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In this paper we analyze and discuss students’ performance in a CAS environment related to the 
simplification of rational expressions. Results indicate that if students have more initial paper-and-pencil 
techniques, the CAS environment spurs them to deeper theoretical reflections than for students who have 
fewer techniques. 

.eyZords� 7asN�7echniTXe�7heory� CAS� 5ational ([pression 

Background 

,n the last feZ years, an area of research interest in mathematics edXcation has developed that deals 
Zith the inflXence of CAS technology in stXdents¶ algebraic thinNing. 7homas, Monaghan, and Pierce 
�2004�, for e[ample, have identified some crXcial TXestions Zhen considering the Xse of CAS in the 
learning of algebra� ³+oZ does the Xse of CAS inflXence stXdent conceptXali]ation" +oZ does the Zay 
stXdents ZorN on tasNs by hand inform their ZorN in a CAS environment and vice versa"´ �p. 166�. 7hese 
paramoXnt TXestions and those arising from other recent stXdies �e.g., .ieran 	 DriMvers, 2006� +itt 	 
.ieran, 2009� GX]min, .ieran, 	 Marttne], 2010, 2011� have driven oXr interest in this area. ,n particXlar, 
these stXdies and others have sXggested the importance of the technical aspect in algebra learning in CAS 
environments. 

5esearchers sXch as .ieran and DriMvers �2006� have indicated that the Xse of CAS promotes 
conceptXal Xnderstanding if the technical aspect of algebra is taNen into accoXnt� these researchers have 
shoZn specifically that technical and theoretical aspects of algebra co�emerge in stXdents¶ thinNing. ,n this 
sense, and related Zith the simplification of rational e[pressions, GX]min, .ieran, and Marttne] �2010, 
2011� have shoZn the epistemic role of the Xse of CAS Zhen stXdents confront their CAS ZorN Zith their 
paper�and�pencil ZorN. 7hese stXdies are related to the transformational activity of algebra �.ieran, 
2004�²a characteri]ation of algebra in Zhich the importance of techniTXe acTXires relevance in the sense 
that, Zithin transformational activity, conceptXal Xnderstanding can come Zith techniTXe. 

GX]min, .ieran, and Marttne] �2010, 2011� have shoZn that the Xse of CAS provoNed spontaneoXs 
theoretical reflections in stXdents, Zhich alloZed them to thinN of neZ techniTXes to simplify rational 
e[pressions. 7he Xse of CAS promoted a change in the stXdents¶ techniTXe for simplifying rational 
e[pressions Zhose denominator is a binomial �from canceling ³literal components´ that Zere repeated in 
both nXmerator and denominator to Xsing the polynomial division algorithm�. 7his epistemic role played 
by the CAS occXrred in stXdents Zhose initial techniTXe Zas ³cancelling literal components,´ bXt for 
Zhom the notion of cancelling ³common factors´ and dividing polynomials Zas absent. %ased on oXr 
previoXs stXdies �GX]min, .ieran, 	 Marttne], 2010, 2011�, one can therefore asN the folloZing TXestion� 
What is the role of CAS in stXdents¶ algebraic thinNing if they already have as initial techniTXes ³canceling 
literal components´ and the ³long division of polynomials´ for simplifying rational algebraic e[pressions" 
Does CAS promote other techniTXes and theories" 7his paper Zill deal Zith this issXe. 

Theoretical Framework 

7he 7asN�7echniTXe�7heory perspective, Zhich is part of the instrXmental approach to tool Xse, has 
been proposed as a frameZorN for analy]ing the processes of teaching and learning in a CAS conte[t �e.g., 
ArtigXe, 2002� /agrange, 2003�. 7his approach encompasses elements from both cognitive ergonomics 
�9prillon 	 5abardel, 1995� and the anthropological theory of didactics �Chevallard, 1999�. 7here are tZo 
directions Zithin the instrXmental approach� one in line Zith the cognitive ergonomics frameZorN, and the 
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other in line Zith the anthropological theory of didactics. ,n the former, the focXs, according to DriMvers 
and 7roXche �2008�, is the development of mental schemes Zithin the process of instrXmental genesis. 
Within this direction, an essential point is the distinction betZeen artifact and instrXment. 

,n line Zith the anthropological direction, researchers sXch as ArtigXe �2002� and /agrange �2003, 
2005� focXs on the techniTXes that stXdents develop Zhile Xsing technology. According to Chevallard 
�1999�, mathematical obMects emerge in a system of practices �praxeologies� that are characteri]ed by foXr 
components� task, in Zhich the obMect is embedded �and e[pressed in terms of verbs�� technique, Xsed to 
solve the tasN� technology, the discoXrse that e[plains and MXstifies the techniTXe� and theory, the discoXrse 
that provides the strXctXral basis for the technology. 

