
���������������
��������������$�
��������
������� -.�

�

�

���������#��%�
%#���#��%&�%#�)������!#��%��%�'���%(%�',*+,(%�	���

�����������
������
���
���

����������
���������
���
����
��
�����

��
����
��
����
��������������
�	��������������
��
�
���������
������������"��#�	�$�
�������	����������� �����!%�

UNPACKING THE COMMON CORE STATE STANDARDS FOR MATHEMATICS: 
THE CASE OF LENGTH, AREA AND VOLUME 

KoSze Lee 
1orth Carolina State University 

Nlee11#ncsX.edX 

Kenny Nguyen 
1orth Carolina State University 

NhngXye2#ncsX.edX 

Jere Confrey 
1orth Carolina State University 

jconfre@ncsu.edu 

Adoption of the Common Core State Standards present challenges to school districts, school 
administrators, and teachers. To assist in this endeavor, we present our work on unpacking the CCSS-M 
for the length, area, and volume Learning Trajectory (LT). The overarching theme of “genetic 
epistemology” and a five-characteristic framework guided our work of unpacking the Standards. As a 
result, we added “Bridging Standards” to mediate students’ progression through the length, area, and 
volume LT to provide a coherent structure through this trajectory. The implications of our work were 
discussed. 

.eyZords� Standards� /earning 7raMectories� CXrricXlXm 

Objective 

7he Common Core State Standards for Mathematics �CCSS�M� �CCSS,, 2010� are a maMor revamping 
of e[isting and past state standards. Adoption of the CCSS�M presents many challenges for school 
administrators and teachers. ,n particXlar, the learning traMectories that ostensibly Xndergird the Standards 
are not readily accessible to readers becaXse they are abridged Zithin the standards and do not contain a 
fXll treatment of the research base �Confrey, 2012�. +ence, there are gaps betZeen standards redXcing their 
cohesiveness. Finally, the Standards aXthors state� ³7hese Standards do not dictate cXrricXlXm or teaching 
methods´ �CCSS,, 2010, p. 3� Zhich is commendable, hoZever, this implies that teachers need resoXrces 
and sXpport to Xnderstand the gradXal evolXtion of the ³big ideas´ Zithin the Standards. 

2Xr research groXp has XnpacNed the grade .±8 standards for the CCSS�M 
�http���ZZZ.tXrnonccmath.com� �Confrey et al., 2011� by mapping each of the .±8 standards onto 17 /7s 
�Confrey, 2012�. For each traMectory, Ze XnpacNed the Standards, or parts of a Standard if it had a feZ 
parts �e.g., 3.MD.7 had three parts� 3.MD.7.a, 3.MD.7.b, and 3.MD.7.c�, into descriptors to inclXde a 
carefXl discXssion of the fXll learning traMectory. 7he descriptors inclXde� �1� ConceptXal principles� 
�2� Misconceptions, strategies, and representations� �3� ,ntrodXction of meaningfXl distinctions aboXt 
mathematical concepts and mXltiple models of sitXations� �4� A coherent StrXctXre of Development 
Xnderlying the /7� and �5� %ridging Standards.�2ther groXps Zho are XnpacNing the standards tend to 
elaborate on the mathematical content in each Standard �e.g., McCallXm, %lacN, Umland, 	 Whitesides, 
2010� or maNe comparisons betZeen e[isting standards and the CCSS�M �e.g., 1orth Carolina Department 
of PXblic ,nstrXction, 2011�. 7hoXgh important, these approaches do not alZays give perspective on hoZ 
stXdents¶ mathematical ideas advanced Xnder instrXction. ,n this paper, Ze present oXr ZorN on XnpacNing 
the .±5 CCSS�M Standards for the length, area, and volume /7. DraZing Xpon the literatXre, Ze created 
an initial draft to reveal a coherent strXctXre for this /7.1 

