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THE IMPACT OF ONLINE ACTIVITIES ON STUDENTS’ GENERALIZING 
STRATEGIES AND JUSTIFICATIONS FOR LINEAR GROWING PATTERNS 

Ruth Beatty 
/aNehead University 

rbeatty#laNeheadX.ca 

This study explores the impact of working with online learning activities of linear growing patterns 
(CLIPS) on students transitioning into Grade 9. Fifty students were interviewed about their understanding 
of linear growing patterns. Twenty-five students had participated in a study involving an experimental 
instructional approach that emphasized exploration of multiple representations of linear relationships 
when they were in Grade 8. They were then assessed five months later, and their reasoning compared to 
twenty-five students who did not take part in the study. Results indicate that students who worked with 
CLIPS were able to find explicit, generalized rules for patterns and offered higher levels of justifications 
than their counterparts. These students were also more likely to refine their thinking. 

.eyZords� Algebra and Algebraic 7hinNing� ,nstrXctional Activities and Practices� 7echnology 

Context 

StXdies have shoZn that the transition from primarily arithmetic thinNing in elementary school, to 
algebraic thinNing in high school, is difficXlt for most stXdents �.ieran, 1992�. 7his transition entails 
moving from a focXs on mathematical operations �addition, sXbtraction, mXltiplication, division� to 
thinNing aboXt relationships betZeen sets of nXmbers, and identifying generali]ed mathematical strXctXres 
Zith or ZithoXt specific nXmeric valXes. 7raditional algebra is often initially presented in high school as a 
pre�determined synta[ of rXles and symbolic langXage to be memori]ed by stXdents. StXdents are e[pected 
to master the sNills of symbolic manipXlation before learning aboXt the pXrpose and the Xse of these 
symbols. ,n other Zords, algebra is presented to stXdents Zith no opportXnity for e[ploration or for 
meaning maNing �.apXt, 2000�.  

,n response, a series of online learning obMects Zas designed as an alternative Zay to introdXce the 
concepts of algebraic relations, specifically linear relations, to Grade 8 stXdents prior to formal algebraic 
instrXction in Grade 9. 7he activities are based on an approach that emphasi]es the observation of 
relationships among TXantities, and among mXltiple representations, Zhich alloZs for the constrXction of 
Xnderstanding rather than rote memori]ation of procedXres. As part of a larger long�term stXdy, , have 
been investigating the affordances of this 
instrXctional approach that prioriti]es visXal 
representations of linear relationships ± 
specifically, the bXilding of linear groZing 
patterns and the constrXction of graphs �e.g., 
%eatty 2010�. PrevioXs research on the lesson 
seTXence has shoZn that it sXpports stXdents¶ 
progression from ZorNing Zith linear groZing 
patterns as an anchoring representation to 
considering graphical representations of linear 
relationships. StXdents also maNe connections 
among different representations ± pattern rXles, 
patterns and graphs �FigXre 1�. 

7he online activities, called C/,PS /GP 
�Critical /earning ,nstrXctional Paths SXpports ± 
/inear GroZing Patterns� Zere designed Xsing Flash technology and offered the possibility of combining a 
proven instrXctional seTXence Zith XniTXe properties of digital technology. 7he online activities Zere 
integrated into the instrXction in five classes of Grade 8 stXdents. 7he stXdents accessed the online 

Figure 1: Representations of the rule y=2x+3 
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activities for 2 months in order to develop an Xnderstanding of linear relationships via linear groZing 
patterns. As part of the instrXction, stXdents Zere sXpported to develop sophisticated generali]ing 
strategies by considering the e[plicit relationship betZeen the term nXmber of a pattern and the nXmber of 
tiles in the pattern, and to e[press this relationship Xsing pattern rXles sXch as ³the nXmber of tiles is eTXal 
to the term nXmber [2�3´ or ³tiles   term nXmber [2�3.´ StXdents also engaged in classroom discXssions 
based on the online activities, and developed a disposition for providing MXstifications for their pattern 
rXles. 

