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., INTRODUCTION.

!

The National Committee on Mathematical Requirements was organized in the
late summer of 1916 under the auspices of the Mathematical Asociation of America
for the purpose of giving national expremsionf to the movement for reform ip the
teaching of mathematics, which had guined considerable headway. in various parta
of the country, sbut which lacked thé power that coordination and united effort -
alone could give. ) : .

The original nucleur of the committee, appointed by Prof. E. R. Hedrick, they,

precident of the association, consisted of the following: A. R. Crathorne, University
of Mlinois; E. B, Moure. Univemity of Chicago; D. R. Smith, Columbia University;
I W."Tyler. Mawachusetts Institute of Technology: Gewald Veblen. Pring ton
Univemity: and J. W. Young. Dartmouth Colfege. chairmun.® This mnﬁu‘e
was instructed to add fo its membemhip so ar 10 secure adequate representstion of
secondary school interests, and then to undertake a comprehensive st dy of the
whole problem concerned with the improvement of mathematical educafion-and to
cover the field of secondary and collvgiate mathematics, ] '
" This group held its fimt mee(_ing in September, 1916, at Cambridge, Mass. At
that meeting it was decided”to ask each of the three large asociations of secondary
school teachers of mathematica (The Amwociation of Teachers of Mathematics in New
England, The Aseociation of Teachers of Mathematics in the Middle States and
Maryland, and the Central Amociation of Science and Mathematics Teachers) to
appoiht an official represcntative on the committee. At this thue aleo a general plan
for the work of the committee was outlined and agreed upon. :

In response to the request above.referred to the following were appointed by the
respective assoriations: Miss Vovia Rlair, Horace Mann School, New York, N. Y.,
‘representing the Middle States and Maryland aseociation; G. W. Evans, Charlestown
High-School, Boston, Mass., representing the New England association;' and J. A.-
Fobers, Crane Technical High School, Chicago, lil., representing the central
amsociation. d - . e

At later dates the following members were appointed: A. C. Olney, commissioner
of secondary education, Sacramento, Calif.; Raleigh Schorling, The Lincoln School,
New York City; P. H. Underwood, Ball High Schoof, Galveston, Tex.; and Miss
-Eula A. Weeks, Cleveland High School, St. Louis, Mo. e

From the very beginning of its deliberations the committge felt that the work
aasigned to it could not be dane effectively without adequate financial support.
The wide geographical distribution of its membership made a full attendance at
. meetings of the committee difficult if not impoesible without financial resources

‘sufficient to defray the traveling expenses of members, the expenses of clérical asist-
- ance, etc. Above all, it was ft:l(thnt. in order to give to the ultimate recommenda-

I

tions of the committee the autfority and efiectiveness which urey should have, it
was necessary to arouse the interest and secure the active cooperation of ‘teachers,
sdministrators, and organizations throughout tne country—that the work of the
conimittee should represent a cooperative effort on a tional scile.
For over two years\owing in large part to the World War, attempts to secure ade-
"Yuate financial support proved unsuccesiful. Inevitably also'the war interfered
with the committee's work..  Several members were engaged in war work 3.and
the others were carrying extra burdens ou account of such work carried on by thei‘
colleagues.: = - S . .

V Mr. Evans resigned in the summer of 1919, owing to an extended trip abroad; his place was taken by
W. F. Downey, English High 8chool, Doston, Mass. . R

* Prof. Vablen remgned in 1017 on acoount of the pressure of his war duties. Hls place was taked oir
the committee by Prof. C. N. Moors, University of Cincionati.. . o B °%
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. sional reports on various phasce of the problem were submitiod to these cooperating

" overestimated and the committee desires to ex press to all individuals, organizations,
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In the spring of wm tHowever, and again in 1920, the mmmlttee was fortunate
it securing generous appropriations from ‘the General Fiducation Board of \ow York
City for the prosecution of its work.?

This made it pomsible greatly to extend xlw committée’s activitiea, The work
was planned on a largo scale for the purpose of ufgunizing a truly pation-wide dis-
cunsion of thé problems facing the committee, and J. W, Young and J. A. Foherg
were selected to devote their whole time to the work of the committee. Suitable
office space- was secured and adequate stenographic and clerical help was employed.

The results of the commitiee 's work and deliberations are presented in the following
report. A word as to the methods cmployed may. however, be of intereet at this
point.” The commiftee attempted o establish working contact with all drgunira-
tions of teachers and others interveted 'l‘n its problems and to sccure their active
asistanco. Nearly 100 such organizations have taken part in this work. - A list of
these organizations will be found in the complete report of the-committee. Provi-

onganizations in advance of publication, and criticisms, comments, and suggvetions
for improvement were invited from individuals and special cooperating commiticos.
“The reports previously published for the committee by the U mu-d States Bureau of
Education ? and in The Mathematics Teacher ¢ and deagnawd as ' preliminary '’ are
the reault of this kind of cooperstion.. The value of such assistance ran liardly be

and educational journals that have taken part its bearty appreciation and thanks.
The commitgeo believesit is safo to say, in view of the methods used in formu-
_lating thew, that the recommendations of this final report have the approval of tho
great majority of progressive teachers throughout the cowsitry.
No attompt has been mado in this report to trace the origin and lnslor) of the
,\mous proposals and mov emoy(s for reform nor to give credit either to individuals or
organizations for lmunung them. A convenient starting point for the history ol the
modern movement in this country may be found in E. H. Moore s presidential address
before the American Mathematical ‘\oclely in 1902.5  But the movement here is only
one manifestation of a movement that is world-wide and in which wr\' many indi-
viduals and organizations have played a prominent part. The student intereeted
in this phase of the subject is referred to the extensive publications of the Interna-
tional Commission on the Teaching of Mathematicg, to the Bibliography of the Teach-
ing of Mathematics, 1900- 1912, by D. E. Smith'and C: Goldziher (U. 5. Bur. of Educ.,
Bull., 1812, No. 29) and to tho» bibliography (gince 1912) to be found in the mplcw
report. of tho national coramittee (Ch. XVI). '
The national committue  expocts to maintain its office, with a certain-amount of -
clerical help, during the year 1921-22 and Berhspe for alongerperiod.  Itishoped that
in this way it may continue to serve as & clearing house for all activitics looking to
the improvement ofsthe teaching of mathematics in this country, and to assist in
bringing about the effective adoption in practice of the recommendations made in
the following report, with such moditications of t.ham as continued study and experi-
mentation may show to be "desirable.

!Ausn in Nov., 1921, the Geperal Education Board made sppmprhum to cover the expenss, of
publishiag snd dmrlbuung the completo report of the commltuse and to enable the mmmmoo to mlry
" on certaln phases of its work during the year 1922,
- 8he Reorganization of the First Courses in Secoadary Scbool Mathematics, U. 8. Bureau ouiduuun.
. Secondary School Circular, No. §, February, 1920. 11 gp Junior High School Mathematics, U. 8. Buresu
of Educetion, Becondary School (‘lmlht, No. 6,July, 1920. 10pp. The Function Coacept in SBecondary
Schoo) Mathematics, S8ecdndary School Circular No. 8, June, 1928, 10 pp.
¢ Terms and Symbols in Elementary Mathematics, The Mathematics Teacher, 14: 107-118, March, 1921,
Elective Cowrses in Mathematicsfor Secondary Schools, The Mathematics Teacher, 14: m-m Apt'l 1921
College Entrance Requirements in Mathematics, The Mathematics Teacher, 14: 334-245, May, 192:.
- 9E. H. Moore: On‘the Foundations of llnhmuu Bulkun of the Amruu wm&n
‘,vl.’am),p «3; bdcm " 501 . -
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A BRIEF OUTLINE OF THE REPORT. |

The present chapter gives a brief general outline of the contents of
this pamphlet for the purpose of orienting the reader and making it
possible for him to .gain ‘quickly an understanding of its soope and
the problems which it considers. = ' ,

Ahe valid aims_and purposes of instruction in mathematics are
considered in ChapYer I1. A formulation of such aims and a state-

‘ment of general principles governing the committee’s work is necessary
as a basi8 for the later specific recommendations. Here will be found
the reasons for including mathematics in the coursé of study for all
secondary school pupils. T _ :

To the end that all pupils in the period of secondary educativn
shall gain early a broad view of the whole field of elementary mathe-
matics, and, in particular, in order to insure contactwith this impor-
tant eldment in sccondary education on the part of the very large
number of pupils who, for one reason or another, drop out of sch

- by the end of the ninth year, the national committee recommends
emphatically that the course of study in mathematics during the’

- seventh, eighth, and ninth years contain the fundamental notions

- of arithmetic, of algebra, of intuilive geometry, of numerical trigo-

nometry and at least an introduction to demonstrative geometry,

and that this body of material be required of all secandary school

pupils. A detailed account of this material is given in Chapter III,

Cnreful study of the later years of our elementary schools, and com-

pacison with European schools, have shown the vital need of reorgan-

ization of mathematical instruction, especially in the seventh and
eighth years. . The very strong tendency now evident to consider
elementary education as ceasing at the end of .the sixth school .year,

- and to consider thé years from the seventh to the twelfth inclusive
as comprising years of secondary edulation, gives impetus to the'
movement for reform of the teaching of mathematics at this: stage. .
The-necessity for devising courses of study for the new junior high
‘school, comprising the years seven, eight, and nine, enables. us

L %

wk SO U ¥ p . o niie Bo RN 2% e £t




) MATHEMATICS IN sr-:coNnAnY EoUcA'rro'N.

‘
present a body of materials of mstrucuon, and to propose orgamza—'
tions of this material that will be valid not only for junior high
- schools conducted as separate schools, but also for years seven and' -
eight in the traditional eight-ycar elementary school and the ﬁrst
year of the four-year hq.,h school.

While Chapter IIT is devoted to a consxderatlon of the body of-
material of instruction in mathematics that is regarded as of suffi-
.cient importance to form part of the coprse of study for all secondary
school pupils, Chapter 1V is devoted tq consideration of the types of
material that properly enter into coufses of stud) for pupils who
continue their study of mathematics bdyond the minimum regarded
as essential for all pupils. Here will belfound recommendatlons con--

_ cerning the traditional subject matter|of the tenth, eleventh, and
twelfth school years, and also certain myaterial that heretofore has
beéen looked upon in this country as belonging rather to college
courses of study; as, for mstance the elementary ideas and processes
. of the calculus. :

Chapter V is devoted to a study of the types of secondary school
instruction in mathematics that may be looked upon- as furnishing
the best preparation for successful work in college.  This study leads
to the conclusion that there is no conflict between the needs of those
pupils who ultlmately go to college and those who do not. Certain .’
very definite zendations are made as to changes that appear
desirable in stat,ement of college-entrance requlrements and in
the type of college-eptrance examination.

Chapter VI contains.ists of proposntlons and constructlons in plane
and in solid geometry: The propositions are classified in such a
way as to separate from others of less importance those which are
regarded ‘as 80 fundamental that they should form the common
minimum of any standard course in the subject. This chapter has
close connection with the two chupters which immediately precede it.

The statement previously made in our preliminary reports and
, repeated in Chapter II, that the function concept should serve as a

g umfymg element running throughout the instruction in mathematics
of the secondary school, has brought many requests for a more
precise definitian' of the role of the function concept in secondary
school mathematics. Chapber VII is intended to meet this demand.

: . Recommendations as to the adoption and use of terms and sym-
bols in elementary mathematics are. contained in Chapfer VIII~ It

.~ ig'intended to present a norm embodying agreement as to best current

pract,nce It will tend to restrict the irresponsible introduction of

“‘nmew terms- and. symbols but it does not clpse the door entirely. on

mnovatlons that may “from time to time prove serviceable and de-

t‘r‘«" ~'-'A \ S ' A
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_OUTLINE OF THE REPORT. . ‘ ]

The chapters of the complete report thus far referred to appear in
full in this summary. The remaining chapters of the complete report
give for the most part the results of special investigations prepared .
for the national committee.c The contents of these chapters are
indicated sufficiently at the end of the present summary to enable
the reader to decide whether or not he is interested in the studies
mentioned, and whether or not he desires the complete report.

@opies of the complete report of the national committee, which
will probably be ready for distribution in the spring of 1922, may be
had, free of charge, upon application addressed to the chairman,
Prof. J. W. Young, Hanover, N. H. . 2
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Chapt& m-

AIMS OF MATHEMATICAL INSTRUCTION—GENERAL
PRINCIPLES.
.0 . 1 mmonucnon < B :

A discussion of mathematlcal education, and of ways and means of
enhancmg its value, must be approached first of all on the basis of a
precise and comprehensive formulation of the valid aims and purposes
of such education.! Only on such a basis can we approach intelli-
gently the problems.relating to”the selection and -organization of
" material, the methods of teaching and the point of view which should

. govern the instruction, and the qualifications and training of the
teachers who impart it. * Such aims and purposes of the teaching of
mathematics, moreover, must be sought in the nature of the subject,
the rdle it plays in the practical, intellectual, and spiritual life of the
‘world, and in the interests and capacities of the students.

Befote proceeding with the formulation of thesé aims, however,
we may properly limit to some extent the field of our enquiry. We
are concerned primarily with the p‘eriod of secondary education—
comprising, in the modern junior and senior high schools, the peng ‘
_beginning with the seventh-and endmg with the twelfth school ye
and concerning itself with pupils ranging in age normally from 12 to
18 years. ‘References to the mathématics of the grades below
‘seventh (mamly arithmetic) and beyond the semor high school
_be only incidental.®
. Furthermore, we are primarily concerned at this pomt with what
may be described as “general”” aims, that is to say aims which are
valid for large sections of the school population ahd which may
properly be thought of as contributing to a general education as -
* distinguished from * the “specifi¢ needs of vocational, technical, or -

- professional education. .

IL. THE AIMS or MATHEMATICAL INSTRUCTION.

With these limitations i in xmnd we may now approach the problem
of formulating the more important aims that the teaching of mathe-
matics should serve. -It has been customary to distinguish three

1 Reference may here be made to the formulation of the principal aims in education to be found In the

. Cardinal Principles of Secondary Education, published by the U. 8: Bureeu of Education &5 Bulletin No,

R 85,1918, The main objectives of educqtion are there stated to bes 1. Health; 2. Command of fundamenta)

* prooesses; 3. Worthy home membership: 4. Vocation: 5. Citizenship; 6. Worthy use of leisure; 7. Ethioa

" oharacter. - These objectives are held to apply to nlleducatlon—olemenury, secondary, and hlxher—ud
allgubjects of iustruction are to contribute to thelr achievement.

~
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| . AIMS OF MATHEMATICAL msrnvcrlon _ e

classes of -aims: (1) Practical or. utilitarian, (2) disciplinary, (3)'
cultural: and such a classification is indeed a convenient ope. It
should be kept clearly in mind, however, that the three classes .
mentioned are not mutually exclusive and that convenience of dis-
cussion rather than logieal negessity often assigns a given aim to one
or the.other of the classes. { Indeced any truly disciplinary aim is
practical, and in a broad sense the same is true of cultural aims,/

Practical aims.—By a practical or utilitarian aim,.in the narrower
sense, we Tnean then the immediate or direct usefulness in life of a
‘fact. method gr process in mathematics.

1. The immediate and undisputed utility of the fundamental proc-
esses of arithmetie in the life of every individual demands our first
attention. The first instruction in these processes, it is true, falls
outside the period of. instruction which we are considering. By the -
end of the sixth grade the child should be able to cafry out the four
fundamental operations with integers and with common and decjmal
fractions accurately and with a fair degree of speed This goal can
be reached in all schoolq-—as it is being reached in many—if the work

. is done under properly quahﬁcd teachers and if drill is confined to
the simpler cases which alone are of impertance in the practical life
of the great majority. . (See more specifically, Ch. 111, pp. 7, 18.)
Accuracy and facility in numerical computation are of such vital
importance, however, to every individual that effective drill in this
aub]ect should be continued throughout the secondary school period,
not in geneml as n separate topic, but in connection with the numerical
problems arising in other work. In this numerical work, besides
accuracy and speed, the following aims are of the greatest imp_ortance:

(a) A progressive increase in the pupil’s understanding of the nature
of the fundamental operations and- power to apply them in new.

-situations. The fundamental liws of algebra are a potent mﬂuenm
in this direction. (See 3, below.)

(b) Exercise of common sense and judgment in comput,mg' from
approximate data, familiarity with the effect of small errors in
measurements, the determination of the number of figures to be
used in computing and towbe retained in the result, and the like.

(c) The development of self-reliance in the handling of numerical
problems, through the consistent useé of checks on all numerical
work.

2. Of almost equal importance to every educated person is an

-understanding of the language of algebra and the ability to use this
language intelligently and readily in the expression of such simple
quantitative relations as occur in everv-dnv life and in the normal
reading of the educated person.

Appreciation of the significance of f¢rmulas and ablhty to work

- out snnple problems by settmg up and 80 vmg tbeneoessary equntxons G




.6 MATHEMATICS IN SECONDARY EDUCATION. ' - |

must nowadays bé included- among the minimum requirements of '
. any program of universal education. '

3. The development of the ability to understand and to use such
elementary algebraic. methods involves a study of the fundamental
laws of algebra and at least a. certain minimum of drill in algebraic
technique, which, when properly taught, will furnish the foundation
for an understanding of the significance of the processes of arith- -
metic already referred to. The essence of algebra as distinguished
from arithmetic lies in the fact that algebra concerns itself with the
operations upon numbers in general, whilé arithmetic confines itsclf
to operations on particular numbers. .

4. The, ability to understand and .interpret correctly .graphical
representations of various kinds, such as nowadays abound in popular
discussions of current scientific, social, industrial, and political prob-
lems will also be recognized as one of the necessary aims in the edu-
cation of every individual. This applies to the representation of
statistical data, which is becoming increasingly important in the

. consideration of our daily problems, ns well as to the representation
and understanding of various sorts of dependence of one variable
quantity upon another. ' S .

5. Finally_among the practical aims to be served by the study of

. mathematics should be listed familiarity with the geometric forms
common in nature, industry, and life; the  elementary properties
and relations of these forms, including their mensuration; the.develop-
.ment of space-perception; and the exercise of spatial imagination.
This involves acquaingfnce with such fundamental ideas as con-
gruence and similarity and with such fundamental facts as those
concerning the sum of the angles of a triangle, the pythagorean -
proposition and the areas and volumes of the common geometric °
forms. - '

Among directly practical aims should also be included the acquisi-
tion of*the ideas and céncepts in terms of which the quantitative
thinking of the world is done, and of ability to think clearlyin terms
of those concepts. It seems more convenient, however, to discuss

- this aim in connection with the disciplinary aims. .

Disciplinary aims.—We would include/here those aims which
relate to mental training, as distinguished from the acquisition of
certain specific skills discussed in the preceding section. Such

" training involves the™development of certain more or less general
... characteristics and the formation of certain mental habits which,
" - " besides - being directly, applicable in the setting in_which. they are

.. "déveloped or formed, are expected to operate also in more or less -

- closely related fields—that is, to “transfer” to other situations.

~ The subject of the-trénsfer of training has for a number of years
+;+:beell- & very cc:‘ntm,_irei-sialz one. Only recently has. thers been iny-
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AIMS ‘OF MATHEMATICAL INS.TRU(,'TION 7

evidence of agreement among the body of educational psychologxsts
" We need not at this point go into detail as to the present status of
disciplinary values since this forms the subject of a separate chapwr
in ‘the complete report (Chap. IX; see also Chap. X). It is suffi-

cient for our present purpose to call attention to the fact that most-

psychologists have abandoned two extreme positions as to transfer
of training. The first asserted that a pupil txained to reason well
in .geometry would theréby be trained to reasor\ equally well in any
other subject; the second denied the possibility of\ any transfer,
and hence the possibility ef any general mental rammg "That the
effects of training do transfer from ‘one field of enmmg to another
is now, however, recognized. The amount of transfer in any given
case depends upon a number of conditions. If these conditions are
favorable, there may be considerable transfer, but in .any case the
amount of transfer is difficult to measure. Training in connection
with certain attitudes, ideals, and ideas is almost universally admitted
by psychologists to have general value. It may, therefore, be said
that, with proper restrictions, general mental discipline is a valid
aim in education.

The aims which we are discussing aré so jmportant in the regtricted
domain of quantitative and spatial (i. e., mathematical :Rpartb'
mathematical) thinking which every ed ated individual is called
upon to Rerform that we dd not need for the sake of our argument

to raise the quéﬂoﬂn as to the extent of transfer to less mathematlcal ‘

situations.

In formulating the disciplinary aims of the study of mathematics
the followmg should be mentioned

(1) The aequisition, in precise form, of those ideas or concepts in
terms of which the quantitative thinking of the world is done.
Among these ideas and concepts may be mentioned ratio and measure-
ment (lengths, areas, volumes, weights, velocities; and rates in gen-

eral, etc), proportionality and similarity, positive and negative

numbers, and the dependence of one quantity upon another.

(2) The development of ablhty to think clearly in terms of such
ideas and concepts. This ability involves training in—

(@) Analysis of a complex situation into simpler parts. This in-
cludes the recognition of essential factors and the rejectlon of the
irrelevant? C

() The recogmtnon of logical relations between mterdependent
factors and the understanding- and if posslble the expressxon of such
relations in precise form.:

(c) Generalization: that is, ‘the dnscovery, and formulatlon ofj

eral law and an understandmg of its ﬁropemes and applications,

(3) Thé acquisition of mental habits and attitudes whichwill make
the ebove trammg eﬁeouve in the hfe of. the mdmdual Among

4
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_8 MATHEMATICS IN SEUONDARY EDUCATION.

such habitual rencuons are the following: A seekmg for relations and
their precise expression; an attitude of -enquiry: a desire to under-
stand, to get to the bottom of a situation; concentration and per-
sistence; a love for precision, accuracy, thoroughness, and clearness,
- and a dlstaste for vaguencss and incompleteness; a desire for orderly
and logical organization as an aid to undersmndmg and memory.

4). Many, if not all, of these disciplinary aims are included in ¢ the
broad sense of the ldeu of relationship or dependence—in what the™

- mathematician in his technical \'ocabulnr\ refers to as a “function”
of one or more variables. Training i in “functional thinking,” that is
thinking in terms of relationships, is one of the most fundamentul
disciplinary aims of the t,en('hmg of mathematics.