Literature Review 

Learning Trajectories 

7he term learning trajectories (LT), has different meanings among researchers in mathematics 
edXcation. Simon �1995� first defined a hypothetical learning trajectory �+/7� to be, ³7he learning goals, 
the learning activities, and the thinNing and learning in Zhich stXdents might engage´ �p. 133�. 2Xr 
research groXp defines a learning traMectory to be,  

a researcher�conMectXred, empirically�sXpported description of the ordered netZorN of constrXcts a 
stXdent encoXnters throXgh instrXction �i.e., activities, tasNs, tools, and forms of interaction�, in order 
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to move from informal ideas, throXgh sXccessive refinements of representation, articXlation, and 
reflection, toZards increasingly comple[ concepts over time. �Confrey, Maloney, 1gXyen, MoMica, 	 
Myers, 2009� 

We vieZ /7s as e[pected probabilities of stXdents¶ progresses in their development of mathematical 
NnoZledge in terms of seTXence and liNelihood. /7s permit one to specify at an appropriate and actionable 
level of detail Zhat ideas stXdents need to NnoZ dXring the development and evolXtion of a given concept 
over time. 7his definition alloZed Xs to XnpacN and seTXence of the CCSS�M Standards gXided by the 
research literatXre on spatial measXrement.  

Learning Trajectories for Length, Area, and Volume 

Synthesi]ing the literatXre in length and area measXrement �1gXyen, 2010�, Ze foXnd three different 
vieZpoints on measXrement� �1� those Zho have bXilt /7s for length and area Xsing an e[ternal iterating 
Xnit �%arrett, Clements, .landerman, Pennisi, 	 PolaNi, 2006� %attista, 2007� %attista, Clements, Arnoff, 
%attista, 	 %orroZ, 1998� Clements 	 Sarama, 2009� 2Xthred 	 Mitchelmore, 2000�� �2� those Zho have 
investigated the Xse of common Xnits as measXre �/ehrer et al., 1998� 1gXyen, 2010�� and �3� those Zho 
have bXilt an entire nXmeration system based on measXrement �DoXgherty 	 9enenciano, 2007�. %y 
approaching measXrement as a ³systematic process to compare tZo or more TXantities´ �Confrey, 2011�, 
Ze e[panded the meaning of measXrement beyond association a nXmber of Xnits Zith a given TXantity to 
inclXde bXilding nXmber�Xnit relationships Xsing Xnits that are internal of and e[ternal to the obMect being 
measXred. ,n oXr ZorN, Ze treated stXdents¶ learning of the concepts and sNills of length, area and volXme 
as progressions throXgh a single /7 instead of separate /7 for the above reason.  

Development of length trajectories. Sarama and Clements �2009� have proposed a /7 for length 
measXrement based on a mi[ed method analysis and synthesis from other stXdies �e.g., +iebert, 1981� 
/ehrer, 2003� Piaget, ,nhelder, 	 S]eminsNa, 1960� Stephan, Cobb, 	 GravemeiMer, 2003�. 7heir /7 
identified five areas of hoZ stXdents bXild concept and sNills throXgh instrXctional e[periences� �1� 
alignment of endpoints to compare lengths �Piaget et al., 1960�� �2� comparing the lengths of tZo obMects 
Xsing a third obMect and transitive reasoning �+iebert, 1981�� �3� finding the lengths of an obMect by ³tiling´ 
or ³iterating´ smaller identical obMects as length Xnits and associating higher coXnts Zith longer obMects 
�+iebert, 1981� /ehrer, 2003� Stephan et al., 2003�� �4� Xnderstanding that length measXre reTXires eTXal�
length Xnits �(llis, Siegler, 	 9an 9oorhis, 2000�� and �5� Xsing rXlers and length measXres to investigate 
real�Zorld phenomenon �/ehrer, 2003� Stephan et al., 2003�. 

7he evolXtion of stXdents¶ concepts and sNills on length measXrement is described in terms of 
stXdents¶ developmental progressions and their action schemes �see Sarama 	 Clements, 2009, pp. 289±
291 for details�. Seven levels Zere identified in the /7� �1� Pre�length TXantity recogni]er� �2� /ength 
TXantity recogni]er� �3� /ength direct comparer� �4� ,ndirect length comparer� �5� (nd�to�end length 
measXrer� �6� /ength Xnit relater and repeater� and �7� /ength measXrer. Sarama 	 Clements¶ �2009� ZorN 
and its sXpporting corpXs of stXdies provided the research inpXt needed to XnpacN the /ength Standards 
�Sarama, Clements, %arrett, 9an Dine, 	 McDonel, 2011�. 

