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Foreword

rill-LE IMPROVEMENT of teathing in mathematics, as in otherI subjects, depends t a large degree on the extent to which re-
search conclusions find their ,way into the classroom. .The purpose
of this study is to help report and disseminate the 4ndings in the
research on mathematics teaching completed during the 2 years 1955
and 1956.

All concerned with the present study hope that it will prove helpful
to both researcher and classroom teacher. The Office of Education is
grateful to th6 deans of graduate schools and to research Workers in
mathematics .education who supplied the data on which this study
is based. Without their willing cooperation it could not have beeii

) prepared.

wo
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46.

E. GLENN FEATmatswort,
Mang Aissi8tizat Commissioner,

State and Local Scpol System!.
J. DAN. HULL,

Director, Inotnuition, Orgcthiaation,
and Services Brandt.
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Preface
a

400

IN THE YEARS 1952, 1953, and 1964 the National Colincil of
Teachers of Mathematics and the U. S. Office of Education coop-

eTated to summarize the research completed in niathematics education
during each of these years. The summaries received- many favorable
comments and suggestions from leaders in mathematics education.

has a result of the suggestions, tho office and the council cooperated
further, .this time summarizing research completed in mathematics
education during the 2-year -period 1955-56, and a1 io. analyzing the
material. The present bulletin presents this work

Cooperation in worldng with the 1955-56 material, as with the
earlier material, was effected through the Research Committee of
the National Council of Teachers of Mathematics. The %embers of
that committee were 4ife following: John J. Kinsella, School a Edit-
cation, 1,)w Ybrk-Untiersity L Clark Lay, Pasadena City Conte;
Nathan Lazar, College of Education, The Ohio State Univenfity ;
and Kenneth E. Brown, Office of Education, U. S. Depaitment of
Health, Education, and Welfare.

%

;

or

4

''

1

'J

air 4

VI

3'71



ANALVSIS OF ItESEARCH IN THE'
TEACHING OF MATHEMATICS

Introductio4

WTHAT RESEARPHin the teaching of mathematics was carried
VV on during calendai years 1.955 and 1956? What does this re-

search say about effective ways of teaching? In what areas of mathe-
matics education was considerable research carried on ? In what areas
was there very little I

To help teachers get answers to these and similai questions, the
U. S. Office of Education, aided by the Reskrch Committee of the
National Council of Teachers of Mathematics, sent an inquiry to 400
colleges that offered gradpate work in mathematic and/or whose
staffs had made previous contributions in this area. The committee
received answers to the inquiry ahd data on 123 studies from approxi4
mately 850 colleges. These studies included 20 studies by college
faculty membeis,, 54 master's theses, and 49 doctor's dissertations.

About half of the 128 stfidies were devoted to methods and ap-
proximately half to content Twenty were coneirned witYprognosis
and evaluation; the others, with the history of mathematics, aids to
teaching, teacher education, differences in mathematical ability be-
tween the sexes, status of mathematics teachers, and mistellaneous
topics. If an attempt were to be made to classify the studies iccord-
ing to major emphasis, the categorietiTh%would not be mutuilly ex-
clusiye. Several studies, for example, were concerned with both
content and methods.

Wheii the studies are classified by the three grade levelscollege,
high school,, elementary schooloverlapping again appears. Thus,
the college level -would contain 40 studies the high school level, 60;
and the elementa4 school level, 40. Some studies dealing mainly
with college4evel topics also deal with the training of high sehoca
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ANALTEIN3 OP 1128141101 IN TDACHING iMATTIMMA,T1133

teachers. Likewise,'a few studies concern both college and high schooland some others concern both high school and elementary school.Any thought of classifying the studies, then, as a preliminary step,.to analyzing them for this bulletin, wad abandoned. Instead, im-portant questions-wem posed pertinent to mathematics education onthe three levels identified above. The three groups 9f questions andaccompanying analyses follow this introduction. Within seach anal-ysis, numbers appearing in parentheses denote corresponding num-
4 bers used in the apPendix for irranging summaries Of all 12,3 studiesalphOetically by author.
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Research in the Teaching of College Mathematics

rikjN THE COLLEGE LEVEL, research in mathematics teaching
emphasized the content of freshmen mathematics coutses, -the

preparation needed by mathematics teachers, and the mathematics
needed foesuccess in various college subjects. Also included were
studies on remedial mathematics programs and programs for college
freshmen poorly .prepaged mathematics. Questions and commen-tary on these and other a : follow below.

1. How poorly prepared in mathematics are sone college fresktaent
The excellent college records of many fresfm indicate a good

foundation in mathematics but the large college classes of remedial
mathematics remind one that some pupils have neglected the study
of high school mathematics.

One study i (46) discloses that the remedial student; hi mathematics
were below' average in 1. Q. and weak in all subjects, and had scored
at the first percentile on national norms for a widely used Iligh school
achievement test. s

2. Are remedial mathematics programs in college solving the problem
of thestudent poorly prepared in that?, g ,

The remedial programs seem to be he1ph4 tO some pupils but nosway shows' thit -theecasks'. Irithmaki ibeetves, through a short Ire-
medial *course, a desirable foundation in high school math-maths. In fiat; one stud* (27). of.141 freehmen sittoiva that the
&adepts '<the remedial coiirsei agemed little mire! than those lohoomitted it took, initead, the vTegultiri doileg4 matheifiatici
contts.4 Attempts (8) .ftre still beintinade to ;devilop more

for atticienb6 his tint' thti ;14thlti* Atudeliti
readmit college mg greitinioti*stithrto learn mit
and mai 'maturity than iflienchervkasiti Iiiglosalioar4
difiletati' If '-not.titotote* fat stivoies thit got thdr9.
of high who& mathematics:from' 8416int. Remeetitiràm lin:dpjlegtx
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4 ANYBII.9 oF REBBABCH iN MACHIN° MATIMEMOS

3. Do students whose mathematics training leas been interrupted by
service in the armed'form (or for sasy other reason) make lower
grades than their classmates,' I.

The answer seems ,to be no. Accoraing to one study. (1Z1) stu-
dents with a longer time lapse since studying la preceding male-

4 matics course made higher grades than those with a shorter time
lapse.

Of 805 students in the study, 172 hid taken tithimatidriAth only
the summer intervening, and the remaining studexita had a mean lapse
of 17 months. The close-proximity group made higher scores on the
pretest, but the long.proximity group lila& highet Sores 'on the final
test. Many superior pupils in the long-proximity -group made loifib
scores on the pretest than some of the less capable pupils i4 the does-
proximity groups. Of course, this raises the question of vildity
of a pretest in classifying students %for experimental studies if the

. time lapse since the student's previous study of nlathem,tics is. not
taken into account.

. I .!,.

4. TV Aat are the best predictors of college succesOn mathematics? .

A combination of high school marks in mathematics autlithe wore
on a mathematics achievement test. seen* to be a geed ptidiottor of
succem in college mathematic& One university (TO) making a study
of the- placement 4;4 1,832 freshly:in found . that the combination of
scores on a placement test compiled by tto university stag, the scores
on the Iowa High &hod-, Content Examination,: ,the rating An the
Ohio' State Psychological .Exanguatitm, find= the. piteviotri lohrke
mathematics was a very good predictor, but little better than the COM--
bination of high school marks and achievement test score.

5. D068 success in high school switAemat'ies 444 0.ogresa* general
college courads?

I
.
,

I i \ ,', I , it
.,

The students with ,ligh ability in high school alaibitpatiocuswilly
made higher Korea- in general °Wogsmnoses 4 than :theft with law
ability in high school mathematics. Ckic study, (70) ihowINI thikt
students wiv) failed to complete" theirtoilers progra.ul wer. thaw who
htd made the lowest. achievement scores in high :self:id mathenstAm
Although-m*4 college pmgrams seem to -requiretooxpetwey. in -amipth,
ematice for A stuck* to be sucetssfa4one 7*46 -4113), ohm ;in Awl
caption. , Success in high*hod instbOltaticawatittlibulao,relkdens* to- the 'college 'atlicess of,a 'igroup ofi luvapeotho , 0100tity,
sohooi teach* at:;one *it. .univerity.'! Perhapol tithis)10 On tillOPte
meat, in, this, scientific Age, of i -college Program :111,ye4ed *AS*
tive relationships.
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6., Are th4 poorly prspareii students usually from swill high whoa'?
A study (79) ,of 606 coltege fremeil in one*State. indicated no

difference In 'mathematics ability between studepts-graduatin fiom
large high schools and those froin small* ones.

7. Is college general Intithetnaties on'its toty outl
vir

A recent study (88) based on the offc;'rings of 200 colleges indicates
that between 1948 and 1955 "the number of colleges offering keneral
mathematics increased. In general, the cultural kips of general
matliegiatics courst ,itS receiving :the attention...of iesearch workers.
The majority of these courses are 2 semesters 'with ,6 hours credit.
Although there is mush experimentation with the contAnt (65),
(102), (88), (08), (S), 14sually at least half of it consists .of topics
froni arithmetic, algebra, geo*ry, and tiignnometry. The remain.
der is topics from analytipal geometry, statistics, higher mathematics
(65) and recreational mathpuuttics,

. . .

Different methods of presenting the material have beau used. One
experiment (102) showed, the geometric approach .as slightly superioi
to the algebraic. A survey 9f $7. institu4ons (18) ind4cated an at-
tempt to integrate topics. The respondenOcra questionnaire sug-

that a general mathematics course should contain material
fron4 OA following :9 areas toid that the amount in each area should
decieue in theI orderprder given : Algebra, arithmetic,. rometry, trigo
nometrftkia1 rio geometry, iltatistics, mathematics of finance, the
ea% and logic.

