
DOCUMENT RESUME

ED 390 924 TM 024 348

AUTHOR Suzuki, Kyoko; Harnisch, Delwyn L.
TITLE Measuring Cognitive Complexity; An Analysis of

Performance-Based Assessment in Mathematics
PUB DATE Apr 95
NOTE 35p.; Paper presented at the Annual Meeting of the

American Educational Research Association (San
Francisco, CA, April 18-22, 1995). The examples of
students' responses may not reproduce well.

PUB TYPE Reports Evaluative/Feasibility (142)
Speeches/Conference Papers (150)

EDRS PRICE MF01/PCO2 Plus Postage.
DESCRIPTORS Academic Achievement; Cognitive Processes;

Communication Skills; Criteria; Educational Change;
Grade 9; Grade 10; High Schools; *High School
Students; *Mathematics Tests; *Measurement
Techniques; *Scaling; Teaching Methods; *Test
Theory

IDENTIFIERS *Cognitive Complexity; *Performance Based
Evaluation

ABSTRACT
A new test theory for performance-based assessment is

proposed. Criteria for "good" performance-based items, ways of
measuring cognitive complexity, methods for determining maturity
levels of understanding, and scaling systems are discussed. A
performance-based task completed by 51 ninth and tenth graders in
June 1993 was studied. Results demonstrated these criteria for tasks:
(1) modeling real-world phenomena; (2) having multiple strategies;
(3) having ordered categories for measuring maturity levels; (4)

connecting several concepts to solve; (5) depicting the achievement
levels by verbal explanations; (6) detecting the discrepancy between
an intuitive solution and a mathematical solution; and (7) matching
complexity of task with a scaling system. The analyses of students'
responses suggest the importance of improving communication skills in
classroom learning. The instability of cognitive shifts in students'
solving strategies has implications for improving instructional
strategies. Appendix A explains the scoring rubrics, and Appendixes
B, C, and D present examples of performance responses. (Contains 11
tables and 19 references.) (Author/SLD)

Reproductions supplied by EDRS are the best that can be made
from the original (.1cument.

**in. c*************************A***********;:*******



Measuring Cognitive complexity
1

(NI
(7\

Measuring Cognitive Complexity :
0,

An Analysis of Performance-based Assessment

in Mathematics

U.S. DEPARTMENT Or EDUCATION
Office ot Educafional Research and Imp.ovement

EOU ATIONAL RESOURCES INFORMATION
CENTER IERICI

This document hos been reproduced as
received from the person or organ.zation
originating it

0 Minor changes have been made to Improve
reproduction duality

Points of view ce opinions Meted m ihd .300u"
went do not necessarily represent official
OE RI POVIIOn POI.CO

Kyoko Suzuki

Delwyn L. Harnisch

PERMISSION ro REPRODUCE Nils
MATERIAL HAS BEEN (RANTEE) By

Lei6Xo -Ct) u'o

TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC)

University of Illinois at Urbana-Champaign

Department of Educational Psychology

210 Education Building
1310 S. Sixth Street

Champaign, IL 61820
Tel: (217) 333-4416
Fax: (217) 244-7620

email: suzukil@uxa.cso.uiuc.edu

Running head: MEASURING COGNITIVE COMPLEXITY: AN ANALYSIS OF

PERFORMANCE-BASED ASSESSMENT IN MATHEMATICS

Paper presented at the 1995 Annual Meeting of the American Educational Research
Association, San Francisco, CA, April 18 - 22.

2



Measuring Cognitive Complexity
2

Abstract

The purpose of this study is to construct a new test theory for performance-based

assessment. Criteria for "good" performance-based items, ways of measuring cognitive

complexity, methods for determining maturity levels of understanding, and scaling systems

are discussed. A performance-based task is investigated and analyzed from 51 ninth and

tenth graders collected in June, 1993. The results demonstrated seven criteria for tasks: 1)

modeling real-world phenomena, 2) having multiple strategies 3) having 3rdered categories

for measuring maturity levels, 4) connecting several concepts to solve, 5) depicting the

achievement levels by verbal explanations, 6) detecting the discrepancy between an intuitive

solution and a mathematical solution, and 7) matching complexity of task with a scaling

system. The analyses of students' responses suggest the importance of improving

communication skills in classroom learning. The instability of cognitive shifts in students'

solving strategies has implications for improving instructional strategies.
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Measuring Cognitive Complexity :

An Analysis of Performance-based Assessment in Mathematics

Authentic assessment has moved to center stage as the focus of assessment has

changed in the past decade. Since multiple-choice tests derive their value as educational

indicators, the indicators are often confused with instructional goals, which has led to an

overemphasis on indicators as an educational goal. The lack of correspondence between

indicators and goals provides the motivation for "authentic" assessment which directly

measures complex performance including more open-ended problems, essays, hands-on

activities, etc. However, it's not enough to assume that alternative assessment for complex

learning and processes are more valid than multiple-choice tests. Certain criteria need to be

addressed for evaluating new assessments to consider a theoretical framework of validity

(Harnisch, 1994a; Linn, Baker & Dunbar, 1991).

