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The purpose of the study was to examine how teachers enhance their knowledge of rational numbers 
focused on modeling problem tasks using multiple representations. The professional development summer 
institute and the follow-up Lesson Study (Lewis, 2002) throughout the academic year focused on engaging 
teachers in rational numbers and proportional reasoning problem solving tasks, exploring pedagogical 
strategies, utilizing mathematics tools and technology, and promoting connections in the elementary and 
middle school curricula. This research report has two aims: (1) identify ways in which focusing on 
modeling rational numbers with multiple representations impacted teachers’ understanding of rational 
numbers and proportional reasoning concepts; and (2) examine what strategic competence (NRC, 2001) 
looks like in teachers as they learn to model rational numbers concepts using multiple models. 

.eyZords� Modeling� 5ational 1Xmbers� 7eacher Development� Professional Development 

Theoretic Framework 

Strategic competence has been defined as the ³ability to formXlate, represent, and solve mathematical 
problems´ �15C 2001, p. 116�. 7he 1ational 5esearch CoXncil define ³mathematics proficiency´ as 
having five strands that inclXde strategic competence along Zith conceptXal Xnderstanding, procedXral 
flXency, adaptive reasoning and prodXctive disposition. 7his stXdy Xses the term strategic competence as a 
competence Ze Zant to develop in teachers and e[pand the definition to inclXde specific criteria in 
AM7(¶s standards for Pedagogical .noZledge for 7eaching Mathematics, Zhich inclXde the ability to 
³constrXct and evalXate mXltiple representations of mathematical ideas or processes, establish 
correspondences betZeen representations, Xnderstand the pXrpose and valXe of doing so� and Xse varioXs 
instrXctional tools, models, technology, in Zays that are mathematically and pedagogically groXnded´ 
�AM7(, 2010, p. 4�. Modeling mathematics and developing representational flXency are Ney mathematics 
practices emphasi]ed in the common core standards for math �CCSS,, 2010�.  

5esearch on rational nXmbers has also shoZn that representational flXency is critical in developing a 
conceptXal Xnderstanding of the topic �/amon, 2007� 15C, 2001�. 5epresentational flXency, the ability to 
Xse mXltiple representations and to translate among these models, has been shoZn to be critical in bXilding 
stXdents¶ mathematical Xnderstanding �Goldin 	 Shteingold, 2001� /amon, 2001�. 7he /esh 7ranslation 
Model highlights the importance of stXdents¶ abilities to represent rational nXmbers in mXltiple Zays, 
inclXding manipXlatives, real life sitXations, pictXres, verbal symbols and Zritten symbols �/esh, Cramer, 
Doerr, Post, 	 =aZoMeZsNi, 2003�. 7ranslations among the different representations assess Zhether a 
stXdent conceptXally Xnderstands a problem. SXch abilities to be able to translate Zithin and among 
mXltiple representations indicates an aspect of strategic competence. Some of the Zays to demonstrate 
translation among representations in mathematics is to asN stXdents to restate a problem in their oZn 
Zords, to draZ a diagram to illXstrate the problem, or to act it oXt. ,n teaching and learning, representations 
can play a dXal role, as instrXctional tools and learning tools. As /amon �2001� states, representations can 
be ³both presentational models �Xsed by adXlts in instrXction� and representational models �prodXced by 
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stXdents in learning�, Zhich can play significant roles in instrXction and its oXtcomes´ �p.146�. Another 
Zay to thinN aboXt representations is that they alloZ for constrXction of NnoZledge from ³models of 
thinNing to models for thinNing´ �GravemeiMer, 1999�. 7he Principles and Standards for School 
Mathematics �1C7M, 2000� emphasi]es that representations serve as tools for commXnicating, MXstifying, 
sense maNing and connecting ideas by stating, ³5epresentations alloZ stXdents to commXnicate 
mathematical approaches, argXments, and Xnderstanding to themselves and to others. 7hey alloZ stXdents 
to recogni]e connections among related concepts and to apply mathematics to realistic problems´ �p. 67�. 

