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We are pleased to bring you this
eleventh issue of the College of Edu-
cation Review, the official journal of
the College of Education at San
Francisco State University. As is our
custom, the articles lit this issue of
the Review present a variety of ideas
and viewpoints on a topic of interest
to the educational community today.
Every so often we produce a special
issue of the Review. This is one of
those special issues. A few years ago,
for example, we organized an issue
dealing with the topic of science
education. In that issue, we dis-
cussed a' number of state-of-art top-
ics having to do with the teaching of
science in elementary and secondary
schools. The issue was well-received
by members of both the educational
and scientific communities, and we
received many complements on it.

In this issue, we present a num-
ber of articles that deal with the topic
of mathematics education. Guest edi-
tors Carol Langbort and Deborah
Curtis, both professors of education
here at San Francisco State Univer-
sity, have compiled a variety of arti-
cles in which the authors discuss
new and innovative ways to teach

EDITOR'S CORNER

mathematics. All of the articles in
this issue were written by graduates
of San Francisco State's new Master
of Art's Degree in Education, with a
special concentration in Mathematics
Education. This program, under the
leadership and direction of Professor
Langbort, has been funded since
1993 by a grant from the Eisenhower
Mathematics and Science Education
State Grant Program. All of the arti-
cles are based on work completed by
the first cohort of graduates from the
program. We think you will find in-
teresting what they have to say, and
(we hope) you will gain several new
ideas about how to teach mathemat-
ics.

We hope that you will be pleased
with this issue, and we welcome any
reactions you may have to the ideas
expressed herein. We will publish
your responses in a future issue of
the journal.

Lastly, a word of special thanks
to my assistant, Michele Larkey, for
her very good work and calmness
under pressure.

Jack R. Fraenkel
Spring, 2000
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Introduction

We are extremely pleased to bring
you this special issue of the College of
Education Review, the official journal of
the College of Education at San Fran-
cisco State University. The focus of this
special issue is Mathematics Education,
and all the articles were written by
graduates of our new Masters Degree
program, in which students earn a Mas-
ter of Arts degree in Education with a
Concentration in Mathematics Educa-
tion.

The introductory article presents de-
tails about the development of this pro-
gram, which has been funded by the
Dwight D. Eisenhower Mathematics
and Science Education State Grant Pro-
gram since 1993. The remaining articles
are based on the theses and field studies
completed by the first cohort of masters
students, who received their degrees in
May 1997. There are a variety of topics
addressed in these papers, examining
both teachers and students in elemen-
tary and middle grades. Several articles
focus on teachers: teacher beliefs about
prerequisites needed for learning alge-
bra, teacher attitudes about imple-
menting new curriculum materials, and
teacher perceptions of mathematical
competence. Other articles focus on stu-
dent assessment: third graders develop-
ing portfolios, and middle school stu-
dents using rubrics to score open -ended
mathematics problems.

Two papers focus on mathematical
problem-solving: one looks at teaching
students to write about their mathe-
matical thinking, while the other de-
scribes the observation and analysis of
African American children's problem-
solving behaviors. Lastly, one looks at
gender issues, and evaluates the impact
of a summer camp math program for
girls.

We wish to give special thanks to
Linda-Barton White, manager of Aca-
demic Programs of the Eisenhower State
Grant Program, who had the foresight
to fund projects such as this. We also
wish to thank the project co-director,
professor emeritus Jose Gutierrez, and
the other faculty who worked with these
students during this time: Drs. Barbara
Ford, Cecelia Wambach, Anne Gordon
and Pamela Tyson, San Francisco State
University, and Lise Dworkin and
Theresa Hernandez-Heinz from the San
Francisco Unified School District. All of
these faculty members had enormous
impact on the development of the cul-
minating projects of these graduate stu-
dentstheir masters thesis or field
study.

We hope that you will be pleased
with this special issue. We welcome any
reactions you may have to the ideas ex-
pressed. This issue is very special to us
and we hope you enjoy it as much as we
enjoyed putting it together.

Carol Langbort
Deborah Curtis

April 2000
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Developing Teacher-Leaders in a
Masters Degree Program in

Mathematics Educationi
Carol Langbort

This article describes the development and im-
plementation of this interdepartmental masters
degree program in mathematics education for K-8
teachers, beginning with the award of a planning
grant in the year 1993. Twenty students gradu-
ated in May, 1997, and 19 will graduate in May,
2000. The emphases of the program are described
in some detail: increasing the mathematical
knowledge of the teachers, discussions of the cur-
rent issues in mathematics education and the de-
velopment of teacher-leaders. The development of
new courses and descriptions of final projects are
also included.

COE Review, pp. 5-9

I am a mathematics educator in the
Department of Elementary Education at
San Francisco State University. Since the
1970s I have been personal friends and
colleagues with mathematics educators
in the Mathematics Department. Over
the years we have worked together in a
variety of ways induding professional
development grants for elementary and
middle school teachers and serving in
professional organizations. We have
been an important means of collegial
support for each other. It was no accident
then, in 1993, when we received a Re-

quest for Proposals (RFP) from the
Dwight D. Eisenhower Mathematics and
Science Education State Grant Program
to develop a master's degree program in
mathematics education for minority
teachers, that we were ready and willing
to take on this task.

Jose Gutierrez, a professor in the
Mathematics Department, and I wel-
comed this opportunity to write a plan-
ning grant for this purpose. Jose has
spent most of his career teaching mathe-
matics education courses for under-
graduates planning to become elemen-
tary teachers. For several years, we had
been discussing the possibilities for a
joint masters degree program, but it was
the RFP that gave us the impetus to
move forward.

We had been working with K-8 class-
room teachers through the San Francisco
Math Leadership Project (one of the Cali-
fornia Mathematics Projects) since 1984
and knew of the plight of our teachers.

Carol Langbort is a Professor of Elemen-
tary Education at San Francisco State Uni-
versity, and Co-Director of the Mathematics
Education Masters Degree Project.

'This article was originally published in the Fall, 1998 Newsletter of the Mathematicians and
Education Reform Forum. Reprinted with permission.
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They had become interested in mathe-
matics education; they realized that they
really could learn and understand
mathematics, and indeed, problem solve.
Overall, they had a renewed interest and
enthusiasm about mathematics learning
and teaching. Unfortunately, there was
no place for them to go to continue
studying in this area. These teachers
need to be in an environment where they
can work with others, feel free to make
mistakes and learn from them; and they
need challenging content, which, at the
same time, is related to school mathemat-
ics. Typically, mathematics departments
do not offer the kinds of courses that
would be appropriate for these teachers.
Another problem is that few courses are
offered at hours that classroom teachers
can fit into their busy schedules.

Planning and Beginning the Degree
Program

We wanted to design a mathematics
education degree program would vali-
date the efforts of teachers to improve
the mathematics programs in their class-
rooms and in their schools, and would
also give the teachers official recognition
of their work in this field. It would en-
courage them to continue in their studies
and add a depth to their knowledge in
both the content and the pedagogical is-
sues of the current mathematics reform
movement. And so this degree was de-
veloped between the Department of
Elementary Education and the Mathe-
matics Department with courses from
both departments. We utilized some ex-
isting courses and designed a few new
courses, in particular: Analyzing Cases of
Math Teaching (Ed), Developing Leadership
in Mathematics Education (Ed), Assessing

Mathematical Thinking (Ed), and Mathe-
matical Investigations: Dissection and Inte-
gration of Topics (Math). Requirements for
the degree would include four courses
from the Mathematics Department, four
Elementary Education courses, a course
in Research Methods in Education, and
writing a thesis or conducting a field
study.

Following the planning grant, we re-
ceived the full grant to implement this
two and one-half year program. As the
grant included stipends for teachers, we
expected that the recruitment process
would be successful. However, we were
not prepared for the many, many teach-
ers who attended our information meet-
ing about the program, and had to
quickly change the room to an audito-
rium to hold the more than 160 teachers
who attended. We received 80 completed
applications for our first cohort, and se-
lected an ethnically diverse group of 30
students. Going through the sequence of
courses as a learning community, the
teachers provided an enormous amount
of support for one another. The first co-
hort graduated in May, 1997; the second
cohort of 19 students will graduate in
May, 2000.

Mathematics, Current Educational
Issues, and Developing Teacher-
Leaders

One focus of this program is to in-
crease the mathematical knowledge of
the teachers. There are four courses in
the Mathematics Department: Geometry,
Measurement and Probability; Curriculum
and Instruction in Mathematics; Computers
and Elementary Mathematics, and Mathe-
matical Investigations. Completing these
courses gives the teachers the opportu-
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nity to apply for a supplementary au-
thorization in mathematics for middle
school teaching.

Another focus of the program is cur-
rent issues in mathematics education.
With the many changes occurring in
mathematics education, these teachers
need to be on the cutting edge of the cur-
rent reform movement.

The third focus of the program, de-
velopment of teacher-leaders, is the most
unusual aspect of the program. We need
more teacher-leaders, and we need more
teacher-leaders of color. We've learned
that leadership can take a great variety of
forms. Presenting workshops at the
school, district, state, and national level
is one type of leadership. Writing articles
and developing curriculum materials is
another type of leadership. Planning con-
ferences for teachers and teachers-to-be,
taking leadership positions in math or-
ganizations, state councils, and statewide
committees, and working with pre-
service teachers are additional examples
of roles that our graduates have taken.
Through this program, teachers have the
opportunity to strengthen their leader-
ship skills in these areas and are encour-
aged and supported in developing
strengths in new areas.

Leadership Development in
Mathematics Education

Although the entire program contrib-
utes to developing leadership, the course
Leadership Development in Mathematics
Education was designed specifically for
the program to focus on leadership is-
sues. It is offered early in the program so
that from the beginning the teachers see
developing leadership skills as an expec-
tation of the program. The course focuses

on three topics: examination of major is-
sues in mathematics education; review
and analysis of major documents of the
reform movement in mathematics educa-
tion; and examination of leadership and
dissemination practices.

We first focused on issues in mathe-
matics education. Class discussions were
built around articles from National
Council of Teachers of Mathematics
(NCTM) Yearbooks on Multicultural and
Gender Equity in the Mathematics Class-
room (1997) and Teaching and Learning
Mathematics in the 90s (1990). The teach-
ers then selected issues to pursue in
greater depth and were expected to pre-
sent different perspectives of the issue to
the class. The teachers also wrote indi-
vidual papers on a second issue of their
choice.

Although the teachers were familiar
with some of the major documents of the
reform movement, and even had copies
of some documents, they had not really
looked at them in depth. Some time was
spent examining more closely the 1992
California Mathematics Framework, NCTMs
Curriculum and Evaluation Standards for
School Mathematics (1989), NCTM's Pro-
fessional Standards for Teaching Mathemat-
ics (1991), and Everybody Counts - A Re-
port to the Nation on the Future of Mathe-
matics Education (National Research
Council, 1989).

We also spent considerable time prac-
ticing leadership. Selected articles from
the NCTM 1994 Yearbook on Professional
Development for Teachers of Mathematics
were assigned as useful background
reading: "Changing Mathematics Teach-
ing Means Changing Ourselves: Implica-
tions for Professional Development," by
Julian Weissglass and "Ten Key Princi-

College of Education Review 7
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pies from Research for the Professional
Development of Mathematics Teachers,"
by Doug Clarke. One of the class activi-
ties was to develop and get feedback on a
workshop to be presented at the teach-
ers' schools. Some students had never be-
fore presented a workshop and the sup-
port of the group was invaluable. In ad-
dition, the grant provided funds for all
the teachers to attend the California
Math Council's Annual Conference as
well as the annual conference of NCTM.
We hoped they could envision them-
selves presenting at these conferences in
the future.

Real Life Math Education Activities and
Final Project

There was a great deal of mathemat-
ics education activity taking place in
California during the Fall of 1997, the
very semester that the leadership course
was taught. The students had an oppor-
tunity to hear William Schmidt, Execu-
tive Director of the Third International
Math and Science Study (TIMSS), talk
about the TIMSS results. They also had a
chance to attend hearings on the new
math standards being developed by the
State of California. In fact, a few teachers
actually testified at these hearings. For
one class assignment the teachers were to
submit responses to the draft of the new
Math Framework for California Schools,
which was being developed during the
same semester. These real life opportuni-
ties for leadership contributed greatly to
the teachers' development as teacher-
leaders.

The final project, either a field study
or thesis, plays an important role in the
development of teacher leadership. Sev-
eral teachers from the first cohort have

had opportunities to present their work
at local and national conferences. The is-
sues chosen for study by the teachers
represent real world questions that have
emerged for them in the course of the
program, but also reflect their concerns
as full-time teachers. A sampling of titles
illustrates the variety of topics: A Second
Grade Spanish Curriculum Unit for Devel-
oping Mathematical Language; Ethnicity as a
Factor in Assigning Mathematical Compe-
tence to Elementary Level Students; Teach-
ing Students to Write About Mathematical
Problems; Observation and Analysis of 4th
Grade Latino Students' Problem Solving Be-
haviors Using a videotape Protocol; The De-
velopment, Implementation and Evaluation
of Family Volunteer Workshops that Promote
Math Literacy Young Children; Using Hy-
perstudio as an Assessment Tool; A Survey
of Teachers' Beliefs About Pre-Requisite Ex-
periences For Student Success in Algebra.

Benefits for Faculty

Having a grant allowed us to recruit
faculty from outside the university, as
well as enlist faculty from several de-
partments. There are a total of nine in-
structors, including five university pro-
fessors and four faculty from outside the
university, two of whom are from the
San Francisco Unified School District. A
faculty member teaches courses, works
with the teachers on their final projects,
or both. The nine faculty members serve
on the project Advisory Board as well as
attend regular meetings to discuss the
program and the progress of the stu-
dents.

Two weekend retreats helped de-
velop the collegiality among faculty and
teachers. The first retreat, held at the start
of the program, is an opportunity (1) for
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participants to get to know each other,
(2) to prepare the teachers for the pro-
gram, and (3) to give introductory ses-
sions to the courses for the following se-
mester. At the second retreat, held at the
beginning of the intense work period for
the final project, teachers write, meet
with faculty, and have an opportunity to
develop and expand their ideas with a
variety of people.

During the Fall, 1998 semester, we
tried something new--three all-day Sat-
urday meetings for the teachers and fac-
ulty as a kick-off to the research methods
course to be taught in the spring. Teach-
ers presented their beginning ideas for
their final projects and the faculty made
suggestions and elaborated on the teach-

ers' ideas. The faculty benefited greatly
from this exchange.

One of these Saturday meetings was
devoted to a discussion of qualitative re-
search methods. The discussion, based
on the transcript of an earlier teacher dis-
cussion about a case study, allowed the
teachers to study themselves as subjects.
The interest level was extremely high
and both teachers and faculty learned a
great deal about the challenges of doing
careful qualitative research.

Any undertaking in designing and
running a new program yields unex-
pected outcomes. The benefits to the fac-
ulty in this project is one of those pleas-
ant surprises.

College of Education Review
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The Impact of a Mathematics Summer
Camp Program on Girls' Spatial

Visualization Skills and Career
Aspirations in Mathematics and

Engineering
Lorraine L. Hayes
Deborah A. Curtis

The purpose of this study was to design, imple-
ment, and evaluate a summer program for sixth
and seventh grade girls designed to increase
their spatial visualization skills and their inter-
est in engineering careers. A significant change
from pretest to posttest was found for one of the
two measures of spatial visualization. There
was a significant change in the career interests
of the girls from pretest to posttest. In particu-
lar, at the end of summer camp, nearly half of
the girls indicated that they would be interested
in engineering as a career. Student evaluations
of the effectiveness of the summer program were
overwhelmingly favorable. Results are discussed
in terms of the value of intensive summer pro-
grams for middle school girls.

COE Review, pp. 10-23

By the year 2005, the engineering
field will increase by about 200,000 jobs,
with civil engineering jobs increasing by
25,000 positions and electrical engineer-
ing positions increasing by about 60,000
jobs (Krantz, 1994; U.S. Department of
Labor, 1994). Current information indi-
cates that only 17 percent of engineering
graduates are women (Basta, 1989). Re-
searchers have found that there are sev-
eral reasons why girls are not entering
into the engineering field. These include

(a) lack of spatial visualization skills,
and (b) lack of exposure to appropriate
female role models. Spatial visualization
skills are used when solving three-
dimensional problems. Mastery of these
skills is needed to be successful in
higher level math and science classes
leading to engineering degrees (Misty,
Colton, Rossi & Berger, 1994).

One type of spatial visualization skill
is the ability to visualize three-dimen-
sional shapes in various positions by ro-
tating the shape or flipping the shape
over to see the reflection of that shape as
it would be seen in a mirror. An electri-

Lorraine Lanam Hayes currently teaches
first grade at Marshall Elementary School in
Fremont, California. She also is a mathemat-
ics coach for the Fremont Summer School
Intervention program, and provides support
and training for teachers during summer
school for children who are at risk for reten-
tion in Fremont Schools. Ms. Hayes is also
an adjunct faculty member at National Uni-
versity. Deborah A. Curtis is an Associate
Professor of Interdisciplinary Studies in
Education at San Francisco State Univer-
sity.
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cal engineer uses this skill to write com-
mands to a robot so it moves its arm to
remove a bomb safely from the ground.
Another spatial skill is the ability to see
embedded figures in two- dimensional
drawings. A civil engineer uses this skill
when visualizing the hidden shapes in-
side a tunnel to decide which direction
they should dig to be able to get
through a mountain. Studies have found
that females do not perform as well as
males on these tasks (Gallagher & De-
Lisi, 1994; Hyde, Fennema & Lamon,
1990).

Some researchers consider spatial
visualization skills innate. There are
other researchers, however, who have
found that training can improve the way
students are able to perform spatial
visualization tasks. For example, in two
studies which required students to build
models with blocks and to practice rota-
tions of shapes through varying de-
grees, students improved their ability to
perform spatial tasks (Ferrini-Mundy,
1987; Vandenburg, 1975).

Koballa (1988) and Smith and Erb
(1986) have also shown the positive im-
pact that female adult role models can
make on math and science course selec-
tions of teens. Studies have shown that
exposure to female role models in sci-
ence careers can encourage girls to enter
male-dominated careers (see, for exam-
ple, McNamara & Scherrei, 1982; Swin-
dell & Phelps, 1991). However, there is
little evidence that a spatial visualiza-
tion training program combined with
exposure to female role models in math
and science will inspire more girls to
consider higher level math and science
programs and future careers in these
fields.

The purpose of this study is to evalu-
ate a summer program for sixth and sev-
enth grade girls which was designed to
increase (a) their spatial visualization
skills and (b) their interest in math and
engineering careers. The first component
of the summer program consisted of a
collection of activities that taught spatial
visualization skills. These activities pro-
vided opportunities for the girls to learn
how to rotate and reflect shapes by using
blocks and computers. There were also
games and tasks that, helped the students
to see hidden geometric figures in a
given shape.

The second component consisted of
bringing guest speakers to class. These
speakers were women, of various eth-
nicities, who have been working in a va-
riety of engineering fields including civil
engineering and electrical engineering.

REVIEW OF THE LITERATURE

The Standards of the National Coun-
cil of Teachers of Mathematics (NCTM)
emphasize the importance of providing
equal opportunities for all students to
develop math power. This emphasis is
summarized in the policy statement that
says "Every student can and should
learn to reason and solve problems. By
every child we mean specifically stu-
dents who are female as well as those
who are male" (NCTM, 1991, pp. 21-22).
However, there are a number of studies
that have shown that these NCTM stan-
dards are often not met for female stu-
dents. In particular, research has indi-
cated that girls are not given the same
opportunities as boys to develop prob-
lem solving skills, specifically those skills
needed to perform spatial visualization
tasks (Bohlin, 1994; Hyde, Fennema, &

College of Education Review
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Lamon, 1990).
There are a number of issues that

need to be addressed in discussing the
development of spatial visualization
skills. Although some studies have
shown that there are differences in the
ability of boys and girls to perform spa-
tial visualization tasks (e.g., Johnson and
Meade, 1987; Linn & Petersen, 1985), re-
searchers disagree on the age at which
these gender differences appear and the
reasons for these differences (Johnson &
Meade, 1987; Sherman, 1980). Some re-
searchers have argued that the differ-
ences are biologically based (see, for ex-
ample, McGuiness, 1976; Petersen, 1976;
Sanders & Soares, 1986). Other research-
ers have contended that the differences
are primarily based on life experiences
(Boekaerts, Seegers & Vermeer, 1995;
Bohlin, 1994; Hyde, Fennema & Lamon,
1990; Jakobsdottir, Krey and Sales, 1994;
Kaiser-Messmer, 1993; Kies ler, Sproull &
Eccles, 1983; Serbin, Conner, Burchardt &
Citron, 1979; Skolnick, Langbort & Day,
1982).

Having underdeveloped visual spa-
tial skills has been shown to have a nega-
tive effect for girls' overall performance
on college entrance exams. These exams
have historically had spatial skills ques-
tions weighted heavily in the math com-
ponent (Gallagher & DeLisi, 1994; Hyde,
Fennema & Lamon, 1990; Mistry, Colton,
Rossi, & Berger, 1994). There is likelihood
that lower scores of girls on these tests
could be keeping girls from entering
math /science - related- majors. These
lower scores could also be limiting the
girls' choice of colleges.

Some studies have suggested that if
boys and girls are given the same oppor-
tunities to learn spatial tasks, the skills

can be equally developed (Ferrini-
Mundy, 1987; Flores, 1990; Vanderburg,
1975). Research has also indicated that
exposure to successful female role mod-
els can encourage girls to enroll in male-
dominated courses which would then
provide opportunities to develop spatial
skills (Koballa, 1988; McNamara &
Scherrei, 1982; Smith & Erb, 1986; Swin-
dell & Phelps, 1991).

Developmental Differences Between
Boys and Girls' Spatial Skills

Using tasks that measured spatial
skills, researchers have found that girls
and boys develop these spatial abilities
differently. For example, Linn and Peter-
sen (1985) reported that spatial percep-
tion tasks (horizontality) were more dif-
ficult for females than for males. Fur-
thermore, they found that spatial rota-
tion, which is the task of abstractly doing
several degrees of shape rotation, was
more difficult for females.

Spatial visualization tasks, such as
paper folding and finding geometric
shapes in a unidimensional representa-
tion, were found to be equally difficult
for boys and girls. However, researchers
have found that as children get older,
males perform consistently better than
females on spatial visualization tasks
(Johnson & Meade, 1987). It has been
argued that hormones can explain these
developmental differences between the
sexes. In particular, McGuiness (1976)
argued that spatial skill development is
hormonally based, with a positive rela-
tionship between spatial visualization
skills and puberty or the presence of
hormones, specifically, testosterone.

Learning styles have also been dis-
cussed as another possible innate factor

12 College of Education Review
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that may affect spatial visualization
skills. It has been reported that males
and females come to the classroom with
different learning styles, which, in turn,
can affect their ability to approach the
problem-solving strategies needed in
spatial visualization skills. Bohlin (1994),
for example, studied differences in
styles of learning. In her research, Boh-
lin classified learners into two types,
namely serialistic learners and holistic
learners, and found serialistic learners
tended to be female, and holistic learn-
ers tended to be male. The serialistic
learners were found to have "rules
without reason," and to prefer problem-
solving strategies that used a step-by-
step approach. Serialistic learners were
found to be uncomfortable with explor-
ative-type problem-solving strategies,
which are the type of strategies that are
used in spatial skill development. Holis-
tic learners, by contrast, were found to
need to see the whole picture before fill-
ing in the details. They preferred to ex-
plore solutions to problems, such as spa-
tial visualization problems, and did not
start with algorithms to try and find the
answer. Bohlin stated that this holistic
learning style, which was more common
for boys, leads to the most success in
solving unfamiliar problems.