Moreover, the recent studies of cognitive psychology suggest the need for

achievement test changes. The conventional achievement tests are based on the

behaviorism of psychology so that the future tests should assess observable student

behaviors that can be reliably recorded as either present or absent (Bloom, Hastings, and

Madaus, 1971). However, the recent studies of cognitive psychology have changed the view

of "learning". What is "learning"? The differences between a novice and an expert is not the

amount of knowledge, but the ways of viewing phenomenon and of structuring problems.

"Learning should be a qualitative change in a person's conception of a certain phenomenon or

of a certain aspect of reality" (Johansson, et al., 1985). Therefore, the purpose of assessment

is not to establish the presence or absence of specific behaviors, but to infer the nature of

students' understandings of a particular phenomenon (Masters and Mislevy, 1993; Mislevy,

1995).

Assessing performances should be clearly distinguished from assessing products.

Assessing performances should be considered if task procedures have been explicitly taught

and deviations from accepted practice can be detected, whereas assessing products should be
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considered if proper task procedures are diverse, indeterminate, or have not been explicitly

taught (Fitzpatrick & Morrison, 1971; Magone, et al., 1994). In performance assessment of

competencies or other constructs, replicability and generalizability are important. Inferences

from observed behavior should be made to construct the knowledge and skills underlying test

behavior (Harnisch & Hanson, 1994; Messick, 1994). When we consider the criteria of

performance-based items, it should link-up with the instructional goal. Also, the scoring

system should reflect the view of inferences about the achievement and understandings, and

not the matter of absence or presence of knowledge.

Considering a performance-based assessment in a large-scale achievement testing, a

certain degree of task structure is required to ensure a valid assessment of students'

proficiency. A goal of performance-based testing is to provide assessments which allow

students to display their thinking, reasoning and strategic process. The other goal is to

provide assessment tasks that allow all students to perform at their best and that is related

to goals of the instructional programs in schools (Magone, et al., 1993; Parke & Lane, 1993).

To realize these goals, assessment instruments need to be developed to measure cognitive

complexity such as variety of strategies in solving problems, reasoning skills, and

communicating their thinking mathematically (Lane, 1993, Lane et al., 1993).

This study examines performance-based assessment tasks in mathematics and

student responses to these tasks revealing varieties of thinking and reasoning processes. A

performance-based task in this paper means a paper-pencil test with constructed responses,

and it doesn't include the broader meanings such as a portfolio assessment. A criterion of a

performance-based task is the capability of providing students opportunity to display their

thinking process at their best. A problem having varieties of strategies in students'

responses was chosen in this study to analyze the task structure, so that the quality of

performance-based items can be determined. The strategies taken in solving problems are

analyzed precisely so that the cognitive complexities of student responses are classified

based on the task structure. This research paper provides a step of constructing "ordered-
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outcome categories" for measuring cognitive achievement in mathematics, which will be a

new measurement for "learning."

Purposes

As the current movement toward alternative assessment is in process, the need for

constructing a new test theory for performance-based assessment is increasing. In

performance-based assessment, the cognitive mechanisms that undt;rlie both the learning and

the assessment of mathematics need to be investigated. Two major objectives are

addressed in this study; 1) how we can assess achievement and understandings in subject

matter learning, and 2) how we can measure the student's thinking process ond strategies

they use in solving problems.

This study focuses on five general purposes:

1) Developing new achievement testing which can infer an understanding level, not

measuring only the presence or absence of knowledge

2) Developing assessment tasks in which all students can display their

understanding

3) Determining criteria for "good" performance-based items

4) Developing ordered categories for measuring achievement levels

5) Developing a new scaling system for measuring levels of thinking

To realize these purposes, five specific objectives are used for this study:

1) Analyzing logical structures of a performance-based assessment task

2) Analyzing cognitive structures of students' responses

3) Determining if the task could detect the cognitive level of a student's

understanding

4) Defining ordered categories for assessing achievement levels based on the

analysis of students' responses

5) Discussing the validity of the task structure and the scoring system
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The logical analyses of performance-based assessment tasks in mathematics and the

analyses of students' responses to these tasks reveal varieties of thinking and reasoning

processes. Based on these detailed analyses, a system of ordered categories for levels of

mathematical maturity can be proposed. The task structure and the validity of the scoring

system were exall,ned to determine if they could evoke and evaluate the various levels of

cognitive processes for constructing a cognitive model for a new test theory.

Methods

An item including three sub-questions was investigated in this study. The item was

originally deve!oped for the Alternative Assessment Project for IGAP (Illinois Goal

Assessment Program, Harnisch, 1994b). Among the many items developed for IGAP, this

item was chosen for the study because it involved varieties of strategies for solving the

problems, and the strategies could be ordered based on the achievement levels.

