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To understand relationships between students’ quantitative reasoning with fractions and their algebraic 
reasoning, a clinical interview study was conducted with 18 middle and high school students. Six students 
with each of 3 different multiplicative concepts participated. This paper reports on the 6 students with the 
most basic multiplicative concept, who were also pre-fractional in that they had yet to construct the first 
genuine fraction scheme. These students’ emerging iterating operations facilitated their algebraic activity, 
but the lack of a disembedding operation was a significant constraint in developing algebraic equations 
and expressions. 

.eyZords� Algebra and Algebraic 7hinNing, Cognition, 5ational 1Xmbers 

%ased in part on recommendations that improved fractional NnoZledge is critical for sXccess in 
learning algebra �1ational Mathematics Advisory Panel >1MAP@, 2008�, researchers are starting to 
investigate hoZ stXdents¶ fractional NnoZledge is related to their algebraic reasoning �e.g., +acNenberg 	 
/ee, 2011� (mpson, /evi, 	 Carpenter, 2011�. Since this research is in its infancy, there are nXmeroXs 
Xne[plored issXes. 2ne issXe is hoZ stXdents Zho conceive of fractions primarily as parts within Zholes 
may be challenged Zhen ZorNing on algebra problems. 7hese stXdents¶ challenges may e[tend beyond the 
limitations of their fractional NnoZledge. +oZever, little is NnoZn aboXt hoZ these stXdents¶ fractional 
NnoZledge may assist or limit them in bXilding basic algebraic ideas, sXch as maNing generali]ations from 
TXantitative relationships �(llis, 2007� .ieran, 2007� and operating on XnNnoZns �+acNenberg, 2010�.  

7o Xnderstand relationships betZeen stXdents¶ fractional NnoZledge and their algebraic reasoning in 
the area of eTXation Zriting, a clinical intervieZ stXdy Zas condXcted Zith 18 middle and high school 
stXdents. Si[ stXdents Zith each of three mXltiplicative concepts �Steffe, 1994� Zere invited to participate. 
7hese concepts have been foXnd to significantly inflXence stXdents¶ fractional NnoZledge �+acNenberg, 
2010� Steffe 	 2live, 2010�, and they are based on hoZ stXdents prodXce and coordinate composite Xnits 
�Xnits of Xnits�.  

7he si[ stXdents Zith the most basic mXltiplicative concept also conceived of fractions primarily as 
parts Zithin Zholes and had not yet constrXcted the first ³genXine´ fraction scheme, a partitive fraction 
scheme �Steffe, 2002, p. 305�. So, these si[ stXdents coXld be considered pre�fractional. 7hat meant that 
the stXdents did not conceive of a fraction liNe three�fifths as three one�fifths, related to bXt distinct from 
the Zhole. ,nstead, they thoXght of three�fifths as embedded Zithin the Zhole²as five parts Zith three 
shaded. 7his vieZ of fractions relies on being able to separate a TXantity represented by a segment or 
rectangle into parts, a mental action Ze refer to as partitioning. +oZever, it also relies on not being able to 
disembed a part from the Zhole Zhile Neeping the Zhole mentally intact, a mental action Ze refer to as 
disembedding. ,n general, pre�fractional stXdents can learn to partition, bXt they do not yet disembed.  

7he pXrpose of this paper is to investigate relationships betZeen the fractional NnoZledge and eTXation 
Zriting of the si[ pre�fractional stXdents in the stXdy. 7he research TXestions are�  

1. +oZ do pre�fractional stXdents solve algebra problems that involve Zriting eTXations to represent 
relationships among XnNnoZns" 

2. +oZ do pre�fractional stXdents solve algebra problems that involve generali]ing activity" 
3. +oZ are stXdents¶ pre�fractional Zays of operating related to their eTXation Zriting and 

generali]ing activity" 
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A Quantitative and Operational Approach 

Quantitative Reasoning 

We conceive of stXdents¶ TXantitative reasoning as a basis for bXilding fractional NnoZledge and 
algebraic reasoning �Smith 	 7hompson, 2008� Steffe 	 2live, 2012�. Approaching fractions as TXantities 
means that Ze pose problems to stXdents in Zhich fractions are measXreable e[tents, or lengths� these 
lengths may represent other TXantities as Zell �e.g., Zeight�. Approaching algebraic reasoning from a 
TXantitative perspective means that XnNnoZns are TXantities for Zhich a valXe is not NnoZn, bXt for Zhich 
a valXe coXld be determined. So XnNnoZns are potential valXes of TXantities. ,n ZorNing Zith stXdents Ze 
roXtinely asN them to maNe draZings of TXantitative relationships, and Ze aim for stXdents¶ fraction and 
algebraic notation to trace the TXantitative reasoning in Zhich stXdents engage. 