Effects of Lack of Training and Experi-
ence on Girls' Spatial Visualization
Skills

Some researchers have argued that
the lower level of spatial skills in girls is
due to a lack of experience and training.
Recreational activities have been shown
to limit female exposure to spatial tasks.
Serbin, Conner, Burchardt and Citron
(1979) found that by age 3, children al-

ready influence each other to play with
sex-appropriate toys. In addition, parents
tended to buy gender-oriented toys.
These toys, along with other life experi-
ences at this age, may explain unequal
spatial development. The game of pool,
for example, provides an excellent op-
portunity to develop angle and speed
concepts, and yet the pool hall is consid-
ered "male territory." The present-day
pool hall is video arcades. Kies ler,
Sproull, and Eccles (1983) did an exten-
sive study on video games. They found
that most video games showed a definite
gender bias in terms of their content,
which, in turn, could adversely effect
females who might be interested in try-
ing the games. In particular, the re-
searchers found that the themes of most
video games are war, violence, and male
sports like baseball, basketball and foot-
ball. According to these researchers,
these games provide excellent opportuni-
ties to develop spatial skills as asteroids
and battle cruisers, for example, need to
be shot down or speed and ball direction,
as a second example, need to be assessed
to win the games. However, the re-
searchers noted that girls were not seen
playing these games, and concluded that
this was because they did not include
topics of interest to most females.

When children enter school, the edu-
cational environment has an impact on
spatial skill experiences. Researchers
have reported that teachers do not take
into account learning styles when pro-
viding experiences for developing spatial
skills. Bohlin (1994), for example, argued
that classroom teachers tend to use the
designed lesson, rather than the explor-
ative lesson meaning that teachers tend
to teach the idea and the algorithm, then
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test what was taught. While this method
allows serialistic, often female, problem
solvers to perform well on a class math
test, it does not provide this same group
with the higher level cognitive process-
ing activities needed to develop prob-
lem-solving skills used to perform spatial
visualization tasks.

This lack of training continued as
girls make subject choices in high school.
Studies have indicated that more boys
take higher level math and science
courses. Sherman (1980) did a study
which covered grades 8 to 11. She found
that even though the math backgrounds
and math performances of boys and girls
were not different in 8th grade, there was
a significant decline in female math per-
formance and female math participation
in the 11th grade. The two areas cited by
Sherman as the reasons for the change
were girls' attitudes and their lower spa-
tial visualization performance.

Hyde, Fennema and Lamon (1990)
reported on a study of California high
schools which found that girls only made
up 38 percent of the physics classes, 34
percent of the advanced physics classes
and 42 percent of the chemistry classes.
These higher level math and science
classes provide the advanced problem-
solving and spatial visualization skills
needed to take college level math and
engineering classes, yet these courses are
taken by only a minority of female stu-
dents.

Effect of Spatial Visualization Training
on Future Educational Goals

Studies have shown that the lack of
exposure to problem-solving strategies
and spatial visualization activities could
be affecting the choices that girls have in

their future educational goals. Problem
solving and spatial skills are the skills
needed to score well on the SAT-Math
College entrance examinations (Mistry,
Colton, Rossi, & Berger, 1994). The scores
on these tests could affect a student's ma-
jor and college choices.

Gallagher and DeLisi (1994) found
that overall, girls scored about 50 points
lower than boys on the SAT-
Mathematics. Girls, however, performed
better in the areas of computational prob-
lems and algebra. The researchers argued
that this was due to the girls' ability to
perform better at tasks that use conven-
tional strategies or tasks that can be an-
swered through memorization. How-
ever, girls scored significantly lower in
word problems and geometry tasks that
required problem solving and spatial
skills. As Hyde, Fennema and Lamon
(1990) reported, these are the skills that
have been taught to a minority of girls
who enrolled in the higher-level math
classes. Hyde, Fennema and Lamon also
argued that because the SAT-Math test is
used as a criteria for college admission
and scholarship grants, girls' lower
scores influence their college and career
choices as these tests become the filter for
math-related fields like engineering and
physics.

Effect of Spatial Visualization Training
on Spatial Skills

Studies have shown that even if stu-
dents have had fewer spatial task experi-
ences, they can be trained to develop
these spatial skills. Vandenburg (1975)
found that sixth grade girls improved
their mental rotation skills after receiving
spatial training on building models with
blocks. Ferrini-Mundy (1987) studied the
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successful training of high school stu-
dents. By practicing spatial tasks, these
women were able to visualize the rota-
tion of solid objects while doing revolu-
tion-type problems, a skill seen as essen-
tial to the study of engineering.

Effect of Female Role Models on Engi-
neering Career Choices

Researchers have found that girls
have limited their own exposure to
higher level math skills, including spatial
visualization skills, by not entering the
higher level math courses that provided
opportunities to develop these skills
(Hyde, Fennema, & Lamon, 1990). Kai-
ser-Messmer studied the reasons that
female students do not take these classes.
One reason given by the girls in this
study was the feeling that there was no
need for these courses in their future
goals. Other researchers have found that
girls recognize the value of these courses
when female role models are introduced
who showed the girls how they success-
fully .used the skills taught in the higher
level math classes (McNamara &
Scherrei, 1982; Smith & Erb, 1986; Swin-
dell & Phelps, 1991).

As women enter into male-dominated
careers, researchers have found that
same-sex role models continued to influ-
ence career choices. 'In a study of 30 geo-
graphically and ethnically diverse
women pursuing careers in science,
mathematics, and engineering (McNa-
mara & Scherrei, 1982), women were in-
terviewed to determine the influential
factors that effected their career choices.
The study found that as children and
teenagers, the women recalled looking to
teachers and older female students for
encouragement. As they got older, they

said they looked for visible female pro-
fessionals in their field who they could
use as models for their careers and per-
sonal lives.

The Current Study

For the current study, a summer math
camp was developed for sixth and sev-
enth grade girls. The program was based
on spatial visualization activities requir-
ing problem-solving strategies. The girls
were also given the opportunity to meet
and talk to female engineers. It was hy-
pothesized that the spatial visualization
training and an exposure to female engi-
neers would lead to increased spatial
visualization skills and increased inter-
ests in engineering careers .

METHODS

Participants

The study took place in an urban
middle school in the San Francisco Bay
Area. All the participants were enrolled
in the middle school's Chapter One pro-
gram, which funded the summer camp.
To select the participants, six middle-
school teachers were asked to identify
two groups of girls as candidates for the
camp: (a) girls who were considered to
be high performing math students, and
(b) those ranked as low performing math
students. The teachers were instructed to
exclude students receiving special ser-
vices in the school resource programs
(i.e. students with IEPs), students who
were identified as limited English profi-
cient, and students who were receiving
special services in the gifted and talented
program. Based on this procedure, 21
girls were admitted to the program, and
15 of these girls completed the program.

In terms of demographics, the girls'
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ages ranged from 10 to 12. In terms of
ethnicity, over half the group was Latino,
and the remainder were from European
American, African American, and East
Indian backgrounds.

The Summer Math Camp Program

The summer math camp was held at
the same middle school that the students
attended during the regular school year.
The middle school principal and parents
of the students gave permission to un-
dertake the study. Testing was con-
ducted in the classroom the first and last
days of the camp. The camp was held for
one week.

A program was developed that
would expose adolescent females to the
two areas of concern for this study (a)
spatial visualization tasks and (b) engi-
neering career opportunities. Several or-
ganizations were contacted in order to
find female engineers who would speak
to the group. Activities were then devel-
oped which could then be incorporated
with the speakers in order to develop the
spatial visualization skills.

The program was a five-day program
meeting from 8:30 a.m. until 12:30 p.m.
Each day had a theme. Monday was Ex-
ploration Day. In terms of spatial visuali-
zation training, students were given two
different activities to do: (a) pentomino
puzzles and (b) a pentomino computer
game. Students were then allowed to
freely explore any of the other games
that were provided. In terms of career in-
terests, the students revealed their cur-
rent career aspirations on the pretest
questionnaires. They also completed a
questionnaire of skills needed to be an
engineer using Equal's Spaces unit (Fra-
ser, 1982).

Tuesday was Civil Engineering day.
A female guest speaker brought slides
and discussed her job as a county civil
engineer. In terms of spatial visualization
training, the students did civil engineer-
ing activities by trying to create a cube,
first from 3-foot dowels and rubber-
bands. The students then constructed the
cubes from skewers and rubber bands.
They ended the day by making accurate
representations of their constructions on
isometric paper.

Wednesday was Aeronautical Engi-
neering day. The guest speaker was a
female electrical engineer who was in-
volved in designing the newest Concorde
with NASA. She brought in a sample
piece of the wind tunnel and explained
how airplanes are able to fly. The stu-
dents were then given two paper-folding
activities: the first was on following di-
rections to create origami structures, and
the second one was following computer
instructions for creating paper airplanes.
The students then had a contest to see
how far their planes could fly.

Thursday was Writing Directions
Day. The guest speaker was a female
electrical engineer who designed robots
with Lawrence Livermore Laboratories.
She explained that designing robots con-
sisted of writing directions so that a ro-
bot could follow them. She brought a ro-
bot for the students to use. The robot
moved its arm when students gave it di-
rectional cues with a remote control. The
students were asked to pour water from
one cup to _another using directional
cues. Spatial visualization activities for
the day included working with and play-
ing games with the Tangram puzzle.

Friday was Overview Day. The guest
speaker was a female quality control en-
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gineer from the NUMMI automotive
plant. She explained how she found de-
fects in car production and how effective
an assembly line could be in production.
For further spatial visualization practice,
students were asked to make a block
building from a picture and then draw
the entire structure on isometric paper.
The students were also given posttests
and questionnaires that were used to
evaluate changes in spatial visualization
skills, knowledge of engineering as a ca-
reer and new career interests.

Instruments

Students were given several pretest
and posttest assessments. Two different
types of spatial visualization tests, which
will be described in the next section,
were given. The pretest and posttest re-
sults were used to evaluate spatial visu-
alization skills. A Career Interest Ques-
tionnaire was also given before and after
the camp to assess changes in the girls'
career choices.

Spatial Visualization Tests

Developmental Test of Visual Motor In-
tegrations (VIVA). The students were given
two spatial visualization tests on a pre-
test-posttest basis. The VMI is the Devel-
opmental Test of Visual Motor Integra-
tions (Beery and Buktenica, 1989) for
ages 3 through 18. This test measures
perceptual and motor skills. More spe-
cifically, it evaluates .the students' ability
to look at a picture and then use small
motor skills to reproduce the picture ac-
curately. In this test, students are asked
to copy 24 geometric shapes into a test
booklet. The designs are arranged in or-
der of increasing difficulty. The score is
determined by a point system that evalu-

ates the accuracy of the student's repro-
duction of the design. The number of
points attained is then converted using
an age and sex norm table to determine
the final score.

Spatial Ability Test. The Spatial Ability
Test (Barrett & Williams, 1992) is typi-
cally given by career counselors to help
determine spatial visualization percep-
tion skills. This particular test is one
component of a battery of tests used to
evaluate aptitudes that might indicate
success in different careers. The Spatial
Ability Test determines the test-taker's
ability to visualize a solid three-
dimensional object when only given lim-
ited two-dimensional information. The
seventy-five-point test has nineteen de-
signs, which are analyzed in four ways.
Tet-takers are asked to examine the
original design and then pick out, from a
series of four choices, the resulting
shapes derived from the original design.

The test consists of two different
types of tasks, and each task measures a
particular kind of spatial visualization
perception skill. In the first type of task,
students are asked to evaluate which
three-dimensional shape is a result of
folding a two-dimensional design. In the
second type of task, students are given
two shapes and are asked to determine
the resulting shape if the smaller piece is
removed from the larger shape. Both
types of skills are important in applica-
tions such as understanding technical
drawings and the relationships between
objects in space.

Career Interest Questionnaire

For this study, a Career Interest
Questionnaire was developed and pi-
loted on 36 males and 52 female
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TABLE ONE

Pretest and Posttest Spatial Visualization Test Results (n=15)

Pretest Post test Gain

Test Mean SD Mean SD Mean SD T
Spatial Ability 41.33 5.39 49.67 6.16 8.33 5.02 6.42*

VMI 38.33 17.67 45.27 19.67 6.93 13.81 1.94

*Statistically Significant (p<. 05)

students to evaluate its reliability and
face validity. After minor revisions, this
questionnaire was then given on a pre-
test and posttest basis. The results were
then analyzed in two ways: (a) questions
regarding the girls' career interests were
compared from pretest to posttest to as-
sess changes in the girls' career aspira-
tions; and (b) open-ended questions re-
garding knowledge of engineering ca-
reers were compared from pretest to
posttest.

RESULTS

Spatial Visualization Skills

The spatial visualization tests were
analyzed for possible growth in spatial
visualization skills. In particular, pretest
and posttest means on the two tests
were compared using matched pair t-
tests at a .05 significant level. As shown
on Table One, a quantitative analysis of
the two spatial visualization tests gave
inconsistent results. The difference be-
tween the VMI pretest and posttest be-
tween the Spatial Ability Test pretest
and post test means was statistically
significant (t (14) := 6.42, p < .05), indicat-
ing a significant improvement in spatial
visualization perception skills on this
test. Students gained an average of 8.33
points on this latter test.

Career Interest Questionnaire

Students were asked the open-ended
question, "When you are 30 years old,
what type of job do you think that you
will have?" on a pretest and post test ba-
sis. They were given space to write two
possible career choices. The responses
were tallied for specific occupational
choices. In Table Two, the results are
displayed for the percentage of re-
sponses falling into "technical and pro-
fessional" occupation. There was a sub-
stantial increase in students choosing
engineering careers (+42.9 percent) with
a marked decline in students choosing
teaching careers (-14.3 percent).

Knowledge about Engineering

At the end of the summer camp, stu-
dents' were asked, "Did you learn any-
thing about engineering from this pro-
gram?" Of the fourteen students who
responded, all indicated that they had
learned something. The students were
then asked "What did you learn?" An
inductive qualitative analysis was un-
dertaken on students' written responses
to this question. The themes which arose
with regard to this question are pre-
sented in Table Three. (Note that stu-
dents' original spelling was unchanged
for this table). The answers fell into
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TABLE TWO

Pretest and Posttest Responses to the Question:
"When you are 30 years old, what type of job do you think you will have?"

(n=30)

Career Choice Pretest Posttest Change
Engineer 0.0% 42.9% +42.9%

Computer
Programmer

0.0% 3.6% +3.6%

Doctor 14.3% 14.3% 0.0%

Lawyer 14.3% 3.6% -10.7%

Teacher 17.9 3.6 -14.3

TABLE THREE

Summary of Responses to the Open-Ended Question:
"What did you learn about engineering from the program?"

(n=14)

Theme 1: Engineering as it Relates to Mathematics

I learned that you should know your math and you will use it in life and it will be easy
if you know it.
Tlearned that girls can do most anything and that math is important.
That they you need math for all the jobes.
Engineering is cool math.

Theme 2: Women in Engineering

I learned that very fuew wemon ar engineers
I learned that a lot of women are not in engineering.
That there are very few women in engineering.

Theme 3: Feelings about Engineering as a Career

I learned that being an engineer is hard work. But all I need is practice.
I learned that having that job could be fun.
I learned that being an engineer is a lot of fun.
I learned that women have 2 work very hard to be a good engineer because some
pig-headed people think that it's a "man's" job. They have 2 work extra harder to be
accepted in that type of workforce.
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three thematic areas. In terms of the first
theme, several girls indicated that they
learned about the connection between
engineering and math (N=4 students).
An example of this is the response from
a student who said "Engineering is cool
math." In terms of the second theme,
several girls said that they learned that
there are very few women in engineer-
ing jobs (N = 3 students). For example,
one girl said "I learned that very fuew
wemon ar (sic) engineers." In terms of
the third theme, several girls indicated
that they came to recognize the field of
engineering as a career choice (N = 4
students). Here, one of the girls said "I
learned that having that job could be
fun."

DISCUSSION

Overall, the summer camp program
was a success both in terms of changes in
visual perception skills and changes in
girls' career goals. In particular, a statis-
tically significant increase was found in
terms of girls' spatial perception skills.
Moreover, the female speakers appeared
to have a positive influence on the girls,
as reflected in their changes in career
goals.

Spatial Perception Skills

By providing a variety of activities
for all the students, the girls were able to
benefit and develop the repertoire of
strategies that Linn and Petersen (1985)
suggested students need in order to do
-well on these spatial visualization tasks.
The activities were structured in a man-
ner where learning about spatial tasks
was acquired through exploration, not
just "rules without reason" as described

by Bohlin (1994). These experiential ac-
tivities allowed the students to develop
the problem-solving strategies necessary
for the spatial visualization test.

Visual Motor Skills

There was no significant change in
girls' visual motor skills, as measured
by the VMI. This may be because the
VMI measures skills that were not em-
phasized in the summer camp. In par-
ticular, because these skills are meas-
ured by recreating pictures with a pen,
and because no erasing is permitted on
this test, an additional factor of fine mo-
tor drawing proficiency might have en-
tered into this task. In addition, one
week may not have been a sufficient
training period for this type of skill. An
additional factor that could explain the
nonsignificant results could be that for
some students, drawing is associated
with artistic ability. Thus, if a student
has little confidence in her drawing abil-
ity, her lack of confidence could nega-
tively effect her performance.

Career Choices

There was a notable change in career
choices after the program. The change of
career interest to engineering was most
likely based on two factors. The first fac-
tor was an initial lack of exposure to en-
gineering careers. In the pre-camp ques-
tionnaire, students were asked the ques-
tion "Do you know anyone who has one
of these jobs?" Two of the choices were
civil engineer and electrical engineer.
Only one student responded that she
knew a civil engineer (her father). The
second factor, which may have affected
the career choice changes, was the expo-
sure to female role models in these posi-
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tions. This exposure prompted students
to not only see how women are success-
ful in these careers, but the students
were also able to hear how women have
developed their math skills in male
dominated math/science classes.

Limitations of the Current Study

The current research has several
limitations. The findings, therefore,
need to be viewed as tentative. First, in
terms of internal validity, there was no
control group. Therefore, the changes
found from pretest to posttest could
have been the result of confounding
variables such as maturation or testing.
Second, in terms of external validity, the
research is based upon a small sample
size, and the study took place in one
particular locale in California. Thus,
generalizability is limited.

Conclusion

This study suggests that spatial vis-
ualization skills can be developed in a
summer math camp setting. These skills,
in turn, might then help girls enter
higher-level math programs. By provid-
ing opportunities to develop these skills,
we gave girls one more tool that they
can use in their future careers. "How
Schools Shortchange Girls," a report by
the AAUW (1992), recommended that
"girls must be educated and encouraged
to understand that mathematics and the
sciences are important and relevant to
their lives." This program showed the
value of girls learning about and speak-
ing with successful female role models
in non-traditional female careers like
engineering or science. It helped them to
see that these careers could be possible
for girls to attain.
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The Effects of a Student-Generated
Rubric on Third Graders' Math Portfolio

Selection Criteria
Thais Akilah Kagiso

The purpose of this study was to test the hy-
pothesis that a student-generated mathematics
rubric would help third grade students to apply
meaningful, objective criteria when selecting
pieces of problem solving work for inclusion in
their mathematics portfolios. This 12-week study
was conducted in a self-contained classroom.
Students were required to provide written justi-
fication for their portfolio selections. Student
justifications and selections were analyzed be-
fore and after the development of the student-
generated rubric. The results were generally
consistent with the hypothesis. Although the
students did not totally abandon their own crite-
ria for evaluating their work, a significant num-
ber of the students were able to integrate the
standards of the rubric into their selection crite-
ria.

COE Review, pp. 24-36

The aim of this study was to test the
hypothesis that a student generated ru-
bric would help students to apply mean-
ingful, objective criteria when selecting
pieces of problem solving work for in-
clusion in their math portfolios. This 12-
week study was conducted in a self-
contained, third grade classroom. Stu-
dents were required to provide written
justification for their portfolio selections.
Student justifications and selections
were analyzed before and after the de-
velopment of the rubric. The results pre-
sented here show support for the hy-
pothesis. Although they did not totally
abandon their own criteria, a large

number of students were able to inte-
grate the standards of the rubric into
their repertoire of selection criteria.

One of the objectives of the recent
mathematics reform movement is to ac-
tively involve students in the assess-
ment of their own learning (National
Council of Teachers of Mathematics
[NC'TM], 1995). By involving students in
the assessment process, teachers can as-
sist students in coming to an under-
standing of the goals of instruction and
can learn about the extent to which stu-
dents are meeting those goals. Some
teachers seeking to enter balanced as-
sessment partnerships with their stu-
dents have involved those students in
portfolio assessment systems (Stenmark,
1991). In such partnerships, teachers and
students have come together to compile
collections of work that provide evi-
dence of students' abilities to think and
communicate mathematically. Research
indicates that when teachers and stu-
dents work together in this way, they
can both benefit (Kenney & Silver, 1993).
The potential benefit to teachers is hav-
ing an assessment instrument that
evaluates performance over time. The
potential benefit to students is becoming

Thais Akilah Kagiso has been teaching for
14 years. She currently teaches 3rd grade at
Beverly Hills Elementary School in Vallejo,
California
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informed evaluators of their learning.
Evidence is mounting in support of

the value of student self-assessment
practices in upper elementary or higher
grades (Kenney & Silver, 1993; Warloe,
1993). Research has yet to provide a
clear answer as to whether or not such
practices can be successfully imple-
mented in primary elementary grades.
Questions remain as to whether or not
primary grade students are develop-
mentally capable of evaluating their
own work. There are indications that the
problem may not be in the developmen-
tal level of the students, but in the de-
sign of the assessment systems (Schunk,
1994; Stipek, 1981). Therefore, the chal-
lenge for primary grade classroom
teachers is to find developmentally ap-
propriate ways to support their students
as they engage in authentic self-
assessment activities that yield mean-
ingful results.

The purpose this study was to exam-
ine whether modification of the student
self-assessment component of a third
grade mathematics portfolio system had
an effect on the quality of student par-
ticipation in that system. On the basis of
research in support of self-regulated
learning, as well as research which
raised concerns regarding self-
assessment by primary grade students, I
hypothesized that in order for third
grade students to fully participate in se-
lecting pieces of work for their math
portfolios, they would need support in
understanding appropriate criteria for
such selections. I set out to evaluate
whether participation in the develop-
ment of a scoring rubric, which estab-
lished standards of performance, would
provide the support these third graders

needed. If, as indicated by research on
self-assessment, students in the third
grade are capable of objective self-
assessment, I hypothesized that the use
of a rubric they helped to develop
would provide the students in the study
with enough support to make perform-
ance standards-based selections for their
mathematics portfolios. To that end, the
following question was investigated in
this study: What effect does the use of a
student-generated rubric have on the
criteria third grade students use to select
pieces of work for their math portfolios?
The following sub-questions were con-
sidered:

1. In what ways do student portfolio
selection comments reflect the standards
of the rubric and how do those com-
ments change after introducing the ru-
bric?

2. In what ways do student portfolio
selections reflect the standards of the
rubric?

3. In what ways are the comments
that students make on their work sup-
ported by the work itself?

4. In what ways do student com-
ments regarding the purpose of a port-
folio change after introducing the ru-
bric?

METHODS

The Sample

This 12-week project was conducted
in a self-contained, third grade class-
room, at a K-6 year-round elementary
school, in a North San Francisco Bay
Area school district. The student popu-
lation of this class was diverse: 47 per-
cent of the students were of European
descent, 22 percent were of African de-
scent, 16 percent were of Filipino de-
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scent, 9 percent were of Chinese de-
scent, 3 percent were of Middle Eastern
descent, and 3 percent were Biracial.

The Design.

Information was collected on one
component of the class' mathematics
program, namely problem-solving ses-
sions. The design of the study called for
students to engage in problem solving
sessions once a week. Every third week,
students chose one of the three problem
solving work products for inclusion in
their mathematics portfolio. The result-
ing four cycles of data collection were
referred to as the first, second, third,
and fourth data collection periods.