ArtigXe �2002� and her colleagXes have redXced Chevallard¶s foXr components to three� Task, 
Technique, and Theory, Zhere the term Theory combines Chevallard¶s technology and theory 
components. Within this �7asN�7echniTXe�7heory� theoretical frameZorN a technique is a comple[ 
assembly of reasoning and roXtine ZorN and has both pragmatic and epistemic valXes �ArtigXe, 2002�. 
According to /agrange �2003�, techniTXe is a Zay of doing a tasN and it plays a pragmatic role �in the 
sense of accomplishing the tasN� and an epistemic role. With regard to the epistemic valXe of techniTXe, 
/agrange �2003� has argXed that techniTXe plays an epistemic role in that it contribXtes to an 
Xnderstanding of the mathematical obMect >in this case the rational e[pression and its simplified form@ that 
it handles, dXring its elaboration. 7echniTXe also promotes conceptXal reflection Zhen the techniTXe is 
compared Zith other techniTXes and Zhen discXssed Zith regard to consistency �p. 271�. 

According to /agrange �2005�, the consistency and effectiveness of the techniTXe are discXssed in the 
theoretical level� mathematical concepts and properties and a specific langXage appear. 7his epistemic 
valXe of techniTXe is crXcial in stXdying stXdents¶ conceptXal reflections Zithin a CAS environment. We 
tooN into accoXnt this 7asN�7echniTXe�7heory �7�7�7� frameZorN in the designing of the Activity related 
to the tasN ³simplifying rational e[pressions,´ in the condXcting of the intervieZ interventions, and in the 
analysis of the data that Zere collected. 

Unfolding of the Study 

,n this paper Ze report and discXss the data of the first tZo of foXr Activities designed for a Zider 
research stXdy on a 7echnical�7heoretical approach in the constrXction of algebraic NnoZledge in a CAS 
environment. 

The Design of the Activity 

+itt and .ieran �2009� have pointed oXt that Zhen taNing into accoXnt the transformational activity of 
algebra it is important that the design of the Activity promote the articXlation betZeen techniTXes and 
theory constrXction. Since Ze adopted the 7�7�7 frameZorN for carrying oXt the stXdy, the Activities Zere 
designed so that technical and theoretical TXestions Zere central. We Zanted stXdents to have the 
opportXnity to reflect on both technical and theoretical aspects throXghoXt the Activity that Zas embedded 
in a CAS environment. ,t is important to mention here that both paper�and�pencil ZorN and CAS ZorN 
Zere intertZined Zithin the Activity. ,n addition, in this stXdy Ze Xse the term tasN as is defined in the  
7�7�7 frameZorN. As .ieran and Saldanha �2008� state, the Activity is a set of TXestions related to a 
central tasN, in this case the ³simplification of rational e[pressions.´ ,n the stXdy, Ze developed foXr 
Activities, each one related to different aspects of the simplification of rational e[pressions. ,n this paper 
Ze report only the resXlts of the first tZo Activities, Zhich both involved paper�and�pencil ZorN and CAS 
ZorN, both Zith technical and theoretical TXestions. 

Population 

7his report focXses in the ZorN of one team �tZo stXdents�� the fXll stXdy inclXded seven teams �tZo 
stXdents each team�. 7he participants Zere 10th grade stXdents �15 years old� in a Me[ican pXblic school. 
7he selection of the stXdents Zas made by their mathematics teacher. 1one of the stXdents Zere 
accXstomed to Xsing CAS calcXlators� conseTXently, at the oXtset of the stXdy, all the stXdents received 
some basic training from the intervieZer�researcher on hoZ to Xse the 7,�9oyage 200 calcXlator for basic 
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symbol manipXlation �hoZ to introdXce algebraic e[pressions, the Xse of the Solve, Expand and Factor 
commands, the Xse of the Enter key and the Xse of the ³equal sign´�. 

Implementation of the Study 

7he data collection Zas carried oXt by means of intervieZs condXcted by the researcher. StXdents 
ZorNed in pairs� each ZorN session lasted betZeen tZo and three hoXrs �for each Activity�. (ach team of 
tZo stXdents had a set of printed Activity sheets as Zell as a 7,�9oyage 200 calcXlator. (very intervieZ 
Zas aXdio and video�recorded so as to register the stXdents¶ performance dXring the sessions. So, oXr data 
soXrces inclXded the aXdio and video recordings, the Zritten Activity sheets, and the researcher¶s field 
notes. 