Cultural aims.—By cultural aims we mean those somewhat less
tangible but none the less real and 1mp0rtnnt intellectual, ethical,
esthetic or spiritual aims that are inyglved in the development of
appreciation and insight and the foré.lon of ideals of perfection.
As will be at once apparent the realization of some of these aims
must await the later stages of instruction, but some of them may
and should-operate at the very bogmmng
« More specifically we may mention the development or acqujsition
of— L

(1) Appreciation of hdauty in the godmetl‘iml forms of nature, art,
and industry.

(2) Ideals of perfection as to logncnl stfucture; preusmn ol' state-

- ment Angd of thought: logical reasoning (as exemplified in the-geo-
metric demonstratibn): discrimination between the true and tho

f! ete. iy -
% Apprecmuon of the power of mathembtics—of what Byron ex-
pressivaly called “the power of thought, the muagic of the mind”’?—
amd thgrolc sat mathemgtics and abstract thinking, in geneml has
_Played iffthe development of civilizatian; in particular in'science, in
industry, and in phll()sophv In this connection mention should be .
made of the religious cffect, in the broad sense, which the study of the
. permanence of laws in mathematics and of. the mhmte tends to
‘establish.® .

IIl. THE POINT OF VIEW GOVERNING INS’I‘RU(‘TION

The practical nims'enumerated ubove, in spite of their vntal im-
portance, may without danger be given a secondar 'y position in seek-
ing to formulate the general point of view which should govern the

'D.E. bmith Muthemnlk\ in the Truiming for Citizenship, ’l‘m.her\ (,oUexe Record, vol. 18, May, 1017,
p.6.

3 For an elaboration of the ideas hero presented in the ba.rem, outline, tho reader is referred to.the article
by D. K. Smith already mentioned and to his presidential address before the Mathematical Association of
Amétios, Wellealoy, Mass., Sept. 7, 1921.
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* AIMS OF MATHEMATICAL INSTRUCTION. 9

teacher, provided only that they receive due recognition in the selec-
tion of material and that the necessary minimum of technical drill is
insisted upon.” " ) S . - o
. The primary purposes of the. teaching of mathematics should be to
develop those powers of understanding and of analyzing relations of |
quantity and*of space which are necessary to an insight into and control
over our environment and to an appreciation. of the progress of civiliza-
tion in itx various aspects, and to develop those habits of thought and of
action which will make these powers effective in the life of the individual.
Al topics, processes, and drill in technique which-do not directly
contribute to the development of the powers mentioned should be
eliminated from-the curriculum. - It is recognized that in the earlier
periods of instruction . the strietly logical organiaation: of subject
matter *is of less importance than the acquisition, on the part
of the pupil. of experience as to facts and methods of attack on
significant problems, of- the power to see relations, and of training
in accurate thinking in terms of such relations.  Care must be taken,
however, through the dominance of the course by certnin general
ideas that it does not become a collection of isolated and unrelated
details. . ) A .. I
Continued emphasis throughout the course must be placed on the
, development. of ability to grasp and to utilize ideas, processes, and
principles in the solution of concrete problems rather than on the
acquisition of mere facility or skill in manipulation. The excessive
emphasis now commonly placed on manipulation is one of the miain
obstacles to intelligent progress.  On the side of algebra, the ability -
to understand its language and to use it intelligently, the ability to
analyze a problem, to formulate it mathematically, and'to interpret
the result must he domindnt aims.  Drill in_algebraic manipulation
should be limited to those processes and to the degree of complerity
required for a thorough understanding of principles and Jor probable
applications either in common. life or in subsequent courses which a sub-
stantial proportion of the pupils will take. 1t must be conceived through-
out as & means to ap end, not as an end in itself. Within these
limitg, skill in algebraic manipulation is important, and drill in this
_subject should be extended far enough to enable students to carry
. out the essential processes accurately and expeditiously.
On the side of geometry the formal demonstrative work should be -
. preceded by a reasonable amount of informal work of an intuitive,
experimental, and constructive character. Such work is 6f great
value in itself; it is needed also to provide the necessary familiarity
with geometric ideas, f:\)rms, and relations, on the basis of which

¢ “The logical from tho standpoint of stih)evt matter fepresents the goal, the last tarm of training, not
the point of departure.” Dewey, * How We Think," p. 62. :
. v . . :
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' 10 MATHEMATICS IN SECONDARY FEDUCATION.

alone intelligent appreciation of formal demonstrative work is
possible. - ‘ :

The one great iden which is best adapted to unify the course is -
that of the functional relation. The concept of a varinble and of the
dependence of one variable upon another is of fundamental importance
to everyone. 1t is true that the general and abstract form of these
concepts can become significant to the pupil only as u result of very
considerable mathematical expericenee and training.  There is nothing
in either concept, however, which prevents the presentation of specific

* concrete examples and illustrations of dependance even in the early

parts of the course.- Means to this end will be found in- connection _
with the: tabulation of data and the study of the férmula and of the
graph apd of their uses. ,

The primagy and underlying principle of the course should be the
idea of relationship between. variables, including the methods of
determining and expressing such relationship. The teacher should
have this idea constantly in find, and the pupil’s advancement
should be consciously directed along the lines which will present
first one and then another of the ideas upon which finally the forma-
tion of the general concept of functionnlity depends.  (For a more
~ detailed discussion, of these ideas sce Chap. VII below.)

*  The general ideas which appear more explicitly in the course and
under the dominance of oneor another of which all topics should be
brought are: (1) The formula, (2) graphic representation, (3) the
equation, (4) measurement and computation, (5) congruence . and
similarity, (6) demonstration. These are considered in more detail
in a later section of the report (Chaps. 111 and IV). ’

IV. THE ORGANIZATION OF SUBJECT MATTER.

“General” courses.—We have already called attention to the fact
that, in the earlier periods of instruction especially, logical principles
of organization are of less importance than psychological and peda-
gogical principles. In recent years thefe has developed among
many progressive teachers a very significant movement away from
the older rigid division into “*subjects” such as arithmetic, algebra,
and geometry, each of which shall be “completed” before another
is begun, and toward a rational breaking down of the barriers separat-
ing these subjects, in the interest of an organization of subject matte
that will offer a psychologically and pedagogically more effective
approach to the study of mathematics. - O

There has thus developed the movement toward what are variously
called “composite,” “correlated,” “unified,” or “general” courses.
The advocates of this new method of organiZation base their claims on
the abvious and important interrelations between arithmetic, algebra,
and- geometry (mainly intuitive), which she student must grasp

fRad) P ¥ bt i k. TN P
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ATMS OF MATHEMATICAL INSTRUCTION., 11

before he can gain any real insight into mathematical methods an
which are. inevitably obscured by a strict adheren¢e to the concep--
tion of separate “subjects.”” The movement has gained considerable

new impetus by the growth of the junior high-school idea, and there

can be little question that the results already achieved by those who

are experimenting with the new methods of organization warrant the

abandonment of the extreme “water-tight compartment” methods

of presentation. : - . N L

The newer methed of organizagion enables the pupil to gain a-
broad’ view of the whole field of elementary methematics early in his
high-school course. In view of the very large number of pupils who
drop aut of school at the end of the eighth or the ninth school year
or who for other reasons then cease their spudy of mathematics,
this fact offers a weighty advantage over the older type of organiza-
tion under which the pupil studied algebra alone during the ninth
school year, to the complete exclusion of -all contact with geometry.
"It shbuld be noted, however, that the specific recommendations
to content given in the next two chapters do not necessarily imply
the adoption of u different type of orgunization of the materials of
instruction. . A large number of high scheols will for some time con-
tinue to find it desirable to organize their courses of study in mathe-
matics by subjects—algebra, plane geometry, ete. Such schoals
are urged to adopt the recommendations made with reference to the
content-of the separate subjects. ‘These, in the main, constitute an
essential simplification as compared with present practice. The
cconondy of time that will result in courses in ninth-year algebra, for
instanee, will permit of the introduction of the newer type of mate-
rial, including intuitive geometry and numerical trigonometry, and
thus the way will be prepared for the gradual adoption in larger-
measure of the recommendations of this report. ’ '

At the present-time it is not possible to designate any particular
order of topics or any organization of the materials of instruction
us being the best or as calculated most effectively to realize the aims
and purposes here get forth. Mdre extensive and careful experi-
mental work must be done by teachers and administrators before any
such designation can be made that shall avoid undesirable extreme¥ _
and that shall bear the stamp  of gencral approval. This experi-
mental work will prove successful in proportion to the skill'and insight
exercised in adapting the aims and purposes of instruction to the
interests and capacities of . the pupils; - One of the greatest weak-
nesses of the traditional courses,js the fact that both the interests and
the capacities of pupils have received insufficient consideration and
study. For a detailed account of courses in mathematics at a num-

o
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12 MATHEMATICS IN SECONDARY EDUCATION. '

ber of the most successful experimental schools, the reader is referred
to Chapter XII of the complete report.

Reguired courses.—The national ‘committec believes that the
‘material des ribed in the next chapter should be required of all
pupils, and that under favorable conditions this minimum of work
can be completed by the end of the ninth school year. In the junior

- high school, comprising grades seven, cight, and nine, the coursa for
_ these three years should be planned as a unit with the purpose of" .~
 giving each pupzl thg most valuable mathematical training-he is capable
of receiving in"those years, with little’ xeference to Courses iwh ich he nay
or may not take in succeeding years. In pur(wulnr, colleg ge-entpance
requirements should, during these years, receive no specific considera-
,tion. Fortunately there appears to be no conflict of interest during
" this period between those pupils who ultimately go to college ‘and
those who do not; a course planned in accordance. with the principle |
just enunciated wdl form a desirable foundation for college prepira-
" tion. (See Ch. V) . -
 Similarly, in case of "the at present more prcvalont 8 school
organization, the mathematical material of the seventh and eighth
grades should be selected and organized as a unit with the same
purpose: the same applies to the work of the first year (ninth grade)
. of the standard four-year high school, and to Inter _years in which
". mathematics may be a required subject.

In the case of somo elective courses the principle noe(la to he,
modified so as fo meet whatever specific vocational or tethnical
purposes the courses may have..- (See Ch. IV.)

The movement toward correlation of the work in mathematics

\_%:h other courses in the curriculum, notably those in science, is us

yet in its infancy. The results of such efforts will be watched with
the keenest interest. :
: The junior high-school movement.—Reference has several times been
- made to the junior high school. The national committee adopted the
following resolution on April 24, 1920:

Thé national committee approves the junior high scifool form “of organization, and
urges its general adoption in the conviction that it will secure greater efficiency in the
teaching of mathematics.

"The committee on the reorganization of secondary educatlon,

-appointed by the National Education Association, in its pamphlet on

the ‘“‘Cardinal Principles of Secondary School Education,’ issued in
1918 by the Bureau of Education, advocates an organization of the

school system whereby the first six years shall be devoted to elemen-

tary. education, and: the following six years to secondary education

to be divided into two periods which may be designated as junior
_and senior periods.

<
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To those interested in the study of the questions relating to the
history and present status of the junior high-school movement, the
following books are recommended: Principles of Secondury Educa-
tion, by Inglis, Houghton Mifflin & Co., 1918; The Junior High School,

The Fifteenth Yearbook (Pt. III) of the Natio Society for the .

Study of Education, Public School Publishing Co., 1919; The Junior

High School, by Bennett, Warwick & York, 1919: The Junior High

School, by Briggs, Houghton Mifllin & Co.,"1920; and The Junior
High School, by Koos. Harcourt, Brace & Howe, 1920.

V. THE TRAINING OF TEACHERS.’

Whilo the greater part of this report concerps itself with the content

of courses in mathematics, their organization and the point of view

which should govern the instruction, and investigations relating
thereto, the national committeo .must-emphasize strongly its convic-
tion that even more fundamental is the problem of the teacher—his
qualifications and tratning, his personality, skill, and enthusiasm. '

The greater part of the failure of mathematics is due to poor teach-
ing.  Good teachers have in the past sueceeded; and continue to

- suceeed, i achieving highly satisfactory results with the traditional

material; poor teachers, will not succeed even with the newer and
better material. 7. _ '

The United States is far behind Europe in the scieritific and pro-
fessional *training required of its secondary school teachers (see
Ch. XIV of the complete report). The equivalent of two or three
vears of graduate and professional training in addition to a general
college course is the normal requirement. for secondary school
teachers in most European countries. Moreover, the recognized
position of the teacher in the community ‘must be such as to attract
men and women‘of the highest ability into the profession. This
means not only higher salaries but smaller classes and more leisure

for continued study and professional advancement, ° 1t will doubtloss .
require a considerable time before the public can be educated to

realize the wisdom of taxing itself sufficiently 40 bring about the de-
sired result. But if this ideal is continuully advanced and supported
by sound argument there is every reason to hope that i‘n time the goal

- may be reached.

In the meantime evérything possible should be done to improve the
present situation. "One of the most vicious and widespread practices

consists in assigning a class in mathematics Lo a teacher who has had

because in the construction of the'time schedule he or she happens to
bave a vacant period at the time. This is done on the principle,
apparently, that “anybody can teach mathematics’ by simply

AIMS OF MATHEMATICAL INSTRUCTION. " 18

* no special training in the subject and whose interests lie elsewhere,
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14 MATHEMATICS IN. SECQNDARY EDUCATION,

following a textbook and devoting 90 per cent of the time to drill in
algebraic mampuﬂatmn or to reciting the memorized domnnstm(lon

-of a theorem in geometry. ¢

It will be apparent from.the study of this report that a successful
teacher of mathematics must not only be hwh!\\trmne«l in his subject
and haye a genuine enthusiam for it but must have also peculiar at-
tributes of persopality and above all insight of a high order into the
psychology of the learning process as related to the higher mental
activities. \dmxmslrntm\ should never lose sight of the fact that
while mathenmtics if properly taught-is one of the most important,
interesting, and valuable subjects of the curriculum, it is wlso one of

* the most difficult to teachSuccessfully, ; 4

Standards for teachers.—It is necessary at the outset to make a
fundamental distinction between standards in. the sense of require-
ments for appointment to teaching positions, and standards of ‘sci-
entific attainment which shall determine the curricula of colleges and

" normal schools aiming to give cindidates the best practicable prep-

aration. The former requirements should be high enough to insuro

. competent teaching, but they.must not be so high as to form a serious

obstacle to admission to the profession even for eandidates who have
chosen it relatively lgte.  The main fuctors determining the level of
these requirements are the available facilities for preparation, the
needs of the pupils, and the economic or salary conditions.
Relatively few young people deliberately choose before entering
eollego the teaching of secondury mathematics as a life work.  In'the

“more frequent or more typical case the college student who will ulu-

mately bevome a teacher of secondary mathematics makes the choice
gradually, perhaps unconsciously, late in the cullege course or even
after its completion, perhaps after some trial of teaching in other
fields. The possible supply of young people re tho real desire
to become, teachers. of mathematics is so meager in colpparison with
the almost unlimited needs of the country that every effogt should be
made to develop and maintain that desire and all possibe encour-
agement given those who manifest it. If, as will usually be’t Be;
the desire is associated with the necessary mathemadtical capacity, it
will not be wise to hamper the candidaté by requiring too high at-
tainments, though as a mstter of coursé he will need guidince in

continuing his preparation for a-profession of exceptmnnl difficulty-

and exceptional opportunity.
Another factor which-must tend to restrict. requirements of high
mathematical attainment is the importance to the.candidate of

"breadth of preparation. In college ha may be in doubt as to becom-

ing a teacher of mathematics or physlcs or some other subject. Itis
unwise to hasten the choice. In many cases the secondary teacher

.
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must be prepared in more than one field, and to the future teacher of
mathematics preparation in physics and drawing, not to mention
chemistry, engineering, etc., may be at least as valuable as purely
mathematical college electives beyond the calalus.

In"the second sense—of standards of scientific attainment ‘to be
held by the colleges and normal schools—these institutions should
make every effort— S
" L. To awaken interest in the subject and the teaching of it in as

many young people of the right sort as possible. _

2: To give them the best possible opportunity for professional
preparation and improvement, hoth before and after the
beginning of teaching.

How the matter of requirements for appointment will actually -
work out in a given communit y willinevitably depend upon condi-
tions. of time and place, varying widely in character and degree. In

~ miany communities it js already practicable and customary to require

not less than two year. of college work in mathematicg, including
elementary caleulus, with provision for additional clectives. Sucha
requirement the committee would strongly recommend, recognizing,-
however, that in’ some Pﬁxlitios it would bhe for the present. too
restrictive of the supply. I some cases preparation in the peda-
gogy, philosophy, and history of mathematics could be reasonably.
demanded or at least given weight; in other cases, any considerable
time spént upon them would be of doubtful value. In all cases
requirements should be carefully adjusted to local conditions with a
vigw Lo recognizing the value hoth of broad and thorough training on
the part of those entering the profession and of continued preparation
by summer woik and the like, Particular pains should be taken
that such preparation is made aceessible and attractive in the colleges
and normal schools from which teachers are drawn.

It is naturally important that entrance to the profession should -
not be much delayed by needlessly high or extended requirements,
and the danger of ereating a teacher who maY botoo mugh a specialist
for school work and too little for college training must be guarded
against. There may naturally also be a wide difference between

requirements in a strong school offering many,electives and a weaker
-one or & junier high school. . Practically, it may be fair to expect
that the stronger schools will maintain their standards-not by arbi-
trary or general requirements for entrance to the profession but often
by recruiting from other schools teachers who have both high attain-
ments and successful teaching experience. . T
Programs of ‘courses for colleges ‘and normal schools preparing
teachers in secondary mathematics will be found in Chapter XIV of
the complete report, together with an account of existing conditions.
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X +  Chapter III. f -
“* MATHEMATICS FOR YEARS SEVEN, EIGHT AND NINE.

I. INTRODUCTION.

There is a well-marked tendency among school administrators
to consider grades one to six, inclusive, as constituting the elementary
school and to consider the secondary school period as commencing
with the seventh gradesand extending through the twelfth.! Con-
forming to this view, the contents of the courses of study in mathse-
matics for gfagles seven, eight, and nine are considered together.
In the succeeding chapter the content for grades 10, 11, and 12 is
considered. , e

The committee is fully aware of the w1desprond desire on the part
of teachers throughout the country for a detailed syllabus by years
or half years which shall give the best order of topics with specific
time allotments foreach. This desire can not be met at-the present
time for the simple reason that no one knows what is the best order
of topics nor how muclf time should be devoted to each in an ideay
course. The committee feels that its recommendations should be so
formulated as to give every encouragement to further experimenta-
tion rather than to restrict the teachcr s freedom by a standardized
syllabus:

However, certain suggestions as to desirable arrangements of the
material are offered in a later section (Sec. JII) of this chapter, and in
Chapter XII (Mathematics in'Experimental Schools) of the com-
plete report there will be found detailed outlines glvmg the order of
presentation and time allotments in actual operation in schools, of
various types. This material should be helpful to teachers and
administrators in planning courses to fit their individual needs and
conditions. .

It is the opinion of the committee that the material included m\

~ this chapter should be required of all puplls It includes mathe-
. -matical knowledge and training which is likely to be needed by.
every citizen. Differentiation due to special needs should be made
after and not before the comnlemon of such a general minirhum
- foundation. Such portions of the rccommended content as have

1.8ee Cardinal Principles of 8scondaty Education, p. 18. :

“We thetel’ore recommend a reorganization of the school system whereby the first six years shnll be
devoted toelemontm'y education deslgned tomeet the needs of pupils of approximately 6 to 12 years of age:
and the second 6 years to d tion dosigned to meet the needs of approximately 12 to 18 years

olage, * * * Thao yeafstobe devoted to secondary education may well be divided mw twoMods
which m¥y be designatedu $he Junior and senior periods.”

' 16 N
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MATHEMATICS FOR YEARS.7-9, 17

not been completed by the end of the ninth year should be required
in the following year. '
>~ The general principles which have governed the selection of
the material presented in the next scction and which should govern
the point of view of the teaching have already been stated (Ch. II).
At this point it seems desirable to recall specifically what was then
said concerning principles governing the organization of material,
the importance to be attached to the development of insight and
_ understanding and’ of ability to think clearly in terms of relation-
~ ships”(dependence) and the limitations imposed on drill in algebraic
manipulation. In addition we would call attention to the following:
. It is assumed that at the end of the sixth school year .the pupil
will be able to perform with accuracy and with a fair degroe of speed
the fundamental ‘operations with integers and. with common ‘and
decimal fryctions. The fractions here referred to are such simple
ones in common use as are set forth in detail under-A (c) in the
following section. It mdy be pointed out that the standard of
attainment here implied is met in a largy number of schools, as is
shown by various tests now in-use (see Ch. XIII of the comple
report), and can easily be met generally if éime is not wasted on the
relatively unimportant parts of the subject® , :
i In adapting instruction in mathematics to the merital traits .of
~ . pupils care should be’ taken to maintain the mental growth too
often stunted by secondary school materials and methods, and an
effort should be made to associate with inquisitiveness, the desire

v

to experiment, the wish to know “how and why,” and the like,

the satisfaction of these needs. . :
~ In the years under consideration it i$ also especially important

to give the pupils as broad an outlook over the -various fields of
mathematics as is consistent with sound scholarship.© These years
especially are the ones in whilch the pupil should have the oppor-
tunity to find himself, to test his abilitics and aptitudes, and to
secure information and experience which will help him choose wisely
_his later courses and ultimately his life work. '

-

II. MATERIAL FOR GRAI)Eé SEVEN, EIGHT, AND NINE.

In the material outlined in the following pages no..atbempt is
made to indicate the most desirable order of presentation. Stated
by topics rather than years the mathematics of grades soven, eight,

- -and nine may properly h¢ expected to include the following: , .~ = -
- A. Arithmetic: 2=, E = e
Sag The fundamental operations of arithmetic. : oo

b) Tables of weights and measures in general practical use, including the most

* liter). The meaning of such oreign monetary units'as-pound, franc, n'ndlmn P ,'

common metric units (meter, centimeter, millimeter, kilometer, gram kiloEnm
B 5,
R
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" t ; s .
(:?) Suchsimple fractionsas 4,1, 4, 1, 1, }, #; others than thése to have lessattention.
( Fuc.ili:{v and accuracy in tjle four fundamental operations; time tests, taking
- care to avoid subordinating the teaching to the tests, or to use the tests as measures
of the teacher's efficiency. (Sec Ch. X?II.)
(¢) Suchsimple short cutsin multiplication and division as that of replgcing multi-
plication by 25 by multiplying by 100 and dividing by 4. 0
(/) Percentage. Interchanging common fractions and per cents; finding any per
cent of & number; finding what per cent one number is of nnother: finding a number
when a certain per cent of it is known; and such applications of percentage as cone
within the student’s experience,
}Z) Line, bar, and circle graphs wherever they can be used to advantage. .
) Arithimetic of the home: Household accounts, thrift, simple bookkeeping,
methods of éelldilfl'ﬁ money, parcel post.
Arithmetic of the conmunity: Property and personalinsurance, taxes.
Arithmetic of banking: Savings accounts, checking accojints.
Ari]thme_tic of investinent: Real estate, elementary notidns of stocks and bonds,
savings.