The Rubric

The student-generated rubric was
developed during discussion sessions
that occurred during the period between
the first portfolio selection and second
portfolio selections. During these ses-
sions, students participated in discus-
sions which analyzed solutions to prob-
lems they had solved during the first
three weekly problem solving sessions.
During rubric discussion sessions, the
students identified elements of student
work which provided evidence of suc-
cessful problem solving. For example,
students identified the use of a table as
an effective way to organize informa-
tion. I used the student comments to
write a rubric with descriptors of four
performance levels. The language of the
rubric was designed to be developmen-
tallytally appropriate.

Instrumentation

Information was collected from stu-
dents using three instruments, namely
(a) a math questionnaire, (b) problem

solving worksheets, and (c) portfolio se-
lection comment sheets. The math ques-
tionnaire was given to students one
week before they engaged in their first
problem solving session. The problem
solving worksheets were completed by
students during each of the 12 weekly
problem-solving sessions. (See Appen-
dix 1). Students completed the portfolio
selection comment sheets every third
week of the study, during portfolio se-
lection sessions. (See Appendix 2). Stu-
dents completed a post-study math
questionnaire, identical to the initial
math questionnaire, after the final port-
folio selection session.

Portfolio selection comment sheets. The
student comments on the portfolio se-
lection comment sheets were analyzed
for evidence of the language and stan-
dards of the rubric. Student comments
were coded in one of three categories:
(a) Rubric Only, (b) Non-Rubric Only,
and (c) Combination of Rubric and Non-
Rubric. Responses in which all com-
ments reflected the language and stan-
dards of the rubric were placed in the
Rubric Only category. Responses in
which all comments had no relation to
the language and standards of the rubric
were placed in the Non-Rubric Only
category. Responses that contained both
rubric and non-rubric comments were
placed in the Combination category.

Problem solving worksheets. The prob-
lem solving worksheets selected by the
students for inclusion in their portfolios
were analyzed, section by section, for
evidence of the standards of the rubric.
Part 2 (Descriptions), in which students
stated what they thought they needed to
do to solve the problem, was analyzed
for three rubric standards: (a) Clarity,
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(b) Completeness, and (c) Accuracy. A
clear description was one in which the
student used language understandable
to the reader. A complete description
was one that included the major ele-
ments of the problem. An accurate de-
scription was one that recorded the stu-
dent's correct interpretation of the prob-
lem.

Part 3 (Solutions), in which students
recorded their solutions to the problem,
was analyzed for four rubric standards:
(a) Clarity, (b) Correctness, (c) Re-
cordings, and (d) Multiple Representa-
tions. Clarity in this section referred to
readability, as well as identification of
the solution. Correctness referred to the
accuracy of the solutions or partial solu-
tions. Recordings referred to methods
used to record the solutions such as
equations, charts, diagrams, and tables.
Multiple representations referred to any
attempt to solve a problem in more than
one way. This standard did not apply to
the many combinations found when
solving multiple solution problems.

Part 4 (Justifications), in which stu-
dents justified their solutions in relation
to the elements of the problem, was ana-
lyzed for three standards: (a) Clarity, (b)
Proof, and (c) Prior Learning. Clarity in
this section was demonstrated through
the student's use of lucid language to
explain his or her thinking. Proof was
demonstrated by the use of supportive
references to elements of the student's
solution. Prior learning was demon-
strated by any references to prior prob-
lems or mathematical experiences that
aided the student in obtaining his or her
solution.

Student portfolio selections and
portfolio selection comments were ana-

lyzed for evidence of consistency be-
tween the comments students made
about the quality of their portfolio selec-
tions and the actual quality of the se-
lected work. This analysis consisted of
two categories: (a) Accurately Sup-
ported and (b) Inaccurately Supported.

Math questionnaires. The pretest and
posttest math questionnaires were ana-
lyzed for evidence of change in the un-
derstanding of the purposes of math
portfolios. This analysis was limited to
the responses to two of the four ques-
tionnaire items: (a) question 3 (If you
had a math portfolio, how would you
decide what to put in it?) and (b) ques-
tion 4 (What could people learn about
how you do Math from looking at your
Math Portfolio?). Student responses to
Questions 3 and 4 were placed in five
categories: (a) Evaluative, (b) Process, (c)
General Mathematics, (d) Off Topic, and
(e) No response/Incomplete.

RESULTS

Before examining the specific results
in detail, it is important to address the
impact of the vacation break on the
work completed during the fourth col-
lection period. Results indicated that
there was a significant increase in stu-
dent selection criteria after the introduc-
tion of the rubric (i.e. from the first to
the second data collection period). This
increase was maintained from the sec-
ond to the third data collection period.
But from the third to the fourth data col-
lection period, there was a clear decline.
The time delay between these two peri-
ods appeared to have impacted the stu-
dents' abilities to produce and evaluate
the quality of their work. Therefore, the
data from the fourth collection period is
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not included here.

Portfolio Selection Comments

First Selection Comments
Descriptive statistics for the portfolio

selection comments are presented in Ta-
ble One. Students made their first port-
folio selections before developing the
rubric. None of the students made Ru-
bric-Only comments during this selec-
tion session. Non-Rubric Only com-
ments were made by 85 percent of the
students. The remaining 15 percent of
the students made Combination com-
ments, some of which reflected stan-
dards that would appear later in the ru-
bric.

Second Selection Comments
Students made their second portfolio

selections the week after developing the
rubric. At total of 56 percent of the re-
sponses included comments reflecting
the standards of that rubric. Rubric-
Only comments were made by 30 per-
cent. of the students, and Combination
comments were made by 26 percent.
Less than half the students, 44 percent,
responded with Non-rubric only com-
ments.

Third Selection Comments
The third portfolio selection was

made three weeks after the second selec-
tion. Rubric-Only comments peaked
during this selection period, with 41
percent of the student responses fitting
into this category. A total of 28 percent
of the students made Combination
comments.

Change in Portfolio Selection Comments
The data indicate that the develop-

ment and availability of the rubric did
effect the comments that students made

when justifying their portfolio selec-
tions. The strongest effect was observed
during the third selection period, when
69 percent of the students included the
standards of the rubric in their selection
comments. It is significant to note that
the majority of the students did not
completely abandon their own selection
criteria. On average, approximately 38
percent of the students integrated the
rubric standards with their existing se-
lection criteria, whereas approximately
31 percent of the students replaced their
own selection criteria with the standards
of the rubric. (This 31 percent is equal to
the average number of students who did
not use the rubric standards in addition
to or in place or their own criteria.)

Portfolio Selections

Each student selection was examined
for evidence of rubric standards in the
work. The purpose of this analysis was
to determine whether or not there was
any change in the quality of student
work produced after the introduction of
the rubric. To support the validity of the
analysis, a qualified second reader ana-
lyzed about 25 percent of the selections.
Inter-rater agreement was 91 percent.

The student selections did not show a
significant amount of evidence of the
work that met the Solutions/Multiple
Representations or Explanations/Prior
Learning standards. Therefore, the
analysis of these two standards is not
presented here.

First-Portfolio Selections
Descriptive statistics for the portfolio

selections are presented in Table Two.
The pieces of work selected during this
first pre-rubric collection period had the
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TABLE ONE
Percentage of Students Making Each

(Based Upon Student Responses to the Portfolio
Type of Selection Comment

Selection Comment Sheets)

Data Collection Period
Type of Selection Comment First Second Third

Rubric 0% 30% 41%

Non-Rubric 85% 44% 31%

Combination Rubric/non Rubric 15% 26% 28%

Rubric
TABLE TWO

Standards Evident in Student Selection Pieces

Data Collection Period
First Second Third

Description Standards
(Students state what they think they need to do to solve problem)

Clarity 52% 70% 67%
Completeness 4% 40% 18%

Accuracy 36% 74% 67%
Solution Standards (Students record their solutions to the problems)

Clarity 72% 96% 81%
Completeness -56% 89% 52%

Accuracy 76% 100% 96%
Explanation Standards
(Students justify their solutions in relation to the elements of the problem)

Clarity 68% 74% 63%
Proof 72% 56% 33%

lowest correlation of student work and
rubric standards. The standard most
represented in the work was the Solu-
tions/Recorded standard. Over 75 per-
cent of these selections met this stan-
dard.

Second Portfolio Selection
The highest correlation between stu-

dent work and rubric standards was
evident in the pieces of work selected
during the second data collection pe-

riod. Description standards were met in
an average of 61 percent of this work.
Evidence in support of the Solution
standards was found in an average of 95
percent of this work. The Explanation
standards were met in an average of 65
percent of the work.

Third Portfolio Selection
There was a decrease in the average

number of rubric standards from the
second data collection period to the
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TABLE
Student Portfolio Selection

in the Selected

THREE
Comments Supported by Evidence

Pieces of Work

Data Collection Period
First Second Third

Rubric-related comments 12% 64% 70%

a. Accurately supported 12% 51% 54%
b. Inaccurately supported 0% 13% 16%

Non-rubric related comments 88% 36% 30%
Total number of comments 32 55 57

third data collection period. This may be
because the rubric development discus-
sion sessions occurred during the time
students were solving problems which
would be considered for the second
portfolio selection. The rubric was avail-
able to the student when they worked
on the remaining six problems, but it
was not discussed after the develop-
ment period ended.

Student Comments Supported in the
Student Work

All rubric-related comments were
analyzed for evidence of support in the
student work. For example, if a student
stated that one of the reasons he or she
selected a particular piece of work was
the use of a chart, that work was exam-
ined for the presence of a chart. Descrip-
tive statistics for this analysis are pre-
sented in Table Three.

First Portfolio Selection Comments
The students made a total of 32 selec-

tion comments to justify their first port-
folio se ection pieces. Of the our rub-ric-
related comments made by students
during the first selection session, all
were supported by evidence in the stu-
dent work. These 4 comments consti-
tuted 12 percent of all selection corn-

ments made during the first session.

Second Portfolio Selection Comments
Evidence of support was found for

28 of the 35 rubric-related comments
made during the second portfolio selec-
tion session. This meant that 51 percent
of the selection comments made during
this session were accurately supported
by the students in relation to the ap-
propriate rubric standard. This was an
increase of 31 percent over the first port-
folio selection comments. Students at-
tempted to apply the standards of the
rubric in an additional 20 percent of the
comments made during this selection
period. Those comments, however, were
not supported in the student work.

Third Portfolio Selection Comments
Students made the most rubric-

related comments when justifying their
work choices during the third selection
session. Fifty-four percent of the com-
ments made in this session accurately
identified standards of the rubric pre-

-sent in =the= work. Only 16 percent of
these comments referred to rubric stan-
dards that were inaccurately attributed
to the work.
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Changes in the Math Questionnaire
Responses

The changes in the responses to the
math questionnaires provided clear evi-
dence of the benefit of involving stu-
dents in an on-going assessment system.
By the end of the study, more than 50
percent of the students were able to
identify portfolios as tools for evalua-
tion. Another 20 percent or more knew
that portfolios involved some sort of se-
lection, which in this case, was related to
math performance.

DISCUSSION AND
RECOMMENDATIONS

The results of this study were en-
couraging. Many students selected qual-
ity work for inclusion in their portfolios.
However, the students did not consis-
tently apply the appropriate criteria of
the rubric to their portfolio selections. In
other words, they recognized good
work when they saw it, but did not
identify what made that work good.

The questions answered and, more
importantly, left unanswered by this
study point the way to areas of future

research. Central to these questions are
issues of the language. By language, I
mean both the wording of the rubric,
and the mode of student expression. It is
important to determine what effect the
language of the rubric has on the stu-
dents' willingness and/or ability to in-
corporate the standards and language of
the rubric into their repertoire of selec-
tion criteria. It is also important to de-
velop effective ways to support the abil-
ity of intermediate grade students to ex-
press themselves clearly when writing.
A study comparing the oral and written
selection comments of students could
help determine if it is reasonable to ex-
pect third graders to accurately express
their selection criteria in written form.

I encourage teachers and researchers
to continue to explore ways of making
assessment activities meaningful to
primary and intermediate grade stu-
dents. The results of this study indicate
that self-assessment, when appropri-
ately supported, is within the cognitive
and developmental reach of third grade
students.
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APPENDIXES

APPENDIX #1: Problem Solving Worksheet

Problem Solving#:
Name: Date:
Partners:

1. Read the problem.

2. Write what you think you have to do or find out.

3. Solve the problem.

4. Write how you know your answer fits the problem.

APPENDIX #2: Math Portfolio Selection Comment Sheet

Today's Date

Dear Teacher,

I have decided to put the following piece of work in my math portfolio.

Date:

Number:

Title

I chose this piece because:

Signed,

College of Education Review 33
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APPENDIX #3: Scoring Rubric
Level 1
A. You are not sure if the student knew anything about the problem because his

or her description in #2:
was not understandable, or
did not make sense, or
gave information that had nothing to do with the problem, or
did not provide any information.

B. You are not sure how the student figured out the problem because in #3 he or
she did not show much, or any, of his or her work. The student did not cor-
rectly use any of the following:

tables,
diagrams,
lists,
equations,
charts,
pictures,

The student also:
did not obtain a solution or obtained an incorrect solution,
did not identify his or her solution

C. The student's explanation in #4 was:
incomplete or totally missing,
said that the student didn't know the solution or how to find it,
had nothing to do with the problem and/or the student's solution.

Level 2
A. You are not sure if the student knew something about the problem because his

or her description in #2:
was confusing, or
did not make sense, or
gave some incorrect, or
did not provide enough information.

B. You are not sure how the student figured out the problem because in #3 he or
she did not show much of his or her work. The student did not correctly use
one of the following:

tables,
diagrams,
lists,
equations,
charts,
pictures
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The student also:
obtained an incorrect solution,
did not clearly identify his or her solution

C. You are not sure if the student knew his or her solution was incorrect be-
cause in #4 the student's explanation:

was confusing,
gave reasons for proof that did not fit the problem and /or the solution.

Level 3
A. You can figure out how the student solved the problem because in #3 he or

she showed his or her work. The student may have used one of these ways:
tables,
diagrams,
lists,
equations,
charts,
pictures

The student also:
obtained a correct solution,
identified his or her solution

B. You believe that the student knew the solution was correct because in #4 the
student's explanation:

was fairly clear,
gave some proof from the problem and the solution.

Level 4
A. You can tell that the student knew what the problem was because the descrip-

tion in #2:
was clear,
made sense,
gave the correct information,
gave all of the information.

B. You can clearly tell out the student solved the problem because in #3 he or she
showed all of his or her work. The student may have used one or more of
these ways:

tables,
diagrams,
lists,
equations,
charts,
pictures

The student also:
obtained at least one correct solution,
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identified his or her solution,
showed his or her solution in more than one way.

C. You know that the student knew why the solution was correct because in #4
the student's explanation:

was very clear,
gave proof from the problem and the solution,
wrote about other problems like this one.

D. You can figure out how the student solved the problem because in #3 he or
she showed his or her work. The student may have used one of these ways:

tables,
diagrams,
lists,
equations,
charts,
pictures

The student also:
obtained a correct solution,
identified his or her solution,

E. You believe that the student knew the solution was correct because in #4 the
student's explanation:

was fairly clear,
gave some proof from the problem and the solution.
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Observation and Analysis of the
Mathematical Solving Behaviors

of Six African-American
Fourth and Fifth Graders

Norman S. Mattox IV

The purpose of this research was to observe and
analyze selected mathematical problem-solving
behaviors of six 4th and 5th grade African
American students. The behaviors that were ob-
served consisted of mathematical fluency, origi-
nality, elegance, communication, collaboration,
and persistence. Pairs of African American stu-
dents were videotaped during two mathematical
problem-solving sessions. The performance of the
three pairs of students, two high-performing, two
average- performing, and two low- performing,
was observed and scored by a panel of research-
ers. A 4-point observational rubric (1 = begin-
ning, 2 = developing, 3 = maturing, and 4 = ac-
complished) was used to score the pairs of stu-
dents. The pair of high performing students re-
ceived scores in the 'accomplished' level of the
rubric. The average-performing pair of students
received scores in the 'maturing' level of the ru-
bric, while the low performing pair achieved
scores in the 'developing' level of the observa-
tional rubric.

COE Review, pp. 37-49

Traditionally, African American stu-
dents have not been the focus of mathe-
matics education research. There is very
little research that has been done to ex-
amine the mathematical problem solving
abilities of African American students at
the elementary school level. In the past,
most of the emphasis in elementary
schools was on mastering basic compu-
tational skills. However, in order for
students to be successful with the

mathematical content of the Curriculum
and Evaluation Standards for School
Mathematics, the National Council of
Teachers of Mathematics (NCTM) stated
that "problem solving should be the cen-
tral focus of the mathematics curricu-
lum" (1989, p. 23). Problem solving has
become the network and vehicle that
helps the learner navigate the various
paths to mathematical understanding.

Current research (Kneidek, 1995;
Matthews, 1984; Rech, 1994; Tate, 1995)
has indicated that many factors have to
be considered in order for African
American students to be successful in
the field of mathematics. The cultural
heritage and social structure of the Afri-
can American child and their family
must be taken into consideration. The
mathematics teacher must present situa-
tions that are relevant to the child's ex-
perience in order for the children to be
motivated to participate in their own
learning. Also, the mathematics teacher

Norman S. Mattox is currently Vice Prin-
cipal at Cesar Chtivez Elementary School in
the San Francisco. Unified School District.
He is interested in aligning and integrating
mathematical problem solving strategies
with the 'coming to understand' phases of
other curricular content areas.
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should pose problems that motivate the
African American child to develop and
use computational skills in authentic
situations (Bell, 1994; Delpit, 1995; Fos-
ter, 1994; Hart, 1984; Kunjufu, 1984;
Kuykendall, 1989; Shade, 1994; Stiff &
Harvey, 1988).

Most mathematics curricula in our
public schools has been developed by
and for the analytical, logical-
mathematical thinker, who is of Euro-
pean-American descent, and who speaks
standard English. School mathematics
has been described as the expression of
how European cultures view the world
(Stiff & Harvey, 1988). The learning style
practiced by the European and Euro-
pean-American cultures values analyti-
cal thinking and systematic approaches
to problem solving. These learners tend
to be more interested in the details and
the understanding of abstract ideas for
the sake of having that information ac-
cessible to them (Kuykendall, 1989; Stiff
& Harvey, 1988).

African-American children bring
their own unique and distinctive per-
spective that is in contrast to the logical-
mathematical approach validated in
textbooks and most classrooms. Unfor-
tunately, one of the barriers to making
mathematical problem solving accessible
to the African-American learner is the
reliance on textbook word problems
with contrived situations that are not
relevant to the student's experience (Ga-
raway, 1994; Kunjufu, 1984; Shade,
1994). When- the context of the problem
situation is familiar to the student, it be-
comes easier for the student to recognize
what the problem is, and identify the
necessary mathematical skills that are in
use in every day life (Garaway, 1994;

Hale-Benson, 1986; Ladson-Billings,
1994).

In addition to the lack of attention
paid to cultural issues, efforts in curricu-
lum development have failed to ac-
knowledge the special linguistic differ-
ences between standard and nonstan-
dard English. Caraway (1994), for exam-
ple, considered the issue of language as
an influence on mathematical learning.
According to Caraway, many African
American students need to recognize the
differences between standard English
and nonstandard English usage in the
academic environment.

Garaway further argued that AM-
can- American students who are of ele-
mentary age also have to translate the
mathematical concepts learned in the
classroom into terms that are familiar in
their experience. He argues that re-
searchers have supported the idea of us-
ing the student's own language and the
practical problems that come from the
student's own society as a foundation
for the teaching of culturally relevant
mathematics. Because the African-
American student is more likely to man-
age concept development differently
than other children, often it is the Afri-
can-American child's cultural learning
style that is being assessed and not his or
her mathematical abilities (Bell, 1994;
Kuykendall, 1989; Shade, 1994; Stiff &
Harvey, 1988).

For the current study, this researcher
sought to gain a better understanding of
the mathematical abilities of African
American students by observing and
analyzing the mathematical problem
solving behaviors of six African Ameri-
can students enrolled in an urban public
elementary school. Specifically, this re-
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search attempted to describe the charac-
teristics of fluency, originality, elegance,
communication, collaboration, and per-
sistence that are observable during a
mathematical problem solving session.

METHODS
The purpose of this research was to

observe and analyze selected problem
solving behaviors of two high, two aver-
age and two low performing fourth and
fifth grade African American students.
The students worked with a partner at
the same ability level. Each pair of stu-
dents was given two problems to solve.
Each problem was to be solved within a
one-hour time period. Fifteen minutes of
each hour-long videotape were ana-
lyzed.

A Description of the Problem Solving
Sessions

For each session, the process con-
sisted of administering a warm-up prob-
lem, followed by the problem solving
session that was videotaped and moni-
tored for the targeted problem solving
characteristics, such as fluency, original-
ity, elegance, communication, collabora-
tion and persistence, for each pair of
students. The content of these video-
taped sessions provided the material
that was analyzed using a 4-point obser-
vational rubric. In addition to studying
these videotapes, each student's teacher
was interviewed to understand the stu-
dent's disposition in his or her regular
learning environment.

Analyzing the Problem Solving
Sessions

The videotaped problem-solving ses-
sions were observed and analyzed with
special attention given to the problem-

solving characteristics. The researcher
selected a fifteen-minute portion of each
videotaped problem that indicated the
students' understanding of the mathe-
matical problem and their engagement
in the solving of that problem. These
portions of the videotaped problem solv-
ing sessions were observed and scored
by a panel of researchers involved in
studying the mathematical problem
solving processes of culturally diverse
students.

This panel of researchers observed
and discussed the level of proficiency of
the targeted problem solving characteris-
tics. In particular, the students' work
from the problem solving sessions was
reviewed and rated by the panel. Based
on these ratings, a consensus score was
recorded for each characteristic. This
was done, not only to neutralize the sub-
jective bias of the researcher, but more
importantly, to validate the score that
the individual student received for the
targeted problem-solving characteristic.
One of the problem-solving characteris-
tics, persistence, was rated exclusively
by the researcher because of his partici-
pation during the entire videotaped
problem solving session and access to
repeated observations of the videotape.
This helped the researcher to identify the
nonverbal communications between the
partners, non-verbal communications
between the individual student and the
researcher, and the nonverbal communi-
cation with the problem-solving task.

The Participants

The participants were 4th and 5th
grade students from a small, ethnically
diverse public school in San Francisco.
African American and Spanish-speaking
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students make up the majority of the
school population. There were several
criteria for student selection: the
teacher's assessment of the student's
abilities during mathematics activities
and instruction; the teacher's experience
with the student during mathematics in-
struction; and the student's practice of
mathematical problem solving. For the
purposes of this research, mathematical
problem solving was defined as the use
of mathematical thinking to understand
a problem, select an appropriate strat-
egy, apply the strategy to achieve a solu-
tion and to reflect on the solution proc-
ess. Students were rank-ordered accord-
ing to their problem solving abilities.
Specifically, students who exhibited
problem-solving abilities in their class-
room practice were ranked high on the
list. Those students who did not perform
well during mathematics instruction
while exhibiting problem solving abili-
ties were ranked lower on the list. Those
students who did not perform well dur-
ing mathematics instruction and showed
little mathematical problem solving abil-
ity were ranked lowest the list. From this
list of the fourth and fifth grade African
American students, the participants
were selected by alternate ranking.

Mathematical Problems to Solve

The two problems that were selected
for the students to solve both involved
the use of money. These problems were
chosen under the assumption that fourth
and fifth grade students have a practical

.familiarity with mathematical concepts
using money.

Problem 1. The first problem pre-
sented to the students was as follows:

Slim has $4.00 to spend on

hamburgers and colas. Ham-
burgers cost 80 cents (80c)
apiece. Colas cost 40 cents
(40C) apiece. List all the possi-
ble ways Slim could spend his
money on hamburgers and
colas.