Telephone area codes in the U.S. and Canada consist of 3 digits, in which the first is a digit

from 2 through 9, the second is either 0 or 1, and the third can be any digit except 0.

(1) According to these rules, how many different area codes can begin with 6?

(2) Hov, many different area codes can be an odd number?

(3) What is the probability that an area code is a multiple of 3?

This item was administered to 9th and 10th graders in June, 1993, by teachers who

participated in the Alternative Assessment Project conducted at the University of Illinois at

Urbana-Champaign. The task was treated as either a group or an individual task for students

with no time limitations, and the responses were written separately by each individual.

Responses from 51 students were collected and examined for this study.

7
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The responses were scored using the general rubric of the QUASAR project' , which

consists of three interrelated components: mathematical knowledge, strategic knowledgt, nd

communication. These components are specified for each of five score levels (0-4; see

Appendix A) and the responses were graded from 0 to 4 with holistic perspectives

considering three components. Cognitive strategies taken in each question were classified

based on the student's responses.

Four raters scored and reviewed the students' responses. Two raters were familiar

with performance-based assessment, while two were not. In this study, the scaling was

based on the two skilled raters when there was a discrepancy the ratings.

The students' responses were analyzed in detail, both quantitatively and qualitatively.

Results and Discussions

The performance-based item evoked a variety of cognitive strategies. As a result, the

students' responses triggered several topics to consider for performance item development

and item scoring. Item structures and the students' responses were analyzed in detail, both

qualitatively and quantitatively. The analyses provided opportunity to develop a model of

ordered categories of achievement levels and scaling. The analyses focused on four aspects:

1. logical analyses of the task structure,

2. cognitive analyses of the Audents' responses,

3. scoring the responses, and

4. classifications of the examples with strategies by scoring.

QUASAR (Quantitative Understanding: Amplifying Student Achievement and Reasoning ) is a national project
that seeks to demonstrate that is feasible to inplement instructional programs in the middle-school grades that
promote the acquisition of thinking and reasoning skills in mathematics (Silver, 1991, Silver & Cai, 1993). The
project is directed at students attending schools in economically disadvantaged communities.

8
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1) Logical Analyses of the Task Structure

The task was designed for assessing the concepts of number sense and probability

with a real-world situation. In fact, there are some exceptions to area codes for this rule. For

example, 210 is not legitimate, but it is the code for San Antonio, Texas, and 911 is

legitimate, but it is used as a fire/emergency number in many local communities, and not as a

telephone area code. However, the authors believe this problem can be a realistic task

because it is modeling a real-world situation, and therefore it is effective as a performance-

based item. A realistic task is not necessarily a real occasicn in the world. Many times a

real-world phenomenon contains several exceptions and complex situations. The real-world

phenomenon may be simplified for a specific purpose in learning or completing a task. This is

a critical distinction between assessment materials and real-world phenomena. It is

important that a performance task reflects some aspect of a real-world setting, but it is not

necessary to be an exact real-world problem. Thus, modeling a real-world phenomenon is an

additional criterion for consideration in developing performance-based measurements.

The task requires students to find the number of possibilities which satisfy several

conditions. Question 1 asks students to identify the rule for generating numbers given in the

problem under a restricted Oindition. Question 2 requires students to find odd numbers in all

possible area codes, and Question 3 requires students to organize several steps to solve the

problem. These stages are:

(a) counting (all possibilities of area codes,

(b) identifying a property of a multiple of 3,

(c) listing all numbers of a multiple of 3 under a given condition, and

(d) finding the probability.

The purpose of an item having multiple stages like Question 3 is to assess the ability to

connect several concepts in solving a problem. It is notable that it is easy for students to

solve a problem in a same content area they studied, but it is difficult to connect some

2 There are various ways to solve the problem, and students could solve it without resorting to the principle of
counting.

3
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concepts which were taught in different content areas. This is a serious disadvantage of

many math curricula at this time. Question 3 was used to detect the lack of connections

among several related concepts taught in different comer', areas. The results from Question

3 will be analyzed closely to evaluate this dimension.

2) Cognitive Analyses of the Students' Responses

The different types of cognitive strategies for solving a problem were examined for

each question of this task from a sample of 51 high school algebra I students in a midwestern

community.

Question 1. The purpose of this problem is for students to understand the condition of the

task. Most students could manage the setting of the task. Three strategies taken and

repre
Strategy 1 listing all numbers

using combinations with apictorial chart (such as 0 or a tree diagram)
3, using the concept of combination without a visual aid or chart

Question 2. This task reveals a greater variety of the students' understandings. Five

strate ies taken and included were:
Strategy 1 limn: all ossible area codes and countin: the total number of odd numbers

2 listing all odd numbers for the 600s (or for other hundreds like the 200s) and
multiplying it by 8 because of the 8 cases where the first digit ranges from 2
to 9

3
,

knowing 5 cases for the third digit, and listing all possibilities for the first and
second digit to obtain 5 x 16 = 80

4 using combinations with a pictorial chart (0 or a tree diagram) and,

finding the formula 8 x 2 x 5 = 80
5_ usins combinations without any chart and applying the formula 8 x 2 x 5 =80

Question 3. To solve the problem a student needs to go through three stages: 1) finding

the total number of all possible are,i codes, 2) finding the total number of multiples of 3, and
1

finally 3) finding the probability, . Since there were several strategies for solving each
3

stage, the strategies for solving the task varied because of the combinations of each stage.