Development of area trajectories. 5esearchers have docXmented that to have a deep Xnderstanding 
on area, stXdents mXst first Xnderstand the idea of systematic coverage �no overlaps or gaps� by a sTXare 
Xnit �2Xthred 	 Mitchelmore, 2000�. 7hey learn to align the Xnits into an array of roZs and colXmns, 
relating roZs and colXmns to the lengths of the sides, and finally to calcXlate area from the nXmber of Xnits 
of length and Zidth �%attista et al., 1998�. 2ther aspects of a more complete learning traMectory for area 
ZoXld inclXde developing stXdent Xnderstanding aboXt measXring Zith a sTXare Xnit versXs Zith a rXler, 
linNing to lattice point arrays, the impact of different si]ed Xnits on the magnitXde of the area, linNing area 
and perimeter, and e[tending to triangles or circles. Finally, it ZoXld inclXde stXdent Xnderstanding of the 
calcXlation of fractional area Zith an anticipation that the prodXct of tZo nXmbers prodXce an area that is 
smaller than an area of either one of the linear dimensions by 1 Xnit �e.g. � in. [ 3�4 in.   3�8 sT. in. is less 
than � in by 1 in. or 3�4 in by 1 in.�.  
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1gXyen �2010� docXmented that stXdents coXld constrXct common Xnits to compare areas Zhen asNed 
to compare tZo or more areas ZithoXt the provision of an e[ternal Xnit. 7hroXgh eTXipartitioning �Confrey 
et al., 2009� of the tZo areas into smaller areas, stXdents created a same�si]ed area Xnit embedded in the 
original areas to be Xsed as the basis of comparison. +e also demonstrated that stXdents eventXally 
generali]ed that if tZo areas are eTXal, they mXst be measXred by the same�si]ed Xnit the same nXmber of 
times. As a resXlt, his stXdents Zere able to correctly predict the effects of changing the Xnit si]e on the 
measXre of an area. 2thers have investigated a nXmber of these ideas �Simon 	 %lXme, 1994�, bXt ZorN 
remains to synthesi]e these findings into a Xnified description linNed to stXdent behaviors.  

Development of volume trajectories. %attista and Clements �1996� shoZed five levels of stXdent 
behaviors Zhen ZorNing volXme tasNs. At /evel A, stXdents only begin to conceptXali]e a set of cXbes that 
forms a rectangXlar array. At /evel %, stXdents have conceptXali]ed the cXbes, bXt do not Xtili]e the 
inherent layer strXctXre of a 3�dimensional cXbe. At /evel C, cXbe faces are Xsed, hoZever, either all of the 
face cXbes are coXnted or oXtside the cXbes. At level D, stXdents Xse the volXme formXla and coXnt a roZ 
of face cXbes to calcXlate volXme. /astly, level ( is reserved for oXtliers. StXdents Zho Zere not yet at 
/evel A Zere generally Xnable to find oXt hoZ many cXbes there Zere in a 3�dimensional bo[, since 
seeing a mental array pictXre is only the beginning step to /evel A Xnderstanding. 7o sXch stXdents, the 
/ � W � + formXla means very little. 7hose Zho applied the formXla tended to ignore the three�factor 
prodXct that resXlts from volXme measXrement. MXltiplication Zas also not the only operation relied on to 
calcXlate volXme. Addition, sNip coXnting, and repeated addition Zere also Xsed. 

%attista �1999� folloZed Zith a teaching e[periment to see if fifth graders coXld enXmerate cXbes. All 
si[ stXdents in the stXdy Zere able to strXctXre and enXmerate 3D cXbe arrays. +oZever, their Xse of 
layering did not immediately lead to its Xse in sXbseTXent predictions. %attista �2007� cXrrently claims 
seven levels of sophistication in stXdents¶ Xses of cXbic arrays to constrXct volXme, ranging from 
organi]ation or location of Xnits in arrays, to introdXcing composite Xnits, emergent array strXctXres, and 
spatial strXctXring and enXmeration. 