The key mathematical concept to rec-
ognize in solving this problem is the two-
for-one relationship between the price of
a hamburger (80 cents) and the price of a
cola (40 cents). In one approach to listing
the possible ways that Slim could spend
his money, if one hamburger were elimi-
nated, two colas could be substituted in
its place. This approach to solving the
problem would result in six possible
ways for Slim to spend his money on
hamburgers and colas. Another approach
to listing the possible ways that Slim
could spend his money takes into consid-
eration the possibility that Slim did not
have to spend all of his money on a com-
bination of hamburgers and colas. If Slim
only purchased one hamburger without
buying anything else, then his change
would have to account for the rest of the
four dollars. This approach to solving this
problem results in thirty-five possible
ways for Slim to spend his four dollars on
hamburgers and/or colas.

This first problem that the pair of
students were asked to solve involved the
search for the possible combinations that
would add up to a total amount of four
dollars. Of the two problems, this prob-
lem was the more traditional money
problem which required facility with
counting in multiples of four (or forty)
and eight (or eighty).

Problem 2. The second problem given
to the students consisted of presenting
each pair with a pile of coins, and then
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asking:

Can you get exactly one dol-
lar's worth of change from the
pile by starting at any coin
along the edge, moving from
coin to touching coin, and
ending on another edge coin?
No coin may be crossed over
more than once.

This second problem challenged the
students to follow a path of coins to
achieve a total of one dollar within spe-
cific guidelines. This problem required
the students to stay within these guide-
lines while keeping track of an accumu-
lating total of coin values.

Pilot Study

In order to develop the parameters
for the observation, researcher-student
interaction, and videotaping protocols, a
pilot problem solving session was con-
ducted. A money problem served as a
warm-up problem to the 'actual' prob-
lem solving session. During this warm-
up, the researcher modeled thinking
aloud and sharing one's problem solving
processes with a partner. The researcher
participated as a partner with each of the
three pairs of students during this initial
stage of project development. Not only
did this give the students a sense of
what was expected of them during the
problem solving sessions, it also estab-
lished a level of comfort between the re-
searcher and the students.

After the warm-up problem, another
money problem was administered. This
second problem served as the 'actual'
problem solving session that was video
taped. The pair of students was situated
at a desk so that they were facing the

camera as they worked on the problems.
The pair was provided with the prob-
lem, written out on one sheet of paper,
so they would be encouraged to work
together. Both student/participants were
given their own pencil to provide equal
access to recording during the problem
solving session. The students were given
materials that would help them solve the
problem. These materials consisted of
coins, scrap paper, and calculators. In
the case of the second problem, differ-
ent-colored markers were provided to
differentiate 'solution' paths. With the
aid of these resources, the student pairs
were expected to share their strategies
and ideas, both verbally and mathemati-
cally. These pilot sessions were instru-
mental in developing the parameters for
researcher-student interactions. The pilot
sessions also provided information on
what types of communication dynamics
could be expected between the pair of
students.

The Researcher's Role During the
Problem Solving Sessions

The teaching actions for problem
solving (Charles, Lester, & O'Daffer,
1987) were used as a guide for interac-
tions between the researcher and the
students. Before proceeding with the
videotaped session, the researcher and
the students read the problem aloud and
discussed it to clarify any necessary
words or phrases. Once the problem
situation was understood, the students
were encouraged to proceed on their
own, and the videotaped observation
began.

The researcher intervened during the
problem solving session only when ei-
ther of the students had a question that
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would assist them both in understand-
ing the problem situation more clearly. If
the students proceeded in their problem
solving paths for a period of time with-
out speaking with one another, the re-
searcher reminded the students to "talk
about what you are doing now." If one
of the students was proceeding along a
solution path without acknowledging
his or her partner, the researcher re-
minded the students to, "solve it to-
gether." If the researcher saw that there
were repeated solutions, then the stu-
dents were advised of the repetitions. If
both of the partners concluded that they
had found all of the possibilities for a
particular solution, and there were, in
fact, more possibilities, then the re-
searcher would say, "there are more."
These interactions occurred during the
problem solving session.

When the students believed that they
had encountered all the possible solu-
tions and would not proceed any fur-
ther, the video camera was turned off
and the 'after' problem solving interac-
tions started. This was a period when the
researcher became the mathematical
problem-solving instructor. The students
were encouraged to keep track of their
work. The student pairs received direct
instruction in how to organize their
work so that they might be able to keep
better track of their work, check over
their work and to recognize patterns that
would help lead to a solution.

The Observational Rubric

The content of the observational ru-
bric evolved from a synthesis of descrip-
tions found in several sources that
evaluated mathematical problem solving
habits and mathematical communication

skills. The language used to describe the
problem solving behaviors and the
communication skills was developed
from (a) a problem solving assessment
that was prepared by Sawada (1996), (b)
a rubric that is part of a mathematics as-
sessment used by the California De-
partment of Education, and (c) a
mathematics problem solving scoring
guide used by the Oregon Department
of Education.

A description of the targeted prob-
lem solving characteristics was devel-
oped from these various sources and
from discussions with other colleagues
interested in mathematical problem solv-
ing. Consider these characteristics in
more detail. Fluency is concerned with
the level of understanding of mathe-
matical concepts and applying that un-
derstanding to the context of the
mathematical problem. It also involves
the ability to internalize this understand-
ing, and then engage in productive prob-
lem solving. Originality is the develop-
ment of a unique idea, or, making an in-
sightful observation about the mathe-
matical task at hand. Elegance is con-
cerned with the expression of the indi-
vidual's thinking in mathematical terms.
Elegance is also concerned with the con-
verse of this relationship. Expressing
mathematical concepts as metaphors re-
lated to the individual's experience is
also considered elegance. Communication
is the individual's ability to convey
mathematical thinking and reasoning
through written and spoken words, and
actions. Collaboration is the willingness of
the individual to share and accept ideas
and materials with a partner. Persistence
is the ability to continue to focus on a
problem in order to find a solution and
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the willingness to pursue other solution
paths, even when the process becomes
stalled.

Each of the targeted problem solving
characteristics, namely fluency, original-
ity, elegance, communication, collabora-
tion and persistence, were rated on a 4-
point scale, as follows: (1) Beginning; (2)
Developing; (3) Maturing; (4) Accom-
plished.

The researcher selected a 15-minute
portion of the videotaped problem solv-
ing session to be viewed by the observ-
ers that indicated the students' under-
standing and engagement of the prob-
lem. During this period, the observers
monitored and scored the pair of stu-
dents. The rationale for each observer's
scoring was discussed based on the ob-
servational rubric. The scores that the
observers gave to each pair of students
were recorded.

After the observation period was
over, the observers discussed how they
scored each of the characteristics. This
discussion helped the researcher to cal-
culate the consensus score that would be
recorded. This consensus scoring was an
average of the scores that were discussed
among the observers.

RESULTS AND DISCUSSION

The results of the analysis of the
videotape using the observational rubric
were summarized for each of the prob-
lem solving behaviors for each of the
two problems. These data, presented in
Table One, indicate the consensus score
for each of the students. Recall that the
pairs of students were designated as a
high-performing pair, average perform-

ing, and low performing.
During the search for solutions in

both problem situations, the pair of high
performing students Key and Joan
exhibited an 'accomplished' level of pro-
ficiency in the communication of their
mathematical thinking and in their col-
laboration with each other. There was
frequent interaction between the stu-
dents at this level. They spoke with each
other in unfinished phrases that
sounded like the audible portions of a
mental dialogue between the two.

Because of Joan's persistence, the pair
of high performing students were able to
find all the possible solutions to the first
problem. Key was unsure if there were
anymore possibilities when they found
the penultimate solution to the first
problem. In the second problem, when
there was a growing sense of frustration
in both students, Joan seemed to be the
cheerleader for both partners. She re-
minded Key of what they both answered
in their student attitude surveys about
not 'giving up.' "Try until we die,
'member?" was her motivating state-
ment to Key.

The pair of average performing stu-
dentsLenard and Raywere proficient
in that they both received consensus
scores in the 'developing' and 'maturing'
levels of the observational rubric. During
the first problem solving session both
partners chose to use coins to help them
list the possible ways of spending the
four dollars. It was Lenard's decision to
list ways that included getting change.
back, instead of spending the whole four
dollars. This approach was not organ-
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Student
TABLE ONE

Performance on the Observational Rubric
for Problems 1 and 2

Low Performing Average Performing High Performing
El I Barry Lenard I Ray Key I Joan

Scores for Problem #1
Fluency 3 3 3 3 4 4
Originality 2 2 3 2 3 3
Elegance 2 2 3 2 4 4
Communication 3 2 2 3 4 4
Collaboration 3 2 2 3 4 4
Persistence 3 2 3 2 3 4
Scores for Problem #2
Fluency 2 3 3 3 4 3
Originality 2 3 3 2 3 4
Elegance 2 3 3 3 3 4
Communication 2 3 3 2 3 4
Collaboration 2 3 3 3 4 4
Persistence 2 3 3 3 3 4

ized, so it did not facilitate finding pat-
terns. While Lenard did not communi-
cate his random selection of possible so-
lutions, Ray spent most of the time look-
ing over Lenard's shoulder and moving
coins that he assumed Lenard was
counting. This caused confusion be-
tween the two. A lot of time was spent
comparing the quantity of the other's
pile of coins and it seemed to put a drain
on their motivation. While they were
able to communicate their mathematical
thinking to the researcher, they did not
share their insights with each other, un-
less they were prompted.

The second problem was one that
challenged the spatial abilities of both
partners. Though Ray received a consen-
sus score of two for his "developing'
level of originality, he made a remark
that was not witnessed by the observers.
Ray noted that in "...other problems we
could keep track... chart it out and we
could come up with the (solution)."

When he was asked to clarify what he
meant, Ray continued, "This one has the
answer in it. There's a dollar inside these
coins. It's like an adventure. We gotta
find clues so we don't lose track." These
remarks reflected Ray's persistence and
his effort to make a connection to other
experiences outside of mathematics.

The low performing pair-- Barry and
Elreceived consensus scores of two,
almost exclusively. This indicated that
their mathematical problem solving be-
haviors were in the 'developing' level of
proficiency. Overall, both El and Barry
were limited in their understanding of
the mathematical concepts involved
with solving these problems. They also
demonstrated limitations in their facility
with some of the basic mathematical
skills that would help them to progress
through the problem solving process.
Most of the calculations were done
counting by ones and on fingers, the
only strategy these two students used.
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Even when they requested the use of
coins to help them solve the money
problems, both El and Barry counted by
ones and on their fingers to keep track of
the coin values. At times, if El took a
risk, and totaled the addition of one coin
to a quantity that was already added up,
he would call out the amount, and refer
to the researcher for a signal as to
whether he was correct or not. Other
times, if Barry was voicing his rationale
for an answer, he looked to the re-
searcher to validate his response. Be-
cause of their general insecurity with the
mathematics concepts and applications,
both Barry and El were very dependent
on the approval of the researcher for
how they were proceeding during the
problem solving sessions.

Though Barry and El may have been
lacking in their experiences with
mathematical problem solving strate-
gies, they seemed to recognize each
other's limitations. They were suppor-
tive of each other's efforts and tried to
encourage one another when frustration
started to show. This mutual encour-
agement helped motivate them through
some unsuccessful attempts and pro-
pelled them to continue the problem
solving process. Towards the end of the
second problem solving session, and be-
yond the short portion of the videotape
observed by the panel of mathematics
colleagues, both Barry and El started to
build in their confidence that they were
getting close to a solution. When their
totals were near one dollar, Barry stated,
"I think I'm gonna get this. I'm fittin' to
find this!" And as El started to feel
Barry's confidence growing, he added,
"I'm starting to think it can be done be-
cause we're getting so close." They did

make more unsuccessful probes towards
finding a solution path and they were
willing to continue the problem solving
process until the end of the allotted time.

The success the high performing pair
of students shared was primarily due to
their competence and facility with the
basic mathematical operations. This fa-
cility gave them the confidence to ma-
nipulate the numbers through the vari-
ous problem-solving strategies they at-
tempted. This confidence in their num-
ber sense was a reminder that they could
find all of the possible answers, and in-
spired the high performing pair of stu-
dents to persist until all the solutions
were found.

The results for the average perform-
ing pairs of students seemed to be in-
dicative of their inexperience with work-
ing in collaboration with a partner. Both
students were competent with their ba-
sic mathematical skills. But their reluc-
tance to communicate or plan a mathe-
matical problem solving strategy to-
gether led to incomplete solutions to the
given problems. Though the students
persisted in their attempts to find a solu-
tion during the allotted time, their indi-
vidual efforts were mostly unsuccessful.

The low performing pair of students
were not competent in their basic
mathematical operations. Even though
the two students communicated openly
during the problem solving session and
needed little prompting to work together
towards solving the given problems,
their apparent lack of fluency with num-
bers diminished their confidence and in-
hibited any risk taking during the prob-
lem solving process. The low performing
pair of students had a difficult time de-
fining their problem solving approach
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and they spent most of their time using
the 'Guess and Check' strategy.

Limitations of the Study

There were two main limitations to
the study. First, there was a problem
with the fact that the panelists only
viewed a portion of the problem solving
sessions. Specifically, it had been de-
cided that the panelists' observations
would begin once the students under-
stood the problem and had articulated
the problem in their own words. Even
though a consensus was reached in how
to score the problem solving behaviors
and what to observe during the problem
solving sessions, there were actions and
comments that were made beyond the
portion that was viewed that could have
promoted changes in the individual
scoring. The researcher was present dur-
ing the entire problem solving session
and had access to the videotape of those
sessions. Comments made during dia-
logue between the problem solving
partners and other subtleties of non-
verbal communication were not avail-
able to the other members of the scoring
panel.

The second limitation concerns the
cultural backgrounds of the panelists
and students. In spite of any background
information the researcher may have
given to that panel of observers, all the
minutiae of communication that occurs
between members of the same cultural
group can be difficult to articulate. This
may have created assumptions that bi-
ased the results of the scoring based on
such a limited demonstration of problem
solving behaviors. By being part of same
cultural group as the students, the re-
searcher was aware of the familiarity

with cultural communication cues that
created an understanding which was
distinct from the other members of the
panel.

During the discussions that followed
the observations of the videotaped prob-
lem solving sessions, this familiarity
may not have been conveyed so that the
other observers could get a sense of
what was happening during the 'real
time' of the problem solving session.
This might account for the "developing"
scores that El was given for the portion
of the videotape that was viewed by the
observers. In terms of persistence, El was
not engaged by this problem initially.
Ultimately, he and his problem-solving
partner, Barry, worked through to the
end of the videotaping period. El re-
marked that he was starting to believe
that there was a solution to the problem
because they were getting closer and
closer to the goal of a one-dollar path. A
resolution to this issue might be for the
panel of observers to view the entire
videotaped problem solving session.
This could give the observers a better
sense about the problem-solving envi-
ronment created by the students and the
researcher.

Future Considerations

If a teacher presents a problem-
solving task to a selected a heterogene-
ous group of students in his or her class
and observed their performance, these
observations would bear fruit for the
teacher as well as for the students. Ini-
tially, the students' performance would
give the teacher a sense of how the rest
of the class would fare under similar cir-
cumstances. With the aid of the 'problem
solving behaviors' rubric, the teacher
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would be able to orient his or her focus
to evaluate what and how students un-
derstand a given mathematical concept
and its application. The teacher could
also share the problem solving behaviors
rubric with the students so that the ex-
pected level of competence, the mind-
set, and the attitude towards mathemati-
cal problem solving would be more ex-
plicit. Once the students are aware of the
teacher's expectations, they can become
more critical of their own performance
during the mathematical problem solv-
ing periods in their class.

It is extremely important for students
to realize that mathematics is much
more than just knowing facts and arith-
metic operations. Students can have
more success in mathematics if they are
cognizant of the variety of problem solv-
ing strategies, are flexible in applying
those problem solving strategies, and
persist beyond the first unsuccessful at-
tempt at solving a particular mathemati-
cal problem. If teachers are willing to fa-
cilitate, students can present an explana-
tion of their solutions to an audience of
their peers. Then, students will be able to
demonstrate their mathematical reason-
ing and hone their communication skills.
This activity is one that would give the
teacher an opportunity to take advan-
tage of the different student abilities
within the classroom community.

An area that needs to be explored
further is the discrepancy that exists be-
tween the teacher's perception of the
student's demeanor within a whole class
population compared with the student's
self-perception as a student within the
whole class population. Whereas the

teacher might perceive the student as
unmotivated and disinterested in learn-
ing, the student might be under the in-
fluence of other distresses, i.e. separation
from family members, transient living
arrangements, or inappropriate respon-
sibilities for elementary aged children,
that distract them from performing ade-
quately in their academics. This element
of resilience, where the student performs
successfully in spite of negative condi-
tions, needs to be explored further.
Those individuals need to be validated
and appreciated for overcoming their
difficulties outside of school and doing
well in their academic pursuits. By
documenting the routes these willful
and successful students take to accom-
plish their tasks, the teachers can become
informed of the students' problem solv-
ing abilities in the classroom commu-
nity.

Another consideration for future re-
search might be to look at mathematical
problem solving behaviors when the
problem situations are set in the context
of the student's life. A mathematical
problem situation can be tailored to re-
flect any cultural experience. As we be-
gin to recognize the variety of ways in
which children demonstrate their under-
standing of a problem situation and the
solution strategies that satisfy the pa-
rameters of the problem, it becomes im-
perative that the instructor become
knowledgeable, if not 'expert,' in the
curricular goals and objectives of the
mathematics content area. This will en-
able the instructor to take advantage of
the mathematical connections that exist
in the students' every day life.
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APPENDIX ONE

Can you get exactly one dollar's worth of change from the pile of coins by
starting at any coin along the edge, moving from coin to touching coin, and ending
on another edge coin? No coin may be crossed over more than once.

BEST COPY AVAILABLE
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Teaching Students to Write about Solving
Non-Routine Mathematical Problems

Delia Levine
Ann Gordon

A two-week writing intervention was developed
and used with sixth grade students. Pre-tests
and post-tests were administered to measure
changes in use of problem solving strategies,
mathematical understanding, persistence and
use of appropriate representations. Results indi-
cate that mathematical proficiency improved and
written explanations became longer, displaying
increased understanding of non-routine mathe-
matics problems. Teaching students to write
about their mathematical thinking impacted
their understanding of mathematical concepts as
demonstrated in students' written explanations.

COE Review, pp. 50-63

Researchers and educators in the
domain of language arts have long ar-
gued that having an opportunity to
write deepens students' understanding
and helps them grasp abstract concepts
more completely, because the act of
writing requires students to re-organize,
and therefore reprocess, the ideas they
are writing about (Archambeault, 1991;
Fortescue, 1994; Miller, 1991). A number
of individuals have extended these find-
ings into the field of mathematics
(Burns, 1995; Countryman, 1992; Miller,
1991; NCTM, 1989, 1991; Steward &
Chance, 1995). In fact, writing has come
to be seen as an important part of prob-
lem-solving instruction in many class-
rooms. For example, Szetela and Nicol
(1992) claim that although it is often dif-
ficult for students to communicate their

thinking to others, it is through com-
munication that we can truly assess our
students' problem-solving abilities. Bell
and Bell (1985) also found writing to be
an effective tool for teaching math prob-
lem-solving.

However, many teachers find that it
is not easy to get students to write about
their mathematical thinking. Students
often have had little practice doing this
kind of writing and they often don't
know how to proceed or what, exactly,
is being asked of them. Teachers have
few strategies available to them for
helping students overcome these diffi-
culties. In fact, little attention has been
paid to developing this kind of student

Delia Levine has been an educator for 30
years. She is currently teaching sixth grade
at A.P. Giannini Middle School in San
Francisco. Ann Gordon is an educational
psychologist who has spent the past 26 years
teaching children, collaborating with class-
room teachers, and supervising student
teachers and new teachers. For more than 12
years, Dr. Gordon has directed school-based
research on innovative educational and pro-
fessional development programs. This work
includes a six-year study of the impact of
Math Case Discussions (Math Cases,
WestEd) on teachers, classrooms and stu-
dents.
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writing, or how to develop an exposi-
tory writing program in a math class. In
an effort to address this problem, the
current study was conducted. The pur-
pose of the study was to evaluate the ef-
fectiveness of an instructional model in-
spired by the Bay Area Writing Project
to teach sixth grade students how to
write about their mathematical problem
solving.

METHODS

Thirty-five percent of the students in
the school where this study was carried
out scored below the 40th percentile in
either reading or mathematics on a state
standardized test. Following an intro-
duction and a week of pretests, the pro-
ject began with a two week writing in-
tervention and continued for 14 weeks,
during which time students solved non-
routine problems in collaborative
groups, were instructed in how to write
explanations, and wrote explanations
individually. Pre-tests and post-tests
were administered to measure changes
in the use of problem-solving strategies,
mathematical understanding, persis-
tence and the use of appropriate repre-
sentations over time. In addition to
these measures, data consisted of stu-
dent computational, pictorial and writ-
ten work.

Four problem types were used in
this study: (a) two-constraint problems,
(b) pattern problems, (c) grouping prob-
lems, and (d) number-at-the-beginning
problems. These types were chosen be-
cause they were believed rich enough to
provide students with opportunities to
use multiple solution strategies and ex-
panded explanations of their thinking.
The first three of these problem types

were used throughout the study and the
last was used as a measure of transfer.
Each student had a chance to work on
two examples of each type by the end of
the study, while the transfer type only
appeared on the pre- and post-tests.

In the two-constraint problem, two
constraints are given and the student's
solution to the problem must satisfy
both constraints. For example:

Ted is at the race track. There
are lots of horses and jockeys
running around the track.
There are 82 feet and 26 heads.
How many horses are there?
How many jockeys?

A pattern problem asks a question in
which a particular pattern or sequence
needs to be discovered in order to suc-
cessfully solve the problem.

Jeremy keeps pennies in a jar.
He adds 1 cent for the first
week, 2 cents the second week,
4 cents the third week, 8 cents
the fourth week, and so on.
How many pennies will he add
in the twelfth week?

Grouping problems require that a mul-
tiple set of criteria be met in order to
successfully solve the problem. A solu-
tion needs to be found that satisfies all
the clues given in the problem.

Marvin is counting his marble
collection. He counts more than
40, but less than 70. When he
puts the marbles in groups of 5,
he has 1 left over. When he puts
them in groups of 4, he has 1
left over. When he puts them in
groups of 3, he has 1 left over.
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How many marbles does
Marvin have?

And finally, number-at-the-beginning
problems include information about the
situation being described and the end
state, but do not give information about
the initial state. In order to solve the
problem the initial state needs to be fig-
ured out, using the information given.

Dad is doing his weekly gro-
cery shopping. The first store
he enters is the meat market. At
the meat market, he spends half
his money and then spends $10
more. The second store he en-
ters is the bakery. Here he
spends half of his remaining
money and then spends $10
more. He now has no money
left. He is totally broke. How
much money did he have when
he started at the meat market?

During the two week training pe-
riod, following a structure similar to
that used in the Bay Area Writers Pro-
ject, students were taught how to write
a) a problem statement, or explanation of
the problem in their own words that in-
cludes both the facts and the question,
b) a process paragraph in which they were
expected to describe the solution or so-
lutions obtained, as well as their think-
ing as they did the problem, c) a solution
paragraph, in which they were expected
to give a short explanation proving their
solution(s), and d) an evaluation para-
graph, in which they were expected to
give their opinion about the relative dif-
ficulty of the problem. A class discus-
sion followed each problem solving ses-
sion, in which strategies were shared.

Written explanations were first done as
a whole class activity, modeled by the
teacher, then as a group activity among
the students, and finally, as an individ-
ual independent activity.