In fact, there were nine different patterns observed from the sample to obtain the correct

.1 0
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number of the probability; however, five of them have insufficient or incorrect mathematical

reasoning. Moreover, the type of errors varied.

Sta e 1. Finding the number of all possible area codes
Strategy 1 listing all 144 possibilities

2 using combinations without a chart to find the formula 8 x 2 x 9 = 144
3 using combinations with a pictorial chart or diagram to find the foi mula

8 x 2 x 9 = 144
4 using the result of Question 1 to find 18 possibilities beginning with 6 for the

first digit, and multiplying it by 8 because of 8 cases for the first digit from 2 to
9

5 listing 18 possible area codes beginning with a number for the first digit (such
as 2 ), and multiplying i. by 8 because of 8 cases for the first digit from 2 to
9

Sta e 2. Finding the total number of mu ljpies of 3
Strategy 1 listing all 48 possibilities

2 listing all possibilities knowing a property of a multiple of 3 ( the sum of each
digit of a number equals to a multiple of 3)

3* counting the number of multiples of 3 for the 600's to get 6, and multiplying 6 by
8 because of 8 cases for the first disit from 2 to 9

4* counting the number of multiples of 3 for the 200's and the 300's to find 6 cases-
for both, and multiplying 6 by 8 to get 48 because of 8 cases for the first digit
from 2 to 9

5* dividing the number of all 144 possible area codes by 3 to get 48 because of
the divisibility by 3

(Note: * indicates an insufficient or incorrect strategy.)

1
Stage 3. Finding the probability, 5

Strategy 1 1
following the definition of the probability, 48 144 = 5

2* finding the 3 cases of a multiple of 3 for 600's, and getting 6 18 =
1

.5.

3* 1

finding 5- because of the divisibility by 3 (intuitive conclusion)

(Note: * indicates an insufficient or incorrect strategy.)

3) Scoring the Performances

The results of scoring the students' responses are shown in the Table 1.

Insert Table 1 here

ii
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In Question 1, most students managed to complete the task. However, they tended to use

few written words to present their solution or thinking process. In Question 2, more than

70% of the students scored 3 or 4, which means the majority students could figure out the

meaning of the task. Some students answered the number of odd numbers among the

numbers found in Question 1. These responses were scored as "no count," as it is a problem

with the directions in the stem. The stem needs to be rewritten to have a clearer direction.

Since the students' responses varied more in Question 2 than Question 1, the set of scoring

reasons by the raters' review of the students' responses also varied. The lack of

communication skill, insufficient information to draw the conclusion, and inability to identify

important elements were found in common features for the low achievers. In Question 3,

many students failed to complete the tasks, although a variety of strategic., were observed.

The set of scoring reasons by the raters' review of the students' responses were also diverse.

4) Class "'mations of the Examples with Strategies by Scoring

The students' responses were classified into strategies by score. Examples of these

classifications help not only in analyzing students' understandings, achievement levels, and

misunderstandings qualitatively and quantitatively, but also in developing instructional

strategies and materials for classroom teachers.

Question 1

The classification of the responses with strategies by scoring is shown in the Table 2.

All 51 responses were classified. The students' examples are shown in Appendix B.

Insert Table 2 here

The responses which scored 1 (or 0) did not show any strategy to solve the problem. This is

an important point for teachers because the low achievers need help constructing a strategy

to solve it. The students' work shown in Appendix A is also very helpful for this purpose in

classroom use because the work of classmates gives examples for constructing a strategy.
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As for ordering achievement categories, Strategy 1 (listing all possibilities) is the

most basic way. Using combinations to find all possibilities is a more abstract concept to

solve the problem; hence, the strategy of combination is supposed to be a higher level of

achievement than merely listing all area codes. Using a pictorial chart may or may not be

crucial for this case, as we do not know whether or not the students used any charts to solve

the problem. A student may not have reported using a chart in the answer, even though a

chart may have been used to find the answer. Therefore, Strategy 2 and Strategy 3 can be

combined together in this case. Table 3 shows the results for the various strategies used.

Insert Table 3 here

The distribution of the students are almost evenly classified into either Category 1 or

Category 2.

Question 2

Forty-seven responses were examined (4 responses of the original 51 were classified

as "no count" because of finding the answer among the 600's only). The results are shown in

Table 4, and the students' examples are shown in Appendix C.

