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History and Aims of the PME Group

PME came into existence at the Third International Congress
on Mathematical Education (ICME 3) held in Karlsruhe, Germany,
in 1976. It is affiliated with the International Commission for
Mathematical Instruction.

The major goals of the International Group and of the North
American Chapter (PME-NA) are:

1. To promote international contacts and the exchange of
scientific information in the psychology of mathematics
education; '

2. To promote and stimulate interdisciplinary research in the
aforesaid area with the cooperation of psychologists,
mathematicians and mathematics teachers;

3. To further a deeper and better understanding of the psycho-
logical aspects of teaching and learning mathematics and
the implications thereof. |

(OF}
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Preface

The program for PME-NA XX was discussed and changes pro-
posed by PME-NA members attending the October, 1997, annual
meeting at Illinois State University. The theme of this conference is
the richness and power of students’ mathematical ideas where stu-
dents are broadly defined to include children, adolescents, and adult
learners. This theme is the focus of three plenary papers. Pat Thomp-
son and Paul Cobb debate the merits of psychological frameworks
versus sociocultural frameworks in their paper. Alan Schoenfeld dis-
cusses the theoretical implications of the Berkeley model for Teach-
ing-in-Context along with standards to judge such models. Jere
Confrey explicates a splitting-based analysis of multiplicative struc-
tures with examples of students who successfully build mathematics
structure.

At the 1997 annual meeting, the Steering Committee proposed
that preliminary proposals could be submitted in either English or
Spanish, and this change in procedure was approved by the general
membership. Another change proposed was to create 10 Working
Groups with an appointed organizer and panel members as a means
of increasing PME-NA attendance by senior researchers. The pur-
pose of these working groups was to establish a community of re-
searchers with common areas of expertise. Organizers of each work-
ing group have established goals and strategies to increase the schol-
arly activities within each of these 10 communities. It was expected
that many of the working groups will continue to collaboratively
pursue common research interests over the course of this year. The
following working groups and organizers were established for pilot
in 1998:

* Advanced Mathematical Thinking - Kathleen Heid
Algebra - David Kirschner & Carolyn Kieran
Collegiate Mathematics - Ed Dubinsky

Gender and Mathematics - Suzanne Damarin & Diana
Erchick

Geometry and Technology - Douglas McDougall
Probability and Statistics - Carolyn Maher

Rational Number, Ratjo, and Proportionality - Tom Post
Representations and Visualization - Fernando Hitt

Socio-Cultural Theories - Judit Moschkovitz & Karen
Fuson

e Teacher Education - Martin Simon

Beyond the papers of the 4 plenary speakers and 10 working
groups, there are papers from 2 discussion groups, 79 research re-

o Y“ 9 .



ports, 40 short oral reports and 50 poster sessions. There were 232
proposals submitted for review. The acceptance rate for research
reports was 56%. The research reports, discussion groups, short orals,
and poster presentations are organized by topic following the pattern
begun with the Proceedings of the 1994 PME-NA meeting. Propos-
als for all categories were blind reviewed by three reviewers with
expertise in the topic of submission. Cases of disagreement among
reviewers were refereed by a subcommittee of the Program Commit-
tee at North Carolina State University.

Submissions for the Proceedings were made on disk; read, ed-
ited, and formatted by the editors. The format of the papers was ad-
justed to make them uniform and to conform to the page limit speci-
fied in the documentation for manuscript submission.

The editors wish to express thanks to all those who submitted
proposals, the reviewers of proposals, the PME-NA XX Steering
Committee, and the PME-NA XX Program Committee. The Program
Chair would like to extend special thanks to the mathematics and
science education faculty at North Carolina State University for their
support and generous contributions to make this a successful profes-

sional experience for the community of mathematics education re-
searchers.

The Editors

Sarah B. Berenson, Chair of PME-NA
Karen R. Dawkins

Maria L. Blanton

Wendy N. Coulombe

John R. Kolb

Karen Norwood

Lee V. Stiff
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SEMANTICAL OBSTACLES IN MATHEMATICS UNDER-

STANDING
Carlos Arteaga Manuel Santos
UNAM, Cinvestav Cinvestav-IPN
Mexico Mexico

msantos@mail.cinvestav.mx

What do students.see and understand when they are asked to examine a math-
ematical statement? This is an important question to evaluate the students’ poten-
tial to work on mathematical problem-solving activities. This study documents
the work shown by high school students who were asked to understand and use a
mathematical definition. Results showed that students, in general, lack methods
and strategies that help them identify the essentials of the definition and frequently
they give different interpretations of it and use them inconsistently. Here, it is
important to attend the type of knowledge that students actually bring into the
classroom and take it into account to implement problem solving activities.

Introduction

Some high school teachers who try to implement problem-solving ac-
tivities in their classroom often complain about the type of mathematical
resources that their students bring into the classroom arena. It is common
that when students are asked to solve nonroutine problems they experience
difficulties not only in the process of designing a plan of solution but also
during the initial stage of understanding the statement of the problem. It
may be that the way students often learn basic mathematical ideas influ-
ence directly the way they access and use those resources in problem-solv-
ing activities. What does it mean that students have understood a defini-
ticn or mathematical procedure or basic fact? is a question that needs to be
addressed if one is interested in documenting the students approaches to
mathematical problems. The present study documents what students show
when they are asked to reflect on the use of simple definition or to access
basic knowledge to solve problems in which the efficient use of resources
is required.

Background to the Study

It is recognized that the type of knowledge that students bring into the
classroom plays an important role in their understanding of mathematical
ideas (Schoenfeld, 1985). Indeed, some instructors spend a lot of time
trying to provide mathematical resources that students need or will require
to solve problems. Here, there is an explicit distinction between leamning
basic resources and learning to solve problems. Perhaps, if the students are
asked to work on their study of basic facts or resources in the same way as
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they learn to solve nonroutine problems, then they could show more effi-
cient way to access and apply those resources when they are required in
problem situations. This idea is completely consistent with what Hiebert et
al. (1996) called problematizing the subject. That is, in the process of un-
derstanding a definition, algorithm, concept, or mathematical problem stu-
dents have to think of a set of questions that need to be discussed as a
necessary condition in their learning.

Subject, Procedures, and Conceptual Framework

Fifty-two tenth-grade students participated in the study. The students
had taken a first algebra course which included the study of basic proper-
ties of number systems (integers, rational, irrational, real), algebraic ex-
pressions (reduction of similar terms), linear equations, system of linear
equations, quadratic equations, and functions. The course that they were
going to take (the data were collected during the development of this course)
included similar content but a main difference was that there were a couple
of new topics (complex numbers, inequalities, and the study of equations
with degree greater than 2). The teacher planned a problem-solving ori-
ented course. He basically wanted to introduce ideas related to “searching
for patterns”, “use of tables”, “reformulation of problems,” and explicit
discussion among different ways or methods of solutions to the problems.
Given that the problems initially selected by the teacher, for the students
discussion and examples, required the use of resources studied previously,
it was important to document to what extent the students had actually un-
derstood them. Here, the teacher asked the students to work on a question-
naire that included questions in which they needed to work on the meaning
and application of definition and basic procedure. The analysis of the in-
formation gathered from the students’ responses was first based on the iden-
tification of key elements of the definition and then to what extent, they
were present in the students’ work. That is, it was important to document
what Greeno et al. (1992) identify as affordances or essentials of the situ-
ation in study. The results shown by the students were crucial to redesign
the initial goal of the problem-solving course and to focus on aspects that
could help students to understand the statement of a problem. In addition,
it was evident that in order to understand basic resources, the students needed
to examine and answer a set of questions in which the strength and limita-
tions of such resource are shown.

The understanding of a definition. In this work, there is interest in
the students’ responses given to a set of questions in which they had to
show their understanding of a given definition. That is, it was important to
document how they understood and applied the meaning of that definition.
The definition, given in written form to the students, was: Two positive
integers are called COMPATIBLES if they only share two common divi-
SOfS.
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In each of the next six statements respond YES or NO and give an
argument to support your response:

(a) () Are 6 and 15 compatibles numbers?
(b) ( ) Are 9 and 16 compatibles numbers?
(¢) () Are 6 and 18 compatibles numbers?
(d) () Are 1.5 and 3 compatibles numbers?
(e) ( ) Is 5 acompatible number?

() () Is 12 a compatible number?

Note that the first three questions included three pairs of positive in-
tegers and only one pair fits the definition. The idea here was to explore
whether the students were able to identify ways to get the factors of the
given numbers and locate the common ones. The fourth question included
a number which was not an integer (1.5), therefore, the definition could not
be applied. In the last two questions, the statement only included one num-
ber (not a pair) and the definition, here, could not be used either.

The criteria used to evaluate the students’ responses focused on to what
extent their work involved essential aspects of the definition. Particularly,
there was interest in documenting the extent to which students utilized as-
pects of the definition that included:

(a) the definition should be applied to only pair of numbers,
(b) the pair of numbers must be positive integers,
(c) the existence of common divisors to both numbers,

(d) the set of common divisors {(way of counting them) and mention-
ing when there are only two, less or more than two, and

(e) the list of common divisors.
Results

Fifty-two students were asked to work on the definition and answer the
questions. Students who only responded YES or NO without supporting
their responses or did not answer the question at all were not considered for
the analysis. The presentation of the results begins with the identification
of the number of students who showed in their responses some of the crite-
ria listed above. For example, 46 students responded to the questions (a),
(b), and (c). Only 19 students, somehow, used the information in which it
was important to attend to the common divisors. Seventeen students men-
tioned the number of common divisors but only 7 students provided a list
of them.

Question (d) was responded to by 48 students; only 6 realized that 1.5
is not an integer and therefore, the definition could not be applied to that
pair. It is interesting to observe that 42 students did apply the definition
directly.

Forty-seven students responded to questions (e) and (f). Only 7 argued
that there was one number only and the definition required a pair of num-
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bers to be used; the other 40 students did not see that the definition n-
volved a pair of numbers and responded to these questions by applying itto
one number.

It is clear that the majority of the students experienced difficulties in
understanding the key aspects involved in the given definition. A closer
analysis of the students’ responses showed that they often changed the origi-
nal definition or introduced other information when applying it to some
particular cases.

Two students out of the 52 showed that they understood the definition
and responded consistently to all of the questions. Their responses are re-
ported in Table 1.

Table 1
Student Are 6 & 15 Are9 & 16 Are 6 &18
compatibles? compatibles? compatibles?
A No, because they  No, because they  Yes, because they
only share one do not share any  share two divisors:
divisor divisor 2and 3
B Yes, because 3 No, because they  No, because their
and 1 are only do not have divisors are 2,6, 3
their divisors common divisors & |

Here, it is important to observe that student A does not include the unit
or the number itself as possible divisors. However, his reasoning is consis-
tent throughout all of his responses (see Table 2).

Other group of students seemed to interpret the definition as “Two num-
bers are COMPATIBLES if one of them divides the other”. Examples of
these type of students’ responses are shown in Table 3.

It is important to mention that these 5 students abandoned their defini-
tion to answer the questions in which there was only one number. Their

Table 2

Are 1.5 &3
Student  compatible? Is 5 compatible?  Is 12 compatible?

A No, because 1.51s No, because we No, this is only one
not an integer need two integers  integer number

B No, because 1.51is No, because there No, because there
a decimal fraction should be another should be another

integer integer
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Table 3

Student Are6 & 15 Are9 & 16 Are 6 &18
compatibles? compatibles? compatibles?
C No, because 6 No, because 9 Yes, because 18 can

can’t divide 15 can’t divide 16 be divided by 6

D No, because they No, because 16 Yes, because 6 is a
can’t be divided by can’t be divided  divisor of 18
one of them by 9

E No, because 6is  No, because 9is  Yes, because they are
not its divisor not a divisor of 16 exact divisors

F No, because they  No, because the Yes, because they

are not divisible result (division) both are divisible.
are not integer
numbers

G No, because 6 is  No, because they  Yes, because 6 fits
not a divisor of 15 can’t be divided in 18

“responses included “no because it is an odd number; yes, because it has
various divisors; no because it does not have two divisor, etc.” Here, it was
clear that students did not realize that the original definition involved a pair
of numbers.

Yet another group of students interpreted the definition in the follow-
ing manner: Two numbers are COMPATIBLE if each one has two divi-
sors. (See Table 4.) '

These students did not mainiain their definition to examine the other
questions. They applied the definition even when they have only one num-
ber. The word integer that appears in the original definition was totally
ignored. (See Table 5).

Finally, there were other interpretations of the original definition given
by no more than one student. One student, for example, only checked the
condition of finding more than one divisor as the only condition to apply
the definition. In other cases, the students were not consistent in their re-
sponses. That is, they used a criterion to answer a question and changed to
other interpretation in the other questions. (See Table 6.)

Discussion of Results

It is clear that the students experienced difficulties in, first, identifying
the key components of the definition, and later in applying them to exam-
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Table 4

Are 6 & 15

Student Are9 & 16 Are 6 &18
compatibles? compatibles? compatibles?

H No, because 6 has No, because 16 has No, because both
more than 2 more than 2 have more than 2
divisors divisors divisors

1 No, because 6 has Yes, because both No, because 6 has 3
3 divisors and 15  have 2 divisors divisors and 18 has
also has 3 divisors - four
J Yes, because 6 has No, because 9 only Yes, because 6 has 3
two common has one divisor 3 & 2 as common
divisors: 3 & 2 and and 16 has divisors while 18 has
15 has common common divisors 9 and 2
divisors S & 3 2,4, 8.
Table 5
Student Are 1.5 &3 Is S Is 12
compatibles? compatible? compatible?

H Yes, because they  Yes, because itis  No, because it has
are divisible by divisible by itself more than one
themselves and and the unit divisor
one

I Yes, because both No, because it has No, it has more than
have two divisors only one divisor 2 divisors
J No, because 1.5is No, because there No, because there
a decimal fraction should be another should be another
integer integer
Table 6
Student Are 6 & 15 Are 9 & 16 Are 6 &18
compatibles? compatibles? compatibles?

K Yes, because they No, because they  Yes, because they are
are divisible by 1  are not compatible divisible by 1, 2, 3,
and 3 and 6

Student  Are 1.5 &3 Is 5 compatible?  Is 12 compatible?
compatibles?

K Yes, because they  Yes, because itis  Yes, because, it is

are divisible by 1
and 1.5

divisible by 1
and 5

divisible by
1,2,3,4,6, 12

w
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ine particular cases. Teachers rarely spend time exploring what students
see or understand when they interact with basic mathematical ideas. This
study shows that the process of reading and understanding mathematical
statements involves the use of strategies, on the part of the students, that
allow them to examine the pertinence and importance of the information.
Is it important to have two integers numbers? What does it mean to have
common divisors? What does it mean that two integers only share two
common divisors? These are fundamental questions that students need to
reflect on while trying to understand the definition. Similarly, it seems that
students lacked a sense of contrasting their responses, since it was notable
that they often used an interpretation to respond the first three questions
and showed other interpretation to answer the rest of them. An explicit
reflection on whether or not the argument used to explain their response
was consistent throughout their work seems to be absent in the students’
answers. Perhaps, the students are used to hearing from their teachers what
aspects of the definition (in this case) are important to pay attention to and
then apply a procedure to search for common factors to find compatibles
numbers.

This study shows that when students have to explore the essentials of a
mathematical statement on their own and analyze them in an ample per-
spective, including here the use of a procedure or an algorithm, they lack
strategies that help them make sense of the statements and they frequently
reduce their approaches to trying to apply rules or procedures. Another
feature that appeared consistently in the students’ work was the difficulty
they experienced in writing up the support of their responses. They some-
times repeated part of the question “no, because they are not compatibles”
or were not explicit in their explanations. It is clear, from this study, that
students need to pay attention to the development of their writing skills.
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Among four-year universities, the number of students required to en-
roll in College Algebra classes forms a critical mass that presents special
challenges for the mathematics faculty whose mission it is to provide qual-
ity instruction. The large numbers of College Algebra students enrolled in
these classes can be traced back to the 1970s, when remedial enrollments
increased 72% (Leitzel, 1987). The National Center for Education Statis-
tics reports 34% of entering freshmen at two-year public colleges were
required to take remedial coursework in mathematics as were 18% of the
freshmen enrolling at public four-year institutions (NCES, 1995). Other
sources have placed similar figures much higher (Watkins, 1993). Because
College Algebra serves as the core mathematics requirement for many
majors, both universities and community colleges are looking for innova-
tive ways to address the needs of College Algebra students.

Purpose and Theory

The purpose of the study was to examine the beliefs and conceptions
of College Algebra students, with the view that their mathematical concep-
tions and beliefs interact to influence their cognitive actions in mathemati-
cal learning situations. The role of mathematical beliefs in the evolution of
mathematical concepts needs to be documented and explored. According
to Schoenfeld, the mathematica! beliefs of students help constitute their
“mathematical world view” (Schoenfeld, 1985, p. 157), and hence play a
crucial role in the ways they “see” the mathematical problems they face.
Furthermore, these mathematical perspectives are abstracted by students
“from their mathematical experiences with objects in the real world and
from their classroom experiences with mathematics” (Schoenfeld, 1985, p.
157). Vergnaud hypothesized a formal connection between the mathemati-
cal beliefs and conceptual actions of learners, asserting that problem solv-
ers often demonstrate their “mathematical beliefs-in-action” as they solve
problems, and that these beliefs serve them as conceptual models upon
which they can develop successful solution strategies (1984, p.7). Given
the theoretical underpinnings discussed above, one of the research ques-
tions the study addressed was- What is the role played by the students’
mathematical beliefs in the evolution of their mathematical knowledge?
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Methods

Subjects came from College Algebra classes at two universities in the
southern United States. A total of 115 subjects completed a mathematics
beliefs and attitudes survey developed by Yackel (1984). In addition, 25 of
the students participated in a series of individual teaching interviews, which
occurred bi-weekly and lasted about 40 minutes each. Each interview in-
cluded approximately 20 minutes where the students solved algebra tasks
given by the researchers; during the remaining time, the students intro-
duced their own problems and questions.

Analysis

The analysis proceeded as follows. First, the survey of beliefs and atti-
tudes was compared with students’ activities in the interviews. Next, the
interview data were examined through protocol analysis. The video-taped
recordings were examined to identify instances where significant concep-
tual structuring activity appeared to occur. This enabled the researchers to
focus on episodes of novel activity, and make inferences about the con-
structive role played by the subject’s mathematical beliefs in the evolution
of their conceptual knowledge. In addition to the video protocols, tran-
scripts of the videos, paper-and-pencil records, the researchers’ field notes,
and the subjects’ written tests were examined and used to develop case
studies.

Our survey results are consistent with what other researchers have found
regarding the nature of mathematical beliefs and its impact on performance
(Frank, 1986; Sackur and Drouhard, 1997; Schoenfeld, 1 985). Forexample,
90% of the students demonstrating high-level achievement in the classes
demonstrated flexible mathematical beliefs, viewing mzthematics as a tool
of their reasoning that is supposed to make sense to them, and that the
teacher’s way of solving math problems represents only one of many pos-
sible solutions. In contrast, 88% of the students demonstrating low-level
achievement in the classes appeared to have more rigid beliefs about math-
ematics, viewing mathematics as a collection of rules and tricks, where the
teacher determines what is correct and the student’s goal is to imitate the
actions of the teacher.

In this paper we focus on the mathematical activity of two subjects by
examining episodes that illustrate the significant interplay between the stu-
dents’ beliefs, their conceptions, and their demonstration of mathematical
structure through their problem-solving activities. We will approach these
episodes by examining: (a) how the students conceived of and interpreted
their problems initially; (b) the complexities of their mathematical ideas;
and (c) how they worked through the dilemmas and difficulties they faced
as they solved their problems.

An interview with Brad: Brad was a first-year business major who had
taken College Algebra the previous semester and earned a grade of D.
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He was repeating the class, a practice common among College Algebra
students, because he needed a grade of C to satisfy his academic major.

During the first interview, Brad worked a series of tasks that involved
simplifying radicals and applying the laws of exponents. After completing
the tasks, Brad asked a question from the current homework on radicals.
Brad had tried to simplify the expression 2V50 + 128 using the laws of
radicals, and he was concerned that his answer, 34, did not agree with the
answer given in the book, 34%2 . The interviewer asked Brad to re-work
the problem at the blackboard.

Brad: I've worked it out twice but I didn't get the answer that’s in
the back of the book. First thing I do is look at radicals and see if |
can simplify anything, just to drop one of the radicals. And um ...,
you can't break these down into terms that can’t so ... 50 will
break down into 2 and 25, which are both perfect squares (sic), so
that’s what [ went ahead and did. (Write 2\ 250 2 ) Some people
like to break them up, I'll keep them together. And 8 is not a per-
Ject square either, but I know that 2 and 4 are (sic), which are
factors of 8, so I went ahead and wrote that down (Writes 12V 2 ¢
4) (Re-writes entire expression)

Brad’s retrospective reporting of how he tried to solve the problem
demonstrated an overall understanding of the task—that he could both
re-capitulate and monitor his prior activity in an objective manner. In addi-
tion, while Brad invoked an appropriate strategy, his problem involved
making sense of a discrepancy between his answer and that given in the
back of the book.

Brad: And from here I just go ahead and take the square root of
this, 25, which would bring the 5 out front, which would leave me
... 205 and go ahead and bring the 2 out which would be 1, right ?
... or now it’d just be a 2, right ?...(stares in space, rolls eyes) ...
and then plus 12 then ... that that'll just be 1 and bring out a 4,
which will be 2, and we multiply by 2, ... 2 x5 will be 10, and 12 x
2 will be 24, which will leave you with 34, but that’s not what the
book got.

Brad’s hesitation in asserting that he could simplify V2 = 1 (“go ahead
and bring the 2 out which would be 1, right 7”) indicated that he was be-
coming aware of the probable source of his problem, that V2 may not sim-
plify to ] as he had previously thought.

Brad: The book got 34N2 . I can’t figure where N2 is ?

Interviewer: It looks awfully close, only thing is the N2 there in the
answer. Why don't you look back at an earlier step and
_see if there's some place where there could’ve been a N2
and maybe it got lost in the shuffle when you reduced
things. Where do you think the N2 might be ?
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Brad: (reflects) ... There and there. (points to V2502 and

I2N204 )
Interviewer: So, what did you do at that point in the process ?
Brad: 1 just took the square root of 25, which was 5 and the

square root of 2, ... (long reflection here) ... that’s not
perfect! ..., yes, it's perfect, ... yeah for some reason, |
cannot ... (realizes he has a problem here but tries to
work it out)

Interviewer:  So the question is, is V2 perfect ?

Brad: ... ho, it’s not, is it. You know what I was etting con-
fused with ? ... is because that (writes N2 ) and for
some reason I thought (cancels 2s in expression N2, e.g.,
N2 ). Maybe that’s where | got lost, that has to be it,
because there's no other place.

Interviewer: So why don t you fix it Sfrom this point on ?

Brad: OK, so just go from this line ? (goes back to his board

work and starts with 22502 + I2V204) Um. 205
N2 Still gonna keep the 2 and it'’s gonna be plus 12, um
V4 is 2, stit! have N2 there. Then we go ahead and mul-
tiply that to be N2,  S02N2 plus 1202 V2, that stays
there. (writes ION2 + 242 ).

Brad: (several seconds reflection) I guess this is Jjust like 10X

+ 24X, the X stays the same and you just go ahead and
bring down the radical. Then 24 and 10 is 34 (writes
34N2 ) O.K. That’s what I was doing. That’s the kind
of mental lapse I'll have, that right there. ... that’s crazy,
Jor some reason it didn't register with me on the home-
work And that’s the kind of crazy thing I do ... crazy little
careless mistakes like that. It kills me on the test. I usu-
ally catch it on the homework, I checked it twice.

We believe that Brad's episode is noteworthy for the following rea-
sons. First, Brad was able to distance himself from his prior activity and
objectively review, monitor, and then report results to the interviewer.
College Algebra students are seldom able to engage in such retrospective
analysis of their actions. That Brad was able to demonstrate such a grasp
over his actions indicates both the robust nature of his conceptions (his
knowledge of what he needed to do) and the strength of his convictions
about how these types of problems are to be solved. He systematically set
about to simplify the radicals (#2-3) and never wavered from his belief that
his overall reasoning was sound—he knew what he needed to do to solve
the problem with the radicals and could carry out and evaluate the efficacy
of his actions. Second, Brad’s inability to self-diagnose and correct his
erroneous idea about cancellation of radicals ( *V2- = ] ), suggests that his
misunderstandings were deep-rooted within his flow of continuous action.
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While Brad could “see” an overall structure of appropriate solution activ-
ity to carry out, he had great difficulty isolating the source of error even
after repeated attempts. It was only with the intervention of the interviewer’s
questions that Brad became aware of the error and set about to correct his
solution accordingly.

An Interview With Carrie: Carrie was a second-year student whose per-
formance in the class was consistently in the B-to-upper-C range. Carrie’s
responses on the beliefs survey indicated that she believed mathematics to
be difficult because in order for one to be successful solving problems, one
must remember many rules and procedures. She indicated that she thought
mathematics was important for many careers but that she personaily took
mathematics courses only because they were required. She also indicated
that she thought some people were naturaily better at mathematics than
others but she strongly disagreed when asked if mathematical ability was
determined by gender. During the latter part of the first interview, Carrie
introduced a rather difficult complex fraction problem from homework that
had puzzled her.

Summary of activity. Carrie began her work on this problem by fac-
toring m>-4 (#2). Immediately thereafter, Carrie came to her first major
decision-was this a division problem? Initially, Carrie stated that she did
not know what to do with the denominator, 1/(m+2). In describing her source
of indecision, it appeared that the numerator posed the more immediate
problem for her. Carrie stated that she wanted to work on the numerator
using the least common denominator which she identified very quickly as
(m+2)(m-2). While Carrie had some difficulty describing what she wanted
to do, her actions indicated that she understood the process for combining
rational expressions. She correctly combined the terms in the numerator
(#3); however, she also altered the denominator from 1/(m+2) to m+2. The
interviewer intervened with a question and the subsequent episode served
as a second major decision point for Carrie as she solved her problem.

I: How did you get this in the denominator (points to m+2)?

Carrie: Do I apply the same LCD to this part or do I do it separately?
Basically I get the LCD which is that [points to (m-2)(m+2))
and so all it is going to be is 1. (m+2), it’s already there, so it’s
like..one.

I You keep saying one, I’m not sure what you mean [The inter-
viewer inferred ihat Carrie was mentally dividing out (m+2)].

Carrie: (pause) O.K. see my LCD for this part, 1/(m+2)?

I: Yes, what are you going to do with it? Carrie: (pause) Here it
is simplified?
I: Yes

Carrie: Should I leave it as it 1s?
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I: Yes. What should you do now? Carrie: Well, you don’t want
to mark it out (Indicates cancellation in the numerator). So I
want to multiply it out.

The interviewer’s interpretation of Carrie’s activity was that she had
confused the two common methods for simplifying complex fractions and
was trying to apply both methods simultaneously. In her first attempt (#3),
Carrie appeared to be trying to mentally multiply both the numerator and
denominator with the LCD, (m+2)(m-2). In the subsequent attempt, she
considered the denominator separately and determined that her simplifica-
tion of the denominator was incorrect. Carrie then returned to the numera-
tor and addressed the issue of how to multiply m(m-2)(m+2). She noted
that she understood how to apply the “FOIL method™ but she wasn’t sure
if she should multiply by the m first. After the interviewer suggested that
she could multiply in any order that she wished, Carrie wrote: (m® - 4m -
1)/(m-2)(m+2) (#4) and then mused as to how this answer should be writ-
ten in relation to the rest of the problem. At this time, Carrie reached the
third major decision point of her problem solving process, when she again
reflected as to the kind of problem she was faced with. She immediately
declared that it was a division problem and began to work on it using the
invert and multiply method. Carrie hesitated for a moment as she consid-
ered whether or not she should try to factor m® - 4m - 1. After deciding
against factoring, she divided out the common factor of m+ 2 and wrote
her final answer, m3- 4m - 1/m-2.

Carrie’s activity indicated that she had possession of some basic math-
ematical tools that many students at this level have not yet mastered. Carrie
could factor polynomials, combine rational expressions, and simplify alge-
braic expressions. However, on the basis of her survey responses and inter-
view data, we claim that her “mathematical world view” (Schoenfeld, 1985,
p- 157) is procedurally based. For example, in utilizing her rules to sim-
plify the complex fraction, she demonstrated solution activity that ultimately
led to results that did not make sense to her. In order for her to resolve the
confusion regarding what she perceived as similar solution paths, she was
unable to mentally coordinate the two methods, one against the other, and
determine which one to apply. Rather, she needed to choose one of the
paths and physically carry out the process. She appeared unable to men-
tally carry out a process and evaluate the results it would yield. Finally, we
noted that while Carrie immersed herself within the problem, she some-
times became lost inside the details of specific sub-tasks. We contend that
one reason for this is that Carrie does not see mathematics as a world of
connected mathematical ideas. Survey data revealed that she believes that
“mathematics consists of many unrelated topics” (Yackel, 1984).

' The FOIL method refers to a memory device used by algebra students in the
U.S. to remind them how to mutliply together a pair of binomials—First, Outer,
Inner Last.
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Conclusions

We posit that the experiences of Brad and Carrie are somewhat typical
of College Algebra students. Such students enter college with a collection
of mathematical rules, procedures and rigid expectations concerning what
it means to do mathematics. As a result, the mental structures they invoke
to help them organize and direct their mathematical actions are often frag-
mented. For example, memorizing the definition of a linear equation may
help students recognize when they have a linear equation; howewzr, it does
not ensure that they will be able to mentally reflect upon, critically exam-
ine, and choose from among potentiai solution strategies. While memoriz-
ing definitions and rules is an important part of learming mathematics, it is
- not sufficient for the development of such reflective activity. For students
such as Brad and Carrie, instructional practices that merely review and
reinforce procedural tasks are not likely to benefit their mathematical de-
velopment. Rather, these students need to face mathematical tasks that
present dilemmas for them, the resolution of which contributes to their
evolving awareness of algebraic concepts and, hence, to their evolving
mathematical knowledge. Our continued work in this area is directed at
developing instructional activities of this nature.
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MATHEMATICAL INTIMACY: LOCALAFFECT
IN POWERFUL PROBLEM SOLVERS
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This paper includes an introduction to and description of a new phenomenon of
local affect demonstrated among powerful problem solvers. Aspects of mathemati-
cal intimacy include intimate interactions and intimate relationships. Intimate in-
teractions are comprised of intimate behaviors and experiences. In the context of
mathematical problem-solving, these emotive aspects have powerful potential to
encode meaning and to influence problem solving performance.

Research into students’ mathematical thinking has for some time fo-
cused on the cognitive aspects of learning. Recently, mathematics educa-
tion research on affect (Goldin 1988; McLeod 1989, 1992; Lester, Garofalo,
& Kroll 1989; DeBellis & Goldin 1991, 1997; DeBellis 1996) has pro-
vided educators with a different perspective of student thinking and of
how such thinking may influence performance. In fact, other scientific
fields (e.g., neuropsychology and computer science) are also finding that
emotions play an essential role in decision making, perception, learning,
and more — that is, they influence the very mechanisms of rational think-
ing (Picard, 1997). Picard proposes that in order for computers to be genu-
inely intelligent, computer scientists must give them the ability not only to
recognize and understand, but also to build knowledge through emotional
connections. At the same time, progress in mathematics education research
has formed a similar conclusion. DeBellis and Goldin (1997) view affect,
and its detailed interplay with cognition, to be the most fundamental and
essential system of representation in powerful mathematical learning and
problem solving. Hence, this idea — that emotive aspects of knowing can
influence one’s acquisition of knowledge — has opened new opportunities
for research in learning.