Operations, Schemes, and Concepts 

2Xr ZorN is also based on conceiving of mathematical thinNing in terms of people¶s mental actions, or 
operations �Piaget, 1970� von Glasersfeld, 1995�. 2perations critical for fractional NnoZledge inclXde 
partitioning and disembedding as mentioned above, as Zell as iterating, Zhich is repeatedly instantiating a 
fractional part to maNe a larger fraction. 2perations sXch as these are interiorized physical actions²that is, 
they arise from re�processing physical actions in sXch a Zay that they can be performed mentally, ZithoXt 
having to be carried oXt materially.  

2perations are the components of schemes, goal�directed Zays of operating that consist of three parts� 
an assimilated sitXation, activity, and a resXlt �von Glasersfeld, 1995�. For e[ample, if a stXdent has 
constrXcted a partitive fraction scheme, then a sitXation of the scheme is a reTXest to maNe a neZ length 
that is 3�5 of a foot. 7he activity of the scheme involves partitioning the foot into five eTXal parts, 
disembedding one of those parts, and iterating the part to maNe three sXch parts. 7he stXdent then assesses 
the resXlt of her activity in relation to her e[pectations. 

For Xs, a concept is the resXlt of a scheme that people have interiori]ed. For e[ample, a stXdent Zho 
has interiori]ed the resXlt of her partitive fraction scheme can taNe that resXlt, three�fifths consisting of 
three one�fifths, as a basis for carrying oXt more activity. 7his stXdent coXld engage in problems sXch as 
determining Zhat the resXlt of partitioning each of the fifths into tZo eTXal parts ZoXld be, or hoZ to re�
maNe the Zhole if the given length is three�fifths of the Zhole. 

Characteristics of Pre-Fractional Students 

 StXdents Zho are pre�fractional strXggle in a variety of Zays. For e[ample, 2live and 9omvoridi 
�2006� have analy]ed the case of 7im, Zho had not constrXcted a partitive fraction scheme by his si[th 
grade year. At that time, one featXre of 7im¶s fraction scheme Zas that both a Xnit fraction and the Zhole 
referred to the same partitioned image� 2ne�si[th meant a Zhole partitioned into si[ eTXal parts, and si[�
si[ths meant the same partitioned Zhole. 7his idea aboXt fractions led 7im to add Xp parts regardless of 
si]e. For e[ample, in adding � and �, 7im said the ansZer ZoXld be 1�5 becaXse � Zas one part and � 
Zas foXr parts. 

,n short, pre�fractional stXdents can engage in eTXal�partitioning of lengths �%iddlecomb, 2002� Steffe 
	 2live, 2010�, bXt they cannot taNe a partitioned length as given prior to engaging in activity. For 
e[ample, to share a 1�foot length of licorice fairly among five people, these stXdents have to actXally 
partition²they cannot imagine the partitioned length prior to maNing it. 5esearch also shoZs that 
constrXcting a disembedding operation reTXires a significant reorgani]ation of these stXdents¶ Zays of 
operating that can taNe as long as tZo years �Steffe 	 Cobb, 1988� Steffe 	 2live, 2010�. 

Methods 

Seven seventh grade stXdents, 10 eighth grade stXdents, and one tenth grade stXdent participated in this 
clinical intervieZ stXdy. Participant selection occXrred via classroom observations, consXltation Zith 
stXdents¶ teachers, and one�on�one, tasN�based selection intervieZs to assess stXdents¶ mXltiplicative 
concepts. Si[ stXdents Zith each mXltiplicative concept Zere invited to participate� this paper focXses on 
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the si[ stXdents Zith the most basic mXltiplicative concept. 7hree of these stXdents Zere enrolled in a 
seventh grade mathematics class for strXggling stXdents� the other three stXdents Zere taNing an eighth 
grade pre�algebra class. 7he three seventh grade stXdents and one of the eighth grade stXdents received 
special edXcation sXpport for one period per day. All pre�fractional stXdents had received some instrXction 
in their mathematics classes on XnNnoZns and eTXation solving. 

