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Overview of the Book

Thornas A. Romberg

The purpose of this book is to share with mathiematics educa-
tors a set of recent papers written on issues surrounding math-
ematics tests and thelr influence on school mathematics. The
irmpetus for the contributions grew from a conference, "The
Influence of Testing on Mathematics Education,” sponsored by
the Mathematical Sciences Education Board (MSEB} at UCLA
in June 1986. The purpose of the conference was to gather
informed input and advice on current testing practices. The
fact is that students in American schools are subjected to a
variety of tests, often standardized tests, from kindergarten to
graduate school. Such tests are, according to widely heid per-
ception, inhibitors to change and improvement in education
and espectally in mathematics education. Since MSEB was or-
danized to coordinate the current reform movement in school
mathematics, the topic of the conference was deemed critical.
Two things became clear at the UCLA meeting: First, there
was agreément that tests need to change to reflect curriculum
changes, and second, many participants articulated their
beliefs about the inadequacy of current tests and provided rel-
evant anecdotes on problems to others at the conference. How-
ever, no one was sure how such changes could be accom-
plished, nor did participants even have substantive, rellable
information about the actual impact of testing on classroom
practices.
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Following the conference, a three-person Testing Deslgn Task
Force, consisting of Jeremy Kilpairick, Tej Pandey, and Thomas
Romberg, was organized by MSEB. In September 1086, this
task force produced “A Proposal for Studles of Mathematics
Tests and Testing™ based on the following four assumptions:

¢ Valld information about student mathematics is needed
by a varlety of people {students, teachers, parents,
administrators, policy makers) for a varlety of pur-
poses (monitoring progress, selection for and place-
ment In courses, program evaluation, accountabillity).

¢ Both the curriculum and teaching practice in math-
ematics need to be dirccted toward strateglcs which
students could usc to solve problems, the application
of mathematics to practical sltuations, and the devel-
opment of thinking skills. Consequently. testing should
reflect students’ achievement in these directlons.

* Serious questions have arisen about the validity of
existing tests for the uses to which they are being
put. Standardized tests and state-mandated tests may
yield information that is invalid for certain purposes
and provide little or no information on several impor-
tant dimensions of achlevement.

¢+ The continued use of existing tests appears ifkely to
impede the much-needed reform in curriculum and
instruction to which the mathematics education com-
munity Is committed.

On the basis of these assumptions, a set of questions and
research studies was proposed. In particular. several Hterature
reviews were planned. each of which would explore one facet of
the validity of mathematics tests for varlous purposes. Topics
were to include surveys of testing practice, the alignment of
tests with curricula, test-preparation practices and effects, test-
taking skills, the student use of calculators durlng test taking,
teacher and student attitudes toward tests, time spent in test-
ing, alternatives to testing, and minority group and gender
group differences in risk taking and test performance.

In 1987, when the Wisconsin Center for Education Research
was awarded the grant to form the Natlonal Center for Re-

10
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Overview of the Book 3

search in Mathematical Sciences Education (NCRMSE), NCRMSE
assumed responsibility for carrying out several aspects of the
proposed scope of work outlined by the MSEB task force. The
papers In this volume represent a number of the Hterature
reviews proposed. They were written by the Center staff or by
invited scholars. The contributions cover many of the issues
identified by the MSEB task force and are an Important contri-
bution to our growing knowledge about the impact of tests and
testing on school mathematics.

The papers arc only a part of the work now being conducted
by the Center on this important toplc. Since 1987, the Center
has conducted two major surveys. The first. a natlonal survey
of a sample of Grade 8 mathematics teachers (Romberg, Zarinnia,
& Williams, 1989), provides information about teachers' per-
ceptions of the impact of mandated testing on their instruction.
Findings revcal that teachers are familiar with mandated tests,
make efforts to ensure that students perform well on the tests,
and adju-* their curriculum and modes of instruction to focus
on the knowledge and skills being tested.

The second is a survey of statc mathematics coordinators
on the current types of mandated testing in the fifty states
(Romberg, Zarinnia, & Willilams, 1990}, This study examines
the actual mandated testing practices in each state, including
the kinds of tests given. the uses to which they are put, and
the kinds of test-score information subsequently avallable to
the teachers.

In addition to these surveys and this collection of papers,
four retated actlvities arc now in progress:

1) During the past year. two in-depth case studies
on the impact of mandated testing in classrooms
have been conducted at four sltes. Information
from these studies is now being analyzed.

Three extensive reviews of literature and of prac-
tice are now underway on classroom testing for
instructional decision making, testing for place-
ment and grouping, and test validity.

Some sampie test items have been written and are
being tried out: they have been designed to assess
level of reasoning in some of the particular do-
mains outlined in the Cuwriculum and Evaluation

i1




4 Mathematics Assessment and Evaluation

Standards for School Mathematics {National Coun-
cil of Teachers of Mathematics, 1989},

4)  ‘Two projects on curriculum design, development,
and assessment are being conducted jointly with
the Rescarch “iroup in Mathematics Education at
the University of Utrecht.

In all. the work of the staff and consultants of NCRMSE on
the influence of testing on school mathematics makes it clear
that valid information about student performance is sorely
needed if the reform movement in school matheraatics is to
succeed.

OVERVIEW OF THE CHAPTERS

The next twelve chapters were prepared during 1988 and 1989.
Chapter 2 represents a summary of the overall problems asso-
ciated with the need for valid information. Chapters 3 and 4
examine the use of tests in the context of the current reform
movement in school mathematics. Chapters 5 and G describe
the current procedures used (o develop state tests. Chapter 7
summarizes current efforts to incorporate the use of calcula-
tors in mathematics tests. This is followed by chapter 8, a
seview of research on testing with calculators. Chapter 9 1s a
review of gender differences and testing. Chapter 10 is an ex-
amination of an Australian project addressing teachers’ assess-
ment practices. The next two chapters, 11 and 12, deal with
alternative stratcgies for gathering, analyzing. and reporting
student performance information. The final chapter is an in-
vited review and critique of chapters 2 through 12.

Chapter 2: Evaluation: A Coat of Many Colors
by Thomas A. Romberg

An earller draft of this chapter was prepared as an invited
address for Theme Group—T4%. Evaluation and Assessment, at
the Sixth International Congress on Mathematical Education in
Hungary. This paper examines both the methods of gathering
information from students and the use of that information to
make a variety of judgments. It considers the history of evalua-
tion and how evaluation relates to the gathering of assessment
data and to educational decision making, To examine the
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strengths and wealnesses of the evaluation of the impact of
new mathematics programs and of large-scale profile evalua-
tions, it describes trends in evaluation and assessment that
show the disparity between what is possible and what is, in
fact, achieved.