McLeod (1989) described the affective domain as including three com-
ponents: emotions, beliefs, and attitudes. DeBellis and Goldin (1997) pre-
sented a research-based theoretical framework for describing the affective
domain in mathematical problem solving which, in addition to McLeod’s
components, includes components of values/morals/ethics as it pertains to
problem-solving affect, the notion of mathematical self-acknowledgment,
and the idea of meta-affect. An essential idea in this framework is that
affect, as a representational system, interacts with other modes of repre-
sentation (as defined by Goldin, 1988, 1997) and encodes important infor-
mation (meaning) and influences problem-solving performance. Every
individual constructs complex networks of affective pathways, contribut-
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ing to or detracting from powerful mathematical problem-solving ability
(DeBellis and Goldin, 1997). What kinds of emotional experiences hap-
pen during mathematical problem solving that are characteristic of power-
ful problem solvers? - One type of emotional occurrence is described be-
low. I call this notion of affect, “‘mathematical intimacy.”

Mathematical intimacy is a changing state of feeling during mathemati-
cal problem solving, and is classified as local affect. It is important to note
the distinction between local affect and global affect. The former refers to
changing states of feeling during mathematical problem solving (Goldin,
1988). For example, a child might temporarily experience the feeling of
frustration while solving a problem, yet this emotion might change quickly
to excitement as this child perceives to have discovered a solution. Con-
versely, global affect refers to more stable, longer-term affective constructs
such as beliefs and attitudes. For example, the above-mentioned child’s
attitude toward solving mathematical problems might be “dread” because
“he usually gets it wrong.”

Research on the influence of affect on strategic decision-making dur-
ing mathematical problem solving has suggested the following: Powerful
affect is positive; the problem solver discerns and regulates negative local
affect to useful purpose; local affect frequently changes; local affect is un-
der the control of the solver; it effects the construction of mathematical
knowledge; there are important interactions between global and local af-
fect; and the problem solver’s affect interacts with a variety of external
factors (DeBellis, 1996). Mathematical intimacy is a powerful local affect
whose description is based on the psychology of intimacy.

Psycholdgical Aspects of Intimacy

Intimacy is a complex and elusive concept that has generated a variety
of definitions, theories, and philosophies over the years. In fact, psychol-
ogy literature provides disagreement about the essential meaning of the
term. Intimacy is typically viewed as an interpersonai relationship which
includes qualities of closeness and depth in the experience of human at-
tachment. The word intimacy is derived from the Latin intimus, meaning
inner or inmost. To be intimate with another is to have access to, and to
comprehend his/her inmost character; it is a privileged knowledge of what
is disclosed in the privacy of an interpersonal relation, while ordinarily
concealed from the public view (Sexton and Staudt Sexton, 1982). There
are many types of intimacies, ranging from fleeting to long-term; some of
which do not remain static. Thus, “intimacy” has been characterized in the
literature as ranging from casual contact to deep, close, time-tested asso-
ciation.

Although most psychological research on intimacy refers to the expe-
rience as interpersonal, some have claimed the experience is primarily in-
trapsychic (Maslow, 1970) or is a combination of dynamic personal or
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apersonal (collective unconscious) factors (Jung, 1928). Prager (1995)
proposes a multi-tiered concept of intimacy, and describes two components
thereof: (1) intimate interactions which are dyadic communicative ex-
changes, and (2) intimate relationships in which people have a history and
anticipate a future of intimate contact over time. She claims intimate rela-
tionships, both conceptually and in fact, are built on multiple intimate in-
teractions. In contrast, intimate interactions can exist without intimate re-
lationships. The presence of an intimate relationship influences the prob-
ability and frequency of such interactions. She further proposes intimate
interactions themselves have two components: intimate behaviors and inti-
mate experiences. Intimate behaviors refer to the actual observable verbal
or nonverbal behaviors people engage in when interacting intimately. Inti-
mate experiences are the positive feelings and perceptions of understand-
ing people have during, and as a result of, their intimate interactions (e.g.,
warmth, pleasure, affection). Thus, intimate experiences are psychologi-
cal constructs which are inferred by others. These feelings are intrinsically
rewarding to the individual, may serve to foster other positive interactions,
and can enhance individual well-being. Intimate interactions, then, are
composed of behaviors and experiences, while intimate relationships are
composed of multiple intimate interactions and their experiential byproducts.

A Proposed Description of Mathematical Intimacy

For research on affect in mathematics education, it is helpful to admit a
definition of intimacy which is not restricted to interpersonal experiences.
Mathematical intimacy is rooted within an individual and is derived from
intrapsychic exploration with the mathematical content. To be intimate
with mathematics is to have access to, and comprehension of its inmost
structure. This form of intimacy occurs between an individual problem
solver and the mathematical content, and hence is dyadic in nature.

Mathematical intimacy is comprised of two components consistent with
Prager’s intimacy definition: intimate relationship and intimate interaction.
Intimate mathematical interactions are characterized by both intimate math-
ematical behaviors and intimate mathematical experiences. Intimate math-
ematical behaviors might include the distance a problem solver places be-
tween himself and his work, cradling his work, temporary loss of hearing
external noises because he is so focused and consumed by the interaction,
and hesitation in sharing mathematical solutions.

Intimate mathematical experiences are the positive feelings and per-
ceptions of understanding which a problem solver incurs while solving a
problem or thinking about a mathematical concept. Examples of math-
ematically intimate experiences include elation, excitement, warmth, amuse-
ment, affection, time warp, or perceived beauty in mathematics. These
experiences are more than enjoyable or otherwise positive; they are inti-
mate and thereby build a bond between problem solver and mathematical
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content. The mathematically intimate learner appears to make mathemat-
ics his own as he acquires intimate knowledge and through repeated inti-
mate interactions builds a mathematically intimate relationship. Mathemat:-
cal intimacy assists powerful problem solveis in constructing deeper math-
ematical knowledge since this emotion interacts with other modes of rep-
resentation and encodes important information (meaning) about the math-
ematical content.

Mathematical intimacy may foster other positive byproducts which
include: The willingness to take mathematical risks, since intimacy pro-
vides some sense of safety; the notion of perseverance, since intimate ex-
periences include feelings of loyalty, devotion, and passion; and confidence,
since intimacy enhances a problem solver’s well-being. However, pos-
sible negative byproducts might include frustration or anger, since a prob-
lem solver might feel disappointed or betrayed by an unexpected outcome.

Access to mathematical intimacy may depend upon a person’s willing-
ness to engage the content at a vulnerable level of interaction. Mathemati-
cal learning then becomes “the privileged knowledge” gained through inti-
mate mathematical interactions. It may be the degree in which mathemat-
ics is understood directly relates to one’s level of mathematical intimacy.

An Example: Jerome

In qualitative, exploratory investigations, DeBellis (1996) studied el-
ementary school children over a two year period through a series of three
carefully structured task-based interviews, designed to maximize nondi-
rective mathematical problem solving and construction of external repre-
sentation. Videotapes of four subjects were analyzed for interactions be-
tween affect and cognition, using fine-grained protocol analysis, inferences
. made by observers, and a validated facial movement coding system. Em-
pirical evidence for mathematically intimate behaviors was collected through
voice inflection, timed pauses in speech, facial expression, and posture.
Mathematically intimate experiences were inferred through the analysis of
a facial coding scheme, posture, and verbal utterances. Each interview
consisted of several mathematical exercises, culminating in a difficult non-
routine problem and lasting approximately forty-five minutes.

Jerome impressed this researcher to be a straightforward, expressive
young man, both in words and in actions. He is a New Jersey Caucasian
male, who, from nine years old to twelve years old, participated in task-
based interviews. He attended elementary school in a working class com-
munity. Predominant global affect characteristics included a self-professed
stubborn demeanor, a liking of mathematics, and the frequent admission
of, “I don’t know” while solving non-routine problems.

Jerome'’s body gestures included cradling his work as he solves the
problem so as to separate the activity between the content and himself from
the clinician. At times, he can be seen at close physical proximity to his
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paper. Yet, during the same mathematical episode, Jerome physically pushes
himself away from his work when his experience contradicts his expecta-
tion. His facial expressions included raised eyebrows, furrowed brow,
pressed lips, wide-eyes, and smiles. :

Results andlqr Conclusions

Powerful problem solvers seem to have a fundamental willingness to
become intimate with most any mathematical problem. These solvers con-
struct a higher level of meaning through this intimacy level than others
who are less intimate with the content. They build personal meaning with
the content, not as an observer, but as an active participant. Emotions that
manifest themselves between a mathematically intimate child and his work
may include on the one hand feelings such as devotion, loyalty, bonding,
privacy, trust, affection, and pride, but may also include feelings of decep-
tion, betrayal, disappointment, despair, frustration, and anger. As aresult,
when mathematically intimate children present their work to an external
agent (i.e., teacher, parent, peer, or clinician) there exists a high emotional
risk since they have identified so closely with their mathematics.
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A MODELING APPROACH TO NON-ROUTINE
PROBLEM SITUATIONS
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A modeling approach to non-routine problem situations explicitly focuses on the
activities of creating symbolic, graphical, and numeric representations and
descriptions of situations that are meaningful to the learner. The approach elaborated
in this paper is based upon a two-stage sequence of activities that provides learners
with an opportunity to first create and then extend their ideas about selecting,
ranking, and aggregating data in such a way that decisions can be made. The
characteristics of each stage are illustrated by student work at the small-group and
whole-class levels. Student reasoning about the relationships between and among
quantities and the quantification of qualitative data are discussed. The results of
this classroom-based case study suggest that students were able to create
generalizable and re-usable systems (or models) for selecting and ranking. As
their resulting models were shared within the classroom, the students did not appear
inclined to identify some models as being ibetteri than others.

Introduction

Current K-8 mathematics curricula largely focus on quantities such as
counts, shapes, measures, and an assortment of notions about ratio, rate,
and proportion. While this set of quantities is a rich and important core of
mathematical ideas, often the kinds of quantities needed to mathematize
realistic, meaningful situations include a much wider array of quantities,
such as accumulations, probabilities, frequencies, ranks, signed quantities,
and vectors. The operations on these quantities likewise need to be ex-
tended beyond the four basic operations of arithmetic to include sorting,
weighting, selecting, and transforming entire data sets rather than single,
isolated data points. In this paper, I discuss the results of an analysis of a
two-stage sequence of modeling activities in which middle school students
investigated non-routine problem situations where the core mathematical
ideas focused on the creation of ranked quantities, operations, and transfor-
mations on those ranks, and, finally, the generation of relationships be-

tween and among quantities to define explanatory and predictive relation-
ships.

Theoretical Framework

Many textbook problems that are posed to middle school students do
not involve the students in creating, modifying, or extending representa-
tions of meaningful problem situations. In solving typical school word
problems, students generally try to make meaning out of questions that are
already carefully quantified situations. The solution process is generally



an exercise in mapping the problem information onto an invariant model
using some level of symbolic notation (such as numbers and the four basic
operations of arithmetic) so that an answer can be produced The mapping
of the problem information onto arithmetic operations is typically a one-
step map. Such activity rarely involves students in an explicit creation or
examination of the underlying mathematical model. Seldom is the model
itself transformed, modified, extended or refined as part of an iterative de-
velopment.

A modeling -approach to problem situations explicitly focuses on the
activities of creating symbolic, graphical, and numeric representations and
descriptions of situations that are meaningful to the learner. Engaging in
this kind of model building is not seen as finding a solution to a given
problem but rather as developing a tool that a learner can use and re-use to
find solutions (Bransford, Zech, Schwartz, & The Cognition and Technol-
ogy Group at Vanderbilt University, 1996; Doerr, 1997). Each stage of the
modeling process includes multiple cycles of interpretations, descriptions,
conjectures, explanations, and justifications that are iteratively refined and
re-constructed by the leamer, ordinarily interacting with other learners. Once
created, models can be extended, explored, and refined in other contexts.
Generalizing and re-using models are central activities in a modeling ap-
proach to learning mathematics. Thus, a modeling pers ective leads to the
instructional design of a sequence of activities that begins by engaging
students with non-routine problem situations that elicit the development of
significant mathematical constructs and then extending, explormg, and re-
fining those constructs to other problem situations.

Description of the Study

The initial model eliciting activity was designed to motivate and guide
the students’ inquiry and to confront them with the need to develop a model
to describe and explain a problem situation. This activity (described in
more detail below) was intended to be a problem situation that students can
readily understand through their own first-hand experience and to provide
a significantly rich mathematical site that wili lend itself to refinements,
extensions, and powerful generalizations (Lesh, Hoover & Kelly, 1993).
The sequence of problem situations used in this research study were de-
signed to be completed by a small group of students, thus providing a so-
cial setting for the negotiation of conjectures and justifications, and for the
clarification of explanations. In addition to the sharing which would take
place within the small groups, discussion of specific systems created by
students provided a forum that could potentially lead to the sharing of ei-
ther common or multiple systems within the whole class. The overall cur-
ricular unit was designed to provide activities that support {a) the genera-
tion of a model in the first place, and (b) the extension, exploration, and
refinement of the significant mathematical relationships, representations,
and assumptions.
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This study took place in an urban middle school setting, with low-to-
average-achieving eighth grade students. In this particular school system,
higher-achieving students are selected to take a first year algebra course.
The study took place in four classes, all taught by the same experienced
middie school teacher. The activities had been piloted by the teacher a year
before this study took place. This pilot phase enabled the teacher and the
researcher to modify and extend the problem situations which the students
investigated. The teacher had a classroom set of four-function and fraction
calculators available for the students. Small-group work and pair work
was occasionally done in the classroom, but there was not a well-estab-
lished classroom practice of effective student learning in group settings.
Two of the four classes were observed by the researcher. The teacher and
researcher mzc regularly for the planning of the unit, for revisions and
modifications made during the unit, and for reflection on the students’ leamn-

ing.
Data Sources and Analysis

Each class session of the overall unit was video-taped, and during small-
group work, the groups were observed by the researcher. All of the written
work, including student journals and class work, done by the students was
made available to the researcher. Extensive field notes were taken during
the class sessions. The video-tapes of class sessions were reviewed and
selected portions were transcribed for more detailed analysis.

Description of the Modeling Sequence

The overall sequence of the unit consisted of four problem situations
(two of which are discussed in this paper) centered on the core mathemati-
cal idea of ranking, weighting ranks, and selecting ranked quantities. Since
the problem situation is focused on ranking, of necessity the students ana-
lyze and transform entire data sets or meaningful portions thereof, rather
than single data points. The students had no specific formal exposure or
instruction on these ideas prior to the unit. Rather, the unit was designed so
that the students could readily engage in meaningful ways with the prob-
lem situation and could create, use and modify quantities (e.g., ranks) in
ways that would be meaningful to them and in ways that could be shared,
generalized, and re-used in new situations.

The first problem in the sequence, The Sneaker Problem,was designed
to elicit the notion of ranking in the first place and the multiplicity of fac-
tors that would lead to the need for selecting based on ranks. This problem
was then followed by The Summer Camp Problem (modified from Lesh et
al. (1989)) that was designed to extend, explore, and refine their notions of
ranking and selecting. Finally, the unit concluded with two problein situa-
tions in which the student could apply and further extend their ranking
systems.



The unit began by posing The Sneaker Problem to the students. The
students encounter the notion of multiple factors that could be used in de-
veloping a rating system for purchasing sneakers and the notion that not all
factors are equally important tu all people. They were asked “What factors
are important to you in buying a pair of sneakers?” This generated a list of
factors and not all of these factors were equally important to the students;
the students then worked in small groups to determine how to use these
factors in deciding which pair of sneakers to purchase. This resulted in
different group rankings of the factors. The teacher then posed the prob-
lem of how to create a single set of factors that represents the view of the
whole class; in other words, the group ranks needed to be aggregated into
a single class ranking.

The second problem was designed to extend, explore, and refine the
idea of ranking, sorting, selecting, and using non-quantitative data. The
students were given The Summer Camp Problem with a complete data set
for 12 girls:

You are a counselor at the City Summer Rzcreational Program. Your
program specializes in track and field events. In the preliminary events,
held on the first day, the 12-year-old girls performed as shown in Table 1.

Table 1. Swim levels, from highest (Shark) to lowest (Sunfish).

Name 50-yd Run 100-yd RunHigh Jump Long Jump Swim Level

Andrea 79 14.6 4’2" 10°9” Bass
Carrin 94 16.5 3'4q” 10°0” Sunfish
Deanna 7.0 13.5 4’4" 11°6” Shark

Based on this information, and the comments from the school coaches,
you are to assign these 12 girls to three groups. These three groups wiii be
competing against each other in the summer program and you want the
competition to be fair.

The studentsi solutions were to include a specific recommendation for
teams, and, most importantly, an explanation of their system for deciding
how the teams were created. In this sequence, the students were explicitly
asked to develop systems which can in turn be shared with other students
and re-used in other situations.

Results and Discussion

These results come from the analysis of the observations of classroom
discussions taken as a whole and the examination in detail of the small-
group interactions. In the whole-class discussion, the students easily iden-
tified ten or more factors that they would consider in buying a pair of sneak-
ers, including color, size, style, brand name, and even cost. Within their
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small groups, they usually listed these items from most important to least
important through a process of negotiation, discussion and, in some cases,
voting. In this early stage, most groups did not explicitly assign a ranking
value to the elements of the list. Rather, most lists were simply in an im-
plied order from most to least important. Where the elements were num-
bered, this number seemed to serve more as a label than as a numerical
quantity which could in turn be operated on. In other words, the list could
have just as easily been labeled A, B, C, D, and so on. As the lists were
shared, it was immediately evident to the class that while no iwo lists were
exactly the same, there were some items that appears in common at or near
the top of most lists. It was at this juncture that the teacher posed the
problem of how to find a single list that she could use in deciding how to
choose a pair of sneakers.

In aggregating the ranked sneaker data for the whole class, students
developed three systems. The first system was to arithmetically average
the ranks and then to explicitly re-rank those averages. Significantly, this
system indicates a shift from seeing the ranks as labels to seeing them as
quantities that can be operated on by averaging. The factors now have
explicit numericai values, rather than implicit places in a list. Moreover
these newly constructed quantities were assigned explicit numerical ranks.

A second system used to determine an aggregated class rank was a
frequency-based strategy. The factor with the greatest number of one’s
became the first ranked and so on for the second and third factors. The
students were easily able to identify the lowest ranking factors by this sys-
tem as well. The factors in the middle were assigned ranks by either an
estimation strategy that yielded a close enough rank or by successive
pairwise comparisons. In one instance, the occurrence of a tie lead to a
refinement of the system. The tied factors were assigned a common rank,
and the next rank was skipped. A third system used to determine an aggre-
gated class rank simply ignored the group data and resorted to a voting
strategy, whereby individual members of the class were polled. Some stu-
dents argued that this strategy was fairer than using the group data since it
took into account the opinion of everyone in the class.

The Summer Camp problem was designed to provide an opportunity
for students to extend, explore, and refine the ranking constructs elicited
by the Sneaker problem. The camp problem evoked several early and un-
stable interpretations that were generally, but not always, revised and re-
fined within the small groups of students. These early interpretations in-
cluded averaging the scores in all four events without regard to the units
associated with the quantities, averaging the two running scores to obtain a
single score, operating on feet and inches as if it were a single decimal
quantity, and ranking without regard to whether or not a high score was
ibetteri than a low score. Some groups of students ignored the swimming
scores, but others assigned them a numerical rank from one to four and
used this along with the other ranked data.
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Most groups ranked each player on all four events, but no group gave a
singie rank for each player. Rather, having four ranks for each player, the
three best players were selected by frequency of high ranks and then the
poorest players were identified. The students devised several systems for
assigning the teams. Two of the most noteworthy systems were a high/low
matching system that put the best and worst players on the same team and
then filled in the middle players. A second system was a pairwise compari-
son that successively filled slots on teams by comparing the four ranks of
pairs of players. In some cases, the students refined their teams by using
the coaches commients as a basis for adjusting team rosters. As the result-
ing models were shared within the whole-class setting, students did not
find conflict in different results nor did they appear inclined to identify
some models as being “better’” than others. This result, while somewhat
surprising, may be in part accounted for by the relatively high agreement
among students as to the identification of the “best” and “worst” players
and relatively little need for fine judgments about more average players.

Conclusions

In the first stage of the medeling sequence, the studentsi work lead to
the creation of ranks which were at first implicit, but later became explicit
quantities to be operated on by averaging or totaling. In the second stage,
the students developed several systems for ranking data, aggregating the
ranks, and then assigning groups based on ranks. The grouping based on
ranks was an extension and refinement of the studentsi first stage models
which aggregated group ranks into a single rank. The sharing of systems
within the classroom suggested that students created multiple systems (or
models) that were characterized by the central idea of a rank, but that they
showed little tendency to make comparative judgments among models.
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POSING QUESTIONS OR REFORMULATION OF
PROBLEMS AS AN ACTIVITY TO PERCEIVE
THE STRUCTURE OF MATHEMATICAL

PROBLEMS '

Juan Estrada
Cinvestav-Fac. Ingenieria Unam. México

This investigation reports the results on students’ behavior when exposed to a
mathematical description of two tasks (gecometrical figures) and when required to
posc mathematical problems. The tasks don’t explicitly require the use of the
description when formaulating the problem. We wished to observe whether or not
the student could establish connections between both processes; we wished to
find out the relation between the level of the description and the problem posed.
The questions which we are investigating are to sce if problem posing tasks help
the student to become aware of the relevant mathematical relations involved in a
given situation. We consider that perception plays an important role in problem
solving.

Introduction

Schoenfeld (1985) reported that students tend to perceive superficial
information when they first approach a problem. However, it is posible to
improve considerably the behavior of students if they carry out activities
which stimulate their awarness of the deep structure involved in the prob-
lems. Although there exists information on how students behave when fac-
ing problematic situations, it is necessary to study what students do or per-
ceive, not only when solving problems, but when they are required to ex-
plore and describe mathematical relations containing certain information
(figures, tables, and graphs); and based on this, to pose problems, that is to
say, this paper investigates the behavior of students when facing situations
in which there is no a given problem and the task is precisely to formulate
the problems. We hope that the students realizing these types of activities
before facing problem solving will be in better conditions to approach
mathematical problems more successfully than students who have not en-
gaged in these activities (Santos, 1996) and particularly to identify the key
components of the problems.

Conceptual framework, participants, organizations, and analysis of
information.

One of the difficulties facing students when trying to understand a
mathematical statement or a situation including drawings, is that they don’t
grasp the fact that all the information given in the mathematical statement
is connected; unless the student is aware of these connections he will not
be able to solve the problem (Krutetskii, 1969). From the point of view of
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Greeno, Morre, and Smith (1993) in order to carry out any activity it is
necessary to perceive the affordances which support such activity. This
investigation asks students to formulate questions or problems. This im-
plies that the students realize that the situations (geometrical figures) have
properties and/or relationships. An important point here is that the type of
the activity being carried out by an agent in a learning situation depends on
the purpose of the task and on the affordances being perceived. The follow-
ing questions provide a base to guide the study: (a) Which affordances
were attended by the students in the geometrical figures? (b) To what ex-
tent are these affordances used to formulate questions or problems? (c) Did
the formulation of questions or problems stimulate the students to think
and reflect, and especially to become aware of the relevant mathematical
relationships.

The investigation was carried out with 21 high school students with
an average age of 17. They had all taken courses in algebra, euclidean
geometry, and analytic geometry. We must state that the students lacked
experience as problem posers . This was the first time for them. There were
two phases of observation in the study. During the first phase, 19 students,
working individually, were asked to describe the properties of two figures
and then report their work, they spent about 30 minutes in each task. The
second phase involved a pair of students working on the same tasks. Here,
they were required to solve the questions or problems they posed. We filmed
students. The time taken for both tasks was aproximately 1 hr. 28 min. It
should be noted that the tasks were analyzed and discussed by the investi-
gators before working with the student. The idea was see the possibilities
and potentials of each task and also to see what cognitive skills would be
required from the student. It should be noted that we did not expect the
students to necessarily see the same relations that we did.

The two tasks that were used and a brief discussion of potential ques-
tions are presented next:

1. On the parallelogram ABCD (figure 1) below the bisector of two
consecutive angles (DAB, ABC) are intersected at the opposite side
P. State everything you can about the sides, angles and triangles.
Once this is done, pose questions or problems.

2. On the rectangle below (figure 2) a point P is an arbitrary point on
the diagonal CB. From P two perpendiculars are drawn to AC and
CD respectively. These perpendiculars intersect AB and CD in E and
H respectively and AC and BD in G and F respectively. Formulate
questions or problems.

Skills and abilities required to carry out the tasks.

The first figure offers the student the possibility to notice the following
aspects: DC and AB are parallel segments, AP is transversal, therefore £
DPA = £ PAB, and as AP is a bisectos, therefore £ DAP = £ DPA, then the
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triangle ADP is isosceles. Similary, it is observed that A PCB is also isosce-
les. Based in this information, it can be proved thatthe £ APB isaright
angle. Also, compare the areas of triangles APB and DCP with the area of
A ADP etc. We would like to think that the students would formulate ques-
tions like: What properties does this figure have? What is a bisector? Given
any parallelogram do the bisectors of two consecutive angles always inter-
sect at the opposite side? Under which conditions will it happen? What
happens with the figure if point P is moving and the side AB remains fixed?
What path does point P trace? What happens to the value of angle APB
when point P is moving? What other aspects remain to be considered? For
the second task, some potential questions include: What happens with the
area of the rectangles AEGP and PFDH if point P is moving on the side
CB? What can you say about the area of AEGP and PFDH? To discuss
what students did, we present the information by focusing on the students’
work shown individually ‘and contrasting it with the work done by two
students who approached the tasks as a pair.

Students’ performance and discussion results.

The information was organized and presenied in accordance with the
students’ descriptions shown in their written report and questions they posed.
The work of Martha is shown (See Table I) to illustrate the type of infor-
mation that was analyzed. The first column shows the literal description of
tasks 1 and the second column the questions she formulated,

The work reported by the 21 students was organized as in the above
table. Four different types of student responses emerged from the data:

1. Using direct information. Here the student simply asked information
that was given in the statement of the task. For example, one student

wrote: “Show that line BC is parallel to line AD,” or “Show that £
DAP= £ PAB.”

2. Finding or determining a specific measurement. Here the students
showed (wo different levels in their responses. One in which they
provided some information and asked to find a quantity: “Find the
hight of the figure knowing that DC = 4 and BC is 5 cm.” The second
level included questions in which the students asked for certain calcu-
lation without providing any other information: “Find the area and
the perimeter of the figure,” or “Find the length of the angles which
are within the figure.”
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Table 1

Parallelogram
The figure has parallel sides, that
is AB and CD; BC and AD.

On BC, the bisectors met each
other on the middle point P.

The segment AB is the base of a
triangle.

There are three triangles, they are,
ABP; APD; and DPC.

Question or problems formulated

Find the measurement of the tri-
angle formed by the bisector in the
parallelogram measuring 4 and 8.

Find the measurement of the
hypothenuse of the triangle CPH,
if AE measures 10 cm and BD 6
cm, AG 4 cm.

On the point P 'here are three
angles whose sum is 180 degrees.

The bisectors form three triangles.

Rectangle

Sides = are parallel AB and CD,
and AC and BD are parallel. '
4 rectangles and 4 triangles are
formed. 2 of the 4 triangles are
equal, and the other 2 are also
equal.

3. Proving a property. Here, only one student formulated a statement in
which he explicitly used the term “prove”, the question he posed was
“Prove that triangles DAP and PCB are congruent.”

4. Stating ambiguous statements. There were students who experienced
difficulties in writing their reponses. They often described aspects of
the figure by relying on the appearance of the diagram, without ques-
tioning their plausibility: “In parallelogram ABCD for bisectors AP,
BP one can see at glance that they have the same distance equal to
their angles and that they are the same triangles but looking at their
area small differences and therefore it could not be possible to have a
perfect answer.”

It seems that the students perceive the geometrical figures (parallelo-
gram, rectangle) as labels or names only. That is, they don’t realize that
the figures involve properties and/or relationships. When using the term
rectangle and parallelogram, the students might see the figure as a whole
and therefore, cannot see the need for further description. Here, they might
have considered the activity useless. For example, after working the first
task, 8 students were asked if they knew what a bisector was. They replied
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affirmatively; however in their written answers they did not mention this.
Generally speaking, no student saw the bisector as a transversal line be-
tween 2 parallels. This might explain why the students fixed their attention
to superficial aspects, suich as “3 triangles are formed”, “there are 4 rect-
angles”, “there are 9 angles”.

It seems that student don‘t know how to formulate questions or prob-
lems and some see no difference between posing questions and providing
descriptions. This problem may be related to their lack of language, their
lack of grammatical knowledge, or their lack of writing skills: “Say, if tri-
angle ABC is equal to A BCD,” or “To make the theorems of Pythagoras
the perimeter of the rectangle it is only necessary to assign a measurement
to the sides and the given triangles.” The majority of the questions that
students posed were like: “find or state a quantity,” “state the area of tri-
angle APD if APis 3 cm and has a height of 4 cm.”

As it was mentioned before, there was a pair of students who worked
the same tasks. It is important to pinpoint some important differences when
compared with the individual work of the students. The pair’s analyses of
the figures shows that they went beyond the superficial level, but their
thinking was empirical, e.g., in the parallelogram, the pair showed aware-
ness of the properties of the bisector and that those bisectors getintersected
at the middle point on the opposite side. They also mentioned that the op-
posite anglesZDAC and DCB were equal and that the opposite sides were
also equal. In other words, they tried to find relationships among the com-
ponents or parts of the figures. The pair perceived the figures differently
than the individual workers. Their activity was directed towards “unpack-
ing” the properties or relationships (e.g., “What else can we state that is not
present?”).

The differences noted between the pair and the individual approaches
(e.g., the descriptive task) might be due to the social interaction between

the pair-especially the girl who constanty pushed questions like “Why?”, «
How do you know?”.

Conclusions

One of the ideas that permeated this investigation is that the formula-
tion of questions or problems depends on the affordances that are perceived
in the descriptive task, a more profound analyses of this task would lead to
a better quality of the proposed problems. One way of achieving this is
precisely the posing of question or problems. The students however, had
no previous experience in this type of activity. From the results, we also
noted that the students had no experience in expressing their ideas in a
writting manner which affected the expectations of this study. Since this
activity was new for the students, it is very difficult to draw conclusions
about the potentialities of problem posing activities. We noted, however,
that social interaction is crucial here and it should be taken in consideration
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in future investigations or in any teaching which emphasizes this type of
activity. The next face of the investigation would be to record the effect on
students exposed to a lenghtly experience in these type of activities.
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AN ANALYSIS OF MATHEMATICS PROBLEMS
IN MIDDLE SCHOOL TEXTBOOKS

Yeping Li
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This study analyzed problems presented in common content units in several middle
school mathematics textbooks. A three-dimensional framework was developed
for analyzing textbook problems in this investigation. The study found that the
problems presented in five different US textbooks showed dramatic variations on
the dimensions of mathematical density and problem requirements. The results
echo the findings from a recent TIMSS curriculum study on textbook content topic
coverage and emphasis, and reflect varied efforts that different textbooks have in
responding current reform calls in school mathematics. The results indicate the
importance of reaching a broad consensus on providing the best for student learning
mathematics. Reform requirement of restructuring textbook problems that envision
a nation’s educational expectations for a new generation stands.