CXrry and 2Xthred¶s �2005� ZorN distingXishes ³pacNing volXme´ Zith cXbes and ³filling volXme´ 
Zith liTXid or sand. While investigating stXdents¶ Xnderstanding of the relationship betZeen length, area, 
and volXme, they discovered that stXdent scores on pacNing volXme tasNs Zere highly correlated Zith 
scores on length. ,n these tasNs, stXdents Zere asNed to pacN an area Zith a Xnit bo[. 7hey performed mXch 
better on tasNs involving filling volXme Zith Zater or sand. 7he aXthors conMectXred that a filling 
procedXre and length iteration Zere related processes. 7his literatXre informed oXr consideration of the 
contents to be inclXded in the descriptors. 

Unpacking the Length, Area, and Volume Trajectory 

An overarching theme of oXr ZorN is to consider the ³genetic epistemology´ �Piaget, et al., 1960� of 
hoZ instrXction refines stXdents¶ informal mathematical idea sXccessively and develop more comple[ 
ideas, as informed by research from a cognitive and instrXctional standpoint. 7he adoption of the genetic 
epistemology approach motivated a five�characteristic frameZorN for XnpacNing the mathematical content 
of the Standards into the descriptors. First, the descriptors provide an e[plicit breaNdoZn of comple[ 
mathematical ideas into its conceptual principles. For e[ample, the descriptor for standard 1.MD.2 spells 
oXt the principles of Xsing a length Xnit to measXre. Second, the descriptors address the misconceptions, 
strategies, and representations that stXdents may encoXnter as their informal ideas evolve into comple[ 
mathematical ideas. For e[ample, the descriptor for standard 2.MD.1 addresses the misconception in Xsing 
a rXler, Zhere stXdents may misinterpret the nXmber of ticN marNs spanned by an obMect as its length. 7hird, 
the descriptors identify meaningful distinctions aboXt a mathematical concept. 7hese distinctions lead to 
multiple models of problems and sXpport stXdents¶ generali]ations. For e[ample, the descriptor for 
standard 3.MD.5.b maNes three distinctions aboXt the idea of ³an area of n sTXare Xnits´ as� �1� iterating an 
area Xnit n ± 1 times, �2� ³n times as big´ as an area Xnit, and �3� a sZeep of a line segment over a distance. 
FoXrth, the organi]ation of the descriptors of a /7 reflected a genetically coherent structure of 
development throXgh Zhich stXdents develop ³big ideas.´ For e[ample, the descriptors of this /7 are 
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organi]ed to highlight the genetic seTXence in Zhich stXdents develop length, area, and volXme by� 
�1� Defining the attribXte, �2� Direct comparison, �3� ,ndirect comparison, �4� MeasXring Xsing a Xnit Zith 
no gaps or overlaps, and �5� Compensatory and Additive principles. Fifth, Ze introdXce ³%ridging 
Standards,´ additional mathematical NnoZledge that mediates stXdents¶ progression from prior concepts in 
earlier Standards to more sophisticated and formal concepts in later standards. 7hese %ridging Standards 
and their descriptors provide a complete genetic epistemological accoXnt of a /7. For e[ample, TXalitative 
comparison of area and volXme Zere added as %ridging Standards, since this mathematical NnoZledge Zas 
instrXmental to the coherent strXctXre Xnderlying stXdents¶ development of measXrement, bXt Zas not 
inclXded in the CCSS�M.  