8. What mathematics is needed fo understand first-year oollege
subjects?

8enrial studiei concerns& with this question were reported. Most
of them were based on an analysis of textbooks or other literature in
the field4 algebra and arithmetic occurred more ire-

. queutli thal!i . ahoy fliv, data reyeal 4he mathematics
etlw AeftwarAbrethit mathematics that would be

desirs04, if. aw studente =Id understand. it.
In th6 sdIàehow that ifr knowledge of high school mathe-
matics i seated to many firv.stepar cativo subjects.

A Nowt oniy of textbooks-in engineering physics revealed
hat a1t1*oiethi, majoriti'of th mathematics was Algebra and plane

I 4 !
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60 ANALYSIS or atistAttst tre TIMAIdtte MAiniammte
'.'Ckinerat geology textbooks (i07) wied 'little mathematics. Thoinatliematic4 skills. nccessary to undertgand these titi amid

43, obtained from traditional high scimol. mathen4atica mums! Themajority of the problems 4270.1ved aleb,ra .and simple-ratios.: 9114a few needed trigonometry or fnponential functions for their solu-tion. Two questions were *raised by the person making thRi textbooianalysis: Would more effective learning take place under a mathe-niatical, rathei than a descriptive,. 'approach! Should additionalinkportant topics in geology teeding 'a niathematical approttak beincluded in the freshmen course? *The ituf4 revealed that minlymathematical "problems octur in acid goloty and that thproblems would enrich general geology if 'the .students had theprerequisite mathematical background. '4
In agriculture, a questionnaire from 78 *colleges (6) revealed thatthey usually; require 'elementary algebra, but recommended a Mimigeneral course.
According to one study (45) the skills nedOsimiyt for sticeess in thephysical science course at one Statg college nifty be óbtained fromhigh school algebra if the 4tourse emphasizes direct and inversevariation, functiods, graphs, interpretation 'of data, and the abilityto generalize.
The sthdy of textbooki in varioils fields shows -that elementaryalgebrasolution of equations,. tratislations ó vetbal statements'into diagrams 'or equations, use ot graphs -azi ariation--afveitrsfrequently. Advanced algebraradicals; ope with polyno-mials, or factoring of quadrati occurs.' *fito other mathe--matics concepts appearing are those found in the traditional highschool mathematics Courses,

9. &cult, there be a special mathematics course for agriculturestudents?

Of 75 colleges in 40 States (68), half recommended sr- 'generalmathematics course and half the molar algebra Course. The personconductint the survey concluded that there isa growing hitch* inrequiring a special math,ematice coin* for agrioultute.studitaiti.

10. Are the mathematics offerings in
junior college fewer than those rivotnekinded Zy Btlgo
officials,

f i 1 0

An analysis (49) of 101 juoir. con
offerino inquded ill th, thin* teiddlio fell
néertng schools in Stitii tafroi*itieK"Tri4
eirieeeted deka ieeomniondA1tib
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COL/Wit MATHEMATICS 7
11. 8houl4 the mealvmg of mathematics 'concepts and operation beemphasised at gel calve Weir

Although *Aver expeiiinents 'on methOds were reported at thecollege level than at any other level, at least two experiments in4dicated that the meaning of the concepts should receive greateremphasis.
In one experiment (18) on teaching the cakulus the emphasis withthe experimental group was on understanding concepts. The quality'of learning of this group was superior to that of the control group.In anothei experiment (119), which emphasized understandingoperations (in accord with the principles of modern psychology),the achievement of the experimental group exceeded that of the con-trol group The experimental group rated the course higher thanthe control group.. Building an elementary mathematics course solelyupon the wishes of the students is not recommended, but perhaps afavorable student attitude is conducive to effective learning.

12. Do prospective teachers need more mathematics?
A survey (10) of the graduates of one large university who areteaching revealed that they feel they should have had more math-ematics.
Another survey (2) found that one-fifth of the general science andbiology teachers had taken no mathematics in college and one-fourthof thechemistry teachers bad taken one course or none at all. Alsoreported were attempts to teach these and other citiantitative subjects

to prospective teachers without using any mathematics.
An experiment (59) was reported in teaching the linear regressiontheori in elementary statistics to students who had not taked the

calculus. Elementary school teacher programs (118) having noquantitati4considerations in any course are an example of an attempt
to educate teachers without introducing any matismatics.

18. -What should b the preparation of mathematic' Ma011411

Studies (86), ) (29) teported in 1955 and 1956 suggest that the
undergradust, program should include 26 to 82 hours of mathematics.
Now-Euclid.= geometry, statistics, and history of mathematics arerecommended in addition to the traditional collo& program through
the calculi*. The preparation is usually suggested in terms of semes-ter hp= of rpred#, Fat* z than, specific ,competency. For example,the ;ovoid.** tp one survey 129) of 151 teacMrs, J4UIjDMratOrV,
aixt 35,(Owro1ewqr8 ris9InuVal444 70hours in rl education,24 in mathematics, 24 in education, and 1 year of student teaching.

Questionnaires (101) answered by 951 teachers suggested that the
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ANALTAN9 OF RIBMARCH DI TRACMCMATIMIMITICO

5th year of teacher education should be composed ot 50 percentinatlw
matics courses and not more than 25 percent professional education
courses. In these broad categories they recommanded thaefew specific
courses be required.

A group of New kngland teachers replying to a survey (10)
recommended itatistics in the mathematics teacher education program.

Integrated mathematics courses have been suggested. One research
worker (114) concludes that the content should be mathematical and
the purpose professional.
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filiearch in the Teaching of High School Mathematics

rIN THE MGR SCHOOL LEVEL,
v

research in matheniatics
teaching gave considerable emphasis to the need for students to

underaand. Aliko investigated was the extent to which physical aids
ana methods are able to contribute to attaining that goal. Experi-
ments with introducing modern mathematics concepts to high school
students reflect the desire of frontier thinkers in mathematics educa-
tion to restudy the entire matbematics program. Discussion of this
and other problems follows below.

1. To what *dent has the content of high school mathematics been
itive4tigation and experimentation?

Experimentation with the content of high school mathematics has
taken place in several parts of the country and with different size
groups. In o4e State OW a group of 36 teachers geveloped a se-
querxe of mathematics topics which were published u a series of
high school 'textbooks. These topics wen from algebra, plane geo-
metry, and trigonometry, with many references to social problem&

In inother State (Illinois) an extensive experiment is underway to
deielop not only zinv content but also a different emphasis on some of
the traditional topics. Some concepts normally reserved for college
studeras arei,oporated in the tonne, some traditionid definitions
have bets 14tored, atid 'forced correlationcorrelation is not emphasized nor are
compartmental lines adhered to. Leadership stems tram the Univer.
sity of =alai 'schools taking part in- the experiMent are not .

aniline& to thatfititt 4-

In oontrait ft) tke 'state.: university e*ooriment invsalthig several
hundrids bi at experiment with one eleme#aty..,algtbra this .
taught.**arjoui staff memben of a large city (*liege Ap-
prO*W7 40 lieitent of filo tIernefltftby algebra come comfit* of
toPi ii4 *plied P.;
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10 ANALYSIS OF 1128 IN TBACHING MATHEMATICS

Perhapi nontaithema cal woids could have been included in the
list, since according to one study (58), the vocabulary of many algebra
textbooks is above the vocabulary level of some of the pupils.

2. Are the written problem in)6Aigh school. mathematics practiod
ones?

A study (120) of a sample of high school mathematics textbooks
showed that, on a 4-p6int settle, more than one-thiM of the written

, problems fall in the top category of practicability. Although appli-
cation problems are sometimes more difficult than the mathematical

rinciple being illustrated, the study indicated that the written prob-
....s lems in general were on a lower vocabulary level thah the explanatory =

sections.
')

8. Have there been radieal changes in plane voniftry content I f"el'

Even though the content of high school mathematics has been in-
vestigated for some time, y analysis (117) of 97 plane geometry
textbooks revealed that t sequ aims for the past 15 years are in
8 general patterns: (1) A. modem version of Euclid's sequence, (2)
Legendre's sequel* and (3) postulation of the parallel lines-trans-
versal theorem.

Another study ( ) shor that the idea of continuity has received
a change in em asis. In fact, the continuity of a function is ap-
pearing more frequentry in algebra textbooks and less in geometry.
The incommensurable case in geometry is receiving more informal,
and less rigorous, treatment than previously.

4. What is tAe content of high school general mathematics?

The content of general inathematics textbooks varies cQnsiderably.
However, they usually include topics from elementary 'algebra, in-
formal geometry, and a strong emphasis on arithmetic and its ap-
plications to the, solution of concrete problems. Since many pupils
who take geneial, mathematics do not pursue, college Audios, Nome
educators look at the mathematics used by semiskilled and unskilled
workers as a key to the content of general mathematics. In 4ct,
one investigator alter studying the mathematics used by-theft workers,
concludes that a fith-grade mathematics course- would fill their needs.

There are 44 least two fillacies to the statusiuo wriculam ap
prpows14 First, in4uptr7 mig$ Feq,uire greater ues a ***lesif t4 workers had ability LOSIJCcL. Sond, when

, the Ineeent 1?-111* are (044,/ a irePat', odø 0
may be demanded of semiskilled workers than is now the
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5. What methods of teaching geometry have been tiae MOW of re
(tent eoperimentation and study?