,n this stXdy Ze Zanted to assess hoZ mXch content material Zas retained by these Grade 8 stXdents as 
they transitioned into Grade 9. We also Zanted to compare the problem�solving processes of Grade 9 
stXdents Zho had been part of the C/,PS stXdy in Grade 8 Zith those Zho had not in order to determine 
Zhether there Zas a difference in stXdents¶ generali]ing strategies and MXstifications. 

Developing Generalizing Strategies 

A main component of algebraic reasoning is the ability to generali]e. ,n the domain of linear relations, 
particXlarly Zhen thinNing aboXt linear groZing patterns, a generali]ation can be thoXght of as the 
articXlation of a pattern rXle that applies across all cases in the sitXation �for e[ample figXre nXmbers and 
nXmber of toothpicNs in a linear groZing pattern.� StXdies have shoZn that stXdents have difficXlt moving 
from particXlar e[amples �for instance, focXsing on particXlar iterations of a pattern� toZards creating 
generali]ations �a generali]ed pattern rXle that holds for infinite iterations of the pattern�. 1XmeroXs 
researchers have reported that the roXte from ZorNing Zith liner groZing patterns to finding generali]ed 
rXles �and later, algebraic e[pressions for those rXles� is difficXlt �.ieran, 1992� 2rton, 2rton 	 5oper, 
1999� 1oss et al., 1997�. +oZever, Ze have foXnd in oXr previoXs stXdies that the instrXctional approach 
that Xnderpins the C/,PS activities has facilitated stXdents¶ abilities to find and articXlate general rXles for 
linear groZing patterns �%eatty 	 %rXce 2012�.  

5esearchers have identified many generali]ing strategies  
that stXdents adopt Zhen ZorNing Zith problems involving  
linear relations, inclXding problems based on linear groZing  
patterns �/annin, 2005� Mason, 1996� /ee, 1996�. %eloZ Ze 
identify three of these strategies from the least to the most 
sophisticated. 7hey are presented Zith reference to a Zell�
NnoZn generali]ing problem �one that Ze Xsed in oXr stXdy�, 
the 7oothpicN 7rees problem �FigXre 2�. ,n this problem, 
stXdents are shoZn a series of 7oothpicN 7rees and asNed to 
predict hoZ many toothpicNs ZoXld be needed to bXild the  
10th figXre, and hoZ many ZoXld be needed to bXild the  
100th figXre.             Figure 2: The toothpick trees problem 

Counting strategy. StXdents draZ a pictXre or constrXcting a 
model to represent the sitXation in order to coXnt the desired 
attribXtes. For e[ample, stXdents draZ the 10th figXre and coXnt the 
nXmber of toothpicNs reTXired. 7he limitation of this strategy is evident to stXdents Zhen they are asNed to 
predict the nXmber of toothpicNs for the 100th figXre. 

Recursive reasoning strategy. StXdents bXild on the previoXs term in the seTXence to determine 
sXbseTXent terms. ,n oXr e[ample, stXdents ZoXld state that the rXle for the pattern is ³add 3 each time.´ 
7o find the 10th figXre they add three to the 4th figXre, then three more to the 5th figXre etc. 7his strategy 
generally resXlts in the correct ansZer to predict the nXmber of toothpicNs for ³near´ terms of a pattern �for 
e[ample, figXre 10� bXt is problematic for finding the 100th term. ,t also does not alloZ for the articXlation 
of the rXle, Zhich ZoXld alloZ for the prediction of the nXmber of toothpicNs for any figXre. 