Research Questions 

7his stXdy e[plored the folloZing research TXestions�  

1. +oZ does focXsing on modeling rational nXmbers Zith mXltiple representations impact teachers¶ 
Xnderstanding of rational nXmbers and proportional reasoning concepts" 

2. +oZ do teachers e[hibit strategic competence, in terms of the ability to constrXct, Xse and evalXate 
mXltiple representations and models of mathematical ideas and establish correspondences betZeen 
representations" 

Methods  

Si[teen elementary and middle grades teachers from grades 3±8 met for a one�ZeeN sXmmer institXte 
and continXed as school�based /esson StXdy teams dXring the academic year. A maMority of the teachers 
�78�� taXght in 7itle 2ne schools that served Xnderrepresented and Xnderserved popXlations. 7he daily 
topics inclXded reasoning Xp and doZn, direct and inverse thinNing, Xniti]ing, and, ratios and proportional 
thinNing. For this research report, Ze focXsed oXr analysis in the sXmmer content institXte and the lesson 
stXdy data soXrces to demonstrate the progression of development in teachers¶ strategic competence as 
they emerged from the critical incidents as reported in teachers¶ reflections and instrXctors¶ memos and 
field notes and artifacts.  

Data Sources 

7he data soXrces inclXded teacher reflections, posters of solXtion strategies, videotapes of the class 
sessions, instrXctors¶ memos and field notes.  

Teacher daily reflections from content institute. 7eachers reflected daily on the problem solving 
tasNs and Zrote aboXt neZ strategies and representations that Zere shared in class by other teachers. 7he 
teacher reflections focXsed on the Xnderstanding, reactions, and feelings of the individXal teachers. 7he 
pXrposes of the daily reflections Zere to elicit responses in teachers focXsed on rational nXmber problems 
Zhich asNed teachers to e[plain their thoXghts and solXtion strategies� identify any differences in their oZn 
Xnderstanding, approaches, and thinNing Zhich resXlted from the day¶s activities� and, illXminate any 
modifications to their teaching content and approach Zhich they intend to employ. 

Artifacts from class sessions–Poster proofs and concept map posters. 7he data collected, teacher 
reflections, posters of solXtion strategies, videotapes of the class sessions, and field notes, Zas focXsed on 
the development of conceptXal NnoZledge, not procedXral sNill. (ach groXp discXssed the problem, and 
recorded their thoXght processes on large poster paper. 7he poster proofs Zere Xsed to e[plain their 
reasoning, their discXssions, their mistaNes, and their conclXsions Zith the class. 2thers in the class coXld 
comment or asN TXestions. 7hese poster proofs Xsed to docXment teachers¶ progression of ideas.  

Video class sessions and instructors’ memos. 7he researchers collected instrXctors¶ memos each day 
to serve as a record of the professional development. 5esearchers also tooN photographs and video 
recorded daily sessions focXsed on teachers¶ sharing their representations, class discXssions, and stXdying 
teachers¶ ZorN and collaborative poster proofs.  

7hroXgh the Xse of mXltiple data soXrces oXr goal Zas to captXre, teachers¶ strategic competence, 
namely� �a� the connection betZeen teachers¶ content NnoZledge and the Xse of representations� 
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�b� teachers¶ Xse of mathematics models, tools and technology and pedagogical strategies� and 
�c� teachers¶ rationale for choosing tools and representations to represent their thinNing. 7he researchers 
inclXded the facXlty and NnoZledgeable others Zho recorded their observations in a consistent format that 
helped Xs analy]e and identify evolving themes and misconceptions. 

Data Analysis Procedure 

Critical ,ncident Analysis �7ripp, 1992, 1994� Zas Xsed to analy]e Ney events that evoNed teachers to 
reflect on their math NnoZledge for teaching rational nXmbers and their teaching practices. 7ripp �1992, 
1994� defines critical incidents, Zhich emerge throXgh the critical reflection process, in the folloZing Zay� 
“Incidents happen, but critical incidents are produced by the way we look at a situation: a critical incident 
is an interpretation of the significance of an event. To take something as a critical incident is a value 
judgment we make, and the basis of that judgment is the significance we attach to the meaning of the 
incident.” 7ripp also describes critical edXcational events are catalysts for transformative development of 
both stXdents and teachers. As researchers, Ze tooN inventory of critical incidents that occXrred throXghoXt 
the content institXte and the /esson StXdy and collected the data soXrces from those episodes to analy]e 
them for their meaning, relate the incidents to a broader analysis to Xnderstand hoZ those critical incidents 
developed teachers¶ strategic competence. 

