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This study investigates cognitive difficulties and mathematical ideas that are related to making 
connections among representations. A three-week intervention was designed and implemented to help 
prospective secondary mathematics teachers develop understanding of big ideas that are critical to 
connection of representations in algebra. This study finds that most participants had difficulties with the 
concept of variable, the Cartesian connection, and its related idea, graph as a locus of points, and held 
incomplete concept definitions and concept images of conic curves. During the intervention, however, 
many showed signs of progress. Many who were initially dependent on memorized forms of algebraic 
formulas made efforts to consider aspects of the Cartesian connection to make sense of their work.  

.eyZords� 7eacher (dXcation±Preservice� 7eacher .noZledge� Algebra and Algebraic 7hinNing� 
Advanced Mathematical 7hinNing 

Objectives 

7he pXrpose of this stXdy Zas to investigate cognitive obstacles and mathematical ideas related to 
maNing connections among representations and hoZ prospective teachers¶ thinNing progressed Zhile they 
ZorNed on tasNs that Zere designed to bring oXt these cognitive issXes. 7he importance of representations 
in mathematical Xnderstanding is Zell docXmented �%renner, Mayer, Moseley, et al., 1997� .nXth, 2000� 
MoschNovich, Schoenfeld, 	 Acavi, 1993�, and stXdents¶ learning of mathematics throXgh representations 
is recommended in the Principles and Standards for School Mathematics �1C7M, 2000� and the Common 
Core State Standards �CCS,, 2010�. +oZever, not mXch is NnoZn aboXt cognitive obstacles or ideas that 
are involved in maNing connections among representations or hoZ to help stXdents develop mathematical 
Xnderstanding throXgh connection of representations �%osse, AdX�Gyamfi, 	 Chetham, 2012� (ven, 1998� 
e[cept that even mathematically capable individXals have compartmentali]ed Xnderstanding of 
mathematical representations �Gagatsis 	 ShiaNalli, 2004� +itt, 1998� 9inner, 1989�. MaNing connections 
among representations is one of the big ideas in mathematics edXcation �/acampagne, %lair, 	 .apXt, 
1995� .nXth, 2000� and more research is needed to Xnderstand this comple[, yet critical issXe.  

7his stXdy is a component of a larger proMect intended to develop and stXdy a mathematics cXrricXlXm 
for prospective secondary mathematics teachers.  7his report specifically deals Zith a three�ZeeN Xnit 
designed to promote Xnderstanding of algebra throXgh the connection of representations. 7Zenty 
prospective secondary mathematics teachers participated in this stXdy. 4Xalitative research methods Zere 
employed in order to delve into cognitive difficXlties and ideas that are related to the connection of 
representations and to docXment hoZ stXdent Xnderstanding evolved dXring the Xnit.  

Theoretical Framework 

,n the mathematics edXcation commXnity, representations are regarded as critical tools for 
mathematical commXnications and problem solving �%renner et al., 1997� Goldin 	 Shteingold, 2001� 
+iebert 	 Carpenter, 1992� +ollar 	 1orZood, 1999� MoXsoXlides 	 Gagatsis, 2004� 7hompson, 1994�. 
+oZever, it has NnoZn that mere representation of a mathematical concept in a certain mode of 
representation is not enoXgh for mathematical Xnderstanding. ,n order to Xnderstand mathematical 
concepts or to be sXccessfXl in problem solving, learners need to be able to connect representations. 7hey 
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need to be able to not only recogni]e ideas embedded in varioXs representations bXt also convert a 
representation in one form to another and translate ideas from one representation to another Zithin and 
across varioXs representations �%orNo 	 (isenhart, 1992� DXfoXr�-anvier, %ednat], 	 %elanger, 1987� 
(ven, 1998� +itt, 1998� Gagatsis 	 ShiaNalli, 2004� .nXth, 2000� /esh, %ehr, 	 Post, 1987�.  