Background and Purpose

Contemporary school mathematics has emphasized the pursuit of high
mathematics achievement, and the development of students’ problem-solv-
ing ability. However, American students, especially after elementary school,
often had poor performance in national and international mathematics as-
sessments. Many researchers argued that math textbooks are a key factor
in influencing students’ math attainment (Flanders, 1994; McKnight,
Crosswhite, Dossey, Kifer, Swafford, Travers, & Cooney, 1987; Willoughby,
1984), specifically the problems presented in the textbooks (Nibbelink,
Stockdale, Hoover, & Mangru, 1987; N icely, 1985). In fact, a recent TIMSS
curriculum study has indicated that the U.S. math textbooks have produced
a splintered vision in school mathematics on what is important for students
to learn (Schmidt, McKnight, Raizen et al., 1997). Although recent Ameri-
can textbooks have shown positive changes in content presentation and
organization (Chandler & Brosnan, 1994; Li, Carter, & Ferrucci, 1997),
how the problems presented in math textbooks help students attain math-
ematical achievement and obtain problem-solving skills has not been ex-
plored. It was the purpose of this study to analyze and compare the math
problems presented in several middle school textbooks. Specifically, as a
previous study on content analysis (Li et al., 1997), this study analyzed
mathematical problems presented in the lessons on the addition and sub-
traction of integers in several American textbooks.

Theoretical Framework

Mathematical problems have been analyzed with different factors in
different studies. Stigler, Fuson, Ham, & Kim (1986) studied addition and
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subtraction word problems in U.S. and Soviet elementary school textbooks
using a classification scheme, which was based on problems’ mathemati-
cal (i.e., the unknown’s position) and contextual (i.e., problem’s semantic
structure) characteristics. In a cognitive analysis of algebraic problem dif-
ficulty, Tabachneck, Koedinger, & Nathan (1995) considered some math-
ematical and contextual factors that are embedded in algebraic problems,
such as number of operators, kinds of operators, and situational factors. In
both investigations the choice and emphasis afforded different problem
factors were a function of the characteristics of the problems being ana-
lyzed and the purpose of the study. Nevertheless, both the dimensions of a
problem’s mathematical and contextual characteristics were considered in
analyzing mathematical problems in these studies.

In addition to the mathematical and contextual aspects, some research-
ers have found that different requirements levied by mathematical prob-
lems could dramatically influence students’ problem solving performance
(e.g., Silver, Shapiro, & Deutsch, 1993; Zhang, 1992). Thus, the differ-
ences embedded in problems’ requirements can show another dimension
of factors that influence students’ math performance. Consequently, a three-
dimensional framework was developed in this study for analyzing the math-
ematical problems presented in different textbooks. Specifically, the three
dimensions were: (a) Mathematical Depth, (b) Contextual Features, and
(c) Performance Requirements. Several categories under each dimension
were also identified and used for coding the problems in this investigation.

Methods

Materials. Mathematical problems in lessons on addition and subtrac-
tion of signed whole numbers in five middle school textbooks were se-
lected for analysis. These texts were Mathematics Plus (MP, 1994), Addison
Wesley Mathematics (AW, 1995), Exploring Mathematics (EM, 1996),
Mathematical Connections (MC, 1997), and Heath Passport to Mathemat-
ics (HP, 1997). All textbooks were intended for use in Grade seven and
were commonly being used across the country in various settings and with
diverse populations.

Procedures. Mathematical problems selected from the textbooks were
those exercises or questions that did not have accompanying solutions and/
or answers. In all these textbooks, mathematical problems appeared under
the headings: “check for understanding”, “problems”, “practice”, “appli-
cation”, or “problem solving” within or immediately following sections of
the text introducing integer addition and subtraction. Mathematical prob-
lems did not include exercises in review sections or questions for class-
room or small group discussion. All problems could be solved using inte-
ger addition or subtraction.

Each problem was coded independently by a rater with the categories
specified in the above framework. The problems in two randomly chosen
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textbooks were coded independently by another rater. An acceptably high
degree of agreement in this coding between raters was obtained (91%).
There were no unresolved disagreements between the raters. The follow-
ing are examples of the problems and coding.
EXAMPLE I: Evaluate the expression p+s-2 when p=8 and s=10.
Coding: Multiple math procedures (M), Letter as an unknown or a vari-
able involved (L); Purely mathematical (PM); Answer only (A), Proce-
dural practice (PP).
EXAMPLE 2: One day the temperature in Chicago was 5°C. The next it
was 3°C. How many degrees had the temperature dropped?
Coding: Single math procedure (S), No letter as an unknown or a vari-
able involved (NL); Illustrative context given in words (ICW); Answer
only (A), Problem solving (PS).

Results and Discussion

The figures below show the percentages of mathematical problems clas-
sified in terms of Density; Level of abstraction; Contextual features; Re-
sponse types; and Cognitive requirements for the five textbooks.

Table 1
Framework for Coding Mathematical Problems in Textbooks

1. Mathematical Depth

(1) Density * Single procedure (S)
* Multiple procedures (M)

(2) Level of abstraction *Letter/variable/unknown given (L)
* No Letter/variable/unknown given (NL)

2. Contextual Features *Purely mathematical context (PM)
* Illustrative context given in words (ICM)
* Illustrative context given with pictorial
representation (ICP)

3. Problem Requirements
(1) Response types * Answeronly (A)
* Explanation only (E)
* Mathematical expression (ME)
* Mathematical solution (MS)

(2) Cognitive requirements o Conceptual understanding (CU)
* Procedural practice (PP)
* Problem solving (PS)
* Special requirements (S)
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The figures show dramatic differences among the probiems being coded
across these textbooks. Comparatively, there are larger differences in terms
of “density,” “response types,” and “cognitive requirements” than the dif-
ferences in the categories of “level of abstraction” and *contextual fea-
tures”. In all five textbooks the mathematical problems in lessons on inte-
ger addition and subtraction were overwhelmingly found to contain purely
mathematical contextual features and to have no letter as an unknown or
variable. Specifically, in contextual features these textbook problems on
integer addition and subtraction showed only up to 11% difference from
each other with the vast majority of problems being purely mathematical.
Likewise, there was up to 18% difference among these textbooks involved
the use of letter(s) as variable or unknown. Such difference range appeared
less dramatic in this measure of Mathematical Depth than density, which
illuminated the complexity of math skills required for solution.

In the measures of Problem Requirements, the categories of “response
types” and “cognitive requirements”, there were dramatic variations across
these five textbooks. Although the majority of the textbook problems on
addition and subtraction of integers from all textbooks except MP were
found to require an answer-only response, problems classified as explana-
tion-only could have as much as 10% in one textbook but only 1% of those
in another. Even larger percentage variations were found among textbook
problems that required a mathematical expression (26% to 1%). Because
such explanatory factors in the problem sets reflect the direction of the
emphasis given to enhancing communication skills in American standards
based reform documents, the dramatic variations noted may indicate that
these texts had different efforts in responding current reform calls in school
math. For cognitive requirements, all textbooks especially Exploring Math-
ematics (EM) were found to dominate problems that require procedural
practice. However, there are also quite large amount of problems in all
texts (varying from 19% to 33%) that require conceptual understanding for
solution. This evidence of a large portion of attention on conceptual under-
standings in most of these texts is in line with the focus of current US
mathematics education reform efforts.

These results provide some indication of the types of differences and
similarities that may be gleaned from a detailed qualitative analysis of the
mathematical problems in several different math textbooks. Evidence ex-
ists that US textbooks present a splintered vision of school mathematics in
terms of content topic coverage and emphases (Schmidt et al., 1997).
Moreover, the differences in school math curriculum within the U.S. might
be even more dramatic than cross-national differences in content organiza-
tion (Schmidt et al., 1997) and problem sets presented in textbooks (Li &
Carter, 1998). The importance of reaching a broad consensus on providing
the best for students learning mathematics indicated by Schmidt et al. (1997)
is reinforced with this study. Reform efforts are needed in restructuring
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not only content presentation and organization but also problem sets in

textbooks that envision a nation’s educational expectations for a new gen-
eration. .
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RECOGNIZING ISOMORPHISM AND BUILDING PROOF:
REVISITING EARLIER IDEAS

Ethel M. Muter Carolyn A. Maher
Rutgers University Rutgers University
emuter@rvcc.raritanval.edu cmaher@rci.rutgers.edu

A focus group of students have been observed for ten years as part of a longitudinal
study of how students build mathematical ideas. This paper examines the
mathematical thinking of two of these students engaged in an exploration in

combinatorics in grade 4 and then again in grade 10 in order to investigate the
extent to which they retrieve and extend their ideas.

Objective

A longitudinal study has been in progress in the blue collar community
of Kenilworth, New Jersey for over a decade.! Children, who are now
tenth-grade young adults, have been observed working on combinatorial
tasks over several years. Data from fourth grade videotaped sessions of
Investigations in combinatorics are available in which the students are
working together to build a justification. Six years later the same problem
was posed to a subset of these students. The purpose of this paper is to
examine: (1) the nature of representations produced by students; (2) the
process by which a solution is built; and (3) the extent, if at all, to which
they retrieve and/or build on earlier ideas.?

Theoretical Framework

The research is based on the view that when children are presented
with situations in mathematics classrooms that allow them to investigate
problematic situations, opportunities often rise that enable them to build
powerful and lasting mathematical images (Davis, 1984, 1992a, 1992b).
The ability to formulate mathematical thinking and to build connections
between representations must be nurtured as students mature mathemati-
cally through the elementary grades into the high school mathematics classes
and beyond. Opportunities to build arguments and to produce justifica-
tions can arise out of carefully crafted classroom interventions in a curricu-

! This research was supported in part by a grant from the National Science Foun-
dation #MDR-9053597 to Rutgers, the State University of New Jersey. Any opin-
ion, findings, and conclusions or recommendations expressed in this publication
are those of the authors and do not necessarily reflect the views of the National
Science Foundation. .

* See the accompanying paper presented in this volume by Kiczek and Maher:
“Tracing Origins and Extensions of Mathematical Ideas.”
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lum designed to invite students to revisit, review, modify and/or extend
earlier ideas (Maher, 1998). In this atmosphere, fostering the ability to think
mathematically is not the objective of a single lesson, but becomes a long
range goal. When students are then later challenged with similar tasks
which are interesting to them, the earlier built images are retrieved, modi-
fied, and extended. It is the study of these modifications and changes to
earlier built representations that is the focus of this paper.

The task. Variations of towers problems have been given extensively
to many students (Maher & Martino, 1996a; Maher & Speiser, 1997). The
task was to produce a convincing argument that all towers® , five-tall, us-
ing exactly two red cubes, when selecting from red and yellow cubes have
been made. What is interesting to observe is that some students in provid-
ing a justification to their solution of the problem created a proof (Maher
& Martino, 1997; Maher & Martino, 1996b; Maher, Martino, & Alston,
1993). However, not all students build a proof when encountering the prob-
lem in the earlier years. ‘

Data Source

A subgroup of five students had the opportunity to investigate the task
in grade 4 and then again in grade 10. Videotape records of the students as
they work on explorations which document their earlier development of
mathematical ideas. Teams of two or more graduate-student researchers
validate, review, and analyze the videotapes and transcripts from the ear-
lier years as well as from the current sessions, the children’s written work,
and the field notes from the senior researchers. The analysis begins with
the identification of critical events, e.g., moments of insight, cogritive ob-
stacles, or a conceptual leap. Each critical event folds back to past events
(recent or distant) and is the basis for tracing the development of future
ideas. The data are coded along the timeline, according to several catego-
ries. The data that are relevant to the critical event are used to explain the
development of a particular image over time.

Results

Grade 4: Michael and Ankur. During the group sharing portion of an
investigation of the task in grade 4, the teacher/researcher led the discus-
sion to the question: “How can you be sure that all towers, five-tall with
exactly two red have been built?” Following a short period of time during
which the students worked together to find an answer, the teacher/researcher
again questioned the class as a whole.

3 Atower is an ordered sequence of Unifix cubes, snapped together. Each cube is
called a block. The height of the tower is the number of its blocks.
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Tchr/Rchr:  Now somebody at this table told me that when I looked at
all the towers with exactly two red, there would be how
many of them?

Ankur: Ten -

Tchr/Rchr:  How many got ten? Towers with exactly two red floors?
How many? Okay. Now I want you to think [for] tomor-
row is [about] how you can convince me that what you
found the ten. That there can’t be eleven, or twelve, or

- eight, or nine, or six. '

The students responded immediately to the challenge and developed a
proof by cases. They first determined that there were exactly four where
the two red blocks were “stuck together,” moving down one position from
each tower to the next. When asked if “stuck together” were the only way
that a tower five-high with exactly two red blocks could be built, they re-
sponded by finding the three towers which can be built with the two red
blocks separated by one yellow biock. The following explanation was of-
fered by Michael to Ankur’s assertion that only two towers five-tall with
two red blocks separated by two yellow blocks.

Tchr/Rchr:  I'm asking you to find me exactly twe reds separated by

two.

Michael: Here’s a third one. Here’s a third one. [holding up a block
tower]

Ankur: There’s only two.

Tchr/Rchr:  Igotthat.

Ankur: There’s only two. [classroom noises]

Tchr/Rchr:  Yes? [pointing to Ankur)

Ankur: There’s only two.

Tchi/Rchr:  Why are there only two?

Tchr/Rchr:  Isee alot of hands up here! [indicates that Michael should
answer]

Michael: Because if you needed one more, you would need more
than five, because you need another one.

Tchr/Rchr:  Wonderful! You’d need another block. So let’s put this
here. Is there another way to have two reds?

The discussion concluded with students determining that there could
only be one tower with the two red blocks separated by the three yellow
blocks and that no further towers with this particular set of requirements
could be built. They determined that exactly ten towers could be built with
the condition of including exactly two red cubes and they made a convinc-
ing argument using a proof by cases—all towers with two red “stuck to-
gether,” all towers with the two red cubes separated by one yellow cube, all
towers with the two red cubes separated by two yellow cubes and all tow-
ers with the two red cubes separated by three yellow cubes. While the full



argument was not voiced individually by either Michael or Ankur in this
particular episode, it was convincingly put forth by several members of the
classroom community in which the boys were active participants.

Grade 10: Michael and Ankur. During an after-school session, the
fourth grade episode was shared with the students. In response to their
interest, the problem was again posed. They quickly answered “ten” to the
question on how many towers could be built. They were again challenged
to explain the answer. Michael and Ankur used a coding scheme that Michael
had deveioped to solve a pizza toppings problem during the after-school
session the week before* . Using zero to represent a yellow block and one
to represent a red block, they constructed an array (top array, Figure 1) that
follows the arrangement developed in the fourth-grade activity. In his ex-
planation of their soluticn, Ankur refers to the second (bottom array, Fig-
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Figure 1

* A detailed description of the isomorphic problem and the coding scheme can be
found in the article by Kiczek and Maher in this volume.
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ure 1) arrangement of zeros and ones. Here a red cube is kept fixed in the
top position and then the second red block is moved into successively lower
positions until it reaches the bottom most position. The fixed red was then
moved into the second position and the process was repeated until Michael
and Ankur had accounted for all of the possible towers fitting the require-
ments.

Michael: Well, I just like, like...
Ankur: ...goes with the first number. It’s a one there [holding a
~ one fixed in the top position) and then you put the one here
and then the rest are zeros.

Michael: [elaborating on Ankur’s explanation.] See, this is, let’s
say, uh, the first, the top of the tower was the color.

Ankur: Red.

Michael: You would have the one and you could also have this one.
Then you would go with um the second tower - I mean the
second...

Ankur: second.

Michael: space from the top.

Ankur: is red.

Michael: is always that color.

Tchr/Rchr:  Mhm.

Ankur: And then the third line. [Ankur indicates that the third
row is now held fixed and points them out.}

Michael: ... You could have them. [Michael agrees that the third
row is now held fixed and points them out.] And then that
one. [Michael indicates the case were the ones are in the
bottom two positions.] That’s all. I can probably make
the little lines, probably, you know, with the one, two, three
or something like that.

Tchr/Rchr:  Mhm. That’s another way you can probatly do it. But this
works you say?

Michael: Yes.

Ankur: Yes.

Tchr/Rchr:  It’s same thing. Okay.

Ankur: Are you convinced?

Tchr/Rchr:  I’'m convinced.

Michael and Ankur quickly retrieved a solution to the question posed

which extends upon the solution built when they were fourth grade stu-
dents by incorporating a coding scheme of zeros and ones introduced to the
group of students by Michael in a previous after-school problem-solving
session. This notation allowed them to represent their ideas more readily
and to extend and generalize those ideas.
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Conclusiens/Implications

Videotapes provide rich data that enable us to view students from a
fourth-grade setting and then the same students in a tenth-grade setting. It
is possible to watch as fourth-grade students build an argument for a proof
by cases to a combinatorial problem they have been investigating. When
students are given the opportunity to revisit earlier investigations, we are
finding that their previously built ideas are retrieved, modified, and ex-
tended (Maher & Speiser, 1997). As the students’ thinking at each critical
event is carefully considered and a tracing of the development of particular
mathematical ideas is examined, there is a “folding back” to earlier ideas in
a way similar to that discussed by Pirie and Kieren (1992). We see tenth-
grade students utilizing arguments parallel to those built in the fourth-grade
discussion. However, the representation of the solution is now expressed
symbolically rather than with concrete objects and is extended easily by
the incorporation of the coding scheme.

One implication which may be drawn from thls that is, children are
able to form strong arguments at a young age and that these arguments are
durable over time. If we believe that it is important for students to think
abstractly, then we should provide them with early opportunities to begin
to build the foundations upon which to advance.
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STUDENTS’ STRATEGIES FOR SEARCHING THE
INSTANTANEOUS FLOW IN A GRAPHICAL
REPRESENTATION OF TIME VS VOLUME

Rodolfo Oliveros
Universidad Chapingo - CINVESTAV
oliveros@servidor.unam.mx

This paper describes what students did to find the instantaneous flow when they
discussed problems that involved graphical representation. The students had not
previously taken a calculus course. The analysis focuses on the students’ interaction
among themselves and with the teacher. Particularly, there is interest in documenting
the students’ concept evolution of instantaneous rate.

Introduction

Some approaches to studying the fundamental ideas of calculus have
appeared recently. Kaput (1994) suggested that concepts as change and
accumulation should be fundamental to understanding key calculus con-
cepts, “those root problems associated with describing change and accu-
mulation of continuously variable quantity, and especially the relation be-
tween change and accumulation as represented geometrically and kine-
matically” (p. 86). In the same vein, the National Council of Teachers of
Mathematics (1989) recognized the importance of approaching informally
ideas that include limit, the area under a curve, the rate of change, and the
slope of a tangent line. Problem solving has also been identified as a main
activity in the classroom (Santos, 1997). “The function/derivative relation-
ship is embedded in contexts of daily life, which allows us to construct
intuitions from an early age. These intuitions aliow students who have never
taken calculus to think about, predict, and discuss situations” (Nemirovsky,
1992, p. 1). What student’s do when some of these ideas are implemented
in classroom? This study documents what students did when they tried to
solve a problem whose mathematical structure is the relationship between
a function and its derivative, specifically, what strategies the students showed
in order to find the instantaneous flow, using the graphical representation.

Conceptual Framework and Procedures

Thurston (1995) pointed out that people have very different ways of
understanding particular pieces of mathematics. He said that the concept of
derivative could be seen from different ways: as a ratio of small change
(infinitesimal); as a symbolic manipulation of sign (the derivative of x" is n
x™'); as a formal definition which involve the concept of limit; as the slope
of a line; as the instantaneous speed; and these ways do not include all the
possible ways of thinking about derivative. What are some of the ways
with which we are able to construct our ideas mentally? Lesh (1997) said
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that “Humans create models of the world ... constructors’ abilities to inter-
pret decision — making situations quickly and accurately depend heavily
on the models that they develop to make sense of their experiences” (p.
399). Models embody explanations of how the facts are related to one an-
other; give holistic interpretations of entire situations; and involve descrip-
tions and explanations of patterns and regularities beneath the surface of
things.

There are some characteristics in students’ behavior when they solve
problems:

“(a) students’ early interpretations are often quite unstable, obtuse,
and biased; (b) students often neglect to notice information that
later proves to be important; (c) superficial data often take atten-
tion away from deeper, but less obvious, patterns and regularities;
(d) inconsistencies in reasoning are often ignored when attention
shifts from one perspective to another; and, (e) inappropriate mean-
ings are often rejected onto the situation on the basis of expecta-
tions from similar experiences.” (p. 399)

As competing models are gradually introduced and tested, some are
refined, whereas others are rejected, some are refined on the basis of pri-
vate internal reflection, comments from peers or teachers, or mismatches
between prediction and reality. Therefore, a series of modeling cycles tend
to be required to establish more stable, unbiased, and high-fidelity inter-
pretations that are useful for constructing, describing, explaining, manipu-
lating, predicting, or controlling the behaviors of the given situation. So,
the students’ knowledge tends to be situated, unstable, and that it often
exists in relatively disconnected pieces.

The study took place in a twelfth-grade introductory calculus class of
50 students. The group was divided into smaller groups of 3 or 4 students,
in which there were discussions in order to reach a solution to the prob-
lems; after which the obtained results in the small groups were discussed
by all the students in one large group. The small groups in the previous
class had been given homework concerning the problem of a water tank
(refer to problem found in appendix) in which this variable, volume of said
tank, is expressed in a graphic representation of time vs. volume. These
students were asked to find two points of reference in which the flow of the
tank was the same. The aim for posing this problem was so that the stu-
dents could investigate the relation between a function and its derivative in
a context based on a real-life situation with data represented graphically. A
class was videotaped as students from the small groups passed to write
their answers to the problem on the blackboard to be discussed as a single
larger group for a period of 25 minutes. The written answers of the work
also were analyzed. We wanted to document and analyze the cognitive
models (strategies) that the students used to find the instantaneous rate
including the manipulation of the notions of function and limit when using
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a graphic representation and also the evolution of these models was owed
to the discussion in the classroom.

Results

To illustrate the type of analysis realized we present some results from
the video analysis. We interpreted the apparent mental model of student
Octavio visually looking for equal parts on the graph (see Figure 1)
AC=A'C’, therefore inferring that the flows were equal. When asked to
explain, he noted the run and the rise and the relation of the rise to the
volume. ‘

Octavio in his written answer to the problem wrote:

25 seconds—— 30 seconds .

1370 liters — 1300 liters = 70 liters/ 5 sec = 14 lts/sec

85 seconds—— 80 seconds

270 liters —— 200 liters = 70 liters/ 5 sec = 14 lts/sec.

He showed that he didn’t have

an appropriate relationship be- Run
tween the graphic representation A B
with the numerical representation.
He taiked about graphically repre- Ri
sented distances and what he cal- Gprh se
culated were the secants’ slopes to 70 it
respond to the question as to when
the flows were equal. As well he

couldn’t demonstrate his concern C
over the process of approximation;
what is more is that he appeared to C'

be more concerned about parts of
the graph where numerically the

variation of volume and time was
the same. Graph Rise
In the following episode, the 70 i

student Armando, just like Octavio,
concentrated on equal parts of the
visual representation of the graph A Run B’
so that the flows would be approxi- .

mately equal, but he added the Figure 1

same slope and shape in order to find equal flows (see Figure 2).
Nevertheless, in the homework turmned in, Armando calculated the flow
using tangent’s slopes (see Figure 3). Armando in his written answer tc the
problem wrote:
The two moments with the same flow are: at 40 sec (40, 1100), (30,

1400), and at 100 sec (85, 100), (120, 1300); the flow is 34.28 lts/
sec.
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Just like Octavio, there wasn’t a good relationship between the explana-
tions he used to find the instantaneous flow.

The strategy used by another student, named Alex, to find equal flows
evolved in class. In the beginning he had compared the run and rise from
corresponding parts of the graph as being equal, therefore the flows were
equal as well; later, he considered only the inclinations of the tangent lines
to determine if the flows were equal. We think that this change appeared as
a consequence of having listened to Armando in a previous episode relat-
ing the flow with the slope. At the beginning, Alex in his written answer to
the problem had not demonstrated the processes of approximation, taking
intervals of 5 seconds ([25, 30] and [80, 851, and said the solution was 14
liters/sec in each case without specifying which moments the intervals were
14. He gave the same answer as Octavio (see Octavio’s written answer). At
the end when the teacher asked at which moments the flow had been equal,
he hesitated a moment, and responded that whichever one you decide to
use respectively between [83, 85] and [105, 107]. It appeared that before
the question he focused on small intervals determined by the best approxi-
mated points and not the instantaneous point.

The strategy of Mauricio to find two different moments in which the
flow had been the same was to find where on the graph there appeared a
straight line ([42.5, 47.5]) and considered that in this entire interval the
instantaneous flows were equal. Other students in the earlier episode had
seen that there had been a horizontal line ([60, 70]) and this confused some
students in reference to the possibility of a flow being zero, but others
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students said that this signified that water doesn’t enter or leave the tank. In
general, they took the variation of volume as an absolute value without
mentioning if it increased or decreased.

Discussion

In general, students also didn’t mention the relationship between sign
of the flow or the sign of the tangent’s slope with the exit and entry of water
into the tank. We can say that the strategies employed to find the flow
graphically are based on incomplete, unstable cognitive models, and in-
clude pieces of relatively disconnected bits of knowledge. Like the cases
of Octavio and Armando, the graphs and verbal descriptions of the situa-
tion had little or nothing in relation to the processes of calculations em-
ployed. The models became more adequate each time that they were tested
and discussed without ever arriving at the optimal solution. Like was the
case of Alex, who, to find equal flows at first compared the run and rise on
the graph, and then compared the equal inclinations. There were notable
individual differences in the adequacy of strategies used by the students.
Not many students related the instantaneous flow with the slope (inclina-
tion) of the tangent nor was it used as the first supposition. The teacher’s
knowledge of the strategies and difficulties of the students in solving these
problems whose structure was the relation between function and its deriva-
tive could help in the design of their methods of teaching.
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Implementation of current reform initiatives in mathematics requires
learners to deal with increased amounts of text. In order for students to
reach an acceptable level of mathematical literacy, they must be able to
comprehend and process text in order to integrate textual information into
the language of mathematics. This study focuses on the impact which read-
ing and comprehending text plays in solving what is commonly referred to
as ‘word’ problems. The study involved 270 ninth grade algebra students
enrolled in general and advanced courses. Tests were designed to measure
student performance on computation, reading, and problem integration.
While advanced students performed higher than general students in com-
putation, both groups performed similarly when testing situations pro-
vided for the oral reading of the problems. The advanced group was suc-
cessful twice as often as the advanced group when the testing situation
required silent reading. These results indicate the importance of reading on
student performance in solving algebraic ‘word’ problems and the benefit
of informal measures of reading comprehension and interpretation.

Problem solving is a vital part of the mathematics curriculum. The
National Council of Teachers of Mathematics (1989) includes problem solv-
ing as one of the educational goals which the curriculum must reflect in
order to facilitate overall mathematical development. This emphasis upon
problem solving comes at a time when there is considerable attention given
to the importance of algebra in the mathematics curriculum. Many states
have begun to require an introductory course in algebra as a condition for
graduation. Part of this requirement is founded upon beliefs that no student
should be deprived of educational oppertunities which provide key skills
necessary for survival in an ever increasing technological world (Lawson,
1990). Though reform initiatives stress the importance of multiple solution
paths to a problem situation, the ability of students to successfully translate
information into mathematical statements is an important skill. The ability
to successfully translate problems into the ‘language of algebra’ is conse-
quential in students’ success with advanced mathematics courses which
become increasingly abstract. Additionally, texts which model reform ini-
tiative place an increasing emphasis upon the students’ capability to read
and interpret written problems. Therefore, this study investigated the role
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of comprehending text in the performance of ninth-grade algebra students
while solving word probtems. ‘

Perspective

Historically, both students anri teachers have acknowledged the diffi-
culty in understanding and solving ‘word problems’ (Knifong & Holton,
1976). Computation and reading skills have been widely noted in the lit-
erature as factors which are important to success in solving such math-
ematical situations (Balow, 1964). The interpretation of the problem situa-
tion, including the selection of the appropriate operations has been identi-
fied as variables which affect success in solving word problems. (Kantowski,
1980). More research is needed to help us identify what facets of solving
word problems become areas of difficulty for our students and why. Par-
ticularly, the relationship of reading text and successful problem solving
must be clearly articulated if students are to gain the skills in algebra which
will allow them to experience success.

Information-processing theorists have been deliberating how both
skilled and unskilled learners process or “chunk” different modes of printed
discourse; how they increase information-processing skills in different
modes, and thus how they become more literate learners. Information-pro-
cessing theorists like Goodman (1976) have developed models which il-
lustrate how fluent readers make greater use of non-visual information (what
is in the reader’s head) than visual information (what is on the printed page)
during most literacy tasks. Likewise, Kinneavy (1971) and Moffett (1983)
have developed communication models which show how we make use of
non-visual information as we compose in writing and comprehend in read-
ing.

Success at tasks which involve mathematical problem solving involves
not only reading word problems but setting up word problems, performing
the necessary computations and integrating these aspects into a total and
correct solution which assumes the recognition of thinking and oral lan-
guage as powerful prerequisites in the comprehending, processing, and
solving of word problems. An understanding of the complex ard interre-
lated nature of these skills is essential in order to improve our practices in
teaching mathematics. Particularly, one goal of this study is to articulate
the degree to which reading skills anticipate a student’s ability to translate
problem situations into algebraic expressions and ultimately arrive at a
correct solution.

Method

Data Source. The participants in this study were 270 students from
two different suburban high schools in the Piedmont Region of North Caro-
lina. From one school, 139 general rinth-grade algebra students partici-
pated in the study. From the other school, 131 advanced algebra students
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participated in the study. While the students in both schools could self-
select algebra courses, for the most part students were placed in general or
advanced courses based on academic ability and previous academic per-
formance in mathematics.

Research Questions. This inquiry sought to answer the following ques-
tions:

1. How many word problems do general and advanced ninth-grade
students solve satisfactorily on tests of (a) computation, (b) read-
ing, and (c) problem interpretation?

2. What similarities and differences exist in mean test scores between
general and advanced students on tests of (a) computation, (b) read-
ing, and (c) problem interpretation?

3. What are some main sources of difficulty preventing both general
and advanced ninth grade algebra students from solving certain
word problems on all three tests: (a) computation, (b) reading, and
(c) problem interpretation?

Procedures. Three tests were constructed for the project, each with 12
word problems. Each test consisted of four easy, four average, and four
difficult word problems. The word problems included in each te.c were
constructed to be comparable to those found in the University of Chicago
School Mathematics Project, a national school reform program. The pro-
gression of problem difficulty was kept consistent with the sequence within
the algebra texts developed as part of the Chicago program. Additionally,
two professors of mathematics education and two high school algebra teach-
ers read and compared the three tests constructed for the study. These four
individuals agreed that (a) each test had three levels of difficulty and that
(b) all three tests were comparable, or equally weighted, in relation to total
ease/difficulty. All students in the study completed one test a week over a
three-week period. Two algebra teachers, one from each school, adminis-
tered the tests to students in this study using scripted directions for admin-
istration and prompts to generate later student discussion.

The first test was designed to measure pure computational skills. Each
problem was derived from a set of word problems constructed for Test 1
during the test design phase. The problems were set up in computational
form to measure each subject’s computational skills. All tasks of reading
and problem interpretation, as well as integration, were removed by virtue
of each problem being set up in purely computational form.

Test 2 was designed to measure the influence of the teacher’s oral read-
ing of the problem on the student’s ability to interpret and solve the word
problem. The problems were read to the students and scores were based on
whether or not the students set the problems up properly, that is the student
indicated some type of representation of the information presented in the
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problem which could lead to a correct solution. The students had a copy of
the problem in from of them while they worked in order to avoid unneces-
sary memory load.

Test 3 was designed to measure the student’s silent reading, interpreta-
tton, and integration abilities. The third test yielded two scores - one com-
puted by whether the problem had been set up correctly and the other by
the correctness of the answer.

Data Analysis and Results

Mean scores were calculated on all three tests for all general and ad-
vanced students. In addition, students were asked directly after taking the
tests to first write and later discuss the major sources of difficulty prevent-
ing them from solving specific word problems.

The mean number of correct answers on the 12 algebra word problem
computation tests for the general students in the study was 5. The mean
oral reading/problem interpretation was 6. The mean score for silent read-
ing/problem interpretation was 4. The total problem/integration mean score
was 4.