Chapter 3: Implications of the NCTM Standards
for Mathematics Assessment
by Norman Webb and Thomas A. Romberg

in 1987 work began on the NCTM Standards. Thomas Romberg
was the chair of the commission that produced this document
and Norman Webhb chafred the working group that prepared
the evaluation standards, This chapter includes criteria for as-
sessment which would be compatible with and supportive of
the curriculum standards. Three examples of alternative as-
sessment techniques are presented that correspond to the in-
tent of the evaluation standards and provide illusirations of
forms of assessment that are applicable in evaluating the cur-
riculum standards.

Chapter 4: Curriculum and Test Alignment
by Thornas A. Romberg, Linda Wilson,
'Mamphono Khaketla, and Silvia Chavarria

In this chapter, a variety of tests and test items are examined
to determine whether they reflect the recommendations made
in the Standards. In the initial sections, slx commonly ue..
standardized tests are examined. It is clear from this examina-
tion that those tests fail to assess the higher-order skills such
as problem solving, reasoning, and connections that are stressed
in t*= Standards. Then items are identified from other tests
which could be used to assess such aspects of mathematics.

Chapler 5: State Assessment Test
Developmerit Procedures
by James Braswell

The primary purpose of this paper is to describe how tests are
developed for state assessment programs. The methods described
are based in part on discussions with state department of edu-
catlon assessment staff members in Florida, Louisiana, Massa-
chusetts, Michigan, and New Jersey—states in which testing
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practice was judged to be representative of a range of approaches
to test development. Occasional references that reflect previous
experience with other state testing programs and current work
with the National Assessment of Educational Progress test de-
velopment team for the 1990 Mathematics Assessment are also
taken into consideration.

Chapter 6: Test Development Profile of a State-Mandated
Large-Scale Assessment Instrument in
Mathematics
by Tej Pandey

Two main types of large-scale assessments are examined in
this paper. The first focus of interest is oriented primarily to
those individuals who typically use test information to rank a
student on an established norm, find a student's strengths and
weaknesses, and determine whether that student has mastered
specific course content. The sccond focus of interest lies primarily
in the administrative use of information to determine the achieve-
ment level of students in a school, district, or regional systemn
for purposes of assessing program effectiveness. This paper
examines the nature and design of test instruments in a large-
scale assessment program (California Assessment Program) pro-
viding rcliable group-level information. The paper also describes
the test development process as it has evolved over a period of
fifteen years to meet the curriculum demands of the time.

Chapter 7: Assessing Students’ Learning in Courses
Using Graphics Tools: A Preliminary
Research Agenda
by Sharon L. Senk

Recently mathernatics educators have called for the use of cal-
culator and computer-graphing technology in mathematics
classes, and several software and curriculum development
projects have been initiated to transform these recommenda-
tions into reality. However, until now, there has been little
systematic study of how teaching. learning. and assessment in
courses using such graphics tools are affected by the technol-
ogy. This paper describes a preliminary agenda developcd by
researchers in the field for assessing students’' learning in
courses using graphing tools. Included are suggested investiga-
tions of student and teacher outcomes and a discussion of
methodological issues.

id
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Chapter 8: Mathematics Testing with Calculators:
Ransoming the Hostages
by John G. Harvey

This paper argues that present testing practices hold today's
students hostage to yesterday’s mistakes. The author predicts
that because mathematics tests fail to incorporate the use of
calculators in the testing process, mathematics instruction will
fail to incorporate the use of calculators effectively. continuing
to hold today's students prisoners to a mathematics curricu-
huin that is failing {o prepare them for soclety’s immediate needs
as well as those of the twenty-first century. The paper suggests
that the use of calculators on mathematics tests will not rem-
edy the fallures of present tests. but that their use Is necessary
if we want students to investigate, to explore. and to discover
mathematics effectively.

Chapter 9: Gender Differences in Test Taking: A Review
by Margaret R. Meyer

Ideally, when students take a mathematics examination. the
only thing that should influence their score is their mastery of
the material being tested. This paper reviews evidence concern-
ing the existence of gender differences in mathematics test
taking. It examines several factors that have surfaced relating
to differences In performances for males and females. These
factors are power vs. speed test conditions. item-difficulty se-
quencing. examination format. test-wiseness, risk-taking be-
havior, and test-preparation behaviors. One conclusion reached
is that the use of the multiple-choice format could result in a
male advantage. A recommendation is therefore made that as-
sessment instruments not rely as heavily on the multiple-choice
format.

Chapter 10: Communication and the Learning of
Mathematics
by David Clarke, Max Stephens. and
Andrew Waywood

The learning of mathematics is fundamentally a matter of con-
structing mathematical meaning. The enviromnent of the math-
ematics classroom provides expericnices which stitnulate this
process of construction. This chapter presents the findings of
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three studies based in Australian schools: the IMPACT Project.
Assessment Alternatives in Mathematics, and the Vaucluse Col-
lege Study. The purpose of the research synthesis considered
in this chapter is to discuss (a) the extent to which the strate-
gles reported encourage children to broaden their mathematical
thinking and facilitate meta-learning and (b) the impact of
these strategies on the nature of mathematical activity in class-
rooms, in particular with reference to redefining the roles of
teacher and student in creating and giving personal meaning to
mathematics.

Chapter 11: Measuring Levels of Mathematical
Understanding
by Mark Wilson

This chapter describes recent psychometric advances in the
creation of models that measure developmental change in un-
derstanding. Standardized, norm-referenced tests are based on
an accumulation of bits of knowledge rather than on under-
standing, which is a constructivist, developmental process. As
the latter conception gains more acceptance. there is a need for
new assessment models. Empirical examples of response maps
are used to illustrate the potential of the new madels.

Chapter 12: A Framework for the California Assessment
Program to Report Students’ Achievement
in Mathematics
by E. Anne Zarinnia and Thomas A. Romberg

The purpose of this paper is to propose categories for the Call-
fornia Assessment Program that report student achievement in
mathematics. Initially, the purpose of reporting achievement
was accountability. This paper examines explicit and tacit mes-
sages imposed in the analyzing, gathering, and aggregating of
this information that expose subtle effects on teaching and
student achievement. The paper determines that units of analysis
and reporting categories are needed that will both deltherately
support the purposes of gathering adequate information for
monitoring and—by focusing attention on critical consider-
ations—promote reform in mathematics education. This chap-
ter outlines seven bases for forming reporiing categories.
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Chapter 13: Evaluation—Some Other Perspectives
by Philip C. Clarkson

A common response to the challenge of the Standards is, “Yes,
but who will change the tests?” (National Council of Teachers of
Mathematics, 1989, p. 189).

It is apparent that “the tests” referred to are not the tests
teachers give in their classrooms on a day-to-day or weekly
basis. They have control over those already. “The tests” are the
standardized assessment instruments which are used through-
out the United States, often authorized by legislation, devised .
by cormmmercial organizations, and seen by many teachers in the
country as being a forceful factor in structuring their math-
ematics curriculum.