Many researchers have investigated hoZ learners attempt to connect varioXs representations of 
fXnctions, a concept critical to mXch of algebra and higher mathematics. For e[ample, .nXth �2000�� 
shoZed that the Cartesian connection²³a point is on the graph of the line L if and only if its coordinates 
satisfy the eTXation of L´ �MoschNovich et al., 1993, p. 73�²is related to stXdents¶ problem solving ability 
Zhere they mXst connect symbolic and graphical representations of linear fXnctions. +itt �1998�, Williams 
�1998�, and +ansson �2005� have shoZn that teachers¶ inability to Xse sXbconcepts, sXch as variables and 
domain�range, affected their problem solving. FolloZing Xp on the ideas posed by .nXth �2000� and other 
researchers cited above, a primary focXs of this research Zas to e[amine hoZ learners¶ Xnderstanding of 
critical mathematical ideas �that are related to connections among representations�, sXch as the Cartesian 
connection, interacts Zith their abilities to connect representations and�or their problem solving ability. 

,n order to address this issXe, Ze designed a Xnit focXsing on representations in algebra. 7he Xnit, 
indeed the entire coXrse, Zas developed and implemented along Zith the edXcational and philosophical 
principles of realistic mathematics education �FreXdenthal, 1991� GravemeiMer, 1999� and constructivist 
learning theory �Cobb, <acNel, 	 Wood, 1992�. As sXch, mathematical Xnderstanding in the coXrse and 
hence in this stXdy Zas regarded as social constrXction �or reconstrXction� of ideas throXgh mathematical 
commXnications and collaborations Zhile learners are actively engaged Zith ³realistic´ �GravemeiMer, 
1999� tasNs. 

For this stXdy, Ze restrictively Xse the term, representations, in regard to only foXr types of 
representations in algebra²algebraic, spatial, nXmeric, and verbal representations. We also e[tended the 
notion of the Cartesian connection to ³a point is on the graph of the mathematical relation, R�x, y�   0 if 
and only if its coordinates satisfy R�x, y�   0´ in order to accommodate this idea to other mathematical 
relations Zith tZo variables, conic cXrves in this case.  

7he constrXcts of concept definition and concept image �7all 	 9inner, 1981� 9inner, 1991� 9inner 	 
DreyfXs, 1989� are Xtili]ed as a tool to Xnderstand participants¶ cognitive strXctXres relating to conic 
cXrves. According to 9inner and others, an individXal¶s Xnderstanding of a concept is related to her verbal 
definition of the concept �concept definition� and her non�verbal image of the concept �concept image�. 
When her concept definition and her concept images are aligned Zith the formal concept definition �the 
one accepted by the mathematics commXnity�, she can solve non�roXtine problems or prove theorems by 
sXccessfXlly consXlting both the definition and the image �9inner, 1991�. As Zith other stXdies concerning 
learners¶ Xnderstanding of mathematical concepts �%angi, 2006� %ingolbali 	 Monaghan, 2008�, this 
constrXct aided Xs to Xnderstand the mathematical thinNing and Xnderstanding of the participants. 

Methods 

Research Setting 

7his research Zas condXcted in an inTXiry�based classroom dXring the Zinter TXarter, 2009, Zhen a 
three�ZeeN teaching Xnit focXsing on Algebra Zas implemented. 20 prospective secondary mathematics 
teachers �PSM7s�, mostly MXniors and seniors maMoring in mathematics, participated in this stXdy. 7he 
Algebra Xnit started Zith the opening activity, a discXssion of symbolic and spatial meanings of the 
solXtion of the algebraic eTXation x2   2, folloZed by the maMor tasN, an interpretation of the historical 
ZorN by 2mar .hayyam �1048±1131�. PSM7s Zere asNed to figXre oXt hoZ 2mar .hayyam¶s geometric 
approach to the solXtion of a cXbic eTXation made sense, i.e., hoZ an intersection point of the parabola  
py   x2

 and the circle x2 � y2   qx, Zith p and q positive integers, determines the solXtion of the algebraic 
eTXation x3 � p2x = p2q. 7his tasN involved three sXbtasNs� �a� graphing the circle represented by algebraic 
representation x2 � y2   qx and proving Zhy the formal concept definition of circle defines the eTXation of 
circle, �b� deriving the eTXation of a parabola based on the concept definition of parabola, and 
�c� e[plaining hoZ the solXtion of x3 � p2x = p2q is represented spatially. DXring the 2mar .hayyam tasN, 
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tZo TXicN Zrites Zere administered to e[amine PSM7s¶ Xnderstanding of representations, the one 
e[amining PSM7s¶ abilities to connect the concept definition and the algebraic representation of circle, 
and the other e[amining their abilities to connect algebraic and geometric representations. 