StXdents participated in tZo 45�minXte, semi�strXctXred intervieZs, a fractions intervieZ and an 
algebra intervieZ. All stXdents completed the fractions intervieZ prior to the algebra intervieZ, bXt the 
time betZeen intervieZs varied from 3 ZeeNs to 4 months. 7he intervieZ protocols Zere refined in a prior 
pilot stXdy �+acNenberg, 2009� and Zere designed so that the reasoning involved in the fractions intervieZ 
Zas a foXndation for solving problems in the algebra intervieZ. For e[ample, one fractions intervieZ tasN 
Zas the folloZing� ³A 65�cm stacN of CDs is 5 times the height of another stacN. Can yoX maNe a draZing 
of the sitXation and determine the height of the other stacN"´ ,n the algebra intervieZ, stXdents Zere posed 
a similar sitXation bXt both heights Zere XnNnoZn. StXdents Zere asNed to maNe a draZing and Zrite 
eTXations to represent the sitXation. ,n addition, stXdents completed a Zritten fractions assessment �1orton 
	 WilNins, 2009� to triangXlate claims aboXt their fractional NnoZledge. 7his assessment confirmed that 
the stXdents identified as pre�fractional Zere pre�fractional. 

(ach intervieZ Zas video�recorded Zith tZo cameras, one focXsed on the interaction betZeen the 
researcher and stXdent, and one focXsed on the stXdent¶s Zritten ZorN. 7he videos Zere mi[ed into one file 
for analysis, Zhich occXrred in three overlapping phases. 7he first phase of the analysis Zas to formXlate a 
model �Steffe 	 7hompson, 2000� of each stXdent¶s fraction operations, schemes, and concepts� eTXation 
Zriting and solving� and generali]ing activity, to the e[tent possible over tZo interactions. 7oZard this 
end, the researchers vieZed videofiles and tooN detailed analytic notes �Cobb 	 GravemeiMer, 2008�, 
Zhich inclXded transcriptions, data sXmmaries, memos, and conMectXres. 7he resXltant models provided the 
basis for responding to the first tZo research TXestions for this paper.  

,n the second phase of the analysis, the researchers looNed across the stXdents to articXlate differences 
in hoZ stXdents Zith different mXltiplicative concepts solved the problems in each intervieZ. ProdXcts of 
this phase inclXded Zritten syntheses of the Zays of operating of stXdents Zith a particXlar mXltiplicative 
concept, Zhich provided an important bacNdrop for responding to the three research TXestions in this 
paper. Finally, in the third phase of analysis researchers e[amined hoZ the operations, schemes, and 
concepts that constitXted stXdents¶ fractional NnoZledge Zere involved in stXdents¶ eTXation Zriting and 
generali]ing activity. 7his phase Zas the basis for responding to the third research TXestion for this paper. 

Analysis and Findings 

Equation Writing and Multiplicative Relationships 

7Zo of the si[ pre�fractional stXdents, Zith significant coaching, Zrote eTXations to represent 
mXltiplicative relationships betZeen XnNnoZns that Zere correct from the researchers¶ perspectives. 2Xr 
analysis sXggests that the stXdents¶ emerging iterating operations Zere one reason these stXdents Zere 
sXccessfXl, bXt that the lacN of a disembedding operation Zas a maMor soXrce of the difficXlties that even 
these tZo stXdents e[perienced in conceiving of XnNnoZns in mXltiplicative conte[ts. ,n this section Ze 
present one stXdent¶s ZorN on the first problem in the algebra intervieZ to sXbstantiate these claims.  