The preceding chapters have provided background informa-
tion on these tests and have made some suggestions on how
- they could be altered. None reflect on the question as to whether
they are indeed necessary. This chapter sketches developments
over the last twentv-five years in the State of Victoria, Austra-
lia, where there is now only one external test given at the end
of the school system, in Year 12. This contrasting situation may
contribute constructively to the ongoing debate in both Austra-
lia and in the United States as to how to monitor the work of
schools,

In summary, as the title to this book suggests, the authors
of these chapters address an important set of issues about
mathematics assessment and evaluation. It is clear that it is
important to gather information on student performance in
mathematics for a variety of reasons. However, while the math-
ematics curriculum and the way mathematics is taught are
changing, the definition of assessment and how performance is
assessed also need to change. 1t is imperative, If the school
mathematics reform efforts are to be successful, that math-
ematics educators become aware of the issues addressed in
these chapters.
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Evaluation: A Coat of Many Colors
Thomas A. Romberg

“EVALUATE: to judge or determine the worth or quality of.”
Webster's New World Dictionary, 1985.

This paper cxamines both the methods of gathering informa-
tion from students and the use of that information to make a
variety of judgments. it considers the history of evaluation.
and how evaluation relates to the gathering of assessment
data and to educational decislon making. To examine the
strengths and weaknesses of evaluations of the impact of new
mathematics programs and large-scale profile evaluations, it
describes trends in evaluation and assessment. showing the
disparity between what Is possible and what Is already belng
done,

Evaluation in education has evolved from an Initlal and
single concentration on the measurement of achlevement in
order to make judgments about students to the current and
growing interest in providing information to support policy and
program decision making. To make these latter judgments, in-
formation from students about thelr mathematical achievement
is usually used. Thus, in this paper both the methods of gath-
ering Information from students and the uses of that informa-
tlon to make a variety of judgments are examined.

The assessment of student performance in schools has a
long history. However, contemporary models for the gathering
of performance data and the use of the information for policy

10
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Fvaluation: A Coat of Many Colors 11

and program decision making have only evolved during the
past quarter-century. The purposes of this survey paper are

1. To relate the gathering of assessment data i edu-
cational decision making;

2. To trace the history of this evolution. The assess-

ment history begins in the nineteenth century and
the evaluation history in the 1930s. However,
against the background of each case, developments
In the past decade are stressed;
To {llustrate the strengths and weaknesses of two
contemporary soclal polley evaluation models.
These are: evaluations of the impact of new math-
ematics programs, and large-scale profile evalua-
tions: and

4. To describe four recent frends in evaluation and
assessment.

Although the history of and trends ln assessment and evalu-
atlon are not unique to school mathematics, the emphasis and
examples in this paper focus on assessing mathematical per-
formance and on the use of that Information in instructional
and policy contexts, Also, the examples have been selected to
reflect the variety in models, methods, and procedures used
throughout the world,

The principal point which shouild be understood 1s that at
present there is considerable disparity between theory and prac-
tice. Academic conslderations about goals. decisions, methods
of gathering information, and the validity of that information
are in sharp contrast to the political and practical expectations
of many governments and administrators. What is possible dif-
fers from what is done.

EDUCATIONAL DECISION MAKING

The following examples arc provided to illustrate the relation-
ships between measures of achilevement and the variety of situ-
ations in which this information Is used to make a judgment
(hence, the title of this chapter):
1) A student has decided to study blology and would
like to know whether she has the prercquisite
knowledge to enroll in a biometrics course.

49
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2) The admissions committee of a tertiary institution
must select one hundred students from some
elght hundred who have applied for an engineer-
ing program.

3) A teacher would like to grade students on how
well they understand the chapter on simultaneous
linear equations just completed.

4) An official in a department of education has
been asked to provide a legislative committee
with information about pupil performance in
mathematics,

5) A publishing company is interested in developing
a text to teach specific concepts of statistics to
students in middle school. It needs feedback from
teachers about the adequacy of the materials {1.€.,
what things were successful and what things were
not) so that Improvements can be made.

8) A researcher interested in early cognitive develop-
ment with respect to mathematics would like to
assess the ability of preschool children to handle
certain mathematical relationships, such as the
comparison of two sets with respect to numerosity.

7)  An employer is interested in the mathematical ca-
pability of job applicants.

8) An official must declde which students are to be
admitted to academic high schools and which to
technical schools.

These examples are only a few of the typical situations in
which information from students about their mathematical per-
formance 1s frequently used. In addition, they reflect the diver-
sity of judgment {qualification, selection, placement, diagnosis,
grading, profiling, researching, and so forth) involved in those
decisions as well as the variety of personnel (students, admin-
istrators, teachers, developers, employers, and researchers}.

From these examples, I have assumed that information from
studenits about their mathematical achlevement is important
and that such information should influence educational deci-
sions. The scenarios cited here are but a few examples of the
many decisions facing educators throughout the world. Whether
achievement data as a source of information actually influence

ol
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schoollng decisions is a separate and distinct empirical ques-
tion. Nevertheless, valld data about student achievement should
be available and used when making many such decisions.

Also, we must ask: How should such information be elic-
ited? The answer to this question will be based on a second
assumption: The methods of gathering information (how data is
collected. from whom, and how it Is aggregated. organized, and
reported) depend on the decisions to be made.

From these assumptions and the examples given above. I
belleve three elements of the decision-making process should
be considered.

1) The decislons must be specifically identified. Gath-
ering information without an explicit purpose In
mind wastes time and resources. Although it is
now fashionable to create data bases under the
assumption that having such data will be useful,
it has been shown that such data bases are rarely
used or of valuc unless the purposes for which
the data are to be used were considered when de-
signing the data base.

2)  The implications of the judgments to be made, or
the questions to be answered, must be examined.
This involves considering error in measurement,
the errors in judgment that one is willing to toler-
ate, and whether the decisions are irrevocable.
Teachers may be willing to accept considerable
measurement error when administering chapter
tests because they can rely on other information
to judge a student’s progress: a developer may be
willing to live with high judgment errors In the
development of a new instructional unit, while an
admissions committee should seek minimal mea-
surement error in choosing which applicants to
accept Into a program.

3)  The "unit” about which the decisions are to be
made must be specified (individuals, groups,
classes. schools, materials. research questions). 1t
has long been common practice to test all stu-
dents on every item In every test; data from indi-
viduals can then be aggregated at any group level

! qW)
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for any purpose. This practice is extremely waste-
ful, in terms of both cost and time. For example,
the administration of a standardized test merely
to publish the results in the local press (as is
common in the United States) is wasteful both of
student time and district resources—that is. the
cost of adminlstration and scoring. Profiling school
performance can be accomplished more efficiently
by other means,

In summary. to assess student performance In mathemat-
ies, one should consider the kinds of judgments or evaluations
that need to be made and tailor the assessment procedures to
the decisions that will be made on the basis of those judg-
ments. This is particularly important when the information is
being used by policy makers to make programmatic decisions.