The mean number of correct answers on the 12 algebra word problem
computation tests for the advanced students in the study was 9. The mean
score for oral reading/problem interpretation was 6. The mean score for
silent reading/problem interpretation was 8. The total problem integration
mean score was 8.

Three common problems were identified in the analysis of student re-
sponses about what areas of the test gave them difficulty. They include (a)
lack of notational discrimination, (b) lack of ability to set up problems
algebraically, and (c) word problems with multiple tasks.

Educational Significance

Teachers and educators must attempt to understand, such as through
the use of informal math inventories similar to the tests used in this study,
how students with different reading abilities may be helped or hindered by
oral reading during the solving of math problems. Secondly, students must
be encouraged to develop a reading automaticity to math problem solving
through concomitantly and interactively teaching computation skills, oral
and silent reading skills with problem interpretation, and integration skills.
Third, though mathematical word problems are subject to more than one
interpretation and may lead to more than one right answer, the develop-
ment of skills in problem interpretation and integration are essential pre-
requisites in student success at representing problems algebraically. Such
skills are vital to the development of mathematical reasoning and essential
in advanced courses in mathematics; therefore, students of algebra must be
given every opportunity to become proficient in the use of such tools.

These findings emphasize the applicability of information processing
modeis to assist in understanding the processing of text in solving alge-
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braic word problems. The findings further highlight the need for perspec-
tives from other disciplines, particularly from the fields of psychology and
literacy, in developing appropriate learning models for mathematics prob-
lem solving. Our current models of mathematical teaching and learning
must be expanded to address issues from learning theory and literacy. Such
broadened perspectives are important in advancing efforts to reach all stu-
dents and assist them in becoming the mathematically literate learners of
tomorrow.

References

Balow, I. H. (1964). Reading and computational ability as determinants of
problem solving. Arithmetic Teacher, 11, 18-22.

Goodman, K. S. (1976). Reading: A psycholinguistic guessing game. In H.
Singer & R. Ruddell (Eds.), Theoretical models and processes of read-
ing. Newark, DE: International Reading Association.

Kantowski, J. D. (1980). Some thoughts on teaching for problem solving.
In S. Krulik & R. E. Reys (Eds.), Problem solving in school mathemat-
ics. Reston, VA: National Council of Teachers of Mathematics.

Kinneavy, J. L. (1971). A theory of discourse. Englewood Cliffs, NJ:
Prentice-Hall.

Knifong, J. D., & Holton, B. (1976). An analysis of children’s writing solu-
tions to word problems. Journal of Research in Mathematics educa-
tion, 7, 106-112.

Lawson, D. R. (1990). The problem, the issues that speak to change. In E.
L. Edwards (Ed.), Algebra for everyone. Reston, VA: National Coun-
cil of Teachers of Mathematics.

Moffett, J. (1983). Teaching in the universe of discourse. Boston: Houghton-
Mifflin.

National Council of Teachers of Mathematics. (1989). Curriculum and
evaluation standards for school mathematics. Reston, VA: Author.

478



VARIABLES INFLUENCING THE EFFECTIVENESS OF
SMALL-GROUP WORK: A YEAR LONG STUDY OF
COLLABORATIVE MATH PROBLEM SOLVING
INTWO FOURTH-GRADE CLASSROOMS

Rose Sinicrope Marion A. Eppler
East Carolina University East Carolina University
sinicroper@mail.ecu.edu epplerm@mail.ecu.edu

Marsha Ironsmith
East Carolina University
ironsmithe @mail.ecu.edu

Fourth-grade children in two classrooms worked in small, heterogeneous groups
to solve a collection of problems. We videotaped one group of children in each
classroom each week. We also observed the other groups of children as we assisted
in the classrooms. Our goal was to capture the natural development of the children’s
interactions in these group settings in the evolving classroom climate as
unobtrusively as possible. For this report, we focused our analyses on a group of
two boys and two girls for two sessions. We examined the children’s interactions
in terms of their physical positions within the group, their mathematics achievement
levels, and their gender. We compared their discourse in terms of mathematics,

group management, and off-task behavior. We found that both gender and position
in the group had an effect on interaction.

A commonly-held belief is that the use of collaborative groups creates
an environment in which students can develop their abilities to solve prob-
lems, reason, communicate (Artzt, 1996) and develop confidence in their
ability to do mathematics. This belief is supported by the contextualist view
of cognitive development, in which learning is embedded within a social
context in which children’s thinking advances through interactions with
skilled adults (Vygotsky, 1978) or through collaboration with peers (Miller,
1993). Theoretically, small groups of peers engaged in shared problem solv-
ing are actively learning mathematical concepts when they challenge one
another to use mathematical reasoning to explain strategies and to defend
answers. In practice, collaborative learning can contribute to students’ self-
esteem and peer acceptance (Slavin, 1989), and presumably their confi-
dence to do mathematics.

Yet, the use of collaborative learning as a method for elementary math-
ematics instruction is not common practice (Good, Grouws, & Mason,
1990). This is perhaps, in part, because research reports offer inconsistent
conclusions about the learning gains of students of different ability levels
(Davidson, 1985). For example, there may be a positive effect for low-
ability (Leiken & Zaslavsky, 1997; Webb, 1985) and for high-ability stu-
dents (Webb, 1985), or there may be a negative effect for low-ability (cited
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in Good, Mulryan, & McCaslin, 1992) and middle-level-ability students
(Webb, 1985).

Another issue is whether boys and girls profit equally from collabora-
tive learning. Gender equity. in mathematics has long been a concem of
educators (see the AAUW report, How Schools Shortchange Girls, 1992).
Ambrose, Levi, and Fennema (1997) speculate that girls may be less likely
than boys to participate in a classroom in which mathematics discourse and
debate are encouraged, either due to a lack of confidence in their math-
ematical ability or to their dislike of in conflict.

In light of these concerns, Good et al. (1992) argued that we do not
understand the actual interactions that occur among students in collabora-
tive learning groups. They issued a call for more observational studies that
examine these interactions in detail.

Yackel, Cobb, and Wood (1991) engaged in such a year-long study of a
second grade class in which small groups of children worked together and
then shared their strategies with the whole class for all of their mathemat-
ics instruction. The researchers described ways in which the teacher com-
municated expectations and ways in which the children communicated strat-
egies. In areview of observational studies across grade levels, Webb (1991)
found that students who were expected to provide explanations tended to
have higher achievement scores then students who were simply told an-
swers. More specifically, Cobb (1995) suggested that children must be
engaged in “genuine argumentation” (p.125) for learning to occur.

Research questions. The focus of our study was the identification of
factors related to group composition that may influence these interactions.
We selected ability level, gender, and physical position within the group as
factors for investigation. '

Method

Sample and Context. We observed two fourth-grade, heterogeneous
home-room classrooms in which students engaged in a weekly problem-
solving session throughout the school year. After a brief whole-class dis-
cussion in which the teachers focused on understanding the problems, the
students in small groups would work on a set of approximately 8 problems.
Typically, the teachers concluded the weekly sessions with groups of chil-
dren presenting their strategies and solutions to the class or with the class
engaged in writing their explanations for a selecte! problem. Most of the
children had experienced cooperative groups and mathematics problem
solving in third grade. The teachers used a variety of techniques to form
heterogeneous groups of three to five students. The teachers indicated that
they were more concerned about the development of students’ problem-
solving skills than in the acquisition of specific mathematics concepts, al-
though they believed that learning mathematics concepts was a “natural
by-product” of the program.
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We used a computerized coding system to score the videotapes. We
coded every statement and then used a software package to calculate the
frequency and duration of specified variables. Each comment was scored
as belonging to one of three categories: mathematics problem solving, group
management, or off-task behavior. We also coded who made the comment
and whether it was directed to the group, a specific person in the group, or
self-directed. '

To address the question of gender interactions, we selected videotaped
sessions of groups of two boys and two girls. This restricted our data to 13
sessions. We then were able to select two sessions in which the groups
differed by only one student. We identified the students as G1L, G2H, B3H,
B4H. “G” or “B” indicates girl or boy, the numeral indicates the position at
the table from left to right, and the last letter indicates the ability level of
low, middle, or high. In the second session, B4M was replaced by a high-
ability boy.

The transcribed sessions were coded independently by two of us, and
then the two coders resolved any differences by jointly viewing the video-

taped portions and consulting with the code definitions. These codes were
then entered into the computer system.

Results and Conclusions

In general, interactions for the two sessions were similar (see Table 1).
The largest proportion of discourse was directed by students to the entire
group (M=44%). The next largest proportion was between individual stu-
dents (M=36%). The remaining comments were either self-directed
(M=17%) or directed to an adult facilitator (M=3%).

Table 1
Percent of Speech Time

Session Speaker

Comments Girls Boys Adult Totals

Directed To 1 2 1 2 1 2 1 2
Girls 4 6 5 10 1 2 10 18
Boys 8 10 9 1 3 3 20 24

Group 21 18 21 17 5 5 47 40

Self 10 8 9 7 0 0 19 15
Adult 1 1 3 2 —_ - 4 3
Totals 44 43 47 47 9 10 100 100
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When we examined comments that were directed to individual stu-
dents, we found different patterns of interaction for boys and girls. Table 2
illustrates these interactions for all three categories of comments combined.
In both cases, boys contributed slightly more comments than girls did. This
sex difference was greater for session 2 (13% more total discourse for boys;
20% more mathematics discourse) than for session 1 (8% total discourse;
8% mathematics discourse). There was an even stronger effect for sex when
we considered to whom comments were directed; considerably more dis-
course was directed to boys than to girls. This difference was greater for
session 1 (30% total discourse; 50% mathematics discourse) than for ses-
sion 2 (13% total discourse; 12% mathematics discourse). The session dif-
ferences may have resulted from the single change in group membership
(medium-ability boy in session 1 switched for high-ability boy in session
2). The new high-ability boy in session 2 overall spoke more and directed
more comments to the girls than the original medium-ability boy in session
1.

The three groupings in session 2 reflect changes in the students’ posi-
tions during that session. In session 1, the amount of interaction for same
sex pairs was almost double that of opposite sex pairs. The pattern was
more variable for the second session, indicating a possible link between
sex and seating position. Same sex pairs engaged in more interaction than
opposite sex pairs when same sex pairs were seated next to each other
(BBGQG), yet opposite sex pairs engaged in more interaction when same
sex pairs were not seated next to each other (BGGB). The findings for
adjacent and nonadjacent pairs also point to a possible link with sex. Adja-
cent pairs engaged in substantially more interaction than nonadjacent pairs
when same sex pairs were seated next to each another (GGBB in session 1
and BBGG in session 2), while nonadjacent pairs engaged in more interac-
tion when same sex pairs were not seated next to each other (BGGB in

Table 2

Percent of Total Interaction Time by Gender

Session Speaker

Comments Girls Boys Totals

Directed To 1 2 1 2 1 2
Girls 16 16 19 28 35 44
Boys 30 28 35 29 65 57

Totals 46 44 54 57 100 101
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session 2). Only the initial GGBB segment of session 2 does not follow
these patterns, and there the differences for gender and position were mini-
mal.

The data indicate that students’ ability levels also plays an important
role in student interactions. High ability students interacted most with other
high-ability students. It is not the case that high-ability students are simply
talking more. Middle- and low- ability level students direct more com-
ments to the entire group and to themselves than do high ability students.

This report reflects a project still in progress. We offer a preliminary
examination of students’ contributions to the process of solving mathemat-
ics problems in small groups. The focus so far has been on how group
composition variables such as sex, seating position, and mathematics abil-
ity level relate to quantitative measures such as how much each child con-
tributes to discussion and to whom they direct their comments. Further
work will involve similar analyses for additional groups participating in
sessions throughout the school year. We are also working on developing a
more qualitative system of analyses that will describe the actual problem
solving strategies and solutions used by the students. We hope that this
research will help us to better understand the dynamics of small group col-
laborative learning, and will also provide guidelines to help teachers orga-
nize groups that function more effectively.
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Two years of research in a second-grade classroom incorporating con-
temporary theories of learning indicated that children’s creative thinking
underpinned meaning-making during mathematical experiences. In con-
trast with logical positivism, our study reconstructed what it means to “do”
aad “know” mathematics. Along with constructivist perspectives the study
incorporated an eco-feminist ethic (Nelsen, 1996) and a problem-centered
approach (Reynolds & Wheatley, 1996). Such an approach replaced com-
petition with cooperation, fostered collaboration in solving social as well
as academic problems, promoted individual voice by respecting each -
person’s attempt to express an opinion, and decried coercive authority. As
a community of learners children’s intellectual, social, cultural, physical,
and emotional development were cultivated, akin to what is portrayed in
the writings of Dewey as “personal fulfillment and social well-being...the
spiritual aspects of human experience” (Jackson, 1990, p. xxxvi). As chil-
dren solved daily math problems they also focused on social issues of co-
operation and mutual respect. The interaction of these dimensions coalesced
as a view of what it meant to “do” mathematics. The synergistic coales-
cence of methodologies (Geoghegan et al., 1997) highlighted how mean-
ing-making became as much a creative as a constructive experience. Chil-
dren engaged “playfully” with their developing mathematical ideas within
a setting that was respectfully attentive to their “needs.” They became
increasingly creative as if liberated from the conformity, passive compli-
ance, and objective heteronomy that typify “traditional” classrooms.

Data from our study indicated that fostering cooperation and indi-
vidual voice supported children’s capacity to take risks, make novel sug- -
gestions and invent unconventional, yet effective, ways of “doing” math-
ematics, which in turn, fortified their confidence to explore and generate
even more creative mathematical thinking. When provided with experi-
ences based on mutual respect and problem-solving children played with
what they created and created with what they played. Devlin (1997) asserts
that “original thought and the ability to see things in novel ways” (p. 3) are
exactly what mathematicians require.
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CHARACTERISTICS OF SIGNED ARITHMETIC WORD

PROBLEMS
Claudia M. Pagliaro Ellen Ansell
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There is reason to believe that the visual/spatial nature of American
Sign Language (ASL) and its unique features may facilitate the solution of
word problems. The structure of ASL and how it derives meaning fro:a
symbols is very different from Western languages (Bryant, 1995). For ex-
ample, by using the space in front of the signer to establish locations of
objects and using directional verbs to indicate the relations between these
objects, the signer creates a mapping that may model the problem’s solu-
tion. The study reported here investigated the through-the-air communica-
tion of mathematics to deaf students.

Thirty-eight teachers of K-3 deaf and hard of hearing students from S
schools for the deaf translated 15 standard arithmetic word problems of 9
semantic types from written English into sign. The signed versions of the
problems were compared to the original written text and analyzed with
respect to problem characteristics established by studies of hearing
students to be related to problem difficulty (e.g., semantic structure,
order of events, explicitness of action, problem wording). A second
analysis inspected the visual representations and identified characteristics
that have potential to influence the problems’ solutions. Among factors
related to the sign characteristics were teachers’ hearing status and sign
proficiency, teaching experience and grade-level taught.
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PROBLEM SOLVING STRATEGIES INFLUENCED BY

CONCEPTIONS
Patricia Balderas Miguel A. Campos
National University of Mexico National University of Mexico
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Purpose of the study was to study students” mathematical problem solv-
ing strategies and conceptions. Senior high school students in two math
classes on functions and the derivative (n,= 15; n,;= 9), who had taken
algebra and analytical geometry, were given pre- and post-tests on an opti-
mization problem (maximum volume of a rectangular box. The derivative
was discussed over twelve hours in a three-week period. Both groups con-
sidered definitions and exercises, and group A used word problems and
graphic calculators. The post-test was given two-weeks after the derivative
was taught. An acceptable solution (AS) was defined differently for each
of the tests. Actions taken, and results obtained, by each student were iden-
tified and classified. On the Pre-test three different strategies were identi-
fied:

e adding walls to the metal sheet in the problem

e partition of the sheet into mostly unequeal subareas

e cutting the sheet in different ways

Most students worked out only one case and took information in the
problem as data, not variables, all indicative of an algorithmic view of
mathematics. It was expected students would use previous knowledge , do
the cutting, and consider at least two cases, compare them and determine
the largest volumen. Most of them did not make use of any of this. On the
Post-test, all but two students (one from each group) followed the cutring
strategy. Most used algebraic operations and variables, but only one stu-
dent from group A used the derivative and obtained an AS. In group B it
was three and one. Though an improvement over the pre-test, procedural
difficulties are clear. :
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CREATIVE MATHEMATICAL EXPLORATIONS
IN NON-TRADITIONAL ENVIRONMENTS

Ann Kajander
‘Lakehead University
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It is not uncommon to find students who clearly possess ingenuity
and mathematical intuition, but are not good at more structured algorith-
mic learning. More emphasis on the creative aspects of mathematics may
enhance the success of such students. This presentation will focus on the
creative path taken by one such student in her problem solving effort.

This research took place in the after school enrichment program
called Kindermath, (See Kajander, In Press) in which seven to ten year
olds explore and create in mathematics. Using a modified version of the
tunnels problem described by Zack (1995), students were asked to find a
pattern between the number of nodes in a network and the number of “roads”
between them. Two students, a boy aged 8 and a girl aged 10 had made a

_chart listing the number of dots and the number of lines, for one to six dots.
They were then asked if they could predict generally what the number of
liens would be given a certain number of dots, without drawing the picture.

While the female students was in a modified program in math and
could only add single digits using her finger, she obviously grasped the
essence of the problem easily because she pointed to the six dots problem
and said, “Well, this one has to be six time something because there’s six
dots.” When the teacher prompted by asking, “How many lines are at each
dot?”, she began counting them, marking them off in colour as she did. She
wrote (vertically) 5+4+3+2+1 and after some prolonged finger counting,
the sum 15. She was then able to verify that the method worked for the
previous cases on the chart. When asked if she could write out her solution,
she wrote, “You start with the number of dots subtract one. Then write out
all the other numbers going down to one, and add them up. That’s the num-
ber of lines.”

The environment clearly plays an important role in facilitating cre-
ative mathematical behavior, as this was not the first example of good prob-
lem solving displayed by this students. Yet this girl’s classroom teacher
described her as “very poor in math and she doesn’t even seem to care.”
Her mother reported, however, that it was with great enthusiasm that the
student shared her results with her astonished teacher.

Perhaps further research into and emphasis on such small group
creative problem solving environments would allow students such as this
girl to develop to their fullest potential.
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INVESTIGATING STUDENTS’ EVOLVING MODELS OF

MOTION
Susan Nickerson Janet Bowers
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This analysis focused on major shifts in the ways of modeling motion
that evolved in a mathematics class of preservice teachers. The pedagogi-
cal goal was that through the process of modeling, in which students dis-
cuss the advantages and disadvantages of various models, general notions
of meta-representational knowledge (diSessa et al., 1991) would become
taken-as-shared. The goal of this research was to investigate the degree to
which the pedagogical goal was attained and to investigate what aspects of
classroom microculture supported this.

Students were engaged in situations that involved modeling motion
and that were intended to encourage the development of increasingly so-
phisticated models for describing quantities that change over time. A start-
ing point of activity was a scenario involving motion for which students
were asked to develop as many models as they could.

What ensued may be characterized as a progression from pictographs
to models of discrete events to models of continuous recordings over time.
The first round of models included cartoon-like drawings of the specific
event. The second round contained several conventional graphs such as
bar graphs and histograms that appeared to “fit” their prior knowledge of
mathematical representations to the present situation. The shift from the
pictograms to the more mathematical models was based on negotiations
for what constituted a useful model: efficiency, ease of understanding, and
ease of figuring out what questions the models could answer. In the third
phase the models resembled the traditional line graphs, where time is rep-
resented along the x-axis and distance or speed is along the y-axis. These
discussions involved: 1) a push toward showing where a character was at
any time and 2) an effort to identify one quantity changing over time. Stu-
dents developed a sense of the conventions that are embedded in speed
and position graphs.
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THE STRENGTH OF GROUP-CONSTRUCTED
(MIS)CONCEPTIONS

Cynthia Marie Smith
The Ohio State University
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This research study investigated the construction of mathematical
(mis)conceptions by college remedial mathematics students working in small
collaborative groups. Theories of symbolic interactionism (Bauserfeld,
1993) and constructivism ( Yackel & Cobb, 1996) were used to guide both
data collection and analysis. The symbolic interactionist perspective was
particularly useful because it emphasized individual sense-making as well
as social processes.

Two groups of remedial mathematics students (n = 8) were observed
as they attempted to approximate solutions to an algebraic work problem.
Both groups developed algorithms that produced reasonable approxima-
tions—but not exact solutions—for this particular problem. The students,
however, believed that their solutions were exact and viewed their efforts
as knowledge rather than exploration. In an attempt to highlight their mis-
conceptions, a new work problem was developed such that the students’
faulty algorithms would produce ridiculous results. The students were again
observed as they attempted to resolve this new conflict.

Data (observational notes, student written work, examination responses)
indicate that the students were reluctant to revise/abandon their group-con-
structed algorithms. These results underscore the importance of close ob-
servation/guidance by instructors during group activities.
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CREATING THE CONDITIONS FOR CONCEPTUAL
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This paper reports on exploratory research conducted jointly by a mathematician
and a mathematics educator. Our research investigates the conditions that facilitate
change in the rational number concepts of preservice elementary school teachers.
We examine how mathematical conversations can be used to strengthen rational
number concepts and the relevance of historical development of these concepts.

The purpose of this work is to enhance both our own understanding and that of our
students and to inform teaching at both levels.

To modern mathematicians, a fraction is a number no more or less
legitimate than a positive integer. But to children, as well as to many adults
and the ancient Greek mathematicians, “number” is reserved for the posi-
tive integers and fractions have a somewhat different status. Our research
explores the extent to which this is true for college students preparing to be
elementary teachers. We are looking at the process of revision of the num-
ber concept to include fractions both in historical and in individual devel-
opment. The central focus for our ongoing research is the conditions under
which change in our students’ rational number concepts are affected through
dialogue with peers and teachers. Questions we are investigating include:
How does the transition occur from seeing fractions as attached to concrete
objects to fractions as abstract numbers? How do analogies and concrete
models facilitate or interfere with abstraction? How can knowledge of the
historical development of mathematical concepts inform our work with
students? In this paper we will focus on preliminary work with respect to
students’ understanding of the density of rational numbers.

Perspectives

While multiple perspectives inform our thinking and research, the most
immediate and important influence has been the ongoing mathematical
conversations with students in our classes and our investigation into their
thinking. In addition, the following theoretical frameworks for understand-
ing and promoting concept development inform our research: Vygotsky’s
(1962) theory on the social construction of knowledge; Kuhn’s (1970) view
of the nature of the history of science; work relating Kuhn’s ideas to the
history of mathematics (Gillies, 1992); and the models posed by Carey
(1991, 1995), Posner, Strike, Hewson, and Gertzog (1982), and Strike and
Posner (1992) for conceptual change in individuals.

T



Our work is also informed by research on college students’ learning of
scientific concepts. Cavicchi’s (1997) research showed similarities and dif-
ferences between a college student’s learning about magnetism and the
original experimental investigations of Faraday. This work investigates the
roles of confusion, doubt, and analogy in the development of understand-
ing. In their study of college students’ learning about special relativity, Posner
et al. (1982) observed that a radical or revolutionary conceptual change
need not be abrupt and is more likely to entail a series of gradual changes
leading to a substantial reorganization of central concepts; it “involves much
fumbling about, many false starts and mistakes, and frequent reversals of
direction” (p. 223). The conditions for conceptual change described by
Posner et al. (1982) are used in the analysis of our interviews. Their focus
is on fundamental changes in a person’s central organizing concepts from
one set to another, incompatible one. The conditions they describe are:

1) dissatisfaction with existing conceptions - an individual must have
collected a store of unsolved puzzles or anomalies and lost faith in
the capacity of his current concepts to solve these problems.

2) intelligibility of the new concept - this is aided by use of analogies
and metaphors.

3) initial plausibility of the new concept - this is aided by consistency
with other currently held ideas.

4) fruitfulness of the new concept - it should have potential to be ex-
tended to new areas of inquiry.

Methodology

We investigate our students’ conceptions of rational numbers and
changes in those conceptions through use of the “extended clinical inter-
view” as developed by Eleanor Duckworth (1987) and used by Elizabeth
Cavicchi in her work on student learning about magnetism (1997). This
method “encourages the researcher to analyze interviews interactively dur-
ing sessions and reflectively afterward” (Cavicchi, 1997, p. 869). In our
interviews, questions and problems are posed to individual students or pairs
of students who are invited to explore and discuss their responses. Students
are asked to reflect aloud and to describe their strategies and methods for
finding solutions to problems posed.

From April 1997 to April 1998, 24 University of Massachusetts Bos-
ton students preparing to be elementary school teachers were interviewed.
We began by interviewing individual students and then moved to inter-
viewing students in pairs. During the pair interviews, each student was
able to both observe and interact with the other’s learning process. In an
effort to extend this research to classroom practice, we also conducted ses-
sions in which students previously interviewed by the investigators led
conversations between pairs of students who had not yet been interviewed.
During this period, there were four sessions with individual students (one



each), fourteen with pairs (including two students who had been interviewed
individually), and three with students interviewing other students. Three
pairs were interviewed twice and two three times. Each session lasted ap-
proximately ninety minutes.

Interviews were flexible in structure but also included a predetermined
set of initial and follow-up questions. We structured the interviews around
a series of questions of the form, “Can you find a number that...?” We
began with questions about the density of rational numbers, size compari-
sons, mathematical operations, and questions probing the differences be-
tween operations on fractions and on ratios. We wanted to examine not
only student conceptions but also the way in which mathematical conver-
sations might advance those conceptions. Interviews were recorded on au-
dio tape for later transcription and analysis. Transcription was done by gradu-
ate research assistants with a strong background in mathematics. Three
interviewers, the authors and a graduate student in mathematics education,
examined the audio tapes and transcripts for evidence of students’ concep-
tions of rational numbers and changes in these conceptions during the in-
terviews, with particular attention to the conditions for conceptual change
discussed by Posner et al. (1982).

In summer 1998, a smail group of students will participate in the analysis
of their interviews through discussion of observations and conclusions about
the processes of change in their understandings. We feel that this work is a
collaboration not only between us but also with our students.

Preliminary Findings and Discussion

Of the 24 students interviewed, only 6 were initially certain that there
are infinitely many rationals between any pair of numbers. Two others ex-
pressed this idea initially but were not sure of jt. Sixteen students thought
that the number of fractions between successive integers was finite. Some
thought this number was as small as nine (4.1, ..., 4.9). Others said that
there were many such rationals; in some cases this number was “almost
infinite”,

All the students we interviewed who did not initially realize that there
were infinitely many rational numbers between any two numbers were able
to come to this conclusion with the help of their interview partners or with
some probing by the interviewers, and were able to generalize quickly once
they grasped the concept of density. We have found that pair interviews are
more effective than individual interviews because they facilitate conversa-
tions between students as they work on problems, articulate their concepts,
and explain to each other their approaches to the problems. We also found
that we were more able to serve as facilitators rather than directors of the
conversation in the pair situation. When the conversations worked best, we

offered a starting point and general framework and the students themselves
found a path through the material.
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Vygotsky (1962) and others have pointed out the strong social aspect
of cognitive development. Our interviews were intellectual and social in-
teractions between pairs of students and among the students and ourselves.
Although the pairs we interviewed were made up according to scheduling
constraints rather than prior knowledge or learning styles of the students,
we found that the members of each pair had differing strengths and that
they were able to help each other integrate their strengths. These strengths
included the ability to calculate with fractions vs. intuitive, concrete under-
standing, facility with decimal vs. fractional representation, and algebraic
vs. arithmetic skilis.

The interviews highlighted the working of partial and fragile under-
standing. Some of the students we interviewed went through a discovery
process in one interview, and then had to repeat the process, although more
quickly, in .. subsequent interview. Of the four criteria defined by Posner et
al. (1982), three were clearly present in the interviews: dissatisfaction,
intelligibility and plausibility. :

Dissatisfaction with existing concepts was created through questions
that raised inconsistencies or conflict with prior knowledge. Students who
posited a finite number of rationals between two integers were asked if
they could name them all and if there were a smallest one. They were also
asked to develop strategies to find all such numbers. If a pair of students
had different answers or strategies, they were asked to try to convince each
other.

The density concept was clearly intelligible even for some students
who did not initially accept it. Most of the students were aware of the in-
finitude of the natural numbers and could use this notion to understand the
idea of density. For others, intelligibility was present only after they worked
through the infinitude of natural numbers. Clearly this awareness did not
immediately lead all of them to accept density. For example, one student
said, "I know there are many numbers between four and five but not infi-
nitely many.”

The concept gained plausibility through students finding or being
guided to strategies for finding an infinite number of rationals between two
given numbers. These strategies included taking reciprocals of larger and
larger numbers, repeatedly dividing small fractions in half, and adding an-
other digit to a decimal, either an initial zero (e.g.. .0001 to .00001) or a
final non-zero digit (suchas .1111 to .11111). For student pairs who did not
develop these strategies on their own, some questions that helped them
were: “How can you find other numbers?”, “Can you find a strategy for
finding other numbers?”, and “Can that process go on indefinitely?”

Several students were reluctant to accept density even after this plau-
sibility was established. For a number of students, one difficulty seemed to
be interference between the physical models used to represent fractions

-and the abstract notion of density. For example, one student clearly articu-
lated the difference between physical and abstract objects and the conflict
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between the two classes of concepts. When asked about dividing numbers
into smaller and smaller units, she pointed to the lid of her coffee cup and
said that if you try to cut it up, you wil eventually get to a point at which it
can not be cut any further. But when we asked if the same is true for num-
bers in the abstract, she replied that “you can cut up something that’s ab-
stract as much as you want.” She was able to appreciate the density of
rational numbers after making a distinction between concrete and abstract
objects.

A related difficulty seemed to echo Zeno’s Dichotomy paradox, which
states that is impossible to move from 0 to 1, because first a distance of
172 and then 1/4 and then 1/8, and so on, must be covered. This presented a
conflict for several students. For example, one student said that there could
not be infinitely many numbers between 4 and 5, “because you would never
get to 5.” On the other hand, she realized that if there were only finitely
many fractions in an interval, “there would be an end to the whole numbers
and there isn’t.” Another student said “] ... bounce back and forth because
I am stuck into like two of my firm beliefs.”

The fruitfulness of the density concept for students’ ability to form a
more complete understanding of rational numbers is not yet clear. What is
clear is that most students showed that they were quickly able to generalize
this concept. For example, one student who came to understand density
through consideration of decimal representation said “since there are infi-
nitely many numbers between eight tenths and nine tenths, there must be
infinitely many between eight elevenths and nine elevenths.” On the other
hand, some students verbalized that they understood the concept but could
not “make it mean anything.” Further work will be required to see how
such meaning can be established. In particular, we plan to investigate how
an understanding of density can help in the transition from strictly concrete
to more abstract conceptions of rational numbers.

It has become clear to us through these conversations that many stu-
dents long for mathematical understanding and express great excitement
when they find it. Since our students were adults and the concepts we were
discussing were not being introduced to them for the first time, they had
ideas about them that, in many cases, they had not previously found an
opportunity to express. Students have felt empowered by the interview pro-
cess. When encouraged to develop strategies for reasoning about math-
ematics, they were often delighted to find that they are able to do s... Sev-
eral students have told us that they feel that such interviews should be avail-
able to all students in mathematics content and pedagogy classes and that
the conversation has changed their relationship to mathematics.
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EQUIVALENCE AND ORDER THROUGH
EQUAL SHARING

Susan B. Empson
University of Texas at Austin
empson@mail.utexas.edu

Unlike apparently universal patterns in the development of childrenis
thinking about whole-number problem sclving, the development of ratio-
nal-number thinking may be much more sensitive to instruction. It is pos-
sible that the use of different kinds of problem contexts in instruction can
result in different patterns of strategy development. Because the semantic
origins of rational-number concepts and processes can be linked to a vari-
ety of contexts, researchers need to investigate a variety of instructional
approaches and studentsi resulting thinking.