Explicit reasoning strategy. StXdents constrXct the e[plicit rXle that e[presses the co�variation of tZo 
sets of data, based on information provided in the sitXation. An e[plicit rXle can alloZ for the prediction of 
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any term nXmber in the pattern. An e[ample of an e[plicit rXle ZoXld be, ³the nXmber of toothpicNs is 
eTXal to the figXre nXmber [3�1.´ 

5esearch sXggests that Zhen ZorNing linear relationships and linear groZing patterns it is rare for 
stXdents to go beyond limited Ninds of mathematical generali]ations ± namely coXnting or recXrsive 
reasoning ± primarily becaXse these are the strategies that are sXpported by traditional approaches to 
teaching patterning and algebra �1oss et al., 1997�. +oZever, the instrXctional approach in C/,PS 
prioriti]es e[plicit reasoning in order for stXdents to determine and articXlate the mathematical strXctXre of 
linear groZing patterns. 

Importance of Justification 

When stXdents MXstify their solXtions strategies they are able to provide reasoning and evidence to 
validate their generali]ation. 7his has been foXnd to be challenging for most stXdents �/annin, 2005�. 
+oZever, providing a MXstification for a generali]ed rXle helps stXdents to see the generali]ed relationships 
that e[ist in the problem conte[t. -Xst as there is a frameZorN for generali]ation strategies, there is also a 
five�level frameZorN for MXstification strategies �7able 1� �Simon and %lXme, 1996�. +igher levels of 
MXstification have been shoZn to sXpport higher levels of generali]ation �/annin, 2005�.  

Table 1: Levels of Justification 

Level Descriptions 
0 1o MXstification. 
1 Appeal to e[ternal aXthority. 5eference is made to the fact that a solXtion is correct becaXse it is 

stated by some other individXal �teacher or a peer Zho is regarded as more sXccessfXl� or some 
other reference material.  

2 (mpirical evidence. A MXstification is provided throXgh the correctness of particXlar e[ample bXt 
Zith no indication of an Xnderstanding of Zhy the rXle is correct. For instance, ³7he rXle is µadd 
3¶ becaXse for the first figXre there are foXr toothpicNs, then yoX add 3 more for figXre 2.´  

3 Generic e[ample. DedXctive MXstification is e[pressed for a particXlar instance, a generic 
e[ample, Zhich the stXdents Xses as a pro[y for ³any´ instance. For e[ample, ³, NnoZ the rXle is 
³toothpicNs   figXre nXmber [3�1´ becaXse for, say, the fifth figXre, there are five triangles, and 
five times three is fifteen. And then there is one more, so plXs one is si[teen.´ 

4 DedXctive MXstification. 9alidity is given throXgh a dedXctive argXment that is independent of 
particXlar instances. For e[ample, ³At any figXre nXmber, the nXmber of triangles eTXals the 
figXre nXmber, so that means mXltiplying the figXre nXmber by three, and then there¶s alZays an 
additional one for the trXnN.´ 

When ZorNing Zith C/,PS, stXdents engaged in classroom discXssions dXring Zhich they Zere 
encoXraged to MXstify their solXtions by maNing connections betZeen their solXtions and the conte[t of the 
problem, Zith a focXs on dedXctive reasoning. 

Methodology 

Participants 

Fifty Grade 9 stXdents participated. 2f these, 25 stXdents had been part of the C/,PS stXdy and 25 had 
not. 7he stXdents Zere draZn from 8 different classrooms in tZo different school boards Zith eTXal 
nXmber of C/,PS and non�C/,PS stXdents selected from each classroom. StXdents Zere intervieZed 
individXally for appro[imately 30 ± 35 minXtes.  

Data Sources and Analysis 

,n order to tracN the content NnoZledge and algebraic reasoning of stXdents, Ze chose to condXct tasN�
based clinical intervieZs dXring Zhich stXdents Zere asNed to describe Zhat they Zere thinNing Zhile 
solving ten linear relationship problems. 7his form of intervieZ opens a ZindoZ into the participants¶ 
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content NnoZledge, problem�solving behavioXrs and reasoning �.oichX 	 +arel, 2007� Schoenfeld, 2002�. 
,n this stXdy, the clinical intervieZs Zere semi�strXctXred, Zhich alloZed for prompting or TXestioning 
stXdents in order to clarify oXr Xnderstanding of the stXdents¶ reasoning. 9alidity of the sXbMects¶ verbal 
report corresponds to the e[tent to Zhich the sXbMects¶ talN represents the actXal seTXence of thoXghts 
mediating solving an intervieZ tasN �Clement, 2000� (ricsson 	 Simon, 1993�. 7herefore, all intervieZs 
Zere digitally video recorded so that verbal report and non�verbal gestXres Zere captXred in order to 
develop a comprehensive analysis of stXdent thinNing.  