Findings 

Critical Incident 1: Letting Go of Formulas and Modeling Division of Fractions: What’s All These 
Partitive, Quotitive Models?  

A challenge that teachers encoXnter in their cXrricXlXm is having to model division of fraction. 7his 
reTXires Xnderstanding of the partitive and TXotitive model of division. ,t Zas evident in many of oXr 
teachers that they had learned math rXles ZithoXt conceptXal Xnderstanding and Zere challenged to reason 
aboXt the mathematics they Zere teaching. 7o Xnderstand modeling division of fractions it is necessary to 
appreciate the different meanings sXch as measXrement division, sharing, finding a Zhole given a part, and 
missing factors etc. 7Zo different conceptXal models that often evolve in modeling fractions inclXde a fair�
share �partitive� or measXrement �TXotitive� model. ,n the fair�share partitive model, the goal is to share 
oXt the same nXmber of obMect to a fi[ed nXmber of groXps. 2n the other hand in a measXrement TXotitive 
model, a measXrement Xnit is chosen and is repeated as many times to yield the TXantity being measXred. 
While the former leads to an invert and mXltiply algorithm, the latter leads to a common denominator 
algorithm. 2ne of the instrXctors focXsed her modXle on this notion of division of fractions and in helping 
teachers model story strXctXres that represented partitive and TXotitive models. She Zrites in her 
instrXctor¶s memo� 

I did see discussions between models of division that showed that participants did not have two equally 
robust models of division that they could use in their models. There was a debate between two 
participants that suggested that one participant had a model of division that was partitive, but the 
table-mate was showing a quotitive model. I hope that through modeling division problems tomorrow 
they will have the opportunity to figure out each division model from a set of problems. Having 
participants use manipulatives to model quotitive and partitive expressions challenges their views of 
division. (Excerpt-instructor’s memo Day 3) 

The next thing I learned today is that having participants use manipulatives to model quotitive and 
partitive expressions challenges their views of division. For example, students who were comfortable 
with modeling �� ÷ �� were stumped by �� ÷ 2. However, the reverse was also true: participants 
comfortable with �� ÷ 2, could not figure out a way to model �� ÷ ��. It is fascinating to me that this 
occurred at most tables, and I think it is something that could be followed up on. From a teaching 
point of view, setting up the confusion over division models and then resolving them by naming the 
modeling process made it much easier to teach the idea of partitive and quotitive. The participants 
knew that there was something “fishy” going on, but couldn’t name it, and therefore couldn’t work 
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with their models. I know that many want to skip teaching these ideas explicitly, but I think it is an 
essential understanding in learning to model rational number operations, and more importantly, 
learning to teach students modeling! (Excerpt-instructor’s memo Day 4) 

7hese e[cerpts from the instrXctor¶s memo Zere revealing of hoZ this class activity elicited a 
relearning e[perience for teachers. 2ne teacher commented in her reflection, ³, am grappling Zith the 
process of modeling the process of dividing by a fraction. Since , learned to mXltiply by the reciprocal 
over forty years ago, and it has alZays ZorNed that Zay, , have never TXestioned that process really ZorNs. 
, still don¶t fXlly get it. %Xt , Zill continXe to e[amine the model Xntil , ³get it�´ 2ther teachers also echoed 
their aZareness of being too reliant on learned procedXres and hoZ they needed to let go of the formXlas to 
relearn the conceptXal models of operation Zith rational nXmbers. ³, need to constantly Xse the 
manipXlatives or , revert bacN to my happy place Zith algorithms.´ 

Critical Incident 2: Developing Conceptual Maps and Poster Proofs with Multiple Models 