Meth* of teiching geometry have been the subject or several
investigations. Although some interesting studies have been com-
pleted, no special technique has been developed that has promise of
changing greatly the pregent practice. Research studies report an
emphasis on teaching for meaning through discovery and broader-
generalizations. One study (87) is devoted to super-generalizations
in geometry with an emphasis on step-by-step discovery. In another
(83), 2 groups of 21 pupils were matched as to mathematics achieve-
ment and I. Q. One group was taught plane geometry by the tradi-
tional method; the other was given specially prepared material lead-
ing to the 4iscovery of relationships and mcouraging generaliza-
tion& The author concluded that the two methods were equally
effective. After a study of the mathematical ideu in law, a re-
seareher (48) recommends that greater emphasis should be placed on.
understanding in high school mathematics, especially reasoning in
gompetry for those who thay study law.

6. D088 the study of said geometry improve one's ability M determine
space relationships?

Perhaps more research is needed to fully answer this question. One
extensive study indicates that 1*i% if any, improvement in space con-
ceptions result from the study of solid geometry. In another experi-
ment (51) with 41 pupils, the experimental group made significant
gains when the analytic approach was used.

"What methods of teaching elemenary algebra have been the sub-
ject Of recent experimentation and stwity?.

As in geometry, there was no research that showed one boot method,
ofteaching algebra. A study (4) of eleflantary algebra textbooks,
for example, gave 9 different methods for toaching signed numbers.

an experiment (15) with 65 pupils the emphasis in a unit on
direct numbers was on the discoveri method. The reported 'eve-
ment of the control group and the experialtatal group was t the
Baum In =ahoy experiment (108) a "gthms-and-ciume method
was used ant aid. to better underrAamliwiof verbal algae!" probs.km* Although zo amolueve b.6 sire A Was reratsd,- the teach*? of
the elan *aimed that it aided in iindeistandirqg the oftkeptt !Mu&IB writteton the need fo exploration and Iii6ovetorbv

Ow uprising' (SO) iiitolviigiO &miles wed
drill With. one !gimp and :iiiplcmition.and 'with the (Mier.unmis14 . . - ')/
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12 ANALYSIS or MOOMASCit IN irtg.033240 ALMS

The pupils were rack:. by a special test developed to meet the ob-
jectives of the experimental grotkp and also by the Douglass SurveyTest (The experimental group had 'greater gains in achievementthan the control grtup, when meatihred by the special test but not
significantly different when measured by the Dotlg laps Survey Test.)The individual results on both the special test apd the Douglass
Survey Test indicate that a large Percentage of students showedlittle achievement..

8. Is instruction more effeotive if iA rupils are taught in homo-
geneous groups?

The answer has not been fully-anwsFered by reseamh but it seemsto depend upon the area of expecte4 achievement. In one experi-ment (78) the pupils ho were grouped homogeneously achievedmore in fundamental in mathematics but less in problem solv-ing than those not so grouped. In a survey (92) of a sample of
scbools in one State, the percentage of schools using horhogeireousgrouping in mat.4matic8 was 67 and in edema, 40. Time figuresmay reflect die succeqs of the method in some schools but they do notimply that the method is desirable for all schools, Where homo .
geneous grouping has been received favorably, usually a oombinationof criteria is used in determining the grouping. A combination ofI. Q., mathematics achievement test wares previous marks in mathe-=tics, and student interest rating has been used.

9. 11 greater achievement secured by small-group work within a classrather than by instnwtion to the entire class?

The experiment (57) reported in this survey shows no significantdifference in achievement of high school pupils taught in small groupswithin a class as compared with those taught in one group in a class.However, there was a most significant difference in pupil achievementunder the various teachers in the experiment..
A

10. What provisiot.sa are made for the superior pupil?
Much has been written (xi this topic. A survey (92) in one State

seems to t* typical of reports from other geographic sections: Nearlyhalf of the schools ripoPted they wail woviding for the superiorpupils through *pedal .programs, and two-thirds of 'the itspondeltsstated tisy hid special "ails for the superior. Examples a ipe-cial sections are Butridc: programs in alpines and advanced algebra'for collep-bound Opilt. The special programs Were
Bohol* with. enrollment* Move 1". There stoned to, be' Hai orno difference in the methods uied between the average pupils and the
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:Ott SCHOOL. MATEMMATMS 13

superior pupil& In the survey, 95 percent of the schools said that
enrichment., even, in special caws, was the chief means of providing
for superior pupils.

11. Is the care an effective method of teaching mathetnaties?

vis with other methods of instruct4m, the answet tp this question
seems te depend to a large extent on the teacher. One of the out-
standing strengths of the core approach is mttivation through a
social setting. The lack of teachers *ith necessary depth and breadth
of training for core instruction is a .weakness of the program. The
fact that the sequential nature of mathematics doei not lend itself
readily to such an approach has caused many teachers to receive it
with disfavor. This unpopularity is reflected in a wwvey (6) which
showed that 12 percent of the schools with the core program included
mathematics. In the secondary school, mathematics in the core
seemed most successful at the 7th-grade level.

12. What teaching method do teachers favor,
A random sample of 131 teachers frcint one -State (56) indicated

that they preferred the traditional lecture and -recitation method.
In fact, 91 percent of these teachers considered it always or frequently
valuable. Nearly one-half of them stated that field trips in mathe-
matics are seldom worth the time, and the same percentage indicated
student committee work is never or seldom valuable in teaching
mathematics.

18. Are there differences in mathematics ability between the sexes?

Research has not presented conclusive evidence op this question.
Some studies (74), (115) indicate that the number factors are dis-
similar for boys and girls. Certain geometric concept patterns seem
to be related to sex, which results in some geometry tests being loaded
in hvor of the boys. OTT° experiment (100) indicates that boys can
estimAte answers better than girls.

14. What is die best predictor of success in elementary algebra?

Studies (116), (64), (76) seem to indicate that the best predictor
of success in high school elementary algebra is the pupil's previous
markt in mathematics, score on an aptitude test, score on achievement
test, and degree of interest. Additional scores, such as 1. 4 or read-
ing test scores, incraw, the reliability of iirediction very little. For
Buccal in geometry (16) a combination of the scores on an aptitude
test and previous mark in algebra 'teens to be a valid predictor.
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14 ANALYSIS OP RESP.A.WH IN TEACHM kit MATICS

15. Who luts the greatest infriteme on high school pupils in their
decision to purs.ue the study of *mathematics?

A survey (110 of 327 high school students who were mathematics
contest winne during the years 1952-55 i9.dicated that the high
school teacher was thw greatest motivating factor in their study of
the subject. The pupils rated their parents as second in influence.

16. Are physical devices of value in teaching high schopl mathe-
matics?

In this period of competent teacher shortage, many devices hare
been suggested for 'teaching mathematics. Mechanical devices for
geometry instruction, aids hi algebra, models, historical material, and
field instruments haveS been advocated. Gt.

The various physical devices for teaching mathematics seem to
make only a small contribution. More important than the device
itself is the skill of the teacher in usirig it. After a survey of a &am-
ple of mathematics teachers, ope rtsearch workpr (97) concluded that
most of the thachers who had concrete devices to aid in teaching
mathematics did not know how to use them.

17. Are mathematk contests for high school purx: desirable?
-, A. survey of contest winners in one Stake indicates that contests in-

*.
fluenced many of them to pursue the study of mathematics. A na-
tional committee (71), however, after considering the disadvan
of contests, 'Vas reluctant to recommend them. ,AT. questionnaire (
sent to 200 leaders in mathematics education indipated they were
about equally divided as to whether mathematics rntests are advis-
able for high school pupils.

18. What (toes research say about the status of mathematics teac rsP
Although much has appeared in the press about the shortage of

quali Mathematics teachers, only a few studies were reported on
the' alifications or status. A study (109) of the mathematics
teachers in one State found that the average mathematics teachR: ,had
a bachelor's degree, 18 years' teaching experience, and dusk/18 com-
posed of 26 pupils; and received $3,698 annually. According to an-
other study, more men than women are entering this pmfelision but
women stay in it longer. Since other studies in this area wem re-
ported to be iii progress, perhaps more data will be available in the
near future.,

441

r.4

19. Are teadter8 doing a good job in the t&241fl9 of tnat4e7zatiea?
More higA school pupils know more mathematics *any pm

vious time in our Nation's history, yet the most competent beachers
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HIGH SCHOOL MATHEMATICS 15

state that a better job ought to be done in teaching mathematics.
Research workers (11) in mathematics education find that high school
pupils' competency increases according to the number of years of
mathematics taken, yet in their zeal for better mathematics teaching
the teachers are unsatisfied with the pupils' achievement. The con-
clusion, from an experimental study (54) where emphasis was on
critipa4 thinking, was that little was accomplished. ,

This is a difficult skill to develop and a most difficult one to, test
(3). Perhaps too mrh is expected in too short a qme. Another
experiment on teaching elementary algebra, with emp asisI on mean-
ing of concepts, resulted in the research worker's q estioning the -

value to the pupil of time spent in class. In contrast, we 'have the
large group of scientists trained in our high school mathematics
classes who' are silently testifying to the excellencies of that
training as they push back even further the frontiers of science and
mathematics. .
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Research in the Teaching of Elementary School
Mathematics

N THE ELEMENTARY SCHOOL LEVEL, research ink) mathematics -,;:,ching ranged from a study of physical devfces
that might be helpful in this teaching area to patterns of thinking
done by pupils in problem solving. The iype of research varied from
examination of textbooks to experithentation that involved teachers
in a score of schools. The type and range of research on the ele-
mentary school level of mathematics teaching are indicated by the
questions and commentary following below.