2verall stXdents ansZered five items that Zere taNen directly from the C/,PS activities, Zhich Ze 
termed ³near transfer´ items becaXse they test the retention of Xnderstanding of items that are similar to 
items stXdents e[perienced Zhile ZorNing Zith C/,PS. 7he other five items came from soXrces sXch as 
7,MSS �7hird ,nternational Math and Science SXrvey� and 1A(P �1ational Assessment of (dXcational 
Progress�. We termed these ³far transfer´ items becaXse they are dissimilar to the C/,PS content, and so 
assess Xnderstanding of Xnderlying conceptXal concepts. For this report Ze Zill focXs on stXdents¶ 
responses to one ³far transfer´ item ± the 7oothpicN 7rees problem described above. 7he stXdents Zere 
asNed to predict hoZ many toothpicNs ZoXld be needed for the 10th and 100th figXre, and to e[plain their 
thinNing. +oZever, Ze did not e[plicitly asN for a pattern rXle in order to determine Zhether stXdents 
ZoXld Xse the information presented in the patterns to formXlate a general rXle that ZoXld give the nXmber 
of toothpicNs reTXired for any figXre of the pattern. 

7he scoring gXide for these items, based on the generali]ation frameZorN, is given beloZ. 

Table 2: Scoring Guide for Generalization Strategies 

Score Description 
0 ,ncorrect ansZer  
1 CoXnting strategy. 7he stXdent dreZ oXt the figXre�s� and then coXnted the nXmber of 

matchsticNs�toothpicNs �dreZ oXt the 10th figXre, dreZ oXt the 4th to the 10th figXre�. 
2 5ecXrsive strategy. 7he stXdent has articXlated the rXle as ³add three more each time´ or 

created an ordered table of valXes that increased by three each time.  
3 ([plicit strategy. 7he stXdent has articXlated the e[plicit rXle as ³matchsticNs   figXre nXmber 

[3 � 3´ and ³toothpicNs   figXre nXmber [3�1´ 

9ideo recordings of tasN�based intervieZs Zere transcribed and coded. Codes Zere based on the 
generali]ation and MXstification frameZorNs oXtlined above. 

Results 

Generalizing Strategies 

7able three shoZs the level of generali]ing strategy demonstrated by stXdents Zho had e[perienced 
C/,PS and those Zho had not.  

Table 3: Generalization Strategies Used by CLIPS and Non-CLIPS Students 

 Score 0 Score 1 Score 2 Score 3 
C/,PS 0 0 7 18 
1on C/,PS 11 8 4 0 

Most C/,PS stXdents Xsed an e[plicit generali]ing strategy to find a general rXle Xsing the conte[t of 
the problem in order to find the correct solXtion. ,n contrast, many non�C/,PS stXdents did not find a 
viable solXtion, and those that did Xsed a coXnting strategy or recXrsive reasoning strategy, rather than 
finding an e[plicit pattern rXle.  
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Counting strategy. (ight of the 25 non�C/,PS stXdents Xsed a coXnting strategy for this problem, 
meaning that they dreZ the 10th figXre and then coXnted the nXmber of toothpicNs. A striNing finding Zas 
that all eight of the stXdents Zho Xsed a coXnting strategy coXld not maNe the connection betZeen coXnting 
by threes, and mXltiplying by three. For e[ample, in the transcript beloZ the stXdent is not able to 
transition to mXltiplicative thinNing in order to predict the 100th term. 