HISTORY OF ASSESSMENT AND EVALUATION

The history of the measurement of human behavior, with pri-
mary reference to the capacities and educational attainments
of school students. may be divided roughly into four periods.
During the first period, from the beginning of the historical
record to the nineteenth century, measurement in education
was quite crude. During the second period. embracing approxl-
mmately the whole of the nineteenth century, educational mea-
surement began to assimilate, from various sources, the ideas
and the scientific and statistical techniques which were later to
result in the psychometric testing movemernt. The third period,
dating from about 1900 {o the 1960s. can be characterized as
the psychometric period. The final period, dating from the 1960s
to the present. is the policy-program evaluation period.

Early Examination

The initiation ceremonies by which primitive tribes tested the
knowledge of tribal customs, endurarnce, and the readiness of
the young for admission to the ranks of adulthood may be
among the earliest examinations employed by human beings.
Use of a crude oral test was reported in the Old Testament. and
Socrates Is known to have employed searching types of oral
quizzing., Elaborate and exhaustive written examinations were

[
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used by the Chinese as early as 2200 B.C. in the selection of
their public officials. These {llustrations may be classified as
historical antecedents of perforiiance tests, oral examinations,
and essay tests. However, there s no evidence that different
individuals ever took the same tests and all judgments were
made by officials in a manner similar to that used in examining
doctoral students today.

Educational Testing in the Nineteenth Century

Three persons made outstanding contributions to educational
testing in the nineteenth century. The {deas of these men—
Horace Mann, George Fisher, and J. M. Rlece—set tlie precedent
for developments during the present century.,

The first school examinatior of note appear to have been
instituted in the United States, 1.. ihe Boston schools in 1845,
as substitutes for oral tests when enrollments became so large
that the school commitiee could no longer examine all pupils
orally. These written examinations, in arithmetic, astronomy,
geography, grammar, history, and natural philosophy, impressed
Horace Mann, then secretary of the Massachusetts Board of
Education. As editor of the Conunon School Journal, he pub-
lished extracts from them and concluded that the new written
examination was superior to the old oral test in these respects:

1. It is impartial.

2. It 1s just to the pupils.

3. It 1s more thorough than older forms of examina-
tion.
It prevents the “officious Interference” of the
teacher,
It “determines, beyond appeal or gainsaying,
whether the pupils have been faithfully and com-
petently taught.”
It removes “all possibility of favoritism.”
It makes the information obtained availabie to all.
It enables public appraisal of the ease or difficulty
of the questions. (Greene, Jorgenson, & Gerberich,
1953)

Although these idecas are similar to the objectives repre-
sented by modern tests, the instruments themselves were inad-
equate. However, In successive issues of the Common School
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Journal. Mann was (o suggest most of the principles of exami-
nation that are found in contemporary measurement—for
example, timed responses by students to identical series
questions.

To the Reverend George Fisher, an English schoolmaster,
goes the credit for devising and using what were probably the
first objective measures of achieventent. His "scale books."” used
in the Greenwich Hospital School as early as 1864, provided
the means for evaluating accomplishments in handwriting, spell-
ing, mathematics, grammar and composition. and in several
other school subjects. Specimens of pupil work were compared
with “standard specimens” to determine numerical ratings that.
at least for spelling and a few other subjects, depended on
errors in performance (Greene, Jorgenson, & Gerberich, 1953).
Scoring procedures for many examinations still follow this pro-
cedure (e.g., the English O level examinations).

‘The use of test information for program evaluation was first
developed by J. M. Rice, an American dentist. In 1894, he
developed a battery spelling test, Having administered a list of
spelling words to pupils in many school systems and analyzed
the results, Rice found that pupils who had studied spelling
thirty minutes a day for eight years were no better spellers
than children who had studied the subject fifteen minutes a
day for eight years. Rice wag attacked and reviled for this “her-
esy,” and some educators even attacked the use of a measure
of how well puplls could spell as a means of evaluating the
efficiency of spelling instruction, They Intended that spelling be
taught to develop the pupliis’ minds and not to teach them to
spell. It was more than.a decade later that Rice's ploneering
effort resulted in significant attention to obiective models in
educational testing (Ayres, 1918).

The Psychometric Period

This era began shortly after the turn of the century. Although
the historical antecedents sketched in the preceding paragraphs
were essential prerequisites, developments first in mental test-
ing and shortly after in achievement testing lay ai the roots of
testing progress In this era.

General Intelligence Tests. Attempts to measure general in-
telligence. ability to learn, and abilify to adapt oneself to new
situations had been made both in the United States and in

<4
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France. The first individual test was developed In France, and
the first group test was developed some ycars later in the United
States,

Individual intelligence scales were originated in 1905 by
Binet and Simon {n France. Thelir first scale was devised prima-
rily for the purpose of selecting mentally retarded pupils who
required special Instruction. This pioneer Individual-intelligence
scale was based on Interpreting the relative Intelligence of dif-
ferent children at any given: chronological age by the number of
questions they could answer of varied types and Increasing
levels of difficulty. These characteristics were all reembodied in
the 1908 and 1911 revisions of the Binet-Simon Scale and
remain basic to most Individual Intelligence scales today. The
1908 revision introduced the fundamentally important concept
of mental age {(MA) and provided a means for determining it
(Freeman, 1930).

The first group Intelligence test was Army Alpha. used for
the measurement and placement of American army recruits
and draftees during World War 1. It was the product of the
collaboration of varfous psychologists working on group intelli-
gence tests when the United States entered the war.,

Aptitude Tests. ‘The measurement of aptitudes, or those po-
tentialities for success in an area of performance that exist
prior to direct acquaintance with that area, was closely related
to intelligence testing. Early atternpts to measure general intel-
Hgence tested many specific traits and aptitudes, but this ap-
proach was abandoned after Binet showed that tests of more
complex forms of behavior were superior, It was soon apparent,
~ however, that general intelligence tests were not highly predic-
tive of certaln types of performance, especially in the trades
and industry. Munsterberg's aptitude tests for telephone girls
and streetcar motormen were followed by tests of mechanical
aptitude, musical aptitude, art aptitude, clerical aptitude, and
aptitude for various subjects of the high school and college
curriculum (Watson, 1938). Spearman’s (1904) splitting of total
mental abllity into a general factor and many specific factors
had a decided influence on this moveiment.

Achievement Tests. Modern achievement testing was stimu-
lated by Thorndike's (1804) book on mental, social, and educa-
tional measurements. Through his book and his influence on
his students, Thorndike was predominantly responsible for the
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early development of standardized tests. Stone, a student of
Thorndike's, published the first arithmetlc reasoning test in
1908. Between 1909 and 1915, a series of arithmetic tests and
sca. 5 for measuring abilities in English composltion, spelling,
drawing, and handwnting were published (Odell, 1930). During
the more than half century since these early testing efforts,
litcrally thousands of standardized achievement tests have been
published.