1. is arithmetic textbook vocabulary too difficult for th4 pupils?
Studies (105), (48) show thit the vocabulary of arithmetic text-

books is usually below the grade level for which the texts are used.
For example, the 6th-grade textbook material exaMined varied from
4.7 to 6.9 with an average of 5.5. The vocabulary of problem solving
material _rated higher than explanatory sections. Cihe researcher
(48) pointed out that a textbook may rate within or below the grade
level and yet, be very difficult in certain section& Also the lack of
progression from easy to difficult verbal material throughout the text-
book was not reflected in an average grade level. The technical
vocabulary was about on the same grade level as the general
vocabulary.

2. Does emphasis an waniag of concvt reistat in more effective
teaching,'

In an experiment (66) involving 20 pairs of teachers from 20
schools, the rules of arithmetic were developed kductively through
pupil participation with the experimental groups and triditional
methods with the control groups. Emphasis was placed on the
meaning of the operations and the discovery of a variety of ways to
solve a given problem. The results of the study were in favor of the
experimental group at the 5-percent level of confidence.

In another experiment (91) the meaning of the fraAct on concept
was emphasized. The multiplication concept rather thin the &vision

16
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ELEMENTARY WITOOL MATHEMATICS 17

concept of fractions was stressed. Fractions were considered not 9.8

broken parts of things but as submultiples or unit fractions. For
example, three-eighths is three times one-eighth. The experimenter
reported that the experimental group gained a better understanding
of fractions than the control group.

3. 18 drill more eff eCti-ve if based on relation-21dpi
Two groups ($9) of pupils were taught second-decade addition and

subtraction factg by carefvfly developing the concept. In the ex-
perimental group, however, the 4rifi was based on relationships and
in tile control group on simple repetitive practice. No difference was
found in the achievemeilt of the two groups. This was true of the
ability to transfer knowledge to higher decades; to retain facts, and
to compute mechanically.

4. Which method of subtraction is most effective in helping students
solve word problems?

The take-away method, a combination of the additive and take-
away methods, and the action method were used in teaching three
groups of children. The experiment (22) involved three third-grade
classes in each of five &hook In the action method the pupil was
required to give the action needed to solve .the problem. For ex-
ample, John has 50 and he needs 150. How much more does he
need ? Here the pupil must determine the action and Operation for
the solution of the problem. Tt was found that no one method excels to
any extent in helping pupils solve word pmblems in subtraction.

5. Can computatio, be taught without teaching meaning?
9

The neral principle that objmtives are best achieved when pro-
calum are carefully planned seems to be true in the cape of teaching
for meaning (M), (17), (75). When computation was taught with
swial emphasis on meaping, ins and achievement in meaning re-
suited. When computation was taught without emphasis on meaning,
little or no gain in meaning was the outcome. In teaching a unit on
graphs, steady gains in tneoning of graphs only when the
unit specially emphasized meaning. It would seem from the studies
that careful planning is required if computation is to be taught with
meaning.

6. What prpoqures 8hould be U8' to MIA verbal problems?

indicatim eat the following proc*Aliie is helpfulin teach-
ing vertal prcklesis (7): First, the problem shmild be waved by the
child with physical *sets such as diagrams pictures, (w drawinp,
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18 ANALYSIS OF 1MS kRal 114' TEACIIIWG MATHEMATICS

depending on the child's mathematical maturity; second, the pupil
should describe the operatioli in words. That is, he should write
what he did and why; third; he should be led to a compact algorism.

. Shauld division be taught as successive subtraction?

An experiment OM with 12 4th-grade -classes, in which the ex-
perimental group was taught division as successive subtraction and
the control group was taught it by the traditional method, showed no
difference between the two groups on routine subtraction. However,
the experimental group generalized more readily than the control
group. A similar result (84) was reported from an experiment in
which the emphasis was on the developmental method. There was
no differencs between the groups on immediate recall tests, but the
developmental group was superior on delayed recall and general-
izations. I

8. Are physical devices useful in teaching arithmetic?
Many studies were reported on the use of physical aids in.teaching

arithmetic. These varied from cardboard strips to commercially
built computing machines. The cardboard strips were used in one
experiment (75) to implement discovery methods and in this experi-
ment they seemed helpful. The vAiculating machine was used by
several teachers in a control experiment (33). The experimental
group in this study showed greater gains in computation and ramp,-
ing. However, theAifferenges between the two groups were not large
enough to be statistically significant.

Some experiments indicate,that physical devices are helpful in
teaching arithmetic, while others show no special value in these aids
(55), (34). For example, one researcher (72) suggests that the
abacus is a 'cultural curiosity, not a teaching devil*. Other leaders
in mathematics education suggest that it can ba valuable teaching
aid. A questionpaire Aurvey (47) of a sample of elementary teachers
revealed that 91.3 percent of them rated the physical devices as having
value in teaching arithmetic. However, 85 percent stated that they
needed training in using such devices. They also indicated that the
infrequent use of physical devices was due to insufficient money to
buy them.

A study (21) of 166 commercial aids showed that 109 of th it. ciould
easily be made by the tftchers. With overcrowdwi

ni%
classrooms nd

heavy teaching schedulii, hoNsiever, teachers dti find time) ta
struct many physical device& Studies were made on the ad

uthng games, songs, and rmins in baaching arithmdic (L"),
(121). A limited degree of sums* was reported.

4141.9
, #

7

Ho'

; r 4

ate

'v
;- ! -*/ .111 r,o -:. ; t" A

irm

colt=

(14),
t

*

4



SUMMITARY SCHOOL MATIMMATIM 19

An indication of the aids actually being u in the classroom is
reported by a svrvey of a sample of teachers in one State (77).
These teachers said tiliathey used business forms, charts, pictures,
workbooks, chalk boardsTand bulletin-boards as teaching aids. Most
of the other aids -were used very little. Perhaps one research
worker (30) expresses the findings of many others when he concludes
that physical devices, if prqperly mod, may aid the children in learn-
ing, just as the chalk board may be an aid, but that the aids seldom
teach.

9. In what areas of arithmetic are pupils wegkest?

The research rvport indicated that pupils are weak in understand-
ing arithmetical processes and basic treatments, ability to estimate
remonable answers, and application of processes to verbal 'problems
(35), (81), (60), (2 (19).
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Summary

COLLEGE LEVEL

ANALYSIS of the research for 1955-46 shows considerable em-
11. phasis on the content of college freshmen mathematics courns,
both for students who go into science_ and mathematics and for stu-
dents in other fields. Little experimentation was reported, though, on
methods that might be more effective in teaching .the content of these
couises. Likewise, little research was reported ,on experimentation
with different 'methods of teaching large college clams or .on the use

421 aids, such as study aids, physical devices, or television. Studies
concerning desirable preparation of mathematics teachers indicated
that they should have a general cultural education in addition to 24-
30 hours of mathematic& The courses recommended in mathematics
usually include the calculus, non-Euclidean geometry, history of
mathematics, and statistic& Considering the present teacher short-
age it seems unlikely that additional hurdles in the form of more
mathematics courses will be required of prospective teachers.

Are thee not important concepts from modern algebra, statistics,
and foundations of geometry that could and should be included in
the present curriculum without introducing entire courses on these
topical Is there obsolete material in both education courses and
mathematics courses that «mid be replaced with modern concepts!
Regearch reported in 1955-56 does not answer these question& Nor
does it throw much light on the problem of which specific concepts
should be included in teacher education courses. It sheds no light
at all on the most desirable ways of teaching these concepts. In BMA,
it seems from the 1955-56 reseaqh that the important specific under-
standings in mathematics that should be included in the teacher
education program have not been.determined.

RePorts were received on the preparation of textbooks, some
which included modern topics in mathematics, but the* reports ir.1 I

Wined very little evaluation of the material. Evaluations, if any,
20
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were usually of wIre,s -on altievem,,nt tests whicil evaluated tradi-
tional material rather than modern topics. In general, the evalua-
tions were of students taught by very competent teachers who were
especially enthusiastic abOut presenting modern concepts. No answer
was given to the question: How successful would the material be,
if taught by an average teacher, in increasing mathematical achieve-
ment in the special areas for which it was desired I

For the period 1955-56, studies were received on the mathematics
moist in various areas of learning such as geology, physics, and
agriculture. Most of these studies consisted of an analysis of text-
books in the specific fields. Although such studies are valuable
they point out only the mathematics used in a particular zroup of
textbooks. They do not glow what mathematics would be helpful
in understanding concepts in 'geology, physics, agriculture, and. other
field& For example,tin a fresliman geology textbook the authors
explain elementary quantitativó concepts in highly verbose language.
The authors suceemfully avoid mathematical symbols. Hoviever,
advanced books and periodicals in geology frequently use mathe-
matical symbols and operations. 'From San examination of college
freshmen Mxtbooks one might erroneously conclude that no mqle-
matics is needed to understand this field. Would not more effective
learning take place if : (1) The college freshman had an understand-
ing of -basis mathematics, at least thr6ugh the elementary concepts
of calculus (2) The textbooks used mathematics to describe quantity
and quality relationships?