Malinda� Well , dreZ it oXt and coXnted and foXnd oXt that it MXst Nept adding three. So , dreZ it to the 
tenth and then coXnted them to find the right nXmber of toothpicNs. 

Interviewer� +oZ are yoX coXnting" Can yoX coXnt oXt loXd" 
Malinda� 7hree, si[, nine, tZelve, liNe that" 
Interviewer� <eah. 
Malinda� �pointing to each triangle as she coXnts� 7hree, si[, nine, tZelve, fifteen, eighteen, tZenty�

one, tZenty�foXr, tZenty�seven, thirty plXs one is thirty�one. , Zas coXnting by three¶s. 
Interviewer� CoXld that help yoX thinN aboXt hoZ many toothpicNs yoX¶d need for any figXre nXmber" 

/iNe the 100th figXre" 
Malinda� Um«Zell«, NnoZ that , ZoXld draZ oXt three more for each figXre. So , ZoXld MXst Neep 

draZing three for each ne[t figXre, and then coXnt by threes. 

,t shoXld be noted that Malinda, liNe most of the stXdents Ze intervieZed, Zas considered to be, and 
considered herself to be, capable of engaging in mathematical operations liNe mXltiplication. +oZever, the 
maMority of stXdents Zho Zere not part of the C/,PS stXdy coXld not maNe the connection betZeen 
³coXnting by threes´ and mXltiplying the term nXmber by three. 

Differences in recursive thinking. 7he seven C/,PS stXdents Zho Xsed recXrsive thinNing created a 
generali]ed rXle ³add three each time plXs the one for the trXnN´ that tooN into accoXnt both the mXltiplier 
and the constant of the rXle Zith reference to the figXral conte[t of the problem. 

, added three toothpicNs every time, liNe one triangle every time Xp to the tenth one and got thirty 
toothpicNs and then yoX have to add the stXmp part to it. So it¶s alZays going Xp by three each time, 
bXt Zith the little stXmp so yoX add one for that. So for 100 yoX¶d add 3 100 times and then add 1. 

7he tZo non�C/,PS stXdents Zho Xsed recXrsive thinNing articXlated their pattern rXle as ³start Zith 
foXr and add three.´ 7his is a common Zay that stXdents are taXght to articXlate linear groZing rXles. 
StXdents Zere able to find the nXmber of toothpicNs for the 10th tree, bXt then simply gXessed for the 100th 
term. 

2N so , started at the first tree Zith foXr toothpicNs. 7hen as it added Ze still had the foXr and , added 
it to each neZ tree every time. So then every time ,¶d get an ansZer Zith three more. ,¶d added 4 and 
three and three and three and Neep coXnt of Zhere , Zas Xntil , hit the tenth figXre. 7hen that Zas my 
ansZer. For 100 it ZoXld be«maybe 101" , don¶t NnoZ. 

Explicit thinking. (ighteen C/,PS stXdents foXnd a generali]ed rXle for this pattern. Most of the 
stXdents Xsed langXage and concepts that are part of the C/,PS /GP instrXction.  

, looNed for the rXle. So , coXld see the triangles Zere groZing, so that meant the mXltiplier ZoXld be 
times 3. And then the one that stays the same, that¶s the constant. So for 10 it ZoXld be 10[3�1, Zhich 
is 31. And for 100 it ZoXld be 100 [ 3 is 300 plXs 1 is 301. 

Justification Strategies 

7ranscripts Zere coded for the level of MXstification offered by stXdents as they articXlated their 
thinNing dXring the tasN�based clinical intervieZ. -Xstifications Zere scored from /evel 0 to /evel 4, based 
on the frameZorN oXtlined above. 7able 4 beloZ shoZs the level of MXstification provided by stXdents Zho 
had e[perienced C/,PS and those Zho had not.  
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Table 4: Levels of Justification Given by CLIPS and Non-CLIPS Students 