(%) Statistics: Fundamental concepts, statistical talfles and graphs; pictograms;
graphs showing simple frequency distributions. .

It will be seon that thé material listed above includes some material
of earlder instruction. This does not mean that this material is to be
made the direct object of study but that drill in it shall be given in
connection with the new work. It is felt that this shift in emphasis
will make the arithmetic processes here involved much more effective
and will also result in a great saving of time. :

The amount of time devoted to arithmetic as a distinet subject
should be greatly reduced from. what is at present customary. This
doesnot mean a lessening of emphasis on drill in arithmetic processes
for the purpose of securing accuracy and speed. The need for con-
tinued arithmetic work and numerical computation throughout the
secondary school period is recognized elsewhere in this report.
(Ch.1I1.) * _ '

The applications of arithmetic to business should be contihued
late enough in the course to bring to their study the pupil's greatest
maturity, experience, and mathematical knowledge, and to insure
real significance of this study in the business and industrial life which
many of the pupils will enter upon at the close of tho eighth or ninth
school year. (See I below.) In this connection care should be
taken that the business practices taught in the schools are in accord
with the best actual usage. Arithmetic should not be completed
before the pupil has acquired the power of using algebra as an aid.

B. Intuitive geometry: : v

(@) The direct mensurement of distances and angles by means
of a linear scale and protractor.” The approxifiate character of
measurement. An understanding of what is meant by the degree
‘of precision 'as expressed by the-number of “significant’’ figures.

(8) Aress of the square, rectangle, parallelogram, triangle, and
trapezoid; circumference and area of a cirdle; surfaces and volumes
of solidsof corresponding importance; the construction of the corre-

- - sponding formulas. *

ik
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MATHEMATICS FOR YEARS 7-90, 19

(¢). Practice in numerical computation with due regard to the num-
ber of figures used or retained.’ i G .

(d) Indirect measurement by means of drawings to scale. Uses of
square ruled paper.-

“(e) Geometry of appreciation. Geometric forms in nature, archi-
tecture, manufacture, and industry. .

(f) Simple geometric constructions with ruler and ‘compasses; -
T-square, and triangle, such as that of the perpendicular bisector,
the bisector of an angle, and parallel lines. . 4

“(9) Familiarity with such forms as the cquilateral triangle, the
30°-60° right triangle, and the isosceles right triangle; symmetry; a

" knowledge of such facts. as those concerning the sum of the angles

’

of a triangle and the Pythagorean relation: simple cases of geometric
loci in the plane and in space. ) : :

. (k) Informal introduction to the idea of similarity. .

. The work in intuitive geometry should make the pupil familiar
with the elementary ideas concerning geometric forms in the plane
and in space with respect to shape, size, and-position. Much oppor-
tunity should be provided for exercising space perception and imagi-
nation.” The simpler geométric ideas and relations in the plane may
properly be exténded to three dimensions. The work should, more-
over, be carefully planned so as so bring out. geometrie relations and
logical connections. Befdre the end of this intuitive work' the pupil
should have definitely begun to make inferences and to draw valid
conclusions from the relations discovered. In other words, this
informal work in geon;et‘ry should be so organized as to make it a
gradual approach to, and provide a foundati?n for, the subsequent
work in demonstrative geometry. T E

C. Algebra: :

1. The formula—its construction, meaning, and use (a) .as a con-
cise language; (b) as a shorthand rule for computation; (c) as a gen-
eral solution; (d) as am expression of the dependence of one variable
upon another,, = T -

Thé pupil will already have met the formula in connection with .
intuitive geometry. The work should now include translation from
English into algebraic language, and vice versa, and special care should
be taken to make sure that the new language is understood and used
intelligently. The nature of the dependence of one variable in a
formula upon another should be examined and analyzed, with a view
to seeing “ how' the formula works.” (See-Ch. VII.) _

2. Graphs and graphic representations in general—their construc-
tion and interpretation in (a) representing facts (statistical, etc.);
(b) representing dependence; (c) solving problems. o

< AMfter. the ‘necessary technique has been adeqgnately - presonted ;
graphic representation should not be considered ‘as'a separate-topie: {4
“/ ( 2 e e !
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but should be used throughout, whenever helpful, as an illustrative
and interpretati\é instrument.

3. Positive and negative memlbers —their meaning and use (a as
expressing "both magnitude and one of two opposite directions or
senses; () their «rmplnc representation; (c) the fundamentul opera-
tions applied to them.

4. The equation—its use in qo]vinv problems:

(a) Linear equatmns in one unluum n-—~their sulutmn and applica-

" tions..

(b) Simple rases of quadratic equations when arising in connection
with formulas and problems.

(¢) Equations in two unknowns. \\lth numerous concrete illusten-
tions. .

(d) Various ﬂmple applications of ratio and proportion in cases
in which they are generally used in problem~ of similarity and in
other problcmq of mdmmv life. In view of the usefulness of the -
ideas and training involv ed, this subject may also pmporlv include
sunple cases of varintion.

5. Algebraic technique: (a) The fundamental operations,
Their ‘connection with the rules of arithmetic should be clearly

-brought out and made to |llumnmto numerical processes. Drill in
]

Jthese opornwms should be limited strictly in-accordance with the
prmcnple mentioned in Chapter 1I, page 9. In-pdrticular, *nests”
of parentheses should be avoided, and multiplication and division
should not involve much beyond monomial and.binomial multipli-
ers, divisors, and quotidnts i =

(b) Factoring: The only cases that m-ed be considered are (i) com-
mon factors of the terms of a polynomial; (ii) the difference of two
squares; (iii) trinomials of the second degree that can be easily fac-
tored by trial. A

(c) Fractions. ,

Here again the intimate connection with the correspondjng proc-
esses of arithmetic should be made clear and should serve tg illumi-
nate’such processes. The four fundamental operations with fractions
should be considered only in connection with simple cases and khould
be applied constantly throughout the course so as to gain the neces- -
sary, accuracy and facility.

(@) Exponents and radicals. The work done on exponents and
radicals should be confined to the simplest material required for the
treatment of formulas. The laws for positive integral exponents
should be included. The consideration of radicals should be confined

to transformations of the followmg types: va®b=a+/08, Vva/b _EJB
and va/b= va/yb, and to the numerical evaluation of simple expres-

siom involving the radical sxgm A process for ﬁndmg the square .
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. *
root of a number should be included. but not for finding the square
rootyf & polynomial. :
, () Stress should be Iais{ upon the need for.checking solutions.
D. Numerical trigonometry: "
(a) Dehinition of sine, cosine, and tangent.
(b) Their clementary properties as functions.
(¢) Their-use in solving problems involviiig right triangles.
- (d) The use of l.ablgs of_tﬁeso functions (to three or four plpces).
~ The introduction of the elementary notions of trigonometry into
- the curlier courses in mathematics has not been as general in-the
United States asvin foreign. countries. -(See Ch. X1 of the complete
report.). Among she reasops for early introduction of this topic ure -
these: Its practical usefulness for many citizens; the insight it gives =
into the nature of mathematical methods, particularly thoge con--
cerned with indirect- measurement, and into the réle that mathematics
playsin the life of the world; the fact that it is not difficult and that
it offers wide opportunity for concrete afd significant application,
and the interest it arouses in the pugjls. Iyshould be based upon
the work in intuitive geometry, with whic)/it has intimate contacts
(see B, d. k), and should be confined to (e simplest material needed
-+ for the numerical treatment .of the prbblems indicated. Relations
hetween the trigonometric funetions need not be considered.
< E. Demonstrative geometry. —~The demonstration of a limited num-
- ber of propositions, with no attempt. to limit the number of funda-
mental assumptions, the principal purpose #eing to show to the pupil
what “d¢monstration” means. - : S :
Many of the geometric facts previously inferred-intuitively may be
“used s the basis upon which the demonstrative work is built. This
is not intended to preclude the possibility of giving at a later time
rigorous proofs of some of the facts inferred intuitionally. It should
- be noted that from the strictly logicil point of view thie attempt to ~
reduce to « minimum the list of axioms, postulates or assumptions is
not at all nécessary, and from a pedagogical point of view such an
. attempt in an elementary course is very undesirable. Itisnecessary,
.~ lifwever, that those propositions which are te be used as the basis of
subsequent formal proofs be explicitly listed and their logical sig:

.

~

nificance recognized. - .

In regard to demonstrative geometry some teachers have objected
to the introduction of such work below the tenth grade on the ground™
that with such immature pupils as-sre found in the ninth grade

.. ‘nothing worth while could be accomplishéd in the limited time
© - available. ‘These teachers may be right with regard ‘to conditions -
. prevailing or likely to prevail in the ma‘jorfiy of schools in the imme-~
) diate future. The committee has therefore in a later section of this

o
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chapter (Sec. III) made alternative provision for the omission of
-work in demonstrative geometry. ' -

" On the other hand, it is proper to call attention to the fact that
certain teachers have successfully introduced a limited amount of
work in demonstrative geometry into the ninth grade (see Ch. XII
of the complete report), and that it would seem desirable that others
should make the experiment when conditions are favorable. Much
of the opposition is probably due to a failure to realize the extent %

- which the work in intytive\geometry, if properly organized, will
prepare the way for the/more formal treatment, and to a Imisconcep-
tion of the purposes and extent of the work in demonstrative geom-

*etry thatis proposed. In reaching a decision on this question teachers
shoyld keep in mind that it is one of their important dutiés and obli-

- gations, in the grades under consideration, to show their pupils the

nature, content, and possibilities of later courses in their subject and
-to give to each pupil an opportunity to determine his aptitudes and
preferences therefor. The omiission in_the earlier courses of all work
of a demonstrative nature in geometry would disregard one educa-
tionally important aspect of mathematics. '
" F. History and biography.—Teachers age advised to make them-
selves reasonably acquainted with the leading events in the history
of mathematics, and thus to know that mathematics has developed
in answer to human needs, intellectual as well us technical. They
should use this material incidentally throughout their courses for the
purpose of adding to the interest of the pupils by means of informal
talks on the growth of mathematics and on the lives of the great
makers of the science. o :

G. Optional topics.—Certain schools have been able to cover satis-
factorily the work suggested in sections A-F before the end of the
ninth grade. (See Ch. I, on Experimental Schools.) The com-
mittee looks with favor on the effarts, in such schools, to introduce
earlier than is now customary certdin topics and processes which are
closely related to modern needs, such as the meaning and use of
fractional and negative exponents, the use of the slide rule, the use
of logarithms and of other simple tables, and simple work in arith-
metic and geometric progressions; with modern appplications to such

_ finangial topics as interest and annuities and t3 such scientific topics
as I;m.ng bodies and laws of growth.

H. Topics b be omitted or postponed.—In addition to the large

- amount of drill in algebraic technique already referred to, the follow-
ing topics should, i acpordance with our basic principles, be excluded
from the work of grades seven, eight, and nine; some of them will
properly be included in later courses (see Ch. IV): i

ved in the addition of simple

H;
favo

A

hest common factor and lowest common ‘multiple, except the simplest cases
nlg {ractions. :

e
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{

d_'l‘}xp theorems on proportion relating o alternation, inversion, composition, and.
ivigion. . - g

Literal equations, except such as ap in common formulas, including the deri-
vation of formulaa and of geometric relations, or to show how needless cumputation
may be avoided.

licals, except.as.indicated in a previous section.

.Squase rot of polynomials,

Cube root. -

Theory of exggnents. - i

Simultaneons équationg in more than tgo unknowns,

The binvmial theorem, :

Imaginary and complex numbers. . R

Radical equations except such as arise in dealing with elementary formulas,

P

1. Problems.—As n\rendy indicated, much of the emphasis now
generally placed ori the formal exercise should be shifted to the
“concrete”” or “verbal” problem. The selection of problem material )
is, therefore, of the highest importance. S

_The demand for “practical” problems should be fully ‘met in so
far as the muturity and previous experience of the pupil will permuit.
But above all, the problems must be “real” to the pupil, must connect
with his ordinary thought; and must be within the world of his
experience and interest. .

The educational utility of problems is not to be measured by their commercial or _
ecientific value, but by their degree of reality for the pupils. They muet exemplify
those leading ideas which it is desired to impart, and they must do 8o through media
which are real to thase under instruction. The reality is found in the stidenta, the
utility in their acquisition of principles.*

There should be, moreaver, a conscious effort through the seléttion
of problems to correlate the work in mathematics with the other
courses of the curriculum, especially in connection with courses in
science. The introduction of courses in ‘““general science ’ increnses
the opportunities in this direction.

J. Numerical computation, use of tables, ete.—The solution of prob-
lems should offer opportunity throughout the grades under consider-
ation for considerable arithmetical and computational work. In this
connection attention should be called to the importance of exer-
cising common sense and judgment in the use of approximate data,
keeping in mind the fact that all data secured from measurement are
approximate. A pupil should be led to see the absurdity of giving
the area of a circle to a thousandth of a square inch when the radius -
has been measured only to the nearest inch. He should understand
the conception of *the number of significant figures”” and should not
retain more figures in his result than are warranted by the accuracy -
of his data. The ideals of accuracy and of self-reliance and the neces-
sity of checking all numerical results should be emphasized. An
insight into the nature of tables, including some elementary notions
as to interpolation, is highly dpsirable. The use of tables of various

3 Carson: Mathematical Education, pp. 42-43.
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kinds (such as squares and square roots, interest and trigonometric
functions) to facilitate computation and to develop the idea of
dependence should be encouraged. :

HI. SUGGESTED ARRANGEMENTS OF MATERIAL.

. T
In approaching the problem of arranging or organizing this materiul
it is necessary to consider the different situations that may have to
be met. N ° N
1. The junior high school.—In view of the fact that under this
form of schovl®organization pupils may be expected to remain in
‘school until the end of the junior high-school period instead of leaving
‘in large numbers at the end of the eighth school vear, the mathe-
matics of the three years of the junior high school should be planned
o 88 a unit, and should include the materinl recommended in the
preceding section. There remains the question as to the order
in which the various topics should be presented and the amount of
time to be devoted to each. The committee has already stated its
_reasons for not attempting to answer this question (see Sec. ).
The following plans for the distribution-of time are, however, sug-
gested in the hope thut they may be helpful, but no one of them is
recommepided as superior to the others, and only the large divisions
of materijl are mentioned.

PLAN A.

First year: Applitations of erithmetic, particularly in.such lines as relate to the
‘home, to thrift, and to the various achool subjects; intuitive geometry:, ’

Second year: Algebra; applied arithmetic, particularly in such lines as felate 1o
the commervial, industrial and social needs. ) B

Third year: Algehm., trigonometry, demonstrative Reometry.

By this plan the demonstrative geometry is introduced in the third year, and arith-
metic is practically completed in the second year.”

: PLAN B.

+ - First year: Apxlied arithmetic.(as in plan A); intuitive geometry.
8econd year: Algebra, intuitive geometry, trigonometry, o
Third year: Applied arithmetic, algebrs, trigonometry, demonstrative geometry.
By this plan trigonometry is taken up in two years, and'the arithmetic is tranaferre«i
rom the second year to the third vear. .

’ . PLAN C.

First vear: Applied arithmetic (as in plan A), intuitive geometry, algebra.
Second year: Algebra, intuitive geometry. -

Third year: Trigonometry, demonstrative geometry, applied arithmetic,
By this plan algebra is confined chiefly to the first two years.

. PLAN D,
First year: Applied srithmetic (as in plan A), intuitive goometry. .
8econd yeu:pﬁztuitive geometry; ulgegm : goo‘ . gl
Third_ year: A(l!geebn, trigonometry, applied arithmetic.
"By this plan demonstrative geometry is omitted entirely.
S ' PLAN E. 4

First year: Intuitive Eeo metry, simple formulas, elementary principles of statistice
S orond ey Ll try, fn bra, arithmeti A '
nd year: Intuitive geome gebra,. ari ic.

year: Geometry, x_mjmericlf trigonometry, arithmetic.

A

.
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2. Schools organized on the 8-4 plan.—It can not be too strongly
emphasized that, in the case of the older and at present more prev-
alent plan of the 8-4 school organization, the work in mathematics
" of the'seventh, eighth, and ninth grades shouid also be organized
to include the material here suggested. A

The prevailing practice of devoting the seventh and eighth giades .
almost exclusively to the study of aithmetic is generally recognized
as u wasteful marking of time. It is mainly in these years that
American children fall behind their European’ brothers and-sisters.
No essentiully ‘new arithmetical principles are taught in these years,
and the attempt to apply the previously learned principles to new
situations in the more advanced dusiness and economic -aspects of
ariththetic is doomed. to failure ‘on account of the fact that the *
situations in question are not amd can not be made real and signifi-
cant_to pupils of this age. We need only refer to what has already
been said in this chapter on the subject of problems. . :

The samo prineiples should govern the selection and arrangement
of material in mathematics for the seventh and eighth grades of a
grade school as govern the selection for the corresponding grades of
w junior high school, with this exception: Under the 8-4 fprm of organ-
ization muny pupils will leave school at the end of the eighth year.
This fact must réceive due consideration.  The work of the seventh
and eighth years should be so planned as to give the pupils in these
grades the most valuable mathematical information and training that
they are capable of receiving in those years, with little reference to
courses that they may take in later years. As to possibilities for
srrangément. reforence may be made to the plans given above for
the first two years of the junior high school. Wl;{n the work in
mathematics of the seventh and eighth grades has been thus reor-
ganized, the work of the first year of a standard four-year high school
should complete the program suggested. ' ‘

Finally, there must bo considered the situation in those four-year
high schools in which the pupils have not had the benefit of the reor-
ganized instruction recommended for grades seven and eight. It
may be hoped that this situation will be only temporary, although it
must be recognized, that owing to a variety of possible reasons (lack
of adequately prepared teachers in grades seven and eight, lack of
" suitable text' books, {nistrative inertia, and the like), the new -
--plans will not. be immediately adopted and that therefore, for some

veais, many high schools will have to face the situation implied. -

In planning the work of the ninth grade-under these conditions

teachers -and administrative officers should again be guided by the

" pririciple of giving the pupils the most valuable mathematical infor-

mation and training which they are capable of receiving fn this-year
with little reference to future courses which

e

the pupil may or-may °.

-

£
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26 MATHEMATICS IN SECONDARY EDUCATION,

not take. It is to be assumed that the work of this year is"to he
required of all pupils. Sinco for many this will constitute the last of
their mathematical instruction, it should be so planned as to give
them the widest outlook consistent with sound scholarship.
Under these conditions it "would seem desirable that tho work of
“the ninth grado should contain both algebra and geometry. It is,
therefore, recommended that about two-thirds of the time be devoted
to the most useful parts of algebra, including the work on numerical
trigonometry, and that about one-third of the time be devoted to
geometry, including the necessary .informal introduction and, if -
fensible, the first part of demonstrative geometry.
It should be clear that owing to tho greater maturity of the pupils
much less time need be devoted in the ninth grade to certain topis
of intuitive geometry (such as direct measurement, fof example) than
i8 desirable when dealing with children in catlior grades. Even under
the conditions presupposed pupils will be acquainted with most. of the
fundamental geometric forms and with the mensuration of the most
important plane and solid figures.  The work in geometry in the ninth
“grade can then properly be made to center about indirect measure-
ment and the idea of similarity (leading to the processes of numerical
trigonometry), and such geometric relations as the sum of the angles
of a triangle, the Pythagorean proposition, congruence of triangles,
parallel and perpendicular lines, quadrilaterals and the more impor-




Chapter IV. N \
MATHE\MA:I’ICS FOR YEARS TEN, ELEVEN, AND TWELVE.

s

. 1. INTRODUCTION.

The committee has in the preceding chapter etpressed its judg-
ment that the material there recommended for the seventh, eighth,
und ninth years should be required of all pupils. In t,he tenth,
eleventh, and twelfth years, however, the extent to which olecuons
of subjects is permitted will depend on so many factors of s general
character that it scems unnecessary and inexpegient for the present -
committee to urge a positive requirement beyond the minimum one
wlready referred to. The subject must, like others, stand or fall on
its intrinsic merit or on the estimate of such merit by the authoritigs
responsible at a given time and place. The committes believes nev-
ertheless that every standard high school should not merely offer

courses in mathematies for the tenth, eleventh, and twelfth years,*
but should encourage a large proportion of its pupils to take them.

Apart from the intrinsic interest and great eflucational value of the
"studv of mathematics, it will in general be necessary for those pre- |
paring to enter college or to enguge in the numerous occupations
|nvolvm,g the use of mathematics to extend their work beyond the
minimum requirgment.

The present chapter is intended to suggest for students in general-
courses  the most valuable mathematical lr:umng that will appto-
priately follow the courses outlined in the previous chapber Under
present conditions most of this work will normally fall in the last
three years of the high school; that is, in general, in the tenth elev-
enth, and twellth years. .

The selection of material is based on the general prmcnples formu- |
lated in Chapter II1. Ataghis pomt attentmn need 'be directed only-
to the following:

1. In the years under consideration it is proper, that sofe attention
be paid to the students’ vocational or other later educational needs.