The emphasis to develop science material without mathematics
may be detrimental to the capable student. The college of educa-
tion. at one university develaped au elementary School teacher pro-
gram with so little 'mathóniities that high schoól mathematics ex-
periences had no effect upon the student's success in this program.
In other words, prospective. elementary 'ichool teacheto were being
taught quantitative considerations of economics, sociology, govern-
Tent, and science &tough verbose &Cession. Later, as teachers,
they ,would have to teach school pupik the value of
our precise number system -and the .value of its notation when, they
Chem.salvo.; did not have A Background in these. vilues.

HIGH SCIIOOL LEVEL
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22 ANALYSIS OF RESEARCH IN TVACIIING MATHEMATICS

involved physical aids or a amuping within a class, mast to be
beneficial to some extent when used by the advocate. Like the chalk
board, the device itself seldom teaches, but when used by skilled
teachers it helps instruction. Surveys seem to indicate that the ch-1
board is thp most frequently used aid 'in mathematics teaching and
the lecture-rezitation'the most popular method.

Th9 research evidenced considerable activity in the study of the
content of high school mathematics mrses. The research varied
from a listing of some practical problems for a course to a control ex-
periment involving teachers in Lovexal States. No dQubt the research
on the frontiers of mathematics education is most valuable; but for
implementation to take place, research will need to determine what
specific changes can be put into effect with the present teachers. For
example: How much modern mathematics and which modern mathe-
matics can pr teachers incorporate in their clasws? How much
change can be made in the content of high school court-es and still
give Keurity not only to the teachers but to the parents? These and
similar questions remain unanswered.

Research has shown that a combination of scores on an aptitude
test and an achievement test, and previous mathematics marks is a
good predictor of succss in high school mathematics; but research
has not shown what motivates pupils to pursue the study of mathe-
matics. Research indicates that high school mathematics teachem
are a dominant force in causing high school pupils to pursue the study
of mathematics. Research has not shasi, however, why these teach-
ers are outstanding in their ability to influeace pupils.

ELEMENTARY OOL LEVEL

Several studies were reported on the urk of physical devices in the
teaching of elementary school mathematics,. Although wme devim
seemed to be helpful when wed b'y the experimenter, none of the de-
vices made outstanding contrilutions.

Teachers indicated that Fame of the physical devices are desirable
but that tbey lick the money to buyt or the time to mi.q.kN them. Also
that for effective teaching they needed instruction in using the aids.

Many of the studim were concerned with ways to teach arithmetic
so that the concepts in operation will-lave more meaning to the mil.
These studies varieti from teaching division u successive subtraction
to tftching azipunSi Pie aid of a compu ut tn-
each case the purpose in to- of on.lt 4 --

Investigations in area hyvoly*-pas one
to/ pupils ill problem soh3ng Although the reeeaiob 4vusatee 41,4
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SUMMARY 2 -3

meaning should be emphasized in arithmetical instruction, it has not
determined how much drill should be merely repetitive or how much
it should include repeating the operation in a meaningful social
sitvation.

Recommendations for Future Raearch.
The mearch ip mathematics education reported for the years

1955-56 indica that many persons4.1ave attacked small problem
Areas. Some bf these firms of investigation aile of minor importance.
A casual reading of the summaries of research in the appendix te-
veals student studies of inferior quality with very little contribution
to the teaching of mathematics. Little of the research was that of a
team apProach to the solution of a critical ptoblem in this area.
Even the studies of4ndividu9 faculty members differed materially
in their quality and contribution to mathoilatics education. Some of
the investigations resulted in the compilation of teaching material or
detailed eiperiments which were never liublished or were published
in very abbreviated form. Such rearch has little impact on mathe-
matics education.

This report on research in mathematics education lists certain un-
answered questions and problems in mathematics education where
there has been little research. However, it should not be assumed
that these are the mc6t critical issues in the teaching of mathematics.

Research reflects three important needs in mathematics education.
First, the identification of the crucial problem. (These problems
might be identified by State groups of teachers or by national com-
mittees. In any case, they should be identified to give direction' to
research.) &rand, greater coordination of effort in attacking the
identified probkras. (Many of tile problems are too large to be
solved by a single individual; team work will be necessary.) Third,
publictztion and wide diftribution of research. (Unpublished re-
search has little impact on classroom practim.)

Future advancement in the teaching of mathematics will depend
upon the extent to which we identify the crucial problems, coordinate
our efforts to solve them, and make the restate known to the class-
room teacher.
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QUESTIONN IRE for gathering the rearch completed
asked the re-seamh workers to point out one or twoquestions still unaswer- in the eacling of mathernatis flquestions, or problems, cover a wide variety,

as to type. The solution to many of them would
research by many teachers for &wra1 years.

The following 71 questions were all posed by the research. Workers.(Some of these qustions in one form or another, wean one -rftiearcher, while others appeami only once) .
1. What is the functional competency In mathematics at each of the fol-lowing levels: Elementary school, junior high wthcpral senior b..4bschool, junior eolleg-e7
2. How well founded is the awrtion that, in general, tmchers of ee .mentary cimoi art etic do not have sufficient precAranon andtraining?

3. Is the competency of students in college algebra and geometry lessthan it was 10 years ago?
t Ire the courses offered to high whml atudents in consumesmattes, genff-al triattAmatim, etc., adequate to meet the Deeds a aperson who eirievta to 1:wome an elemeatary wawa tz.--ch-7,5. What modern maLkestatic should be i&luded in the educatim ofprospective Bawl apes?
6. Which concepU in modern mathematics can be deve4T-wl melinthedlywith high school pupils?
7. Wbat specific concepts in mathematics should W. taught the slowpupil, the Tams* pupil, and the fast pupil in the secondary &Amon& What dIftereuc in pupil achievement do the teacher's knowl&lof arithmetic really make?

9. What place should mOdern mathematics have in a high school matbs-loathe program?
10. How can poorly prepared teachers receive additional mathematicseducation?
11. What provisions can one make for gifted studenU when enrollmentsdo not allow for homogeneous sectioning of claws?
24
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INJ. What in-service education program is of rz-r-,test value to mathe-
mati teachers?

27. What are the characteristics of teachers who motivate students to
pursue the study of maUiemath

2& What new demands in mathematics is industry placing upon its
mployew?
Should mathø.aUc given to the alow pupil differ in kind or amount
fivm that given to the average pupil?

W. is the -wie unit the best method of recording growth in
mathematics?

81. Is instruction in mathematics for 4f days a week for 2 years better
than 2 days a week for 4 years?

e 1. Are mathematics claim worthWhile?
M. Is color In textbooks better than black and whiti for promoting

learning in mathematics?
84. To what extent am children transfer learning from one situation in

mathematics to another?
85. *hat matliematim if am, should there be In a college pascal edu-

cation program?
Mt Is mathematical aptitude a single Identity or a pattern of aptitudes?
87. How diective t televi4on hi teaching mathematical concepts In the

high school?
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26 ANALYSIS OF RESEARCH IN V MING MATHEMATI

38. How desirable or effective is ability grouping within the duEls forteaching secondary school mathematics?
a9. In what ways may instruction he improved for-large classes?
40. What is the optimum class size in mathematicR in the secondaryschools?
41. What are the current instruction practices in college freshmen andsophomore mathematics clasis?
42. Which is more desirable for elementary and secondary schoolteachers: Professionalize(' mathematic's or professionalized methodscour
43. At which grade level can pupils be expected to acquire an under-standing of ratios?
44. To what extent do beginning coilege teachers receive supervision?45. What projects seem desirable in the secondary school for mphasizingspecific important principles in mathematim?
46. What patterns of thinking do children use in solving various kinds ofverbal problems in mathematics?
47. What factors determine the mathematical ability of high schoolOupils?
4R. To what extent are mathematics clubs helpful in motivating the studyof ,nathemtities:
49. ShOuld the various mathematics algorisms be ration, lime? If so,how far should each rationalization be extended and at what gradelevel?
50. How does the knowledge of the rationalization of algorism* assisttransfer from one type to another and simplify subsequent mathe-,matical thinkirm?
51. To what extent should emphases be placed on meaning in the teachingof mathematics?
52. How should college mathematics be presented to give the greatest con-tribution to general education?
53. What methods seem to be successful in rating mathematic*instructors?
M. How does the achievement of students who have taken integrated.

courses in mathematics compare with the achievement of those whohave taken compartmentaliwd courses covering the same subjectmatter?
55. What are the relative merits, from a functional viewpoint., of teachIngeiemeptary and secondary mathematics with a limited amount ofdrill, s compared with teaching it formally with maximum drillaii minimum amount of application tole everydaY problems?
56. Which operations in the present course of study in geometry, trigo-nometry, and algebra are little used in(fjtrther study of mathematicsor science?

_j57. What quan tive perienees do teacher training Institutions usuallyIt give to : - tivep elementary school teachers?
58. What practical techniques are most promising for differentlating in-*Unction to rapid and -slow learners In heterogenous erase
59. What mathematical competencies should elementary teachers possess?
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do not ?iIRfl to Lake art; niathemaUce
beyond etezncntar LL;-r* arid

gfon-etry

Proc24urea.Rongh1y wakIiw. t]
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experience Jj their piui ajiu
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Boston LIYeritT tcs:n
Mi:zjcw pgciI;;= Adv 4ser. Henry V

Syer.