7he first problem in the algebra intervieZ Zas the folloZing� 

A1. Cord Problem. Stephen has a cord for his iPod that is some nXmber of feet long. +is cord is five 
times the length of 5ebecca¶s cord. CoXld yoX draZ a pictXre of this sitXation" Can yoX Zrite an 
eTXation for this sitXation" Can yoX Zrite another eTXation" 

,nitially all pre�fractional stXdents made a draZing for A1 in Zhich one of the lengths �represented by a 
segment or rectangle� Zas a little more than half of the other. 2nly tZo stXdents refined their pictXres to 
maNe a more accXrate representation by iterating a shorter segment five times to maNe a longer segment. 
2nly one of these tZo stXdents, 7th grader +enry, Zrote a mXltiplicative eTXation for A1 that Zas correct 
from the researchers¶ perspectives.  
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,n +enry¶s initial pictXre for A1, the segment representing 
5ebecca¶s cord length Zas longer than Stephen¶s, and 
Stephen¶s segment Zas a little more than half of 5ebecca¶s 
�FigXre 1, top tZo segments�. WithoXt any intervention from 
the intervieZer, +enry reinitiated his activity and dreZ a 
small segment. 7hen he dreZ a copy of that segment beloZ, 
and he proceeded to draZ foXr more copies, paXsing after 
each copy �bXt not lifting his pen�. So he repeated one cord 
length five times, and this neZ segment represented the other cord length �FigXre 1, loZer tZo segments� 
hash marNs have been added for clarity�. +enry called the long segment 5ebecca¶s and the short segment 
Stephen¶s. +oZever, +enry sZitched these meanings Zhen the intervieZer restated the problem. 
SpontaneoXsly initiating the repeating of a segment Zas novel, and it sXggested that +enry had constrXcted 
an iterating operation that he ZoXld need for constrXcting more advanced fractional NnoZledge. 

+enry¶s initial eTXation for A1 Zas ³S ā 2   Rcord,´ Zhich he said meant ³Stephen¶s cord times Zhat 
5ebecca¶s cord is, eTXals 5ebecca¶s cord.´ +e said that he Zrote an ³2´ to ³leave it open,´ since he did 
not NnoZ the length of 5ebecca¶s cord. 7hen, in discXssion Zith the intervieZer aboXt hoZ many of 
5ebecca¶s segments ZoXld fit into Stephen¶s in +enry¶s pictXre, +enry generated a correct eTXation, ³R ā 5 
  Stephens cord.´ ,n e[planation, he changed the 5 to a 4, saying, ³1o, 5ebecca¶s times foXr eTXals 
Stephen¶s cord, µcaXse she already has one >of the segments@.´ 7his conflation sXggests the lacN of a 
disembedding operation� 5ather than consider 5ebecca¶s cord as one part of Stephen¶s, +enry appeared to 
thinN of Stephen¶s as five parts, one of Zhich had to be 5ebecca¶s, leaving Stephen Zith only foXr parts. 

7he researcher then posed a nXmerical e[ample in order to test the eTXation� ³/et¶s say Stephen¶s cord 
length is 15 feet� hoZ long is 5ebecca¶s cord"´ +enry spent nearly 6 minXtes determining 5ebecca¶s cord 
length. +e initially thoXght it ZoXld be 10 feet. 7hen he tried 5 feet and arrived at 15 feet. +e appeared to 
be iterating an amoXnt three times, becaXse then he said ³three, 9 feet.´ ,n this process, +enry e[tended the 
segment for Stephen¶s cord length by another segment the si]e of 5ebecca¶s cord length, so Stephen¶s 
length then consisted of si[ segments �later +enry crossed off this part folloZing TXestioning from the 
intervieZer�. We note that confXsing ³five times´ and ³five more than´ is a sign of not having constrXcted 
iteration �Steffe 	 2live, 2010, p. 182�. So, despite +enry¶s later correction of his draZing, this ZorN 
throZs some doXbt on Zhether +enry had indeed constrXcted an iterating operation for segments. 

7o e[plain his ansZer of 9 feet for 5ebecca¶s length, +enry coXnted by threes along the first foXr parts 
of Stephen¶s segment, and then coXnted by ones �³13, 14, 15´� along the fifth part. When the intervieZer 
repeated bacN to +enry hoZ he had coXnted along Stephen¶s segment, +enry changed his mind. ³<eah, 
hers is liNe three feet,´ he said.  