7he conceptXal posters Zere Xsed to docXment teachers¶ progression of ideas. ,n addition, posters 
shoZed hoZ people in a groXp approached problem solXtions in a variety of Zays. 7he reflections gave 
insight into hoZ the individXal teachers Zere feeling aboXt the sessions bXt they also docXmented hoZ they 
Zere adding neZ models on to their conceptXal maps for rational nXmbers. ,n class sessions, groXps Zere 
reTXired to strategi]e solXtions by at least three of the five possible representations. 7he teams ZoXld affi[ 
their poster proofs to the Zall, bXt, before verbal e[planations from the teams, the class ZoXld do a 
³gallery ZalN,´ a ZalN aroXnd the room stopping to looN at and to analy]e each poster then they ZoXld 
taNe time considering different representations. Several themes Zere present in the maMority of the 
reflections aboXt the poster proofs. 7hese Zere� the importance of clarity in the models, seeing the 
connection betZeen the varioXs models, the advantage of bXilding mXltiple models, the benefit of 
collaboration, and recogni]ing that there are mXltiple valid approaches to problem solving, Zhich leads to 
vieZing stXdent ZorN Zith neZ eyes. Several teachers reported ³Aha´ moments concerning ideas aboXt 
rational nXmbers, Zhich they had formerly accepted bXt noZ actXally Xnderstood, giving them a feeling of 
liberation. A teacher Zrote, ³, Zish more classroom teachers fostered an environment Zhere stXdents can 
strXggle Zith problems and ZorN together to solve problems. StrXggling throXgh and listening to strategies 
of others has really opened Xp my thinNing.´ As the teachers¶ conceptXal NnoZledge deepened, the 
teachers began to TXestion their oZn NnoZledge and assXmptions. Classroom discXssions of problems and 
sharing solXtion strategies Zas seen as a valXable approach both to clarify problems as Zell as to develop 
their conceptXal thinNing.  

7he teachers rediscovered the Xse of a ratio table to solve a problem called the 5obot and Cars 
problem. 7eachers reported that the reasoning Xp and doZn strategy helped them to breaN problems into 
chXnNs and bXild on those chXnNs. 2ne teacher Zrote that she ZoXld Xse reasoning Xp and doZn to help 
her stXdents focXs on Zhat they already NnoZ and then gXide them in bXilding on that NnoZledge. Several 
teachers remarNed on the importance of labeling processes so that stXdents have a clear pictXre of hoZ the 
concepts tie together� this leads to the development of conceptXal Xnderstanding and the internali]ation of 
concepts and processes for the stXdents. 7he teachers recogni]ed the crXcial importance of thinNing aboXt 
the TXestion before crXnching nXmbers. Additionally, as can be seen in the posters, the teachers gained an 
appreciation for the validity of mXltiple approaches to problem solXtion �see FigXre 1�.  

2ne of the teacher¶s reflection commented on hoZ the poster proofs alloZed for colleagXes to share 
different models of proportional reasoning. “Even though people have different approaches on problem 
solving. Not one person thinks alike. The robot/hrs/cars problem had multiple ways to get the answer. 
Some were very basic and others more complex.”  
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Figure 1: Using a ratio table and counting vs. finding multipliers 

MistaNes and confXsion alloZed the teachers to Xse mathematical reasoning and argXments to do side�
by�side comparisons of solXtions, or MXst talN throXgh comparisons of solXtions to find Zhere they did not 
match Xp. 7hen, the teachers ZoXld strategi]e to determine not only hoZ to proceed bXt also to determine 
Zhy one method did not ZorN. For e[ample, ³1 robot can maNe 1 car in 1 hoXr´ does not mean ³2 robots 
can maNe 2 cars in 2 hoXrs.´ 7eachers discXssed Zhy a simple ³mXltiply throXgh´ techniTXe did not ZorN. 
7eachers benefited from these discXssions in several distinct Zays. First, they began to see that real 
problems involving rational nXmbers are not simply plXg�and�play e[ercises� they are mXlti�layered 
challenges, Zhich reTXire analysis, soXnd reasoning, and Xnderstanding of the relationships among 
TXantities. Second, they recogni]ed the profoXnd importance of conceptXal Xnderstanding as a baseline for 
strategi]ing approaches to problem solving. And, third, they gained an acXte appreciation for the 
frXstration of their stXdents Zho apply incorrect procedXres and cannot Xnderstand Zhy their ansZers are 
incorrect. Several teachers mirrored that idea in their Zritings. /astly, another teacher reflected, “I am also 
starting to think differently about analyzing student work. When problems have the opportunity of yielding 
a variety of correct answers, it is important to consider what the student is doing and what math they can 
do and understand.” 