I*ObtcmTo investigate secondary
ticIiers referencei in certain meth-
-UUT and techniques of teaching mathe-
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Pro&iuiw-es-1vo Ii undredei htn

zitiiia:I tc=h:r : 70
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Major qiI
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favored more ro-ngIy by tac1r
with llo thAn I --ri eZrr:exice
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ual or for motivation Di
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(1 -_ It& -Wi-roti:p uwucLI1nL
Yeiiit} cl f!n!I.otL MInneai-
1iR

pi:z e-ro the eicth
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_I ====

Jff teacher hi the traditional ñianner.
algebra c4ase iz tJi Un!-

ve:ity High &hoI be University
of iri tor thin ex-

perizneiit Irwi) experimentAl e1ass
and wo control eiag4eo %-E:re 8electerj
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r:denti. I LiPY wp=:è üi' -ue'i trito
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P :;a -= -=

divided into two nigrour. for rotrn

instruction. Although t.be cIa:
were smali they airoachei the iz

or the advanced aigibra cIa of

typical high school.
Tue highly teacher fa

tor eontrolled by having each !n

tructor teach one xt*riientaI and
one fOflTfl c-

Major I:4iig an Conclusions.
Tfler:e was no difference the

achievement of the class taigbt ii

-
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evaign:tr-d.
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suggested

Major rindivaa
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Major
Modern forms of the and

There is little basic
the operating used

Javnese abaci
portan-eluainly an
curiosity, not as a teaching evic nor
as a remedial teaching device Arith-

_ metic.

.

C. How Men-
Children Learn

Concepts. (2EL.

\, 1953, of Texas.
Te . )

G.
Wolfe.

Problem.How are mentally re-
tardo-tf children taught tonic number
Ogneepts?

review of
field.. A review of methods and

materials by autborlti
the and

tion.

A was for
men-

tally retarded.

JOHN R.

tive Study. (16I,
The of

. C.)

patterns 1n)`31 c--v_ibtei,.; frail
?everal "intelligence tees"

girls in the
differ-

merical Th Wiltelt
*as made

kat
stet»

mine sexe_se difference:, this study
ts begun.

data
stvd were broken up Into 2 mtz----1
or th f-Alt boys 1 for the girls

of correlation
were set up or sack sex.
factored by
method and the ax orthog-
finally toward

the

Major
Three factors appeared for each wyw.

certain of similarity as
found between the verbal factors

less similarity
nmuT1 factors,

however, were quae dissimilar, The
girls' linter factor to be tame
restricted and eircumocrrn-

to
tions.

PRAMELP,
Physical Approach e&eitixis
Addition and oak. 147. Frac-.

(M
Columbus)

Faculty

study ming

by trf
and Fretkle

the teaching o t-
books of went

o
t,t Concrete

aseticoncrete devices amok
I authors were
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of the cardboard

for teacat
fraction concepts
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kill types
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7L LAVwz EUTn A
Comparative StUd3 of the Pred!c

ti'i)n 0:: Pfl1fl11 In 9th-
Gride AIgebrL (L A., 1956!

,

University r
Faculty AdviAer. Royal B.

ProblemTo investigate the rela-
tion of rti ineamirable factors to

UCCf?3 II t1i-iu]e algebra a an aidw- andV V U'.=-flV 1t1

Ffrd1IrP _=jp}I ttor on4dpr&1
i=
I 8th-grade mathe-w-!

--- =- i .- marks, . -ie - of algebra!J!:

ability, the 'AlifcrnIa Erltflflietw tit

atI i1ie J-iiIia 1rilieni- rest.

&loam ti
L-A.&

Q measured
teachers' mark and Igebra achkve

meet tests. ib1;tfl TOr ttie

study were the 2L3 iw-lls enXELed in

algebra ciae&i liulng llI=54 in the

Wilson Junior High, Iit
Arthrr ]L anc the 2- t-o were

enrolled in algebra CaE jI tillS

g school=!V J_- iy i=L.

Major Prig4i and CYcne1t'ion.
in 8th-grade arlti'rnetic eemed

to _ of_,v U(:i ui

tt f
t& jiILw wL JLLLd.
-
is

-

IAB$II1irItOLD & =Study
TL1; of 6r:JiGrade Arithmetic Aids

in Rural chcci of Sonthn:tirn

1nne-or:a. i3L .. ixi v!noni
Teicher College, vinma.

MllJifl.)

Major Faculty Adriser. Glen Fish-
ha w1b-er

=S!m- ProbIcn&-To a&certnir ' I ) wtihb

I:4bf 15 itz1 aids are most widely

sed in teachin =iade nrtthniet

Ln rural schools of wuttatsn Mlii-
uegotL. (2) ae VUi1 (' thefi aids in
the tiUiil O tDj IIEf&! teachers, fld

(a) wy MUL tLIUJS are not being

useul

Pjdi.rt:L queUounaire was
(k!!Ig:nfI tJ obtiii the teactiorn of

ttjr using particular id; and to

57

&sower which aids re not being
used and v1iy Two hundred eouiei

or Lflf t4uestiomnhT vere sent io

teachers in W'flflfiñ. WaIasha, Olm-
St8d 1itu±;ton, and Fillmore counties

of SOitZW1i$tOrfl 4inIie:s:jta.

one teachers COIfliZt:ttti1 and returned
the (]U:UOLHIaIfl?

Major 1iitfiing CLfl4

The 11 a1; iv riIurt h-! hdlf

the teacher 1r -nr i aPr UMP
were l)=U8iJ'ess forms, chi:irt and dia-

S

grams, pictures, *worbooi. bulletin

boards, steam, tr1CR, I!=UzZeS, 1flU

fZtI trips. The four least !Jsed aids

vere I1ZIUIS. slidefilms, the abacus, and
#

= - - -

The teachers ranked tile aids Iri tue

fojjj1 order : Charts and dia-,,
grams bune forins C011EtfllCtiOP'

a=iti': table materials, guni:.

rliflim4 wurkbX)k uIu;. 'Adams,
newspapers, catalogs, magazines, bul-
letin board, zbacu: stories, tricks,

arid tizzies, drainatiLqUons and field
trips Films and si!de4iitns were
ra=uked high but vied little because

not available.

7a ]AST1AUM L A Comparison
of the Relative of

H(:1mogent1P;17 Grouped Ciiie
and I;eterogetousiy Grouped
U1aB ii Junior High School
MathelnaticL (M. A., li58. Uni-
ver3lty 'A

aIN-)i1 I

MAjor Faculty Admer.--i)imovan
A =

Pr(Thtern._?To determine wbether
homogeneously grouped classed thf

rEffe(I from heterogeneously gcJu

cbLHses in achievement.
Prod1Lru.Puir of up-Ll svere

matched in ex I. Q grade level, and
cor on te P. Iowa every-pupil

tests of baste JlL,

Møcr and COROP
Tile hoflog=f3nefjufi grcmp made JgnIfl
(!aEitJy greater gaini in mathematic's
skills.

D

aMOMITLA.

Te=s.
Major

Imb

1

struction.

this study

Detroit
was by
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larks;
predictor

elementary lgebr The elge-

State

'A:Nft

kt:lity-
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ci...Ad
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Illfectivmsa

Minnesota, Minn

Woodrow
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E- ANALYSTS OF RE&EARCiL TESOHDO ____

79 s An Analysis 80. iEa8, FiiL
of Clinical Oase inô Nonclinical NatUre O Definition in i1:g

-

Arith-- j2a:es as Determined b-y ai iChOO! (hostelry : .& Ur!L1tUe or

metic ProlkieE(y Tt-t. (D. Ed.. Current PracUees (Pit. J!= 15,
191)6, Stntp UFdver&t7 'FIil State University, Colum-
of Agriculture aria wpiie: ci- bu8)

ence, East Lans1ng ) pa;j
ALUIOF Faculty AavisctC. V. Lazar.

Millard. Piobtcrn.To study the dU-ereiiees

Problem.(1)( ) Do low level of 1! afly tietSieen definitions in con
formance on an arUimetk rofiiev temporary re g&ntr teZU:4!L
test occur in any particular patterns ZU1Q tfloSe rE?COrnfleflUEMI DY flOU1eflI

within the new-stident population at mathematics IJBI logic 000KS.
Mc1igan State Uvrity (2) Does ThLg tudv :urvey&I
the level f performance on the arith- tt to wliieh he foovjii jT
metic proficiency test indicate the nracuc't orgired in the
probable !I&(L1kZflfl WOrk. of irLstoUe and the extent to

student attrition
ot-at*i UBIYerSILY ¶ö!: iiA? Ut ievi WLilch j= in cnrnnx,rary
of performance on the arithmetic pro textbooks: i ) Definitions
fleieney test Inaleate i,rotiuie ;uirent e in xorm of "genus at mf
c1iieeme-nt at !1!chiar Str Urd r-" (2i Jjd io

versity? use obscure iftflUrckE tr j-:rId uge
Procedures.For the first question, that are ;'rkr and more jIjgIj

eight categories within t1 flPW (3) Def-iLt1O1T shouii ct contain
student population were analyzed. rQflufl'Laflt oI superfluous infcrii1sttoi

Scores on a reading, a wriUng and a ( 4 ) Definitions must be rersibie.
psychological tut were also utilized. ( 5 ) Then Is only one eflniliin of a
For the 2d and 3d gueUou. a follow- thing. (6) Definitions state that a
up study over a 4rear period was corn- tIIr is, but not the fact that the
pleted on -orne 600 freshmen wjUi the thing eXI14S

lost ore. the scorea and Major Fin-ding cziZ Oonci1iOflL
the lowest scores on the arithmetic Widespread awl erioun dIcrneie
test given in the fall of 1951. frrii wpc textbook i'=aUce