2, The material for~these years should include as far as possible
those mathematical ideas and processes that have the most’ impor-" .
tant applications in the modern world. As a result, certain material
will naturally be included that at present is not ordiharily given in
secondary—school courses; as, for mstange, the material concermng
the calculus.  On the other hand, certain other material that js now

88867"-—21——3 - . 27 :
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included in- college entrance requirements will be excluded. The
results of an investigation made by the national committee in con-
.nection with a study of these requirements indicates that modifica-
tions to meet these changes will be desirable from the stnmdponnt of -
both college and secondary school (see Ch. V).
~ 3. During the years now underconsxderauon an increasing amount
£f attention should be paid to the logical organization of the material,
with the purpose of developing habits of logu al memory, apprecia-

. tion of logical structure, and ability to organize material effectively. '

It can not be too strongly emphasized that the brouulenmg of con--
“tent of high-school courses in mathematics suggested in tho present
and in previous chapters will materially increase the usefulness of
these courses to those who pursue them. It is of prime impartance
that‘educational administrators and others charged with the advising
of students should take careful account of this fact iri estimuating the
relative importance of mathematical courses ‘and their alternatives.

. The number of important applications of mathematics in the activi-
"ties of the world is to-day very large and is increasing at a very rupid
rate. This aspect of the progress of civilization has been noted by
all observers who have combined a knowledge of mathematics with
an alert interest in the newer developments in other fiefds. It was

. reveanled in very illuminating fashion during the recent war by the
insistent deamand for persons with varying degrees of mathemutical
training for many war activities of the first moment. If the same
effort were made in time of peace to secure the highest level of ofli-

.. ciency available for the specific tasks of modern life, the demand for
those trained in mathematics would be no less insistént; for it is in
no wise true that the applications of mathematics in nrodern warfare
are relatively more importasit or more numerous than its applications

-'in those fields of human endeavor which are of u constructive nature.
There is another important point to be kept in mind in considering
the relative value to the average student of mathematical and
various alternative courses. If the student who omits the mathe-

. matical courses hag need of them later, it is almost invariably more
. difficult, and it is frequently impossible, for him to obtain the train-

. ing in which he is deficient. In the case of a considerable number of -
alternative subjects a proper amount of reading in spare hours at a
more mature age will ordinarily furnish-him the approximate equiv-
alent to that which he would have obtained in the way of -infor-
mation in a high-school course in the same subject. It is not, how-
ever, possible to make up-deficiencies in mathematical training in
8o simple a fashion. It requires systematic work under a compe-
tent teacher to master properly the technique of the subject, ‘and
any break M the continuity of the work is & handicap for which
» icreased maturity rqmly oompansates ‘Moroover, when the mdl- .
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“vidual discovers his need for further muathematicnl training it is
usually difficult for him to-take the .time from his other activities™+
fur systematic work in elementary mathematics. '

.

Il. RECOMMENDATIONS FOR ELECTIVE COURSENS,

The following topics are rocon‘mmmdod for inclusion in the mathe-
mitical electives open to pupils who have satisfactorily completed
the work outlined in the preceding chapter. comprising arithmetic,
the elementary notions of algebra, intuitive geometry. numerical

- trigengmetry. and a brief introduction to demonstrative geometry,

L. Plane demonstrative geometry.—-The principul purposes of the
instruction in this subject are: To exercise further the apatial imagi-
nation of the student. to make him familiar with the great hasal
propositioms and their applications, to develop understanding and
appreciation of u deductive proof and the ability to use this method
of reasoning where it is upplicable and to form habits of precise and
suecinet statement. of the logical organization of ideas. and of logical
memory.  Enough time should be spent on this subject to accom-
phish these purposes. ) '

The foHowing is a suggested list of topics under which the work
m demonstrative geometry may be organized:" (a) Congruent
trangles, perpendicular hisectors, bisectors of angles; (b) arcs,

“angles, and chords in circles; (¢) parallel lines and related angles,
purallelograms: (@) the sum of the angles for triangle and polygon;
{r) secants and tangents to circles with related angles, regular
polygons; (f) similar triangles, similar figures: (g) ureas; numerical

- computation of lengths and areas, based upon geometric theorems
already established. :

Under these topics constructions, loci, arcas. and other exercises
are~o be included.

It is recommended that the formal theory of limits and of incom-
mensurable cases be omifted, but that the ideas of limit and of
incommensurable magnitudes receive informal treatment. '

It is believed that a more frequent use of the idea of motion in
the demonstration of theorems is desirable, both from the point of
view of gaining greater insight and of saving time.? -

If the great basal theorems are selected and effectively organized
into a logical system, a considerable reduction (from 30 to 40 per
cent) can be made in the number of theorems given either in the
Harvaxd list or in the report of the Committee of Fifteen. Such a
redyction is exhibited in the lists prepared by the committee-and  °

! It (s not intended that 'u_m order here given should imply anything as to the order of presentation. (Ses |, -
also Ch, V1) z . .
* Reference may hore be made to the treatment gven in recent Fronth toxis such as those by Boubet

und Méray. . - 4
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\ pnnted later in this report (Ch. VI). In thns connection it may be
o "suggested that more attentidif than is now custornary may profitably
be given to those methods of treatment which make consistent use
of the idea of motion :(already referred to), continuity (the tangent . -
as the limit of & secant, etc.), symmetry, and the dependence of one
: geomet.nc magnitude upon another.

* If the student has had a satisfactory course in intuitive geometry
and some work in demonstration before the tenth grade, he may find
it possxble to cover a minimum course in demonstrative geometry,

' glvmg the great basal thcoréms and constructions, together ‘with
exercises, in the 90 periods constituting a half year Q.‘WPTI\

2. Algebra.—(a) Simple “ functions of one variable: Numerous:
illustrations and problems involving linear, quadratic, and other
simple functions-including formulas from science and .common life.
More difficult problems in va.natlon than those included in the eurlier -
course. X

() Equations in one unknown Various met.hods for solvmg a
‘quadratic equation (such as factoring, completing the square, use of

-formula) should be given.  In conncction with the treatment of the

. quadratic a very brief discussion of complex numbers should be in-
cluded. Simple cases of the graphic solution of equations of degree
higher than the second should be discussed and applied.

(c) Equations in two or threo unknowns: The algebraic solution
of linear equation in two of three unknowns and the gmphic solu-
tion of linear equations in two unknowns should be given. The
graphlc and algebraic solution of a linear and a quadratic equation
and of two quadratics that contain no first degree term and no zy .
term should be included. o

(d) Exponents, radicals and logarithms: The definitions of nega-
tive, zoro and fractional exponents should be given, and it should be
made clear that these definitions must be adopted if we wish such
exponents to conform to the laws for positive integral exponents.
Reduction of radical expressions™to those involving fractional ex-
ponents should be given as well as the inverse transformation. The

‘rulés for performing the fundamental operations on o‘(pressxons
mvolvmg radicals, and such transformutmns as

‘n . Y % vt R Y s~y n N _.(:_‘{_@ . _j *
\/El—bglfw/ab"-l» Janb =a.1/b, ‘/5_‘_ ‘/c- |
.+ should bé included. In close connection with the work on exponents‘
.. and radicdls there ‘should be given as much of ‘the theory of log-
T mt.hms as is involved in their application to computntmn and suff-
: clent practlco in thenr use in coxnputatmn to unpart o fair degree of, .




MATHEMATICS FOR YEARS 10-12, .81

() Arithmetic and geometric progressions: The formulas for the
nth term and the sum of n terms should be derived and applied to
significant problems, : B s

(/) Binomial theorem: A proof_for positive integral _exponents
should be given; it may alsa be stated that the formula applies to
the case of negative and fractional exponents under suitable restric-
tions, and the problems may include the usé of the formula in these
cases as well as in -the case of positive integral exponents.

3. Solid geometry.—The aim of the work in ‘solid geometry should .
be to exercise further the spatial imagination of the student and to
give him both a knowledge of the fundamental spatial relationships
and the power to work with them. -It is felt that the work in plafie
geometry gives enough training in logical demonstration to warrant
a shifting of emphasis in the work on solid geometry away from this
aspect of the subject and.in the direction of developing greater
facility in visualizing sPatial relations and figures, in representing
such figures on' paper, and in solving preblems in mensuration.

For many of the practical applicafions of mathematics it is of
fundamental importance to have accurate space perceptions. Hence
it wouliseem wise to have at least some-of the work in solidgeometry
come as early as possible in the mathematical courses, preferably
not later than the beginning of the eleventh school year. Some
schools will find it possible and desirable to introduce the more ele-
mentary notions of solid geometry in connection with related ideas
of pléne geometry. : S . —

The work in solid geometry should include numerous exercises in
computation based on the formulas established. This will serve to
correlate the work with arithmotic and algebra and to furnish prac-
tice in_computation. . ' o o
. - The following provisional outline of subject matter-is submitted :

~ a. Propositions relating to lines and planes, and to dihedral and
trihedral angles. - . : S

b. Mensuration of the prism, pyramid, and frustum; the (right
circular) cylinder, cone and frustum, based on an informal
treatment of limits; the sphere, and the spherical triangle.

¢. Spherical geometry. ' B - .

d. Similar solids.. : _ - =

Such theorems as are necessary as a basis for the topics here out-
lined should be studied in immediate connection with them.

_ ‘Desirable simplification -and" generalization may. beé: introduced
into - the ¥réatment of mensuration theorems by employing ‘such
theorems as Cavalieri’s. and Simpson’s, and the Prismoid Formuyla;

* but rigorous proofs or derivations of these need not be included. -
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Beyond the range of the’ mensuratxon topics mdlcated above, it
seems preferable to employ the methods of the elementary calculus.

- (See section 6, below). .

It should be possnble to complete a minimum course covering the
topics outlined above in not more than one-third of a year.

The list of proposltlons in solid geometry given in Chapter VI
should be considered in connection with the geneml principles stated

-at the beginning of this section. By requiring formal proofs to a.
more limited extent than has been customary, time will be gained

" to” attein the afms indicated and Jo extend the range of geometrical
information of the pupil. Care must be exercised to make sure thut
the pupil is thoroughly familiar with the facts, with the associated
‘terminology, with all the necessary formulas, and that he secures the
necessary practice in working with and applnng the information
acquired to concrete problems.

4. Trigonometry.—The work in elementar) trigonometry begun
in the earlier years should be completed by including the logarithmic
solution of right and oblique triangles, radian mensure, graphs of °
trigonometric functions, the derivation of the fundamental relations
between the functions and their use in proving identities and in

- solving easy trigonometric equations. The use of-the transit in con-

* nection with the simpler operations of surveying and of the sextant
for some of the simpler ‘astronomical observations, sych as those -
involved in finding local time, is of value; but when no transit or
_sextant is available, simple apparatus for mensuring angles roughly .

. may and should be-improvised. -Drawings to scale should form an’
essential part of the numgrical-work in trigonometry. - The use of

- the slide rule in computations reqmrmg only three-place accuracy
and in checking other computations is also recommended. ‘

5. Elementary statistics.—Continuation of the earlier work to
*include the meaning and use of fundamental concepts and simple
frequency distributions with graphic representations of various -
. kinds and measures of central tendency (average, mode, and median).

6. Klementary calculus.—The work should include:

(@) . The general notion of a derivative as a limit indispensable for
the accurate expression of such fundamental quantities as \eloclty ’
of a moving body or slope of a curve. . o

()] Apphcatlons of derl\'atlves to easy problems in rates and-in
maxima and minima.

- (¢) Simple..cases of i mverse probloms e. g, ﬁndmg dnstance from .
veloclty, etc. - ) .

@ Approxnmate methods of summatuon leadmg up to mtegra- .
- tion as.3 powerful method of summatnon
3 (e) Apphcatlong to mmple cases. of mot|on area, volumo nnd :
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Work in the calculus should be largelygraphic and may be clogely
reluted to that in physics; the necessary technique should be reduced
to a minimum by basing it wholly or mainly. on algebraic polynomials,
No formal study of analytic geometry neced be presupposed beyond
the plotting of simple graphs. e o :

It is important to bear in mind that, while the elementary calculus
is sufficiently easy, interesting, and valuable to justify its introduc-
tion, special pains.should’ be taken to .guard against any lack of
thoroughness in the fundamentals of algebra and geometry. No -
possible gain could compensate for a real sacrifice of such thorough-
ness., ! ‘ . C

It should also be horne in mind that the suggestion of includiné
elementary calculus is not intended for all schools nor for all teachers
or all pupils in any school. It is not intended “to connect in any’
direct way with college entrance requirements. The future college
student will have ample opportunity for calculus later. The capa-
ble boy or girl who is not to have the college work ought not on
that account to be prevented from learning something of the use of
this powerful tool. The applications of elementary calculus to
simple concrete problems are far more-abundant and more interesting
than those of algebra. The necessary technique is &xtremely simple,
The subject is commonly tuught in secondary schools in England,
France, and Germany, and appropriate English texts are available.?

7. History and biography.—Historical and biographical ‘material
should be used throughout to make the work more interesting and -
significant. - ; "l 2

8. Additional electives.—Additional electives such as mathematics of
investment, shop mathematics, surveying and navigation, descriptive
or projective geometry will appropriately be offered by schools which
have special needs or conditions, but it seems unwise for the national
committee to attempt to define them pending the results of further
experience on the part of these schools. . : .

111. PEANS FOR ARRANGEMENT OF THE MATERIAL.

In the majority of high schools at the present time the topics -
suggested can probably be giver most advantageously as separate
units of -a three-year program.’ However, the national committee
is of the opinion that methods of .organization are being experi-
‘mentally perfected whereby teachers will be ensbled to present much
- of this material more effectively in combined. courses unified’ by

one ‘or more of such central ideas, 'functionalit,_v' and graphic
-representation. : o T o,

3 Quotations and typleal probloms from one of these toxts will bo found In & supplementary note appended
‘8o thischapter. - hd . . : U .
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As to the arrangement of the material the committee gives below
four plans which may be suggestive and helpful to teachers in arrdng-
ing their courses. .No one of them is, however, recommended "as

superior*to the others.
PLAN A.

Tenth year: Plane demonstrative geometry, algebra.
Eleventh year: Statistics, triggnometry, solid geometry.
Twelith year: The calculus;-other elective.

* PLAN B, .

Tenth year: Plane demonstrative geometry. solid geometry. L2
Eloventh year: Algebra, trigonometry, statistics. .
Twelith year: The calculus, other elective.

PLAN C. . .

Tenth year: Plane demowngtrative geometry, trigonometry.
. Eleventh year: Solid geontetty, algebra, statistics.
Twelith year: The calculus, other elective.

PLAN D.

Tenth year: Algebra, statistics, trigonometry, -
Eleventh year: Plane and solid geometry.
Twelfth year: The calculus, other elective.

" Additional information on ways of organizing this material will
be found in Chapter XII on Mathematics in Experimental Schools.

Sm’nmxnmnf NotE oN THE CALcuLUS A8 A Hicn-ScHOOL SUBJECT.

In connection with the recommendations concerning the calculus, such questions
as the folldwing may arise: Why should a college subject like this be added to a high-
school program? How can’it be expected that high-school teachers will have the
necessary training and attainments for teaching it? Will not the attempt to teach®.
such a subject result in loss of thoroughness in earlicr work? Will anything be
gained beyond a mere smattering of the theory? Will the boy or girl ever use the

" information or training secured? The subsequent remarks are intended to answer
such objections as these and to develop more fully the point of view of the committee,
“in recommending the inclusion of elementary work in the calculus in the high-school
program.

By the calculus we mean for the present purpose a study of rates of change. In
nature all things change. How much do they change in a given time? How fast
do they change? Do they increase or decrcpse? When docs a changing quantity
Become largest or smallest? How caii rates of changing ‘quantitics be compared?

These are some of the questions which lead us to study the elementary calculus.
Without its essential principles these questions can not be answered with definitenesa,

The following are a few of the specific replies that might be given in answer o the
questions listed at the beginning of this note: The difficulties of the college calculus
lie mainly outside the boundariesof the proposed work. The elements of the subject
present less difficulty than many topics now offered in advanced algebra. It is not
implied that in the near future many secondary-school teachers will have any occasion
to téach the elementary calculus. It is the culminating subject in & series which
only relatively atrong schools will complete and only then for a selected group- of
students, In mich schools there should always’be teachers competent to teach the

<" elementary calculus here intended. No superfigigl study of calculus should be
regarded as justifying any substantial sacrifice of thoroughness. 1In the judqment of
. the committee the introduction of elementary calculus necessarily includes suffcient
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algebra and geometry to compensate for whatever diversion of time from these subjecta.

would be implied. ne o 2 . ,°

" The calculus of the algebraic polynominsl is so simple that a boy or girl . who is

capable of grasping the idea of limit, of slope, and of velocity, may in a brief time

‘gain an outlook upon the field of mechanics and other exact sciences, and acquire
a fair degree of facility in using onc of the modt. powerful tools of mathematics, together
with the capacity-for solving & number of interesting problems. Morever, the funda’
mental ideas involved, quite aside fram their technical applications, will provide
valuable training inh undeystandjing and analyzing quantitative relations—and such
training is of value'to everyone. ) . ) '

. The following typiral extracts from an English text intended foruse in secondary

schools may be quoted:- U
.. ‘1t has been said that the calculus isthat branch of mathematics which a_éhoolboys

* undevtand and senior wranglers fail to comprehend. * * * o longngﬁiegnphic
treatment and practical upplications of the calculus are kept in view, thesubject is
an extremely easy and attractive one. Boys can be taught the subject early in their
mathematjcal career, and there is no part of their mathematical training that they
enjoy better or which opens up to them wider fielde of useful exploration. * * @
The phenomena must first be known practically and then studied,philosophically.
To reverse the order of these processes is impossible. '’ -

The text in question, after an interesting historical sketch, deals with such problems
as the following: P )

A train is going at the rate of 40 miles an hour. Represent this graphically.

At what rate is the length of the daylight increasing or decreasing on December
31, March 26, etc.? (From tabular data.

A cart poing at the rate of 5 miles per hour passes a milestone, and 14 minutes after-
wards a bicycle, going in the same direction at 12 miles an hour, passes the same
milestone.  Find when and. where the bicycle will overtake the cart. ..

" A man has 4 miles of feneing wire and wishes to fence in a rectangular piece of
prairie land through which a straight river-Bows, the bank of the stream being utilized
a8 one side of the inclosure. How can he do this 8o as to inclose a8 mue land as

- poasible? . . . . :
Xcirculac tin canister closed at both ende has a surface area of 100 square oenti-

meters. Find the greatest volume it can contain. * 3 .

Post-office regulations prescribe that the combined' length and girth of & parcel
must not exceed ¢ feet. Find the maximum volume of & parcel whose shape is &
prism with the ends Rquare. - . O .

A pulley is fixed 15 feet above the ground, over which Passes a rope 30 feet long
with one end attached to a weight which can hang freely, -and the other end is held -
by a man at a height of 3 feet from the ground. The man walks horizontally av}g
from beneath the pulley at the rate of 8 feet per second. Find the rate at which the .
weight rises when it is 10 feet above the ground. . ) . O

The pressure qn the surface of a lake due to the atmosphere is known to be 14 pounds
per square inch. The pressure in the liquid z inches below the surface is known to
be given by the law dp/dz==0.036. - Find the pressure in‘the liquid at a depth of 10
feet. . . . o

The arch of a bridge is parabolic in form. It is 5 feet wide at the base and 5 feet
high. Find the volume of water that passce through per second in a-flood when the

‘water.is rushing at the rate of 10 feet per second. o E o :

A force of 20 tons-comprosscs the spring buffer of & railway stdp through 1 inch, and

~ the force is always proportionalto the compression produced.” Find the work done
by a train which compresses s pair of such stops through 6 inches. C

- - Theee may illustrate the aims and point of view of the proposed work. It will be

_n.o‘tod that pot all of them involve calculus, but those that ﬂo. ?ot lead uptoit.. .

o
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Chapter V.
COLLEGE ENTRANCE REQUIREMENTS.

The present chaptgs is concerned with a study of topics and train-
ing in elementary n&hcmatics that will have most value as prepara-
tion for college work, and with recommendations of definitions of
college-entrance requirements in elementary _algebra and plane
geometry. 2 - s

General considerations.—The primary purpose of college-entrance
requirements is to test the candidate’s-ability to benefit by college
instruction. This ability depends, so far as our present inquiry is
concerned, upon (1) generul intelligence, intellectual maturity and
mental power; (2) specific knowledge and training required as prepa-
ration for the various courses of the col'2ge curriculum.

Mathematical ébility appears to be a sufficient but not a necessary
condition for general intelligence.! For this, as well as for other
reasons, it would ‘appear that college-entrance requirements in mathe-
matics should be formulated primarily on the basis of the special knowl-
edye and training required for the successful siudg/ of couraes which the
student will take in college. " —

The separation of prospective college students from the others in
the early years of the secondary school is neither feasible nor desirable.
It-is tharefore obvious that secondary-school courses in mathematics
can not be planned with specific reference to college-entrance require-
ments. Fortunately there appears to be no real conflict of interest
between those students who ultimately go to college and those who

do not, so far as mathematics is concerned. It will be mad&whear _

in what-follows that a course in this subject, covering from two to
two and one-half years in a standard four-year high school, and so
planned as to give the most valuable mathematical training which
the student is capable of receiving, will provide adequate preparation
for college work. i

Topics to be included in’ high-school courses.—In the selection of
material of instruction for high-school courses in mathematics, its

" value as preparation for college courses in mathematics need not be

‘specifically copsidered. Not all college students study mathematics;

it is therefore reasonable to expect college departments in this sub-

} A recont invegtipation made by the departmerit of psychology at Dartmouth College showed that.all
students of high rank in mathematics had a high rating on general intelligence; the converse was not true,
. bowever. a e

36 . H ' ‘ . . } : L
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. ;

"1 ject to adjust themselves to the previous preparation of théir stu-
. :}oms. Nearly all college students do, however, study one or more
of the physical sciences (astronomy, physics, chemistry) and one or
more of the sociaPsciences (history, economics, political science, soci-
ology). Entrance requirements must therefore insure adequate
mattiemalical preparation in these subjects. Moreover, it may be
assumed fhat.adequate preparation for these two groups of subjects
will be sufficient for all other subjects for which the seconda& schools
may be expected to furnish the mathematical prerequisites. -

The national committee recently conducted an investigation for
the purpose-of securing information as to the content of high-school
courses of instruction most desirable from the poing of view of prepa-
ration for college work. A number of college teachers, prominent in
theirr tive fields, were asked to assign to each of the topics in the
fnm?g'?able an estimate of its value as preparation for the ele-
mentary courses in their respective subjects. Table I gives a sum-
mary of the replies, arranged in two groups—*Physical sciences,”.
including astronomy, physics, and chemistry; and * Social sciences,””
including history, economics, sociology, and political science..