Critical Incident 3: Using Lesson Study to Observe How Students Modeled a Problem 

2ne critical class episode dXring the sXmmer institXte sXrroXnded a problem called the Mango 
Problem. 7he problem is as folloZs� One night, the King went down into the Royal kitchen, where he 
found a bowl full of mangoes. Being hungry, he took 1/6 of the mangoes. Later that same night, the queen 
was hungry, found the mangoes and took 1/5 of what the King had left. Still later, the first Prince awoke, 
went to the kitchen, and ate � of the remaining mangoes. Even later, his sister, the Princess, ate 1/3 of 
what was then left. Finally, the youngest Prince woke up hungry and ate � of what was left, leaving only 4 
mangoes for the kitchen staff. How many mangoes were originally in the bowl? 7eachers initially had 
difficXlty approaching this problem becaXse they Zere fi[ated on the Zhole being one mango or figXring 
oXt a formXla. 7he researcher noted hoZ the instrXctor reminded the teachers to ³letting go´ of rXles and 
figXre oXt Zays to approach problems throXgh modeling ZithoXt getting fi[ated on the nXmbers. 9ideo 
analysis revealed a groXp of teachers, SXnny, -ane and Al act oXt their solXtion. As they acted oXt the 
scenario, they asNed TXestions liNe, ³,s a mango the Zhole or are 4 mangoes the Zhole"´ ³What role are 
the fractions playing"´ 7hey started to Zrestle Zith the idea of their previoXs math tasN called the Candy 
%ar and Circle Problem, Zhich focXsed on the varying definitions of the ³Zhole´ and they had to negotiate 
and determine different meaning of fractions of that Zhole. Some teachers Zere observed having obstacles 
becaXse they started Zith one mango as the Zhole� bXt, halfZay throXgh started to thinN as 4 mangos as the 
Zhole. 7his indicated a misconception that the teachers seemed to have aboXt part�Zhole vs part�part 
interpretation. ,n addition, Ze observed teachers solving problems by ZorNing bacNZards Xsing the 
manipXlatives. 7he idea of Xniti]ing that involves mentally constrXcting TXantities in different chXnNs 
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appeared to be someZhat problematic even for teachers. AlthoXgh this groXp seems to be TXicN to catch 
on, they seem to be having problems trXly grasping the concepts and applications of Xniti]ing. 

%ecaXse Ze noted this episode to be a critical incident, Ze Zere interested to see hoZ this groXp of 
teachers Zho planned a /esson StXdy �/eZis, 2002� Zith the Mango Problem ZoXld elicit models from 
their stXdents. For the Lesson Study Reflections, Ze asNed teachers to reflect on the process of developing 
and refining a research lesson, creating assessments items, and analy]ing stXdents¶ learning. 7he formal 
reflection assignment inclXded teachers¶ evalXation of instrXctional strategies that promoted rational 
nXmbers and proportional reasoning throXgh modeling, teachers¶ analysis of stXdent thinNing and Zhat Zas 
learned from the process of collaboratively planning, teaching, observing and debriefing Zith colleagXes. 
2ne of the /esson StXdy teachers taXght the mango problem to her 5th grade stXdents and commented on 
the mXltiple models and representations that Zere Xsed in her class.  

Students approached the task in numerous ways. Some students tried to employ algorithmic 
approaches base on their current knowledge. This strategy often highlighted misconceptions 
they were having in regard to the relationships of fractions. Students would add all the 
numerators and then add on the number of mangos that remained. Others drew pictures or a 
model of 6/6 and took 1/6 away, but got stuck with where to go next. Others used the unifix 
cubes and represent this model the same way and were not sure how to proceed either. Still 
others quickly drew a model of 6/6 and identified the last box as having three mangos in it. 
They saw at that point that because fractional parts are of equal size all the boxes would have 
three mangoes in them. From there, they eliminated 1/6, 1/5,1/4, etc. recognizing that each 
time they took away one-sixth their whole changed. Drawing seemed to be the strategy that 
worked the best.  

+er reflection continXed Zith an analysis of her stXdents¶ ZorN and hoZ she asNed her stXdents to Xse their 
models of Xnderstanding the problem to MXstify their ansZers. 7his teacher reflected Xpon this /esson 
StXdy and reported that the planning of the Mango Lesson helped bring deeper Xnderstanding of the 
importance of Xniti]ing or the changing of the Xnit as one proceeds throXgh a tasN. ,n addition, it solidified 
the meaning of fractional parts being of eTXal si]e. 7he planning session, also, broXght to the forefront for 
her the mXltiple approaches that coXld be Xtili]ed by stXdents to solve the tasN. Developing pictorial 
representations and then discXssing the processing behind each solXtion Zith a collegial groXp alloZed her 
to see thinNing that Zas different from hers and yet valid. 7hey looNed at the process of ZorNing 
bacNZards and the relationship of parts to the Zhole. Collaboratively discXssing misconceptions Zith her 
lesson stXdy groXp also aided her in developing open�ended gXiding TXestions to assist stXdents in 
navigating throXgh the tasN if and Zhen they get stXcN Zhile modeling the tasN. 