Equivalence and order are the lynchpin concepts of the domain. Prior
studies of childrenis thinking about equivalence and order, and related pro-
portion problems have shown that children have informal knowledge of
certain proportional relationships; that they are initially able to construct
nonstandard strategies for solving equivalence and order problems that
depend on doubling, halving, and repeated adding; and that the context in
which a problem is set has an impact on children’s thinking. Much of this
work has focused on locating transitions from (often incorrect) additive
thinking to multiplicative thinking, the basis for proportional reasoning.

There has been much less focus on the kinds of strategies students are
able to invent given powerful contexts within which to reason. It is fea-
sible, for example, that incorrect additive reasoning might be largely avoided.
Examples of problem contexts that hold promise for developing rational
number concepts and processes include splitting, reasuring, folding, and
equal sharing. The question is not whether there is one best context, but
what kinds of concept and strategy development each context affords.

The present study analyses 48 fourth graders’ strategies for solving
equivalence and order problems set in equal sharing contexts. The analysis
extends previous work in the field by looking at how equal sharing sup-
ports the use multiplicative thinking in problem solving, and by consider-
ing how information about children’s thinking might inform the creation of
communtties of discourse in classrooms.
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INTRODUCING FRACTIONS ON THE
BASIS OF MEASUREMENT

Anne Morris
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Approaches to introducing fractions are needed that help children to
accommodate everyday notions of numbers as things you count with to
include fractional numbers, and to consider fractions as separate entities
(Carpenter, Fennema, & Romberg, 1993). While measurement activities
provide a natural context for developing these notions, developing fraction
concepts out of measurement is not the norm. This teaching experiment
introduced six 4th graders to fractions on the basis of measuring quantities
using Davydov and Tsvetkovich’s (1991) fraction curriculum. The study
was designed to describe changes in the children’s thinking, and relate these
changes to the instructional activities. Some problems frequently reported
in the literature on fraction learning were not observed. For example, the
children did not exhibit difficulties in treating fractional unit measures as
separate entities. Division of fractions was independently developed by the
chiidren; Davydovis curriculum emphasizes activities where children de-
termine how many unit measures of size b fit into a quantity A. The chil-
dren solved 3(3/5, for example, by determining how many unit measures
of length 3/5 fit into the length that corresponded to the number 3 on the
number line. The children also spontaneously referred to the inverse rela-
tion between the size of the unit measure and the number obtained as a
measure, but did not quantify the relationship. Instruction assisted them in
doing so, although three children vacillated between describing these rela-
tionships in multiplicative and additive terms. When instruction moved to
fractional unit measures, they interpreted 2/4 as 2 unit measures of length
1/4, and 4/8 as 4 unit measures of length 1/8; and since they had already
established that when the unit measure is 2 times smaller, the number fit-
ting into the quantity is 2 times bigger, this explained why the lengths were
equal. While five of the six children were capable of giving this kind of
conceptually-based explanation of equivalent fractions, it required a great
deal of coordination. Developing fraction concepts out of measurement
was intellectually demanding for the children; the effort would seem to
have substantial benefits, however (see e.g., Kamii & Clark, 1995).
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THE INFLUENCE OF PAST EXPERIENCE ON
| PATTERN RECOGNITION
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One of the heuristic strategies students use when solving problems is
to “look for patterns” (Davis, 1984). This investigation examined fifteen
groups of fourth grade students working in small groups (4-5 students) in a
classroom setting. Students were from low income families in Rio de Janeiro,
Brazil. Data were collected from videotapes, audiotapes and students’ written
work. Students compared groups of bill amounts and their related 10 %
tips. They were asked to find a rule to explain how the bills were related to
their tips. In doing so, they first had to recognize a pattern. Then one stu-
dent from each group explained how the pattern worked.

Data showed they each used a different starting point, what one brings
from one’s past experience. Different starting points produced different
explanations. Starting points differed among individuals as well as among
groups. Explanations that students gave for their rules included examples,
descriptions of what was going on, or the reason the rule worked. Although
the students could understand other rules, they continued to use their own
rules. This behavior demonstrates an individualist aspect of a social com-
munity.
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INTRODUCING RATIONAL NUMBER THROUGH
THE TEACHING OF PERCENTS:
TWO EXPERIMENTAL STUDIES

Joan Moss
OISE University of Toronto
joan_moss @tednet.oise.utoronto.ca

It has been suggested that children need a deeper and more overarching
sense of how the various representations of rational number relate to each
other. Keeping these suggestions in mind, Case and I have designed a new
approach for the introduction of rational number. Using developmental
theory as a guide, we propose that a core conceptual organizing structure
for rational number understanding is formed by the coordination of
children’s intuitive understanding of proportion and their splitting schemas
(Confrey, 1994). In order to support this coordination we have designed an
experimental program that introduces this number system through the teach-
ing of percents in a linear measurement context. The initial props that are
used, such as cylindrical beakers filled with water, allow students to make
ratio and proportional judgements of the fullness of these containers rela-
tive to the whole using the language of percents. This context also pro-
motes a spontaneous use of invented strategies for calculating percents that
uses benchmarks and halving. In this curriculumn decimal and fractions are
taught later and are grounded in students’ acquired knowledge of percents.
(For information please see Moss & Case, in press.) So far I have con-
ducted three formal teaching studies with 37 fourth-grade and 16 sixth-
grade students in which this curriculum was implemented and assessed.
The results of the first study have already been reported. Posttest results
and analyses of classroom lessons of Studies 2 and 3 reveal that after in-
struction students show flexible movement among representations, resis-
tance to misleading cues, successful ordering of numbers by magnitude,
and, that these results are shown by both high- as well as low-achieving
students. In the poster I will describe both the measures and the curriculum

that we designed as well as present qualitative and quantitative analyses of
the results of the studies.
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ASSESSING STUDENTS’ ATTITUDES TOWARD
MATHEMATICS FROM A MULTILEVEL
PERSPECTIVE

George Frempong
University of British Columbia
& Atlantic Center for Policy Research, UNB.
frempong @unixg.ubc.ca or frempong@unb.ca

Affective variables such as Attitudes Toward Mathematics (ATM) play a major
role ir: the learning of mathematics. Since students’ encounter with mathematics
in the classroom play a major role in whether a student will have a positive or
negative ATM, there is the need for research models that could guide researchers
in identifying classroom processes associated with ATM. This study demonstrates
the use of multilevel statistical models, Hierarchical Linear Model (HLM), to assess
classroom effects on ATM. Classroom instructional practices such as discussion
of practical problems and using real life situations in problem solving seem to
have positive effect on students’ ATM.

Introduction

Affective issues continue to play a very significant role in the teaching
and learning of mathematics. The discussions of the cognitive processes of
learning are almost always associated with students’ feelings about learn-
ing. Current initiatives to reform mathematics education in many educa-
tion systems have placed special significance on the role of effect on learn-
ing. In North America, the Naticnal Council of Teachers of Mathematics
(NCTM) through its publication of the standards for curriculum and evalu-
ation (Commission on Standards for School Mathematics, 1989) has ad-
vised her members to help students understand the value of mathematics as
well assist in the development of students’ confidence and interest in math-
ematics.

Attitudes toward mathematics (ATM) are among the affective variables
that have received considerable attention from both educational research-
ers and educators. This is primarily due to the significant role the affective
variables such as ATM play in students’ achievement in mathematics (AIM)
(McLeod, 1992). Research on ATM has usually emphasized three con-
structs: students’ interest in or enjoyment of mathematics, the usefulness of
mathematics to students’ life , and the confidence of students in their abil-
ity to learn mathematics.

ATM is not an innate characteristic of students. Students develop these
attitudes through their experiences with school mathematics. According to
McLeod (1992), ATM arise out of ones’ responses to difficulties while car-
rying out a task in mathematics. He argues that when the difficulties in a
mathematical task leads to a blockage, individuals attempt to assess the
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meaning of this unexpected or otherwise troubled situation and evaluate
the situation cognitively. The repeated interruptions in the same or similar
context often results in less intensity emotionally and less cognitive evalu-
ation of the interruption. Students therefore develop positive or negative
ATM through a repeated encounter with mathematical problems.

Studies indicate that gender effects on ATM is substantive with males
generally having more positive ATM than females. Students with low so-
cioeconomic backgrounds (SES) also tend to have negative ATM. Most of
these studies have relied on traditional statistical models which tend to
analyze data from a particular unit of analysis (individual or school). The
problem with such analysis is that it ignores the individual/context (school)
interaction effects.

My substantive interest in this paper is to demonstrate the use of mul-
tilevel linear models, the Hierarchical Linear Model (HLM) by Byrk,
Raudenbush and Congdon (1996) in assessing the variation of ATM in
schools. The multilevel technique allows for the estimation of parameters
using simultaneously data from both student and school or classroom lev-
els (Bryk & Raudenbush, 1992). In school effects research, this involves
the estimation of a separate regression equation for each school, providing
a set of intercepts (i.e., levels of outcome for each school) and slopes (i.e.,
gradients for each school). The set of intercepts and slopes become the
outcome variables at the second level of the model, that can be regressed
on variables describing school processes. - Gradients are measures of the
gap between males and females in school outcomes and could also refer to
the relationship between school outcomes and independent variables like
SES. SES is a measure of a student’s social class.

Research Questions

The following research questions are addressed in the study.

. To what extent do classrooms of grade 8 mathematics students in
Canada vary in their levels of ATM, their SES gradients, and Sex
differences in ATM?

. Are school/classroom differences in ATM associated with a particu-
lar group attribute (e.g., gender, SES)?

. Are some of the variations among schools/classrooms in levels of
ATM, SES gradients, and Sex differences in ATM attributable to
teacher instructional practices?

Data and Variables

The Canadian grade 8 data from the Third International Mathematics
and Science Study (TIMSS) are used in this study. TIMSS was conducted
under the auspices of IEA (International Association for the Evaluation of
Educational Assessment) in 1994-95 academic year in more than 40 coun-
tries. The grade 8 population for each country is represented by grade 8
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students from a random sample of schools within the participating coun-
tries. Data collected in the study included variables describing students
background characteristics, their attitudes towards mathematics (ATM), and
classroom processes.

The ATM construct is an aggregated measure of students’ response to
five questionnaires describing the extent to which they enjoy leamning math-
ematics, feel mathematics is boring, feel mathematics is easy, feel math-
ematics is important to everyone’s life, would like a job involving using
mathematics. The aggregated measure was on a 4-point Likert type scale
ranging from most negative to most positive coded as 1 = strongly nega-

tive, 2 = negative, 3 = positive, and 4 = strongly positive. The educational
“level (measured in years of education) of mother and father of students
along with some selected items, including books, TV and a computer in a
student’s home were aggregated and scaled to have a mean of 0 and stan-
dard deviation of 1 and used as a measure of SES. Two variables “life” and
“practical” describing instructional practices were also used in the analy-
ses (see Table 1).

in Table 1, the descriptive statistics and the description of all the vari-
ables used in the study are outlined. The table shows that the average score
on the attitude scale was about 2.9. This indicates that in general, the ATM

Table 1
Means, Standard Deviations, and Descriptions of Variables

Variable Mean SD Description
Student-level variables (N = 8362)

Sex 0.50 050 Dummy variable coded as O=male, 1=female.
SES 0.00 1.00 Socioeconomic status of students’ family.
ATM 286 0.70  Students’ attitudes toward mathematics.
Scale coded as I=strongly negative, 2=nega
tive, 3=positive, 4=strongly positive.
Life 1.55 .93 How often teacher solves problems with
everyday life things.
Likert type scale coded as O=never, {=once
in a while, 2=pretty often, 3=almost always.
Practical 1.42 1.00  How often teacher discusses practicai
problems in class.
Likert type scale coded as O=never, i=once
in a while, 2=pretty often, 3=almost always.

Classroom-level variables (N=364)

Mean-Life - 1.48 041 Mean Life of a class
Mean-Practical 1.79 0.24 Mean Practical of a class
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of grade 8 students in Canada is between negative and positive on the ATM
scale Students’ response to the questionnaire on instructional practices in
their classrooms indicate that on the average their teacher do not often solve
problems with everyday life things or discuss practical problems in cla<s.
Mean for “life” and “practical” are 1.55 and 1.42 respectively.

Models and Analyses

In the final analyses all the variables were standardized (mean=0,
S.D.=1) at the student level. The analyses involved 3 models. The first
model (model 1) usually called the “null” mode! did not include any inde-
pendent variables. The model simply partitioned the total students’ varia-
tion on the dependent variable (ATM) into within class and between class
variations (similar to what is done in Analysis of Variance). In the second
model, I included the SES and sex measures into the equation to determine
the extent of the effect of SES and Sex on ATM. The school variables
(measures of teacher instructional practices) were added into the equation
in Model 3.

Table 2 shows the final estimates of the models. The null model indi-
cates that about 9.4% of the variance on ATM was between schools while
the rest of the variance, 90.6%, was within schools. However, the between
schools variance (0.089) was statistically significant (p<0.01). This sug-
gests that schools differ on their average ATM. Males have more positive
ATM than females, while students from high SES families have more posi-
tive ATM than those with low SES backgrounds. In both cases the differ-
ence is about 5% of a unit on the standardized ATM scale. The vartance(.008)
of the SES slope was significant at p=0.01 which suggests that differences
in ATM associated with SES differ from school to school. SES slopes was
negatively correlated with average school ATM. This means that SES gap
on ATM is smaller in schools with positive ATM.

When variables describing instructional practices of teachers were in-
troduced into the model, the between school variance was reduced by 25%
(0.088 to 0.066), and the between SES gradients variance was also reduced
by 25% (from 0.008 to 0.006). The two instructional practice variables
had positive effect on the average school ATM. The effect was .323 and
.154 for “life” and “practical” respectively. This means that a unit increase
on the standardized “life” scale could increase the average ATM in a class-
room by 32.3% on the standardized ATM scale while a unit increase on
“practical” scale might increase the average ATM by about 15.4%. “Life”
had a negative effect (-.081) on the SES gradients. This means that a unit
increase on the life scale could decrease the gap on ATM between high and
low SES students by about 8.1% on the standardized ATM scale.

Conclusion

The extent of Canada’s grade 8 students” ATM within classrooms vary
from school to school. Female students and students from low SES fami-
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Table 2

Hierarchical Regression Cneffecients, Variances and Correlation Between
Parameters

model 1 model 2 model 3
Student-level Equation Regression Coeffecients
Constant 084 +* 084 %* L082x*
Sex ' 054+ -.050%
SES 051 ** 055%*
Classroom-level Equation Regression Coeffecients
Effects on Mean-Life 323%%
Adjusted ATM Mean-Practical 154%*
Effects on Sex Mean-Life
differences Mean-Practical
Effect on SES Mean-Life -.081*
gradients Mean-Practical 005
Variation
Within Classrooms .859 .846 .850
Between ATM score .089** 088** 066**
Classrooms Sey. differences 014 —_—
SES gradients .008** 006**

Correlation Between Parameter Variances

Average ATM (1) 1 2 3
1.00 0.11 -0.38
0.11 1.00 -0.58
038 - -0.58 10
Sex Differences (2)
SES gradients (3)

Note: ** means P<0.01 and * means P<0.05.
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lies have lower ATM than their counterparts. Classroom practices such as
using real life and practical mathematical problems during .lass lessons
are likely to, not only reduce the variation between classroom ATM aver-
ages but also the difference in ATM between low SES and high SES stu-
dents. Using multilevel models, further research could be done to explore
other classroom and school processes that affect students’ ATM.
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STUDYING THE IMPACT OF REFORMED

MATHEMATICS CURRICULA'
Mary C. Shafer Norman Webb
University of Wisconsin-Madson University of Wisconsin-Madison
mcshafer@macc.wisc.edu nlwebb@facstaff.wisc.edu

This paper supports the use of a dynamic structural model as a viable means for
testing a theory of reform in mathematics education. This paper outlines the
implementation of the structural model in designing and organizing both quantitative
and qualitative data analyses for a longitudinal/cross-sectional study on the impact
of a particular reform-based middle school mathematics curriculum.

Numerous mathematics programs for K-12 students have recently been
developed to address standards for the content, pedagogy, and assessment
practices recommended by mathematics educators and organizations such
as tke National Council of Teachers of Mathematics (NCTM, 1989, 1991,
1995). As reformed mathematics curricula are becoming commercially
available, however, a common concern raised by educators, parents, school
officials, and the community at large is the lack of evidence that these new
programs do significantly improve students’ mathematical performance.
This paper (a) examines the impact of a reform-based middle school math-
ematics curriculum as a means of testing a theory of reform in mathematics
education and (b) discusses the implementation of a research design for
examining the impact of a reform-based middle school curriculum in a
longitudinal/cross-sectional study currently in progress.

The reform-based curriculum for Grades 5-8 used in this study is Marh-
ematics in Context (MiC) (National Center for Research in Mathematical
Sciences Education & Freudenthal Institute, 1997, 1998). MiC was de-
signed to support the recommendations of the NCTM curriculum, peda-
gogy, and assessment standards. MiC includes the study of number, alge-
bra, geometry, probability and statistics and encourages students to deepen
their understanding of significant mathematics emphasizing connections
among mathematical ideas developed in various lessons, units, and grade
levels. MiC prox:des ample opportunities for students to solve experien-
tially real problems designed to stimulate mathematical thinking. Students
use problem-solving strategies to construct solutions in which they must
recognize, understand, and extract embedded mathematical relationships.
Students are expected to explore mathematical relationships, develop and

! This research is supported in part by the National Science Foundation #REC-
9553889. The views expressed here are those of the authors and do not necessanly
reflect the views of the funding agency.
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explain their own reasoning in solving problems, and listen to, understand,
and value each other’s strategies. Assessment of students’ understanding
focuses on the use of mathematical concepts and procedures and provides
attention to various levels of reasoning students apply when solving prob-
lems. The three levels of reasoning addressed in MiC are: conceptual and
procedural knowledge (facts, definitions, and efficient application of stan-
dard procedures); connections {within and across content strands, integra-
tion of information, and selection of appropriate mathematical tools for
solving problems); and analysis (interpretation and mathematical argumen-
tation, development of the student’s own strategies, and generalization).

MiC was also designed to reflect the principles of Realistic Mathemat-
ics Education developed at the Freudenthal Institute in The Netherlands
(Gravemeijer, 1994). Students are given the opportunity to reinvent sig-
nificant mathematics under the guidance of their teachers and through in-
teraction with their peers during instruction. Specific problem contexts are
selected to reflect situations that (a) make sense to students and (b) aid
student development of mathematical concepts and procedures. Mathemati-
cal models allow students to solve problems at different levels of abstrac-
tion, and students can always fall back to more concrete, less abstract strat-
egies. These models also act as bridges between concrete real-life prob-
lems and abstract formal mathematics.

Initially, students develop a model of a situation in which they use the
problem context and informal strategies. Through instructional activities
that allow students to solve probiems using a variety of strategies, teachers
encourage students to discuss interpretations of the problem situation, ex-
press their thinking, and react to different levels and qualities of solution
strategies shared in the group. Through instruction and discussion, more
elaborate models and strategies based on students’ informal reasoning are
introduced. As students use a model in a variety of situations containing
the same concepts and mathematical structure, they begin to generalize the
model across situations. As a result of exploration, reflection, and generali-
zation, abstract formal mathematics develops through a process of pro-
gressive formalization from a context-specific model to a model for ab-
stract reasoning.

. The purposes of the longitudinal/cross-sectional study described in this
paper are: (a) to determine the mathematical knowledge and understand-
ing, attitudes, and levels of student performance as a consequence of study-
ing MiC over 3 1/2 years and (b) to compare student knowledge and under-
standing, attitudes, and levels of performance between students using MiC
and conventional curricula. The research model for this study is an adapta-
tion of a structural model for monitoring changes in school mathematics
(Romberg, 1987). The model was designed to capture the impact that the
dynamic, complex interaction of social context for learning, curricular con-
tent and materials, classroom experiences, and pupil motivation has on stu-
dent performance and further pursuit of mathematics. This model includes
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14 variables in five categories: prior, independent, intervening, outcome,
and consequent variables.

Various data collection instruments were designed for this study. Dis-
trict and school profiles, teacher and student questionnaires, and interview
protocols for principals and teachers were designed to identify differences
among students, teachers, and school contexts (prior and independent vari-
ables). Standardized test scores (provided by each district) and the Collis-
Romberg Mathematical Problem Solving Profiles (1990) were also used
(prior variables). Classroom observation scales, daily teacher logs, and pro-
tocols for teacher interviews were designed to characterize instruction and
identify differences between reform and conventional classrooms (inter-
vening variables). Three instruments were designed to measure outcome
variables: a student attitude inventory; a problem-solving assessment sys-
tem (examining three levels of mathematical thinking in relation to num-
ber, algebra, geometry, probability and statistics), and an external assess-
ment system (providing comparison to both national and international tests
of educational progress). (See summary on the external assessment system
by Webb & Romberg in this volume.) An additional questionnaire and in-
terview protocol will be designed to gather information about students’
further pursuit of mathematics (consequent variable) as they begin Grade
9.

This structural model for monitoring change in mathematics provides
the basis for gathering and interpreting information about the impact of
reform-based mathematics curricula. Through the development of appro-
priate instruments designed to capture the fluctuation associated with each
variable, useful information can be available for policymakers, school per-
sonnel, and researchers. In addition, the various instruments designed for
data collection in this study can be used for the evaluation of other reform-
based curricula, extending the ways in which researchers look at the com-
plex interactions that affect student performance in mathematics.

Methodology

The longitudinal study features a multiple-cohort prospective panel
design: Data are gathered at multiple distinct periods throughout the same
periods on the same cohorts of individuals in relation to the same variables
(Menard, 1991). Beginning in the 1997-1998 school year, data were gath-
ered on three cohorts of students (one cohort beginning the study in Grade
5, one beginning in Grade 6, and one beginning in Grade 7). The study also
features a nonequivalent control-group, quasi-experimental design: The
assignment of subjects to the groups is nonrandom and pretests and posttests
are administered to both groups. This design allows researchers to distin-
guish whether observed group differences on posttests were caused by a
particular curriculum rather than preexisting group differences on some of
the variables in the research model (Borg & Gall, 1989; Campbell & Stanley,
1963). The cross-sectional research (completed at the end of the first year)
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provides a basis for exploratory and preliminary investigations of the re-
search questions using the structural model (Menard, 1991). Both quanti-
tative and qualitative research methods are used in the analysis of data.

In order to attribute research findings to the reformed curriculum, the
study includes a comparison of both reform and traditional classes. Sev-
enty-five percent of the approximately 1700 students and 50 teachers use
MiC while the remaining 25% use conventional curricula already available
in the schools. These students and teachers are from 17 schools located in
four research sites from both large urban and small suburban school dis-
tricts.

Conclusions

First-year data from the longitudinal/cross-sectional study are currently
being analyzed. The results will be reported for both reform and conven-
tional groups. A summary of the research analysis and anticipated dissemi-
nation of first-year results is presented in Table 1. Although extensive analy-
ses are currently in progress, preliminary results of data obtained from the
observation scale, student attitude inventory, and student questionnaire are
described in other research papers in this volume. (See summaries by Davis
& Shafer on the observation scale, Wagner, Shafer, & Davis on the student
attitude inventory, and Arauco & Shafer on the student questionnaire.) Pre-
liminary analyses support that the use the dynamic structural model out-
lined in this paper is a viable means for studying the impact of reform-
based curricula.
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Table 1
Research Analysis and Anticipated Dissemination of 1997-1998 Results

Variable in
Research Model

Prior:

Purpose Addressed Data Collection Instrument

Identification of District and school profiles

* Student Background
« Teacher Background
* Social Context

differences among
students, teachers, and
school contexts

Teacher and student
questionnaires
Interview protocols for
principals and teachers
District standardized
test scores
Collis-Romberg
Mathematical Problem
Solving Profiles

Independent:
* Curricular Content and
Materials
* Support Environment
» Teacher Knowledge
» Teacher Professional
Opportunities

Identification of
differences among
teachers and
school contexts

Daily teaching logs

Teacher questionnaires
Interview protocols for
principals and teachers

Intervening:

* Pedagogical
Decisions

* Classroom Events

* Pupil Pursuits

Characterization of
instruction and dif-
ferences between
reform and conven-
tional classrooms

Classroom obszrvation
scales
Daily teacher logs

Interview protocols for

teachers

Outcome: Examination of the Student Attitude Inventory
 Knowledge and mathematical knowl- Problem-Solving Assess-
Understanding edge and understand- ment System (three levels
« Application ing, atti-tudes, and of thinking in relation to
. levels of student four content strands)
* Attitudes
performance External Assessment
Comparison between System (comparison to
students who have used both national and inter-
reform and national tests of
conventional educational progress)
curricula
Consequent: Identification of Student questionnaire

¢ Further Pursuits

students’ further
pursuit of mathe-
matics in Grade 9

Interview protocol for
students
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DEVELOPING A MODEL FOR RESEARCHING
CURRICULUM DEVELOPMENT

Ronald V. Preston Sidney L. Rachlin
East Carolina University East Carolina University
prestonr@mail.ecu.edu rachlins@mail.ecu.edu

Undergraduate mathematics curricula are often developed with little
consideration to research how the materials achieve results. Some projects
do field test and this feedback can be valuable, but time and distance con-
straints limit this model’s usefulness (Gravemeijer, 1994).

We are developing a number/algebra class for preservice teachers. The
course is grounded in research-based theory about mathematics teaching
and learning (e.g., Krutetskii’s {1976] model of mathematical abilities).
However, we also research the use of materials.

Our research and development model (see Rachlin, 1989) involves the
following players: university mathematics educators and mathematicians,
graduate students, middle grades mathematics teachers, and students en-
rolied in the class. The model of instruction, problems posed, questions
asked, and so on are informed by task-based interviews with students con-
ducted before a class session. Classes are then conducted in a research
classroom equipped with cameras to capture teacher and student work and
record classroom discussion. This class is piped live to members of the
development team who can then make decisions concerning modifications
to be implemented in a parallel class the next day. Regular team meetings
held directly after a class session provide time to reflect on what happened,
particularly with regard to modifications in content or instruction. This
tight cycle of development-research-modification has led to a number of
assertions and questions of interest to the research and development team.
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A PLACE FOR STORYTELLING IN MATHEMATICS

EDUCATION RESEARCH
Christine D. Thomas Karen A. Schultz
Georgia State University Georgia State University
cthomas1i @gsu.edu kschultz@ gsu.edu

Storytelling was the major source of data collection for this research
study designed to better understand and analyze elementary teachers’ knowl-
edge about mathematics teaching. This study was conducted at the four-
year mark of a school district’s participation in mathematics and science
education project focused on alignment of teaching practices with the na-
tional mathematics and science standard. The data collection process was
a modified version of an exercise called “Writing Your History” (or
“Herstory”). The exercise has been successfully used for awareness of oneis
self as mathematics teachers (as contrasted to viewing one’s self exclu-
sively as an elementary teacher). Teachers participating in the project took
turns in telling thetr stories about teaching mathematics to each other.
Storytelling has become more than a rhetorical device for expressing sen-
timents about teachers. Story is a mode of knowing that captures in a spe-
cial way one’s meaning in human affairs (Carter, 1993). Through storytelling
teachers can tell about classroom experiences and practices; search out
and construct reasons for outcomes of their interactions with learners; talk
about their success and failures, and recognize the questions they have been
unable to answer and able to answer. Storytelling is a vehicle for under-

standing, explaining and comparing classrooms cultures (Hansen &
Kahnweiler, 1993).
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CONNECTING STUDENTS’ EVERYDAY MATHEMATICS

AND SCHOOL MATHEMATICS
Melanie Ayers Jose David Fonseca
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Marta Civil Leslie Kahn
The University of Arizona The University of Arizona
civil@math.arizona.edu lkahn @azstarnet.com

This paper is based on a research project that has as a main goal the development
of mathematics teaching innovations in primarily minority, working-class
classrooms. In these innovations, units that promote students’ mathematical learning
while capitalizing on their knowledge and experiences from everyday life are
developed. Three such units will be presented. In particular we address the
mathematical potential in the units, issues related to the assessment of what students
learned, and the role that values and beliefs about mathematics play in that
assessment.

This paper is based on a research project that explores the creation of
teaching innovations that promote students’ development of mathematical
knowledge while capitalizing on students’ (and their families’) knowledge
and experiences from everyday life. The foundation for these innovations
emerges from the mathematical and cultural resources found in the stu-
dents’ households and community, in particular, minority working-class
families. The key research question underlying this paper is how to de-
velop effective and meaningful teaching innovations that combine in-school
and out-of-school mathematics. Three examples of theme units that have
connected fermal and informal mathematics (games, architecture, and gar-
den) will be discussed in this paper. We use findings from students’ ques-
tionnaires, interviews, and performances on mathematical tasks to explore
the undergirding research question. Special attention will be given to the
potential for development of students’ mathematical knowledge through
the implementation of these units.

Theoretical Framework

Our current work builds on a prior research project — The Funds of
Knowledge for Teaching Project— grounded on a sociocultural approach
to instruction (Moll, 1992). The premise in the Funds of Knowledge project
is that qualitative studies of households of language minority children will
uncover familiar and community knowledge bases that can serve as strate-
gic resources for classroom practice.

P34

~



Our claim is that by capitalizing on household and other community
resources, we can organize classroom instruction that far exceeds in qual-
ity the rote-like instruction that these children commonly encounter in
schools (Moll, Amanti, Neff, & Gonzélez, 1992, p. 132).

Our previous work with teacher-researcher study groups has enabled
us to lay the foundation for working with teachers as they develop the skills
to research the households of their students for their mathematical poten-
tial. By drawing upon previous work, and by building upon congruent re-
search in mathematics education, we hope to contribute further to this body
of research, and to develop exciting innovations in the teaching of math-
ematics to language and other minority students.

The research in mathematics education includes work on the develop-
ment of classroom communities where mathematics is socially constructed
(Cobb, 1991; Lampert, 1990; Schoenfeld, 1991). A common thread in this
research is the restructuring of classrooms as learning environments that
try to model a community of practice in which students engage in working
on mathematics tasks as mathematicians would. According to Rogoff (1994),
the development of classroom communities should focus on students’ learn-
ing through their participation in community-based activities and projects,
because “learning and development occur as people participate in the socio-
cultural activities of their community” (p. 209). Van Oers (1996) stresses
the importance of participation in socio-cultural activities that are both per-
sonally meaningful to the students and “recognized as ‘real’ by the math-
ematical community of our days” (p. 106).

Another body of literature that is particularly relevant to our work ad-
dresses the apparent gap between in-school and outside-school mathemat-
ics (Abreu, 1995; Frankenstein & Powell, 1997; Lave, 1988; Nunes,
Schliemann, & Carraher, 1993). These researchers claim that the math-
ematics used in everyday life situations is both rich and culturally based.
Furthermore, children bring with them an understanding of mathematics
before entering school from their cultural and community-based experi-
ences. The research, however, shows that a gap exists between the math-
ematics used in everyday life situations and the mathematics that is taught
in school. Schools and students are failing to make the connections be-
tween mathematics learned in school and the mathematics that is used out-
side of school. :

Method

The goal of the research project is to develop mathematics teaching
innovations in which students and teachers engage in mathematically rich
situations through the creation of learning activities that capitalize on stu-
dents’ (and their families’) knowledge and experiences in their everyday
life. To accomplish this goal, we rely on a model that has four key compo-
nents: (a) analysis of students’ interests, experiences, and prior mathemati-
cal knowledge; (b) development of a curriculum unit based on collected
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information; (c) classroom implementation of unit; and (d) reflection and
evaluation about the mathematics embedded in the unit.