Finally, the intervieZer asNed +enry aboXt his eTXation²Zhether he Zanted to Xse 4 or 5. +enry said 
foXr, althoXgh Xnder TXestioning he agreed that 3 [ 4 Zas not 15. FolloZing that e[change, +enry changed 
his eTXation bacN to ³R ā 5   Stephens cord.´ When asNed for any other eTXations he coXld Zrite for the 
sitXation, he Zrote ³5 ā 3   15, 3 ā 5   15, and 3 · 15   5.´ 

2Xr cXrrent interpretation of +enry¶s ZorN relies on the fractional operations Ze coXld attribXte to 
him. AlthoXgh the evidence is not incontrovertible regarding +enry¶s operation of iteration, +enry 
appeared to have something liNe iteration available²or becoming available²based on hoZ he made his 
draZing for A1. 7he spontaneoXs change that he independently made in his draZing alloZed him to create 
a TXantitative foXndation for his algebraic ZorN that Zas a Ney reference dXring the rest of his activity. 
Since only one other pre�fractional stXdent in the stXdy made a similar draZing, Ze infer that creating this 
Nind of draZing to shoZ one segment and another that is five times longer is not a trivial achievement for a 
pre�fractional stXdent. 

,n addition, althoXgh +enry received significant sXpport from the intervieZer in order to Zrite a 
correct eTXation, Ze sXggest that his emerging operation of iteration alloZed him to maNe sense of the 
sXpport that the intervieZer offered in terms of TXestions aboXt his pictXre. ,n contrast, none of the other 
pre�fractional stXdents Zrote a similar eTXation Zith similar TXestions²not even the pre�fractional stXdent 
Zho generated a draZing similar to +enry¶s. 

 

Figure 1: Henry’s work on A1 
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+oZever, Ze sXggest that +enry¶s lacN of a disembedding operation, as shoZn most clearly in him 
changing the 5 to a 4 in his eTXation, Zas a constraint for him. 7hat is, althoXgh Zith the sXpport of the 
intervieZer¶s TXestions +enry did retXrn to a correct eTXation, it¶s not clear Zhether Xsing 5 Zas a logical 
necessity for him. ,ndeed, ZithoXt a disembedding operation it ZoXld be XnliNely for +enry to maNe sense 
of a segment that is five times another, becaXse that relationship appears to reTXire thinNing aboXt the other 
segment as both embedded in and disembedded from the longer segment. So, ZithoXt that operation, it 
ZoXld be more natXral for +enry to thinN of the longer segment as ³foXr more´ than the original segment. 
7his analysis indicates that Zriting eTXations representing mXltiplicative relationships betZeen TXantities 
ZoXld be TXite challenging for stXdents ZithoXt disembedding operations. 

Making Generalizations: Solving The Border Problem 

,n contrast to their ZorN on A1, five pre�fractional stXdents solved parts �a�, �c�, and �d� of the %order 
Problem, Zhich has been Xsed to introdXce ideas of XnNnoZns and variables to middle school stXdents 
�%oaler 	 +Xmphreys, 2005�� 

A7. Border Problem. %eloZ is a 10 by 10 grid Zith the sTXares on the border shaded.  

�a� WithoXt coXnting one�by�one, and ZithoXt Zriting anything 
doZn, can yoX find a Zay to determine hoZ many sTXares 
are on the border"  

�b� Can yoX find another method" 
�c� Can yoX apply yoXr first method to a 6 by 6 grid" 
�d� +oZ ZoXld yoX describe in Zords hoZ to Xse yoXr first 

method on any grid" 
�e� +oZ ZoXld yoX Xse algebra to Zrite an e[pression to 

commXnicate yoXr first method to someone"  
Figure 2: Border problem 

All si[ pre�fractional stXdents initially thoXght that there Zere 40 sTXares. Upon coXnting to checN, 
five stXdents adMXsted their initial idea based on observations aboXt coXnting the corner sTXares of the grid 
tZice. 7Zo stXdents adMXsted by sXbtracting 4 from 40. 7hree stXdents, inclXding +enry, adMXsted by 
adding 10 and 10 for the top and bottom sides, and then adding 8 and 8 for the left and right sides 
�eliminating both corner sTXares from these sides�. All five stXdents applied their method to a neZ grid, a 6 
by 6 grid, and verbally described their method to some degree. 7he tZo most detailed verbali]ations Zere 
from +enry and another 7th grade stXdent, CoXrtney, Zhich Ze state beloZ. 