_The high value attached to the following topics is \signiﬁcant:_
Simple formulas—their meaning and ‘use; the linear and quadratic
" functions and variation; numerical trigénometry: the use of logu-
rithms and other topics relating to numerical computation; statis- -
tics. These all stand well above such stundard requirements as
arithmetic and geometric progression. binomial theorem, theory of
exponents, simultaneous equations involving one or two quadratic

eqaations, and literal equations. . - S
These results would seem to indicate that a modification of ‘present

college-entrance requirements in mathematics is desirable from the
point of view of college teachérs in departments other than mathe-

1 matics. It is interesting to note how closely the modifications

' suggested by thisinquiry correspond to the modifications in secondary-

school mathematics foreshadowed by the'study of needs of the high-
school pupil irrespective of his possible future college attendance.

The recommendations made in Chapter II that functional relation-

ship be made the “underlying principle of the course,” that the
meaning and use of simple formulas be emphasized, that more atten-
tion be given -to numerical computation (especially to the methods

relating to-approximate data), and that work: on numerical trigo- .

nometry and statistics be included, have recéived widespread ap-
proval throughout the country. That. they should be i such close
uccord with the desires of college—teachers in thedfields-of physical
and social scienees as to entrance requirements is striking. We find

‘here the jystificatidn for the belief expressed earlier in this reporss-

that there is ‘no real conflict between the.needs of students who- '

‘ultimately g to college and those who-do not. -

3
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TasLr 1.— Value of topics as preﬁaratwn Jor elementary colltge courses. :

(in the headings of the' table, ¥ = essantial, ¢« of considerable value, 8 =of some valne, O« of little or no
ulue, =number of replies reccived. The figures in the first four ocolumns of each group are percent-
ofthe numlw of replies recvived.) \

IS
Physical scicnces. I Social sciences.
Ecls o
Negative numhen-mclr meaning and use | 5)10) 3§
Imaginary numbers—their meaning and use. 231241253
simple formulas—their meaning and w8y 2.,.
. Graphic representation of statistical BBWL ... ... 57(28;15) 3
~ " QGraphs{mathemaiical and rml»mml
(a As s method utn]\mnumg cpendcn«\ ............ 62116122 ...,
Asa methad of st \ma problems. .. ..., el e
The mmr function, yremrt b, ... MER .
The quadratic unction, y=dri+bdr4 ¢ Jwlajwr] s
hquaumw Problems lcading to— 3
Linear oqu‘unmm QO UNKNOWRN .. ... N 2,....0....
Juadratic cquations in ong nnknown...... das s 2
ultancous bnear oquations in 2 viiknowns. . 1|2l 312
\llmululwms lincar cquationsin more than 2unknowns.[ 43 | n | 23| 6
One quadratic and- one linear equation i 2unknowns .| 0§ 2¢ | 271 9
Two uadratio muaumwm. unknowns. ..., 19(28; 22
b o Squal of higher degree than the mmnd |32 ! % R
. c% ustions (oum than formulas). IN|320 7 103
Ranoun proportion Nl 3 530 31 |28 wl s
w2017 |0 1" SR 252
Numml computation: » . | { .
With approximnate data—mh.nnl nse of significant F r ' .
1res . B....0 339 40 ;27| 20]18
Shortcnt m . IS124 000 |37120.35| 2312
Use of Jogarithnmis 621200 71 2142012 2920199
Uso of other tubles to' tevlanfoel Slanfax miaiae
Use qfslide rule. H|W[2Wl12|3sp1t (0] |
Theory of expone Bt sl taials!
eory of logarithms THIXB 20 I8 38 713201600
Arithmelc progression, 21613238 (1337|281 29 | 1235 !
Goomotric rqrumol 1912740 | 0413728251835
Binomial theorem 3132181313713 q 27|40
l’mbnblllly.. 9132{41419 (3220 | & 10,
Hiatistics: .
Meaning and_use of clementary concepts. . w1 wl M| -5]-51i
F‘t«quancy distributions and frequency curves 151191°35-132 126 |47 | 10 10
O OM . - ]| I8139(32]28(33(47|14) @ l
* Numerical lﬁgonumt'lry 5
Use of sine, cusine, and tangent In the solution of mnple . i
,-m,blems involving right triangles 21 Blasl. ...l 25]75
Demonstrative geometry............. 161121 6|34 |....121 {43368
Plaue trigonometry (usual conne) 11 s5|x B 313y
Analytic geometry: t ) g 8
unduental conceptions uml wethodsintheplanc.... 32 419 3|a1d....115138 | 46
Sy:lemuuc trestment of — oy I .
Straight line cH-37120] 935 9| 91864
Circle. ..........¢.. 20i4)121 9(3 3
Conic sections 181411261534 73
* Polur 18: 26141 :15| 34
1238 aai 1234
R - __.___..‘,w__. e e
. .
. 4
» - "
k]
(
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o o
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COLLEGE ENTRANCE REQUIREMENTS. 89
TanLB 2.—Topies n order of value as preparation for elementary college courses,
figures In the column hesded “E” are taken from Table 1, taking in ach case the i
--lc"':"ﬁfm there ven. The column headed “E+C* gi’\'es in el:hrtlane u;“’wm of e::{)‘#u‘n‘:
! ]

for “F." and “C.» ‘An sstensk indicates that the topic in question is now included in the defnitions of
- the college entrance cxamunation hoard.?} .

*Lincar oqmﬂon; in one unknown
Rimple formitlas—thelr meaning and use
*Ratio and proportion...... Boog

sNegatlt @ nuinbars—their meaning and ki
2Quadratic equations in one unknown. . 18
The lincar fnction: yemz4d................. ™
*Simnltancous linear eprations in two unk nowns n
Nunteris al trigonometry—the nse of the sine, cosine

protdems involving right triangles.. R
*"emonstrative geotetry . ... ...... 68
| "se of Jugarithms In computation. .

*ciraphs as 8 method of representing P
Computation with appoorimate data—iational nse of o

The quadratic function: yeard+bsve................ .. 59
Flane trigonometry - -ushul conrse. .. .. .. .. 8 L
Graphic representation of statisticaldata........... 87

‘Statistics—meaning mid use of elementary cotcepts
Nartatlon............. . il
Statisties— fm\lmwv disgributions and cur
*tiraphic solution of probiems. .
*literaleuations. . .. ... ..o.eeea.. ..
*Kimultancous linear equations in more than 2 inknown
*3tmaltancois equations, one quadratic, one lincar. ......
*Theory of exponents
®liinomial theorem. . .
Analytic geometry oftha straghit in
Theory of lorarithm

“ Statistics—-correlatio . )
Analytic geomet ry—fundan 7
. *Simultancous quadratic e uation s
Analytic grometry of the efrcle. .. . T2
Short-cut methods of computation.................... 63
’so of tuhles 1n compatation (other than Jocarithms).. [
Usoofslidorule........... ¥ AN @
Imaginary nimiers A 41
@ Arithin te progress n 5
SUicometric progression, 21 4.
1'robability.. ... ..., 2 55
Conie sections. . ... It £
Pofar coordinates. . ...... ., 500000 000000,00T0000EECE000T N “
FEmpirical curves aud fitting curves to ohservations. . . 5060 000 12 .0
Fyuations of higher degree than the socond. .. ....ooeuuinnnrvuunnnnonnnono i S ol 100 42

. e .

* 1 The list includes all the requirements of the college entrance exanunation bord nm»ct’ those relating
Lo algebraic tochnique.  The topic of " Negative bumbers ' has also been given o asterks i, #5 1L is Hlearly
impliedd, though not explicitly mentioned, in the . E. E. B. dofinitions,

"« The attitude of the colleges.—Mathematical instruction in this coun-
try is ut present in a period of transition. While a considerable num-
ber of qur most progressive schools have for several years given
courses embodying most of the recommendations contained in Chap-

~ters 11,- 111, and 1V, of the present report, the large majority of
schools are still continuing the older types of courses or aro only just

. beginning-to introduce modifications. The movement toward reor-
ganization is strong, however, throyghout the country, not only in

.the standard -four-year high schools but also in the newer junior

“high schools. . T K

During this period of transition it should be the policy of the col-
leges, while exerting a desirable steadying influence,. to help the
~movement toward a sane reorganization. In particular they should

5 . oo
o Vo el e
3

-{'f take care not to place obstacles in the way of changes which ‘ar‘e“‘.;&
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- clearly in the interest of more effective college preparation, as well
as of better general education. ) ¥
College-entrance roquirements will continue tu exert a powerful
influence on secondary-school teaching. Unless they reflect the
spirit of sound progressive tendencics, they: will constitute a serious
" obstacle. )
In the present chapter rovised definitions of college-enirunce re-
. quirements in plane geometry and elementary algebra are presented.
So far as Rlade geometry is concerned, the problem of definition. is
. comparatively simple. The proposed definition of the requirement
in plane geometry does not differ from the one now in effect under
. the college entrance examination board” A list of propositions and
constructions has however been ‘prepared, and is given in the next
chapter for the guidancé of teachers and examiners. e -
~ In elementary algebra a certain amount of flexibility is obviously
necessary both on account of the quantitative differences among col-
leges and of the speciy) conditions attending a period of trunsition.
The former differences are recoginized by the proposal of & minor.and
& major requirement in elenientary algebra. The second of these
includes the first and is intended to correspond with the two-unit
rating of the C. E. E. B. :
In connection with this matter of units, the committee wishes pur-
" ticularly to disclaim any emphasis upon a special number of yeurs or
hours. The unit terminology is doubtless too well established to bo
- entirely ignored in formulating college-entrance requirements, hut
~ the standard definition of unit * has never been precise, and will now
become much less so with the inclusion of the newer siX-year pro-
gram. A time allotngent of 4 or 5 hours per week in the seventh year
-can certainly not have the same weight as the same humber of iours
in the twelfth year, and the disparity will vary with different sub-
jects.  What is really important is the amount of subject matter and
the qualily of work done in it. The “unit” can not be anything but -
8 crude approximation to this. The distribution of time in the
school program should not be determined by any arbitrary unit
cale. . '
As a further means of securing reasonable flexibility, the commit-
tee recommends that for a limited time—say five years—the option
" be offered hetween examinations based on the old and on the new
.definitions, so far as differences between them may make this

desirable. .

So

- In. view of the changes taking place at the present time in mathe-
. _matical courses in'secondary schools, and the fact that college-entrance

o o ey e e

' 3The following definition, formulated by the Nations) Committec on Standards of Golleges and Secondary ~
Schools, has Leen givep the approval of the C. E. E. B. “A unit foprescnts a year's study in sny subject
. ina dary school, constityting spproxi ly a q of 8 full yoar's work, A four-year secondary
" gohool clirrioulum should be regarded as representing not more t=n 18 units of work.” L. .
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requirements should so soon as possible reflect’ desirable changes and
assist in their adoption, the national committee recommends that
cither the American Mathematical Society or tho Mathematical Asso-
ciation of America (or both) maintain a permanent committee on
college-entrance requirements in mathematics, such a committee to
work in close cooperation with other agencies which are now or may
in the future be concerned in a responsible way with the relations
between colleges and secondary schools.’

DEFINITION OF COLLEGE ENTRANCE REQUIREMENTS. :
ELEMENTARY ALGEBRA. ‘

Minor requirement.—The meaning, use, and evaluation (including
the necessary transformations) of simple formulas involving idens
with which the student is familiar and the derivation of such formulas
from rules expressed in words. - :

The dependence of one variable upon another. Numerous illus-
trations and problems involving the lirear function y=mz+b.
[Ulustrations und problems involving the quadratic function y=kr,

The graph and graphic representations in general; their construc-
tion and interpretation, including the representation of statistical
data and the use of the graph to exhibit dependence.

Positive and negativé numbers; their meaning and use. .

Lirear equations in one unknown quantity; their use in solving

* problems. ’ o . . :

Sets of lineur equations involving two unknewn quantities: their
use in solving problems. . '

- Ratio, us a case of simple fractions; proportion without the
theorems on alternation, etc.; and simple cnses of -variation.

‘The essentials of algebraic techiique. This should include— -

(1) The four fundamental operations. :

(b) Factoring of the following types: Common factors of the terms
of u polynomial; the difference of two squares; trinomials of the
second degrpe (including the square of a binomial) that can be easily
factored by trial. . .

() Fractions, including complex fractions of a simple type.

(d) Exponents and radicals. The laws for positive integral ex-
ponents; the meaning and use of fractional exponents, but not the -
formal ‘theory. The consideration of radicals may be confined -to

- the simplification of expressions of the form ya% and va/b and to
the evaluation of simple expressions involving the radical sign. A
process for extracting the square root of a nuimber should be included
but not the process for extracting the square root of a polynomial. -

s
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Numerical trigonometry. The use of the sine, cosine, and tangent
in solving right triangles. The use of three or four place tables of
_ natural funétions. . -
Major requirement.—In addition to the minor requirement as
specified above, the following should be ircluded:
Hlustrations and problems involving the quadratlc function y=

ar +br+ec.
Quadratic oquamms in one unkuown, “their use in solvmg prob-
lems. Lo

Lxponents and radicals. Zero and negmtive exponents, and more
extended treatment of fractional exponents. Rutlmmlmng denom-
initors.  Solution of simple ty pes of radical equations.

The use of logarithmic tables in computation withoug the form:d
theory.

l"lemcnmrv statistics, including a kno\\letlge of the fundamental
concepts “and suuple frequency dlslnbutnom’, with graphic repre-
sentations of various kinds.

" The binomial theorem for positive integral exponents less than 8;
with sach applications as-compound interest. |
The formula for the nth term, and the sum of n terms, of arithmetic

and geometric progressions, with applications. ‘

Siumultaneous linear equations in three unkhown quantities and
simple cases of simultaneous equations involving one or two quad--
ratic equations; their use in solving: problems.
~ Drill in algebruic manipulation should he limited, partxcularlv i
the minor requirement, by the purpose of securing a thorough undm&
standing of important principles and facility in carrying out those
processes whidh are fundamental and of frequent occurrence either
in common life or in the subsequent courses that a substantial pro--
_portion of .the pupils will study: Skill in manipulation must be
‘conceived of throughout as a menns to an end, not as an end in itself.
Within these limits, skill and accuracy in nlgebraic technique are of
prime importance, and drill in this subject should be extended far
enough to enablp students to carry out the fundamentally essentiul
processes accurately and with reasonable speed.

The consideratiop of literal equations, when they serve a significant
purpose, such as the transformation of formulas, the derivation of a
; general solution (as of the quadratic_ eqnatnon), or thé prgof of a
" theorem, is important, As n means for drlll in algebraic tefhnique

they should be used spafingly. :

The solution of- proﬁems should offer opportunity throughout the
course for considerable arithmetical and computational work\F The

. conception of algebra as an extension of arithmetic should be| made
significant botb in numerical applications and in elucidating algebraic

o
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principles. Emphasis should be placed upon the use of common
sense and judgment in computing from approximate data, especially
with regard to the number of figures retained, and on the necessity
for checking the results.: The use of tables to facilitate computation
(such as tables of squares and square roots, of interest, and of trigo-

nometric functions) should be cncouraged. .

PLANE GEOMETRY,

The usual theoreins and constructions of good texthooks, including
the general properties of plune rectilinear figures; the circle and the
measurement of angles; similar polyeons; arens: regulur polygons and

-the measurement of the circle. The solution of numerous original
gxercises, including locus problems. Applications to the mensuration
of lines and plane surfuces. ) :

.The scope of the required work in_plane geometry is indjcated by
the List of Fundameital Propositions and Constructions, which is
given in the next chapter. This list indicates in Section I the type
of proposition which! in the opinjon of the committee, may be assumed
without proof or given informal treatment. Section 11 contains 52
propositions and 19 constructions which are regarded as so funda-
mental that they should constitute the common minimum of all

0 o

- standard courses in plane geometry. Section 111 gives a list of sub-

sidiary theorems which suggests the type of additional propositions
that should be included in such courses. '

College-entrance exami nations.~—College-entrance examinations exert
in many schools, and especially throughout the castern seetion of the
country, an influence on segondary school-tenching which is very far-
reaching. It is, therefore, well within the provinee of the nationa)

. committee to inquire whether the prevailing type of examination in

mathematics serves the best interests of mathematical education and
of college prepafation. : I

The reason for the almost controlling influence of entrance exami-
nations in the schools referred to is readily recognized. Schools
sending studbnts to such colleges for men as Harvard. Yale, and
Princeton, to the larger colleges for women, or to any institution
where examinations form, the only or prevailing mode of admission,
inovitably direct their instruction toward the entrance examination. -
This remains true even if only a small percentago of the class intends
o take thesg examinations, the point being that the -success of a
. teacher is often measured by the success.of his or her students in these
examinations. ST R

In the judgment of. the committee, the prevailing type of ‘entrunce
examination in algebra is primarily a test of the candidate’s skill in

~" 5 PR
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fornml manipulation, and not an adequate test of his understandmg
‘or of his ability to apply the pnnclplos of the subject. Morcover, it
is quite generally felt that the difficulty and complexity of the formal
manipulative questions, which have appeared on recent papers set by
colleges and by such agencies as the College Entrance Examination
Board. has often beed excessive. As a result, teachers preparing
puplls for these examinations have movxtably been led to devote an’
excessive amount of time to drill in algebraic tochmque, without
insuring an adequate understanding of the prmclplt's involved. Far
from providing the desired facility, this practice has tended to impair
For “practical skill, modes of effective- technique, can be inteHi-
' gvntl), nonmechumcally used only when intelligence has played »
part in their acquisition.” (Dewey; How We.Think, p. 52.),
_Moreover, it must be noted that autkors and\pubhshers of text- °
books are @nder strong pressute to make their content’and distri-
bution of emphasis conform to the prevailing type of entrance
examination. Teachers in turn are too often unable torise above the
textbook, An improvement in the examinations in this respect
will cause a- corresponding i improvement in textboolyggnd in teaching:
On the other hand, the makers of entFance éxiiminations in alg ~Inu
cannot be held solely responsible for the condition described. Theirs
is a most difficult: pt‘oblem‘ Not only can they reply that as long as
algebra is' taught as it is, examinations must be largely on techmque,

. -but they can also claim with considerable force that technical facility
is the only phase of algelra that can be fairly tested by an exam-
ination; that a candidate can rarely do himself justice amid unfamil- .
iar surroundmgs and subject to a time limit on questions involving
real thinking in applying principles to concrete situations; and thut *
we must face here a real limitation on the power of an examination
to test attainment. Many, and perhnpe most, teachers will agree

~with this claim. Past experience is on their side; no generally
accepted and effective “ power test” in mathematics hus as yet been
devised afd, if devised, it might not be suitable for use under condl-'
tions prevallmg during an entrance examination.

v But if it is true that the power of an exummatlon is thys. mevxtabl\
limited, the wisdomand fairness of using it as the sole" means of

- admission. to collegé is surely open to.grave doubt. That many
unquaulified candidiites are admitted under this system is not open to
_question. s it not probable-that many quahﬁod candidates are at

.. the same time excluded ? If thegntrance examifiation is a fair test .Jj

" of manipulative skill only, s vt the colleges ‘use additional -
means for learning somethmg am 't_-"'t,he’.lcgindj,ddtg’s o‘ther abili_tics
“and quahﬁcatlons? : T S '

.1 4'The viclous circle s now complete Algolml n\twght mechumcally brcau-n of the ch.mm ot the .
3 :,'“ cmmonmlmtlon. :the examination, in"oeder to'be. hlr, must conlorm w thuhmcm of the t.whln..

¥ e e
2 “u.’{ . 4’!,
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Some teachers believe that an effective “power test” in mathe-, ,

matics is possible. Efforts to devise such a test should receive every
encouragenment. . : .

. In the meantime, certain desirable modifications of the prevailing
type of entrance examinations are possible.” The college entrance ex-
amination ‘board recently appointed a committee to consider this
question and a conference * on this subjéct was held by representa-
“tives of the college entrance examination board, members of -the
mnational committee. and others. The following recommendations are
taken from the report of the committee just referred to: "

Fully one-third of the ?umions should be based on_topics of such fundamental
importance that they will have been thoroughly taught. carefully reviewed. and
deeply impressed by effective drill., , .. . They should be of such a degree of
di(ﬁl:rulty t{:at any pupil of regular attendance, faithful application, and even moderate
ability may be eXpected to answer them satisfactorily. .

There should be both simple and difficult questions testing the candidate’s ability
to apply the principles of the gub}'ect. - The earlyones of the casy questions should
be real 1\; eaqy for the candidate of good average ability who can do a little thinking
under the strese of an examination: but even these questions should have genuine
scientific content. . g

There should he a substantial question which will put the best candidates on their
mettle, but which is not beyond the redch of a fair E’mportion of the really good can-
didates. This question should test the normal wor ings of a well-trained mind. » It
should be capable of heing thought out in the limited time of the examination. It
should he a test of the candidate's p and insight--not a catch question or a

-question of unfamiliar character making extraordinary demands on the critical
powers of the candidate, or one the solution of which depends on an inspiration,
Ahove all, this question should lie near to the heart of the subject as all well-prepared

" candidates understand the subject. . - - : - S

Asarule, a question should consist of a single J)nrt and be framed to test one thing—
not pieced togetherout of several unrelated an perhaps unequally img‘ortant parts.

Each question should be a subatantial test on the topic or topice which it repre-

e mentai Ilt, is, howeter. in the ngture of the case impoasible that all questions be of
equal value. .

i(‘.are eliould he used{hat the examination be nottoolong. * * * The examiner
should be content to ask «uestions on the important topics, so chesen that their
angwera will he fair to the candidate and instructive to the readers: and beyond this

* merely to mmple the candidate’s knowledge on the minor topics.