 Level 0 Level 1 Level 2 Level 3 Level 4 
C/,PS 0 0 2 7 16 
1on C/,PS 11 2 8 0 0 

 
Seven C/,PS stXdents offered a /evel 3 MXstification for their rXles. An e[ample of a /evel 3 

MXstification is as folloZs� ³7he tenth tree ZoXld have three triangles, Zhich is 3 times 10 or 30. And then 
yoX add the one, so it¶s 31.´,n this e[ample the stXdent refers to a particXlar figXre nXmber to describe hoZ 
each component of her rXle relates to hoZ her rXle determines the nXmber of toothpicNs. She notes the ten 
groXps of 3 for the ten triangles in the tenth figXre and e[plains the need to add the one e[tra for the trXnN. 
,n this case a particXlar e[ample is Xsed to commXnicate generality across all cases. 

Si[teen C/,PS stXdents offered a level 4 MXstification� ³, NnoZ my rXle is correct becaXse yoX MXst 
mXltiply the figXre nXmber by the groXp of three for the triangles becaXse the figXre nXmber tells hoZ 
many triangles there are, and triangles are alZays going to be 3 toothpicNs. And then the little trXnN means 
yoX alZays add one more.´ StXdents clearly e[plain Zhy the rXle applies to all cases of the sitXation by 
relating it to the conte[t of the pattern. 7he stXdents describe the ³groXps of three´ they see in each of the 
patterns, so the mXltiplier [3 represents the nXmber of toothpicNs in these groXps. 7he e[tra 1 toothpicN 
�for the trXnN� is added to the rXle to e[press the total nXmber of toothpicNs needed for any figXre nXmber. 
UnliNe a generic e[ample, this MXstification does not describe a particXlar instance. ,nstead, it describes a 
general relationship that ZoXld apply to any case. 

,n contrast, the maMority of non�C/,PS stXdents did not offer a MXstification, and Zhen asNed Zhy their 
rXle ZorNed replied, ³,¶m not sXre´ or ³becaXse it MXst does.´ 7Zo stXdents offered MXstification that Zere 
scored as /evel 2, empirical reasoning based on the correctness of one specific e[ample, bXt Zith no 
demonstrated Xnderstanding of Zhy this Zas correct, or hoZ their solXtion Zas related to the conte[t of the 
problem. ³From the first to the second tree yoX add three more so the rXle is plXs three.´  

Students’ Refining Their Own Thinking 

2ne of the most striNing resXlts revealed by an analysis of the intervieZ transcripts is the e[tent to 
Zhich stXdents Zho had been part of the C/,PS proMect refined their thinNing dXring the coXrse of the 
intervieZ as a resXlt of e[plaining their solXtion process. 2verall, there Zere 28 sXch episodes coded in the 
intervieZ transcripts for the 25 C/,PS stXdents. +oZever, there Zere no sXch episodes coded for the 
transcripts of the non�C/,PS stXdents. 1on�C/,PS stXdents did not revise their thinNing, and Zhen they 
discovered an error betZeen their rXle and the problem conte[t �their rXle ZoXld lead to an incorrect 
nXmber of toothpicNs� they either gave Xp or Zere not aZare of the disconnect betZeen their rXle and the 
valXes given in the problem.  

7he C/,PS stXdents Zere more liNely to try to find an alternative solXtion strategy, or to refine their 
ansZer based on neZ evidence. ,n this e[ample, DeepaN had briefly looNed at the first figXre of the pattern 
and Zritten ³[4.´  +e Zas then asNed to e[plain his rXle. DXring his e[planation, DeepaN reali]ed that he 
had misperceived the strXctXre of the pattern, and that his perception did not coincide Zith the nXmerical 
valXe of the pattern for each figXre nXmber. 5ather than dismiss this discrepancy, DeepaN Zent to ZorN to 
try to discern a rXle that ZoXld ZorN Zith all iterations of the pattern. 

Deepak: Well , MXst looNed at figXre 1, and foXnd that the tree is made Xp of 4 toothpicNs, so the rXle is 
figXre nXmber times 4 So, if yoX looN at figXre 2, it ZoXld be 2 times 4 Zhich is 8, and there 
are«Zait«oh that¶s not right. 