DXe to time constraints, only these tZo stXdents Zere asNed to Xse algebra to commXnicate their 
methods �part �e��. CoXrtney said she did not NnoZ hoZ to do that, even after discXssion Zith the 
intervieZer aboXt Xsing a letter to represent the nXmber of Xnit sTXares in one roZ of the grid. +oZever, 
CoXrtney did then apply her method correctly to a 15 by 15 grid ZithoXt draZing that grid. +enry also had 
a discXssion aboXt part �e� Zith the intervieZer, Zho sXggested that x coXld represent the nXmber of Xnit 
sTXares in one roZ. After asNing +enry Zhat x Zas in each of the first tZo grids �the 10 by 10 and 6 by 6�, 
the intervieZer asNed if +enry coXld Xse x to Zrite doZn an e[pression for the nXmber of sTXares on the 
border. +enry Zrote ³x   top roZ 10´ and then Xnderneath ³x   top roZ 6.´ 7hen he added the 10 and the 
6 to get 16. So, no stXdent made a correct solXtion to part �e� from the perspectives of the researchers. 

<et the five stXdents Zho solved parts �a�, �c�, and �d� did generate a method for determining the 
nXmber of sTXares on the border, Xsed it on a grid of different si]e, and verbali]ed the patterns they 
observed. We assess that in doing so, they engaged in tZo forms of generali]ing activity �(llis, 2007�� 
7hey e[tended their reasoning beyond the range in Zhich it originated, and they began to identify 
commonalities across cases. +oZever, Ze propose that the stXdents¶ lacN of a disembedding operation 
constrained the natXre of their generali]ations and prevented them from Zriting an algebraic e[pression. 
AlthoXgh these conclXsions Zere made from analysis of all data, Ze Xse +enry and CoXrtney as e[amples 
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for e[plaining them, in part becaXse these tZo stXdents demonstrated some of the more advanced thinNing 
of the pre�fractional stXdents. 

Henry’s generalizing activity. ,n describing in Zords hoZ to Xse his method on any si]e grid �part 
�d��, +enry said, ³,¶d tell them to do the top first, see hoZ mXch in a roZ it ZoXld be >pointing at a roZ@. 
And then do the bottom, Zhich is the same. And then after that, liNe, Zhatever nXmber¶s at the end 
>corner@, go to the ne[t bo[ >doZn@ on the other side and pXt, liNe, pXt hoZ mXch it is. Don¶t Xse the same 
nXmber tZo times.´ When asNed if by his last statement he meant ³don¶t coXnt a corner sTXare again if 
yoX¶ve already coXnted it,´ +enry agreed. 7he intervieZer then asNed hoZ +enry NneZ, in the 6 by 6 grid, 
that the other side had to be foXr, and Zhether the foXr had any relationship to the si[. +enry¶s response 
Zas inaXdible. When the intervieZer asNed the same TXestion aboXt 8 and 10 in the 10 by 10 grid, +enry 
said ³+Xh"´ and proceeded to label his draZing Zith nXmerals. 

From this data e[cerpt, Ze conclXde that +enry did not articXlate the relationship betZeen the 4 and 
the 6 and the 8 and the 10 strXctXrally. ,n other Zords, he did not appear to see 4 as embedded in 6 and also 
separate from the 6 in terms of the side lengths of the grid �and similarly for 8 and 10�. 7his means that in 
thinNing aboXt the grid he did not disembed 4 from 6 �or 2 from 6� Zhile leaving the 6 intact²and Ze 
infer he did not do so becaXse he had not constrXcted a disembedding operation. +is comments do provide 
evidence that he NneZ tZo different nXmbers shoXld be involved²that a person can¶t MXst add the same 
nXmber foXr times as he initially did. %Xt the lacN of a disembedding operation contribXted to +enry¶s 
generali]ation aboXt adding the nXmber of Xnit sTXares in the top and bottom roZs, and then adding a 
different pair of nXmbers for the other sides of the grid. 7his generali]ation might lead to Zriting 
something liNe x � x � y � y as an algebraic e[pression, bXt it ZoXld not lead to something liNe x � x � x ± 
2 � x ± 2. 