The national committee suggests _the following additional prin-

- ciples: The examination as & whole should, as far a practicable,
reflect the principle that algebraic technique is a means to an end,
and fiot an ond in itself. e L .
Questions that require of the candidate skillt in algebraic manipu-
‘lation .beyond the needs of actual application should be used very
sparingly. : . S ; -
An effort should be made to devise questions. which will fairly
test-the candidate’s understanding of principles and his ability to
-+ apply them, while involving a minimum of manipulative complexity.

tions (of the college entrance examination board), be reported by letters A, B, C, D, Eand that the *
definitiin of the groups represented by these letters should be determined in each year by the distribution
of ability in a standard Kroup of papers represanting v.rldely both public and private schools.” i

¢ At this conference the following vose was unanimonaly puaod “Voted, that the results of ex:nmlni-

‘"
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Y The examinations in geometry should be definitely constructed to
" test the candidate’s ability t® draw valid conclusions rather than his
ability to memorize'an arguinent.

- A chapter on mathematical terms and symbols is included in this
Teport.® It is hoped that examining bodies will be guided by the
recommendations thers made relative to the use of terms and symbols
in elementary mathematics. : - .

- The college entrance examination board, early in 1921, appointed
a commission to recommend such revisions as might scem necessary
in the definitions of the requirements in the various subjects” of

* elementary mathematics. The recommendations centuined .in the . -
present chapter have been laid before this commission. . It is hoped
that the commission’s report, when it is finally made effective by
action ‘of the college entrance examination board and the various
colleges concerned, will give impetus to the- reorganization of the
teaching of elementary mathematics along the lines recommended
in the report of the national committee. g 0

¢See Ch. V1L, -

¢ -

o

ERIC

Aruitex: provided by Eric



N -~

Chapter VI. _
LISTS OF PROPOSITIONS IN PLANE AND SOLID GEOMETRY.

General basix of the selection of material.—The subcommittes ap-
pointed to prepare a list of basal propositions made a careful study
of a number of widely used textbooks on geometry. The bases of
selection of the propositions were two: (I) The extent to which the
propositions and corollaries were used in subsequent proofs of im-
portant propositions and exercises; (2) the value of the propositions:
in completing important pieces. of theory. Although the list of -
theorems and problems is substantially the same in nearly all text-
books in general use in this country, the wording, the sequence, and
the methods of. proof vary to such an extent as to render diflicult a
definite statement as to the number of times . proposition is used in
the several books examined. A tentative table showed, lhowever,
less variation than might have been anticipated. ‘

Classification of propositions.—The classification® of propositions
is not the same in plane geometry as in solid geometry. This is
partly due to the fuct that it is generally felt that the student should
limit his construction work to figures in a plane and in which the com-
passes and straight edge are sufficient: The propositions have been
divided as follows: , . o T o

Plane geometry: I. Assumptions and theorems for informal treat-
ment; II. Fundamental theorems and copstructiéns: A. ‘Theorems,
B. Constructions; H1. Subsidiary. theorems. ) )

Solid geometry: 1. Fundamental theorems; II. Fundamental prop-
ositions in mensuration; III. Subsidiary theorems; IV. Subsidiary
propositions in mensuration. -

A ]

PLANE GEOMETRY.

L. Assumptions anw theorems for informial treatment.—This list
contains propositions which may be assumed without proof (postu-
lates), and theorems which it is permigsible to treat informally.

“Some of -these propositions will ap‘pea‘f as definitions’ in certain .

formal proofs in certain cases,/if they desire to do so. The precise
wording given is not.essential, nor i8 the order in which the proposi--

ar

T e Cwfbe o ma @B 3§ o 0h o

methods of treatment. Mareover, teachers shoyld feol free to.require.’ i

. tions are here listed. The list should be. taken as representative of .

e
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the type of propositions which may be assumed, or treated informally,

rather than as exhaustive. , .
1. Through two distinct points it is ible to draw one straight line, and only one.
2. A line segment may be produced to any desired length. . .
3. The shortest path between tiro points is the line segment joining them.
4. One and only one perpendicular can be drawn through a given point to 1 given
straight line.
- = 5. The shortest distance from a point to a line is the perpendicular distance from
the'point to the line.. g . R . .
6. From a given center and with a given radius one and only one circle can be de-
scribed in a plane.
7. A straight line intersects a circle in at most two points. .
8. Any figure inay be moved from one place to.another without changing its shape
or size. .

<

10. If the sum of two adjacent angles equals a straight angle, their exterior sides
form a straight line. -

11, Equal angles have equal complements.and equal supplements.

12, Vertical angles are equal. -

- 13. Two lines perpendicular to the same line are parallel.

4 'l‘hron(pih agiven [mint not on a given straight line, oue straight line, and ounly
one, can be drawn parallel to the given line. : :

15. Two lines parallel to the same line are parallel to each other..

16. The area 0¥a rectangle is equal to its base times its altitude. .

II. Eundamental theorems and constructions. —It is recommended
that theorems and constructions (other than originals) to be proved
on college entrance examinations be chosen from the following Tlist.
Originals and other exercises should be capable of solution by direct
reference to one or more of these propositions and constructions. It.
should be obvious that any course in geometry that is capable of giving
adequate training must include considerable additional matetial. The
order here given is not intended to signify anything as to the order of *

" presentation. It should be clearly understood that certain of the
statements contain two or more theorems, and that the precise word--
Aing is not essential. The committee favors entire freedom -in stute-
ment and sequence. . :

’ A THEOREMS, .

1* Two triangles are congruent if' (a) two sides and the included angle of une are
equal, respectively, to two sides and the included angle of the other; (b) two angles
and a side of one-are equal, respectively, to two angles and the corresponding side
of the other: (c) the three sides of one are equal, respectively, to the t sides of
the other. : - ) .

2.-Two right triangles are congruent if the hypoténuse and one other side of one

-are equal, respectively, to the hypotenuse and another side of the other.

3. . I two sides of a triangle are equal. the angles opposite these sides are equal; and

4. The int (in a plane) equidistant from two given points is the perpen-

dicular bisector of the line segment joining them.- —~——

! Teachers should fée! free to separate this theorem into three distinct theorems and to use other phrase-

.. ology for any such.proposition. For example, in‘1; f"l‘wo triangles aro equal if”” * # ¢ g triangle s
.:+ determined by '® & 7 dte. Similarly in‘2, the statement might read: *Two right tripngles are con-
. . Eruentif, beslde the right angles, any two parts (not both sngles) ti the one are eual to corresponding parts
- ' of the other.” : o O i R 0 . . .

" '* 71t should be understood that the converss of a theorem need not he ‘treated In connection with the
theorem itsell, it being sometiriios better to treat It later. Furthermore a converse may occasionslly be
acepted as true in an elementary.course, if the necessity for proof u'mpde clesr. The proof may thea
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5. The locus ofa point equidistant from two given intersecting lines is the pair of .

lines bisecting the angles formed by these lines. . . .
6. When a transversal cuta two parallel lines, the alternate interior angles are equal;
and conversely. s © o
* 7. The bum of the angles of a triangle is two right &ngles. ]
"8. A parallelogramis divided into con;sment triangles by either diagonal.
9. Any (convex) quadrilateral is a ;]mm lelagram (a) if the opposite sides are equal;:
(b) if two sides are equal arid parallel.

N

10. If a series of parallel linee cut off equal segmants on one transverﬁal, they -cut .

off equal segments on any transversal. - . S v
11, (a) The arca of u parallelogram ig equal to the base times the altitude.
(by The area of a triangle is equal to one-half the hase times the altitude.
() The area of a trapezold is equal to half the sum of its hases timen its altitude.
((1) The ares of a regular polygon is equal to half the product of its apothem and
perimeter. : '

12. (a) |f astraightline ia drawn tinmugh two ides of a triangle paraliel to the third

side, it divides these sides proportionally. .

th) 1f aline divides two sides of a triangle proportionally, it is parallel to the third
side. - (Proofs for commensurable cases only.) : Q

tr) The segments cut off on two trapsversals by a series of parallels are proportional.

13. Two triangles are similar if (@) they have two angles of one equal, roa})octi\'ely,
o two angles of Lhe other: (h) they have an angle of one equal to an angle of the other
and the including sides are proportional; () their sides are respectively proportional,

14. 1f two chords intersect in a circle, the product of the segment(s of one is equal
to the product of the regments of the other. .

« 15. The perimeters of two aimilar polygons have the same ratio as any two corre-
sponding rides. . o . S -

16. Polygons are similar, if they can he decomposed into triangles which are.simi-
lar and similarly placed: and conversely. ’

17. The hisector of an (interiar or exterior) angle of a triangle divides the opposite
tide (produced if necessary) into segments proportional to the adjacent sides.

18. The areas of two similar triangles (or polygons) are to each other as the squares
of any two corresponding sidés. i .

19. In any right triangle the perpendicular from the vertex .of the right angle on
the hypotenuse divides the trig:g ¢ into two riangles each similar to the given
triangle. . - -

20, In a right triangle the square on the hypotenuse is equal to the sum of the
aquares on the other two sides. - . ’

2L. In the same circle, or in equal circles, if two ares are oqual, their central angles
are equal; and conversely. : : .

22. In any circlo angles at the center are proportional to their intetcepted arcs.
(P’roof for commensurable case only. ) ’ ’

237 In the same circle or in equal circles, if two chords are equal their corresponding
arcs are equal; and con \'emels'. g X

24. (a) A diameter perpendicular to a chord bisects the chord and the ares of the
chord.” (b)-A diameter which bisects a chord (that is not a dismeter) is perpendicular
to it, : N . .
25, The tanggnt to a circle at a given point is perpendicular w the fadius at that
point; and conversely. ’ 7 c X .

:26. In the same circle or in equal circles, equal chords are equally distant from
the center; and conversely, . '

27. An angle inscribed in a circle is equal to half the central angle having the

- same arc,

28. Angles inscribed in the rame segment are equal. . =
. 29, If a.circle is divided into equal arcs, the chords of these arcs form a regular
inscribed polygon and tangents at the points of .division form & regular circumscribed

polygon. 2« O

) 35 The circumfererice of a circle is-equak to 2xr. (Informal proof only.) . °
3L? The area of s circle is equal .to x7%. (Informal proof onlje.) . o
The treatment of the. mensuration of the circle should be based upon related theo-

Tems concerning legular.pom”, but it should be informal és to the imitio? Processesa

involved. The aim shoul an understanding of the concepts. involved, so far as

the capacity of the pupil permitas. : : . .

i ©

N\

¥ The total number of theorerns given in this list when separated, as will probably be fornd ndv.nuceom’

LA o st Kl
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B. CONRTRUCTIONS.

1. Bisect a line segment and draw the Yerpendicular bisector.
2. Bisect an angle. .
3. Construct a perpendicular to a giveq line through a giv
4. Construct an angle cqual to a given 4ngle.
5. Through a given point draw a straight line paraliel 4 d given straight line.

. 6. Construct a triangle, given.(a) the three sides; (bYtwo sides and the included

“ angle; (¢).two dngles and the included sic . . . .
7. Divide a line segment inte parts propdsjongh o given sepments,
8. Given an arc of & circle, find its center.

0 9. Lircumsceribe a circle about a triangle.
10. Inscribe a circle in-a triangle. e
11. Construct a tangent to a circle thrmugh a given point!

2. Construct the fourth proportional to three given line gogments,

3. Coretruct the mean pmportional between two given line segments,

. Construct a triangle (polygon) similar to a gven triangle (polyieon).

15. Construct a triangle equal to a given polygon. o

16. Inscribe Y square in a circle.

17. Jmscribe a regular hexagon in a circle.

IIL. Subsidiary list of propositions.—The following list of propo-
sitions is intended to suggest some of the additional material referred
to in the introductory paragraph of Section II. It is not intended,
-however, to bo exhaustiye; indeed, the committee feels that teachers
should be allowed considerable freedom in the selection of such
additional material, theorems, corollaries, originals, exercises, ete.,
in the hope that opportunity will thus be affordéd for constructiv
work in the development of courses in geometry. '

: v
1. When two lines are cut by a transversal, if the corresponding angles are equal,
or if the interior angles on the rame side of the transvérsal are supplementary, the
lines are parallel.
2. When a transverral cuta two parallel lines, the corresponding angles are equal,
and the interior angles ou the same side of the transversal are aupplementary.
3. A line perpendicular to one®of two parallels is perpendicular to the other also.
+ 4. i two angles have their sides respectively parallel or respectively perpendicular
-to each other, they are either equal or supplementary. ~
5.l Any exterior angle of a triangle is equal to the sum of the two opposite interior
angles. .o . .
8. The sum of the angles of a convex polygon of n sides is 2 (n-2) right angles,
7. In any panallelgram (a) the opposite sides are equal; (b) the oppeniite angles
are eiual; (¢). the diagonals bisect each other. ) R
. 8. Any (convex) quadrilateral is a parallelogram, if (a) the oppusite angles are
equal; (‘l’)) the diagonals bisect each other.. 5 o
9. The medians of a triangle intersect in a point which is two-thirds of the distance
from the vertex to the mid-point of the oppusite side. .
10. The altitudes of a triangle meet in a point. a, .
11. The Kerpendicular bisectors of the sides of a triangle meet in a point. .
. 12. The bisectors of the angles of a triangle meet in a point. .
0 13. The tangents to a circle from an external point are equal.
14.4 (a) If two sides of a triangle are unequal, the greater side A the greater
angle opposite it, and conversely. - c . . L
Fb) 11 two sides of one triangle are equal respectively to two sides of another triangle,
but ‘the included angle of the first is greater than the included angle of the second,
_ then ‘lthe third_side of the first is greater than the third side of the second, and con-
+ ~ . -versely. - : 5 ' : )
fep (t)jj,l two chords are unequal, the greater is at the less distance from the center,
- and conversely. . a : . v

b

4 Such inequality theorems as these. arc of importance i developing the notion of dependence or func-
tionality in'geometry. The fact that they are placed in the “Subsidiary list of propositions” should not .
'-.‘,' . _imply that they aro considered bf less educational valuothan those in List 11. They are placed here because -
iei.,_“they are not “fundamentsl” in the same sense that the theorema of List IT sre fundsmental.~ " . - -
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PROPOSITIONS IN GEOMETRY. : .51

(d) The greater of two minor arcs has the greater chord, and conversely.
15. An angle inscribed in a semicircle is a right angle.
16." Parallel lines tangent to or cutting a rircle intercept equal arcn on the circle.
.. 17. An angle formed by a tangent and a chord of a circle is measured by half the
intercepted arc. . ’

18, An angle formed by-two intersecting chonds is measured by half the sum of the
intercepted arcs, 2 . -

19. An angle formed by two secants or by two tangents to a circle.is measured by
half the difference betweon the intercepted ‘ares, RS

20. H from a point without circle a secant and a tangent are drawn, the tangent
is the mean ‘)mmrlimml between the whole secant and its external segment,

21. Panllelograms or trianglep of equal bases and altitudes are cqual.

22, The perimetem of two regular polygons of the same number of sides are to
cach other as their radii and also as their apothems, -

SOLID GEOMETRY.

In the following list the precise wording and the sequence are
not considered: .
1. FUNDAMENTAL THEOUREMS.

1. If two planes meet. they intersect in a atraight line. ,

2. M a line in perpendicular to cach of two intersecting lines at their point of inter- -
rection it is perpendicular to the plane of the two lines.

3. Every perpendicular to a given line at & given point lies in a piane perpen-
dicular to the given line at the given point. .

4. Through a given point (internal or external) there can pas one and only one
perpendicular w a plane. -

5. Two lines perpendicular w the same plane are parallel. ’

G, I two lines are parallel, every plane containing one of the lines and only one is
panallel w the other. . '

7. Two planes perpendicular to the same line are lel.

" 8. Iftwo parallel planceare cut by a third plane, the lince of intersection are parallel. .

9. 1f two angles not in the mame plane have their sides respectively parallel in the
same ‘sense, they are equal and their planes are parallel.

10. If ‘two planes are perpendicular to each other, a line drawn in one of .them -
perpendicular to their intersection is perpendicular to the other.

11. 1f a line is perpendicular to 8 given plane, every plane which contains this line
18 perpendicular to the given plane.

12. 1f two intemsocting planes are each perpendicular to-a third plane, their inter-
section is also perpendicular to that plane. . o .
13. The sections of & prism made by parallel planes cutting all the lateral edges

are congruent polygons. ) ) . o .
14. An oblique prism is equal 1o a right prism whose base is equal to a right section

of the oblique prism and whose altitude is equal to a lateral edge of the oblique prism,

15. The opposite faces of a parallelopiped are congruent, )
16. The plane lpnmed through two ;:hped nally opposite edges of a parallelopiped-

divides the parallelopiped into two equal triangular prisms. T
17. Ifa f‘ymmid or a cone is cut by a plane parallel to the base:

(a) The lateral edges and the altitude are divided proportionally ;

(b) The section is a figure similar to the base; ) o

(¢) The arca of the sertion is to the‘area of the base as the square of the distance *
from the vertex is to the square of the altitude of the ‘)ymmxd or cone.

. "18. Two triangular, pyramids having equal bases and ‘equal altitudes are equal. -
19. All points on a circle of a sphere are equidistant from either pole of the circle.
20. On any sphere a tgoivnt which is at a quadrant’s distance from each of two other

o8

of a diameter is a pole of the great circle passing through
these two points. : S

ZJ‘ It : plane is perpendicul,n toa nd,i_ua at ita extremity on a sphere, it ia-t'an'gem,-

to the sphere. : 24 R . !

22. -Apaphete can be inscribed in or circumscribed about any tetrahedron. ot
23. 1f one gpherical triangle is the_polar of another, then reciprocally the second is '

* the polar triangle of the first. > a ) .
- - -24. In two /polar triangles each angle of either is. the lsupplen_:ent of the opposite

side of the other. . - : s o Pos" . T
. 2. Two symmetric spherical triangles are equal, - -* N A
S g A-‘ L et -‘, R PL A N -: o E N
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52 MATHEMATICS IN SECONDARY EDUCATION.,

Il FUNDAMENTAL PROPOSITIONS IN MENSURATION.

26. The lateral area of a prism or a circular cylinder is equal to the product of o
lateral edge or element, respectively, by the perimeter of a right section.

27. The volume of a prism (including any parallelopiped) or of a circular cylinder
is equal to the product of ifs base by ita altitude.

2%. The lateral area of-a regular pyranid or a right circular cone is equal to half the

“product of its slant height by the perieter of ita base.

29. The volume of a pyramid or a cone is equal to one-third the product of its ham:
by its altitude. - : .
30. The area of a sphere.

31. The area of a spherical polygon. : ;

32. The vdlume of a sphere.
T . WL SUBSIDIARY THEOREMS. ' S

33. If from an external point a perpendicular and obliques are drawn to a plane.
(a) the perpendicular is shorter than any oblique; (b) obliques meeting the plane ut
equal (K:mm'ee from the foot of the perpendicular aro equal; (¢) of two ubliques
meeting the plane at unequal distances from the fout of the perpendicular, the mon:
remote 18 the longer.

34, If two lines are cut by three panallel planes. their corresponding segments are
proportional. : : ’

35. Between two lines not in the mame plane there -ia one common perpendicular,
and only one. : ®

- 36. The bases of a cylinder are congruent. ,
37. I a plane intemects a sphere, the line of intemection is a circle,

-38. The volime of two tetrahedrons that have a trihedral angle of one equal to a

trihedral angle of the other are to cach ather as the products of the three edges of thews
trihedral angles. . )
39, In any polyhedron the number of edyes increased by two is equal to the number
of vertices increased hy the number of faces,
40. Two similar polyhedrons can be separated into the same namber of totrahedrons
similar each to each and similarly placed. o
1. The volumes of two similar tetraheddrons are to each other as the cubes of any

‘two corresponding edyes. -

42. The volnmes of twu similar polyhedrons are to each other as the eubesof any two
conesgondin;z edges. .

43. 1f three face angley of one trihedral angle are equal, respectivaly, to the three
face angles of another the trihedral angles are either congruent or aymunetric.

44. Two spherical triangles on the same sphere are éither congruent or symmetrie
if (a) two sides and the included angle of one are equul to the corresponding parts
of the otifer; (b) twoanglesand the inclyded side of one are equal to the corresponding
paml of the other; (¢) they arc mutually equilateral; (/) they are mutually equi-
angular, . . N

45. The.sum of any two face angles of a trihedral ungle is creater than the third

© . face e

1. The sum of the face angles of any convex polyhedral ancle is loss than four

right anghes. S . . .
47. Each side of a spherical triangle is leas than the sum of the other two gides.
48. The sum of the sided of a spherical polygon is less than 360°.

49. The sum of t.he angles of a spherical tnangle is greater than 180° and less than

50°. . .

* 50. There can not be more than five regular polyhedrons. - .

_51. The locus of points equidistant (a) from two given poings; (b) from two given
planes which intersect. = - . . :

v, SUBSIl)lAl(,\_',I’R()l'()SlTIONs IN MENSURATION.

" 52. The volume of a frustum of (a) a pyramid“or (6) a cone. .
53. The lateral drea of 3 frustum of (a) pyramid or (b) a cone of revolation,
54. The volume of a prismoid (without formal proof).

i .
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. iden of relationship between variable quantities as one of the general

"1~ that teachers may think it is the notation and the definitions.

“hetween variable quantities bo imparted to the pupil by the examina-

- reul appreciation of the theory that may follow later, but chiefly
- beeause this habit will enable him to think more, clearly about the

. do gceur in real life in connection with 'pm,cticuliy all of the qiiantitios ot
-with which we are’ called upon to deal in practice. Whereas there.

.. versity of Missouri. It was discussed at the ineeting of the committee, Sept. 24, 1020; revised by-the
author, and Wn discussed Dee, 29-30, 1920, and is now issued a3 part of the committee's report.