Analysis and Discussion of Data 

,n this paper Ze analyse and discXss the ZorN of one team. 7he team Zas chosen for this report 
becaXse these stXdents �Ze Zill call each of them StXdent A and StXdent %� Xsed tZo techniTXes to carry 
oXt the tasN in the first Activity� Cancelling nXmbers or literal symbols that are repeated in the nXmerator 
and denominator of the rational e[pression, and at other times applying the long division techniTXe. So the 
performance of these stXdents fits the TXestion that Ze try to respond to in this paper. 7he folloZing 
analysis and discXssion is restricted only to the first tZo of the designed Activities. 

The Paper-and-Pencil Technique and Theory 

As Zas mentioned before, in Activity 1, for those e[pressions that involved a monomial in the 
denominator, these stXdents ³simplified´ the given rational e[pressions by Xsing tZo techniTXes. 2ne 
techniTXe Zas cancelling the nXmbers or literals symbols that Zere repeated or common to the nXmerator 
and denominator. 7he folloZing FigXre 1 illXstrates their paper�and�pencil ZorN. 

 

 
Figure 1: Students’ paper-and-pencil work 
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,n a first moment, the performance of these stXdents Zas similar to that of others reported in an earlier 
pilot stXdy in GX]min, .ieran, and Marttne] �2011�. StXdents first e[panded the e[pressions, and after 
that, they cancelled oXt the repeated elements in both the nXmerator and denominator. 7his techniTXe 
ZorNs if the nXmerator is a binomial and the denominator is a monomial that is common to both terms of 
the binomial. 7he other paper�and�pencil techniTXe that one can see in FigXre 1 is the long division 
algorithm for polynomials. 7he e[planations given by the stXdents of these tZo techniTXes Zere more a 
description of Zhat they did rather than a theoretical discoXrse. For instance, for the second e[pression �see 
FigXre 1� they Zrote� ³When carrying oXt the operation« the 2¶s are cancelled and yoX are only left Zith 
a�b.´ For the third e[pression in FigXre 1, their e[planation inclXded the terminology of dividing. 

When the stXdents Zere faced Zith e[pressions Zhose nXmerators and denominators Zere both 
binomials, they again Xsed the techniTXes described above. Sometimes they Xsed the long division 
techniTXe and other times the ³cancelling techniTXe.´ As a resXlt of Xsing this latter techniTXe applied to 
these Ninds of e[pressions, they made Zell�NnoZn errors �Mat], 1980�, that is, they applied the ³cancelling 
techniTXe´ no matter Zhether the nXmber or literal symbol they cancelled oXt Zas a common factor of 
both nXmerator and denominator or not �see FigXre 2�. 

 

 
Figure 2: Students’ paper-and-pencil work on binomial over binomial expressions 

The CAS Work (a First Theoretical Reflection) 

2nce stXdents confronted their paper�and�pencil resXlts Zith the CAS resXlts, a theoretical reflection 
based on their long polynomial division techniTXe emerged. At this point Ze can see that Xsing a techniTXe 
is not MXst a roXtine ZorN, MXst as ArtigXe �2002� has mentioned. 7he performance of these stXdents fits the 
resXlts obtained in a previoXs phase �the pilot stXdy� of the research �see GX]min, .ieran, 	 Marttne], 
2011�. ,n this main stXdy, the same Nind of theoretical reflection Zas provoNed by the Xse of CAS �see 
FigXre 3�. 

 

Figure 3: Students’ reflection based on their CAS work 
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,n this part of the Activity they Zrote �see the second colXmn of FigXre 3�� ³the remainder is not ]ero� 
that means that the e[pression cannot be simplified.´ As reported in GX]min, .ieran, and Marttne] 
�2011�, Ze consider this Nind of discoXrse to be a spontaneoXs theoretical reflection. ,n the third colXmn of 
FigXre 3, they inclXded terminology of common factors. +oZever, becaXse of their previoXs ZorN, Ze can 
say that they did not really Xnderstand this aspect �common factors�� for them, all nXmbers or literals 
repeated in the nXmerator and denominator are common factors. ,n Activity 2, Zhen these stXdents had the 
opportXnity to e[plore other cases, the Xse of CAS played an important role regarding the idea of common 
factors and maNing this idea more mathematically clear. 

Second Theoretical Reflection Based on the CAS Technique 

After the first theoretical reflection emerged, the stXdents Xsed their long division techniTXe in order to 
e[plain the CAS resXlts each time they foXnd discrepancies betZeen their paper�and�pencil ZorN and their 
CAS ZorN. FigXre 4 illXstrates this. 