The reasons for presenting this brief history of testing are
threefold. First, what is referred to as the “modern testing move-
ment” began with a selection protiem (Binet & Simon)j and a
placement problem (Army Alpha). It was assumed that a single
measure (e.g.. MA) or index (e.g.. 1Q) could be developed to
compare individuals on what was assumed to be a general,
fixed, uniidimensional trait. In turn, the procedures that evolved
in developing and administcring these tests were used {n apti-
tude and achlevement tests, Second, the testing procedures
now consldered typlcal in many countries were developed for
group administration of early intelligence tests. Such lests com-
prise a set of questions (items), each having onc unambiguous
answer. In this sense, the tests are “objective,” since no allow-
ance Is made for subjcctive infcrences. Third. subjects are ad-
ministercd the same items under standard (nearly identleal)
conditlons with the same instructions, time, and constraints.
Furthcrmore, subjects’ answers can be easily scored as correct
or not, the total number of correct answers tailied, tallies trans-
formed, and transformed scores compared. Psychometrics, in-
volving the application of statlstical procedures to such tests,
developed as a ficid of study in the 1920s,

Most Importantly, 1t should be understood that the testing
movement was a product of a historical era. it grew out of the
machine-age thinking of ihe industrial revolution of the iast
century. Business. Industry, and. in particuiar, schools have
been conceived, modified, and operated based on this mechani-
cal view of the world since before the turn of the century.

The Policy-Program Evaluation Period

Information about student achievement has long been used by
teachers and educators to make decisions about students. How-
ever, the use of that informatlon for wide-scale policy or pro-
gram judgments is recent. It began with the burst of reform
policles assoclated with the mid-sixtles Great Soclety initlatives
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in the United States. Federal-ievel insistence on evaluation of
these initiatives was thrust upon a largely unprepared field. In
areas as diverse as bilingual education, carecer education, com-
pensatory programs, reading, or mathematics, little expertise in
evaluation existed in the very agencies responsible for carrying
out program evaluation. In fact, in the United States the initial
training institute on program evaluation was held at the Uni-
versity of lllinois in 1963 (directed by Lee Cronbach).

That early work followed the notions of Ralph Tyler {1931),
the “father of educational evaluation.” His conception of evalua-
tion involved comparison between intended and observed pro-
gram objectives. Tyler's madel of evaluation in education pre-
vaited until the 1970s. when his approach, like traditional social
science models, was found inadequate as a guide for policy and
practice. The Tyler evaluation model was based on the
hypothetico-deductive traditions of “hard science.” It focused
on outcomes and sought significant differences between in-
tended and observed outcomes. Initial evaluations of federal
education prcgrams used experimental methodologies to assess
student achievement and program effertiveness. As applied,
this approach paid little attention to the context of program
activities or the processes by which program plans were
translated into practice (Eash, 1985; O'Keefe. 1984). The dis-
course about evaluation included fairly rigid rules for “good”
design and “scientific” :valuation. In particular, evaluators
gathered data on student performance using standard achieve-
ment tests.

In summary, evaluation for policy and program purposes
began in the 1960s by attempting to apply “"scientific” prin-
ciples that used concepts from the experimental sciences. The
information on students was from tests based on the psycho-
metric assessment technique outlined above. Again. this ap-
proach to evaluation is a product of “industrial age” thinking,

TWO SOCiAL POLICY EVALUATION MODELS

Policy makers (legislators. government officials, school adminis-
trators, and other educators) must make many decisions re-
lated to the teaching and learning of mathematics. In this sec-
tion. two evaluation models often used by policy makers arc
examined in detail so that their strengths and weaknesses be-
come apparent. :
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Program Evaluation

Attempts to evaluate the impact of a new curriculum program
involved comparison of the performance of a group of students
who had studied mathematics from that curriculum with an
alternate group, most often a nonequivalent group. Performance
was measured in both groups based on scores derived from the
same Instrument. Initially, in the United States standardized
tests were used; later it became common to use objeclive-refer-
enced tests—that is, tests that produced scores related to spe-
cific instructional objectives.

Norm-referenced standardized tests have become an an-
nual ritual in most American schools. Such tests are designed
to indicatc a respondent's position in a population. Each test
comprised a sct of independent. multiple-choice questions. The
items have necessarily been subjected to a preliminary trial
with a representative pupil group so that it is possible to ar-
range them in the desired manner with respect to difficulty and
the degree to which they discriminate among students. Also,
the test is accompanied by a chart or table to be used to
transform test results into meaningful characterizations of pu-
pil mental ability or achievement (grade-equivalent scores. per-
centiles, stanines).

Three features of such tests merit comment. First, although
each test is designed to order individuals on a single (unidi-
mensional) trait, such as quantitative aptitude, the derived score
is not a direct measure of that trait. Second, because individual
scores are compared with those of a norm population, there
will always be some high and some low scores. This is true
even if the range of scores is small. Thus. high and low scores
cannot fairly or accurately be judged as “"good” or “bad” with
respecl to the underlying trait. Third. test items are assumed to
be equivalent to one another. They are selected on the basis of
general level of difficulty (p-value) and some index of discrimi-
nation {e.g., nonspurious bisertal correlation). Furthermore. the
test items are not representative of any well-dcfined domain.

The primary strengths of standardized tests are that thecy
are relatively easy to develop. inexpensive., and convenient to
administer. Furthermore, the results are readily comprehen-
sible since standard procedures are followcd.

Then primary weakness is that they are often used as a
basis for decisions they were not designed to address. For ex-
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ample, aggregating standardized scores for students in a class
{or in a school, or district} to produce a class profile of achieve-
ment {class mean) is very inefficient. The tests provide too little
information in light of the high cost involved. In fact, it has
become clear that such tests are of little value for most evalua-
tions, since the items are not intended to be representative of
the mathematical domains in the curriculum.

Unfortunately, in the United States thelr use appears to be
more strongly related to political, rather than educational, uses.
For example, it is claimed that elected officials and educational
administrators increasingly use the scores from such tests in
comparative ways—to indicate which schools, school districts,
and even individual teachers give the appeararice of achieving
better results (National Coalition of Advocates for Students,
1985). Such comparisons are simply misleading. One can only
conclude that standardized tests are unwisely overused.

Objective-referenced tests are a product of the behavioral
objectives movement in the 1960s. They were developed to pro-
vide teachers with an objective set of precedures with which to
make instructional decisions. Item development was based on
the identification of a set of behavioral objectives such as, “The
subject, when exposed to the conditions described in the ante-
cedent, displays the action specified in the verb in the situation
specified by the consequent to some specified criterion” (Rom-
berg, 1976, p. 23). Items randomly selected from a pool designed
to represent the antecedent conditions and the same action verb
are given to students, From their responses, diagnosis of prob-
lems or judgments of mastery of objectives can be made.