First, student questionnaires, informal interviews, household interviews,
and brainstorming sessions with the students are used to gather informa-
tion about the students’ interests, hobbies, family labor history, and prior
mathematical knowledge. Teachers conduct fieldwork in the households of
their students, with a specific foct.s on the mathematical potential residing
in the homes (e.g., in everyday activities such as construction, sewing, bud-
geting, and gardening). Teachers also elicit information from their students
(via journal writing, conversations, etc.) in regard to their out-cf-school
practices, specifically looking for mathematics-related activities and in-
stances of mathematizing.

Common themes emerge from the data collected through the above
methods which serve to determine the mathematical unit. Of course, the
potential for mathematical discovery and teachers’ attitudes toward the unit
also serve as factors in determining the unit. University researchers and
teacher-researchers participate in biweekly study group meetings to dis-
cuss the findings from the household and student interviews and develop
mathematically rich instructional units.

The third component is the execution of the mathematical unit. Class-
room observations conducted both prior to and during implementation are
used to document the teaching innovation. The focus of these observations
is on mathematical discourse, patterns of interaction, and the kinds of tasks
being posed.

The last component of the model involves the discussion of mathemat-
ics from the theme unit in relation to the school curriculum. Students’ atti-
tudes and mathematical understanding are assessed through a variety of
means: interviews, journal writings, classroom observations, tests, and for-
mal presentations of their projects to wider audiences.

Figure 1 summarizes the four components of the model for each of the
three units discussed in this paper:

Results

The three learning units that are the focus of this paper range over three
schools, (fourth / fifth graders in two of the schools; seventh / eighth grzd-
ers in the third one), with three different teachers (having different mata-
ematics backgrounds, different teaching experiences). However, the three
units shared several points in common, in particular with respect to the
students taking responsibility for and pride in their groun projects; devel-
oping negotiating skills; persistence on the task. But there were also marked
differences among the three projects in terms of their mathematical rich-
ness. There are a variety of reasons for this disparity, including school con-
straints and teachers’ mathematical background. But the main reasons, in
our view, have to do with our thinking and how it is continually evolving in
the process. For example, the notion of “mathematical richness” has to do
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Math Units | Information Development Unit Imple- | Reflection/
Gathered of Unit mentation Evaluation
Games Informal student| Teacher- Students Small group
questionnaire; | researcher |analyze math | discussions;
Whole class discussions |rich games informal
web and create interviews;
their own presentation
game of games
Architecture | Student Teacher Students Team
questionnaires; | creates math |develop math{ discussions;
Household contextual |problem Written
interviews problems solving skills | assessment;
around to design Project
construction |their dream | display;
home Reports; and
Presentations
Garden Student Teacher Students build Portfolios
questionnaires; | involved their own (their data,
Brainstorming | in study potted garden| observations,
sessions; groups with and journal
Household researchers; writings);
visits creates Student
gardening interviews;
unit Written
assessment;
Dramatization
Figure 1

with our values and beliefs about what we consider mathematics to be. In
the same way that students as they work on their projects have to negotiate
many aspects of that project among themselves, we (where “we” may be
the teacher and one or more university researchers, or the teacher and the

students) have to negotiate the content and the pace of the mathematics
learning activities.

Games

The curriculum unit on games represents some of the early stages of
our process (see Civil, 1994, for a more detailed description). Our main
goal was to explore the development of a mathematics classroom commu-
nity in which students would engage in doing “mathematicians’ mathemat-
ics” while building on students’ knowledge, experiences, and interests in
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their everyday life. The topic of games appeared to be a natural way to
accomplish this goal. Games give us access to the children’s real world.
Ainley (1990) points out that with games “there is a context for using some
mathematics that you have learned, and that context is real for children
because they can engage with it and the outcome matters to them” (p. 86).
Bishop (1991) includes playing as one of the six mathematical activities
present across cultures. He remarks that playing “stimulates the ‘as if” fea-
ture of imagined and hypothetical behaviour” (p. 23).

Prior to implementing this unit the teacher and two researchers met to
discuss games that would address some of the topics required in the cur-
riculum (e.g., looking for patterns; writing in mathematics; introducing
probability concepts). Thus, we started by having the children play and
analyze mathematically rich games (e.g., strategy games such as Nim; prob-
ability based games) with a definite school mathematics agenda in mind.
During this part of the process, we focused on whole class discussions of
the mathematics in the games, and on trying to develop an atmosphere in
which all students felt comfortable contributing.

Then, students worked in small groups to develop their own games.
Their games were very informative of the students’ interests (e.g., sports,
airplanes, board games they were familiar with), but they did not seem to
have much mathematical content. This raises the question of how our val- .
ues and beliefs influence what we count as being mathematical. How: can
we convince someone (and ourselves) that in doing this kind of work stu-
dents advanced in their learning? Maybe the question to ask is not “did
they learn?”, but “what is it that these children leamed from their participa-
tion in the games module?” (Lave, 1994). There was ample evidence as
they worked on their games of problem-solving (in an everyday sense of
the word), cooperation, persistence, interest in their peers’ games, critical
reflection on those games (through many “what i’ questions they raised
during the presentations). Maybe these come close to being indices of learn-
ing in the “establishment of a community of practice—with a common
communication system, norms, values” (Forman, 1996, p. 128).

Architecture

The architecture module was developed with middle school students
by a teacher with a solid background in mathematics (including graduate
level courses) and extensive teaching experience. This teacher emphasizes
four key points in the development of this unit. First, through informal
interviews with his students he realized the wealth of knowledge they had
about building and construction. Then, he outlined the mathematical con-
tent embedded in these practices, such as 3-D visualizations, measurement,
scaling factors, and cost estimation. A sequence of learning activities were
devised that led them to be able to construct their dream house. The third
point was the engagement of the students in the development of elaborate
architectural models that reflected an array of mathematical concepts. The
fourth point was his continuous assessment of a wide range of attitudes



(classroom behavior, perceptions of their own abilities, and confidence),
communication skills in mathematical contexts, and students’ understand-
ing of the mathematics.

The first noticeable change as the unit began was in the students’ posi-
tive attitude towards working on and completing assignments. At the same
time students’ mathematical competencies improved to a degree that they
were able to estimate construction cosis, amount of materials needed, vol-
ume, capacity of heating and cooling (the diagnostic evaluation on basic
skills given prior to the start of the unit had painted a very dismal picture,
that was altered by the students’ performance on their projects). Students
gained knowledge on scaling factors and spatial visualization. Furthermore,
they improved their ability to describe their project using mathematical
language through their team dxscussxons and presentations.

Container Garden

The third teaching innovation involved a garden curriculum unit. This
teacher is a firm believer in developing a leaming community in her class-
room and she is experienced at doing this. The garden project is largely a
result of the students’ expressed interest through interviews and brainstorm-
ing sessions. In collaboration with other researchers in the project, the teacher
integrated the required mathematics curriculum into the garden theme. This
theme has provided not only a theoretical basis for the students to learn
mathematical concepts such as measurement (area, volume, and perim-
eter) and graphing but also an opportunity for the class to create a school
environment similar to a kinship or community consisting of students, teach-
ers, and parents. The students began to use appropriate mathematical dis-
course and express their understanding of the mathematical concepts through
their discussions, presentations, and journal writings. Through regular brain-
storming sessions on the many aspects of the gardening project, the teacher
facilitated students’ reflection on what mathematics they thought they were
learning in the process. Parents contributed not only as project supporters
but as academic assistants, and from this perspective they are viewed as
cultural resources. Through this process the students have gained insights
and developed an appreciation for the knowledge that their parents pos-
sess.

Through this project, students were given real problems that required
mathematics to reach solutions. The exploratio‘n of mathematics began out
of a genuine need, and through these in-class learning experiences the stu-
dents developed proficiency with mathematics concepts. For examp'e, their
need for more gardening space (due to the growth of the plants and limited
wiring to enclose the plants) led them to the exploration of varying area
and fixed perimeter. The students’ understanding of skills in measuring
area and perimeter were a direct result of needing to care for something
that had relevance to them.
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Conclusion

In summary, we are exploring a model to improve the mathematics
education of students, in particular of minority, working-class students since
for them mathematics is often the gate-keeper for success. This model draws
on our theoretical orientation that views learning as an interactive process,
and centers around mathematics, including a discussion of what mathematics
is and what beliefs and values of mathematics are held by the project par-
ticipants (teachers, students, parents, and researchers). Reciprocally, in the
process of change, the teachers are more aware of what the families know
and what mathematical knowledge the parents possess. They may then draw
on this knowledge for classroom instruction.

Our work on the three units outlined earlier has shed some light on
how to uncover students’ “mathematical world” and how to build on it for
school mathematics purposes. However, these theme units also underscore
the key role that the teachers’ backgrounds and expertise play in this pro-
cess (whether it is a flexible understanding of mathematics, or an ability to
develop a learning community in their classroom) as well as how much
time and resources go into the development of these modules (e.g., in the
garden theme, teacher’s visits and calls to local gardening consulting cen-
ters are only one example of the many outside-school activities she en-
gaged in for this project). Thus, an issue that we are currently examining is
how to adapt the research project to the varying needs, interests, expertise,
and circumstances of each individual teacher.
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U.S. mathematics curricula have serious design limitations. This “underachieving
curriculum” that is “a mile wide and an inch deep” dramatically underestimates
what most children can learn. In prior work, we have described more ambitious
classroom interventions for K-3 mathematics that build on individual experiences,
interests, and the practical math knowledge of children. In this paper we describe
not a particular curriculum, but a general model for the research process that we
call “Classroom Conceptual Research.” The central feature of this model is that it
involves a tight interaction among model building, design work, and classroom-
based action research, with a strongly “conceptual” emphasis. The work is carried
out collaboratively by an interdisciplinary design team of university faculty,
teachers, and research staff. We believe that the wider use of this model by the

research community can lead to significant improvements in U.S. mathematics
curricula.

U.S. mathematics curricula have serious design limitations that limit
student learning. The grade placement of topics is delayed relative to other
countries, and excessive spiraling (returning to topics every year) leads to
too much reviewing at the cost of learning time on new topics. This “un-
derachieving curriculum” that is “a mile wide and an inch deep” dramati-
cally underestimates what most children can learn because curricular place-
ment allows so little time for any one topic (Fuson, Stigler, & Bartsch,
1986; McKnight et al., 1989; Peak, 1996; Stigler, 1997). Deep develop-
ment of student and teacher understanding of a given topic requires time.
This time can be obtained by identifying core grade-level topics and con-
centrating deeply on these.

Significant theoretical and empirical research on mathematics learning
and teaching is also severely limited by these curricular issues and by the
fact that research and the development of instructional materials are often
independent endeavors with relatively little coordination. NSF funding is
separate, so projects must focus on research or on materials development.
Traditional textbooks in the past rarely used much research on student’s
conceptual structures, developmental progressions of concepts or meth-
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ods, types of word problems, or conceptual supports for learning (e.g., see
the analyses in the chapters in Leinhardt, Putnam, & Hattrup, 1992). As-
certaining what kinds of learning are really possible, and identifying pro-
gressions of understandings and solution methods within a domain, require
designing teaching-learning materials that will potentially support students
through a more ambitious learning trajectory (Simon, 1995) of activities.
Undertaking such a coordinated effort is complex but can be very produc-
tive. Understanding and naming this kind of work would seem to advance
our current way of thinking about both research and development. Toward
this end, we describe here a preliminary model in which the development
of conceptual models and empirical action-research are tightly interwoven
with the on-going design of teaching-learning activities.

Thus, the purpose of this paper is not to describe a particular curricu-
lum, but instead to argue for a general model for the research process. We
should note that we are not alone in advocating programs that integrate
fundamental research, design, and enactment (e.g., Brown, 1992). How-
ever, we believe that articulating the particular features of our approach
will facilitate dialogue about this class of approaches and thus begin to
sharpen this paradigm. We use the term *“Classroom Conceptual Research”
to describe our model, to highlight what we broadly refer to as a “concep-
tual” emphasis in our classroom research. This emphasis is manifested in a
focus on the following four kinds of issues: (a) discovering, enabling, and
articulating learning trajectories of conceptual structures children use for
certain kinds of problems, (b) creating conceptual learning supports of vari-
ous kinds, (c) uncovering and creating models of affective, conceptual,
cultural, and social aspects of classroom interactions, and (d) developing
pedagogical models of ways in which teachers and peers can support
children’s constructions of concepts in a given mathematical domain. In
what follows, we briefly overview the success of the Classroom Concep-
tual Research approach in prior work. We then describe the research model
in more detail.

The Classroom Conceptual Research model was developed and used
in a 6-year action-research project directed toward designing a conceptu-
ally complex and challenging K-3 math curriculum that builds on the indi-
vidual experiences, interests, and practical math knowledge that diverse
children bring to our classrooms. In order to ensure that our work general-
izes across socioeconomic boundaries, our collaborative research project
is carried out in urban schools of underrepresented minorities, schools in
which most students are Latino English-speaking and Latino Spanish-speak-
ing children, as well as in English-speaking upper-middle-class schools.
We have higher grade-level expectations than in most present U.S. cur-
ricula, and have had success across the populations studied. In our formal
assessments, we used a range of whole-class and interview items assessing
single-digit and multi-digit numerical, word problem, and place-value com-
petence (Fuson, Smith, & Lo Cicero, 1997; Fuson, 1996; Fuson, 1998).

. 1435%



The items were taken from other studies to provide comparison data. High-
lights of outcomes include:

*  Though over 90% of our urban children meet federal guidelines
for the free-lunch program, they considerably outperformed heterogeneous
and middle-class samples of U.S. children who received traditional math-
ematics instruction. On many items, they outperformed children from Tai-
wan, U.S. children using the reform curriculum Everyday Mathematics,
and, on some tasks, equaled or exceeded the performance of Japanese chil-
dren.

* On standardized tests, 90% of the first- and second-grade urban chil-
dren were at grade-level on computation and 65% on word problem
solving. Class means on standardized overall math scores were above
grade level, some children were 3 years above grade level, and no child
was more than one year below grade level.

* No child used a unitary strategy in multi-digit subtraction problems in
contrast to children using the reform curriculum Everyday Mathemas-
ics, where 45% of average- and low-achieving children still used uni-
tary methods for subtraction (Drueck, 1996) or did not have effective
multi-digit addition or subtraction methods (Murphy, 1997).

* Results for suburban children were even stronger, though on many items
the typical urban-suburban gap was decreased.

The activities of our project are similar to the developmental research
process described by Gravemeijer (1994) that was used in developing the
Realistic Mathematics instructional materials in the Netherlands. That ef-
fort began with a substantial theoretical base of the work of Freudenthal
and participants in the Freudanthal Institute. It then contributed to more
articulated and detailed theoretical perspectives in several areas as well as
to the initial and the newer instructional materials. These instructional ma-
terials have had remarkable commercial success in the Netherlands, hold-
ing a considerable amount of the market. The long period of development,
and the intertwining of the theoretical model-building and design of in-
structional materials, produced a coherent product whose pedagogy, do-
main analyses, and developmental progressions in chiidren’s thinking could
be described for and used by teachers and by other researchers. In describ-
ing our research model we have not borrowed the Dutch term “develop-
mental research” because, in this country, that term implies “research about
children’s development.”

Our Vygotskiian Model of Classroom Conceptual Research

Our Vygotskiian Model of Classroom Conceptual Research is shown
as Figure 1. Although our purpose here is to present a generally applicable
model, we will mix high-level description with details of our own imple-
mentation in order to provide a more grounded account, and to give a feel
for the scope and depth of our approach. The model shown in Figure 1
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provides an overview of how we concurrently integrate the design of in-
structional materials, enactment in the classroom (empirical action research),
and the development of conceptual models. Our project efforts in these
areas are interwoven in continuing cycles of mutually adapting reflection
and revision of the model building, instructional materials design, and class-
room implementation work.

In the first of these three areas, our development of models focuses on
four major activities. First, we undertake domain analyses of real-world
situations that can help children build meanings for and uses of mathemati-
cal concepts. Second, we create Full Quantity Conceptual Support Nets of
learning supports for particular concepts (Fuson & Smith, 1997). These
use physical quantity referents (e.g., penny strips of ten pennies on one
side and one dime on the other), drawn quantity referents (e.g., ten-sticks
and one dots), meaningful language (e.g., 3/4 said as “out of 4 parts, take
3”), and meaningful math notation connected to ordinary (5 dimes, 3 pen-
nies) and to math meanings (5 tens 3 ones). Third, we articulate our peda-
gogical approach in a model of an Equity Pedagogy (Fuson, De La Cruz, et
al., 1997). This model, which builds on prior Vygotskiian work (Fuson, Lo
Cicero, et al., 1997), outlines ladders of support to help students build on
their initial personal meanings and experiences to create advanced and
ambitious mathematical concepts, notations, and methods. Finally, the fourth
model-building activity is to specify Learning Trajectories for students and
for teachers that describe developmental progressions through which learn-
ers advance. Our emphasis in these models on inter-psychological phe-
nomena (Equity Pedagogy) and semiotic tools (Full Quantity Conceptual
Support Nets, Domain Analyses of Real-World Situations) reflects our
Vygotskiian perspective.

Moving to the second part of our three-part model, the instructional
materials design work focuses primarily on four aspects of classroom learn-
ing, as well as on the design of home learning-support materials. We iden-
tify problem situations that both occur frequently in the real world and are
mathematically clear and generative (e.g., using money calculations with
dimes and pennies to extend understanding of place-value concepts). We
design worksheet-based activities that facilitate children’s approach to a
learning activity. We consider features of classroom discourse (questions,
language) that will support understanding and clear communication in a
co-constructing environment. We create participant structures with atten-
tion to which students might be marginalized by each structure. All of these
features are subject to modification in action in the classroom.

The empirical action-research work in the classroom begins from the
initial instructional materials, with enactment in the classroom informed
by the theoretical models. These models suggest adaptations to unfolding
student thinking that extend and modify the initial teaching plan. More
generally, the mutual adaptations that occur among enactment, the devel-
oping models, and the design of instructional materials operate at multiple

.. 145 544



RLERVENTRETE T

SAIIAIUL PRI

SUOLINAIIQO WoaLssYy )

SWAL 6mo no se jjom ve *sadwes 12410 0) vosundisons
nunad jey swoay Suipngsus ‘sioxussasse wnum

sotjojuod
1USPIIS PUE “JUOMALIOY “YPOMSSE[D JO sisA[ouyY

RLpus Janevene roypayBuoy pus
FIOIRA 01 JUIPEa 3231008 1IBP INL-JO

w._m5~<><>aoug.wmm
QpT -

swedioiired (e jo s215un9dwod Juneindas-jpas pue
'I¥120% *onsinduy ‘fesrmwagiews Jwlioe) rey) skew

ut samionns wedisnmd ap adoad e saznigns Asinba
Irvossad-19u1 gdu aq jo Suipping 240y 30 uoneas )

Auanoe Suryea) s Suswseay

AP Jo swoarsed ..-.3_:-“ ul JudunMuy
wnRIsY pue apwuLsog
03 Swypeyy m-uQ

YoM [eoduy

uS153D A JO FuOEMAN OV
ROWQPO9) iLe S HSreop jo S0 J0 52120 01 Surpeay yrom
£3834132 Jo wovepyea prourdury [P0 TALP JIOM [WOtRIRL

suonduinssy pue sadisuisg udisaq s
ANNOILIE pUm sfrUIMD ng Surumy] awsopy ulisag

(Y32 £qQ pazspeurSrew ane
SIS YOHIM 01 VOHIUNT Yitm) snmonns wwedionrey

(9Benduwy “suntisanb) 21m0s1p arimlioe) g

NUADVOLIAUD

AUTAYOR  YIOMAUUOY 7 135ySp0m Susiqeud yse ]

saured ‘satyanoe ‘s

‘suotienits usaigosd suenodust spwuSesd aairesousn
SINIMI} WOOISTELD YHM UOIIOqR|{00

AAISUIIXS En:,un IPPON MAAIAQ 514 U s1un Suiwieay
7 Sungeaq jo uSisap wen Areundiosep-smut parenyis aaneiny

JopM udisag -

sajiurey pre uaipjy)y Suryeads
-4stfBug-mo] Jof suonedepy Jo siskjeuy

AZolepag Lnby jo uotiejnonsy

(3334231 J0j ‘Sjuapnis Joj)
suaafe] vy o worRnIY

(3G3m (g pum Kivupio oF PITIINU0I UOINNOY L1z
soteesws ‘shenum) njSurwwaur “sw3spas Kiwend)
SIIN uoddng pendaouo) Liuend) fing jo ulisxg

suonenuig ppom-1e3Y JO siskiesy urewog)

TUOiA 22 s0few pav jeurs

PUS FROUIIIN| [eRe1I00)

> HIOAA [BO113109Yy |,

17PON yoreasay uondy [eouduy 7 j8or3odepay / [erudazuo)) waBraury uenxsi084 A nQ :| amndy

545 144



time-scales: repeatedly during the design work, several times while teach-
ing a lesson, daily in revising tomorrow’s lesson, several times yearly as
new teachers try the newly designed unit, and over years as full conceptual
support models and full developmental learning trajectories of student think-
ing are developed and adapted. These many different kinds of feedback
loops, and the sustained prolonged efforts, facilitate the development of
coherent and powerful theoretical models and teaching-learning units and
curricula based on these models.

It is worth emphasizing that, at its highest level, enacting this research
model can be seen largely as a project in orchestrating a complex process
of collaboration. What we propose is a broad social design that includes
not only what happens in the classroom, but also a set of interactions that
includes the design team, the school, and the classroom. Our interdiscipli-
nary team includes people with strengths in teaching, mathematics educa-
tion, developmental psychology, and linguistics. Individuals lead design
efforts in a particular area and grade level, with repeated consultation from
two to five other people. A unit is sometimes taught by a staff teacher-
researcher, often in active collaboration with a classroom teacher. One or
more team members may be present at any of the teaching efforts to gather
empirical data on classroom acti*.iy. In addition, interview data are gath-
ered from children and teachers, frequently during initial development and
summatively for more final versions of units.

Particular teamn members also assume intellectual and management lead-
ership roles in articulating and directing the theoretical model-building and
writing. These then are adapted to the thinking of team members in succes-
sive reflective discussion cycles. This collaborative research method stimu-
lates a continuing flow of good ideas while enacting our units in the class-
room (a productive interaction of teacher, researchers, and students), dur-
ing project meetings, and in individual work (through voices and perspec-
tives of our fellow collaborators).

Conclusion

In conclusion, we have described a model for research that we call
“Classroom Conceptual Research.” We have introduced and named this
model in order to initiate a dialogue in the field about new research meth-
ods focused on conceptual teaching and learning. We believe that the adop-
tion of this model can enhance the quality of research-based curricular re-
form efforts, as well as the usefulness of the research on which it is based.
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RELATING EQUITY TO CLASSROOMS WHiCH
PROMOTE UNDERSTANDING: IDENTIFYING
RELEVANT ISSUES

Lynn Liao Hodge
Vanderbilt University
Hodgelw@ctrvax.vanderbilt.edu

In this paper, I describe issues of diversity which relate to mathematics classrooms
which promote understanding. These issues are described in the context of a seventh-
grade <lassroom teaching experiment and grounded in relevant literature. The
purpose of the seventh-grade classroom teaching experiment, from the perspective
of diversity, was to identify salient issues to be investigated further in a follow-up
classroom teaching experiment to be conducted fall of 1998. The paper indicates a
direction for future studies examining diversity issues in mathematics classrooms
which promote understanding.

Clearly, students come to school with a variety of backgrounds and
prior experiences. Many complex issues are involved when considering
students of various backgrounds coming together in any educational set-
ting. [ use the term diversity to refer to these broad issues, and here in this
paper, I focus on one facet of issues within the broad area of diversity. In
writing this paper, my purpose is to highlight issues of equity as they relate
to mathematics classrooms which promote understanding. Within diver-
sity issues, conversations centered on equity usually involve the fairness in
how opportunities are presented to students, which may involve funding
and policy considerations and may include access to learning opportunities
in the classroom. Mathematics classrooms which promote understanding
may also be described as inquiry-based classrooms or classrooms consis-
tent with reform recommendations (NCTM Professional Standards for
Teaching, 1991; NCTM Curriculum and Evaluation Standards, 1989). More
specifically, my goal in this paper is to examine ways of conceptualizing
issues of equity as they “play out” in these mathematics classrooms which
promote understanding. To accomplish this, I refer both to relevant litera-
ture and to events from a classroom teaching experiment.

As a member of a research team, I conducted a review of the literature
related to diversity in order to interpret events in a classroom teaching ex-
periment conducted during the fall semester of 1997. The literature review
guided my interpretations of the project classroom in light of diversity. In
this way, the seventh-grade classroom teaching experiment served as a pi-
lot study in which the purpose was to identify relevant issues which would
warrant further, detailed study during the eighth-grade classroom teaching
experiment to be conducted during the fall semester oi 1998,
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Theoretical Framework

My conceptualization of participation and learning ultimately guides
how I make sense of the events of the classroom. The perspective I employ
includes a coordination of the social and psychological processes of learn-
ing which are consistent with the theoretical framework discussed by Cobb
and Yackel (1996). This framework views the social and psychological
aspects of the classroom as inseparable and reflexive. From this perspec-
tive, individual students’ thinking is both constrained and enabled by class
interactions and similarly, whole-class discussions are constrained and en-
abled by the psychological learning process. Moreover, learning is described
in terms of students’ participation in mathematical practices established by
the classroom community.

I use the elaborated framework of Cobb and Yackel (1996) as a means
of conceptualizing events of the classroom as they are situated within the
larger context of the school, the local community, and the wider society.
The framework emphasizes the practices of institutions and the wider soci-
ety, and places individuals’ activity within a context. The relationships
among the classroom, school, and society may be viewed as reflexively-
related. Cast in these terms, individuals are seen as bringing their ways of
participating in these different communities into the emerging classroom
microculture. In this sense, classroom events are not isolated, but can pos-
sibly be accounted for by examining students’ out-of-classroom lives.

In sum, the theoretical framework (a) describes learning in terms of
students’ participation in mathematical practices established by the class-
room community, and (b) situates the events of the classroom in a broader
context. From this perspective, student comments during whole-class dis-
cussions may be viewed as aspects of a negotiation which contribute to the
emergence of mathematical practices, or in other words, student learning.
In addition, the framework points to situations outside of the classroom
when attempting to account for events observed in the classroom.

Data and Methodology

Data were collected during the fall semester of 1997 in a seventh-grade
classroom and consisted of dailyvideo-recordings for a period of twelve
weeks. The purpose of the classroom teaching experiment was to design
and enact an instructional sequence that supported students’ development
of increasingly sophisticated statistical reasoning. Field notes were also
taken to record observations of specific areas of interest such as diversity
and argumentation. In addition, data included observations from shadow-
ing two students from the mathematics class throughout the school day.
The overall purpose of the shadowing was to understand aspects of the
school culture from the students’ perspective as well as students’ diverse
ways of participating in school practices. The shadowing situated the class-
room within the school context so that the events in the classroom could be
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understood from a broader perspective. Data also consisted of video-re-
cordings of student interviews conducted following the classroom teach-
ing experiment. Interview questions addréssed several themes including

the school culture, the classroom culture, and students’ perceptions of math-
ematics.

Issues which Emerged

It is important to reiterate that the purpose of the seventh-grade class-
room teaching experiment, from a diversity perspective, was to identify
the possible issues that would warrant further investigation in the eighth-
grade classroom teaching experiment. At this point, I would like to high-
light three of the relevant issues which emerged.

During the classroom teaching experiment, there existed an irreduc-
ible tension between the mathematical agenda of the research team and the
contributions of the students. More specifically, the tension related to the
teacher’s mathematical agenda and including and building on particular
students’ comments. The example that follows involves discussions con-
cerning the data collection process. Cobb (1998) describes the research
team’s intent of having students talk through the data creation process so
that students might come to view the data as having a history and as a result
of a series of arguments and decisions. During the initial weeks of the class
when discussing how the data were collected, many students seemed to
make extraneous comments which did not relate to the data collection pro-
cess. Tnese comments often involved personal narratives or opinions about
the topics at hand. These extraneous comments made by students were not
included and built upon as part of the whole-class discussions. However,
towards the end of the twelve weeks, most of the student contributions
seemed to clarify the data collection process. In other words, it was the
researchers’ mathematical agenda to have the students talk through and
clarify aspects of the data collection process, but as a result, not all student
contributions were included as topics of discussion. From this perspective,
equity issues of silencing and marginalizing emerged.

The term silencing may be used as a broad term to describe individuals
or groups of people being marginalized through educational practices and
policies. However, when interpreting events of the classroom, a more spe-
cific definition is helpful. Fine (1987) writes of silencing at the school and
classroom level. Her use of the term silencing refers to students having no
voice, their opinions not heard or issues being silenced and not discussed.
She describes one type of silencing in which the topics which really matter
to the students do not become topics of conversation in the classroom. Her
descriptions are consistent with the discussions involving the data collec-
tion process. The example of possible silencing from the statistics class
builds on the work of Fine in that it describes a situation of possible silenc-
ing that is specific to mathematics content. Though the mathematical agenda
was for the students to talk through the data collection process, from an
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equity standpoint, not including or building on the students’ comments might
have been interpreted by the students as silencing. I acknowledge that this
tension between the mathematical agenda and students’ contributions was
an inherent part of our project classroom and is an inherent part of class-
rooms which promote understanding, but it is important for researchers
and teachers to be aware of how these situations may be interpreted by
students.

A second issue is that of how student contributicns in the classroom
were dealt with by other students. From the classroom teaching experi-
ment, it was apparent that students responded to individual student com-
ments differently. Possible conjectures to account for these different re-
sponses included differences in students’ narrative styles and the students’
membership in different groups constituted within the school. The differ-
ences in narrative style might explain students’ different responses to each
other. In her study, Cazden (1981) writes of children having narrative styles
which differ in organization and logic, making some narrative styles more
easy for some individuals to understand than others. This might have been
the case in the statistics classroom teaching experiment. In this sense, per-
haps students in the classroom sharing particular narrative styles could more
easily understand one another. The different student responses might also
be accounted for by how students viewed themselves and others as mem-
bers of particular groups constituted within the school. The idea of a student’s
- membership in a particular group relating to how that particular student
participates in school is reflected in the studies of Ogbu (1988), Matute-
Bianchi (1986), and Fordham and Ogbu (1986). Though these studies deal
specifically with how membership in groups may relate to students’ views
of academic achievement, they point to the possible relationship between
student membership in groups constituted within the school and student
participation in the mathematics classroom.

The third issue is related to the approach used in the classroom teach-
ing experiment to induct the students into a particular type of statistical
argumentation (Cobb, 1998). From this perspective, the students might be
viewed as learning what Delpit (1988) terms the “culture of power.” The
students’ induction into this type of argumentation may be viewed as as-
sisting students in becoming participants in public policy debates which
are often presented in terms of data-based arguments (Cobb, 1998). Since
the claim is that the students are being taught this type of statistical argu-
mentation, it would be important to examine, from their perspective, if
they are indeed learning this particular way of participating. As a result, a
key issue which emerged from the classroom teaching experiment was how
the students perceived themselves as students in the statistics class and

how they perceived themselves as students in their regular mathematics
class.
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In interviews conducted during the spring semester following the class-
room teaching experiment, students were interviewed regarding their per-
ceptions of the project class and their regular mathematics class. Though
the purpose of the interviews was not to understand their specific percep-
tions of themselves as mathematics students in these different classes, the
student comments did indicate that the students viewed aspects of the class-
room microculture as being very different. The following comments of
two students are in response to a question which asked the students to com-
pare their individual participation in the project class and in their regular
mathematics cldss.