Major F1n'1ing and Conciuion& and the treatu-ent of lefmiUon r:cin-
The percentage of females with low mended in mathematIcal and logical
scores on the arithmetic tut wa ais literature. Much f the Aristotelian
nificantly higher than the rcertae tilCOry of deunlUon was shown to be no
of males. There was no difference as longer valid.
between -tudenL; from large high In g&nnetry besides the Aristotelian
cho()I8 and those from small high elathffrn method there are other

schools. Most students with low methods to formulate dflntUong
eOFC8 on the arithmetic test received slieft as the genetic, the operational,
relatively low scores on the maiitita and the descriptive.
tive setim of the p:y(i1oiogIeaI t&t. Th41nit1on should tw onnrileted by
Students with low scores on the arith- pupils after they nave inv:tiated
metic test showed a significantly lower ezampie of th term Ming defined and
rate of return than stiidenth v1th mid- shave developed a grcmp of aMble
(lie !=cOrea. tudntq with high eori leflnlnz properties.
wera higher Lu chieveinent than the Sueh figures a5 wiadriJMeriaffi tan
other studenta. be arranged and faifle41 in efferent

k

MILLER, MYRON

Michigan

per

middle

8

Ohio

Major Adviser.Nmthan

,

extent
delai

occur
geometry
should

itions

were

0

.

IN

The

the



sa
iii

iii
iii

III
lii

ui
iiI

In
IO

Ili
III

Ith
Ill

lIl
Iii

i
,
 
l
a
m
 
a
i
l
l
i
O
n
l
i
i
i
m
i
l
J

i
m

nitions. Contrary
sequence of
not

81.

--U

,t-tifte

metic
University
iey.)

LE-0-4 Two__

urni

to
definitions

#_

paPh

ine dAt_n

in v ls

JorrN.
a-t r-LALtWLi%

Processes.

.1 sure
of

a

of California,

kentvliv A ,4,1.

Rrob_ _tern

of
Arith-

children's

g

U.

r_Ani_er-

Fr7
6

measure
op

anti 6th wrada=a

dures.--A test
knowledge

process,

4

es.

7:3

a
N" ff7 R

determine eoncept

s-7-=

A V

appreciation
.:.9.1

r

A

and relationship of
-

F- -

el :II
UAL I

Major
lit COfleePt

percent

N_

a01 the
IL 01_ el ttI

a

needs.

Conclusions..
-.A A-- a------ Er N 5.±- 0==

A LftILLY well
-.-graders

a= a EP E

!tams m_onta-Ttriff
=

grade-_,

.mdia

E-A

74

(70
wr-
tylr-

war children responded .y to
gm, reasonableness

percent %LE_

cent of
children

Tr

= N c:rauer
& ed

A

A f

correctly to 1--

of relationships among processes
WIrepni e nt-of
cent of the

General
1.
- ff

OILA 0 . Pr.-
A

= 0711 FA .tEsee

2 =, CW---AA = _
rs-JA

on ff-p-nor-

_ V-

-3

an-in

KChiltli COO ff-4-24'1

problems

Tests.
P

missed
lirVa LeHtl in Inter-

ProcedurecThe quentio_s nw
frequently mleatml were analyzed in

4.

L E years 19O-66 The
aa,= = =W== r by type D'"

Major
#.

4AAS .k=;

U.-1F sOL. as, =-=

4
VV V5nrba -A

_M z#L

I111

A A _
skiw

A.

-

weaknowses
arpli=

graphs,

w

t phases of

m-Tyrt ComparisonZs

Approaches A

of Selected

s s.)a

Topics
D.,

FacultyjtiT

- 771 !A I t'rearnA

Pros
enens

sl geometry
n pproach

t-,-.10

terieppr

=

hv
and

-a

rempnta

U51flT

of

---

A =*--_ ----

E

ne_u-tr-pmg

r F r
_ V A A IV_

aL=A
A *ienT , was

theri v_r_41 at
memo 0
rigs
th,

s
a AA.. I A- I

sA..-

Assp__a

-cm I_

AsAA

1_ E uctured
the s the

rra the
_-_:ling an

a. a se st
Mall 1 V r-

information
denni-
lents

and 91)-
or-

ten a
A nrr eoEl I W' raie ffipvpi-Amd

ant:

1-1 by
mrttc,

on for themft
Procedu,

discovered
47A s-7s

V

grow of
A 3dents each were

knowlEA
anu %_A a

geometry

1-2 given
mnd_ence

U

erect

the

geometry,

0% MI
-=7-=

arilAS

to :A:m rE_ 11

T.,

°Pita! les of plane
were select One group

informn_rieffi

M =sq men
.

_ ffeutir Ti real-.
group

teachers

hivh=,=

was
in -

A s s =
A El 4N

trik_imht alter

ranehor

r_748 and
tar -munch

,non,
n tr,pe

_hoot fm-

a."
/TIT _ffi

kin-111p

approach.

rip" La_fi

a_nrirm_j_k and
roach are ty_i rJiy

E a F. AF
-===1 geometry to

ways, thus giving rise to different de*,

( 1

Major
Michaelis.

rke-

test
standing of addition, subtraction,
multiplication, and cLvision t

the ISth

devised
of

reason-
ableness of
one to other processes.
The melts testing 140 ath-ArrOit-'s
and were. 111*,,d

and pupil

and
of

process was
and

rfttly to

IS reSults
and 68 per-

Very tow.

and 41 per-
ea-grader's).

NELSON,

-Nebraska State

Problem..---Fro

High ' 4;

,-S_.
A6, s -

f

the'

Aram showing
(2)

of (8) mil= and
of simple formulas, '(4) terprefa-

tion (5) simple
algebr ha were ttzt-A.

NxonoRes of
the

rjwqtriu.-

etry. -251.. 7.-,'.=,iffeJ, siversity of

Of certain
(1) the dependence

(2)
E.*

dove out the

dont,
a, The pre-

stlaTact. Ix the latter, the teacher

'the the itt-

21

of plane

the ky. the
't

was the other
by the search
Each b
3 tip d"rand tjae

.4 the

---1Ts' _
E./

I

Major
The

; ;

6

APPENDIX

in

of

to

(29

82. of

59

of

percent,

of

in

)

B.

the .

In

Q.,

effective



11
11

11
11

 1
3[

11
11

11
11

12
11

lli
m

01
11

14
.H

11
..

11
11

11
11

11
N

II
IN

ili
ll 

H
 R

I 
!P

P 
iim

 m
in

 a
ll 

Ii
i

r

t

t

t?[)i ANALYBI. OF kCHLrqc; MAPPIMAT1
'

cL& f_; MARTHA. r=
-z

0=518 of e!bb;g Basic I)ivIon
Foc'ts (FIL B., 1955k State TJni

rg!t of Iowa, i1tv '=- I

kRaior r'If Adt4a-Herbcrt F
pitir

--teqi _?ro investigate --citrce
of 1 methods of teaching certa1i LtanIc
1iVIf1OU fr;ct to children 1i :;!4

grade c1ne& The fl(- tLj

teithook the eonve;uonaI and the
deve1oprnntaI$ IltUe con-
tr1 V8S 4liRMi to t1e XtDoo inetn
ods Teachers were asked to follow
their '8uaI pr&dure. making sure,
however that they covered certain
textbook pae each day o that cö
di-t;iizic with!in thi txthook rup
would be comparable. Cc'rnu-iet
teacher and pupil Iflhttiab (adapted
from 51 repflfJIEL!Ve 3dirraie
Do-ok) were suppzied for the conven
tjnnj :ioiip 1HI conventional n-a
teflflj: introduced iViOfl facts t7
means of tory ett1u and problems,
their liberal use wovidIng repetiton.
Complete teacher anci I'Wu materja!z
were npid also frjr the develop-
mental group and instructional aids
were usedthe number line, comter
pupil drawinza and niimbr chart,
as well as procedures t= encourage
pupils to generalise.

Major Fdinga atirl wuzsion
There re no LnItIeent
LnIo!-g he thr-ei :roni; ifl 1!nnedsTt
recalL In delayed recall of taught
facts both tflfa QVZOJ1flEfltRZ Rilit COU

ventioi=aI methods were superior ti
the text& met1ic.
85 or)A1YE PT-P 'I!

Ing o-f ti Oonrienee Theorems
in !9fliH Geometry. (M. A., i,
Illinois State ?orinai LTZyerity,
Normal.)

;fajor JpfjItj Ap RIr
Probiem-1I&w can we teach con

gruence of tthiBgfri so that it wUl be
more ir harmony with the nrent
day obJectives of secondary hooi

, C

__-tmti thaii the etod of
o7LIU1:r?)afflon din widely used
today?

Procedirf;LAfl experimental unit
was developed.