We approach the tasN of XnpacNing the CCSS�M by describing stXdents¶ development in terms of the 
characteristics mentioned above. 2Xr XnpacNing proceeded in the folloZing manner. First, Ze seTXenced 
the relevant Standards in a Zay that generally reflects research findings aboXt hoZ stXdents progressively 
learn the ideas. A set of seTXenced Standards can be regarded as an abridged /7. Second, based on the 
abridged /7, Ze bXilt an Xnabridged version Zhere Ze incorporated research findings to bridge the 
instrXctional gaps betZeen and Zithin the standards of a /7. For length, area, and volXme, Ze synthesi]ed 
different research findings in the domain of spatial measXrement into a Xnified description of hoZ 
stXdents¶ mathematical NnoZledge evolved as they encoXnter activities, tasNs, tools, and forms of 
interaction. 7hird, Ze added %ridging Standards Zhen Ze felt the research sXggested mediating ideas that 
Zere necessary to be learned before progressing to the ne[t standard in the /7. 

We drafted the te[t of the XnpacNed /7s in the format of a tZo�colXmn table, in Zhich the left colXmn 
shoZed the standards and its codes as seTXenced in the /7 and the right colXmn shoZed the descriptor of 
the standard. We Xsed Confrey¶s �2010� he[agons map to represent hoZ the /7s develop over time and to 
depict hoZ they are relate to each other visXally. 7he length, area, and volXme /7 Zas organi]ed into si[ 
sections� �1� AttribXtes, MeasXring /ength and Capacity by Direct Comparison� �2� /ength measXrement 
Xsing Xnits and tools� �3� Area and Perimeter� �4� 9olXme MeasXrement� �5� Conversion� and �6� Area and 
9olXme of Geometrical Shapes and Solids. 7he move to sXbdivide the entire /7 into sections does not 
signify some disconnect betZeen the contents of the descriptors bXt rather permit Xs to focXs on XnpacNing 
the more intertZined connections among some Standards. ,n fact, cross�references betZeen the Standards 
Zere often made Zhen drafting the descriptors. 

Report of the Unpacking of Length, Area and Volume Standards 

We Zrote 50 descriptors in the length, area, and volXme /7 �36 from CCSS�M and 14 %ridging 
Standards�. %eloZ Ze present a sXmmary of the mathematical NnoZledge that Ze have XnpacNed, 
according to the five�characteristic frameZorN. 7he most Xpdated edition of the descriptors can be 
accessed online �http://www.turnonccmath.com�. 

Conceptual Principles of Length, Area, and Volume 

,n the descriptors, Ze XnpacNed a list of conceptXal principles to be mastered by stXdents across 
length, area, and volXme. 7hey are� the Conservation Principle, the Compensatory Principle, the Principle 
of Unit Placement, the Principle of Unit Conversion, and the Additive Principle. 7he Conservation 
Principle states that the length �or area or volXme� of an obMect remains Xnchanged Xnder any rigid 
transformation. 7he Compensatory Principle states that there is an inverse relationship betZeen the si]e of 
the Xnit �length, area, or volXme� Xsed for measXrement and the measXre �coXnt of the Xnits�. 7he Principle 
of Unit Placement states that the Xnits Xsed to measXre the length �or area or volXme� of an obMects mXst be 
placed ZithoXt gaps or overlaps and along a path aligned Zith the obMect
s length �or arrays in the case of 
area and volXme�. 7he Principle of Unit Conversion states that smaller Xnits can be composed to form 
larger Xnits and that larger Xnits can be regroXped into smaller Xnits. 7he Additive Principle states that the 
Moining of tZo lengths �areas or volXmes� are sXms of the lengths �areas or volXmes�. From the /7 
perspective, these principles are foXndational to stXdents
 development across length, area, and volXme. 
7his does not imply that they are taXght directly, bXt rather that the stXdents¶ Xnderstanding of them 
evolves gradXally throXgh the coXrse of activities and tasNs. 
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Misconceptions, Strategies and Representations 

We identified a nXmber of misconceptions informed by 1A(P resXlts. 7hese concerned stXdents
¶ Xse 
of rXlers and their Xnderstanding aboXt area and perimeter. For e[ample, Zhen measXring the length of an 
obMect, many stXdents do not checN if the obMect aligns Zith the ]ero marN. 7hey also tend to treat ticN 
marNs on the rXler as the length of the obMect instead of the interval betZeen the ticN marNs. ,n area and 
perimeter, stXdents tend to measXre the perimeter of a rectangle Xsing sTXare tiles aroXnd the corner and 
believe that increasing the perimeter of a rectangle alZays increase its area.   