Insert Table 4 here

Strategy 1 is a listing of all possibilities, which is the most basic level of achievement.

Strategy 2 is a listing of all odd numbers for the 600's and then finding the answer by using

10 x 8 = 80, which is a more abstract way than Strategy 1. Strategy 3 is a listing of all odd

numbers for the 60 case and finding the answer by using 5 x 2 x 8 = 80. This strategy is

almost the same as Strategy 2, but is a bit more abstract than that. Therefore, Strategy 2 and

Strategy 3 can be combined as a middle level of transition from listing to combinations.

Strategy 4 is using combinations with a pictorial chart, and Strategy 5 is using combinations

without a chart; hence, these two can also be coinbined into one for the same reason as

Question 1. This category, using the concept of combination, appears to be the most abstract

way among the three categories. The results are shown in Table 5.

13
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Insert Table 5 here

Comparing the results from Table 5 with Table 3, we can see that a cognitive shift

occurred in students from Question 1 to Question 2. Only 6% of the students listed all 80

possibilities, while 41% of the students moved up to the middle level of strategy which is

more abstract and involved the use of combinations.

Taking a closer look at a student response (see Example 1 in Appendix C), the

response using a higher level strategy was scored a "2" because of a misconception. The

numbers of the second and third digit were found correctly, but the number of the first digit

was found incorrectly because the student calculated the difference between 9 and 2 instead

of determining the actual numbers possible that begin with 2 througli 9. This misconception

was observed quite often among the students. This common error is also detectable in the

performance-based task, and it is useful to correct the students' misunderstanding if the

example of a student's response is r.sed in classroom instruction.

This error also showed there is some confusion when to shift up conceptually. The

learners tried to use a new method, but they tended to apply it incorrectly. This often

happens between stages of learning. However, this is a good chance to recognize common

mistakes if the case is used in classroom teaching.

Question 3

This problem contains three stages to solve it. All students, however, do not proceed

through all three stages. Some performed all stages, but some did parts of them. Therefore,

the categorical classification of the strategies does not include all responses at each stage.

1) Stage 1: Finding All Possibilities

Eighteen out of 51 responses functioned at Stage 1. The distribution of the responses

with strategy by score is shown in Table 6 and the examples of responses are in Appendix

D-1.

Insert Table 6 here

14
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Both Strategy 2 and Strategy 3 used the formula 18 x 8 = 144 for finding the number of all

possibilities, but Strategy 2 used the result of Question 1, while Strategy 3 did not.

Therefore, these two can be combined into one category, which is a transition level from

listing to combinations. Strategy 4 and Strategy 5, in which the use of combinations observed

with or without a pictorial chart, respectively, can be classified into a category. The result of

this categorical classification is shown in Table 7.

Insert Table 7 here

More than one-half of the students were located in a transition level. Many of the students

using combinations failed to solve the problem.

2) Stage 2: Finding the Total Number of a Multiple of 3

Thirty-three dut of 51 responses functioned at Stage 2. The distribution of the

responses for the strategy is shown in Table 8 and the examples are in Appendix D-2.

Insert Table 8 here

Strategy 3, strategy 4, and strategy 5 contain insufficient and/or incorrect logic to find the

answer; however, the accuracy of the usage of mathematical reasoning was not stressed here

for the scoring. If a student showed some knowledge about a concept for solving the problem,

the points were given for the work. This scoring criterion meets the "inference" policy of

performance-based measurement in which an achievement test should be an inference of a

learner's understanding.

Strategy 2, in which a property of a multiple of 3 was mentioned to find the total

number of multiples of 3, contains higher insight toward the problem. Example D-2 in

Appendix D-2 displays a further investigation to the problem. The awareness of the property

is an important aspect in this problem. Although the occurrence of this strategy was very

small, it was classified as a category.

The strategies taken at this stage were classified into three: listing, checking with a

property of a multiple of 3, and an insufficient way. The results are shown in Table 9.

Insert Table 9 here

15
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3) Stage 3: Finding the Probability

Twenty-five responses out of 51 appeared at this stage, but 36% of the responses just

wrote " for their answer without any explanation. These responses were scored as a level
3

1 1." These responses can been considered as an intuitive solution, since the students

answered 1 because of the probability of a multiple of 3. In this scoring criterion, the
3

reasoning or explanation is stressed; therefore, they were scored a "1" because of no

explanation. The results are shown in Table 10, and some examples of their responses are in

Appendix D-3.

Insert Table 10 here

The responses classified in Strategy 1 using a formula 48 -.- 144 = showed most of
3

the understanding needed to solve this problem. The responses having insufficient or

intuitive strategy contained a lack of understanding this problem. Therefore, Strategy 1

formed a category (mathematical solution), and Strategy 2 and Strategy 3 combined to form a

category (intuitive/insufficient solution). The results are shown in Table 11. Those who were

classified into the category of mathematical solution scored a "3" or "4", while those who

were in the category of intuitive/insufficient one scored low.