Three features of these tests should be mentioned. First.
they usually are designed as part of a curriculum and meant to
be administered to individuals at the end of a specific instruc-
tional topic. Often, they are given individuzally, and teachers’
judgments are made quickly. Second, they have occasionally
been used In group settings, For example, the comprehensive
achlevement monitoring scheme (Gorth, Schriber, & O'Reilly,
1974) periodically assesses student performance on a set of
objectives. Third, decisions about performance are made with
respect to certain a priori criteria.

The strengths of objective-referenced tests ile in their use-
fulness in instruction. As long as instruction on a topic focuses
on the acquisition of some specific concept or skill, such tests
can be used to indicate whether or not the concept has been

49
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learned or the skill mastered. Furthermore, such tests are scored
easily and are readily interpretable.

Objective-referenced tests have four weaknesses. First, speci-
fying a set of behavioral objectives fractionates mathematical
knowledge. In no way is it possible to reflect in these tests the
interrelatedness of concepts and procedures in any domain.
Second. objective-referenced tests are costly to construct. be-
cause hundreds of objectives are included in any instructional
program. Third, simple aggregation across objectives is not rea-
sonable. since objectives are interdependent. Fourth, and most
tmportantly, items for higher-level or complex problem-solving
processes are very difficult to construct and are usually omit-
ted. In fact, as used. these tests reinforce the factory metaphor
of schooling. They clearly do not reflect how students reason
about problem situations, interpret resuits, or build arguments.

The problem faced by most program evatuators in the 1960s
was a direct result of the “scientific” tradition. The only evi-
dence deemed of value was student performance at the end of
treatment when compared with that of an alternate treatrment
group, and the evidence was gathered from either a standard-
ized test or, later. a criterlon-referenced test. The results of
examinations (such as the National Longitudinal Study of Math-
ematical Abilities, Begle & Wilson, 1970) did not show that the
new prograin was uniformly superior to the old program. but
rather that different curricula were associated with different
patterns of achievement.

Policy Profiles

Profile tests are intended to provide information on a variety of
mathematical topics so that policy makers can compare indi-
viduals or groups in terms of those topics. Profile tests have
become very popular. They have been developed for several
major studies of mathematical performance, including the Na-
tional Assessiment of Educational Progress (NAEP) in the United
States. the First International Mathematics Study (FIMS), the
Second International Mathematics Study (SIMS), and the As-
sessment Performance Unit (APU) in England.

Five features of profile assessments distinguish them from
previous tests. First. they make no assumption of an underly-
ing single trait: rather, the tcsts are designed to reflect the
multidimensional nature of mathematical content. Second, items
siimilar to those used in standardized or objective-referenced
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tests are used. However, it must be acknowledged that the
mathematics profiles developed by the APU in England {Foxman
et al., 1980, 1981) differ from most other profile assessments in
the choice and form of items or exercises administered. Their
exercises include a variety of open-ended questions, perfor-
mance tasks. and other items. Third, the unit of investigation
is a group rather than an individual. Matrix sampling is usu-
ally used so that a wider variety of items can be included.
Fourth, comparisons between groups are shown graphically on
actual scores so that no transformations are needed (sce. for
example, Figures 2—-1 and 2-2}. Finally, validity is determined

Grade Percent Correct T-Meoan T-Mean
Level 9% Cor. % Onuts
0 50 100
L 1 i f { 1 1 { 1 | I |
7L 1 81
1 P I 8 66
9G | o bt e 7 53
106|130 26 1 ! 16 4
9A 513 51|42 36 30
10A o I i K 50 19
9B 0 81
108 [l 2 M

— this ltopic is not part of the Grade 7 or Grade 8 program.

— a surprisingly large number of Grade 10 Advanced students omitted these
items.

‘— results indicate that where this skill is needed in Grade 11 and 12 it should be
reviewed and practiced then.

Flgure 2-1. Algebra—equations and inequalifies. Range of correct responses 1o the six
instruments, by grade (from MclLean, 1982, p. 207).
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Percent Correct

0 i 30 454 60 75 20
I 1 I 1 1 1 ]
Grade
7 —I + |
8 i + |
9 I + |
10 ——m1I + |

Statistical Summary

Grade No. of Grade Grade
Level Classes Mean St. Dev.
7 97 18.6 11.8
8 98 268 129
g 122 25.6 15.4
10 103 304 13.8

Figure 2-2, Range of correct responses to topic group by grade given in percentages.
{MclLean, 1882, p. 138).

Reprintad with parmiss:on from the Queen's Priner for Onlana.

in terms of content and/or curricuium. Mathematiclans and
teachers are asked to judge whether individual items reflect a
content-by-behavior cell In a matrix. In fact, the usual ap-
proach in profile testing is to speclfy a content-by-behavior
matrix. For example, to establish a framework for an item do-
main, a content-by-behavior grid was developed for each target
population in SIMS (Welnzwelg & Wilson, 1977). The content
dimensions for both Grade 8 and Grade 12 popuiations were
intended to cover all topics likely to be taught in any country,
For Grade 8, the content outline contained 133 categories un-
der five broad classifications: arithmetic, algebra, geometry, sta-
tistics, and measurement, For Grade 12, the content descrip-
tion was broader, contalning 150 categories under seven
headings: sets and relations, number systems, algebra. geom-
etry. elementary fractions and calculus, probability and statis-
tics, and finite mathematics.
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For each population in SIMS, the behavior dimension re-
ferred to four levels of cognitive complexity expected of stu-
dents: computation, comprehension, application, and analysis.
This classification is adapted from Bloom's Taxonomy of Educa-
tional Objectives (1956). The adaptation involved replacing
"knowledge” with “computation” and eliminating the higher lev-
els of synthesis and evaluation. Data from such tests can then
be reported in several ways. First, they can be 1eported in
terms of items or cell means, For example, in Figure 2-1, the
means are presented for six items on a topic {each given a
different instrument) for different students at different grades
in the province of Ontario, Canada (McLean, 1982). Second,
item scores can be aggregated by columns to yield cognitive
level scores or by rows to yield topic scores (see Figure 2-2).