The primary question of concern was
whether the model used would result in
better student-generated explanations of
individual problem-solving activity. In
order to answer this question, student
work collected over the course of this
study was evaluated along four dimen-
sions: Did the student use an appropri-
ate strategy or strategies for solving the
problem? Did the mathematics and/ or
written work evidence understanding of
the problem? Did the student do more
than was necessary to solve the prob-
lem, or did he or she continue to explore
features of the problem after a solution
had already been reached? And finally,
did the student make appropriate use of
any drawings, charts, graphs, diagrams,
or tables needed to solve the problem?
The overall quality of a particular piece
of work was then rated using criteria to
identify high, medium, and low per-
formance. The criteria used for rating
each task were as follows:

High Performance Rating
Reached a correct solution.
All mathematics work is clearly

shown.
Written explanation is clear and

explains all the mathematics.
If appropriate, mathematics and

written explanation shows what
was done before a solution' was
reached.

Other strategies or other solutions
might be mentioned.
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Medium Performance Rating
'Reached a correct solution.
Might have reached an incorrect so-

lution but is on the right track
(might have made a careless
arithmetic error).

'Mathematics is clear but written
explanation may be confusing or
visa versa.

'Might only explain the solution and
not the other mathematics or
what was done before a solution
was reached.

'Written explanation is short -
things are left out.

'Shows understanding of the prob-
lem either through the mathemat-
ics or the written explanation but
not necessarily both.

Low Performance Rating
Solution is unrelated to the prob-

lem (unrealistic solution) or no
solution found.

'Mathematics work doesn't connect
to the clues of the problem.

.No written explanation.
'Might have reached a correct solu-

tion but no support for it (no
mathematics or written explana-
tion).

DATA ANALYSIS

Results indicate that mathematical
proficiency improved, students' written
explanations became longer, and expla-
nations displayed increased under-
standing of non-routine mathematics
problems that the students were asked
to solve. Consider the quantitative data
summarized in Table One. Each of the
29 students in the study were given a set
of four pretest problems, four posttest
problems, and four one-month delayed

post-test problems. For each time pe-
riod; one problem was a two-constraint
problem, one was a patterns problem,
one was a grouping problem, and one
was a transfer problem. Students' writ-
ten responses to each of these twelve
problems was rated as either "high,"
"medium," or "low," using the rating
system described previously. Table One
summarizes the changes in student per-
formance that were found over the
course of this study. These results were
obtained by analyzing individual stu-
dent work quantitatively and what fol-
lows is an analysis of what these
changes looked like in more qualitative
terms, using the two-constraint problem
type as a case in point.

Two-Constraint Problem

As previously indicated, in a two-
constraint problem two pieces of infor-
mation are given. The student's solution
to the problem must satisfy both of
these constraints. The two-constraint
problem type was probably the most
familiar of the four problem types. Two
of the three practice problems, used the
first three days of school, were two-
constraint-type problems. This type of
problem was also used for three of the
four problems used for the intervention.
For example, the following problem was
given as a pre-test item during Week 2
of the study:

Ted is at the racetrack. There are
lots of horses and jockeys run-
ning around the track. There are
82 feet and 26 heads. How many
horses are there? How many
jockeys are there?
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TABLE ONE
Problem Solving Performance across Time (n=29)

Problem Type
Perf or-
mance
Rating

Pretest Posttest

One
Month
Delayedy

- ePosttest

Change
Pre -to

ttPosttest

Change
Post-to
Delayed
Posttest

1.Two Constraints H

M

L

0%

38%

62%

28%

38%

35%

38%

28%

35%

+28%

0%

-27%

+10%

-10%

0%

2 Patterns H

M

L

3%

45%

52%

24%

48%

28%

38%

52%

10%

+21%
+3%

-24%

+14%

+4%

-18%

3. Groupings H

M

L

3%

45%

52%

21%

66%

14%

14%

66%

21%

+18%

+21%

-38%

-7%

0%

+7%

4.Number at be-
ginning (Transfer
Problem)

H

M

L

0%

34%

66%

7%

31%

62%

31%

41%

28%

+7%

-3%

-4%

+24%

+10%

-34%

Since the problem says that there
were 26 heads, the number of horses
plus the number of jockeys needed to be
26. In order to answer the question suc-
cessfully, furthermore, students need to
multiply the number of horses times the
number of feet on each horse and add
that to the number of jockeys times the
number of feet on each jockey, to get a
total of 82 feet on the horses and the
jockeys together.

As-reported in Table One, 62 percent
of the responses to this question on the
pre-test only met the criteria for a low
rating, while none of the responses on
this question met the criteria for a high

rating. Many of the responses received a
low rating because they gave an answer
that did not fit either constraint of the
problem. One student said, for example,
that there were "19 horses and 18 rid-
ers" [S-I, pre] which would mean that
there was a total of 37 heads and 112
feet. Another responded that "The
amount of horses were 15 and 22 peo-
ple" [S-N, pre] which would mean that
there were 37 heads and 104 feet. Some
students who received, a low rating on
this problem did so because they only
dealt with one of the two constraints.
One student said there were "13 jockeys
and 13 horses" [S-A, pre] which was the
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correct amount of heads, but would
yield 78 feet; another said there were "4
men and 22 horses" [S-M, pre; S-R, pre],
which would also result in the correct
number of heads (26), but would yield a
total of 96 feet, which is more than al-
lowed by the problem.

A low rating was also given if the re-
sponse could not be related to the prob-
lem being asked. Students wrote things
like, "42 people" [S-E, pre], which was
accompanied by a picture that did not
appear related to the current problem,
or, "I counted them up and my anser
came up to be 41 feet and heads . . ." [S-
D, pre], which was not the answer to the
question that was asked.

However, by the time of the posttest,
only 35 percent of the responses to a
similar problem were like those de-
scribed above, while 28 percent now
met the criteria for a high rating. Fur-
thermore, by the time of the delayed
post-test, which took place a month af-
ter the end of the study, 38 percent of
the responses met the criteria for a high
rating. The following are the two-
constraint problems used on these tests:

Post-test problem
Trisha is visiting her grandpa's

farm. She notices that he raises only
hens and hogs. She counts 38 heads
and 100 feet in the barnyard. How
many hens and how many hogs does
her grandpa have in the barnyard?

Delayed post-test problem
The Creepy Critters Scary Tunnel
has two types of cars for the chil-
dren to ride. One type seats 4 and
one type seats 6. There are 24 cars
that seat a total of 114 children.
How many cars seat 6 children

and how many cars seat 4 chil-
dren?

The following patterns emerged in the
high responses: (a) most of the re-
sponses included lots of written expla-
nation, (b) they included a process
paragraph which explained the step-by-
step procedures that they used to solve
the problem, (c) a problem statement
which retold what the problem was
about, and (d) a solution paragraph
which gave proof according to the clues
that the solution was correct. For exam-
ple:

First I made two charts. One
chart is for the hens and one is for
the hogs. For the hen's chart. On
the right side I put the mutiples
of 2 for the hens leg because hens
have 2 legs. And on the right side
I put the numbers of heads by the
mutiples of 1. because each hen
has 1 head. For the hogs I put the
same thing except that I put the
multiples of four for the legs be-
cause hogs have 4 legs. For the
hen's I stoped at 37 heads and 74
legs because the problem said
that there are 38 heads all to-
gether and that there are hens
and hogs. For the hogs. I stopped
at 25 heads and 98 legs because
the problem said there are 100
legs and if I go farther there will
be 102 legs. Then I matched the
heads from the hogs to the heads
of the hens to see if it is equal to
38 because the problem said there
are 38 heads. And if it is equal to
38. I matched the hen's legs to the
hog's legs and if it is equal to 100
legs that means the answer is
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right because the problem said
there are .100 legs all together.
And I have only one answer and
it is 26 hens and 12 hogs [S-L, post
Process paragraph].

I know my answer of 26 hens and
12 hogs is right. because there are
38 heads and 100 legs all to-
gether. And there are hens and
hogs [S-L, post Solution paragraph].

Some of the responses in the high
group indicated that the student had
found his/her solution by using the
strategy of making a systematic list and
from that list was able to figure out that
only one correct solution was possible.
All of the strategies described in the
high responses led to an efficient solu-
tion of the problem. If guess and check
was used, the guesses were not random.
Since there were 24 cars, all the guesses
of six- seated and four-seated cars
equaled a total of 24 cars, which was
one of the constraints of the problem.
One such guess was eight six-seated
cars and 16 four-seated cars. When they
found out the number of children that
was seated, for example 112, they stated
that they knew that they were close to
the answer so the next guess was nine
six-seated cards and 15 four-seated cars,
which ended up being the correct solu-
tion.

Another efficient strategy used by
the students who were given a high rat-
ing was making a list of the multiples of
four and six and then finding a number
from each list that would equal 114
children. They also had to make sure
that their two numbers kept the con-
straint of 24 cars. Yet another efficient
strategy was using up all of the children

from one constraint and then altering
those amounts to fit the other constraint.
For example, making 24 circles to repre-
sent the cars and first putting four chil-
dren in each car allows room for 96
children. They then realized that they
needed to make room for 18 more chil-
dren. If they added two more children
to nine cars, they would end up with 15
four-seated cars and nine six-seated cars
that can seat 114 children.

Problem-Solving Strategies

e On the pre-test, many children were
unable to solve the problem correctly;
although most gave an answer of some
kind, they did not indicate that they did
not know what to do. It was difficult to
describe the strategies used by these
students, because many of them carried
out activities that appeared entirely un-
related to the problem. For example:

I found the anser buy Drawing 82
lines the I pretended were feet
and I counted them up and my anser
came up to be 41 feet and heads
It was quite simple and you don't
need a calculator to figer it out

6 0. Piclist IcAc4 Idi el

.11 11 q 11, /./ I/ /./ 0/t /1.1/

XN..1)....ti 1.1_11.11.. t1 11

t..k it t i lie/ IL 11 .

.

[S-D, pre] .

I put them into groups of one and
4 beans under each chip. Then I
counted that there were 26 chips
and 82 beans. I found out that
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there were 19 horses and 18 rid-
ers [S-I, pre].

By the post-test, however, many stu-
dents were using strategies and explain-
ing their choices. For. example:

For my work to find out my an-
swer I used all guess and check.
For my 1st guess I guessed 15 - 6
seats and 9 - 4 seats. That was
wrong because when you times 6
seats to 15 because my guess was
15 you get 90. Then when you
times 9 to 4 you get 36. 90 + 36 =
126. I know that is wrong because
the total of children in a seat was
114 just like the problem says.
Next I guessed 12 - 6 seats and 12
- 4 seats. That was wrong because
when you times 12 to six you get
72 and when you times 12 to 4
you get 48. When you add those
together you get 120. I know that
is also wrong because the prob-
lem said that 114 children is the
total. All the guessed number
have to equal 24 because that is
the number of cars so 15 - 6 seats
and 9 - 4 seats is the number of
cars and seats. I also guessed
some more numbers till I got my
answer /S-X, delayed Process para-
graph].

I know my answer which is 6
seats in 9 cars and 4 seats in 15
cars is correct because when you
add 6 seats in 9 cars you get 54.
When you add 4 seats 15 times
you get 60 - 60 + 54 = 114. just
like the problem says there
should be 114 children [S -X, de-
layed Solution paragraph].

First I drew 24 circles because in
the problem it says that there are
24 cars. Then I drew 6 dots in
each circle for 12 circles and 4
dots in each circle for 12 circles
because in the problem they said
that there are 2 types of seats one
is 4 and one is 6 children. the cir-
cles represent the 24 cars and the
dots are the children. Then I x 6 x
12 because there are 6 children in
one seat for 12 cars to find out
how many children are in thos 12
cars and I x 4 x 2 to find out how
many children in the cars. There
are 72 children in the 6 children
seats and there are 48 children in
the 4 children seats. I add those 2
numbers (48 + 72) because I want
to see if it equaled to 114 because
in the problem it said that there
are a total of 114 children [S-AA,
delayed Process paragraph].

Now they have a language to talk about
what strategies they are choosing to use;
they name their strategies, explain
which ones didn't work, and say what
they are going to do next.

Mathematics

On the pretest, most papers didn't
show any mathematical work at all.
Students either just gave a solution with
no work shown and no explanation
given, or they explained the mathemat-
ics in the written explanation, but there
was no mathematics visible. In other
cases, the mathematical explanations
were confusing. For example:

There are 20 horses and there are
27 Jockeys. The way I got this an-
swer is as soon as I knew that
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some of the feet could be human

feet I knew the answer. See 20 x 4
= 80 and there are two remaining
feet. Then I added the 1 feet to
the 26 heads and I got 27 [S-Y,
pre].

First I get 82 feet and 26 heads.
Then I divided them into 4 and 3.
After that I found that there are 4
heads and 22 feets. Then I get 4
heads and 22 feets. Then I seper-
ate the 4 heads and I divided the
22 feets into 5 & 6. After I did I
found there are 2 horses and 2
jockeys. This is how I found out
by acting it out, makes a model
and guess and check IS- P, pre].

First I took 82 chips out. Then I
took 3 chips and put them in one
group. When I was finish I added
all the heads up then I added all
the feets up. After that I counted
all of the groups and I turned out
having 50 bodys. So then "P' used
the 50 and took away 26 and
have 24. So al together there ar 24
people [S-Q, pre].

By the time of the posttest, many of
the students wrote out the mathematics
they were using and clearly explained
the mathematics that was shown. In ad-
dition, the mathematics work also
showed what was tried prior to reach-
ing a correct solution. For example:

For _this POW I use Guess and
Check. I thought of 19 hens and
19 hogs which make 38 heads. So
first I multipled 19 by 2 (because
hen have 2 feet ) and I got 38 legs.

Next I multiplied 19 by 4 (be-
cause hogs have 4 legs) and I got
76 legs. Then I added 76 with 38,
but I got 104 legs. the problem
said that there are 100 legs, that
mean 19 hens and 19 hogs is in-
correct. Next I tried 18 hens and
20 hogs, it adds up to 38 heads.
18 hens and 20 hogs is incorrect
because when I added up the to-
tal legs of the hens and hogs to-
gether, I had 116 legs instead of
100 legs. I decided to draw a pic-
ture next. I drew 100 circles for
legs and divided all of them into
groups of 4. Out of the 100 legs,
there are 25 groups of 4. So if I
subtracted 38 by 25, there would
be 13 left. So I put 1 line in each
groups 13 times to make some
groups of 2. I had an answer of 12
hogs and 26 hens. I did some
multiple mathworks to make
sure it's right and it is. I did some
more multiple mathworks to find
another anwer, but I couldn't
find another answer.
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[S-C, post Process paragraph]

First I drew 24 circles. The 24 cir-
cles represent the cars. There are
total of 114 children. So in each 24
circles I put 4 children because
the problem says how many cars
seat 4 children. After that I did 24
x 4 to see how many children
there are total. When I multiply
the answer is 96 children which is
wrong because the problem says
there are 114 children, so 114 - 96

to see how much more children I
need. The answer is I need 18
more. So I add 2 more children in
each 9 circles because 9 x 2 = 18.
After that I found that it is right
because 9 x 6 = 54 which means
the place were I add 2 children in
each of the 9 cars. The answer is
54. 15 x 4 represent that there are
15 cars which have 4 children.
The answer is 60 so 54 + 60 = 114.
Which is the correct answer. Be-
cause the answer is 114 children
just the problem says. So there
are 9 cars seat with 6 children
and 15 cars seat with 4 children.

tor "ksr
cars

= 214 I

q (0 children I

ll

moSmiD§64.6)

&3)S-

(oo
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[S-P, delayed Process paragraph].
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Persistence

On the pre-test, most of the re-
sponses were short or incomplete. Stu-
dents either just gave solutions, some
correct, some incorrect, or wrote a very
short written explanation. For example:

Therer are 13 jockeys and 13
horses Frist I used chip and
didn't Work so I deived and it
worked [S-A, pre].
42 people [S-E, pre].

There is 52 horses & 2 Jockeys. I
use some red circles & Beans to
sub. it for getting how many
horses. And I use some colored
chips to Sub. for getting the an-
swers [S-K, pre].

On the other hand, by the end of the
study, responses were longer in length
and usually had the mathematics and
written explanation on two separate
pages. The student work also shows
mathematics work attempted after a
correct solution was reached:

First I made 24 cars because the
paper said that there were 24 cars. I
filled 19 cars with 6 because 19 times
6 make 114 children. Next I started
to filled the 5 blank cars, and to do
that I must take two children from
each cars until I fill the left over cars.
I took out 2 children from 10 differ-
ent cars because 10 divided by 2
equal 5. Then I count the cars that
have 4 children and-those that have
6. There ar 15 cars that have 4 and 9
that have 6, then I add 15 and 9 (to
make sure) and I got 24 cars. I also
add up the total children in all of the

cars of 4 and the total in all of the
cars of 6 and I got 114 children. To
find another answer, I took 2 cars of
6 which make 3 cars of 4. The took
children is till 114, but the are 25 cars
and there is 24 cars in the problem. If
I keep taking 2 cars of 6 to make 3
cars of 4, the cars will add up. Next I
took 3 cars of 4 to make 2 cars of 6,
the amount of children is the same,
but the number of cars is 23, not 24.
If keep taking 3 cars of 4 to make 2
cars of 6, the amount of cars will
grow less.

15 Gars beal _

co.rs secti.

2 4
(5 t car::
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[S-C, delayed Process paragraph].

Another indication of persistence
was demonstrated by the work of those
students who took the time to construct
systematic lists of all the possibilities for
a given problem. In those cases, there
was no need to continue looking for
other possible solutions.

Representations

Many of the responses on the pre-
test either did not show any representa-
tions or used representations that were
inappropriate to the problem. These re-
sponses sometime included tally marks
or circles to represent the 82 feet or 26
heads, but the representations didn't
match the clues.

40o00
AilkA4 nfi,Htn00

111.1.\0 \\\Ns4

\ \ \ \\.\\

e t 0

[S-E, pre].
I put them in to groups of one
and 4 beans under each chip.
Then I counted that there were 26
chips and 82 beans. I found out
that there were 19 horses and 18
riders

O. _o oo o 0
0 0
4( 4/ v 4/ 41 4/

0 '0 0 0 0 0/ (/ (./ zi V

[S-I, pre].

On the post-test however, the repre-
sentations were much more sophisti-
cated. Many students made two charts,
one for hogs and one for hens. They
continued their list until they reached
the limit of either constraint, either the
38 heads or 100 feet. They then looked
for amounts from each chart that when
added together would give both con-
straints asked for in the problem.
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CONCLUSION

Similar analyses as the one just de-
scribed were carried out for each of the
four problem types and the results of
these analyses, as already suggested,
strongly support the conclusion that
students who participated in this project
did, in fact, improve in their mathemati-
cal proficiency and became better able to
explain their mathematical thinking. Us-
ing a model inspired by the Bay Area
Writing Project to teach students to
write about their mathematical prob-
lem-solving resulted in students' being
able to write clearly about their mathe-
matical thinking. When students were

given examples of how to explain their
mathematical thinking they had a better
idea of what was expected of them.
However, not all students benefited
equally from this intervention, suggest-
ing that case studies of individual chil-
dren with different learning profiles
might be useful. Most importantly,
faced with difficulties getting students
to write about their mathematical think-
ing, this approach might be relatively
easy for teachers to implement, particu-
larly if they have already had experience
with using similar approaches in their
language arts programs.
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The Use of Rubrics by Middle School
Students to Score Open-Ended

Mathematics Problems
Ford Long Jr.

Student work was analyzed to investigate
whether students who became involved in the
assessment process would improve their per-
formance on open-ended mathematics questions.
Twelve seventh grade students were selected
from 150 students to participate in this study.
The pretest and posttest consisted of open-ended
questions adapted from those used by the Bal-
anced Assessment and New Standards Projects.
Students solved a Problem of the Week for six
weeks and then scored them using a teacher-
designed rubric based on Polya's model. Results
indicate that the lowest students benefited the
most by being involved in the assessment proc-
ess in this way.

COE Review, pp. 64-76

Historically, students in traditional
math classes have been taught specific
procedures for solving math problems
and the primary focus has been on learn-
ing computational skills (National Coun-
cil of Teachers of Mathematics (NCTM),
1991). Since the purpose of testing has
been simply to evaluate students' compu-
tational skills, standardized tests consist-
ing of multiple-choice items have histori-
cally been used. These tests have been
popular because they are easy to score,
but it has been argued that they do not
measure students' mathematical thinking.
New assessment techniques have
emerged, including ways of assessing
student work on open-ended tasks, ob-
serving students at work, and keeping

student portfolios (Branca, 1994; Califor-
nia Mathematics Framework, 1992). Over
the years the word 'testing' has been re-
placed by the term 'assessment' to em-
phasize the broader scope that has been
encompassed.

Recent educational research findings
indicate that learning occurs when stu-
dents actively assimilate new information
and experiences and construct their own
meanings (NCTM, 1991, p.2). This re-
search has generated a move away from
the traditional classroom practice of rote
memorization of facts and has led to new
teaching practices as well as to new con-
tent that includes more than arithmetic.
New standards and frameworks for teach-
ing mathematics have been developed
(NCTM, 1989; California Mathematics
Framework, 1992). These new guidelines
for curriculum materials have created a
need for new assessment tools (Resnick,
1994; National Research Council, 1989).

Ford Long has been a seventh and eighth
grade middle school mathematics teacher in
the Laguna Salada School District in Pacifica,
CA for the past ten years. He has had a variety
of leadership roles, as a cluster leader in the
Middle School Mathematics Renaissance Pro-
ject and as a mentor teacher in his school dis-
trict. Currently he works with K-8 teachers as
a mathematics resource teacher and as a
mathematics coach.
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New assessment programs have
been funded to monitor the effective-
ness of instructional strategies that em-
phasize thinking and reasoning in
mathematics (Katims, Nash, & Tocci,
1993; Lane, 1993; Resnick, 1994). A key
component of these programs is open-
ended questions that provide opportu-
nities for students to demonstrate their
mathematical understanding as op-
posed to multiple choice questions
which were designed to measure com-
putational skills.

The purpose of this study is to exam-
ine students' work to determine if their
performance on open-ended questions
would improve after the students are
involved in the assessment process. In
this study, students revised a scoring
rubric based on George Polya's four-
step problem solving model and used
this rubric to assess a series of Problems
of the Week (POWs) for six weeks. A
modified New Standards Project (NSP)
rubric was also used by the students to
score a pretest and posttest of open-
ended questions adapted from the New
Standards Project and the Balanced As-
sessment Project (BAP). These tests were
used to evaluate improvement.

It was hypothesized that students'
performance on open-ended problems
would improve after they were involved
in the assessment process. One expected
outcome was that, after being taught as-
sessment techniques, students would be
better prepared to explain and justify
their mathematical thinking by using
more precise mathematics vocabulary
and multiple representations to illus-
trate their solutions. In addition to the
pretests and posttests, the effectiveness
of involving the students in the assess-

ment process was evaluated by compar-
ing the students' assessments to the tea-
cher's assessments. The research ques-
tions for this study are:

1. Will using Polya's model as a ru-
bric help students to set standards for
quality work and improve their per-
formance on open-ended mathematics
problems?

2. How do student scores compare to
teacher scores on open-ended mathe-
matics problems?

REVIEW OF THE LITERATURE

For the past century traditional class-
room pedagogy and assessment systems
have been based on the behavioral
theory of learning which stresses that
"content can be broken down into small
segments to be mastered by the learner
in a linear sequential fashion" (Rom-
berg, 1995, p.5). Historically, these
traditional teaching practices were ac-
companied by standardized tests. More
recently, researchers have found that
standardized tests can not measure
mathematical thinking or mathematical
literacy and encouraged development of
alternative assessment systems (Ku lm,
1994; Romberg, 1995; NCTM, 1995).

Constructivist research indicates that
learning occurs when students use prior
knowledge to actively assimilate new
information and experiences and con-
struct their own meanings (Resnick,
1987). In other words, learning is a proc-
ess where the student gathers, discov-
ers, or creates knowledge in the course
of performing a purposeful activity.
Katims, et al. (1993) cautioned that
when the students are first introduced
to complex nonroutine problem solving,
their initial reaction is frustration and
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they are at a complete loss as to how to
begin. As the students become familiar
with problem solving activities, the pe-
riod of confusion and frustration at the
start of each activity shortens considera-
bly and their planning time increases.
She explains that performance assess-
ment can not be successful without
some retraining of the students.