We described length as being represented on a nXmber line by eTXally spaced intervals from 0 as a 
XsefXl representation of addition and sXbtraction. Addition of tZo nXmbers �a � b� coXld be thoXght of as 
combining a length of a Xnits Zith another length of b Xnits. SXbtraction of tZo nXmbers, a ± b can be 
thoXght of as comparing the difference betZeen tZo line segments or taNing aZay b Xnits from a line 
segment of a Xnits. For strategies, Ze also highlighted varioXs Zays in Zhich stXdents can directly compare 
tZo lengths, tZo areas and tZo volXmes. %ecaXse length, area, and volXme have different spatial 
properties, the strategies of direct comparison varied. For e[ample, straight lengths can alZays be directly 
compared, Zhile some areas may overlap and need decomposition to compare. /iNeZise, the capacity of 
tZo containers can be directly compared if poXred into cylinders Zith the same base, Zhereas volXmes of 
solids Zill reTXire a systematic means of decomposition.  

Distinctions and Models 

While the Standards did not introdXce any distinctions betZeen volXme of a solid and the volXme of a 
container, Ze Xse ³capacity´ to refer to the latter in the descriptors. We also maNe distinctions among 
concepts of area and volXme Zhich Zere not e[plicit in the Standards. For e[ample, the area of a rectangle 
can be vieZed as composed of smaller sTXare Xnits versXs the sZeeping of a length over a distance. 
/iNeZise, Ze distingXished betZeen volXme as the pacNing of space�filling Xnits versXs the sZeeping of an 
rectangXlar area over a height.  

We also distingXished the area formXla of rectangles involving fractions from Zhole�nXmber lengths 
and introdXced foXr models of fractional mXltiplication of lengths based on eTXipartitioning of areas in the 
descriptors� �1� a Zhole nXmber and a Xnit fraction� �2� tZo Xnit fractions� �3� tZo proper fractions bXt not 
Xnit fractions� and �4� one or tZo mi[ed nXmbers �or improper fractions�. 7his is consistent Zith the 
seTXence in the standards for fractions for mXltiplication, Zhich is developed fXlly in the division and 
mXltiplication /7. /iNeZise, in the XnpacNing of the volXme formXla of a rectangXlar prism, Ze introdXced 
different models of 9olXme   / � W � + related to the associative property. Coordinating across 
learning traMectories and providing mXltiple models sXpports fXtXre development in these topics. 

Coherent Structure 

As Smith and GonXlates �2011� reported, the Standard¶s treatment of length measXrement is the most 
complete in alignment Zith the research literatXre as stXdents are e[pected to distingXish length as a 
measXreable attribXte �..MD.1�, directly compare tZo obMects based on length �..MD.2�, order three 
obMects based on length �1.MD.1�, iterate a length Xnit to e[press the length of an obMect as a Zhole nXmber 
of those length Xnits �1.MD.2�, Xse tools to measXre the length of obMects �2.MD.1�, and measXre the 
length of an obMect Xsing different length Xnits �2.MD.2�.  