Courtney’s generalizing activity. ,n contrast Zith +enry, CoXrtney sXbtracted 4 from 40 in solving 
the %order Problem. ,n Zriting doZn her method, she first Zrote mXltiplication signs in betZeen each of 
the foXr tens, changing them to addition signs Xnder TXestioning from the intervieZer. ,n verbally 
describing her method, she said, ³Since a sTXare has ten >sic@ sides, on each one, ,¶d add ten plXs ten foXr 
times and then , sXbtracted foXr µcaXse , coXnted all foXr ends >corners@, and , coXnted them tZice. So , 
sXbtracted foXr since there are foXr sides. For the 10 by 10 , got 40 and then , sXbtracted 4 and , got 36.´ 
7o clarify, the intervieZer asNed CoXrtney Zhy she added 10 foXr times, and CoXrtney said it Zas becaXse 
the sTXare had foXr sides. At this point the intervieZer did not probe for clarity aboXt reasons for 
sXbtracting foXr. +oZever, prior to this data e[cerpt and Zithin it, CoXrtney said she sXbtracted foXr in 
order to not coXnt corner Xnit sTXares tZice. ,n fact, e[cept for stating that she sXbtracted foXr dXe to there 
being foXr sides, her generali]ation does not seem problematic in any obvioXs Zay. 

<et based on oXr model of CoXrtney, Ze claim that she did not Zrite an algebraic e[pression for her 
generali]ation in part becaXse of hoZ she thoXght aboXt the ³ten plXs ten foXr times´ and the 40. Since Ze 
NneZ CoXrtney had not constrXcted a disembedding operation, Ze NneZ that taNing a nXmber �sXch as 10� 
some nXmber of times Zas a significant cognitive load for her �Steffe, 1994�. When stXdents liNe CoXrtney 
taNe a nXmber �10� and repeat it, they do not consider these nXmbers �foXr 10s� as both embedded in and 
disembedded from the resXlt �40�. ,nstead, it¶s liNe the tens disappear after they have been Xsed. ,n short, 
CoXrtney¶s method really Zas not 10 � 10 � 10 � 10 ± 4, strXctXrally� Ze infer she did not generate 
aZareness of the 10s as segments of the 40 in the process of and after compXtation. 7his conclXsion is 
sXpported by CoXrtney¶s mXltiple Zays of describing and notating the Xse of 10s to maNe 40. 7his analysis 
indicates that it Zas TXite reasonable for CoXrtney not to NnoZ hoZ to Xse the intervieZer¶s sXggestion to 
let x represent the nXmber of sTXares in one roZ in Zriting an e[pression for her method, since the 
relationship betZeen the nXmber of Xnit sTXares on each side and the total nXmber of border sTXares Zas 
rather ephemeral for her. 

Discussions and Conclusions 

7his stXdy contribXtes to Xnderstanding Zhy pre�fractional stXdents strXggle Zith algebra. ,n 
particXlar, it sXggests that these stXdents¶ iterating operations may facilitate their representation of 
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mXltiplicative relationships betZeen TXantities, and that these stXdents¶ lacN of a disembedding operation 
is a significant constraint in developing algebraic eTXations and e[pressions. ,t also sXggests that stXdents¶ 
fractional operations shape the generali]ing activity in Zhich they engage. For e[ample, ZithoXt a 
disembedding operation, pre�fractional stXdents Zill be XnliNely to distingXish amoXnts that are both 
contained Zithin and separate from other amoXnts in a TXantitative sitXation²and doing so is critical for 
creating a strXctXral vieZ of many sitXations that can be represented Zith algebraic notation.  

,mplications for algebra instrXction for pre�fractional middle school stXdents inclXde the pressing need 
to develop cXrricXlar materials that provide sXpport for helping these stXdents advance their fractional and 
algebraic NnoZledge simXltaneoXsly. 7hese materials need to be based on the Zays and means of operating 
of the stXdents so that these stXdents Zill not be left oXt of maNing mathematical progress, and so that their 
mathematical thinNing Zill not remain invisible or Xnder�valXed in an environment Zhere e[tant cXrricXlar 
materials assXme operations that these stXdents are yet to constrXct. 
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