Insert Table 11 here

4) Overall Performance

In summary, the level of students' performance on this task was at a low level. The

primary, reason for this result was that there were many students solving this question

intuitively without any explanations, which were scored as " V. This is a serious deficiency in

a performance-based task. An assessment task should be able to detect the discrepancy

between an intuitive solution and a mathematical solution. Having a conflict between these

two, students can realize the usefulness of a mathematical solution as well as mathematics

learning. Thus, this task doesn't meet one of the criteria for "good" assessment tasks.

Moreover, each table showed too much variability, although the categorical

classification showed some trends. For our purpose to develop an ordered categorical

16
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classification for measuring cognitive change and shift, this task appeared too complex to

identify the cognitive levels.

Conclusions

The first conclusion from this investigation is about criteria of "good" performance-

based tasks. The tasks were developed intending four criteria:

1. having a real-world context,

2. having multiple strategies and representations,

3. connecting multiple concepts to solve a problem, and

4. depicting achievement levels by explaining solving strategies verbally.

The first criterion is reflecting an authentic situation for solving a problems in daily life. The

second criterion is intending open-ended situation, more than one correct answer or solution

for the problem. The third criterion is intending to measure an ability to construct relations

among different concepts taught in different units in the school curriculum. The last criterion

is also important for performance-based tasks intending to measure communication skill3. An

assessment task of achievement testing must be distinguished from a puzzle or a game. For

example, a magic square problem contains many strategies to solve it. It is good for

classroom use to play with numbers, but it is not suitable for an achievement problem

because the verbal explanation of the strategies for the solving I), Jblem does not reflect

achievement levels or mastery levels of a content area. Therefore, the task is not appropriate

for assessing achievement levels (Suzuki, 1993).

This study also demonstrated other criteria for the performance-based items. First, a

task does not need to have a real-life context exactly, but it should model reai-world

phenomena. Phenomena in real-life often contain some exceptions or too complicated

situations, so they are sometimes inappropriate for learning materials or assessment tasks.

In education, some simplification is needed for understanding a basic concept. This is a
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crucial distinction between learning materials and real-world situations. Therefore, we need

to change the first criterion for "good" assessment tasks; a task should model real-world

phenomena.

For the second criteria, having multiple strategies and representations, is not

sufficient to measure levels of conceptual maturity. For example, in Question 2, there were

mainly two strategies: listing all 80 possibilities and using the concept of combinations.

Although there is nothing wrong mathematically for listing all possibilities, the strategy of

using combinations is more abstract and shows higher level of maturity in mathematical

understanding than the other strategies. In order to assess levels of maturity, classification

of ordered categories may be useful. Ordered categories can measure maturity levels as well

as cognitive changes or shifts of strategies.

Question 3 suggested other criteria for assessment tasks. An assessment task

should be able to detect the discrepancy between an intuitive solution and a mathematical

solution. Moreover, the task complexity should match the scaling system used. If a task is

too complicated to score with 0-4 scaling, the score does not have good information for

representing achievement levels for educational use. However, this conclusion raised other

problems. This issue is addressed later in a consideration of scaling system.

Based on these considerations, the following seven criteria are drawn for "good"

performance-based items.

1. modeling real-world phenomena

2. having multiple strategies & representations

3. having ordered categories for measuring maturity levels and cognitive shifts

4. connecting several concepts to solve

5. depicting achievement levels by explaining solving strategies in words

6. detecting the discrepancy between an intuitive solution and a mathematical

solution

7. matching complexity of task with a scaling system

1 3
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The second consideration is about measuring maturity levels of mathematical

understanding. The current scaling system does not distinguish the differences of the

strategies. This study demonstrated the use of developing ordered categories for this

purpose. Ordered categories can be used not only for inferring the maturity levels of

understanding but also for finding cognitive changes or shifts.

The last consideration is about scaling. A scaling system should be easy to use and

sufficient to measure the multidimensionality of an ability. The current scoring system does

not measure the maturity levels of strategies. Also, the scaling system should provide

information for improving communication levels of thinking. Finally, the scaling should match

the task complexity. For the current scaling system, the complexity of Question 1 and

Question 2 appeared appropriate, but Question 3 seemed too complex to measure the levels

of achievement. Should we then exclude tasks from achievement testing which require the

higher level of thinking to organize some mathematical concepts? Should we exclude from

mathematics education complex tasks which require the organization of different concepts?

The problem of task complexity raised other problems for developing achievement testing.

Implications and Further Considerations

This study revealed that students tended to lack communication sklls as measured in

their written responses. Since the objectives and criteria of scoring in performance-based

assessment should be clearly understood by examinees, communication skills should also be

taught and stressed in the classroom. Meanwhile, for active learning in a classroom,

communication should be stressed to construct concepts. Since the scoring criteria should tie

up with instructional goals, perfoimance-based assessment can provide "good" information

for teachers to conduct active learning in the classroom.