One strength of profile achievement tests is that they can
provide useful information about groups; thus they are par-
ticularly useful for evaluating educational policy changes that
directly affect classroom instruction. However, profile achieve-
ment tests are weak in four specific areas. First, because they
are designed to reflect group performance, they are not useful
for ranking or diagnosing individuals. An individual student
takes only a sample of items. Second, they are somewhat morc
costly to develop and harder to administer and score than

standardized norm-referenced tcsts. Third, because they yield
a profile of scores. they are often difficult to interpret. Finally,
however, the primary weakness of most profile achievement
tests centers on the outdated assumptions underlying the two
dimensions of content-by-behavior matrices. The content di-
mension involves a classification of mathematical topics into
“informational” categories. As I have argued:

“Informational knowledge” is material that can be fallen
back upon as given, settled, established, assured in a
doubtful situation. Clearly, the concepts and processes
from some branches of mathematics should be known
by all students. The emphasis of instruction, however,
should be "knowing how" rather than "knowing what."
{Romberg, 1983, p. 122)

Furtherinore, items in any content category are tested as if
they were independent of one another, a practice that ignores
the interconnections between ideas within a well-defined math-
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ematical domain. Schoenfeld and Herrmann {1982) cautioned
about the problems inherent in testing students on isolated
tasks.

If they succeed on those problems, we and they con-
gratulate each other on the fact that they have learndd
some powerful mathematical techniques. In fact, they
may be able to use such techniques mechanically while
lacking some rudimentary thinking skills. To allow them,
and ourselves, to believe that they understand the math-
ematics is deceptive and fraudulent. (p. 29)

Thus. the items should reflect the interdependence, rather than
independence, of ideas in a content domain.

The behavior dimension of matrices has always posed prob-
lems. All agree that Blooin's Taxonomy {1956) has proven use-
ful for low-level behaviors (knowledge, comprehension, and ap-
plication), but difficult for higher levels (analysis, synthesis,
and evaluation). Single-answer, multiple-choice items are not
reasonable at higher levels. One problem is that the Taxonomy
suggests that “lower™ skills should be taught before “higher”
skills. The fundamental problem is the Taxonomy's failure to
reflect current psychological thinking on cognition, and the fact
that it is based on "the naive psychological principle that indi-
vidual simple behaviors become integrated to form a more com-
plex behavior” {Collis, 1987, p. 3). In the past thirty years, our
knowledge about learning and about how information is pro-
cessed has changed and expanded.

Bloom's taxonomy of educational objectives epitomizes the
domination of American education by scientific management.
for it completed the process by which not only the content of
learning, but the proxies for its intelligent application, were
classified, organized In a linear sequence and. by definition,
broken into a hierarchy of mutually exclusive cells. The conse-
quences In the classroom were far reaching. Scope and se-
quence charts prescribed which parts of a subject were to be
covered in what order: each cellular part of each subject was
put into a matrix {e.g.. Romberg & Kilpatrick, 1969. p. 285):
behaviors suggesting desirable intellectual activity were also
sequenced. However. given the multiplicity of subject cells to be
covered. the easiest way to finish the prescribed course of study
was to simply cover content without worrying too much about
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thought. Furthermore, matrices are difficult to construct effec-
tively on paper in more than two dimensions. Consequently,
few scope and sequence charts addressed. in a coherent man-
ner, both levels of thinking and specific aspects of content
within an overall discipline. Thus, one focus of concern in docu-
ments addressing the quality of education has been the fallure
of students to attain “higher order intellectual skills” {National
Comrmission on Excellence In Education, 1983, p. 9),

Attacking behaviorism as the bane of school mathematics.
Eisenberg (1975) criticized the dubious merit of a task-analy-
sis, engineering approach to curricula, because it essentially
equates training with education, missing the heart and essence
of mathematics. Expressing concern over the validity of learn-
ing hierarchies, he argued for a reevaluation of the objectives of
school :nathematics, The goal of school mathematics is to teach
students to think, to make them comfortable with problem
solving, to help them question and formulate hypotheses, in-
vestigate, and simply tinker with mathematics. in other words,
the focus is turned inward to cognitive mechanisms,

1 believe that instruments for assessment should embody
the following commonalities:

1. All knowledge is rooted in experience.
Knowledge entails the structural modeling of per-
ceived regularities and the reconciling of irregu-
larities.

3. :Cohesion of structure s integral and derived from
purpose,

4. Quality is determined by predictive power.

5. Disequilibrium is essential to the process,

G Knowledge is both individual and communal.

Simply stated. there is a need for tools that document the
production of knowledge and not meiely the proxies that con-
tribute to the process, such as time spent learning or the qual-
ity of the teaching staff. A sufficiently detailed view of the pro-
cess 1s essential in order to have some idea of how to construct
policies for intervention. However, if there is any lesson to be
learned from the old paradigm, it is that parts of the process
cannot be analyzed in isolation. and then aggregated, with the
result regarded as an adequate indicator.
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In summary, profiling is important, but current profile tests
fail to reflect the way mathematical knowledge is structured or
how information s processed within mathematical domains.

TRENDS

In this section four trends are described. The first three are
academic or theoretical trends apparent in the literature on
assessment and evaluation. The last is a conservative political
and practical trend which, in some respects, runs counter to
the other trends.

The Trend in. gram Evaluation

Far from the limited alternatives of “treatment/control” or ran-
domized designs (see Campbell & Stanley, 1966), contemporary
evaluators have developed a diverse assortment of evaluation
approaches from which to choose—given purpose, context, and
program stage. In contrast to the “one right way™ approach of
the 1960s, today evaluators have multiple (and not always com-
patible’ approaches. This trend began in the 1970s when schol-
ars trained in disciplines other than experimental psychology
were asked to assist in educational evaluations. Scholars like
Michael Young (1975). Michael Apple {1979). and a little later
Thomas Popkewatz (1984). who were trained in anthropology.
sociology, and political science respectively, brought the meth-
ods of information gathering and analysis of those disciplines
to evaluation. In fact, the list of names of designations for the
new methods and models can be confusing to someone unfa-
miliar with the field of evaluation and the controversies that
underlie the various empirical procedures. For example, the
catalogue of choices now available to evaluators includes: goal-
free evaluation (Scriven. 1974); advocate evaluation (Stake &
Gierde, 1974: Reinhard, 1972): connoisseurship (Eisner, 1976):
user-driven evaluation (Patton, 1980); ethnographic evaluation
(Fetterman, 1984); responsive evaluation (Stake, 1974); natu-
ralistic inquiry {Guba & Lincoln, 1981).

These diverse approaches to evaluation differ in many re-
spects. Chief among them are the role of the evaluator (from
educator to management consultant to assessor to advocate),
the role of the client (from active stakeholder and collaborator
to passive recipient of the evaluation product), the overall de-




Evaluation: A Coat of Many Colors 29

sign (from experimental or quasi-experimental to exploratory),
and focus (on process—formative evaluation: or outcome—
summative evaluation). Each of these dimensions corresponds
to the contingencies upon which evaluation choices are based:
purpose, decision context. stage of program development, sta-
tus of theory or knowledge base. One consequence for product
development was the specification of four stages of evaluation:
(1) product design stage—developing a needs assessment; (2)
product creation stage—gathering formative data to improve
the product; (3) product implementation stage—demonstrating
differences between products and making sure appropriate sup-
port services are available: and (4) product illuminative stage—
an in-depth examination of how the product is actually used
(Romberg, 1975).