Some studies support the need for
involving students in the assessment
process (Stiggins, 1994; Higgins, Harris,
& Kuehn, 1994), and some researchers
have developed instructional programs
to assist students in learning how to
evaluate their own responses and to re-
vise and improve their own work
(Katims, et al. 1993; Lane, 1993; Lappan
& Ferrini-Mundy, 1993; Resnick, 1994;
Baker, O'Neil, & Linn, 1994). A major
component of each of these programs
has been open-ended questions that are
evaluated by using alternative assess-
ments.

Several studies have found that peer
interaction enhanced the problem solv-
ing process and helped students per-
form better on open-ended questions
(Hart, 1993; Larson, 1996). Schoenfeld
(1989) also mentioned how Mason
(1982) used the ideas generated by his
students to help them develop stan-
dards by which their arguments would
be considered. In this study, the stu-
dents worked with their peers to revise
a teacher-designed rubric, which they
then used to set standards for quality
work. They also worked with their peers
to score their work.

Scoring rubrics provides a structure
to assist students in their problem solv-
ing efforts. Pate, Homestead, and
McGinnis (1993) described a rubric as a

scaled set of criteria that defines for the
student and teacher what a range of ac-
ceptable and unacceptable performance
looks like. They stated that rubrics could
be used to evaluate process as well as
content, and can guide students in self-
assessment. They believed that the "ru-
brics should have such detail that no
one (students, teachers, parents) has
questions as to how well the activity
was done" (p. 27). Rubrics have been
used to provide descriptions of each
level of performance in terms of what
students are able to do and assigns
values to these levels (Herman, Asch-
bacher, & Winters, 1992). The rubrics are
meant to assist the students in develop-
ing the self-reflection or metacognitive
skills used by expert problem solvers.

According to Wilson, Fernandez,
and Hadaway (1985), most formulations
of a problem solving framework in U. S.
textbooks attribute some relationship to
Polya's stages; however, the use of lin-
ear models used in these textbooks does
not promote the spirit of Polya's stages
and his goal of teaching students to
think. They described the following de-
fects in the traditional models.

They depict problem solving as a
linear process.

They present problem solving as a
series of steps.

'They imply that solving mathemat-
ics problems is a procedure to be memo-
rized, practiced, and habituated.

'They lead to an emphasis on an-
swer getting.

These linear formations are not consis-
tent with the genuine problem solving
focus which should continually cycle be-
tween the four phases: understand,
plan, try, check.
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Szetela and Nicol (1992) stated that
"effective assessment of problem solv-
ing in math requires more than a look at
the answers students give. Teachers
need to analyze their processes and get
students to communicate their thinking"
(p.42). Charles, Lester, and O'Daffer
(1987) described scales that focus more
attention on solution procedures. The
California Assessment Program (Pandy,
1991) included comprehensive descrip-
tions of various levels of performance
for specific problems. This was appro-
priate for large-scale assessment pro-
grams. However, the classroom teacher
has little time to construct scales for in-
dividual problems. Teachers need as-
sessment procedures and scales that
they can modify or use intact for a wide
range of problems (Szetela & Nicol,
1992). Because of this shift in focus,
teachers must be provided with tools to
evaluate their students' problem solving
skills. This study attempts to develop
ways of using alternative assessments in
a classroom setting.

The uniqueness of this study is that
the students designed their rubric based
on the questions Polya considers useful
to the problem solver who works by
himself (Polya, 1957). They also revised
a modified New Standards Project ru-
bric that was used to score their tests
and solutions on previously scored an-
chor papers, which serve as examples of
particular scores.

METHODS

The students in the study attended a
middle school located about 15 miles
south of San Francisco. The student
population is approximately 63 percent
Caucasian and 27 percent other ethnic

groups. Students are heterogeneously
grouped and randomly assigned to their
classes. All students in the five 7th grade
math classes were given a pretest, a
Problem of the Week (POW) each week
for six weeks, and a posttest.

The instruments used for the as-
sessments were open-ended questions
designed for middle school students
from the New Standards Project 1994
Reference Exam and the Balanced As-
sessment Project. The pretest consisted
of one short-item from NSP and one
long-item from BAP. The posttest con-
sisted of a short-item and a modified
long-item both from the NSP. One of the
short items asked the students to deter-
mine the better airline deal based on the
specials that they were offering. One of
the long items involved a situation
where three schools were planning a
science fair. There were four parts to
this problem in which the students were
asked to allot space and dollars to each
school based on its population.

The students scored their pretest and
posttest using a modified rubric, which
they designed, based on the criteria es-
tablished by the NSP. The students also
wrote justifications for their score. These
scores and justifications were the self-
assessments that were later compared to
the teacher assessments. As part of the
training in scoring, all the students
scored anchor papers with the official
scores removed. They did this two
times, once at the beginning and once at
the end of the study. The anchor papers
presented two solutions for each short-
item question from the tests. After scor-
ing the papers, the students then
worked in pairs to revise and improve
the solutions.
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A subset of twelve seventh-grade
students were selected from the 150
students in the five classes using a strati-
fied sample. Two female and two male
students, each from the top, middle, and
bottom third of these lists, were selected
using a table of random numbers.
Eighty-five additional students' scores
of the anchor solutions were also com-
pared.

The purpose of this study was to in-
vestigate whether students who became
involved in the assessment process
would be better able to explain and jus-
tify their mathematical thinking. The re-
searcher developed a rubric based on
the four-part model suggested by Polya:
understand, plan, try, check (See Ap-
pendix 1). Each part had a 4-point scale
that the students used to score their
POW's. Each week the emphasis was
put on one part of this model and the
students, with guidance from the
teacher, refined the language of the ru-
bric. The students then used the revised
rubrics to score the following week's
POW. This self-assessment process con-
tinued for six weeks. It was hypothe-
sized that using the rubric to assess their
own and other students' work would
better prepare them to establish criteria
for quality work.

The students also used a modified
NSP rubric in the beginning and at the
end of the study to score their tests and
to score a range of anchor solutions with
the scores removed. The teacher and the
students discus_sed the meaning of the
scoring criteria for each score point and
revised the language of the rubric. The
students used this revised rubric to
score anchor solutions and their own
posttests. The process of revising both

rubrics was designed to help the stu-
dents identify criteria for quality work
and help them to better express their
mathematical thinking. The responses
on the open-ended questions from NSP
and BAP were analyzed to determine
improvement.

RESULTS

To determine if using a scoring ru-
bric based on Polya's model would help
students set standards for quality work
and improve their performance on
open-ended questions, scores of 12 stu-
dents on a two-item pretest and posttest
were compared. The teacher scores for
the twelve students are reported in Ta-
ble One. On the long item, five students
improved on the posttest; seven stu-
dents' scores remained the same. Fur-
thermore, four of the five increased
scores were for students who scored a
"1" on the pretest. This indicates that
low scoring students might have bene-
fited more from this process. These stu-
dents had partial success in answering
the question and were able to demon-
strate some understanding of the
mathematics required. The scores of all
the students either stayed the same or
improved. However, on the short-item
the posttest scores of four students had
decreased and the scores of three stu-
dents had increased. One possible ex-
planation for these lower posttest scores
is that the single question gave the stu-
dents less opportunity to demonstrate
their understanding of mathematics.

A comparison of student assess-
ments to teacher assessments is reported
in Tables Two and Three. In cases where
the student scores matched the teacher
scores the difference was zero. If a stu-
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TABLE ONE
Teacher Scores on Long and Short Items

from Pretests and Posttests

Student ID Long Term Student ID Short Term
Pretest Posttest Pretest Posttest

1132 3 4 1132 3 2

1137 3 3 1137 2 2

1139 2 2 1139 4 2

1153 3 3 1153 4 4
1229 2 2 1229 2 3

1238 1 1 1238 2 1

1241 1 2 1241 2 2

1253 3 3 1253 3 2
1307 1 2 1307 1 1

1308 1 2 1308 1 1

1321 3 3 1321 1 3

1355 1 2 1355 3 4

dent score is higher than the teacher
score, the score was positive. None of
the students scored their tests lower
than the teacher on the pretest or post-
test on either item. One explanation for
the students' high scores could be that
most of the students assumed their solu-
tions and justifications were correct,
therefore they scored their work a 3 or 4.

Table Two compares the student and
teacher scores on the long-items. Table
Three compares the student and teacher
scores on the short items. Four student's
scores matched the teacher scores on the
long-item from the pretest; only one
matched on the posttest. However, 8 out
of 12 students (scores highlighted in ta-
bles) scored their work within one point
of the teacher scores on the pretests.
This indicates a high level of agreement
on the pretests between the student and
teacher on the scoring of their work.
There was less agreement on the post-
tests. On the long-item, seven students'

scores were within one point of the
teacher's scores. On the short-item there
were five. One reason for less agreement
on the posttests was that almost all the
students scored their work a 4. This
makes the comparison of the scores on
the posttests less meaningful.

The teacher and student scores were
also compared by having all seventh
grade students score short item anchor
papers at the beginning and end of the
study. Table Four shows the scores of
the 85 students who scored both sets of
papers, which included both a strong
and a weak solution for each item. In
each case the anchor scores were un-
known to the students. For the weak
students seemed to score the work a 3 or
4 because the answer was correct, even
if the mathematics to support the an-
swer was incorrect or if the explanation
or justification was inaccurate or un-
clear. For the strong anchor papers,
most of the students concur with the
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TABLE TWO
Student and Teacher Scores on Long and Short Items

from Pretest and Posttest

Pretest Posttest
Student

ID
Student
Score

Teacher
Score

Difference Student
ID

Student
Score

Teacher
Score

Difference

1132 3 3 0 1132 4 4 0
1137 3 3 0 1137 4 3 +1
1139 4 2 +2 1139 4 2 +2
1153 '3 3 0 1153 4 3 +1
1229 4 2 +2 1229 4 2 +2
1238 2 1 1238 2 1 +1
1241 3 1 +2 1241 4 2 +2
1253 4 3 - +1 1253 4 3 +1
1307 3 1 +2 1307 4 2 +2
1308 2 1 +1 1308 4 2 +2
1321 4 3 +1 1321 4 3 +1
1355 1 1 0 1355 3 2 +1

TABLE THREE
Student and Teacher Scores on Long and Short Items

from Pretest and Posttest

Pretest Posttest
Student

ID
Student
Score

Teacher
Score Difference Student

ID
Student
Score

Teacher
Score

Difference

1132 3 3 0 1132 4 2 +2
1137 4 2 +2 1137 4 2 +2
1139 4 4 0 1139 4 2 +2
1153 4 4 0 1153 4 4 0
1229 3 2 +1 1229 4 3 +1
1238 3/2 2 +1 1238 4 1 +3
1241 3 2 +1 1241 4 2 +2
1253 4 3 +1 1253 3 2 +1
1307- 1 +3 1307 3 1

1308 3 1 1308 4 1 +3
1321 3 1 +2 1321 4 3 +1
1355 3 3 0 1355 4 4
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TABLE FOUR
Students' Scores Compared to Anchored Scores on Short Item

Beginning of Study End of Study

Score
given by
students Anchor Score 1 Anchor Score 4 Anchor Score 1 Anchor Score 3

4 4 79 11 24

3 46 5 41 56

2 .31 1 31 5

1 4 0 2 0

n 85 85 85 85

score, either the 3 or the 4. This agree-
ment may occur because the students
seem to be generous in their scoring
overall but the less generous scoring on
the weak anchor papers indicates that
the students were able to distinguish
that the work was not quite right. Most
students stated they scored the paper a 3
instead of 4 because the individual did
not show their work for the calculations.

DISCUSSION

In class discussions students were
consistently prompted to represent the
mathematics in different forms using
charts, diagrams, or different numeric
forms. It was hoped that this would lead
them to check their work and help to
ensure a mathematically correct solu-
tion. The intensity of the focus on the
process seems to have directed students
away from checking their answer. The
students acted like the college students
in Schoenfeld's study who continued
down a dead end path and never
stopped to check their first results. This

differs from the mathematician who
would check to see if his solution made
sense, make adjustments in his thinking,
and then would proceed down a new
path (Schoenfeld, 1989).

The assignment of a score from 1 to 4
based on the rubric also took on a life of
its own for the students. The majority of
students assigned themselves a 4 on the
posttests because they believed that
their work met the criteria of a 4 paper:

mathematically accurate and ex-
plained well,

each step of the solution is shown,
all numbers are labeled with words

or symbols,
you showed and explained how

you checked your work,
if appropriate, a diagram or

illustration is included.
If a student showed all their work

and explained their solution, they felt
comfortable assigning their work a 4 be-
cause they were unable to consider
whether or not their mathematical rea-
soning was correct. The students were
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not able to stop and check to see if their
solution was appropriate for the ques-
tion being asked.

Most students represented their so-
lution in more than one way and gave a
written justification for their solution.
However, their multiple representations
were not sufficiently independent to
provide a reasonable check for the an-
swer; they reported the same incorrect
solution in a different form. Although
most students were able to identify the
carefully structured criteria of a quality
paper, they were not able to identify an
incorrect solution or justification.

The six weeks of the study did not
provide enough opportunity for the
students to make significant changes.
Future researchers should provide more
time and training for students to focus
more on checking the correctness of
their answers. It is also necessary to
have a variety of rich tasks where sev-
eral different approaches to solve the
problem are readily demonstrated. They
need to open up the problem solving
process of students so that a range of
strategies are available and even re-
quired for rich and engrossing prob-
lems.

From classroom experience, the re-
searcher noticed that many students
who are not successful at mathematics
tend to shut down and give up on prob-
lem-solving. It was hoped that this
model would provide these students
with some of the problem solving
strategies used by students who are suc-
cessful problem solvers. One weakness
with the model presented was that stu-
dents used the questions in it as a check-
list to simply answer yes or no. For ex-
ample, one of the questions on the 'De-

vise A Plan part of the model was, "Can
you solve a related or simpler prob-
lem?" Many students wrote, "Yes, I can
solve a simpler or related problem."
They didn't actually look for a sub-
problem or simpler problem that could
be solved as a first step. Many students
were not able to do this on their own.

The students suggested rewriting the
questions in the first model presented as
statements. The intention of these ques-
tions, later statements, was that they
could be used as a guide for the stu-
dents who became bogged down in the
problem solving process. The model
was meant to illustrate the cyclical na-
ture of Polya's problem solving phases
and also to provide the students with a
linear structure or outline for the final
write-up and presentation of their solu-
tion. Many of the low achieving stu-
dents continued to use the model as a
checklist even after the questions were
changed to statements.

Inexperienced problem solvers need
more instruction on how to use Polya's
model. The most important phase of this
model is to understand the problem.
Students need more training in how to
move back and forth between the
phases as they gain more information in
order to check the reasonableness of
their solution path. They can then move
on to the 'carry out your plan' phase.
With this approach they can determine
if their strategies make sense and im-
pxove their overall understanding of the
problem.

The students' revisions of the word-
ing of each phase each week so that the
model made more sense to them did not
appear to help them identify when they
were heading down an inappropriate
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solution path. Also, asking the same
question in different phases did not ap-
pear to help the students check the ap-
propriateness of their solution path. For
example the question, "Did you use all
the data?" appears twice, in the 'devise
a plan' and 'look back' phase. The stu-
dents did not see the need to answer it
again and left out an important stimulus
for the cyclic process. More examples
need to be provided where the students
gain new information and then go back
to the original question to determine if
they are using all the available data in
their solution. Students also need to be
presented with more problems that have
the correct answers, but incorrect
mathematics to support their answers or
unclear explanations. It might be more
beneficial to solve several problems as a
class completing every phase of the
write-up together instead of breaking
the Polya model into separate phases
that are introduced one per week. Con-
solidating the process in this way might
help the students to constantly move
back and forth between the understand,
plan, try, and check phases.

CONCLUSION

Ku 1m (1994, p. '25) stated that, "In re-
cent work on mathematical thinking, at-
tention has been given to the notion that
people have strategies that guide their

choice of what skills to use or what
knowledge to draw upon during the
course of problem solving, investiga-
tion, or verification of a discovery." It is
clear that middle school students need
to be taught these strategies. This study
was intended to help students further
develop their problem-solving strate-
gies. The process of scoring student
work each week related to Polya's
model was utilized so that the students
would be involved in the assessment
process and they would have examples
of student work to revise and improve.
It was hoped that by working with their
peers to improve student work, they
would be better able to apply the strate-
gies they learned to improve their own
solutions to open-ended questions. The
results indicate that perhaps because of
the design of the study, which devel-
oped Polya's steps, one at a time, the fi-
nal step, check, did not get internalized.

Most middle school students have
not developed strategies to help them
plan and carry out the steps in solving
problems. Ku 1m (1994, p. 26) stated that
this strategic knowledge must be explic-
itly taught, modeled, and practiced. This
study reinforces and further supports
this conclusion. Students need assis-
tance in developing lines of reasoning
and decision making strategies used by
successful problem solvers.
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APPENDIX ONE
Rubric Used by the Students to Score Their 'POWS' Each Week

NAME DATE PERIOD

PROBLEM OF THE WEEK = POWerful Mathematics
GEORGE POLYA SAYS: Understand Plan. Try and Check
As you solve the problem check a bracket for each line you completed. If you checked
four brackets give yourself a '4'; three brackets a '3', two brackets a '2', one bracket a '1.'

I. UNDERSTAND THE PROBLEM III. CARRY OUT THE PLAN
( ) Rewrite the main question in your own ( ) Show all your work.
words. ( ) Use math vocabulary and/or math
( ) Underline the questions, circle the word symbols to explain your answer.
that will describe the answwer (cows, $,
feet, etc.).

( ) Label all numbers with words or
symbols.

( ) List the data. What can you conclude ( ) Prove each step is correct by showing
from the data? your solution more than one way.
( ) Make a predictiOn or estimate the
answer.
Circle one of the following: 4 3 2 1 0 Circle one of the following: 4 3 2 1 0

II. DEVISE A PLAN IV. LOOK BACK
( ) List three problem-solving strategies to ( ) Explain and show how you checked the
solve the problem (Guess & Check; Work result.
Backwards; Lists; Equations: etc.). () Explain and show how you checked all
( ) Explain how you are going to use at of the relevant data.
least one strategy. ( ) Show how you used your answer in a
( ) Make a sketch, illustration, or chart of different way. (Graph, equation, Used
the problem. implied information).
() Explain how you will use all of the ( ) Make up a similar problem of your
relevant data. own.

Circle one of the following: 4 3 2 1 0 Circle one of the following: 4 3 2 1 0
Overall rating from above:

14-16 pts = 4 12-13
Circle your overall score below:

Span
4 Scholar
3 Practitioner

.
2 Apprentice
1 Novice

pts = 3 8-11 pts = 2

Grade Scale

1-7 pts =1

18-20
15-17
6-14
1-- 5

Well Done/Complete Work
Acceptable/ Minor Revision
Revision Needed
Restart / Incomplete

Limit your write up to one page. ANSWER IN OUTLINE FORM. Work 15
minutes each night. Write at least 2 sentences that explain what you did to solve
the problem. Attach all scratch work.
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A Survey of Teacher Beliefs
about Pre-Requisite Experiences
for Student Success in Algebra

Audrey Adams

In this study, algebra teachers responded to sur-
vey questions about their beliefs about what
mathematical skills or experiences students need
to be successful in their algebra classes and
about how frequently they used different teach-
ing strategies. Teachers were grouped according
to their self-identification of their teaching
strategies as traditional, non - traditional; or a
mix of both. ,Results showed the three groups to
be similar in terms of their ratings of necessary
skills and experiences, but dissimilar in types of
teaching strategies used in their classroom

COE Review, pp 77 -83.-

For those students who either do not
take algebra, or who take it and fail the
class, algebra serves as a gatekeeper
which bars them from further educa-
tional and, often, economic opportunity
(NCTM, 1994). The fact that more than
half of the students who fail algebra
never take another math course further
emphasizes the importance of algebra to
students' mathematics futiire (Mullins,
Dossey, Owens, & Phillips, 1991). Stu-
dents must be successful in algebra to
continue in more advanced mathematics
courses, which are generally a prerequi-
site for many professional career paths.

The responsibility for preparing stu-
dents in algebra cannot be left to algebra
teachers alone. The entire kindergarten
through eighth grade mathematics cur-
riculum needs to prepare students to

develop the abstract concepts necessary
for algebra. All elementary school and
middle school teachers have a role to
play in this preparation, but because al-
gebra is typically offered beginning in
eighth and ninth grades, sixth and sev-
enth grade mathematics teachers play a
particularly critical role.

The way in which an algebra class is
taught can affect the algebra teacher's
expectations of the prerequisite skills
and experiences needed for student suc-
cess. Because of the mathematics reform
efforts of the past decade, algebra is
now taught in a variety of ways. Non-
traditional algebra teachers teach from a
problem-solving perspective and em-
phasize conceptual understanding and
real-world applications, whereas more
traditional teachers tend to emphasize
memorization and the manipulation of
symbolic representations.

It is clear that success in algebra is
needed for higher-level mathematics.
Therefore, all teachers, but particularly

Audrey Adams has been a middle school
classroom teacher for eleven years in San
Francisco, California and a mentor teacher
in mathematics for six years. Although a
teacher of all subjects, a special passion for
mathematics spurred her to complete the
Masters Degree in Mathematics Education
that resulted in this paper.
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middle school mathematics teachers,
need to know what preparation will
help ensure that success. The purpose of
this study is to investigate the beliefs of
algebra teachers regarding prerequisite
skills and knowledge necessary for stu-
dent success in algebra classes. In par-
ticular, the major research questions for
this study are as follows: (a) What prior
experiences do algebra teachers think
are necessary for student success in al-
gebra?, and (b) Do traditional and non-
traditional teachers differ in their views
about what those experiences should
be?

REVIEW OF THE LITERATURE

The mathematics achievement of
students in the United States does not
compare favorably with students from
many other countries. The Third Inter-
national Mathematics and Science Study
(TIMSS) compared the mathematics
achievement of eighth grade students in
41 countries and found that the United
States ranked in 28th place (TIMSS,
1996). Another troubling statistic is that
only half of U.S. students take more
than two years of mathematics in high
school (Everybody Counts, 1989). The low
mathematics achievement for eighth
grade students in the United States, ac-
cording to the conclusions of TIMSS, is
due, at least in part, to the lack of focus
in the U.S. mathematics curriculum.
Teachers are expected to cover too many
topics, resulting in a fragmented, un-
connected curriculum that does not al-
low students enough time to study any
one topic in depth.

How students are taught is another
cause for concern. TIMMS researchers
compared lessons taped in real class-

rooms in the United States and abroad.
They found that in comparison to other
countries, U.S. students spend more of
their time practicing computational
skills rather than analyzing relation-
ships, solving problems, and developing
deeper conceptual understanding.

The mathematics reform movement
in the United States is largely based
upon the idea that children learn best
when they construct their own meaning
(Resnick, 1987). Many of the problems
children experience in learning mathe-
matics are thought to result from trying
to use formal procedures and algo-
rithms without having conceptual un-
derstanding. Kamii and Lewis (1991),
for example, found that second grade
students who were taught in a construc-
tivist program demonstrated greater
ability to use higher-order thinking
skills than similar students taught in a
more traditional program which em-
phasized memorization of algorithms.

The research about how children
learn mathematics have led some
mathematics educators to reconsider
what constitutes meaningful mathemat-
ics content and effective instructional
strategies for algebra classes. The NCTM
Curriculum and Evaluation Standards
(1989) reflect this new understanding. In
particular, the NCTM standards de-
scribe effective algebra instruction as
presenting many varied experiences in
inquiry and application that actively in-
volve students in those processes and
include opportunities to reflect upon
and express mathematical ideas.