13
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The other implication to instruction is about the way learning occurred. The analyses

of students' responses demonstrated cognitive shifts for s. ving strategies between each

question. However, the shift is not stable for learners; it is going back and forth between

categories. This result showed the stages of maturity levels of students' understanding are

not stable, which suggests that teachers use flexible instructional strategies to improve

students' achievement levels in class.

The consideration of task complexity raised some questions for developing

achievement testing. Since the task complexity is restricted by a scaling system, we do need

to develop both assessment tasks and a scai:ng system simultaneously. However, how can

we determine the appropriateness of task complexity? As for an educational goal, we expect

students to have the ability to solve a complex problem in a real-world context which requires

them to analyze and organize complex situations in order to find a solution. Then, what

ability should we assess in a performance-based assessment task? How can we assess the

ability which organizes different concepts in a complex situation? What scaling is appropriate

for measuring complex ability? These are further questions for developing both scalings and

tasks.

Finally, the consideration for measuring levels of mathematical maturity also raised

qustions for developing scaling systems. What are the expected skills for solving problems?

How can we order mathematical understanding levels for various strategies? How can we

measure the expected maturity in mathematical strategies of students? These questions also

need to be hivestigated in further research.

In summary, this study is a step for improving our understanding of the following

important questions;

what are the criteria for a "good" item on a performance-based assessment?

how can we measure cognitive complexity?

what are the meaningful scales for measuring multidimensionality of an ability?
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TABLE 1
Distribution of the Score of Student Responses

(n=51)

4 3

( 1) 51 % 37 % 8 % 4 % 0%
(2)# 33 % 41 % 12 % 4 % 2 %

(3) 1 % 20 % 14 % 35 % 19 %

TABLE 2
Distribution of the Students Responses for Question (1):

Strategy x Score
(n=51)

. .4,5 ,
, s

1

(listing)
2

( combination with
a chart)

3
(combination without

a chart)
4 24 % 9 % 18 %

3 22 % 8 % 7 %
2 8 % 0% 0 %
1 4 % (no categorical classification observed)

0 %

TABLE 3
Distribution of the Stunts' Responses for Question (1):

Categorical Classification
(n=51)

ore, i ,.. t-iv, , gvul,
A

(Listing)
B

(Combination)
4 24 % 21 %
3 22 % 17 %

2 8 % I 0%
1 4 % (no categorical classification observed)-
0 0%

'3EST COPY AVAILABLE
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TABLE 4
Distribution of the Students Responses for Question (2):

Strategy x Score
(n=47)

,

(listing)
2

(10 x 8 =80)
3

(5 x 16 = 80)
4

(conibination
with a chart)

5
(combination

without
a chart)

3

2
1

0

2 % 14 % 0 % 9 % 14 %
4 % 14 % 2 % 11 % 11 %
0 % 9 % 2 % 0 % 2 %

6 % (no categorical classification observed)
0 %

TABLE 5
Distribution of the students' responses for Question (2):

Categorical Classification
(n=47)

157.1 ILI <

A
(listing)

'c';' Zi'm'' STT
B

(middle)

-

7;,..Te'' ''''
.. Y .1

C
(combination )

2 % 14 % 23 %
3 4 % 16 % 22 %
2 0 % 11 % 2 %
1 6 % (no categorical classification observed)

0 %

TABLE 6
Distribution of the Students' Responses for Question (3):

Strategy x Score
Stage 1: All Possibilities

(n=18)

it. r r ikerfy:',...:,

.

1

(listing)
2

(18 x 8 = 144
using the

result of (1))

3
(listing the

4
(combination
with a chart)

5
(combination

without
a chart)

cases of 2 El al,
18 x 8 =144)

4 % 17 % 4 % 0 % 4 %
0 % 23 % 0 % 0 % 0 %

2 12 /0 0 % 0 % 12 % 12 %
1 0 % 12 % 0 % 0 % 0 %

0 % 0 % 0 % 0 % 0 %
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TABLE 7
Distribution of the Students Responses for Question (3):

Categorical Classification
Stage 1: All Possibilities

(n=18)

UAW .

AO :.

A
(listing)

B
(middle)

C
(combination )

4 % 21 % 4 %

3 0 % 23 % 0 %

2 0 % 0 % 24 %
1 12 % 12 % 0 %

0 % 0 % 0 %

TABLE 8
Distribution of the Students' Responses for Question (3):

Strategy x Score
Stage 2: The Total Number of a Multiple of 3

(n=33)

...,-;p2 r17. 4 : , ill , a ,&
,,,

<

1

(listing)
2

(checking with
a property of a
multiple of 3)

3*
(6 x 8 = 48)

4*
(listing the

possibilities in
200's and 300's,

then
6x 8=48 )

*

(144 +3 = 48)