All sessions Zere videotaped Xsing tZo video cameras. PSM7s¶ responses to TXicN�Zrites and groXp 
posters that they prepared for the presentations Zere also collected.  

Methods of Analysis 

For the analysis, Ze adopted and modified an analytic method by PoZell et al. �2003�, designed for 
research Xsing video data. At first, Ze vieZed the video recordings and prepared a brief, Zritten record of 
the video content. 7he Zritten record at this stage inclXded roXgh transcriptions of some episodes and 
focXsed on mathematical activities, sitXations, and meanings �PoZell et al., p. 416�. We also roXghly 
vieZed PSM7s¶ TXicNZrites to get a sense of their responses. We then developed a priori codes, based on 
the research frameZorN, research TXestions, and the problematic areas of the mathematical investigations 
that Zere foXnd from the vieZing of video recordings, TXicNZrites, and posters �Miles 	 +Xberman, 
1994�. With these observational codes, Ze reZatched the video recordings and ree[amined the Zritten 
data. At this stage, Ze revised the codes by identifying more codes and constantly comparing Zith the 
e[isting codes �Glaser 	 StraXss, 1967�, and identified critical events²significant moments shoZing 
learners¶ cognitive difficXlties, conceptXal leaps from previoXs Xnderstanding, or intXitive mistaNes 
�PoZell et al., 2003�. At the ne[t stage, Ze prepared Zord�to�Zord transcripts of the portion of the video 
data, inclXding critical events and other episodes that ³provided evidence for important theoretic or 
analytic matters to oXr gXiding research TXestions´ �PoZell et al., 2003, p. 423�. 7he neZ transcription 
data, combined Zith the Zritten data, then, pXt throXgh another phase of analysis for the accXracy and the 
consistency of the resXlts.  

Results  

The Case of Circle 

Most PSMTs knew the definition of circle correctly, as “the collection of points equidistant from a point”. 
However, their algebraic concept image of circle, (x – a)2 + (y – b)2 = r2, and the spatial concept image of 
circle were compartmentalized or existed without proper understanding of the roles of variables x and y or 
constant r. 

Only one out of five groups (each group had 4 PSMTs) successfully transferred the algebraic 
representation, x2 + y2 = qx, to its graphical representation, the circle with the center (q/ 2, 0) and the radius q/ 

2. Three groups transferred the equation, x2 + y2 = qx, to a circle centered at the origin, with radius labeled qx
, by taking the left part of the equation, x2 + y2 =, as a process of drawing a circle with center (0, 0) and qx as 
the square of the radius, without paying attention to the variable x. In subsequent class discussions, they also 
showed lack of understanding of the Cartesian connection. Although these groups had an understanding that x 
= 0 and y = 0 satisfy the equation, x2 + y2 = qx, they were unable to translate this idea to the graphical 
representation in that they did not recognize that the graph of x2 + y2 = qx had to pass through the origin. One 
group transferred x2 + y2 = qx to a bow-tie figure passing through the origin (see Figure 1). Although this 
group’s graph passes through the origin, they did so because they believed that their “radius” qx  approached 
0 as x approached 0. Understanding of the concept of variables in graphical representations or the Cartesian 
connection was absent in most of these students.  
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Figure 1: Representation of circle and parabola 