Since algebra classes are changing, it
is necessary to delineate the basic ideas
and concepts which should be taught
prior to enrollment in a formal algebra
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class, especially if algebra is to be made
accessible for all students (NCTM, 1994;
Moses, Kamii, McAllister, Swap, &
Howard, 1989). In preparation for alge-
bra, students need to learn computation
in a problem-solving setting, under-
stand the vocabulary of mathematics in
order to understand the symbols, be
able to recognize patterns, have lots of
experiences collecting, graphing and
analyzing data, and develop number
sense (Howden, 1990). They must per-
sonally construct symbolic representa-
tions in order to create mathematics
with context and meaning (Moses et. al.,
1989). In terms of specific arithmetic
concepts and specific skills essential for
success in algebra, children need be able
to solve equations such as the meaning
of the equals sign and the order of op-
erations (Herscovics & Linchevski,
1994). In addition, it has been argued
that the understanding of proportional-
ity is a bridge between arithmetic and
abstract algebra (Post, Behr, & Lesh,
1988).

The view of what algebra classes
should be like is changing because of
the implications of research as well as
the introduction of technology. This
means that the prerequisite skills and
knowledge necessary for success in al-
gebra are changing and, therefore, the
preparation of students for success in
algebra must also change.

METHODS

Based on the review of the literature,
a three-part questionnaire was designed
to elicit information from algebra teach-
ers. The first part contained questions
about the teacher's view of the student
skills necessary for success in his or her

classroom. The second part contained
questions about (a) whether the teacher
characterized himself or herself as tradi-
tional, non-traditional or a mix of both,
and (b) the teaching strategies and/ or
manipulatives, textbooks and curricula
used by the teacher. The third part in-
cluded demographic questions about
gender, age, ethnicity, teaching experi-
ence and educational background.

The questionnaire was sent to all
teachers of eighth and ninth grade alge-
bra in the San Francisco Unified School
District. Of the 102 teachers to whom
surveys were sent, 51 (50%) teachers re-
sponded.

RESULTS

The survey respondents consisted of
31 males and 25 female algebra teachers.
European-Americans comprised the
largest ethnic group (N = 29), followed
by Chinese-Americans (N = 7), Latinos
(N = 4), African-Americans (N = 3), Fili-
pinos (N = 2) and all other (N = 6). The
ages were fairly evenly distributed, with
slightly more teachers in the 51 to 60
year-old category. The number of years
of teaching experience ranged from six
months to 36 years.

Teachers were asked to identify their
classroom teaching strategies as tradi-
tional, non-traditional or a mixture of
both. Two-thirds of the 56 teachers iden-
tified themselves as a mixture of both
traditional and non-traditional (N = 37
teachers). Of the remaining third, 11
identified themselves as traditional and
8 identified themselves as non-
traditional.

A comparison was made between
the three groups of teacherstraditional,
mixed, and non - traditional - -in terms of
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their number of years of teaching ex-
perience. It was hypothesized that
newer teachers would tend to identify
themselves as non-traditional. Consider
the teachers who had been teaching be-
tween two and five years, namely the
newer teachers. Of these newer teachers,
only 18 percent (2 of 11) consider them-
selves traditional and 50percent (4 of 8)
non-traditional. At the same time, when
considering the teachers who had been
teaching 20 years or more, 55 percent (6
of 11) considered themselves traditional
and only 25 percent (2 of 8) non-
traditional.

The teachers were asked how fre-
quently they used certain instructional
strategies during a typical week. The
nine strategies were separated by this
researcher into three groups of three
strategies each: traditional (multiple al-
gebraic exercises, memorizing proce-
dures, and whole class instruction), non-
traditional (the use of manipulatives,
use of cooperative groups, and writing
about mathematics) and those which
did not fit easily into either of the first
two categories (pencil and paper graphs,
real-world problems, and graphing cal-
culators).

A scale was then created to compare
the self-identification of each teacher
with the strategies used in his or her
classroom. The strategies in each cate-
gory listed above were assigned a value
that was then multiplied by the number
of times per week the teacher used that
strategy. A score was then calculated for
each teacher. A low score meant that the
teacher frequently used non-traditional
strategies; conversely, a high score
meant that a teacher frequently used
more traditional classroom strategies.

The teachers who identified themselves
as traditional all scored in a range from
35 to 43. Those teachers labeling them-
selves as non-traditional had scores
ranging from 19 to 34. The remaining
group of mixed designation teachers
had scores ranging from a low of 22 to a
high of 40. Thus, the range for teachers
in the mixed group was greater than for
either of the other groups and was
slightly higher than for the lowest score
of non-traditional teachers and slightly
lower than for the most traditional
teacher. The designations chosen by
teachers and their use of particular
classroom practices seem to be consis-
tent with what the research says are tra-
ditional and non-traditional teaching
methods.

Teachers were also asked to respond
to a series of eleven 5-point Likert scale
questions scale that asked them to
evaluate specific mathematics skills and
mathematical experiences in terms of
their importance as pre-requisites for
success in algebra. A rating of "1" indi-
cated that a skill or experience was con-
sidered to be highly important and a rat-
ing of "5" indicated that a skill or experi-
ence was considered least important.
The skills in Table One are ordered from
most traditional to least traditional.

A comparison of the mean ratings of
each of the three teacher groups (tradi-
tional, non-traditional, and mixed) indi-
cated agreement, for the most part,
about the relative importance of these
skills. But there were some notable ex-
ceptions when comparing the three
groups. First, on average, the skill of
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TABLE ONE
Teacher Ratings of the Relative Importance

of Specific Skills and Experiences as Prerequisites to Algebra

Ability to: Traditional Mixed
Non-

Traditional
Mean SD Mean SD Mean SD

1. Master operations with
whole numbers 1.55 0.69 1.62 0.68 2.00 0.93
2. Master operations with
fractions 2.09 1.3 1.95 0.97 2.50 1.07
3. Master operations with
integers 1.55 0.69 1.76 0.83 2.38 1.19
4. Memorize and use
formulas 2.73 1.19 3.30 1.05 4.25 0.87
5. Understand order of
operations 1.46 0.69 1.84 0.83 2.25 1.04
6. Solve equations with an
unknown 1.36 0.51 2.16 1.14 3.25 1.39
7.Conceptually understand
proportional reasoning 2.10 0.88 1.97 0.93 2.13 0.84

8. Recognize patterns and
make generalizations 2.36 1.5 1.95 0.88 1.75 0.46

9. Problem-solve 1.55 0.69 1.62 0.76 1.63 0.74
10. Communicate math ideas
in writing 3.18 1.25 2.11 1.09 1.86 0.35
11. Work cooperatively in
groups 3.73 1.01 2.35 1.06 2.25 0.71

memorizing and using formulas (Skill 4)
was rated as more important by the tra-
ditional and mixed teachers than the
nontraditional teachers. (Overall, across
the groups, the skill of memorizing and
using formulas was rated as less impor-
tant, on average, than the other skills).
Second, the skills of writing about
mathematics (Skill 10) and working co-
operatively in groups (Skill 11) were
rated as more important by the nontra-

ditional and mixed teachers than the
traditional teachers.

DISCUSSION

The number of teachers who partici-
pated in this study constituted more
than half of the algebra teachers in a
fairly large urban school district. Two-
thirds of the teachers identified their
teaching strategies as a mixture of both
traditional and non-traditional. Most
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teachers in the survey indicated that
they sought a balance between the prac-
tice of routine skills and the develop-
ment of conceptual understandings, us-
ing what they believed was valuable to
create an effective algebra program.

When comparing the teachers' self-
identification of strategies used and
their years of teaching experience, the
general presumption that newer teach-
ers tend to be more non-traditional and
older teachers tend to be more tradi-
tional was supported in this case. When
the self-designations of teachers were
compared with their actual classroom
practices, the traditional and non-
traditional teachers identified them-
selves in ways that are consistent with
the literature, thereby validating these
self-reported data.

All three of the teacher groups be-
lieved that students need to have a
strong foundation in the traditional, ba-
sic operations using whole numbers, in-
tegers and fractions. There was also
agreement among the three groups
about the importance of certain skills or
experiences typically identified as non-
traditional. In particular, there was
some agreement among the three
teacher groups about the importance of
the skills of proportional reasoning, rec-
ognizing patterns and making generali-
zations, and problem-solving. The re-
sponses of the teachers in this study
clearly indicate that there is more
agreement than disagreement about
what skills and experiences are neces-
sary for student success in algebra.
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Fifth Grade Teachers' Attitudes
towards Implementing a New

Mathematics Curriculum
Lorene B. Holmes
Deborah A. Curtis

Math Land is a relatively new mathematics cur-
riculum program that has been adopted by a
number of school districts in the San Francisco
Bay Area. This curriculum is a product of the
mathematics reform movement, and requires a
major shift in mathematical content and peda-
gogy. The purpose of this study was to survey
fifth grade teachers in one particular school dis-
trict that was in its second year of implementing
MathLand. In particular, the goal of this study
was to assess fifth-grade teachers' opinions
about the MathLand curriculum as well as their
opinions about the current mathematics reform
movement in general. Although the teachers
tended to agree with many of the current
mathematics reform principles, they were gener-
ally dissatisfied with the MathLand curriculum.
A number of teachers cited the lack of practice
with basic skills as a limitation of the new cur-
riculum. Results are discussed in terms of
implications for classroom practice.

COE Review, pp 84-94

A major concern of educators in
many California school districts is that
the mathematics education reform
movement has entered into the class-
rooms by way of new mathematics text-
book series adoptions. In California, the
1994 adoption of instructional materials
in mathematics was a milestone in the
state's ten-year effort to advance
mathematics education reform (Califor-
nia Basic Instructional Materials in

Mathematics Adoption Recommenda-
tions, 1994). This adoption of mathemat-
ics instructional materials reflected the
influence of the 1992 California Mathe-
matics Framework, which called for in-
struction to develop "mathematically
powerful" students, including both in-
struction in basic computational skills as
well as the opportunity to develop these
skills through real-world problem solv-
ing and investigations.

In the San Francisco Bay Area, the
adoption of the MathLand curriculum in
1995-96 by one of the large, urban
school districts in the area was a major
shift toward math reform for that dis-
trict. This adoption was more than a
movement from an old mathematics
textbook series to a new one. The Math-
Land curriculum includes a major
change in pedagogy and mathematics
content. Consequently, in-service train-
ing for teachers was an essential part of
the district's implementation process.
During the first year of implementation
(1995-96), all the kindergarten through

Lorene B. Holmes is a mathematics and
science middle school teacher in the San
Francisco Unified School District. Deborah
A. Curtis is Associate Professor of Interdis-
ciplinary Studies in Education at San Fran-
cisco State University.
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fifth grade teachers in the school district
were required to attend three profes-
sional development days on the Math-
Land curriculum. This in-service covered
three Math Land units, namely number
strategies, geometry, and logic, which
were to be taught by all teachers during
the 1995-96 school year.

Teachers' attitudes and beliefs about
the mathematics education reform
movement will influence the way in
which a new mathematics curriculum is
implemented in their classrooms. Con-
sequently, a number of questions arose
related to the adoption of this curricu-
lum. Does the adoption of Math Land
promote movement toward math re-
form in the district? How do teachers
view the new curriculum? How does it
affect their teaching and beliefs about
mathematics teaching and learning?
What support do teachers need to fully
implement new curriculum materials?

The purpose of this study is to exam-
ine fifth -grade teachers' views and atti-
tudes toward the Math Land program
and the influence of the new curriculum
on their teaching of mathematics; their
involvement in math education reform;
and their fifth-grade teaching experi-
ence with the new curriculum. Fifth
grade teachers were chosen because
fifth grade is perceived of as being criti-
cal to the transition from elementary
school to middle school.

REVIEW OF THE LITERATURE

The Math Land series contains many
of the current mathematics reform
movement's goals and defining charac-
teristics. The current call for reform in
mathematics education (National Coun-
cil of Teachers of Mathematics, 1989,

1991; California Mathematics Framework,
1985, 1992) has been shaped by a con-
structivist approach to teaching and
learning mathematics. How does the
implementation of new curriculum
support the mathematics reform proc-
ess? A review of the literature suggests
that the answer to this question is very
complex.

Mathematics education in the United
States has been in a state of reform for
more than 30 years. Ever since the Rus-
sians launched Sputnik into space in
1957, Americans have worried that our
children are not being taught enough
mathematics and science to compete
with other nations.

During the 1950s through the 1970s,
the mathematics reform movement
sprang from many roots and took on
many different (and sometimes oppos-
ing) forms. Hence, the curricular re-
forms undertaken during those years
under the slogans of "modern mathe-
matics" or "new math" left a mixed leg-
acy to American mathematics education
(Everybody Counts, 1989). Jack Price
(1995), president of the NCTM, wrote
that the "new math" reform of the 1950s
to 1970s failed for several reasons, in-
cluding: (a) top-down attempts at de-
velopment and implementation; (b) a
lack of consensus within the mathemat-
ics community as to it value; and (c) a
lack of understanding of the goals on
the part of teachers, administrators,
boards of education, and other policy
makers.

The "new math" era was followed
by a "back to basics" emphasizing
mathematics as a core of rules, proce-
dures and facts during the mid-1970s.
Then, in 1980, the National Council of
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Teachers of Mathematics (NCTM) pub-
lished An Agenda for Action: Recommen-
dations for School Mathematics of the
1980s, which called for the implementa-
tion of a 10-year reform program. One
goal of this agenda was to move the fo-
cus of school mathematics curriculum
beyond basic skills objectives to a more
problem-solving conception of mathe-
matics content and instruction (NCTM,
1989).

The NCTM Standards, unlike previ-
ous mathematics reform attempts, have
been supported by many professional
organizations, colleges and universities,
large segments of the private sector, and
the general public (Hatfield & Price,
1992; Price, 1995). For instance, in 1988,
the National Council of Supervisors of
Mathematics (NCSM, 1988) updated its
1977 basic skills position statement to
describe twelve essential mathematical
competencies that citizens would need
to begin adulthood in the next millen-
nium.

Textbooks drive what is taught in
schools (Flanders, 1987). In fact, 70 to 90
percent of classroom curricular deci-
sions made by teachers are based on the
textbooks adopted by their schools or
districts. Chandler and Brosnan (1994)
found that mathematics textbooks pub-
lished after 1989 tended to be longer and
that there was a shift in emphasis
among the five content areas of arithme-
tic, measurement, geometry, data analy-
sis and algebra. These researchers also
found that there were changes in the
amount of content development, drill,
word problems and problem solving,
and there were increases in the use of
estimation and calculators. According to
the Third International Mathematics

and Science Study (TIMMS Report),
(Schmidt, McKnight, & Raizen, 1996)
most American mathematics textbooks
are unfocused in a number of ways, in-
cluding the tendency to cover too many
topics with a "breadth rather than depth
approach."

The MathLand program has no text-
books for the students, but does provide
a teacher's Guidebook for each grade
level that covers an entire year of cur-
riculum. Each Guidebook consists of ten
units, each taking from two to five
weeks to teach. It is the lack of text-
books, along with the activity-based les-
sons and the use of manipulatives in
this program that has brought a flood of
criticism from educators, parents, and
the public. Debra Saunders (1996), one
of the most vocal critics of the mathe-
matics reform curricula (which she calls
the "New-New Math"), wrote that pro-
grams like MathLand are causing test
scores to drop because these programs
lack basic computational skills, use con-
fusing time-intensive "fuzzy math" ac-
tivities and do not prepare students for
standardized tests.

However, the MathLand authors
(Randolph & Charles, 1996) argued in
their position paper that in order for
students to have real math power, they
must memorize basic arithmetic facts.
Thus, the formal memorization of facts
begins in second grade in the MathLand
program. They also argued that Math-
Land provides several different vehicles
for students to practice basic skills in-
cluding games in the Guidebook, and
practice in the Daily Tune-Ups and
Arithmetwist booklets. The MathLand au-
thors strongly believe their program will
develop students into mathematical
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thinkers. The authors' goal is that stu-
dents using Math Land will become con-
fident problem solvers.

Does the adoption of a new mathe-
matics curriculum promote movement
toward mathematics education reform?
According to some researchers (e.g.
Cohen &, Ball 1990; Cronin-Jones, 1991)
the answer is no. However, other stud-
ies (e.g. Yore, 1991) have shown that
textbooks are the main influence in
teaching mathematics, since most teach-
ers adhere closely to the strategies and
examples used in textbooks for planning
their lessons. In general, teachers do not
always implement a curriculum in their
classrooms in same way the curriculum
was designed to be implemented
(Cohen & Ball, 1990; D'Ambrosio, 1991;
Cronin-Jones, 1991).

Researchers have begun to atknowl-
edge the powerful influence teachers
have on the curriculum implementation
process (Cohen & Ball, 1990; Good,
Grouws, & Mason, 1990; Cronin-Jones,
1991; Brosnan, 1994). Even if teachers
are provided with all the tools (all the
materials, in-service training and sup-
port), the mathematics reform move-
ment might still be hindered by teach-
ers' beliefs, if these beliefs are not sup-
portive of the newly recommended style
of instruction. Consequently, it is the at-
titudes of the teachers and their beliefs
about mathematics education reform is-
sues that will influence what is imple-
mented.

METHODS AND RESULTS

The purpose of this research was to
study fifth grade teachers' attitudes to-
ward the new mathematics curriculum
program, and their opinions about

mathematics education in general. A
six-page questionnaire was the primary
tool used to assess their beliefs and atti-
tudes about the new mathematics cur-
riculum. In particular, this questionnaire
addressed: (a) teachers' attitudes toward
the new curriculum; (b) the implementa-
tion of the new curriculum; (c) the sup-
port teachers' believed they needed to
adequately implement the new curricu-
lum; and (d) their opinions about the
mathematics reform methods. There
were two open-ended items that asked
for the main strength of MathLand and
the main weakness of MathLand. The
teachers were chosen by cluster random
sampling, where a subset of 30 elemen-
tary schools in the district were ran-
domly selected, and then all of the fifth
grade teachers in the selected schools
were surveyed. Seventy-three fifth-
grade teachers were sent a survey
packet. Thirty-eight teachers (52 per-
cent) returned the questionnaires. A
summary of their opinions is presented
in Table One.

The teachers' responses were for the
most part consistent with ideas of the
NCTM Standards and the California
Mathematics Framework. For example,
teachers tended to agree with the state-
ment "In teaching mathematics, one of
my primary goals is to help students
develop their abilities to solve problems
and think mathematically." Also teach-
ers tended to agree that students learn
mathematics best when they construct
their understanding from a variety of
experiences.

One of the goals of mathematics re-
form is to make mathematics learning
more meaningful to students. Teachers
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TABLE ONE
Teachers' Opinions about Teaching Mathematics in General

Mean SD n
Students learn mathematics best in groups with students of
similar abilities. 2.64 1.02 36
Some students are inherently more capable in mathematics
than others. 3.28 1.21 36
Students learn mathematics best when they construct their
understanding from a variety of experiences. 4.26 0.92 35
Students should learn computational skills within the con-
text of problem solving 3.43 1.17 35
Students need to master basic computational facts and
skills before they can engage effectively in mathematical
problem solving. 3.33 1.43 36
In teaching mathematics, one of my primary goals is to
help students develop their abilities to solve problems
and think mathematically 4.39 1.08 36
In teaching mathematics, one of my primary goals is to help
students master basic computational skills 3.94 1.24 36
Note: Opinion Scale: strongly disagree=1 to strongly agree=5

were asked to rate the importance of
certain teaching methods for effective
instruction in mathematics. A summary
of their responses is presented in Table
Two.

Again, teachers' responses were for
the most part consistent with ideas of
the mathematics reform movement. For
example, most teachers (72 percent)
thought it was "very important" to in-
troduce applications of mathematics in
daily life. But less than half the teachers
thought it was "very important" to use a
variety of assessment strategies.

The teachers were asked to report
onhow much time was spent on certain
instructional strategies since the adop-
tion of Math Land. These data are pre-
sented in Table Three.

More than half the teachers reported
that they were spending more time in
having the students discuss different
ways to solve problems and having the
students use manipulative materials or
drawings to solve problems. None of the
teachers reported spending more time
having the students work alone on as-
signments.

The teachers were asked to indicate
which Math Land units they taught dur-
ing the first year of implementation of
the new curriculum (Year 1) as well as
which units they planned to teach dur-
ing the second year (Year 2). A sum-
mary of these data are presented in Ta-
ble Four.
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TABLE TWO
Teachers' Ratings of the Importance of Certain Teaching Methods ,

for Effective Mathematics Instruction (n = 36)

Percentages
Not

Important

2.8

Somewhat
Important

2.8

Fairly
Important

22.2

Very
Important

72.2
a. Introducing applications of
mathematics in daily life.
b. Using a variety of assessment
strategies. 5.6 11.1 36.1 47.2
c. Engaging students in open-
ended investigations. 5.6 8.3 30.6 55.6
d. Making connections between
mathematics and other disciplines. 2.8 5.6 38.9 52.8

e. Having students explain their
thinking with other students. 5.6 5.6 33.3 55.6

TABLE THREE
Teachers' Responses to the Statement

"Since the adoption of MathL and, the amount of class time
spent on the following is:"

Percentage of Math Time
More
Time

Less
Time

Same
Amount

a. Students practice multiplication facts. 8.3 36.1 55.6 36

b. Students solve story problems or other problems
that don't have obvious solutions.

143 40.0 35

c. Students discuss different ways that they solve
particular problems.

58.8 11.8 29.4 34

d. Students discuss mathematical ideas, as a class or
in small groups.

42.9 11.4 45.7 35

e. Students practice or drill on computational skills. 5.7 48.6 45.7 35
f. Students use manipulative materials or drawings
to solve problems.

8.5 34.3 35

g. Students work alone on assignments. 0.0 51.4 48.6 35
h. Students work on self-assessments. 24.2 12.2 63.6 33
I. Students work in cooperative groups. 42.9 5.7 51.4 35
j. Students work on long term projects. 37.1 17.1 45.7 35
k. Students reflect on their own math learning. 38.9 8.3 52.8 36
1. You explain concepts or computational procedures. 22.2 30.6 47.2 36
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TABLE FOUR
Percent of Teachers Who Taught Specific Math Land Units during Year 1

and Their Plans for Year 2

Percentages
Year 1 Year 2

a. Unit 1: All About Us
Collecting, Communicating, and Interpreting Data 63.9 77.8
b. Unit 2: Using Predictions
Exploring Patterns as a Problem-Solving Tool 55.6 64.9
c. Unit 3: Strategies
Building a Network of Number Relationships 41.7 55.6
d. Unit 4: Organizations
Creating Attribute Sets and Exploring Logical Operators 52.8 44.4
e. Unit 5: Millions
Explorations with Everyday Objects, Models, and Equations 16.7 25.0
f. Unit 6: Inside/Outside
Explorations in Volume and Capacity 16.7 61.1
g. Unit 7: Equivalence Thinking
Exploring the Relationships between Whole and Fractional Numbers 36.1 69.4
h. Unit 8: The Triangle Angle
Exploring Angles and Triangles 38.9 63.9
i. Unit 9: System Thinking
Analyzing and Interpreting Number Systems 16.7 19.4
j. Unit 10: Confidence
Developing Probability Sense through Sampling and Possible
Outcomes 8.3 27.8

In the first year, the district provided
inservice training on three Math Land
units, namely Unit 3, Unit 4, and Unit 8,
and teachers were expected to have im-
plemented these units in their classes
during Year 1. Roughly 40 to 50 percent
of the teachers reported using these
three units in Year 1 of implementation.
Generally, the teachers reported that
they planned to use more of = the Math-
Land units during the second year.

Finally, teachers were asked to rate
their overall satisfaction with Math Land.
Results are presented in Table Five.

The teachers tended to disagree with
the statement "I am very satisfied with
Math Land" (Item g). Furthermore, they
tended to disagree that Math Land had
everything they needed to teach their
students (Item b). Additionally, they did
not think it prepared their students for
middle school mathematics (Item f).
However, they tended to agree with the
statement "Math Land's explanations of
the Key Mathematical Ideas are helpful"
(Item d).