S1: Like now she [current math teacher] has on the board we’re going to
have a class discussion over this and you have like a ten minute dis-
cussion and then you just work and you don’t get to talk to other
people in your group about it, but in {the project class] you got to
discuss with the whole class, you got to discuss within your group on
the computer and at your desk. You got like three different discus-
sions for every problem. And it’s not one discussion which often gets
interrupted by people talking to their friends than learning about what
we’re actually learning.

S2: [Referring to the current mathematics class] I don’t think the ones
that we have now are really class discussions because if you don’t
understand something and you ask, sometimes other people, the
people who understand might be like “you don’t understand this”
and they’ll start screaming at you. And sometimes it’s stuff that we’ve
learned already, but she puts it on the board and we’ll have to, have
to sit there and write it down. And a lot of times people are just trying
to write it down as fast as they can so they’ll have it. And they’re not
really paying attention to what they’re writing. It’s not a class dis-
cussion any more, just her taiking...

These comments were significant in that they presented the students’
different perceptions regarding the two mathematics classes in which they
participated. Furthermore, the comments indicated that the students viewed
the two classroom microcultures as being different in terms of the opportu-
nities for class discussions and the nature of the class discussions which
occurred in each class. Since the students viewed the two classes as being
different, its seems possible that they may have viewed themselves as stu-
dents differently in the two contexts. Clearly, further investigation involv-
ing discussions with students will be necessary in understanding the stu-
dents’ emerging perceptions of themselves in the project class during the
eighth-grade classroom teaching experiment. This focus will have to be
introduced as specific topics of conversations with the students during the
follow-up project.
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Conclusion

All three of the issues described relate to the theme of students’ emerg-
ing perceptions of themselves as mathematics students in the project class-
room. From the first two issues, silencing may occur according to how
student contributions are dealt with by both teacher and students. A student’s -
view of himself/herself as being silenced relates to how the student per-
ceives himself/herself as a mathematics student in the class. In addition,
the third issue focuses directly on student perceptions, but relates these
perceptions to the students’ learning a type of statistical argumentation.
This paper highlights the need for further investigation of these three is-
sues in addition to other issues which examine mathematics classrooms
which promote understanding from the perspective of equity.
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THE POWER OF ONE IN A MATHEMATICS
CLASSROOM: LISA AND DIVISIBILITY
BY FOUR

Kathy M. C. Ivey
Western Carolina University
kivey @wpoff.wcu.edu

The impact of student actions on the mathematics in a classroom is documented in
this paper. A classroom episode on rules for divisibility is analyzed in detail to
reveal the impact of one student’s actions on the direction of the mathematical
discussion of the class. The teacher’s role in capitalizing on student conjecture is
acknowledged, but the importance of the student’s role is emphasized. In this
episode, a student conjecture leads the discussion away from a teacher established
routine of state the rule, verify it on a few known examples, and write the rule on
the board. Instead, the class is drawn into a search for a counterexample and the
need to extend the book’s definition of multiple. The discussion resulting from the
conjecture includes justification and pattern examination. In this episode, the
student’s role is crucial to the departure from the routine. Careful examination of
student instigated mathematical exploration is critical to a more complete picture
of the complexity of mathematics classroom life.

The role of the teacher in effecting mathematics education reform is
universally recognized as important. The significance of the roles of stu-
dents in mathematics education reform, however, is not as agreed upon.
Yet, students’ beliefs about their roles, about the teacher’s role, and about
the nature of mathematics are important when examining classroom inter-
actions (Balacheff, 1990). How those beliefs are translated into actions in
the classroom is particularly critical and not well documented. This paper
examines the impact of one student’s beliefs and actions on the content and
organization of one episode in an eighth grade beginning algebra class.

Theoretical Framework

This paper adopts the theoretical framework of philosophical world
views as discussed by Pepper (1982, 1942). Pepper describes four basic
world views: 1) formism, 2) mechanism, 3) contextualism, and 4) organi-
cism. He hypothesizes that each world view has a root metaphor that is
used to explain the workings of the world. For example, mechanism has a
root metaphor of a machine. This particular world view has dominated
much of Western scientific thought. We have used the machine metaphor
to describe the movement of the stars, the workings of the mind, and even
basic mathematical concepts such as function.

Within the framework of world views, an individual’s way of experi-
encing the world is revealed in her way of talking about the world. The
metaphors cr descriptions used can reveal the basic mode in which the
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person experiences the world. Furthermore, the actions of the individual
can also be compared to a world view in order to reveal patterns within
those actions.

Modes of Inquiry

Qualitative methodologies were used in this study because of the na-
ture of the questions investigated (Eisenhart, 1988). In particular, data col-
lection and analysis were guided by traditions of ethnography of commu-
nication and holistic ethnography. Ethnographers of communication are
interested in patterns of social interaction within a particular group (Erickson
& Mohatt, 1982; Heath, 1983; Mehan, 1979), while holistic ethnographers
study the entire culture of a group (Jacobs, 1987). It is my contention that a
classroom represents a bounded group that creates a unique way of living
in that classroom. How that way of life is created depends on how the
individual parts—teacher, students, and curriculum—interact and fit to-
gether. One goal of the larger study was to show that the beliefs and atti-
tudes of the students in this classroom fundamentally influenced the way
life in the classroom was constructed. Using these two modes of inquiry, |
studied students’ actions in the classroom in detail through analysis of vid-
eotapes of individual work and group work. I also analyzed videotapes of
student interviews. These detailed analyses revealed some principles of
organization of behavior and actions of individual students.

Data Sourcec

Because this study considered both the interactions in the classroom
and the beliefs of the individuals who made up the class, a diversity of
methods were used to ensure a large body of data from which to work. This
study was conducted over the course of one school year in an eighth-grade
beginning algebra class in a middle school in the Northwest. The study
class consisted of 30 students, 18 boys.and 12 girls. The students showed a
broad range of ability, prior knowledge, and interest in mathematics. Mr.
Scott, who taught all of the eighth-grade mathematics, had taught for three
years. He was enthusiastic and interested in helping his students to learn
mathematics. He had an obvious love of mathematics which he tried to
share with his classes. Prior to the beginning of data collection, informed
consent was obtained from the teacher, each student, and the parents of
each student. One student chose not to participate and was not included.

Three primary methods of data collection were used to create a large,
varied body of information: participant observations including video and
audio taping, key informant interviews, and document collection (Bogden
& Biklen, 1992). Participant observation was used initially to help focus
the study and to aid in identifying key informants, and-later to help refine
and test the analysis. Daily observations were made from the middle of
September through the end of October, and again from the beginning of
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February through the middle of March. During the rest of the school year,
observations were made two or three times each week. All observations
were videotaped and audiotaped to allow for detailed analysis of class-
room interactions, and field notes were recorded during the observations.
Ten students were identified as key informants through purposeful sam-
pling. These five boys and five girls included both quiet and assertive stu-
dents, and students of apparently high and low levels of ability and interest
in mathematics. The key informants were the focus of whole-class and
small-group observations and were interviewed individually three times
during the course of the study. The first interview concentrated on the
student’s beliefs and attitudes about mathematics, mathematics classes, and
school in general. A second interview of each student focused on the stu-
dent solving several problems aloud. The third set of interviews was con-
ducted at the end of the school year to gain the students’ reflective perspec-
tives on the entire year. All interviews were audiotaped and transcribed for
further analysis. The teacher was formally interviewed at the beginning of
the school year to ascertain his expectations and goals for the class. Addi-
tionally, informal conversations with the teacher were a continual part of
the study. Reports of these conversations were included in the field notes
generated during observations. During the summer after the school year
ended, the teacher and the researchers met to review and discuss some of
the videotapes and our preliminary analysis. This type of member-check-
ing continued throughout the next school year on an irregular basis, as
schedules permitted. All of these meetings were audiotaped and formed
part of the corpus of data. The teacher’s perspective was particularly useful
in determining the extent to which individual students influenced the in-
struction in class. Examples of student work, classroom rules, handouts,
tests, and other assignments were also collected and analyzed.

This paper will focus on only one episode from this classroom and will
concentrate on one student’s impact on the mathematics of that episode.
For a more complete discussion of the students in this classroom and their
actions, see Ivey (1994).

The Classroom Episode: The Rule for Divisibility by Four

This paper examines in detail the actions of one student during a class
on divisibility rules which occurred on September 30. On that day, Mr.
Scott reviewed rules for determining divisibility by two, three, four, five,
nine and ten. Overall, this review lasted 18 minutes and 23 seconds, with 8
minutes and 20 seconds devoted to the rule for divisibility by four. Later,
Mr. Scott, while viewing the videotape of this lesson, attributed the dispro-
portionately large amount of time spent on the rule for four to Lisa’s ac-
tions. The lesson had proceeded in the following routine. Several multiples
of the number under consideration would be listed on the board. Mr. Scott
or one of the students would recall the rule for divisibility by that number.
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Mr. Scott would apply the rule to the examples listed, verify that the rule
worked in each case, and then list the rule in a chart on one end of the
board.

After this routine was followed for the rule for divisibility by four, a
student whom I will call Lisa conjectured a different rule based on the
examples shown on the board. The following numbers were listed on the
board as known multiples of four: 4, 8, 12, 16, 2016, 292, 2808, 652.

Lisa: Only on some of them, it’s not an all of them, if you take
' like, you take the first number and the third number, like on

2016, that’d be eight and it’s divisible by eight, and if you
took the second one, two plus. . ., yeah, two times two is
four, and on the third one, two times eight is sixteen, on the
fourth one six times two is twelve, and if you take the first
number and the last number and you multiply them together.

Mr. Scott: Oh, OK. The first number and the last number, you’re multi-
plying together. OK? That’s very interesting, it seems like
Lisa has. '

Lisa: But it doesn’t work on all of them. It doesn’t work on
twelve and sixteen.

Mr. Scott: OK, it doesn’t work on twelve and sixteen. Maybe it just
works for numbers that are larger than two digit numbers.
Let’s see if we can come up with a three digit number or a
four digit number that that does not work on. Kevin, go ahead
and multiply four by 82. Let’s just see what happens. Maybe
it works and maybe it doesn’t.

Mr. Scott’s response to Lisa’s conjecture was quite different from the
established routine. He did not know whether her rule was vaiid; so he was
not satisfied by verifying that her rule worked in the cases shown. In effect,
he searched for a counterexample. Lisa’s conjecture had moved the class
into an exploratory mode. Mr. Scott had a student produce additional mul-
tiples of four using a calculator; each new multiple was tested using Lisa’s
rule. During this exploration for a counterexample, a different issue arose,
which created a need for mathematical justification. Following Lisa’s rule,
the class tested the number 320 and obtained a value of zero which, if it
were a multiple of four, would indicate that the number was also. Both Mr.
Scott and the students had to extend the textbook definitions of multiple
and divisible to a case previously unconsidered.

Mr. Scott:  320. Well, that’s kind of an interesting one. Three times zero
1s zero. Is zero a multiple of four?

Students:  Yes. No. (5 second pause)

Mr. Scott:  Why is it? Who can argue that it is? Why is it? Lisa?
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Lisa: Because zero times any number is zero.

Mr. Scott:  OK, because it’s four times zero is zero, so you could say
that zero is the zeroith multiple of four. We said the first
multiple of four is four. So the zeroith one would be zero.
OK, so that could work.

To extend this meaning, Mr. Scott asked for justification, which Lisa
supplied. The form of her reasoning was based on the definition as it had
been given in class earlier. Mr. Scott even coined a new term, zeroith mul-
tiple, to further place this extension into the language used to describe other
multiples. The class finally found a counterexample when they tested 316

using Lisa’s rule. ( 3 x 6 = 18 which is not divisible by four, but 316 = 79 x
4 and is a multiple of four.)

Lisa’s Role in the Interaction

Lisa’s actions in this lesson are consistent with her world view—
contextualism. Through analysis of her interviews, Lisa’s contextualism is
clear. She believes that you learn mathematics in the world, and that in
school, you learn the names for what you do. She further believes that it is
important to challenge others and to examine examples for patterns. Gen-
erally, when Lisa answered a question about what students or teachers are
supposed to do in the classroom, she answered as if she were quoting some-
one within the situation. Many of her answers were given as hypothetical
monologues or even dialogues.

The lesson on divisibility was memorable to her. About seven and one-
half months after this lesson took place, I asked Lisa about it. Not only did
she remember the lesson, she very nearly reconstructed her rule from
memory. She also said that she had made the conjecture because “he had
asked us if anybody else knew any more rules.” The videotape of that les-
son does not confirm her memory of this request. The only comment which
I could construe as the source of this part of Lisa’s reconstruction of the
event occurred about eight minutes before she offered her rule. Before hav-
ing someone state the rule for three, Mr. Scott said “I don’t want the answer
yet. I just want some examples. Sometimes we can see a pattern from ex-
amples.” Thus, in what was primarily a mechanistic lesson—rules were
stated with no justification, and examples were given of their uses—Lisa
was able to act in a contextual way.

Clearly, Mr. Scott was responsible for pursuing the investigation of
Lisa’s conjecture. In that sense, it was his actions that led to the richer
classroom discussion. However, without Lisa’s wiilingness to make a con-
jecture, the class would have continued in the pattern that Mr. Scott estab-
lished early in the lesson. Without her search for connections between the
examples listed on the board the class would not have explored for a
counterexample, nor would the need to extend the book’s definition of
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multiple have arisen. The class also reacted to Lisa’s rule by raising their
heads and appearing to follow the action more closely than they had been.
The justification, reasoning, and interest that this episode reveals are di-
rectly related to Lisa’s conjecture. In this way, the power of one student to
change the direction of the class is evident.

This particular classroom episode shows the strong effect that a stu-
dent can have on the education process. In particular, Lisa’s beliefs about
mathematics and about her role as a student were translated into actions
that changed the type of mathematics presented in the class, at least for a
few minutes. Her willingness to conjecture a new rule based on examples
and to extend definitions when the need arose moved the class, with the
teacher’s acquiescence, into a different mode of instruction. Instead of re-

call and verify, the class explored, extended, and justified on their way to
disproving the new rule.

Implications

One way to improve our understanding of the teaching and learning
process is to concentrate on individual as well as whole class interactions.
This paper seeks to deepen our understanding of the role of student beliefs
in the teaching and learning of mathematics through examination of the
effect of one student’s mathematical thinking. Within the latitude allowed
by the teacher, one student can have a positive impact on the type of math-
ematics in the classrcom. Similarly, students can thwart the best efforts of
a teacher to create an exploratory environment. While there is no doubt
that the teacher has a primary responsibility for creating the atmosphere of
the classroom and for the type of mathematics presented, this episode docu-
ments the power of one student to also dramatically affect the type of
mathematical activity undertaken. The scope of the study that underlies
this analysis lends credibility to the story of Lisa and her impact on the
classroom. Other stories of students and their impacts, positive and nega-
tive, could provide important detail in our efforts to capture the complexity
of classroom life and the mathematics encountered in them.
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STUDENTS’ USE OF FUNCTION IDEAS IN EVERYDAY

ACTIVITIES
Joanna O. Masingila Helen M. Doerr
Syracuse University Syracuse University
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The study of students’ out-of-school mathematics practice has been a research
arena that holds promise for insight as to how to help learners build connections
between mathematics and settings that are relevant to middle school students. There
is also a substantial body of research on the conception about functions that are
held by older students. In this paper, we seek to bring these two research strands
together by analyzing and identifying the function ideas which are expressed by
middle school students in their out-of-school mathematics practice. We have found
evidence that students use rich language to describe their ideas of co-variation as
two related quantities change and their ideas about direct dependence (or causality)
as one quantity is determined by another.

Research on cognition and learning has pointed out the need for clos-
ing the gap between learning and doing mathematics in and out of school
(e.g., Saxe, 1991). Furthermore, recent proposals for teaching and learning
mathematics in school have encouraged educators to connect mathematics
with other subjects and out-of-school mathematics practice. The follow-
ing challenge is laid out in the Curriculum and Evaluation Standards for

School Mathematics (National Council of Teachers of Mathematics
(NCTM), 1989):

Problem situations that establish the need for new ideas
and motivate students should serve as the context for math-
ematics in grades 5-8. Although a specific idea might be
Jorgotten, the context in which it is learned can be remem-
bered and the idea re-created. In developing the problem
situations, teachers should emphasize the application of
mathematics to real-world problems as well as to other
settings relevant to middle school students. (p. 66)

However, in order for teachers to help students make these connec-
tions we need to know much more about how students use mathematics in
out-of-school settings. This is relatively unexplored territory, as Pea (1991)
noted: “Even though that field [mathematics education] calls for relevance
of mathematics learned to everyday settings, there has been remarkably
little ethnographic investigation of mathematical activities by children in
settings outside classrooms” (p. 490). This study is part of a larger re-
search project, entitled Connecting In-school and Out-of-school Mathemat-
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ics Practice (a National Science Foundation-sponsored grant, RED-
9550147), whose primary purpose is to examine middle school students’
everyday activities and see how they make sense of things mathematically.
In this particular study, we examine how students’ ideas about functions
and variables arose in the context of their out-of-school activities.

Perspectives and Guiding Frameworks

Students’ conceptions about functions have been (and con‘inue to be)
studied by a large number of researchers in a variety of secondary and
post-secondary settings (c.f. Leinhardt, Zaslavsky, & Stein, 1990; Rom-
berg, Fennema, & Carpenter, 1993). Much is known about student con-
ceptions and misconceptions from this work. The perspectives guiding
this body of research include the representational view which suggests that
students’ understanding develops through a coordination of multiple, often
linked and dynamic representations. Others are guided by an epistemo-
logical view that suggests students’ understanding proceeds from a process
view of functions to a deeper view of functions as mathematical objects in
their own rights (Sfard & Linchevsky, 1994). Much of this research would
suggest that the function concept is appropriate for the mathematical think-
ing of older students. Very little research has examined function thinking
among younger students at the middle school level. In this paper, we hope
to contribute to filling that gap. In our analysis, we will be guided by a
view of functions as arising out of a need to interpret and explain meaning-
ful situations and where both direct, causal, dependency relationships are
posited or exist and where co-variational ideas are used in the students’
interpretation of the context.

Methods and Data Sources

In June 1995, we visited a middle school teacher with whom we worked
later in the project and discussed the project and asked for volunteers. Six
students (five females—Kristen, Robin, Amy, Jessica, and Nicole; one
male—Linus) returned the permission forms and volunteered for the project.
We met with all the students and their parents before data collection began
to explain the purposes and procedures of the project. Throughout the sum-
mer and fall of 1995 we collected data on their mathematics practice out of
school through (a) activity sampling with electronic pagers and logs, (b)
observations of each student in a number of out-of-school activities, (c)
interviews with students about logs and observations, (d) logs kept by stu-
dents and parents, and (e) interviews with students and parents about logs
and their activity.

We met with the respondents prior to the activity sampling and ex-
plained the procedures. The students carried electronic pagers for one week
and completed a sampling form whenever they were signaled. This method
has been used by other researchers with success (e.g., Schiefele &
Csikszentmihalyi, 1995). Each respondent received seven to nine signals
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per day. The sampling form consisted of several open-ended items: (a)
Describe what you are doing.; (b) Are other people involved in what you
are doing? If so, describe who they are; (c) List any objects or tools that
you are using.

We met with the respondents following the activity sampling for de-
briefing and to collect the pagers and sampling forms. We also discussed
what kind of activities the students would be doing in the coming weeks.
We analyzed the sampling forms and, using this information and the infor-
mation about their activities that we obtained through our conversation
with the respondents, we selected several activities in which to observe the
students. Later in the summer, we also asked each respondent to keep alog
of how they used mathematics. The log consisted of pages for four days,
and the respondents were asked to “describe how, where, and in what ac-
tivities you used mathematics today.” for all four days. In the fall we asked
each respondent and a parent to keep a log for four days. The directions
were the same as described above and the students and parents each re-
corded descriptions about their own activities. Every time data were col-
lected—through the sampling form, the log pages, field observations—we
met afterward with the respondents to discuss what they had written and to
ask questions that we had.

Students’ Use of Function Ideas

In our analyses, we have observed a number of areas of mathematical
concepts that we have categorized as function, including the concept of
variable. The concept of function—and closely linked to that, the concept
of variable—has been suggested as an organizing theme for K-12 math-
ematics, but as yet there has been little work to suggest how younger stu-
dents might connect their experiences to function ideas. There is a large
body of research, especially at the secondary level and beyond, concernin g
functions and how the concept of function can be thought of and used in
different ways (e.g., as process or object, as a causal relation or direct varia-
tion, as co-variation). In our observations with middle school students, we
saw function ideas being used as causal relationships, that is, variables
represent quantities that change and functions describe a direct relation-
ship between the quantities. We saw instances of co-variation, where the
focus of the students’ thinking appeared to be on the relationship between
' the change in one quantity with respect to the other quantity.

We observed the students using function ideas in (a) planning when
they scheduled activities and when they made decisions about preparing a
meal; (b) working when they did chores; (c) creating when they made craft
items and when they created music; (d) investigating when they tried to
determine the salinity of sea water, the weight of certain coins, and how
what they saw changed according to the lenses used by the optometrist;
and (e) playing in organized activities, such as soccer camp, and recre-
ational pursuits, such as miniature golf. It is important to note that it is our
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perception that the students are using function ideas during these activities.
However, the students seemed to always understand that there was a rela-
tion between quantities in a situation and they used their own language to
describe this relationship.

Students’ Use of Correspondence Ideas

A common relation we found in many of the play activities involved
the use of angles. In general, the relation was that the angle that was to be
used to accomplish something depended upon another variable or several
variables. In one of our observations, Kristen, Robin and Jessica were
playing miniature golf together. In the interview after the game, the girls
discussed using the wooden blocks and walls in the course to bank the ball
into the hole.

Researcher: So ricochet, or bank, or hit it off the wall—how does that

help you?
Kristen: ‘Cause you go farther without having to bump into a block.
Researcher: Without having to hit twice?
Kristen: Yeah, like the thing (block) might be at an angle but the

ball will go right by it if you hit it at an angle; it will bounce
off the wall and go into the hole. (Observation and Inter-
view, 1995)

The girls also discussed how the location in which they wanted the ball
to end up, and the obstacles that were in the way, determined the angle at
which they hit the ball with the putter.

Robin: Well, it depends on how you want to angle it.

Kristen: It depends on how you gotta hit it. If the hole is over here
and you have to get by the bend, then you have to hit it off
the wall so it will go in the direction of the hole (see Fig-
ure 1A).

Robin: But if you angle the putter this way, the ball will go toward
the hole without bouncing off of anything.

Researcher: What if you decided to bank it, or ricochet it? What if there
was a block?
here, then . . . (see Figure 1B)

Jessica: You’d want to hit it off the block...

Kristen: Well, you’d want to hit it on the biock near the edge so. . .
actually you’d want to hit it over here so it would ricochet
here . .. (see Figure 1C). (Observation and Interview, 1995)

The girls understood that the path of the ball depended upon the angle
at which it hit an obstacle (wall or block). They tried to have the ball hit the
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® ball
A B : C

Figure 1. Location of Ball and Block

wall or the block at a particular angle so the path of the ball after it hit the
obstacle would take the ball closer to the hole. Thus, the function ideas we
observed at use in the miniature golf context were that the rebound path of
the ball was a function of the angle at which it hit an obstacle and the angle
of their putt was a function of the location of the obstacles and the hole.

Students’ Use of Co-variation Ideas

We also saw our respondents using ideas of co-variation. For example,
Linus described the relation between the gas consumption of his lawn mower
and the amount of time he spent mowing.

Linns: I have to fill the gas tank and I sort of have to know how
long a tank will last.

Researcher: How do you know how much to fill?

Linus: Well, since I know about how long it will last, I just watch
the time and when it gets close I just look in the tank to see if
it’s full and if it isn’t, I fill it.

Researcher: Do you know how much gas fits in the tank?

Linus: No, because it doesn’t matter; I just fill it up. (Interview,
1995)

Linus understood that the amount of gas that is used by the lawn mower
depends upon how long he runs the mower. He also appears to measure the
amount of gas the tank will hold not by a capacity quantity, but by a time
quantity.

Before going to swim camp for a week, Amy went to the store with her
mother and was allowed to spend $2.00 to buy some candy to take with her
to camp. In discussing her purchases in an interview following the shop-
ping, Amy described how she made her purchases.



Amy:  When I picked out items, I had to check to see how much it
costs. Some were 5¢, some were 10¢, and a bunch were
20¢. 1 had to decide if I wanted lots of little candies, or
fewer bigger ones, or to trade a 20¢ for two 10¢ ones or for
four 5¢ ones . ... (Interview, 1995)

As Amy discussed how she made choices of candies, it appeared to us
that she was weighing the number of each type of candy (i.e., 5S¢ candy,
.10¢ candy, 20¢ candy) while needing to stay within her limit of $2.00. We
saw that she was considering the relationship between the change in the
number of candies and the change in the total cost.

In another situation, we watched Linus as he demonstrated how he
manipulated his remote-controlled boat, and how he learned to have it spin
around while remaining under his control.

Linus: I want the boat to be going fast and straight for awhile and I turn
it sharp and it spins around and comes back, or it does a loop and keeps
going. I learned to do that by trial and error—-I had to keep turning it a little
and see how the boat turns, then I turn it a little more. (Observation and

Interview, 1995)

We noted that when learning to manipulate his boat, Linus has focused
on the relationship between the change in how much and in what direction
he moved his control and the action of the boat.

We continue to analyze the data from these respondents to understand
(a) how they are making sense of phenomena they encounter in their out-
of-school activities, and (b) how early thinking about functional relation-
ships may arise. '
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MATHEMATICS POWER: DEVELOPING THE
POTENTIAL TO DO WORK*

Rodney E. McNair
University of Delaware
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In this paper I investigate the relationship between students’ interpretations of their
environment and their inclination to use mathematics as a means to organize their
interpretations. It is argued that students make conscious choices about what to
attend to when interpreting a situation and that these choices may influence their
potentials for and inclination toward the development of mathematical ‘power.

Mathematical power is the potential to do work. For human beings,
work is a series of actions directed at accomplishing a particular goal,
and so the need for mathematical power is developed through and
structured by the socio-cultural activities that determine what goals and
purposes are adopted. Of course the mathematical power that a person
develops or needs is not limited to the mathematics they need in any
given situation. The generalizability of the work done with mathematics
adds to its potential to do more work. Studying this generalizability in
the abstract develops more mathematical power and prepares a person to
handle work that may confront them in the future in more efficient ways.

How much mathematical power does a person need, and how much
extra power can he or she be expected to develop? The last question, I
believe, is a matter of personal need and preference. Just as some people
will develop the power to lift 500 pounds, while others will not, some people
will develop much more mathematical power than they may ever need and
others will not. The first question is more complex and involves both ques-
tions concerning the nature of the person’s environment, their interpreta-
tion of their environment and questions concerning how much
generalizability is required to accomplish the work in an efficient manner.
In this paper I will deal with the question of how a person’s interpretation
of their environment may impact the need to develop mathematical power.
The argument is that the way a situation is interpreted will determine what
work is appropriate and so how much mathematical power may be needed
and developed.

To investigate this issue data collected from interviews with thirty-
nine students were analyzed to determine how their interpretations of a
situation might or might not support the development of mathematical
power. Results indicate a wide range of interpretations and so potentially a
wide range in the amount of mathematical power that would be needed.
Before discussing the interviews, analysis, and results, I will provide a brief
discussion of the theoretical framework that guides this research.
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Theoretical Framework

Mathematics is developed as a result of generalizations of actions taken
to deal with our environment. This fact is evident in the work of Piaget
(1970) and Steffe (1991) who take a meta-level look at the cognitive pro-
cesses involved in developing units, pluralities, and collections through
interactions with elements in the environment. The connection between
interactions with the environment and mathematics is also the central theme
of research in ethnomathematics (D’ Ambrosio, 1990). In addition,
ethnomathematics also emphasizes the influence of culture on our interac-
tions with the environment and the development of mathematics. One im-
plication of this research is that if mathematics is generated through inter-
actions with the environment then this is also the way it should be taught
and learned. Freudenthal (1983) presents a theory of teaching based on the
idea that mathematics organizes experience in particular ways. The way a
situation is organized will depend on how the situation is interpreted. In
any situation there may be better and worse ways to organize information
and so mathematics may play a greater or lesser role in that organization.

A second implication of research that investigates the relationship be-
tween the development of mathematical ideas and interactions with the
environment is that mathematics learning and mathematics instruction
should remain close to the students’ experience. Dewey (1902) puts forth
these arguments. It is the child’s interaction and investigation of their en-
vironment that sparks the desire to learn. Dewey (1989) also discusses
three stages of curiosity that can lead to a sustained investigation of the
environment. The first stage, the organic stage, involves general surveying
of the environment. This is not a focused activity, instead it involves be-
coming aware of the things in ones environment in a more or less random
order. The second stage of curiosity is more social and involves the asking
of questions such as “What is that?” and “Why?” Dewey states that these
Guestions are not a demand for rational explanation but simply an attempt
to enlarge one’s experience. The organic and social stage of curiosity lead
to an intellectual stage of curiosity where a sequence of questions and in-
quiry are bound by some distinct end. Each stage represents a different
level of interaction with, and level of interpretation of the environment.
Thus, each stage represents a different potential for developing a need to
do or use mathematics.

The first two stages of Dewey’s three stages of curiosity can be seen in
the interpretation of the environment or a specific situation. Interpreta-
tions deal with the central question of “What is this?”, and may lead to
initial questions concerning surface level relationships between objects in
the environment. These questions might lead to intellectual curiosity that
supports the development of mathematical work. Thus, an analysis of stu-
dents’ efforts to interpret events may provide insights into the ways that
their individual interaction with the environment may shape their math-
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ematical potentials, which would in turn shape their inclination and need to
develop mathematical power.

Methods

To investigate these issues thirty-nine subjects were asked to provide
several different interpretations of an event shown to them on a video tape.
The subjects were asked to describe a drag race as if (1) describing it to
someone who did not see the race, (2) from the driver’s perspective, (3)
from an historian’s perspective and (5) from a mathematician’s perspec-
tive. Interviews were conducted at three different times. The data ana-
lyzed here includes three students that were interviewed in the summer of
1996, sixteen students who were interviewed in the summer of 1997 and
twenty students who were interviewed in the fail of 1997. All of the stu-
dents were between the ages of thirteen and fifteen from a variety of schools
and cultural backgrounds. The students’ interviews were video taped and
transcribed for analysis.

Analysis

What gets noticed in a given situation is the first stage of curiosity and
determines what kinds of processes and concepts will be necessary or use-
ful in organizing the experience. Taking a perspective on the situation is
the second stage of curiosity, and focusing that perspective toward a spe-
cific goal is the third stage. The interviews di: sussed here were not in-
tended to reach stage three. Instead the intent was to understand and iden-
tify what students, individually and as a group, noticed in the video, and
also how their focus changed when they were asked to take a different
perspective. .

Interviews were analyzed to identify the specific concepts mentioned
by the students when describing the drag race form each of the different
perspectives. An initial list of the subjects and predicates of each utterance
was developed. Items in the list were then placed into ten general catego-
ries. The categories included Distance, Speed, and Time, Event (included
utterances that identified the event as a drag race), Describing the Compe-
tition , Referencing People,_Process/Function (engines, brakes, stopping
etc.), Physical Features, Emotions/ Cognition, Mathematical Operations,
Narrating the Race, and, Miscellaneous. The perspective that generated
the response was also coded. This made it possible to identify differences
in the things referenced by the subjects from each of the different perspec-
tives. A sample of the coding categories is contained in Figure 1, which
summarizes the number of references per category by perspective for stu-
dents 1A through 2E. The numbers in the cells represent which perspec-
tive generated the utterance.