>DeepaN spent 54 seconds ZorNing on a neZ rXle.@ 
Deepak: 2N , see Zhat , did Zrong. , didn¶t see it right, , thoXght the Zhole tree Zas made of 4 not 3. 

%Xt if yoX checN the nXmbers, it¶s groZing by 3, so the three that are groZing are these three that 
maNe Xp the triangles so it¶s times 3. And then the trXnN is made of one, so it¶s plXs 1. And that 
ZorNs Zith all the figXres. So figXre 3 is 3 times 3, 9, and then plXs 1, 10. So the 10th figXre ZoXld 
have 31. 
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Interviewer� So hoZ many toothpicNs ZoXld be needed for the 100th figXre" 
Deepak� (asy� , can MXst Xse the rXle� 301� 

Conclusions 

2ne focXs of this stXdy Zas to assess the endXring Xnderstandings stXdents developed Zhile ZorNing 
Zith the C/,PS activities, and hoZ mXch of this Xnderstanding Zas retained dXring the five months from 
the end of the instrXctional intervention �-Xne, 2010� to the time of the intervieZs. 7he intervieZs Zere 
held near the end of the first semester of school, dXring 1ovember and December 2010. 7he stXdents had 
not yet had any formal instrXction in linear relations. Given that oXr intervention Zas relatively short, these 
resXlts indicate that stXdents retained a great deal of Xnderstanding both of content material, and of the 
importance of providing MXstifications for their ansZers. 

Another focXs of the stXdy Zas to compare the thinNing of Grade 9 stXdents Zho had been part of the 
C/,PS stXdy Zith those Zho had not. 7here Zere tZo main areas of algebraic thinNing that Ze assessed ± 
the level of generali]ing strategy Xsed by stXdents Zhen solving linear problems, and the level of 
MXstification offered for their solXtions. We foXnd differences in the Ninds of generali]ation strategies Xsed 
by C/,PS and non�C/,PS stXdents. ,n this stXdy, stXdents Zho had not been part of C/,PS, bXt Zho had 
e[perienced traditional approaches of instrXction, had great difficXlty in finding generali]ed rXles for 
patterns. For those Zho did find a correct solXtion for the tenth figXre of a linear groZing pattern, their 
solXtions Zere based on coXnting or, less freTXently, recXrsive reasoning. 7hese limited solXtions strategies 
alloZed stXdents to find the nXmber of toothpicNs for the tenth figXre �a near generali]ation�, bXt did not 
aid them in finding the nXmber for the one hXndredth figXre �a far generali]ation�.   

,n addition, feZ stXdents Zho had not been part of the C/,PS stXdy offered any Nind of MXstification 
for their solXtions. ,n contrast, stXdents Zho had been part of C/,PS tended to offer level 3 and 4 
MXstifications. 7hey e[plained their solXtions Xsing the conte[t of the problem, and coXld articXlate Zhy 
their general rXle ZoXld ZorN for any case. 

Finally, there Zas the Xne[pected, yet striNing resXlt, of the e[tent to Zhich C/,PS stXdents revised 
their thinNing. 7his happened nXmeroXs times Zith the C/,PS stXdents, Zho, dXring the coXrse of 
e[plaining their solXtions, caXght and corrected their oZn mistaNes. Past research sXggests that stXdents 
typically do not attempt to revise their rXles �%ednar], .ieran, and /ee, 1996� Mason, 1996� Stacey, 1989�. 
,n fact, Cooper and SaNane �1986� sXggest that once stXdents select a rXle for a pattern, they tend to persist 
in their claims even Zhen finding a coXnter e[ample to their hypothesis. StXdents ZoXld rather refXte the 
data presented than modify their original rXle. 7his Zas the behavioXr Ze observed Zith the non�C/,PS 
stXdents, Zho had no interest in revising their rXles.  
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