15 % 3 % 6 % 0 % 0 %
3 15 % 3 % 3 % 10 % 3 %

2 12 % 3 % 6 % 0 % 3 %

1 0 % 0 % 3 % 12 % 3 %

0 0 % 0 % 0 % 0 % 0 %
(* indicates an insufficient /incorrect strategy)

TABLE 9
Distribution of the Students' Responses for Question (3):

Categorical Classification
Stage 2: The Total Number of a Multiple of 3

(n=33)

1,4

A
(listing)

B
(a property of a
multiple of 3)

C*
(insufficient or

incorrect)
15 % 3 % 6 %

3 15 % 3 % 16 %
2 12 % 3 % 9 %
1 0 % 0 % 18 %

0 % 0 % 0 %
(* indicates an insufficient /incorrect strategy)

2
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TABLE 10
Distribution of the Students' Responses for Question (3):

Strategy x Score
Stage 3: Probability

(n=25)

. . .,

Y

1

( 48 1
2*

6+18 =-1)
3

3*
(intuitively)

L 144 3

3
2
1

0

28 % 0 % 0 %
24 % 4 % 0 %

0 % 4 % 4 %
0 % 0 % 36 %
0% 0 % 0 %

(* indicates an insufficient /incorrect strategy)

TABLE 11
Distribution of the Students Responses for Question (3):

Categorical Classification
Stage 3: Probability

(n=25)

,
A

48 1)
B*

(intuitive /insufficient)(

3

2
1

o

28 % 0 %
24 % 4 %

0 % 8 %
0% 36 %
0% o%

(* indicates an insufficient /incorrect strategy)
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Appendix B : Examples of Reponses for Question (1)
28

Strategy 1 (listing). Level 2

coot ,Coc3 Goo ci c,co /(4,Qc.,

(0 If btu ior?.

t z_ 1(41 I co' 3

Level Z This student showed understandings of the problenfs mathematical concepts. However, she simply listed
all cases, and didn't intezrate them to answer the question of how many area codes are possible.

Ue, oily, a

Pr-A,

?0.5563A;41-e-3 6 1m*

oss ; fkg.
044

4+'
, /

/
`41- .

Strategy 3 (combination without a chart). Level 4

I

lUrs. ;s I ess;11;i:4.
ccuAm. i Loc k L 6 i)r kL

3 0

.13rf 40 iirs+ hwy./1W
cerdrS ( I) 4.4 9 Por

)
k iz
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Appendix C : Examples of Reponses for Question (2) 29

Strategy 1 (listing), Level 4

4-)1-10-,-) cL:zi LCuDck_ Cui-

1-1\C 90-a6-kQU.. arJwz UNCLITh LUC* unzu8h
utAcir, and OLZAU. CLU CLPC.. edid crtz

atSk 411'

3C.?

-4,1)

405-r' ,gis%kfs-
LCCr--

2t.1

AKG+57., 3,icb Aocis

*Si:" ti
GtB

-

sarii.)! gal3
911 clg?

*13:Z1 s.")iicit
:#K1?-fiir%

Viar,4*-Tci

CEZIEtI-1 11(s)

Strategy 4 (combination with a chart). Level 3

Example 1 z

Strategy 5 (combination without a chart). Level

rf0) 1,4.1.641.44\ 714.v.v...ter -,"ts
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Measuring Cognitive Complexity

Appendix D - 1: Examples of Reponses for Question (3) 30

Stage 1: All Possibilities

Strategy 5 (combination without a chart), Level 3

2 :Strategy 4 (listing the possibilities in 200' s and 300' s, then 6 x8 = 48)

Stage 3 : Strategy 1 (-4-1!-- = I)
144 3
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Measuring Cognitive Complexity
31Appendix D - 2 : Examples of Reponses for Question (3)

Stage 2: The Total Number of a Multiple of a Multiple of 3

Strategy 1 (listing), Level 3

'Stage 1: not performedl
1Stage 3 : not performedf
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Strategy 3 (6 x 8 = 48: failure), Level 2

1: Strategy 5 (combination without a chart)
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Stage 3 : Strategy 1( =
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azi
so*

I 1 (0 20

IV+ Lt f

INNININS

6:101.

3:"Q

BEST COPY AVAILABLE

Jtork *14 444444

.44 fiftitatim

ihmka 414.0%&41.404.

.i.5.,A40-1. 06 3

90 ?

)04
70?

9/



Exapmle 2 Measuring Cognitive Complexity;
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'4 ' Al I t& Pi .

1 : no explanation

48 1Stage 3 : Strategy 1 (-144 = )
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Measuring Cognitive Complexity
Appendix D - 3 : Examples of Reponses for Question (3)

Stage 3: Probability

Strategy l
144

(-48 = 1), Level 4
3

'Stage 1 : Strategy 2 (18 x 8 = 144 using the result of

'Stage 2 : Strategy 1 (listing)
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Stage 2 : Strategy 4 (listing the possibilities in 600s : partially performed)
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