 

 

Figure 4: Use of long division technique in order to explain some CAS results 

 
After the stXdents had Xsed CAS, their e[planations �based on their theory of the remainder of the long 

division of polynomials algorithm� for simplifying e[pressions Zhose denominator is a monomial Zent a 
little bit fXrther� in their discoXrse they inclXded the Zords nXmerator and denominator. ,n the third colXmn 
of FigXre 5, they Zrote� ³before, Ze MXst eliminated the liNe terms from 1�D >nXmerator over denominator@ 
and noZ Ze NnoZ that if the nXmerator doesn¶t have liNe terms then the e[pression cannot be simplified.´ 
Compared to their Zritten discoXrse shoZn in FigXre 3, they had noZ begXn to talN e[plicitly aboXt the 
nXmerator and denominator and to speaN aboXt ³liNe terms´ instead of their very loose, and poorly 
Xnderstood, formXlation involving ³common factors.´ 

 



	���������"������������������ )(,+�

�

����
����!��#��#!���!��#$�#!�'�������!��#��#�%���#&#�%*()*&#�	���

�����������
������
���
���

����������
���������
���
����
��
�����

��
����
��
����
��������������
�	��������������
��
�
���������
������������ ��!���"������������������
���������#�

 

Figure 5: Explanation as to why the given expression cannot be simplified 

+oZever, for the e[pressions of the form ³binomial over binomial´ �see the last three e[pressions of 
FigXre 4�, their e[planations Zere �at this moment of the activity� still evolving. 7he ne[t verbatim e[tract 
illXstrates this. 

Researcher: I heard that you said that in this case it is possible to cancel out elements of the expression 
[Referring to the last expression of Figure 4; immediately after they finished the long polynomial 
division]. 

Student A: Yes.  
Student B: Because there is a monomial in the bottom … 
Student A: It is a binomial, isn’t it?... 
Researcher: So, why in the previous one [Third expression of Figure 4] is it that, that technique 

doesn’t work? 
Student A: Because there are not the same terms above and below [Referring to the numerator and 

denominator] 
Researcher: And in the last [Expression] they are? 
Student A: [Nods his head in agreement] 
Researcher: Which ones are those terms you are referring to? 
Student A: 3 plus y divided by 3 plus y. 
Researcher: So, there [Referring to the last expression for the Figure 4] you identify that both 

techniques work, dividing or cancelling? 
Student A: Yes, but here as well [Signalling the second expression of Figure 4, and he tries to factor 

the expression]… For which one you asked?… 
Researcher: For the third one [Referring to the third expression of Figure 4] 
Student A: Let’s see… [And he factors the expression, see Figure 4]… Yes, you need to change the 

form [of the expression] 
Student B: You factored the expression 

After this, for e[pressions of the form ³binomial over binomial´ they e[plained their techniTXes in 
terms of factoring the e[pressions, even if for some cases there Zere still some inconsistencies in their 
e[planations²that is, Xntil they Xsed the CAS for another case �see FigXre 6�. 

 



	���������"������������������ )(,+�

�

����
����!��#��#!���!��#$�#!�'�������!��#��#�%���#&#�%*()*&#�	���

�����������
������
���
���

����������
���������
���
����
��
�����

��
����
��
����
��������������
�	��������������
��
�
���������
������������ ��!���"������������������
���������#�

 
Figure 6: CAS work 

2nce they Xsed the CAS for simplifying the e[pression shoZn in FigXre 6 and the CAS gave the resXlt 
in factored form, this decisively changed their point of vieZ regarding the techniTXe for simplifying 
rational e[pressions. From then on, their e[planations inclXded the idea of factoring �as seen in the third 
colXmn of FigXre 6�. 

Conclusions 

,n this paper Ze have shoZn that the CAS environment led stXdents to thinN in terms of factoring 
Zhen simplifying rational e[pressions²something that they had not previoXsly considered in their initial 
techniTXes of ³cancelling´ or Xsing the ³long division algorithm for polynomials.´ 7his is in contrast to the 
findings from oXr earlier pilot stXdy �GX]min, .ieran, 	 Marttne], 2011� Zhere stXdents did not possess 
both initial simplifying techniTXes and Zhere their CAS ZorN did not lead to the emergence of the idea of 
factoring and its role in simplifying rational e[pressions. While both stXdies provided evidence for the 
poZer of CAS to stimXlate theoretical reflection, the findings of this stXdy sXggest that if stXdents have 
more initial paper�and�pencil techniTXes �even if not completely Xnderstood�, the CAS ZorN can spXr them 
to deeper theoretical reflections than for stXdents Zho have feZer techniTXes. 
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