:_ !=- --r and ---=, E_j r-J -I '-

on 1:re basin of both c!bjectiv. tteng
T[T tqr49- observations, the -=

I! Ti!iP1 v-fl
jive instrument I)r teachin Congru
eic=e-jn a plane reoinetry cure.
P6 IJRj()Rr5 EDMUND COLT. A

parison of Two inrricuma for
:nerr=;nrat1on Pr;I :IIIIC!L li
Schools and of the Ftuu1enth
rmined1 11nder EacIi (L D.,

g_'E -w-= _ -I --=- -= tu-i ii17 I fl ! v, =-=- =- = =.a e = t =i= e
-=:

Mno

Major Pociat AdeHty W.
Syer
IrJemTo fEflT1fl1c: tfl tW 'il

rcIf:!ns WZIIUT1 the author ham;
1a-tred at the at T41cher8 College,
V-'n=ter, for the prepnratlon o

mathematics =;= --

schools in Qrjer r:c determine: (1) Ii
.either suitable to the uroose tcr
whH-ft t ! -flu1s1- f1) IT flfWfl r-
uit1tD1e watch in tterr (3) &z

neither ie uitabie Vuat chang
should be
Pt-tdraA tariatiai zud was

made or the higi hw ik-ge anr!
pot: -college rxwd or the 2O meiu-
Lre of the classes of 1028 throijI
1153 who, at the time they entered
tb State Teflcnirs CIIege at Wrce-
ter chose matiieniatica ag their
freshman elective. thus indicating that
LJ=ey intended tA: prepare a
cI:f=n,1flrV ehs-i1 mathematics trdt4-- .
er Th: rtrtwi1ure wa wows& in
order to tJw quality of the
8tudenta attracted tc1 arid itiimii by,

of tiii 1WO enrr!duImn. Th
literature cn he preara=t1on or ten
ers :}f !econdAry mathematics was
revl

Major Findinga a-nd Conciva1on&
All prospective teachers of eeondary
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mathematics should (1) -__ -riv
4 =- E_ =_ ?=; 1--

Li ! AA: ZJ-L IAL I=- &Y
any mathematics viucn ii

t1v teacher will i=zr tencii: (2) B

cour PdILA!L aroma a cW __
JflIH[Jfl o college aJeb-r:a, oIk1

geometry,
geometry, differential Y t F

iC1Ii9 :tnt!: 1; itr
comma in teifhthg &ondy

In-i
-=
i=I- iA: ITt-- _i

-4 w- Tj ,mathematics;p # ,

tlp!NTIrTLIIHTY =r L1!(iH iniinnuc iir

der supervlskii Iii a Jinior or

flij(ii 4f4JI (1=;) L1Ine in eIds

ckw:; related tO fl1tfl!1flt1cL DreIOr

iI-i i - ! ir
flIt1It tmir=z Iii ntin1Ii ynaIhntfk

(8) several iTYWWtiI - 1
'-F -=

ii- ?:JT =: itin;ir LFUfl of 1ii1

einatic hi a demonstration junior or

eaior high ; (W ono or more
in ecourses -- -

(in; rtFi- ti . TtH..
' I '= = ----

e flS4i1-V aidE to mathematics; teaching;
(11) 80 8cdne8tr haws 01= content
curi hr EflLflTflL1 :EqIthr of

the currkuIwn xnet tLue ftfIfl.

Th carTIeilb1Tn attraeti= Inuit
f1fI RD111enT=mu tflHJ 1i tJfl tIi

- - - - - -; --- -. 4 _dN ILH fl1flN . R1W

rlenhtlTn aht)n!fl ne a(1optfci to n'it ti

11

7_- p-_pcg (lu A RI h- - = --

Th8 FIce of riJIfle?aliM

tionø in Plane Uioometry (1. A,
-- _i

-- - -- University,------

Columbus.)F
Major Faculty

Lazar

Ar-Nftt'Mn

- -;;A'41tLY. 'V - _, II1VLItflI 01
S

-

e eA
--- -- - -= -- __

- -M !

n literati11 j:; tfi.1LIL tL
nent to fl subject

M=i1rq 1jdiiin riiZ I4i_
io thcov-er a

student must re&nIze UWm througn
a nnt number ofexnñn1et In dI
covery mcie 1e t hit*i
ir=- ;?tig that= - f Th

tiOfl ii formed by ënIrEIn the u1cs

of &ur to- which a geIieraIiL1on

U

aIes A c:11know;H tergenera1L
cinr I theorem, whirh in--- - - -.--'- I ,

cluck% th.= tümL u-i the cciithir

rency of medians, angle -
g-

z,

certain 1tttie. Df a triangle.
--w_ k-
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APPENDIX

v.1

eept of irrational numbers and limits.
Procedures. Historical and philo-

sophical methods were uRad To brine
to light g_he vtiy in whith the c-oreept
of continuity enters into secondary
school mathematics, n analTRI, was
made of certain elementary textbega__
and books on mathematics teaching.

Major Wings and Cotwiusior4.
In plane geometry the ques _on of con-
tinuity arises in connection with those
theorems involving the incommensur-
able case. ?resent -,Gay practice is
either to poatnlate these theortms or
to treat them informally. In aWbra
tetbooks modern practice is to give a

Iute:rrretaUou to thP nwiinin
of number
tion of irrational

a more general defini-
number thaw pre-

vious times. Limit of a ---uenee is
important to au understanding of con-
tinuity, and arises m connection with
some of the material in secondary
mathematics. Rigorous definition is
out of place in an elementary
canton, but an informal definition may
be given.

105. STILES, EULA S. A Frequency
Count of Arithmetical Terms in
Texas State-Adopted Arithmetic
Textbooks (1955) Grades 3 to 5.
(M. Ed., 1%--7v5 University of

Texag Austin.)
Major Faculty Adviser.Thomas D.

Horn.

Proolem.To find out what arith-
metical vocabulary is *lied by the
State-adopted arithmetic textbooks in

Procedures. A bade vocabulary list
of 533 terms was compiled from earlier
studies and from terms ugred by the
textbookkin Taxa& The study showed
the number of times each of the 533
terms appeared in each wri_ and
each grade, and 'the grand total for
each term. The avenge frequency
was figured for each grade level and
the grand total for words used 50 or
more Umes in all mile& The ranges

for each grade and the grand total
were shown for thes-? words. WortiR
not lmmon to all series were algo
Hs.

Findings and Cone ons.
Cot the 533 words or exDresAions ana-
lyzed in this study, 217, or nearly 41
percent, occurred fewer than 50 th
Ninety-seven terms were found fewer
than 10 UIflt?S and none of the. se were
common to all series. Some if these
words were twf-ea too few timeA to
warrant their inclusion in the text-
books. More technical words (161)
were found than any other kind, but
there were almost as many words e-
noting time, space, quantity. "Ern or
degree (150). Th=r3 hundred sixty-
eight, or 69 percent, of the terms were
introduced by the end of grade 3. The
study showed that the autMors pro-

. vided for the repetition of terms.

106. STIPANowiem, E A N.
The Development and Appraisal
of a Course in Basic Mathematics
for Prospective Elementary
School Teachers. (Ed. D., 1956,
Northwestern Universit Evan-
ston, Ill.)

Major Faculty Adaler.E. H. C.
Hildebrandt

ProblemWhat specific topics
should be included in an initial course
in basic mathematics for college stu-
dents preparing to teach in the ele-
menry ET.hol?

Procedures.(1) A survey was
madp of the professional literature
and textbooks on the subject. (2)
The opinion of 69 educators was se-
cured by a qutrAionnaitg. (8) an ex-
perimental calm in basic mathe-
mattes for prospective elementary
school teachem was taught at We*ern
Illinois State College.

Major Findings and Conausiosts 011111,

(1) All prospe&-vtive elementary school
teachers should be uguired to take
mathematic& (2) of the M uca-
tors, 9 3 percent recommended same
26 WOes (all arithmetical) r an in-

teach cutttaiWry and

broader
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t.---41 V.-erect:I
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the Coil
Conizw.
College, Columbia
New York, N, Y.)

experimental
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mat in
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Universit;

W

Major Family Ad iscia. Howard
F. Fehr.

Problem. To show bow high school
math 'ntlaties might be u&ed In the gen-
eral course in college ett-ole4y.

Prvcedures.The topics rift might
be included -in n general cour n? in
college geology were tAkerl from a
pamphlet of the National Science
Teachers Ags-ociation Thce
were checked in 17 general
books and 10 -en ral science
All the topics were found in mo4 ot
the Imx*Ls, aii mt ,_r the to
found in all the

were

books tiEwd a Jame amount of matim--
matim and general text-
ma thema

The author &lean to (1) point
out areAs in the game. geolwy
eot.0 where umt&---niaties might be
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W

mattitt-atim

Uea experience
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em material
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school mathematics conid enrich their

previous math-
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I a

rWr .41
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t aching V ugi
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from geology.

lo TH-0- Lw
mtlion

:zrOwlem ma

ErffKL HAwr.

the
Multiple-Equation

rim of
rew n t ry

_

==,4- V

C-N-w

Method for the

,54-3 The Ohio State
031pinbrvA )

a. oaff x irWtFT

Lass?:
"rutty 44th .--Nathan

Problem -To adapt the

'guand-ch
--ebra textbook

method.

Tnivers

material in
to the

k=e8.The author rear-
ranged the material in an lwebra text-
book and taught an elementAry alge-
bra class the t I -

..,t_414 -0 T1 _ t t
1..2 cjIPA:

method or salting verbal problems.
Major Findings and mclusfrmq.

Guessing can be made a respectable
learnt technique. This method

dent acquire a real un
der:taiding of verbal problems, since
it is n his experimental back-
ground. The gu,--_-_-n-and -c--,2k method,

applied to the multiple-equation
proach to the sDhitiOli
leiroi, may

ap-
verbal probe

employwi by any daft-
room tem Pr who is willing to devote
a small'amount of time to rerrangtng
the material in a traditional algebra
textbook.
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