The Case of Parabola 

2nly one oXt of 20 PSM7s NneZ the concept definition of parabola²the locXs of points eTXidistant 
from a point, called focXs, and a line, called directri[. When they Zere asNed to find the eTXation of 
parabola Zith the focXs �0, f � and the directri[ y   ± f given, the vast maMority had no clXe hoZ to start. For 
them, a parabola Zas given by the eTXation y = ax2 or y   a�x ± h�2 � k Zhere the only meaningfXl 
information they coXld draZ from these e[pressions Zere the verte[ �h, k� and the coefficient a, and their 
discXssion Zas mainly aboXt the concavity of the parabola, hoZ Zide the parabola Zas depending on the 
valXe of a, or hoZ to shift y = ax2 to y   a�x – h�2 � k Xsing vertical and hori]ontal translations. 2nly after 
being reminded by the instrXctors that their Mob Zas to derive the eTXation of parabola Xsing the definition 
of parabola and that they coXld name a random point that is eTXidistant from the focXs and the directri[ as 
�x, y� in the Cartesian plane, did they attempt to interpret the definition of parabola to come Xp Zith some 
Nind of algebraic eTXation. (ven then, a lengthy discXssion Zithin their groXp and Zith the instrXctors Zas 
reTXired to reach to the algebraic representation, x2   4fy. AlthoXgh they seemed to Xnderstand that x, y 
represent variables in an algebraic relationship, r�x, y�   0, they did not Xnderstand that �x, y� coXld 
represent varying coordinates in the geometric conte[t. Most of them also did not Xnderstand or Xse the 
idea that a graph of a mathematical relation is a locXs of points Zhose coordinates satisfy the relation even 
if they had heard the definition mXltiple times from their classmate and instrXctors. Many of them had 
difficXlties in translating mathematical concepts, sXch as distance and eTXivalence, from verbal�geometric 
representations to algebraic representations. 

Connecting the Solution of the Cubic to the Intersection Point of the Circle and Parabola 

For PSM7s, finding the relationship betZeen the real solXtion of the cXbic x3 � p2x = p2q and the point 
of intersection of the parabola and the circle Zas difficXlt as Zell. 7Zo groXps falsely claimed that the 
solXtion of the cXbic eTXation Zas the distance betZeen the point of intersection and the origin or the 
distance betZeen the point of intersection and the focXs of the parabola �7he actXal solXtion of the cXbic 
eTXation Zas the x�coordinate of the non�origin intersection point of tZo graphs�. 7he e[amination of 
PSM7s¶ TXicNZrites also sXggested that they fell short in Xnderstanding the relationship betZeen algebraic 
and graphical representations. ,n one of the tZo TXicNZrites, only 5 oXt of 18 PSM7s specified that the 
solXtion of a system of linear eTXations, 2x � y   10, x � 2y   8, Zas the x, y coordinates of the point of 
intersection �4, 2�, discriminating the point �4, 2� on the plane from its coordinates x   4 and  
y   2, another evidence for their lacN of Xnderstanding of the Cartesian connection. For them, splitting a 
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single obMect, a point �x, y� in the Cartesian plane, into tZo obMects, its coordinates x and y, or Xsing x as a 
distance betZeen the point �x, y� and the y�a[is in their descriptions Zas very challenging.  
 

   

Figure 2: Graphical to algebraic transfer 

7oZard the end of the 2mar .hayyam tasN, hoZever, there Zere many signs that PSM7s Zere maNing 
progress in connecting representations. For e[ample, one groXp shoZed the relationship betZeen the 
algebraic representation of a circle x2 � y2   qx and the graph of circle Zith center �q�2, 0�, by incorporating 
a concept in geometry²the proportionality of similar triangles²into the Cartesian coordinate system 
�FigXre 2�. 7his groXp first shoZed that y��q ± x�   x�y and then derived the eTXation  
y2   x�q ± x� by cross�mXltiplying, Zhich then can be transformed into x2 � y2   qx. 7heir ZorN, finding an 
analytic e[pression of circle Xsing geometric properties on the Cartesian plane, as Descartes did, Zas 
remarNable progress, compared to their initial ZorN on the 2mar .hayyam tasN. ,n the beginning, they 
mostly focXsed on formXlas and algorithms of Zhich they did not maNe mXch sense. 7Zo other groXps also 
came Xp Zith e[planations hoZ 2mar .hayyam coXld have represented his solXtion and idea in his period. 
7he importance of verbal, spatial, and algebraic representations in Xnderstanding algebra Zas embedded in 
the groXps¶ ZorN. 