Chﬁbier VII. - R ’

THE FUNCTION CONCEPT IN3SECONDARY-SCHOOL
MATHEMATICS.' |

In Chapter 1I, and incidentally in later chapters, considerable
cmphasis has boen placed on. the fupction concept or, better, on the,

idens that should dominate instruction in elementary mathematics.
Sinee this recommendation is peculiarly open to misunderstanding
on the part of teachers, it seems desirable to devote aseparate chapter
to a rather detailed discussion of what the recommendation means
and implies. , o : )

[t will be seen in what fo)lows that there is no “disposition” to
advocate the teaching of any sort of function theory. A prime
danger of misconception that should be removed at the very outset

of such’a theory that areé to be taught. Nothing could be further
from the intention of the committee. Indeed, it seems entirely safe
to say that probably thr word * function” had best not be used at
allin the early courses. _ ' .
What is desired is. that the idea of relationship or dependence

tion of numerous concrete instances of such relationship, He must
be shown the workings of relationships in & large number of cases
hefore the abstract idea of relationship will have any meaning for
him.  Furthermore, the pupil should be led to form the-habit, of
thihking about the connections that exist hetween related quantities,
not merely because such a habit forms the best foundation for a -

yuantities with, which he will have to deal in real life, whether or. not
he takes any further work in mathematies. S

Indeed, tho reason for insisting 8o strongly upon attention to the
iden_of relationships between quantities is that such relationships

+
%

can be little daubt about the small value to the student who does

1 The first draft of this chapter Was prepared for the nationsl committee by E. R. Hedrick, of the Uni-
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54 / MATHEMATICS IN- SE(‘ONDARY FDU(‘ATION. ’

not go on to higher studies of some of the manipulative processes
criticized by tho national mmmmm‘ there can be no doubt at all
of thé value toeH persons of any increase in their ability to see and
* to foresee the manner in which related quantities affeet each other.
To attain what has been suggested, the teacher should have in-
mind constantly not any definition to be recited by the pupil. not
any automatic response to a given cue, not any mMemory exerciso
at all, but rather a determination niot to pass any instdnee in which L
-" one quantity is related to another, or in which one quantity is deter-
mined by one or more others, without calling attention to the fact, -
and tr\ing to have the student “ see how it works?”'  These instances
oceur in lxtorall\' thousands of cases in both algebra and geometry.
It is the purpose of this chapter to outline in some detail a few typical
instances of this character.

-~

RELATIONSHIPS IN ALGEBRA.

“The instance of she function idea which usually occurs to one first
in algebra is in connection with -the study graphs. While this is
““natural enough and while it is true that the graph is fundamentally
functional in character, the supposition that it furnishes the first
* opportunity for observing functional relations between quantities

. betrnys a misconception that ought to be corrected.

. Use of letters. for numbers.—The very first illustrations given
in algebm to show the use of letters in the place of numbers are
essentially functional in character. Thus, such relations as I= prt
and A =7 as well as others that are frequently used, are statements
of general relationships. These should bo used to accustom the
student not only to the use of letters in the place of numbers and to

- the solution of simple numerical problems, but also to the idea, for
cxample, that changes in r affect the value of 4. Such questions
“as the following should be considered: If r is doubled, what will -
happen ‘to A? If pis doubled, what will happen to I? Apprecia-
.- tion of the meaning of such relatnonshlps will tend. to clanfy the
V' entire subject under consideration. Without such an appreciation
- it may be doubtad whether the student has any real grasp of tho
~ matter.
‘2. Equations:—Every simple problem lendmg to an’ eq\(atmn m
the first part of algebra would be better understood for just such a
2 discussion as that mentloned above. .Thus, if two dozen eggs are
ot "Awelghed in'a basket which weighs 2 pounds, and if the total weight
-+ is found to be 5 pounds, what is the average weight of an egg? - If z
is the weight in ounces of one egg, the total weight with the 2-pound
* basket would be 24z+ 32 ounces. If the student will first try the
- . effect of an average weight of 1 ounce, of 1} ounces, 2 ounces, 2§
:ﬁi‘w ounoes, ‘the mea.nmg of the problem wxll stand out clearly. I

*.x*i'p.,_\r\ S
&
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FUNCTION CONCEPT IN SECONDARY MATHEMATICS. 5§

every such problem preliminary trials really amount to a discussion
of the properties of a linear function.

3. Formulas of pure scivice and of practical affairs.—The study of
formulas as such, aside from their numerical cvaluation, is becoming
of more and more importance.  The actual uses of algebra are not
10 be found solely nor even principally in the solution of numerical
problems for numerical answers. In such formulas as those for
fulling bodies. levers, .ete;, the manner in which changes in one -
quantity cause (or correspond to) changes in another are of prime
importance, and their discussion need cause no difficulty whatever.
The formulas under discussion here include those formulas of pure
science and of practical affaire which are being introduced more and

‘more into our texys on algebra. Whenever such a formula is en-

countered the teagher should be sure that the students have some
comprchension o the effects of changes in one of the quantitieg _
upon the otheT quantity or quantities in the formala. '

As a specific inMgnee of such scientific formulas consider, for
example, the force F, in pounds, with which a weight W, in pounds,
pulls outward on a string (centrifugal force) if the weight is revolved
rapidly at a speed v, in feet per second. at the end of a string of
: Wos =
i " 327" When
such a formula is used the teacher should not be contented with the
mere insertion of numerical values for W, v, and r to obtain a numeri-

length r feet. This force is given by .the formula F=

cal value for F. . _ P

The advantage obtained from the study of such a formula lies
quite as much in the recognition of the behavior of the force when
one of the other quantities varies. Thus the student should be able
to answer intelligently such questions as the follqwing: If the weight
is ussumed to be twice as heavy, what is the effect upon the forcet
If the speed is taken twice as great, what is the effect upon the force? _
If the radius bécomes twico as large, what is the effect upon the

force? If the speed is doubled, what change ‘in. the weight would .

result -in the same force? Will an increase in the speed cause an
increase or u decrease in the force! Will an increase in the radius
r cause an increase or a decrease in the force { o A
- As another instancé (of a more advanced ‘character) consider the
formula for the ‘amount-of a sum of money P, at compound interest

"“at r per cent, at the end of n years. This amount may be denoted -

by A,. Then we ‘shall have A, =P (1+r)>. ' Will doubling P

~result in_doubling A,? Will doubling n result in “doubling 4,1
Since the compound interest that has accumulated is equal to the

difference between P and A, will the doubling of r double. the’

. interest{. Compare the correct answers to these questions with the
- answers-to the similar gugtions in the case:of simple interest, /in .
v e D g a0 SaoBo, 8 oFag O] "-."-’.X .
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which the formula readq -l = l’+l'ru and in uhwh the ue (,umuhu:d '
interesy is simply Prn.

The difference hetween such a study of the effect produced upon
one quantity by oh:mgos in nnother and ‘the mere_substitution of .
numerical values will be apparent from these examplos

4. Formulas of pure algebra.—Formulas of pure algebra, such as
that for (z+4)?, will be better understood and appreciated if accom-
panied by a discussion of the manner in which changes in A cause
changes in the total result. This can be accomplished by discussing
such concrete realities as the error, made in computing the arca of
a squure field or of a square room whon an error has been made in
measuring the side of the squdre. If z is the true length of the side,
and if the student assumes various possible values for the error A
made in measuring r, he will have a situation that involves some

" comprehension of the functional workings of the formula mentioned.
The same formula relates to such problems as the change from one
entry to the next entry in a table of squares.

A similar situation, and a very important one, octurs with the pure
algebraic formula for (r +a)(y+b). This formula may be said to
govern the question of the keeping of significant-figures in finding the
product zy. For if a and b represent the uncertainty in r and- y,
respectively, the uncertainty in the product is given by this formula.
The student has much to fearn on this score, for the retention of
meaningless figiures in a product is one of the commonest mistakes »

. of both' student and teacher in computational work.
Such Jformulas occur throughout algebra, and each of them will
. be illuminated by quch » discussiop. The formulas for arithmetic
and geometric progression, for example, should be studied froin a
functional standpoint. -

5. Tables.—The uses of the functional idea in connection with
numierical computation have already been mentioned in connection
with the formula for a_product. Work which appears on the surfaco
to be wholly numerical may be of a distinctly functional characuer
‘Thus any table, e. g., a table of squares, corresponds to or is con-
structed from a functional relation, e. g., for a table of squares,
“the relation y =z2. The differencas‘in such a table are the dlfferences
caused by changes in the values of the independent variable. Thua,
the differences in a table of squares are preclsely the differences.

: between z? and (z +A)? for various values of z.

= *". ' @. Graphs.—The functional character.of graplucal representatmns

" was -mentioned at the beginning of this section.” Every graph is
obviously a representation of a functional relauonshlp betwoen two
or more quantities.. What is needed is only to draw atwnpon to .

o - this fact' and to study each graph from this- standpoint. Iu addl-

P 'hon ﬁto thm however, xt ia demrable w polnt out thstuf‘ ‘
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relations may be studied directly by, mean<cof graphs without -the
intervention of any algebraic formula. Thus such a graph as a popu-
Iation curve, or a curve representing wind pressure, obviously repre-
sents a relationship between two quantities, but there is no known
formula” in either case.” The idea that the three concepts, tables, -
graphs, algebraic formulas, are all representations of the same kind
of connection between quantities, and that we ‘may start in somae
instances ‘with uny of the three, is a most valuable addition 1o the
student’s mental equipment, and to his control over the quantities
with which he will deal-in his daily life. : 3

. ¢
RELATIONSHIPS IN GEOMETRY. .

Thus far the instances mentioned have been largely algebraic,
though certain mensuration formulas of géometry have been men-
tioned.  While the mensuration formulas may occur to one first as
an illustration of functional concepts in goometry, they are by np
means the earliest relaticnships that oceur in that study. ‘

to Cangruence.—Among the earliest theorems are those on the con-
gruence of triangles.  In any such theorem, the puarts necessary to
extublish congruence evidently determine completely the size of each
other part.  Thus; two sides und the included angle of a triangle
evidently determine the length of the third side. If the student
clearly grasps this fact. the meaning of this cuse of congruenco will
be more vivid to him, and he will be prepared for its important
applications in surveving and in trigonometry. Even if he never
studies those subjects, he will nevertheless be able to use his under- »
standing of the situation in any practical cases in which the angle
hetween two fixed rods or beams is to be fixed or is to be determined,
in a practical situation such as house building. Other congruence
theorems throughout geometry may well he treated in & similar
manher. . 0 o

2. Inequalities.—In the theorems regarding inequalities, the func-
tional quality is even more pronounced. Thus, if two triangles have
two sides of 6no-'e\unl respectively to two sides of the other, but if

“the included angle between these sides in' the one triangle is greater -
than the corresponding angle in the other, then the third sides of the -
triangles are unequal in the same sense. This theorem shows that

* as one angle grows, the side opposite it grows, if the other sides
remain unchanged. A full realization of the fact here mentioned
would involve a real grasp of the functional relation between the angle
uand the side opposite it. Thus, if the angle is doubled, will the side -

~opposite it be-doubled? Such questions arise in connection with ally/ -

thedrems on inequalities. . S

. ‘3. Variations-in figures.—A great assistance to the imagination is

i 9 . 0 5.5 ’ a - Y i .. Rl
‘gained. in certain figures by imagining variations of the figuire through' - *4~
,L‘,“ a RN : gL D L S P A
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58 MATHEMATICS IN SECONDARY EDUCATION.

all.intermediate stages from one case to another. Thus, the an"le ’
between two lines that cut a circle is measured by a proper combmu-
tion of the two ares cut out of .the cirele by the twolines. As the
vertex of the angle passes from the center of the circle to tho cir-
cumference and: thence to the outside of the circle, the rule changes?
but these changes may be-horne in mind, and the entire scheme may
be grasped, by imagining a continuous change from the one position

_to the other, following all the time the ¢hanges in the mterccptcd
ares. The angle between a secant and a tangent is mensured in a
.mm)ner that can best be grasp(-d by another such continuous motion,

witching. the -changes in the measuring -ares as the motion oceurs,
Such obscrvations “are essentially flmctmnul in character, for they

. consist in careful ohservations of the relationships between the anulo
to be measured and the arcs that measure it.

4.+ Motion.—The preceding discussion of variable figures leads nat-
urally to a discussion of actual motion. As figures move, either in
whole or-in part, thie relationships between the quantities involved
may.change. To note these changes is to study the functional rela-
tionships between the. parts of the figures. Without the functional
idea, geometry would be wholly static. The study of fixed figures
should not be the solé purpose of n course in geometry, for the uses of
geometry are not wholly on static figures. Indeed, in all machinery,
the geometric figures formed are in ('ontmuul motion, and the shapes
of the figures formed by the moving parts change.. The study of

. motion and of moving forms, the dynamic aspects of geometry,

should be given at leust some Bpnsideration. “Whenever this is done,
th¢ functional relations Jetween the parts become of prime impor-

‘tarrce “Thus & linkage of the form of a parallelogram can be made

more nearly rectangular by making the diagonals more nearly equal,
and the linkuge bewmes a rectangle if the dmgonulb are mude exactly
equal. This principle is used in pructme in making a rectnngulur
fraimework precisely true. : .

5. Prpportwnalztu theorems.—All theorems which assert that certain
quantltles are in proportion to certain others, are obviously functional
in character. Thus even the simplest theorems on rectangles assert
that the aren of a rectangle is dlrectly proportional to its height, if
the base is fixed. When more serious theorems are reached, such as
the theorems on gimilar trumgles, the functional ideas mvolved are,
worthy of considerable attention. That this is eminently true will

. * berealized by all to whom trigonometry is familiar, for the. trigo-
.. noinetric functions are _nothing but the ratios. of the sides of right®
" triangles. “But even in the ficld of ‘elementary geometry a clear
;'undemtandlng of the relation between the areas (and volumes) o!




o

ERIC

Aruitex: provided by Eric

-

FUNCTION CONCEPT TN, SECONDARY MATHEMATICS. 59

RELATIONSHIPS IN TRIGONOMETRY.

I The existence of functional relationships in trigonometry is ‘evi-
denced by the common use of the words “trigonometric functions”’
to describe the trigonometric ratios. Thus the sine of an angle is a
definite ratio, whose value depends upen and is determined by the
size of the angle to which it refers, The student should be made con-
scious of this relationship and he should be asked such questions as
the following: Does the sine of an angle increase or decrease as the
angle changes from zero to 90°? If the angle is doubled, does the
sine of the angle double? If not, is the sine of double ¢he angle more
or less than twice the sine of the original angle ! How does the value
of the sine behave as the angle increases from 90 to 180°? From 180
to 270°? - From 270 to 360°? Similar questions may be asked for
the cosine and for the tangent of an angle. ' .
Such questions may be reinforced by the use of figures that illus-
trate the points in question. Thus an angle twice a given angle
should be drawn, and its sine should be estimated from the figure.
A central angle and an inscribed angle on the same arc may be
drawn in any circle. If they have one side.in common, tRe relations
+hetwoen their sines will be more apparent. Finally the relationships
that exist may be made vivid by actual comparison of the numerical
values found from the trigonometric tables. ' :
Xot only in these first funetional definitions, however, but in a
variety of geometric figures throughout trigonometry do functional
relations appear. Thus the law of cosines states a definite relation-
. ship bétween the three sides of a triangle and any one of the angles.
How will the angle be affected by incrense or decrease of the side'op-
posite it, il the other two sides remain fixed? How will the angle be
affected by an increase or a decrease of one of the adjacent sides, if
the other two sides remain fixed ? Are these:statements stil} true if
the angle in question is obtuse ¢ . ' oo
As anothet example, the height of a'tree, or the heightof a building,
may be determined by measuring the two. angles of elevation from
two ppints on the level plain in a'straight line with-its.base, A for- -
mula ;'or the height (&) in terms of these two angles (4, B) and the
distance (d) between the points of observation, may be easily, written
down, (h=d sin A sin* B/sin (4-B)); Then the effect upén the
height of changes in one of these angles may be discussed. ..
In a siiilar manner, every'formuja that is given or derived ina .
. ¢ourse on trigonometry may be discussed with profit from the fune- -
‘ t.ionalls'tan'dvfnt.‘ e T e e Lo
A "t CONCLUSION. - o
In conclusion, mention should be made of the grest réle which the
- idea of functions plays in the life of the world sbout us.* Even. when®
-To caleulation is-to.be cairied out, the probléms of real life frequent
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involve the ability to think correctly about the nature of the relation-
ships which exist between related quantities. Specific mention has
- been made already of this type of problem in connection witlrinterest
‘on money. In everyday affairs, such as the filling out of formulas
for fertilizers or for feeds, or for spraying mixtures on the farm, the
similar filling out of recipes for cooking (on different scales from that
of the book of recipes), or the proper balancing f the ration in the
preparation of food, many persons are at a loss on account of their
lack of training in thinking about the relations between (quantitics.
Another such instance of very common occurrence in real life is in
insurance. Very few men or women attempt intelligentl y fo under-
stand the meaning and the fairnéss of premiums on life insurance and
on other forms of insurance, chiefly because they can not readily
- grasp the relations of interest und of chance that. are involved.
" These relations are not particularly complicated and they do not in<
volve any great amount of calculation for the comprehension of the
meaning and of the fairness of the rates.. Mechanies, farmers, mer-
cﬁamls,4lmusewivos, as well us scientists, and engineers have to do
constantly with quantities of things, and the quantities with which
they deal are Tehited to other quantities in ways that require clear
thinking for maximum efficiency. , -

‘One clement that should not be neglected is the occurrence of such
problems in public questions wifch must be decided by the votes of
the whole people. The tariff, rates of postage and express, freight

-rates, regulation of insurance rates, income tuxes, inheritunce taxes,
and many other public questions involve relationships between quan-
tities—for exumple, between the rate of income taxation and the
-amount of the income—that require habits of f unctional thinking for
intelligent decisions. The training in such habits of thinking is
therefore a vital chement toward the creation of good citizenship.
It is believed that transfer of training does operate between such
topics as those suggested in the body of this paper and those just
mentioned, because of the existence of such identical or common
elements, whereas the transfer of the training given by courses in

* mathematics that do not emphasize functional relationships might be 4
questionable. o _ o "

While this account of the functional character. of certain topies.in
geometry and in algebra makes no claim to being exhaustive, the

" topics mentioned will suggest others of like character to the thought-
* * ful teacher.” It is hoped that sufficient: variety has been mentioned
“to-demonstrate. the existence of functional ideas throughout elemen-
- tary algebra and geometry. The committee feels that if. this is
. Tecognized, algebra and geometry can be given new meaning to many.
) nd that all students will be better able to control the actusl
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hich they. meet in their own lives:
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_ Chapter VIII.
TERMS AND SYMBOLS IN ELEMEN'I:ARY MATHEMA’I‘ICS.'

A, Limitations imposed by the committee-u pon its work.—The com-
mittee feels that in dealing with this subject it should explicitly
recognize certain general limitations, as follows: ‘

1. No attempt should be made to impose the phraseology of any
definition, although the committée should state clearly its general
views as to the meaning of disputed terms.

2. No effort should be made to change any well-defined current
usage unless there is n strong reason for doing so, which reason is
supported by the best authority, and, other things being substantially
equal, the terms used should be international. This priaciple excludes
the use of all individual efforts at coining new terms except under
vircumstunces of great Jurgency. The individual opinions of the
members, as indeed of any teacher or body of teachers, should have
litile weight in comparison with general usage if this usage is definite.
If an idea has to be expressed so often in clementary mathematics
that it beecomes necessary to invent a single term or symbol for the
purpose, this invention is necessarily the work of an.individual; but
it is highly desirable, even in this case, that it should receive the
sunction of wide use_before it is adopted in any system of .examina-
tions. . . . : '

*3. On account of the large number of terms antl symbols now in

use, the recommendations to be made will necessarily be typical

rather than exhaustive. - . :
’ L. GEOMETRY.

B. Undefinéd terms.—The committee recommends that no attempt
be made to define, with any approach to precision, terms whose
definitions are not needed as parts of a proof. -

Especially is it recommended that no attempt be made to define
precisely such terms as space, magnitude, point, straight line, surface,

- plane, direction, distance, and solid, although the significance of such

C. Definite usage recommended.—It is the opinion of the committee

that the following gengral usage is desirable:.

guity arises, the word “circle’. may be used to refer either to the
+ .curve or to the part of the plane inclosed by it.

;, - Committes at its mesting Decembet 29'and 30, 1920.

.

“*terms should be made clear by informal explanations and discussions.

' The first draft of this chapter wps prepared by a subcommittoo cdnsisting of David Eugene Smith”
Achsirman), W. W, Hart, H. E, Hawkes, E.R. quﬂ(!#,lﬂd.,n: E. mal- It wasrevised by nun‘uow,nl

1. Clircle should be considered as_the curve; but where no anibi-
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2. Polygon (including !rwngle, square, paralldoaram and the like)

- should be considered, by analogy to a circle, as a closed broken line;

I‘A‘ ‘-

f%.

“ equal sides.-

but where no ymbiguity arises, the word polygon may be used to

- refer either to the broken line or to the part of the plane inclosed by

it. Similarly, seyment of a circle should bo defined as the figure
formed by a chord and ecither of its ares.

3. Area of a circle should be defined as the area (numerical measure)
of the portion of ‘the plane inclosed by the circle.” ’lrm of a polygon
should be treated in the same way.

4.8S0lids. - The usage above recommended with re~poct tn plane’
figures is also rccommendod ‘with respect to solids. For example,

: ephere should be regarded as a surface, its volume should be defined

in a manner smnlnr to the area of a circle, and the double use of the

‘word should be allowed where no ambiguity arises. A similar usage

should obtain with roepcct‘ to-such termis as pnll/hrdmn cone, and
eylinder.

5. Circumfercnce should be considered as the length (numerical
measure) of the circle (line).  Similarly, pcrimeter shnuld be defined
as the length of the broken line w hich {m'ms a polygon; that is, as the
sum of the lengths of the sides. r

6. Obtuse anglc should be defined as an nngle greater than a right
angle and. less than a straight angle, and should therefore not be

. dcﬁned merely as an angle greater than a right angle.

. The term right man//lr should be preferred to *right-angled
tnungle, this usage being now so standardized in. this country that
it may. properly be continued in spite of the fact that it is not inter-
national. Similarly for acule triangle, obtuse- mangle, and oblique

' triangle. - - g

8. Such English plurals as _j{;nnulas and polr/hedmns should be
used in place of the Latin and Greek plurals. Such unnecessary
Latin abbreviations as Q. E. D. and . E. F. should be dropped.

9. The definitions of ariom and -postulate vary so much that the
committee does not undertake to distinguish hetween them.