Discussion and Conclusion 

2Xr stXdy operationali]ed the notion of teachers¶ strategic competence Xsing the 15C¶s �2001� 
description ³as the ability to formXlate, represent, and solve mathematical problems´ and AM7(¶s 
standard �2010�, ³as the ability to constrXct and evalXate mXltiple representations of mathematical ideas or 
processes, establish correspondences betZeen representations, and Xnderstand the pXrpose and valXe of 
doing so� and Xse varioXs instrXctional tools, models, technology, MXdicioXsly, in Zays that are 
mathematically and pedagogically groXnded´.  

,n oXr analysis Ze observed that teachers needed mXltiple opportXnities to constrXct and evalXate 
mXltiple representations of mathematics ideas. ,n the critical incidence described above, teachers 
recogni]ed that certain models afforded different opportXnities for mathemati]ing. For e[ample, the ratio 
table alloZed teachers to bring oXt the ideas of reasoning Xp and doZn and highlight the mXltiplicative 
strXctXres in proportional reasoning. ,n addition, the notion of ³establishing correspondences betZeen 
representations´ came Xp a lot as an important theme Zhen maNing connections betZeen tabXlar, nXmeric 
and graphical approaches to representing a problem. “Because I am so comfortable with mental math and 
using numbers, I find it arduous to think in terms of manipulatives and pictures. However, I can see the 
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value of hands-on manipulatives for my math students. Today I used a ratio table and Kathy showed me 
how to “pull apart” a ratio so that I could manipulate it more easily.”  

DXring the lesson stXdy, the planning and debriefing phases revealed teachers pedagogical dilemmas 
Zith the ³Xse varioXs instrXctional tools, models, technology, MXdicioXsly, in Zays that are mathematically 
and pedagogically groXnded.´ For e[ample, teachers Zho presented the mango problem Zrestled Zith the 
pedagogical dilemmas of determining Zhich manipXlatives shoXld be available for stXdents and Zhat 
model of fractions ZoXld be important in the lesson. 

Most importantly, Ze gathered from their mXltiple reflective entries, teachers¶ sense of ³Xnderstanding 
the pXrpose and valXe of doing so �representing and connecting representations�. 7eachers reflected on 
hoZ the opportXnity to strXggle Zith problems in order to develop deep Xnderstanding of rational nXmbers. 
While many teachers e[pressed frXstration Zith the homeZorN problems as Zell as the in�class problems, 
they also recogni]ed that their frXstration led them to thinN aboXt rational nXmbers in Zays Zhich they had 
not employed previoXsly. 7his led to deeper Xnderstanding. Several teachers reported that they noZ ³get´ 
rational nXmbers and are gaining appreciation for the connections betZeen concepts� they attribXte this to 
the e[periences of strXggling throXgh the investigative problems ZithoXt the crXtch of plXg�and�play 
procedXres. 7eachers TXestioned each other¶s thinNing and ZoXld not alloZ XnsXbstantiated assXmptions. 
7he focXs Zas on mathematical reasoning, not the ansZer. We repeatedly heard teachers asNing each other, 
³please e[plain that again, , don¶t Xnderstand Zhere yoX are going Zith this´ or ³Zhy ZoXld that be 
reasonable Zay to solve this"´ .noZing that nXmeroXs approaches to problem solXtion Zere both possible 
and valid freed the teachers to concentrate on the soXndness of their approaches, resXlting in the teachers 
being able to develop more profoXnd Xnderstanding. Participants valXed the learning process and the 
opportXnity to collaborate Zith other mathematics edXcators in translating their learning into practice. 7his 
stXdy contribXtes to the groZing body of NnoZledge on docXmenting hoZ professional development serves 
as a catalyst for change in teachers as they reflect on developing their strategic competence for teaching 
and modeling rational nXmbers concepts in elementary and middle grades. 
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