Conclusion  

7his stXdy foXnd that ZithoXt interventions prospective secondary mathematics teachers Zere largely 
dependant on memori]ed formXlas or algorithms rather than focXsing on meanings and ideas in connecting 
algebraic eTXations and their Cartesian graphs. 7heir problem solving Zas handicapped by incomplete 
concept images and definitions of circles and parabolas, similar to learners in the other stXdies on the 
concept of fXnction �(ven, 1993, 1998� 9inner, 1991� 9inner 	 DreyfXs, 1989� Williams, 1998�. ,n the 
case of circle, althoXgh most of them acNnoZledged the formal definition of a circle, they Zere Xnable to 
prove Zhy the definition gives the eTXation of circle. ,n the case of parabola, most of them had no 
NnoZledge of the definition of parabola or the sXbconcepts of focXs and directri[. (ven after they Zere 
reminded of the definition repeatedly by their classmate and by the instrXctors, they had difficXlties in 
translating the ideas in the definition to an algebraic representation.  

7his stXdy also affirms that the Cartesian connection, the idea that connects algebraic and graphical 
representations of a line �MoschNovich et al., 1993� .nXth, 2000�, is a critical idea to connect 
representations in the concept of conic cXrves. 7he concept of variable and a graph as a locXs of points²
an e[tended idea of the Cartesian connection Zith the concept of variable intertZined²Zere also 
identified as critical ideas in maNing connections of representations.  
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7hroXgh the intervention, prospective teachers made some progress. DXring the three�ZeeNs of 
instrXction, Ze saZ some positive changes in prospective teachers¶ mathematical thinNing and behaviors 
and progress in Xnderstanding 2mar .hayyam¶s solXtion to cXbic eTXations. Many prospective teachers 
Zho initially Zere dependent on memori]ed forms of algebraic formXlas made efforts to consider aspects 
of the Cartesian connection to maNe sense of their oZn ZorN. 7heir e[posXre to these critical ideas and 
concepts also helped them analy]e stXdents¶ thinNing. ,n the sXbseTXent activities that dealt Zith stXdents¶ 
Xnderstanding of algebra �Zhich Zill be docXmented in a later article� they tried to relate many of these 
same issXes that they e[perienced to stXdents¶ cognitive difficXlties and Xnderstandings in algebra.  

An implication of this stXdy is that teacher edXcation programs might have to pay special attention to 
these critical ideas so that their gradXates can better help their fXtXre stXdents Xnderstand connections 
among algebraic eTXations and their Cartesian representations. 7his stXdy shoZs one of those e[amples. 
Using a historical tasN of 2mar .hayyam in accordance Zith the principles of realistic mathematics 
edXcation �FreXdenthal, 1991� GravemeiMer, 1999�, Ze provided prospective teachers opportXnities to 
reconstrXct these critical ideas that are essential for their oZn Xnderstanding of algebra and for their fXtXre 
instrXction. FXrther, by providing sXbseTXent tasNs Zith Zhich prospective teachers coXld discXss stXdent 
mathematical thinNing aroXnd the same issXes that they had e[perienced, Ze tried to provide them 
opportXnities to develop pedagogical content NnoZledge along Zith sXbMect matter NnoZledge. 

Connection among representations is identified as one of the ³big ideas´ �/acampagne, %lair, 	 
.apXt, 1995� Schifter 	 Fosnot, 1993� in algebra by many researchers �.nXth, 2000�. Understanding the 
role of the Cartesian connection and the idea that a graph is a locXs of points that satisfy a relation in sense 
maNing aboXt the connections betZeen symbolic and graphical forms is a crXcial piece of pedagogical 
content NnoZledge that secondary teachers need to be familiar Zith. 2nly Zhen a teacher is aZare of the 
importance of this big idea and hold the Xnderstanding of the big idea, can she teach for the big idea 
�Schifter 	 Fosnot, 1993� Schifter, 5Xssel, 	 %astable, 1999�. 
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