+oZever, for area measXrement, the Standards Zriters presented an abridged version of this seTXence 
Zhere stXdents immediately iterate a Xnit sTXare to cover a rectilinear area and call this measXre n Xnit 
sTXares �3.MD.5.a and 3.MD.5.b�, then learn to measXre area by coXnting Xnit sTXares �3.MD.6�, and 
finally find the area of a rectangle by mXltiplying the length by the Zidth �3.MD.7.a�. 7hey then inclXde a 
standard for stXdents to Xnderstand that areas are additive �3.MD.7.d�, a Standard that Zas missing in the 
/ength content. Similarly, for volXme measXrement, the seTXence first started Zith stXdents¶ measXrement, 
estimation of volXme and one�step volXme problems of involving any of the foXr operations �3.MD.2�. 
DXe to the abridged treatment, the strXctXre Xnderlying stXdents
 development in Area and 9olXme Zas 
incomplete.  
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7o ameliorate these issXes, Ze identified from the length, area, and volXme contents a template of Ney 
ideas foXnd in stXdents
 development of spatial measXrements. We then applied this template across length, 
area, and volXme Standards in oXr XnpacNing. As a resXlt, a coherent strXctXre of the /7 descriptors 
emerged across length, area, and volXme, Zhich shoZed hoZ stXdents¶ concepts and sNills of /ength and 
Area and 9olXme become more sophisticated Xnder instrXctions over time� �1� Describe and recogni]e the 
measXreable attribXte� �2� Direct comparison of tZo obMects� �3� ,ndirect comparison of tZo obMects� �4� 
Comparison of three or more obMects� �5� Define Zhat is meant by n Xnits� �6� ([press the attribXte as a 
Zhole nXmber of the Xnits. �7� MeasXre the attribXte tZice Xsing different Xnits �compensatory principle�� 
�8� MeasXre to determine hoZ mXch bigger or smaller� and �9� 5ecogni]e the attribXte as additive. 
Describing stXdents¶ development of mathematical NnoZledge Zithin sXch a coherent strXctXre leveraged 
on the relevant research in providing teacher readers a sense of an overall developmental progression of 
stXdents¶ NnoZledge as Zell as the interconnectedness betZeen different Standards Zhen XnpacNed. 

Addition of “Bridging Standards” 

As a resXlt of oXr XndertaNing of ³generic epistemology´ accoXnt of stXdents¶ learning, Ze introdXced 
a total of 14 %ridging Standards XnpacNed Zith descriptors based on the coherent strXctXre ands. Five Zere 
associated to the conceptXal principles of length, inclXding the missing additive principle� five Zere 
associated to the conceptXal principles of area� three Zere associated to the volXme concepts� and the last 
one connected the sXrface area Zith the volXme of the cylinder. 7he last %ridging Standard Zas added 
based on a sXggestion from a district cXrricXlXm coordinator Zho noted its absence. When read as parts of 
the traMectory, these descriptors filled in the NnoZledge gaps betZeen some Standards and provided a 
coherent strXctXre for stXdents
 development of length, area, and volXme.  

Discussion 

7he length, area, and volXme Standards in the CCSS�M provide an e[ample of Zhy carefXlly 
XnpacNing the Standards is important. We detailed a traMectory of Zeaving the relevant Standards together 
in oXr XnpacNing in place of a piece�Zise Standard�by�Standard elaboration. 1e[t, Ze discXss the 
implication of oXr ZorN for State Standards and CXrricXla. 

Cross-walk between CCSS-M, State Standards and Curriculum 

Comparing the CCSS�M and e[isting State Standards provides a TXicN and pragmatic Zay of 
evalXating the amoXnt of re�alignment needed for cXrricXlar and assessment pXrposes. +oZever, this 
approach is insXfficient in itself to prepare teachers for implementation. For e[ample, hoZ shoXld matched 
State Standards be re�ordered to maintain a coherent learning path" Do Xnmatched State Standards matter 
to stXdents¶ learning" A minimalist approach might do more harm in this case. UnpacNed Xsing a /7s 
perspective, the descriptors provide edXcational practitioners access to a research basis in maNing edXcated 
decisions. For e[ample, the coherent strXctXre of moving from ³Defining attribXtes´ to ³Comparison´ in 
the length, area, and volXme /7 provide groXnds for inclXding addition of areas as a grade�level obMective 
in the CCSS�M. Similarly, an /7 analysis sXpports a means to condXct content analyses of proposed 
cXrricXla and CCSS�M. 7he five characteristics of oXr XnpacNed descriptors provided teachers Zith 
cXrricXlar ³landmarNs´ in anticipation of identifying and filling in instrXctional gaps in cXrricXla. 

Endnote 
1 We thanN the participants of the 2011 MeasXrement Mini�Center Conference �5ich /ehrer, DoXg 

Clements, -eff %arrett, -acN Smith, MiNe %attista and others� for revieZing an earlier draft of these 
descriptors. 7his process of peer�revieZ enriched oXr ZorN Zith the cXrrent vieZs of the research 
commXnity. 
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