Twenty-nine of the 36 teachers wrote
comments for the main strength of the
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TABLE FIVE
Teachers' Responses to Satisfaction with MathL and

Mean SD n
a. Math Land is a well-balanced mathematics
curriculum. 2.61 1.18 36
b. Math Land has everything I need to teach my
students fifth grade mathematics. 2.12 1.27 35
c. Math Land's layout is easy to follow. 2.85 1.33 34
d. Math Land's explanations of the Key
Mathematical Ideas are helpful. 3.18 1.03
e. The assessment piece in Math Land is an
effective means to look at growth and under-
standing of math concepts. 2.74 1.21 34
f. Math Land prepares my students for middle
school mathematics. 2.50 1.14 30
g. I am very satisfied with Math Land. 2.65 1.32 34
Note. Satisfaction Scale: strongly disagree=1 to strongly agree=5

Math Land program. Four different the-
mes arose from the written comments:
(a) the usefulness of using manipula-
tives, (b) the strength of using coopera-
tive groups, (c) the worthwhile prob-
lem-solving and critical thinking activi-
ties, and (d) the benefits of writing.
Thirty -two teachers wrote comments on
the main weakness of the Math Land
program. These comments were divided
into four themes: (a) lack of sufficient
practice in computational skills; (b) lack
of addressing items on the CI 8S test; (c)
too much time needed for preparation
and for teaching topics; and (d) the need
to supplement Math Land with additional
materials.

DISCUSSION

The results indicated that these fifth-
grade teachers' opinions about teaching
mathematics and using certain teaching
methods for effective mathematics in-
struction were compatible with the un-

derlying philosophy of the mathematics
reform movement. However, the results
of this study also revealed that the atti-
tudes that these teachers have toward
MathLand itself were mixed, with a
number of teachers indicating their
overall dissatisfaction with the curricu-
lum.

Consider first teachers' beliefs about
mathematics instruction in general. The
teachers agreed that students learn
mathematics best when they construct
their understanding from a variety of
experiences. Also, the teachers tended to
agree that it was very important to in-
troduce their students to applications of
mathematics in daily life. Moreover, the
teachers believed that one of their pri-
mary goals is to help their students de-
velop their abilities to solve problems
and think mathematically. These three
results reflect some of the recommended
practices in the 1992 California Frame-
work in order to empower students
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mathematically.
These teachers' opinions were com-

patible with the 1992 California Frame-
work and the NCTM Standards, which
would suggest that they were ready to
make changes in their teaching, pro-
vided that the opinions they reported
were actually internalized into their be-
lief systems. These teachers were aware
that mathematics can be taught in ways
other than simply memorizing facts,
rules, and procedures, and were aware
that mathematics can be taught in ways
that will empower students mathemati-
cally. Thus, the teachers should have
been in a good position to implement
the new Math Land curriculum.

Now consider the results regarding
the Math Land curriculum itself. The re-
sults also indicated that the teachers
might be going through some of the
conflicts and dilemmas similar to other
teachers described in the research litera-
ture (Putnam, Heaton, Prawat & Remil-
lard, 1992). In terms of the quantitative
data, roughly half of the teachers did
not implement the three units they were
expected to implement in Year 1. In ad-
dition, their overall satisfaction with
Math Land was mixed, and the teachers
tended to disagree that Math Land is a
well-balanced curriculum. These con-
flicts with the new curriculum are fur-
ther highlighted in the teachers' re-
sponses to the open-ended' questions
about the main strength and main
weakness of the Math Land Program. Al-
though teachers cited the problem-
solving activities, cooperative learning,
and the manipulatives as the main
strengths of MathLand, one of most fre-
quent main weaknesses of MathLand re-

ported by the teachers was lack of com-
putation practice of basic skills. This
may be an indication that these teachers
still believe that mathematics is a subject
of rules and procedures, to be learned
through practice in mastering the basic
skills.

According to Wood, Cobb, and
Yackel (1991), struggling with conflicts
and dilemmas are important in the
change process for teachers. Teachers
must experience some elements of dis-
equilibrium so that they can question
their own understandings about mathe-
matics education reform and their own
teaching practices (Ball, 1996). The con-
flicts these teachers have with the new
curriculum and math reform could pro-
vide an opportunity for them to reflect,
debate and challenge their understand-
ings about mathematics reform educa-
tion. This would be a good opportunity
to shift staff development toward a for-
mat where critical discussions could
take place about the rationale and theo-
retical perspectives underlying the
mathematics reform movement. Then
ideally, teachers can make informed de-
cisions about mathematical content and
instructional strategies when imple-
menting a new curriculum.

This study looked only at one grade
level of teachers during the implementa-
tion of a new mathematics program. The
conclusions drawn from the results are
limited to this particular group, and
therefore may not be applicable to the
beliefs and attitudes of the teachers of
other grade levels in the district. Further
research is needed with teachers of dif-
ferent grade levels.
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Ethnicity as a Factor in Teachers'
Perceptions of the Mathematical

Competence of Elementary School
Students

Kathlan Latimer
The purpose of this study was to evaluate the ex-
tent to which teachers use ethnicity in attribut-
ing mathematical competence to their students.
A group of elementary teachers who were teach-
ing an ethnically diverse group of students were
asked to describe a "mathematically competent"
student as well as to describe the behaviors and
characteristics of their most and least competent
students. Although some differences were found
in teachers' perceptions of student competence
based on student ethnicity, greater differences
were found based on teachers' perception of the
level of student competence. The most common
descriptors of students judged as most compe-
tent were (a) having a positive attitude and dis-
position and (b) being studious; the most com-
mon descriptors of students judged as least com-
petent students were (a) having poor work hab-
its and (b) exhibiting negative behavior.

COE Review, pp. 95-104

Effective teaching and learning are
facilitated by the teacher's awareness of
a student's knowledge and capabilities.
Although a teacher may have a general
impression of a student's abilities and
have access to the student's standard-
ized test results, it is difficult at best for
the teacher to determine exactly what a
student does know and how well he or
she can perform. One important source
of information about student knowledge
and performance is teacher judgment.

This study looks at the factors teach-

ers use to make judgments about the
mathematical competence of students.
The way in which teachers define
-mathematical competence as well as
their expectations for mathematics
achievement are also examined.

BACKGROUND

Currently, people of color comprise
approximately 25 percent of the total
U.S. population. In California, people of
color represent 44 percent of the popula-
tion (U.S. Dept. of Commerce, 1993),
whereas 87 percent of the teaching force
is European American (National Center
for Education Statistics, 1995b). Califor-
nia's student enrollment is 5,341,025-59
percent are students of color. By the
year 2000, it is anticipated that the pro-
portion of students of color enrolled in
California public schools will grow to 65
percent (EdSource, 1995). Who will these
children? If current trends continue,
these students will continue to be taught
by teachers whose ethnicity and/or cul-
ture is different from their own.

In this study, I attempt to examine

Kathlan Latimer has more than twenty
years of experience as an educator. Cur-
rently, she is a third grade teacher in Fair-
field, California.
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the impact, if any, of the cultural and
ethnic mismatches between teachers and
students. As stated by Viadero (1996),
schooling does not occur in a cultural
vacuum; school is a cultural enterprise.
Culture, according to Anderson (1988),
is built upon a philosophical worldview
or conceptual system of patterns of be-
liefs and values that are transmitted to
members of a cultural group through
socialization. It has been suggested that
these values and worldviews may be ac-
companied by differing cognitive styles
and patterns of communication. There-
fore, differences in culture or ethnicity
may call for modifications of the peda-
gogical strategies utilized by teachers
and a re-examination of teachers' per-
ceptions of student ability. This study
begins work in this area by examining
teachers and their cultural lenses.

Teacher judgment of a student's ca-
pacity to learn, i.e. teachers' perceptions
of student competence, is the focus of
this study. This study examines judg-
ments of mathematical competence that
teachers make based on teachers' per-
ceptions of their students. The use of
race and ethnicity as a basis for teachers'
differential expectations of students for
mathematical achievement is consid-
ered. Specifically, the purpose of this
study is to investigate teachers' use of
ethnicity or racial identification as a fac-
tor in assigning mathematical compe-
tence to elementary level students. Of
particular interest is the situation in
which the ethnicity of the student does
not match that of the teacher.

The research questions to be investi-
gated are:

1. What factors do teachers ascribe to a
mathematically competent student?

2. Do the factors considered vary with
the ethnicity of the student?.
3. Do these factors vary with the eth-
nicity of the teacher?

In this study, these factors included, but
were not limited to, social class, gender,
reputation, ethnicity/culture, physical
attractiveness, verbal skills, attentive-
ness, maturity, and family characteris-
tics.

METHODS

Sampling. Fourteen elementary
school teachers of ethnically diverse
students participated in this study. A to-
tal of 519 students were taught by these
teachers. Most grade levels as well as
multi-age classes were represented.

Instrumentation. A questionnaire was
developed which was designed to elicit
information on teachers' conceptions of
mathematical competence. The ques-
tionnaire consisted of twelve items. Ten
of these items called for open-ended re-
sponses; the remaining two items asked
for demographic information. Specifi-
cally, each teacher who participated in
this study was asked to select, in terms
of mathematical competence, the top
three and bottom three students in his
or her class. The teachers were asked to
describe the attributes and behaviors of
these selected students.

Data analysis. Teacher responses to
this questionnaire were analyzed to un-
derstand the bases upon which the
teachers made assignments of compe-
tence. Responses to the open-ended
questions were categorized according to
similarity of response. These categories
generated themes, which were then la-
beled for further analysis.
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TABLE ONE
Characteristics of Students Selected by Teachers (n = 84 Students)

Ethnicity Most Competent Least Competent Total
European-American 17 14 31

Hispanic 7 12 19

African-American 7 11 18

Asian-American 9 3 12
Filipino 3 1 4

Southeast Asian 1 0 1

Eastern Indian 3 0 3

Chinese 1 0 1

American Indian 0 0 0

Other (Biracial) 2 2 4

Bilingual Classification
English-Only 32 33 65

Fluent English
Proficiency 7 5 12
English Language
Learner 3 4 7

Gender
Male 25 20 45

Female 17 22 39

RESULTS

Demographics

Consider first teacher demographics,
which are present in Table One. The 14
teachers in this study were predomi-
nantly female and, reflecting the overall
district ethnicity proportions, European
American. Of the 84 students selected
by the teachers (42 of whom were iden-
tified as "most competent" and 42 of
whom were identified as "least compe-
tent"), the largest group was European
American, and most of these students
were male. Interestingly, although
teachers selected students from a variety
of ethnic backgrounds, more European
Americans students were selected as

both "most competent" and "least com-
petent" even though the classrooms of
these teachers had a majority of students
of color.

Actions and Observable Behaviors of
Most and Least Competent Students

Teachers were asked to make two
lists one of the observable actions and
behaviors of the mathematically most
competent students in their classes, and
one of the observable actions and behav-
iors of the least competent students in
their classes. More specifically, for the
most competent students, teachers were
asked "What do these students do (ac-
tions, observable behaviors; e.g. eagerly
share ideas in class) that distinguishes
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them from the rest of the class?" Teach-
ers were again asked this question for
the least competent students.

Teachers' descriptions of the actions and
behaviors of mathematically "most compe-
tent" students. An analysis of teachers'
responses is presented in Table Two.
The descriptions of mathematically
competent students fell into six main
categories. A student's positive atti-
tude/disposition was the characteristic
listed most often for mathematically
"competent" students. In particular,

teachers listed traits such as a student's
eagerness to learn, interest in work and
persistence. In order of decreasing fre-
quency of response, the other five char-
acteristics of mathematically competent
students identified by the teachers were:
communication of mathematical think-
ing, facility with procedures and skills,
understanding of mathematical con-
cepts, reasoning ability and problem
solving ability.

When asked to list observable ac-
tions and behaviors of mathematically

TABLE TWO
Teachers' Descriptions of the Actions and Observable Behaviors

of Most Competent and Least Competent Students
by Student Ethnicity (n = 84 Students)

Most Competent Students
European
American

n=17

African-
American

n=7
Hispanic

n=7

Asian
American

n=9
Biracial

n=2
Total

42
Attitude 17 5 9 10 2 43
Communica-
tion 6 1 2 4 1 14
Skills & Pro-
cedures 5 3 1 1 2 12
Concepts 5 4 0 1 1 11
Reasoning 2 2 2 3 1 10
Problem
Solving 4 1 2. 2 9

Least Competent Students
European
American

n=14

African-
American

n=11
Hispanic

n=12

Asian
American

n=3
Biracial

n=2
Total

42
Work Habits 13 10 5 3 0 31
Behavior 7 8 4 0 0 19
Attention 9 2 3 2 0 16
Attitude 4 5 5 1 1 16
Concepts &
Skills 2 4 4 0 4 14
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competent students, some variations of
responses became apparent, but overall
factors used were fairly evenly applied
across groups. In examining what
highly competent students do, re-
sponses relating to attitude appeared
most often across all ethnic groups. This
was reported by a large margin for all
groups except for African American
students. For this group; responses
relating to concepts (e.g., sense of
number, grasps new ideas) rivaled those
relating to attitude. Other categories of
response that emerged for this group
were attitude or disposition,
communication of mathematical
thinking, reasoning, conceptual
understanding, problem solving ability,
and knowledge of skills and procedures.

Teachers' descriptions of the actions and
behaviors mathematically "least competent"
students. Teachers were also asked to list
the observable actions and behaviors of
mathematically "least competent" stu-
dents. When looking at students identi-
fied by teachers as least competent, not
only did different categories emerge,
but also an emphasis on deficits rather
than on actual performance was noted.
Responses relating more to work habits
and student behavior, particularly nega-
tive attention-seeking behavior pre-
dominated. Poor work habits were most
often mentioned, but even more so, in
terms of frequency, for students of color.
Other factors ascribed to the least com-
petent students were negative attitude,
lack of attention or focus, inappropriate
behavior, and lack of knowledge of con-

cepts and skills.

Characteristics that Set Selected Stu-
dents Apart from Other Students

Teachers were asked to make two
lists distinguishing characteristics of
the mathematically most competent
students, and one of the distinguishing
characteristics and least competent stu-
dents in their classes. More specifically,
for the most competent students, teach-
ers were asked "Are there characteristics
(personality traits, etc.) which set them
apart from the other students. " Teach-
ers were again asked this question for
the least competent students.

Results are presented in Table Three.
In terms of the most competent stu-
dents, studiousness emerged as the top
characteristic for all ethnic groups of
students except Hispanic/Latino stu-
dents; for this group quietness was
listed more than any other response. In
terms of the least competent students,
different characteristics emerged; for
these students the most frequent cate-
gory listed was inappropriate attitude.
However, behavior was identified most
frequently for the least competent Euro-
pean Americans and introversion was
identified most frequently for Hispanics.
It is of further interest that yet again en-
tirely different categories emerged for
students seen as least competent rather
than the negation of those listed for
highly competent students, thus ques-
tioning . if and how the perception of
ability impacts the mathematical experi-
ences of these students.
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TABLE THREE
Teachers' Descriptions of Characteristics that Set Selected Students

apart from Other Students (n= 84 Students)

Most Competent Students

European
American

(n=17)

African-
American

(n=7)
Hispanic

(n=12)

Asian
Ameri-

can
(n=9)

Biracial
(n=2)

Total
42

Studiousness 7 6 2 7 1 23
Popularity 6 2 0 2 1 11
Confidence 5 1 2 1 0 9
Quietness 1 2 4 1 0 8
Curiosity 4 1 1 0 1 7
Sense of
Humor 2 1 0 2 0 5
Leadership 1 1 1 1 0 4

Least Competent Students
European
American

(n=14)

African-
American

(n=11)
Hispanic
(n=12)

Asian
Ameri-

can (n=3)
Biracial

(n=2)
Total

42
Attitude 5 5 4 2 3 19
Behavior 7 3 2 2 0 14
Work Habits 4 3 3 1 1 12
Introversion 0 4 5 0 1 10
Attentiveness 3 1 3 0 1. 8
Attendance 0 3 2 0 0 5
Home Support 0 3 1 0 0 4
Maturity 2 0 0 0 1 3

Differences in Perceptions Based Upon
Teacher Ethnicity

Descriptive statistics for this analy-
sis are presented in Table Four. First
consider European American teachers'
perceptions. In terms of teacher ethnic-
ity, European American teachers ap-
plied factors evenly except in the case of
positive disposition or attitude when
judging the most competent African
American students. For African Ameri-
can students, positive disposition and

attitude was noted by European Ameri-
can teachers equally as often as knowl-
edge of mathematical concepts. For all
other groups of students, positive dis-
position /attitude was clearly listed by
European American teachers most often.
When considering the least competent
students, European American teachers
listed factors that were fairly representa-
tive across all groups. Work habits were
mentioned most often by European
American teachers for all student
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TABLE FOUR
Ethnicity of Students Judged Most Competent and Least Competent

by Ethnicity of the Teacher (n =14 Teachers)

Most Competent Students
Teacher Ethnicity

Student Ethnicity

European
America)

(n=10)

African-
American

(n=2)
Hispanic

(n=1)

Asian
American

(n=1) Total =42
European-Amer 12 3 0 2 17
African-Amer 5 1 0 1 7

Hispanic 4 0 3 0 7

Asian-Amer 9 0 0 0 9

Biracial 0 2 0 0 2
Least Competent Students

Student Ethnicity

European
America
(n=10)

African-
American

(n=2)
Hispanic

(n=1)

Asian
American

(n=1) Total
European-Amer 10 2 0 2 14

African-Amer 9 1 0 1 11

Hispanic 6 3 3 0 12

Asian-Amer 3 0 0 0 3

Biracial 2 0 0 0 2

ethnic groups except Hispanic students
for whom attitude was chosen as often
and for biracial students for whom
knowledge of concepts and skills was a
clear choice.

There were too few teachers of color
to make general statements about spe-
cific teacher ethnic groups. Therefore
the responses of all teachers of color
were combined for analysis. No teacher
of color selected Asian American stu-
dents; all teachers of color selected
European American students when such
students were a part of the class. Similar
to European American teachers, teach-
ers of color also selected more students
of color as least competent than most

competent. Attitude and disposition
figured prominently in their responses
for most competent students; factors
applied to least competent students
were scattered across categories.

DISCUSSION

Based on the top ranked responses, a
profile of teachers' perceptions of the
characteristics of a mathematically com-
petent student emerged from the data.
Such students are curious, excited, and
motivated to learn mathematics. Their
attitude towards mathematics is positive
and they exude confidence. According
to these teachers, these students have
good concepts of number and a highly
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developed, as developmentally appro-
priate, number sense. They are problem
solvers; they are able to reason logically
and use critical thinking skills. They are
persistent, take risks, and learn from
their mistakes. Mathematically compe-
tent students understand what mathe-
matics is about as a discipline and can
make connections within the .discipline
and to the world around them. For the
majority of teachers surveyed these at-
tributes set the stage for successful
mathematical achievement.

The attributes of mathematical com-
petence described by these teacher par-
allel themes detailed in the goals for
students in the assessment of mathe-
matical power in the NCTM Curriculum
and Evaluation Standards for School
Mathematics (1989). In particular, the
Standards describe the importance of
learning to value mathematics, becom-
ing confident in one's own ability, be-
coming a mathematical problem solver,
learning to communicate mathemati-
cally, and learning to reason mathemati-
cally. Additionally, the description of
mathematical competence based on
teacher responses is strikingly similar to
the NCTM notion of mathematical
power:

This term denotes an individual's abili-
ties to explore, conjecture, and reason
logically, as well as the ability to use a
variety of mathematical methods effet-
tively to solve non-routine problems.
This notion is based on the recognition
of mathematics as more than a collec-
tion of concepts and skills to be mas-
tered; it includes methods of investigat-
ing and reasoning, means of communi-
cation, and notions of context. In addi-
tion, for each individual, mathematical

power involves the development of per-
sonal self-confidence. (p. 5)

In examining descriptions of highly
competent students, factors relating to
attitude appeared most often across all
ethnic groups. Although most factors
that teachers reported related closely to
those detailed in the NCTM's descrip-
tion of mathematical power, a few
teacher comments related to other fac-
tors such as attentiveness and study
skills. When looking at students judged
as least competent, by comparison, re-
sponses that related more to student be-
havior, particularly negative attention-
seeking behavior, and work habits pre-
dominated. This suggests that the man-
agement of student behavior may be-
come the focus for those students who
are not seen as competent. This may
lead to a downward spiralstudents do
not attend to mathematics instruction or
experiences, exhibit acting out or apa-
thetic behavior, and miss out on more
mathematics. And so the cycle contin-
ues, enabling the downward spiraling,
in terms of mathematics achievement, of
these students.

In terms of characteristics of the
most competent students, being hard-
working or studious were factors used
most often to describe these students
across all groups, whereas negative or
inappropriate attitude was seen most of-
ten for the least competent students.
Thus entirely different categories again
emerged for students seen as least com-
petent, thus raising the question of how
teachers' perceptions of ability impact
the mathematical experiences of these
students.

Even in diverse classrooms, Euro-
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pean American students were selected
more often in both the "most" and
"least" competent student categories
relative to their proportion of classroom
enrollment. Bilingual students were
judged most competent at about the
same rate as they were judged least
competent. Yet on the whole, factors
were applied evenly across all ethnic
groups; the major differences in re-
sponses were based on perceived level
of competence.

Based on this study, the ethnicity of
the student does not appear to be a pri-
mary factor in assigning competence.
Likewise, the ethnicity of the teacher
does not appear to be a primary factor
in assigning competence. Yet teachers'
comments on culture and ethnicity were
quite interesting. Many teachers em-
braced the importance of culture, but
eschewed the idea of differential treat-
ment of individual students based on
culture. However, according to Ander-
son (1988):

Whereas it was once fashionable and
sometimes academically rewarding to
deny the existence of cultural assets and
variation among non-white populations,
social scientists and researchers now
recognize that such traditional ap-
proaches have become anachronistic ...

A different set of understandings about
the way diverse populations communi-
cate, behave, and think needs to be de-
veloped by educators. (p. 8)

Emphasis on culture or ethnicity can
be construed negatively, as indicated by
Knapp and Turnbull (1990):

First, stereotypic ideas about the capa-
bilities of a child who is poor or belongs
to an ethnic minority will detract from

an accurate assessment of the child's
real educational problems and potential.
By focusing on family deficiencies, the
conventional wisdom misses the
strength of the cultures from which
many disadvantaged students come.
(P. 5)

The influence of culture and ethnic-
ity can be positive, but these advantages
are overlooked. This may be due to the
historically held, but currently unten-
able, goal of a colorblind society. Al-
though it may be prudent to be objective
in terms of assessing students' ability,
overlooking the impact of culture cre-
ates a missed opportunity. This missed
opportunity results when teachers fail to
look to culture and ethnicity as sources
of valuable, pertinent information.
Given that the culture and ethnicity of
teachers and students will match less of-
ten as population demographics change,
this is a critical area. As noted by Ander-
son (1988):

At the superficial level, cross-racial,
cross ethnic teaching, learning and/or
service delivery occurs when the per-
sons interacting are of different racial or
ethnic identities. When one adds to this
equation the differences in degrees of
acculturation and type of cogni-
tive/learning style, the examination and
explanation of these differences be-
comes more complicated and the ur-
gency to identify the critical dimensions
associated with them more pronounced.
(p.8)

Thus the mismatching may be even
broader than demographics alone
would suggest.

In conclusion, more differences were
seen based on perceived level of ability
rather than on any other factor. Much of
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this may be attributable, however, to the
inability on the part of teachers to allow
for and/or acknowledge the impact and
importance of culture and its role in
their own assignment of competence.
Yet this, the consideration of culture, is
the first step in moving from mere ack-

nowledgement to the affirmation of cul-
ture and ethnicity as well as a step to-
wards taking advantage of what up to
now has been a missed opportunity, the
opportunity to embrace culture as an as-
set rather than a liability.
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