D. Terms made general.—It is the rec ‘-ommendation of the commit-
tee that the modern tendency of having terms made as general as
possible should be followed, For éxample: . -

" 1. Isosceles: triangle should be defined as a triangle having two
equal sides. There should be no llmlmtmn to two and only two

.

2% Rcctangle-should be cons:dered as mcludmg 8 5qUATe | as a sperml

Parauclogmm should be consxdered as mcludmg ar ctangle,

 and hence a square, as a special case. - .
4. Segment should be used to doslglmte the part of a stralght line

mcluded bet.ween t.wo of its pomts as well 8s t.he ﬁgure forme by an
b o

e Aeai 3 X
B % ,,“..v 'm “ *}“: r’/a,\ o l"’ \1 %, ";vg” s
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- 'a symbol like L is merely a piece of shorthand designed to afford,

__ whether better ones could not be found for the purposes than iso-
‘perimetric, apothem, icosahedron, and dodecahedron. .’ '

— . — -
" TERMS AND SYMBOLS, . 63

arc of & circle and its chord, this being the usage generally i'ecqgnized
by modern writers. : ' .

E. Terms to be abandoned.—It is the opinion of the committee that
the following terms are not of enough consequence in elementary
mathematies at the présent time to make their recognition desirable
in examinations, and that they serve chiefly to increase the technical ~-
vocabulary to the point of being burdensome and unnecessary:

L. Antecedent and conseqrient. ’

2. Third proportional and fourt) pmporh’onu'l._ .

3. Equivalent. An unnecessary substitite for the more precise
expressions “equal in area” and- “equal in volunie,” or (where no
confusion is likely to arise) for the single word “equal.” |

4. Trapezium. ) . ' :

. Scholium, lemma, oblong, scalene triangle, sect, perigon, rhomboid
(the term “oblique parallelogram’ being sufficient), and reflex angle .
*(in elementary geometry).” ’ . -

6. Terms like flat angle, whole angle, and conjugate angle are not of
enough value in an elementary course to make it desirable to rec-
ommend them. , ) s

7. Subteid, a word which has no longer any etymological mesning
to most students and teachers of geometry. While its use will -
naturally continue for some timé to come, teachers may safely in-
cline to such forms as the following: “In thé sanié circle equal arcs
have equal chords.” o

8. Homologous, the' less technical term ““corresponding”  being
preferable.” - - . A S . :

9. Guided by principie A2 and its interpretdtion, the committee
ndvises against the use of such terms as the following: Angle-bj-
sector, angle-sum, consecutive interior angles, supplementary consec-
ulive exterior angles, quader (for rectangular solid), sect, ezplement,
fransverse angles. ' o, L4

10. It is anfortunate that it still séems to be netessary to use such

‘a term as parallelepiped, but we seem to have no satisfactory substi-
tute. For rectangular ‘purallelepiped, however, the . use of rectan-
gular solid is recommended. - If the terms were more generally used
in elementary geometry it would be desirable to consider carefully

- F. Symbols in elementary geometry.—It should be recognized that .

~8n easy grasp of a. written or printed. stathment. Many Yeachers. -
and a few writers make an extreme use-of symbols, eoining new ¥
ones..to meetetheir own views as to, usefulness, and this practice is.

20
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_ degree equation” is ap unnecessary

. dropped. . Terms more nearly in ger
:~and: incomplete ‘quadratic. . The comi

. TERMS-AND

speaking-of « (alpha) instead of ““a
of BC. The plan is by no means
Greek letters.  The committee is
it with the optional usg of the Grec
In general, it is recommended
ignate any geometric magnitude,
ambiguity. The use of numbers
should be-avoided by the use of sud
With respect to the symbolism
attention to the fact that the syml
symbol — (for “tends to”’) is both
has constantly grown in favor in re
of limits is not generally treated scic
the idea ' is mentioned in geometry
be needed. . o
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is comparatively recent and that thi
that the terminology is so unsettled
of designating an equation of the firs
never been satisfactory, beciuse the
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angle A, " and of ““small ¢” instead
s international with respect to the
i prepared, however, to recommend
eck forms,

that a single letter be used to des-
» Whenever there is' no danger of
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distinction thus denoted is not of much’ importance and bclwvcs
that.it can well be dnponsed with in elementary instruction.

3. As to other special terms, the committee recommends aban:
domng, so far as possible, the use of the following: iqqmzahon for
grouping; vinculum for bar; evelution for finding roots, as a general
topic; involution for finding powers; extract for find (a root}; abso-
lute term for constant term; multiply an equation, clear of fractions,
cancel and transpose, at least until the significance of the terms is
enm'oly clear;. alcquot part (oxcept in commercial work).

. The committée also advises the use of- cither system of equations. »
or ael of equations instead of *simultancoug oquauons, in such an
expression as “solve the following set of equuuuns, in view of the
fuct that at present no well established definite meamng attaches,
to the term ‘‘simultaneous.”

, 5. The term simplify: shold not be used in cases w here there is’
possibility of misunderstanding. For purposes of computation, for
example, the form 8 may be simpler than the form 22, and
in sume cases it may, be better to%express Vi &8 v0.75 instead of °
343, In such cases, it is better to give more explicit m%ructlons

- than to use the mislending term “sunphfy

6. The committee regrets thé general: uncertainty in the use of

the word surd, but it sces no msaonabh chance at présent of replacing
it by a more definite term. 1t recognizes the difliculty generally
met by young pupils in distinguishing between co¢ficient and expo-
"nend, but it feels that it is undesirable to attempt to change terms -
which huve come to have a stundardized mesning and which are
reasonubly sinlple. Tirse consideritions will probubly lead to, the

“retention of such terins as rationalize, citraucous rool, characteristic,

and mantissa, although in the case of the last two terms “integral
part” and “fractional part” (of a logarithm) would seel‘u to -be
desirable substitutes. - v

i 7. While recognizing the motive that has promptcd a fow tmchers

- to speak - of “positive 2z’ instead of “plus z,” and: “negative 3"

instead of “minys y,” the committee feels that attompts to change
general usage should not be made when -based upon trivial grounds
and when not sanctioned by mathematicians generally.

' 1. Symbols in algebra.—The symbole in elementary algobra are
now so well standardized as to require but few comments in a report
. . of this kind. The committee feels. that lt is des:rable, however, to
" eall attention to the followmg details: :

.". "1, Owing to the frequent use of the letur z, lt is preferable to use

i the.oenuer dot (a ‘raised period) for muluphcatnon in the few cases
in" which any symbol: is - neceseary. For ‘example, in a case " like
+ Qe 8- .o (z- l) -z, t.he oenter dot is pteferable to the symbol X3 but
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in cases like 2a(r—a) no symbol is necessary. The committee
recognizes that the period (as in a.b) is more nearly ‘international
than the center dot (as in a-b); but inasmiich as the period will
continue to be used in this country as a decimal point, it is likely
to cause confusion, to clementary pupils at lesst, to attempt to use
it ns o symbol for multiplication. T

2. With. respect to division, the symbol = is purely Anglo-American, .
the symbol : serving in most countries for division as well 2s ritio,
»ince neither symbol plays any part in business life, it seems proper
* to consider enly the needs of algebrd, and to make more use of the
fractional form and (where the meanin is. clear) of. the symbol /,
“and to drop the symbol = in writing alg¢braic expressions.

3. With respect to the distinction betdveen the use of + and —
us symbols of operation and as symdls of direction, the committee
sees 1o reason for wttempting to use smaller signs for the latter pur-
pose, such an attempt never having received international recog-
nition, and the need of two sets of symbols not heing sufficient to
warrant violating international usage. and burdening the pupil with
thix additional symbolism. o : L

+. With respeet to the distinetion between the symbols =and =
as representing respretively identity and- eqmulity, the committee
culls attention to the fact ‘that, while the distinction is generally.
recognized, the consistent use of the symbols is rarcly seen in practice.

The committee recommends that the symbol = be not employed in
exuminations for the purpose of indicating ideptity. The teacher,

«  however, should use both symbols if desired. .
* "5 -With respect to the root sign; v -, the committe¢ recognizes
that convenience of writing assures -its continued use in many cuses
instead of thofractional exponent. ~ It is recommended, liowevey,
‘that in algebraic work involving complicated cases Yhe fractional

. exponent be preferred. Attention ix also ealled to the fact that the «

© cofivention is quite generally accepted that the symbol. ya (@ rep-
resenting a positive number) means only-the positive square root
-and . that the symbol Ve means. only the principul nth root, and-
similurly for %, a’». The reason for this convention is apparent .
when we come to consider the value of VI 4+ JT6+ V35, :

. This convention being agreed to, it is improper to writg = /4, as
the complete solution of 22— 4=0, but Elﬂxe‘ result should appear-as ..

" z= 4 /4., Similarly, it is- not- in . accord with - the convention to

write Y4 = +2, the conventional form- being "+ y4=12; and for

. the same reason it is impossible to have v( =13 = — 1, since tho sym- :
bol refers only to a pogive root. ‘These distinctions are not-matters -
. to be settled by the individual opinion of & teacher or a Jocal group of . 3;
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teachers; they are purel\ matters of convention as to notation, and
the committee simply sets Torth, for the benefit of the teachers, this
statement as to what the convention seems to be among the leading -
writers of the world at the present time.

When imaginaries are used, the symbol i shoula be employed
instead of J 1 except posmblv in the first presentation of the sub-
joct. :

7. As to the factorial qvmlmls 5! and [3, to represent {4 i -1, the

tendency is very general to abandon the second one, pmbnbl\ on

~ accowunt of the dlﬂicuh,\' of printing it, and the committee =0 recom-

. . mends. This qumtum is not, hawever, of much lmpnrtnm « in the
" general courses in the high school. .

8. With respect to symbols for an unknown qlmnm\ there has

. been a noteworthy ('hange within a few years, While the Cartesian®

~use of z and y will doubtless continue for two general unknowns,

the recognition that the formula is, in the broad uso of the term, a
.___gegtrul feature of algebra has led to the extended use of the initial

Jetter. " This-is simply. illustrated in the direction to solve for r the

equation A=xr. This cistom is now international and should be
. ‘fully recognized in. the .schools.

0. The committee advises abandoning the double colon(: @) in
proportion, and the sy mbol « in variation, both of thwc symbols being

. ‘mow practically obsolete.
J. Terms and symbols in arithmetic.—1. While it is rarely wise to
- attempt to abandon suddenly the use of words that are well estab-
lished in our language, the committes feels ealled upun’ to express

. Tegret that we still roqmre very young pupils, often in the primary

Wes, o use such torniy tissnbtpahend, addend, minuend and multi-
plicand. Tewlwl\ es Aarely understand the real signifi-
cance of these words, noi ‘to they recognize that they are com-
paratively modern- additions to what used to be a- much simpler

* vocabularly- in arithmetic. . The committes recommends that such
-terms be used, if at all, only after the sixth grade.

2. Owing to the uncertainty attached to such expressions as
“to three decimal places,” “to thousandths,” ‘“correct to three
~ decimal places,” “correct to the nearest thousandth,” the following

* usage is recommended: When used to specify accuracy in computa- -

‘ tnon, the four expressions should be regarded as identical. The

S expressxon 4‘to.three -decimal places” or “to thousandths” may be

i “giving directions as to the extent.of a computation. It then

.~ " refers to & result carried only to thousandths, “without considering

"~ the figure .of ten-thousandths; but it should be avoided as far as

ible because it is open te mnsundemtnndmg As to, the term,

5?:;4‘;-7_',:‘4ngzuﬁoa.nt ﬁgure ” lt should be noted that, 0 is always ngmﬁcant
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' TERMS AND SYMBOLS, 2

except when used before a decimil fraction to indicate the absence

of integers or, in general, when' used merely ‘to locate the decimal

point.. For example, the zeros underscored in the following are
“significant,” while tho others are not: 0.5, 9.50, 102, 30,200. Fur-
ther, the number 2306, if expressed correct to three significant figures,
would be written 2400.2 It should be noted that the context or the
way in which a number has heen obtained is sometimes the d'eu;r'-'
mining factor as to the significance of 4 0. :

3. The pupil in arithmetic needs to see the work in the form in
which he will use it in practical life outside the schoolroom, His
visusdization of the process should therefore not include such symbols
as +, —, X, =, which are helpful only in writing out the analysis of
a problemor in the printed statement of the operation to be performed.
Because of these fucts the committee recommends: that only slight
use be made of these symbols in the written work of the pupil, except
in the analysis of problems. It recognizes, however, the_ value of

such symbols in printed directions and in these analyses, -
. .

a o
I11. GEN éRAL OBSERVATIONS AND RECOMMENDATIONS.

K. Goneral obscrvations.—The committee desires also to record its
“belief in two or three general observations.

L It s very desirable to bring mathematical writing ‘into closer
touch with good usage in English writing in general.  That we have
fuiled in this particular has been the subject of frequent comment by
teachers of mathematics as well as. by teachers of English. This is
all the more unfortunate because mathematics may be and should be
i genuine help toward the acquisition of good habits in the speaking
and writing of English. Under present conditions, with a style that
i5 often stilted and’in which undue compressibn is evident, we do not
offer to the student the good models of Linglish writing of which
mathematics is capable, not indeed do we’n]wnys offer good models
-age the use of u kind of vulgar mathematical slang-when they allow
such words as “tan” and “cos,” for tangent and cosine, 'and habitu-

“ally call their subject by the title “math.” - , :

2. In the same general spirit tho committee wishes to observe th

gone to an extreme in searching for technical terms and for new sym-

re€ain, as far as possible, a literary flavor.
" that a printed discussion should strike the pupil as an expression of

technical terms we introducg, the less is the subject likely to givo

*, The device s ot recummended for grseral adopion, » .
i e L Rt e T
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of thought processes. *It is to be feared that, many teachers encour-.

teachers of mathematics and writers of textbooks seem.often to have

bols. * The committeo expresses the hope that ‘mathematics - may"
It seems perfectly feasible

reasonable ideas.in terms of reasonable English forms. The fewer

s *

? The undersooring of significant zeros {s hero used. merely to .m"a,xe[ clear lhooomnm«‘lmnm‘ iy ki
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~like “* historic™ has a different meaning from “historical”” and that
_ confusion may occasionall¥ arise if “arithmetic” is used as an adjec-

“metic, geometric, graphic, and the like.

“ing international usage <o far as is reasonable, the. committee recom-
~to be appointed by Section IV of the next International Conigzress of
-the recognized international languages admitted to the meetings.

. mathematical journals, and authors of tv\llmuks vmlouvnr to ful——l/ow

«_
the impression of bomg difficult ‘and a mere juggling of words and

symbols. -
3. Whtle recogmzuq; the claims of euphony, the fact that a word

tive with "a’ different pronuweiation from the noun, the committee
advises that such forms as geometric be preferred to geometrical.
This is already done’in such _terms as analytic geometry and elliptic .
functions, and it seams proper to extend the custom to include arffh-

. L. General recommendations. —In view of the desirability of
simplification of terms used in elementary insteuction, and of establish-

mends that the subject of this‘report be considered by a comniittee
Mathematicians, such committee to contain representatives of at least
2. The committee suggests that examining bodies, contributors to

the general pl’muplm formulatcd in this report.
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SYNOPSIS OF THE REMAINING CHAPTERS OF THE COMPLETE
‘ REPORT. . .

Cuarter IX.—ThE PRERENT STATUR OF DISCIPLINARY VALUESR N
Enveamion. By Vevia Blair.

A critical survey of the séientific literature relating. to’ disciplinary
values and the transfer of -training, followed by an attempt to for-
mulate conclusions warrapted by the results of investigations and
supported by leading educational psychologists.

Cuarter Xc—A CRITICAL STUDY 0F THE CORRELATION METHOD
ArPLIED To Grapes. By A. R. Crathorne. :
An investigation i(l(‘((frll-l)illl‘ the serviceability and reliability in
educationat problems iof the theory of correlation applied to grades,
The chapter begins with a nontechnical deseription of the theory of
“correlution.  This is followed by an attempt to formulate a scale of
values for' the corrglation coeflicient with & view of determining
‘Wwith as much precision as possible what constitutes high,”. -
“medium,” or “lu\,y("' correlation.  Finally the theoryis applied “to
all the studies in the high-school curriculum—with some significant
results as th the edlucational influence of certain groups of subjects
as compared with’other groups. =

_CuartEr NL—MATHEMATICAL CCRRICULA IN Fmir:mx.(‘ocnmni:s.
U By J. C. Brown, ' ; :

A Drief accmmlt of the work in mathematics offered by the elemen-
tary and secondary schools of Austria, Belgium, Denmark, France,
Germany, Iloll{md, Hungary, Italy, Japan, Roumania, Russin,
Sweden, and Switzerland, followed by a general summary comparing
conditions in the United States with those in the countries mentioned.
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CuapTeR XTI ~FEXPERIMENTAL COURSES IN MATHEMATICS. By
‘ Raleigh Schorling. . < o

An éxt;;nsiv d&éription of the avork in mathematics given in 14

‘order of topics and the time devoted to each; the equipment of the
schools, the cdst of the instruction, ete. "

I3
<.

leading experimental schools of this country-—giving in detail the- ,‘ a




2 MATHEMATICS IN SECONDARY EDUCATION. -~ . ’

.. CuaPTER XIII.—StaNDARDIZED TESTS IN MATHEMATICS. FOR l
: Srconpary Schoors. By C. B. Upton, :

“ . A deseription of various standard tests in arithmetié, algebra, and
geometry, and a discussion of their use in "the teaching of mathe-
matics. The tests considered are the’ following: The Courtis
arithmetic tests, the Woody urithmetic scales, the Woody-McCall

s arithmetic test, the Stone reasoning tests, the Courtis standard prac-

= tice tests in arithmetic, the Studcbnl\er practice exercises in arith-
~metic, the Rugg-Clark pra('uce exercises in first-year algebra,the Hotz

“first-year algebra scales, the Kelly mnthenmtwul values test, the
Minnick geometry tests, the Rogers pmvnoxuc tests 1)f mathematical
ability, and others. . .

CHAPTER \l\ —'I‘ur: TRAINING OF Tm('ux-,m OF MATumamcs
B\' R. C. \rohlbald

A sele(-tmn fmm the results of an extended and detailed mvesuga-
- tion, covering every State in the Union and all the larger cities, con-
cerning present conditions regarding the training of teachers of
mathematics. ‘the facilitiées for providing such training, and the
requirements for certification. The selection is made for the pur-
"pose of exhibiting the highest standards to be found, in various parts
of the country and the courses of study for the training of teachers
given .in” various institutions. The «hnplvr also includes a .brief
‘survey of conditions in certain foreign countrics.

" CHAPLER XV.—sCERTAIN ‘QUESTIONNAIRE IXNVESTIGATIONR. B
LH y

.. W. F. Downey, A. R. (‘mthorno, Alfred Davis, hnd,others.

These- investigations relate to ath(, interests of high-school pupils,
change of mind as to life work between high school and colle, ge, the
_lmportanco of mathematws, ete. . . .

Cxun'rnn XVI L BIBLIoGRAPHY ON THE TEACHING OF MATHEMA'H(‘S\
By D. E. Smith and J: A Foberg. -

-

This bnbhogrnph_) lists all the artlcles relating to muthemnucs
that have: nppearcd since 1910 in a, number of leading educationsl

enodxcals, and gives in addition to author, mle, and plate of pubh-
calion a bnef summary of each art,lcle. : :
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Algebra, elementary, minor and major college-entrance requiréments, 41-43; grades
seven, eight, and nine, 19-21; grades ten, eleven, and l\\(-l\e, 30-31; rolatlon-
ships, 54-57; terms and svmhols, 65-68. .

Arithmetic, applications to business, 18; terms and symbols, bh-69

Biography of ‘muthematics, 22-23.

taleulus, elementary, 32-33; recommendations, 34-35. !

tollege-entrance requirements, 36-46; definition, 41-46
See also Algebra, Geombtry,

Computation, numerical, 23-24. :

Courses. of study, elective, grades ten, eleven and twelve, 29—.14 ‘‘gencral,” 10-12;
high-school movement, 12-13; junior high school, 24; optional topics, gradea
seven, eight, and nine, 22; required,- 12; topics to .be included in high schqgl,

, 36-37; topics to he omitted or postponed, urades seven, eight, and nine, 22-23;,
mlne of topics as preparation for elementary, 38-39. Sw -also Algebra, (‘alculua,
‘Geometry, Trigonometry, et . D .

Eight-four plan, school organized, 25- 26, ) . '

Elective coumes, 29-33. . o

Flementary collegé’courses, value of topics as proparntmn, 38-39.

Elementary mathermatics, terms and symbols, 61-70. -

Function concept, seyondary school mathematics, 53-60.

Geometry, demonstrative, 21-22; mtuuue, 8-19; relatmnslum, n—»x terms and
symbols, 61-65; work, 31-32.

Geometry (plane), mllege entrance rcqulrommts 43-46; list of pmlumlwns, 47 51,

(ieometry, plane demonstrative, 29-30. .

Geometry, solid, list of prolmmuons, 552, ° ..

Grades seven, eight, and nine, material, 172 -26. Sy ° v

History of mathematirs, 22, 33. : *

. Instruction. See Mathematical instruction, ’
* Juniofhigh school, course of atudy, 24; mo\emem 12-13. . R
Materials, planu for arrangements, 33-35; suggested arfangements, 24-26. .

Alathematical instruction, aims, 4-%; amtucle of mlleyes, 40-41; otganuatmn of
suluect matter, 10-13; point of view gmermn;: #-10. 5 o = :

Mathematics, history and biography, 22. o '

National Committee on Mathematical Requm ments, oflicers and members, iv; organ-

ization and purpose, v-vi.

. - : 4
Problems, educational utility, 23. ' 0o o S
Secondary school mathematics, function concept, 53-60 R
- Statistics, elemem.ary, 32, . PO . .
" Teachers, aumdards 14-15; training, 1‘1-15 2 g , fooc

... Terms and symboll olemen mathematics, 61-70. . -
'I‘ngonomet.ry, elemontary, ‘32; numerical, 2! relauonships, 69. . ,\ -
< Years seven, éight, and njne, 16-26, T
Years ten, eleven, md twelve, 27-35.

\ R 8 e
T U e
ra R g el ,;M.:“‘} *}’;’" ‘
£ ﬁ:‘fy 1p"j' T &
e o Cyre§d i s Al -

o






