. +oZever, both stXdents 
also employed loZer level strategies for some tasNs.   

Consistent Zith prior research, �e.g., %attista 	 Clements, 1996� %en�+aim et al., 1985�, initially, both 
stXdents had the tendency to coXnt the oXter faces of the cXbes instead of the nXmber of cXbes, 
demonstrating PAC level strategies. After one or tZo semesters, they coXld see the roZ, colXmn, and layer 
strXctXres in the rectangXlar prisms and coXnt the nXmber of cXbes by creating composite Xnits �roZ, 
colXmn, layers�. ,n later semesters, both stXdents Xsed mXltiplication as repeated addition Zhile thinNing in 
terms of roZs, colXmns, and layers made of Xnit cXbes.  
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5yan mostly Xsed mXltiplication Zhen the figXres Zere represented physically bXt not pictorially. 
7hese findings sXggest that it is important to provide a variety of representational forms of 3�D obMects in 
volXme measXrement tasNs in order to help stXdents solidify the meaning of mXltiplication in volXme 
measXrement. ,n addition, the formXla for the volXme of a rectangXlar prism may not maNe sense to 
stXdents ZithoXt Xnderstanding Zhy they need to mXltiply the linear dimensions �Clements 	 %attista 
1992�.  

,n spring semester of foXrth grade, althoXgh 5yan and 2Zen strXggled to determine the volXme of 
rectangXlar prisms ZithoXt any grid on them, they Zere able to resolve some of the tasNs Zhen prompted 
to Xse a 3�D Xnit. For e[ample, both stXdents coXld resolve the tasN represented in FigXre 4 by Xsing the 
Xnit cXbe given. 5yan iterated one Xnit cXbe along the edges of the cXbe to find the nXmber of Xnit cXbes in 
each roZ, colXmn, and layer. 2Zen Zas prompted Zith mXltiple cXbes aligned as a vertical layer of the 
prism. 7herefore, giving a 3�D solid Xnit Zas helpfXl for both stXdents.  

StXdents¶ thinNing differed according to the physical versXs pictorial representations provided in the 
tasNs. When both stXdents Zere posed tasNs reTXiring them to imagine roZs, colXmns, and layers, and 
some aspects of the figXre Zere obscXred, the stXdents sometimes gave incorrect ansZers and Xsed 
incorrect strategies. For the tasN represented in FigXre 1, 2Zen strXggled to visXali]e the complete roZs, 
colXmns and layers if the bo[ Zas fXll of cXbes. Similarly, 5yan coXld not resolve the tasN �FigXre 8� Zhen 
there Zere hidden roZs and colXmns on the bottom layer, as the visXali]ation demand Zas higher.  

%ased on stXdents¶ responses, it can be claimed that stXdents¶ strategies aboXt relating the Xnit si]e and 
the total nXmber of Xnits in the obMects Zere inflXenced by their volXme definition. For 5yan, Zho defined 
volXme as, ³the nXmber of cXbes in a shape,´ the volXme of the blocN made of more �centimeter� cXbes 
Zas greater than the one made of feZer inch cXbes even thoXgh he noticed the difference in the Xnit si]e. 
7herefore, Zhile preparing the instrXctional materials for stXdents, Xsing different si]e Xnits and comparing 
the volXme of obMects Zith those Xnits shoXld be considered, especially for the stXdents Zho have a 
misconception that the volXme is the nXmber of Xnits instead of the amoXnt of 3�D space an obMect taNes 
Xp.  

Moreover, both stXdents had difficXlties in draZing or copying 3�D figXres made of cXbes on paper. 
AlthoXgh they coXld calcXlate the volXme of those obMects, their draZings did not correctly represent the 
actXal figXres. We claim that 2Zen coXld interpret his oZn draZing and that he coXld hold a correct 
mental representation in his mind for the obMect. 7his shoZed that the stXdents¶ representations might be 
identified as incorrect, even thoXgh they have correct mental representations for the figXres in their minds. 
StXdents shoXld be given opportXnities to draZ representations and at the same time given opportXnities to 
articXlate Zhat they are seeing from the pictXres. 7his might let teachers Xnderstand hoZ stXdents thinN 
and visXali]e the 3�D obMects. 

/astly, on most of the tasNs reTXiring stXdents to interpret 2�D draZings or pictXres of 3�D figXres, 
stXdents resolved the tasN if they Zere alloZed to bXild the figXres Zith the actXal Xnit cXbes. %Xilding the 
figXres Zith cXbes apparently helped stXdents identify their mistaNes and change their strategy to coXnt in 
terms of roZs, colXmns, and layers. 7herefore, stXdents shoXld be given opportXnities to bXild the shapes, 
Zhich are shoZn on paper.  
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