The resulting charts were analyzed to identify patterns and characteris-
tics of the subjects’ descriptions that could be associated with the chan gein
perspectives they were asked to make. Finally the resulting patterns and
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Response Categories 1A 1B 1F 2A 2B 2C 2D ZE
Distance, Speed

and Time 125 135 5 15 5125 15
Event 1 1 1T 1 1
Describing the

competition 15 5 23 1 13 1 13
Referencing People 3 1 1 1 13 - 1
Process

/ Function’ 5 135 35 5 3 5 1 1
Physical Features 1 1 5 1
Emotions / Cognition
Mathematical 5

operations*
Narrating the Race 2
Misc 1 25 3 3 35 13 325

Figure 1. Sample of response coding into ten major categories

characteristics were used to make inferences concerning the mathematical
potential that might exist in the subjects’ description of the drag race.

Resuits and Discussion

There was great variation in the responses generated by individual stu-
dents. Within the ten major categories described above no fewer than 73
different referents were addressed by the thirty-nine students that were in-
terviewed. This is significant because it means that as a group there are
very few if any aspects of the drag race that were not mentioned by the
students. This would suggest that had all thirty-nine students been present
at the same time they would have the potential of producing a comprehen-
sive description of the drag race. This means that as a group they could
complete the first stage of curiosity in a manner that would hold great math-
ematical potential. However, it is not clear that a group discussion of the
video would have generated the same robustness in the students’ responses.
The results here emphasize the importance of maximizing student input by
encouraging divergent responses and individual thinking during initial class-
room discussions.

Individual subjects varied greatly in their interpretations of the drag
race, and across perspectives subjects varied their responses to a lesser or
greater extent. The comprehensiveness of the sum of each of the subjects’
responses also varied greatly. Again, this variation between subjects’ re-
sponses emphasizes that all students will not interpret a situation in the
same way, even when asked to use the same perspective. This might sug-
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gest that very different kinds of mathematics would be useful in organizing
the situation for different students. The variation within the subjects’ re-
sponses from each of the different perspectives suggests that they made
conscious choices about the things they referred to when taking each of the
different perspectives. This implies that their account of the drag race from
any one perspective was incomplete. Thus it is a combination of perspec-
tives that provides the most detailed description and so the best foundation
for the development of the second stage of curiosity. More importantly is
that there were students who made comments from the mathematical per-
spective that they felt were inappropriate in the other perspectives. This
result has implications for how useful students found a mathematics per-
spective in describing the event.

While there was great variation in many of the subjects’ responses there
were some subjects whose responses were more consistent across perspec-
tives. For those subjects whose responses showed this consistency and
that responded to the mathematical perspective, mathematics may be a more
integrated part of their general interpretive frame work. For example, some
subjects’ descriptions of the drag race from all perspectives included a fo-
cus on the Distance, Speed, and Time category. As they switched perspec-
tives, they simply changed the way they thought about distance, speed and
time. One student responded in the following ways to each of the different
perspectives.

General: “Well, they were racing cars, drag racing-they were com-
paring how fast the cars were going, who was a head
and come of the race track showing a picture of an en-
gine. I am guessing that it would be like a really fast
engine they put on display.”

Driver: “In my opinion scary! I would be afraid of getting hit by
the car. It would be neat though. You are really low to
the ground and you go really fast.”

Historian: We have an historian at our school. I ran for it - but I
didn’t make it. I would say it was a fast action race -
crowds were yelling, a lot of excitement. That’s about it
basically.

Mathematician: The car is doing 174.6 miles an hour, which is twice as
fast as #3 who is going half the speed of #54.

Here we see that speed plays a role in all four responses. This subject
integrates a mathematical perspective in her general description, “Compar-
ing how fast the cars were going”, which she makes more explicit in the
mathematical description giving numerical values for speeds and making
accurate measurements. For this subject, using mathematics is a good way
to organize the experience from all perspectives. Fourteen of the thirty-
nine subjects discussed speed in th~ir general description and again from
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the mathematical perspective. However, their general description mostly
involved stating the speed or comment on how fast the race was. They did
not suggest comparisons as in the last example. Eight subjects failed to
mention speed time or distance in any of their four descriptions. Three
students referenced speed time or distance from one of the perspectives but
then not from a mathematical perspective, while seven students mentioned
speed time and distance only from the mathematical perspective.

The implication of these findings is that students vary greatly in the
way that they interpret a situation or event. The degree to which math-
ematics becomes-an efficient way to organize information also varies greatly
from student to student. Thus the mathematical potential of their interpre-
tations and so the amount of mathematical power they may be incline to
develop may also be reflected in their descriptions. The implication for
teaching mathematics is that students must learn how to see the world in
mathematical ways which will require using multiple perspectives to de-
scribe their environment. Teachers must be more sensitive to how students
currently see the world since it is their views and interpretations that will
lead to the development of work that requires mathematical power.
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USING THE METAPHOR OF VOICE TO INVESTIGATE
THE MATHEMATICAL EXPERIENCES OF
AFRICAN AMERICAN STUDENTS

Vivian R. Moody and Patricia S. Moyer
The University of Alabama
vmoody @bamaed.ua.edu

This paper preserits the results of a research study that used the metaphor of voice
to investigate the mathematical experiences of two African American female college
students. The study examined the students’ perceptions of and responses to their
mathematical experiences. The study particularly sought to determine how these
students viewed their experiences in mathematics classrooms, how they dealt with
barriers and obstacles in their mathematics education, and what factors contributed
to their succeeding in mathematics.

Several research studies document the low mathematics achievement
of African American students while ignoring or silencing African Ameri-
can students’ voices. This is problematic because it places an emphasis on
unsuccessful African American students which has the propensity to lead
to stereotypes or generalizations (Matthews, 1984). Operating on the
premise that African American students’ voices have been ignored or si-
lenced much too often in the literature, the metaphor of voice was used as
the basis of this study. “Voice refers to the discourse that is created when
people define their own issues in their own ways, from their cwn perspec-
tives, using their own terms—in a word, speak for themselves” (Secada,
1995, p. 156). The African American students’ voices in this study denote
their perceptions of and responses to their experiences with school math-
ematics.

The objectives of this study were to: (a) identify the African American
students’ perceptions of their mathematics classroom experiences, (b) iden-
tify the students’ perceptions of how their ethnicity affected their math-
ematical experiences, (c) determine how the students dealt with barriers,
stereotypes, and/or obstacles in their mathematical experiences, and (d)
identify factors that contributed to their succeeding in mathematics.

Theoretical Perspectives

Since race and ethnicity are catzgories laden with cultural beliefs and
biases that are often unconscious, it is essential to consider cultural orien-
tations when studying the role of race and ethnicity in students’ mathemati-
cal experiences. How students perceive and respond to their experiences
in mathematics classrooms is influenced by their cultures, orientations, and
their social realities.

Ogbu (1986) argued that African Americans tend to act in various ways
(e.g., resistance to school) that are in opposition to dominant culture. He
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termed this resistance, cultural inversion. “Cultural inversion may be de-
fined as a tendency to regard a cultural behavior, event, entity of meanings
as not [African American] because it is characteristic of Whites or vice-
versa” (Ogbu, 1986, p. 48). Ogbu asserted that cultural inversion is mani-
fested in education in the sense that academic success is perceived by some
African American students as characteristic of White culture. Thus, those
African American students who are successful in school are condemned as
“acting White.” Ogbu stated that cultural inversion is a coping mechanism
that some African American students use to coexist with dominant culture.

Somewhat analogous to Ogbu’s notion of cultural inversion, Fordham
(1988) found the anthropological concept fictive-kinship useful in studying
the social identity and cuitural frame of reference among African Ameri-
cans. Fictive-kinship refers to a “kinship-like connection between and
among persons in a society, not related by blood or marriage, who have
maintained essential reciprocal social or economic relationship” (Fordham,
1988, p. 56). Fordham asserted that the fictive-kinship extends beyond
skin color and incorporates a particular mind-set or world view of those
persons who are considered to be African American. Further, the fictive-
kinship symbolizes a particular “people-hood” in opposition to the prevail-
ing White society. The collective ethos of the fictive-kinship (or indig-
enous African American culture) is challenged when African American
children enter school and are faced with the individual ethos and competi-
tiveness of dominant culture. This causes some African American students
to experience ambivalence in their schooling. There is a struggle between
the two systems (fictive-kinship and dominant cuiture ethos), and African
American students’ conformity to one of the systems challenges their loy-
alty to the other. Thus, some African American students remain affiliates
of the fictive-kinship, and to legitimate their membership in the indigenous
African American culture, they ensure their failure in school. Conversely,
those African American students who assimilate into the school culture
and minimize their connection to the indigenous African American culture
are more likely to succeed in school. These African American students
minimize their relationship to the African American community and the
stigma attached to being African American to improve their chances of
succeeding in school. They take on a persona of “racelessness,” which is
“the desired and eventual outcome of developing a raceless persona, and is
either a conscious or unconscious effort on the part of such students to
disaffiliate themselves from the fictive-kinship system” (Fordham, 1988,
pp- 57-58).

In this study, the authors found Fordham’s (1988) theory of racelessness
and Ogbu’s (1990) notion of secondary educational strategies useful in
conceptualizing particular factors that contributed to the African American
students’ succeeding in mathematics. Ogbu (1990) defined “secondary
educational strategies™ as strategies African American students use to
achieve some measure of school success. These strategies consist of Afri-
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can American students disaffiliating themselves from African American
culture in favor of White culture, camouflaging academic striving, and re-
lying on parental support and the support of educators.

Methodology

This study employed a phenomenological research strategy. Phenom-
enological research describes subjective experiences of individuals (Tesch,
1984, 1987). It is aimed at interpretive understanding and describes indi-
vidual experiences from the viewpoint of the individual (Tesch, 1984).
Phenomenological research explores the personal construction of a person’s
world through in-depth, unstructured interviews and other data sources
(Tesch, 1987). Data were collected in the form of initial surveys, autobiog-
raphies, and interviews to explore life histories of the participants in the
context of their mathematical experiences.

Phenomenological research involves a back-and-forth movement be-
tween a phase of thinking and analyzing and a phase of data gathering,
which is analogous to constant comparative analysis (Strauss, 1987). Sur-
veys and autobiographies were used as data sources, were analyzed, and
were then used as stimuli to gather more data during interviews. The first
stage of the analysis occurred parallel with and informed subsequent data
collection. During this first stage of analysis, particular themes were sought
that were preeminent in the participants’ voices.

The second stage of analysis received most attention at the end of data
collection. The objectives of the study guided the search for invariant themes
and patterns that emerged from the data. Particularly in this second stage,
the authors sought to explicate, interpret, and make sense of the invariant
themes in terms of particular theoretical constructs.

Results—Dissonant Voices

Ashley’s Voice

Ashley’s perception of her mathematical experiences can be character-
ized as a struggle. When Ashley talked about her mathematical experi-
ences, she emphasized fighting battles and dealing with conflict. Rather
than dealing with any difficulty of the mathematics itself, Ashley’s struggle
was couched in interacting with students, teachers, and school administra-
tors and in contending with peer criticism. Frequently, Ashley talked about
her mathematical experiences and racism in the same breath. Ashley wrote
in her autobiography about her experience in a White mathematics teacher’s
class:

My best friend [ Amber] and I were the only Black students in [Mr.

Miller’s Algebra I] class. We could tell that Mr. Miller was bum-

ing with anger because we were smart enough to be in his class.

When Amber asked him for help, he would just say, “Go figure it

out; you have abook.” On the other hand, I refused to ask him for

anything because I was determined to be successful without his
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help. His racist jokes, ugly glares, and superior feelings only gave
me the power I needed to defeat him. What I mean by “defeating”
him was proving that I could make good grades and learn algebra
despite his feelings. (Autobiography, 7/11/96)

Ashley used the strategy of taking on the persona of racelessness
(Fordham, 1988) to succeed in mathematics. Employing the raceless per-
sona meant that Ashiey disaffiliated herself from and minimized her con-
nection to the fictive-kinship or indigenous African American culture.
Ashley stated,” I guess I just did what I had to do to achieve my goals. That
means that sometimes I would be someone else. 1 mean not really change,
but sometimes you wear a mask. . . . I had to do that in order to be success-
ful and I don’t even know if I should have done that, but that was my main
goal then.” (Interview 1, 6/27/96)

Ashley’s notion of wearing a mask was prolific in how she talked about
succeeding in mathematics. She commented that in high school most of
her African American peers were in lower level mathematics courses while
she followed an advanced coliege preparatory track. She stated that she
felt as if she was disassociating herself from African American culture to
succeed in mathematics. Consequently, Ashley was ridiculed by her Afri-
can American peers as acting White.

Ashley used secondary educational strategies (Ogbu, 1990) such as
parental support and caring educators to help her contend with the negative
aspects (1.e., racism, peer criticism) of her mathematicai experiences. Ashley
stated that her mother and grandmother pushed her to do well in mathemat-
ics, set high expectations for her, and encouraged her when she encoun-
tered racism and peer criticism. Ashley commented that caring educators
also pushed her to do well in mathematics. Moreover, African American
mathematics teachers helped her remain in advanced mathematics courses
by acting as role models who had succeeded in mathematics themselves.

Sheilah’s Voice

Sheilah’s perception of her mathematical experiences can be charac-
terized as a challenge. Sheilah’s challenge was couched in the mathemat-
ics itself rather than in the social milieu of schooling. When she talked
about encountering difficulty in her mathematical experiences, she specifi-
caily referred to grasping the mathematical content of her abstract math-
ematics courses.

Sheilah used secondary educational strategies (Ogbu, 1990) or support
systems such as parental support and caring educators to succeed in math-
ematics. Shetlah’s mother represented a model of someone who had suc-
ceeded in mathematics since she had received a master’s degree in math-
ematics. Sheilah stated that when she was faced with difficulty in her math-
ematical experiences, her mother constantly reminded her “not to quit and
to stick with it.” For example, Sheilah contemplated dropping Real Analy-
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sis during her graduate studies, but her mother intervened and convinced
her that she was capable of succeeding in this course as well as any other
mathe:natics course.

Caring- educators also played a significant role in Sheilah’s success
with school mathematics. Sheilah stated, “I had several good Black female
mathematics instructors, so I knew that we [emphasis hers] could handle
mathematics” (Autobiography, 7/9/96). These educators seemed to have
served as role models and perhaps evidence that African Americans can
become successful with school mathematics.

Concluding Remarks

Using a phenomenological approach to conducting this study was key
in this research reflecting research with African Americans rather than. re-
search about African Americans. As a consequence, this study adds voice—
a missing and valuable commodity—to the mathematics education litera-
ture. It is impertant that we as mathematics educators not only listen to
African American students’ voices but that we also frame issues and pose
questions based on what we hear. .

Ashley’s and Sheilah’s voices indicate that their perceptions of their
mathematical experiences and their responses to these experiences were
paramount in their succeeding in mathematics. Ashley perceived her expe-
riences as a struggle and believed that the ideologies of schooi culture were
imposed upon her. However, her response was not to resist these imposed
ideologies but to conform to them in order to succeed in mathematics. By
contrast, Sheilah perceived her mathematical experiences as a challenge,
and her response was to work hard and persevere to reach an achievable
goal. The key for Sheilah was that her goal was always achievable.

The dissonance of Ashley’s and Sheilah’s voices teaches us that we
can no longer afford to misconstrue notions about African American stu-
dents in general. The more we know about different voices and understand
the complexity of voice, the better equipped we will become to improve
the mathematical experiences of African American students.
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YEAR-ROUND EDUCATION: AN AID FOR OVERCOMING
PEDAGOGICAL CONSTRAINTS?

Michael D. Hardy
University of Southem Mississippi Gulf Coast
michael.hardy @usm.edu

In 1983, the National Education Commission recommended reallocat-
ing time for learning within the school day or year. Accordingly, we need
to investigate the impact of alternative organizations of time (e.g., longer
school days, block scheduling, or year-round education [YRE]) on teach-
ing and learning. YRE is defined here as a school calendar that arranges
instructional and interim periods so as to use school facilities during virtu-
ally every month of the year to teach the majority of the student population.
Proponents of YRE cite potential benefits such as increases in- students’
learning and retention, a decreased need for reviewing content, improved
standardized test scores, and increased time for teachers’ professional de-
velopment.

A case study of Sharon, a middle school mathematics teacher in an
economically disadvantaged community, was used to gain insight into her
interpretive lens for making sense of her educational experiences. Specifi-
cally, I investigated both her constructions of experiences that she described
as sustaining or constraining to her efforts to implement nontraditional in-
structional practices and her justifications for those constructions. I identi-
fied constraints such as student resistance, uncreated mathematical con-
nections, and time limitations. It is the constraint of time, and the potential
for YRE to help alleviate such constraints, that I will explore herein.

Sharon strove to frequently utilize activity-based instruction. However,
she asserted that planning nontraditional activities takes a lot of time, and
her time seemed “to be eaten up with other things” (e.g., behavioral man-
agement, grading, and other managerial details). Other factors such as stu-
dent resistance, Sharon’s construction of her role as an educator, uncreated
mathematical connections, and limited engagement in critical reflection
also contributed to the inconsistencies between Sharon’s vizion of ideal
teaching and her practice. However, YRE could offer teachers such as Sharon
more frequent and extensive periods of time to investigate resources, plan
instruction, and learn subject matter. Likewise, YRE could provide instruc-
tors with more frequent opportunities for critical reflection and participa-
tion in support networks to stimulate such reflection, as well as support for
implementing nontraditional teaching methods essential to sustaining such
efforts. Accordingly, a shift to YRE may benefit both teachers and stu-
dents.

83 183



INSTRUCTIONAL REFORM IN MATHEMATICS AND
SCHOOL CHANGE: A CASE STUDY OF AN

ELEMENTARY SCHOOL
Roland G. Pourdavood Lynn M. Cowen
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Lawrence V. Svec
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Reforming mathematics teaching and learning has been addressed by
the mathematics education community.

However, how to lead and what impact such a wide-ranging, complex
reform would possibly have on school change needs more investigation.
Therefore, the purpose of this case study is to investigate the complex na-
ture of mathematics reform in a elementary (K-4) school were the educa-
tors are leading and implementing major reforms. The primary research
questions are (a) What did initiate the mathematics reform and how did it
evolve?, and (b) What strategies were developed to facilitate, guide, and
sustain this reform process? '

The initial instructional changes in mathematics were mechanical, for
although new materials and content were integrated into mathematics class-
rooms, there was little evidence of fundamental change in teachers’ belief's
and practices. As the reform evolved, many teachers struggled to make
mathematics teaching and learning relevant to students’ experiences. Some
teachers discarded their dependency on mathematics textbooks, wrote math-
ematics instruction, and designed performance task assessments to moni-
tor students; growth over a period of five years. The teacher and principals
researched and collaborated with university and secondary mathematics
educators to better understand mathematics content and to develop their
own pedagogy grounded in constructivism. Beyond instructional change,
the reform ignited major changes in school structure and leadership (roles
and relation).
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CULTURAL DIFFERENCES IN EIGHTH GRADE
MATHEMATICS: A CASE STUDY OF A

JAPANESE LEP STUDENT
Mary Ellen Schmidt Aki Duncan
The Ohio State University Discovery School
schmidt.22@osu.edu duncan.51 @osu.edu

Diversity exists among students in today’s classrooms. When cultural
differences exist between student and teacher, misunderstandings in learn-
ing may occur. This study examined the effects of cultural differences in a
mathematics classroom. The general questions were: What factors influ-
ence the Japanese Limited English Proficient (LEP) students’s adjustment
to the new school setting? What factors influence his mathematics learn-
ing?

The primary method of study was participant observation, conducted
over five weeks. The triangulated data sources included observational field
notes, interview transcripts, and a content analysis of artifacts. Three broad
categories emerged: teaching difference between cultures, communication,
and assessment/evaluation.

The study found that the cultural differences between American and
Japanese perspectives of learning mathematics and the ways the subject is
taught, influenced the student’s adjustment to the new school and his math-
ematics learning. Communication difficulties existed between student and
teacher, and school and family. The traditional teaching and assessment
methods discouraged the diverse ways of thinking which he was accus-
tomed to in the Japanese classroom, thus limiting his expression of math-
ematical knowledge and thinking. As a result, little “new” mathematics
learning occurred; instead, he learned the teacher’s procedures for doing
mathematics.

Although this study reports the case of one student, it is reasonable for
educators to be concerned about its implications for other LEP students’
mathematics learning. In what ways do cultural differences inhibit students’
mathematics learning?

Note: Preliminary analysis of ninth grade data indicates that “new”
mathematics is learned in his weekly Japanese Saturday School class rather
than in the local school mathematics class.
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NCTM STANDARDS: AN IMPETUS FOR A NATIONAL
CURRICULUM?

Lecretia A. Buckley
University of Illinois
lawilson@students.uiuc.edu

The National Council of Teachers of Mathematics (NCTM) has pro-
posed national standards in mathematics which include content standards,
performance standards, and opportunity-to-learn standards entailing three
of the four categories of standards given by Lewis (1995). The remaining
category is world-class standards or those described in Goals 2000. Do
standards, in general, promote a national curriculum? Does a national cur-
riculum create a more effective public education system? This paper seeks
to illuminate these questions.

Allen and Brinton (1996) contend that American public schools would
benefit from a national curriculum in four areas: (1) mobility, (2) equity,
(3) obsolescence, and (4) accountability. Disadvantages of a national cur-
riculum include: (1) lack of local control, (2) loss of parentsi ability to
control family values instilled into their children, (3) de-emphasis of basic
skills through emphasis of critical thinking, (4) extensive teacher develop-
ment, and (5) a perpetuation of the status quo if the standards are used as
measurement devices. Mathematics instructors must be familiar with sev-
eral standards while also trying to cater to inter-disciplinary learning. Math-
ematics educators are considering the effects of assessment standards of
proposed content and to explore alternative means of assessment such as
rubrics and portfolios. Although national standards and a national curricu-
lum are different entities, their relationship to one another also zlerts math-
ematics educators to possible tensions that accompany cumulative change

influenced by the implementation of a national curriculum and the adher-
ence to national standards.
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FEMALE PARTICIPATION AT MATH CONTESTS:
EFFECTS OF SCHOOL SIZE AND THE USE
OF TECHNOLOGY

Todd M. Johnson
Illinois State University
Johnson@math.ilstu.edu

While observing the Illinois State Math Contest, I noticed an unequal
distribution of male students and female students at the Team Calculator
Event and the Team Rely Event. At the Team Calculator Event, tables of 5
students representing a school used calculators to solve mathematical prob-
lems. Student from schools with large enrollments (AA Division) sat on
one side of the room. Students from schools with small enrollments (A
Division) sat on the other side of the room. At the Team Relay Event, rows
of students representing a school sat facing the same direction. A problem
set was given to the first student jin each row. After a student completed the
assigned problem, the student passed the set of problems to the next stu-
dent on their team. A team was done after each student on the team had
completed their problem correctly. Results of my tally of the number of
students participating in the two events are presented in Table 1.

More female students who participated in the two events were from

Table 1
Participation at the State Mathematics Contest

AA calculator A calculator  AA rely Arely
number of males 149 66 130 62
number of females 15 34 58 18

Division A schools than from Division AA schools. A Chi-square test for
homogeneity for the number of males and the number of females partici-
pating in the two events from Division A Schools and from Division AA
Schools was significant (45.6 > 6.6 Chi-square df = 1 alpha = .01).

More female students participated in the Team Relay Event than the
Team Calculator Event. A Chi-square test for homogeneity for the number
of female students and the number of male students participating in the
Team Calculator Event and the Team Rely Event was significant (42.4 >
6.6 Chi-square df = 1 alpha = .01).
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MATH CAMP: AN INNOVATIVE EDUCATIONAL

PROGRAM
Anita Narvarte Kitchens Jeannie Hollar
Appealachian State University Lenoir-Rhyne College
Kitchnsan @appstate.edu Hollarj@lrc.edu

Many high school students continue to enter mathematics courses feel-
ing as if they are under-prepared and have little ability to be successful. In
addition, many high school students spend part of their summer months
attending sports camps on university campuses. These camps promise to
teach the basics of the sport and to sharpen the skills of all participants.
Math Camp was designed to help meet the mathematical needs of all levels
of high school students within a format modeled after a typical basketball
camp. The objectives of the camp were:

* to give students a head start in math right before school starts

* todiscuss the affective components of learning and thus help students
realize that they can do math (internal control) if they know how to
play the game

* to critique the thinking of students through discussion of hands-on
work at the chalkboard

Seventy-five students attended the First Annual ASU Math Camp which
met in the evenings during the first week of August, 1997. The format of
the camp included three instructors (each in a classroom), 9 heterogeneously
mixed teams each with a coach, and three teams per classroom. Three top-
ics per night, drill, practice, team competitions, and individual hot-shot
competitions comprised the first 2 hours and 45 minutes of each evening
with the last 15 minutes going to snacks, socializing, games, and announce-
ments of the daily winners and cumulative team scores.

Evaluations from participants, coaches, instructors, parents, and teach-
ers (during the following school year) were every positive. Students left
Math Camp with a personal strategy for success to begin high school. They
felt more confident in knowing how to “play the game” that we call math.
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SYMBOLISM AND SEMIOSIS IN GRADUATE STUDENTS’
ETHNOMATHEMATICS PROJECTS

Noiina C. Presmeg
The Florida State University
npresmeg @ garnet.acns.fsu.edu

In an attempt to understand processes involved in connecting students’
cultural activities and formal academic mathematics at all levels, semiotics
(study of semiosis) has provided a fruitful research framework. Through
semiosis (activity of signs), and in particular chaining of signifiers, cul-
tural practices in a “systematization of relationships” which was to Ada
Lovelace the essence of mathematics (Noss, 1997). Examples are given of
chaining of signifiers in diagrams which illustrate graduate students’ con-
struction of mathematics from practices which are authentic to their own
cultures in some way. Chosen from a bank of 119 projects, illustrations of
chaining of signifiers in mathematics of cultural practices include moun-
tain, bike mathematics (USA), dominoes (Cuba), Hanukkah candles (Is-
rael), and the Jamaican national flag.
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THE IMPACT OF A SECONDARY PRESERVICE
TEACHER’S BELIEFS ABOUT MATHEMATICS
ON HER TEACHING PRACTICE

Babette M. Benken Melvin (Skip) Wilson
Virginia Tech University of Michigan
babsyb@umich.edu

This paper describes one preservice secondary teacher’s beliefs about mathematics
and discusses how these beliefs were related to her teaching practice. The participant
was interviewed and observed throughout the final academic year of her
undergraduate preservice program (methods course and student teaching). Although
she communicated beliefs emphasizing the importance of cooperative exploration
by students to understand connections among mathematical concepts, some of her
more narrow views about the importance of mathematical procedures inhibited
her ability to successfully implement exploratory, student-centered learning
activities during her student teaching.

In our effort to describe how preservice secondary teachers’ beliefs
about the nature of mathematics are related to their teaching, we build upon
ideas discussed previously (Benken & Wilson, 1996) and report the results
of a second case. Attempting to better understand preservice teachers’ be-
liefs about the nature of mathematics has become an important area of study
for mathematics teacher education (Cooney, 1994; Thompson, 1992). Teach-
ers’ understanding of the nature of mathematics strongly influences their
views of mathematics teaching and can play a significant role in shaping
teachers’ patterns of instructional behavior (Ernest, 1989, 1991; Lerman,
1990; Thompson, 1992; Lloyd & Wilson, 1998).

The relationship between teachers’ beliefs and teaching practices is -
extremely complicated. Although existing research suggests that these fac-
tors are interdependent (Wood, Cobb & Yackel, 1991), more research is
necessary to better understand the nature of their interactions (Thompson,
1992). Often, there is a disparity between espoused beliefs and what a teacher
actually does in the classroom (Emest, 1989, 1991; Thompson, 1992). More
research that examines preservice teachers’ beliefs beyond the methods
course into their practice during student teaching would be helpful to better
understand this relationship (Pajares, 1993).

To aid in our interpretations, we used three categories described by
Ermest (1989) to characterize individual’s views of the nature of mathemat-
ics: Problem-Solving, Platonist and Instrumentalist. Erest (1989, 1991)
and Lerman (1990) have theorized that a teacher’s philosophy of math-
ematics forms a basis for her mental models of the teaching and learning of
mathematics. Other research corroborates this claim (Smith, 1996; Thomp-
son, 1992).

According to the Problem-Solving view, mathematics is seen as a con-
tinually growing field of human creation that develops through conjec-
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tures, the generation of patterns, proofs and questioning. The results of
mathematics remain open to revision. Teachers with Problem-Solving views
are likely to think of themselves as facilitators who allow students opportu-
nities to explore, generate and solve problems, and construct their own
understandings. Problem-Solving teachers approach teaching in ways that
stimulate classroom discourse, encourage student investigation and coop-
erative learning, and create an environment necessary for students to make
connections within mathematics and to the world around them.

The Platonist view suggests that mathematics is “a static but unified
body of certain knowledge,” which is discovered and not created (Ernest,
1989, p. 250). This view involves a global understanding of mathematics
as a “consistent, connected and objective structure.” A teacher with Platonist
views of mathematics is likely to see her primary role as explainer, and as
one who should guide students to the solution or her intended goal. In gen-
eral, a Platonist teacher emphasizes conceptual understanding with unified
knowledge, and sees the students as “receptors of knowledge” (Emest, 1989,
p. 251).

The Instrumentalist maintains that mathematics is a fixed set of rules,
facts and procedures for computing numerical and symbolic expressions to
find answers. The Instrumentalist view is likely to be associated with a
“telling” model of teaching, where teachers emphasize mastery of skills,
rules, and procedures and usually strictly follow a text or scheme. A teacher’s
central role is to pro vide clear, step-by-step demonstrations of procedures,
respond to students’ questions, and provide opportunity for students to prac-
tice procedures (Smith, 1996). Solving problems is “a matter of recalling

and applying the procedure appropriate for the given problem type” (Smith,
1996, p. 391).

Design

An ethnographic case study design was employed (Stake, 1995). Data
were collected between September 1995 and June 1996. Twenty-four sec-
ondary mathematics methods students responded to a written survey at the
beginning of the course, and we selected 2 preservice teachers for more in-
depth study. This paper reports the experiences of one of these teachers
(Leslie). Four semi-structured audio-taped interviews (approximately one
hour in length), conducted during the methods course and student teach-
ing, allowed Leslie to elaborate survey responses and communicate her
views about mathematics, the methods course, and practice teaching expe-
riences. Her bi-weekly tutoring experiences (part of the methods course)
were observed. Photocopies of selected written assignments completed in
the methods course were also analyzed. During student teaching, informal
interviews (length varied from 20 minutes to one hour) followed seven
observations. Finally, Leslie was observed during 12 student teaching semi-
nars. Field notes of observations and informal interviews were taken and
later analyzed.
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Results

At the beginning of the methods course, Leslie communicated that
mathematics was sequentially ordered, and that doing mathematics involved
applying steps in order and mastering types of problems. For example, on
the initial survey, she chose cooking with a recipe, from a list of eight simi-
les, as the one that best describes what learning mathematics is like. In
elaborating this response, she explained, “When I cook, I sometimes don’t
always have the exact tools and ingredients, so I improvise. However, I
still do the basic steps in order, building from the bottom-up.” Leslie’s
explanation suggests that she believed mathematics to be ordered, with
each component building from the previous. To her, doing mathematics
involved applying steps in a specific order. Such an emphasis on steps is
most consistent with an Instrumentalist view of mathematics.

However, in some cases she articulated views that were more consis-
tent with a Platonist view of mathematics. For example, Leslie saw math-
ematics as a connected, and somewhat creative, reasoning process. During
our first interview, Leslie’s elaboration of her survey response about cook-
ing suggests she understood and valued connections within mathematics.
She said,

There’s obviously some steps that you can’t skip, or just kind of breeze
through or you’ll miss a lot. Like when you take the first course where you
have to do a lot of proofs, if you don’t really learn how to do the proofs,
then you'll really have difficulty later on. Or, if you’re doing trigonometry,
and you don’t get the relationships down between cosine and sine, then
you’ll have difficulty later on.