Another consequence has been the use of a convergent
strategy, that Is, using several different evaluation models with
the same program. For example, in the IGE (Individually Guided
Education) Evaluation Study which I directed (Romberg, 1985),
we gathered data about reading and mathematics in our school
sites in four phases. Phase 1 involved large-scale survey proce-
dures (including the use of a standardized test). Phase 2 was a
follow-up study examining the validity of the Phase 1 data.
Phasc 3 was an ethnographic study of six exemplary IGE scliools.
Finally. Phase 4 was a detalled examination in Grades 2 and 5
using time-on-task cbservations and the repeated administra-
tion of criterion-referenced tests.

Note also that evaluation experts began calling for better
and different instrumentation to gather information about stu-
dent performance. Overall. while program evaluation models
have proliferated and the questions which they must address
have become clear. the information used to answer questions
too often still comes from inappropriate tests.

It is only recently that it has become apparent thet the kind
of evidence one needs to gather to judge many programs is, of
necessity, different from that obtained from conventional as-
scssment procedures. Tests given in a restricted format (e.g.,
multiple-choice items) and in a restricted time fail to capture
the most important aspects of doing mathematics. During the
past decade researchers have developed a plethora of proce-
dures for gathering information from students: think-aloud in-
terview procedures. performance tasks. projects (both individual

"‘I'-(
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and group). hierarchical reasoning tasks, and others. Unfortu-
nately, with one notable exception, these procedures have not
been used in program evaluations because of cost of adminis-
fration.

The exception 1s the evaluation cf the Hewet Mathematics A
Project in The Netherlands (de Lang. . 1987). In that evaluation
five different tasks were used to gather information: timed writ-
ten tests, two-stage tasks, a take-home task, an essay task.
and an oral task. The overall picture of how well students
learned, developed from Information from the five tasks, is much
more enriched than would have been the case If the research-
ers had used any one task.

Trends in External Assessment

While past assessment procedures arc useful for some pur-
poses and undoubtedly will continue to be used, they are prod-
ucts of an earlier era in educational thought. Like the Model T
Ford assembly linc, objective tests were considered in the 1920s
as an example of the application of modern sclentific tech-
niques. Today. we are both technologically and Intellectually
equipped to improve on outdated methods and instruments.
The real problem is that all three forms of tests (profile, stan-
dardized, and criterlon-referenced) are based on the same set of
assumptions: an essentialist view of knowledge. a behavioral
theory of learning, and a dispensary approach to teaching. It
should be obvious that new assessment techniques need to be
developed which are consistent with a different view of knowl-
edge. learning, and teaching.

New evaluation models are being developed which demand
new assessment procedures. One approach is based on the
specification of mathematical domains and the development of
items that reflect that domain (Romberg. 1987). In turn, this
assessment approach grows out of the extensive research on
such domains. A good example is the work of Gerard Vergnaud
with respect to “conceptual fields” (cf. 1982). The principles
that are followed in this approach include:

Principle 1. A set of specific and important mathematical
domains needs to be identified. and the structure and
interconnectedness of the procedures, concepts, and
problem situations in each of the domains needs to be
specified.
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Note that this approach is different from the current ap-
proach to specifying the mathematical content of a test in that
networks are being defined rather than categories. This means
that the interconnections of concepts and procedures with prob-
lem situations are as important as mastery of any node (e.g., a
specific procedure). For example, consider the following exer-
cise in second grade addition and subtraction:

Sue recelved a box of candy for her birthday. She shared
twenty-seven pieces with her friends and now has thirty-
seven pleces left. How many pieces of candy were origi-
nally in the box?

To solve this exercise, a child would be expected first to
represent the quantitative information with the subtraction sen-
tence [ ] - 27 = 37. Second, the sentence should be trans-
formed to the addition sentence 27 + 37 = | ); then the addition
should be performed to yield an answer. What is important is
that the child must know that separating situations can be
represented by subtraction sentences, that subtraction sen-
tences can be transformed into equivalent addition sentences,
and that there are procedures for performing additions. Each
plece of knowledge, while Important, contributes to a solution
process or way of reasoning about a situation that is more
important than any single concept or process.

Principle 2. A variety of tasks should be constructed that
reflect the typical procedures, concepts, and problem
situations of the chosen mathematical domain.

This is a key principle in that the envisioned tasks are not
Just a more clever set of paper-and-pencil, multiple-choice test
items. Although some typical test items may be appropriate for
determining mastery of a specific concept or process, many of
the tasks must be different. For example, some should be exer-
clses that require the student to relate several concepts and
procedures, such as those in the example, from the addition
and subtraction given above. {Note: See also the discussion of
the Journey problem and Figures 3-1 and 3-2 in the next
chapter.)

Other tasks may emphasize the level of reasoning associ-
ated with a set of questions about the same siiuation such as
the superitem (in Figure 2-3). Still other tasks may ask stu-
dents to carty out a physical process, such as gather data,

Y
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This is a machine that changes numbers. It adds the number you put in three times
and then adds 2 more. So, if you putin 4, it puls out 14.

7
= :

U. If 14 is pul oul, what number was put in?

Answer
Answer: 4

Comment: Students have to understand the problem well enough fo be able 1o
closa on the correcl response which is displayed in the stem.

M. If we put in a 5, what number will the machine put out?

Answer
Answer; 17

; Comment: Students need to comprahend the set problem sufficiently to be able to
i use the given stalemenis as a recipe and thus perform a sequence of closures which
they do not necessarily relate to one another.

RB. lf wa got out a 41. what number was putin?

Answer
Answer: 13

Comment: An integrated understanding of the stalements in fhe problem is
necessary to carry out a successful solution strategy in this case. Correct solutions may
involve working backwards or cairying out a series of approximation trials. tt should be
noted that the solution requires only data-constrained reasoning in that no abstract
principles need to Le invoked.

£. It “X" is the number that comes out of the machine when |he number "Y" is putin,
wiile down a formula which will give us the value of “Y* whatever the valug of “X.”

X-2 Answer __
AnswellY = "5

Comment: A correct response involves extracting the relationships from the problem
and sefting them down in an abstracl formula. It involves using the information given in
away quite different from that of the lower levels.

Figure 2-3. Anexample of a super item {Collis, Romberg, & Jurdak, 1986, p. 12).

Reprinted with pemussion.
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measure an object, construct a figure, work in a group, to
organize a simulation. And still others may be open ended. like
the Roller Coaster problem (in Figure 2-4),

The picture above shows the track of a free-wheeling roller-coaster, whicn is travelling
at a walking pace between A and B.

1. Write a paragraph describing how you think the speed of the roller coaster varies as
it travels along the track. (Use the ietters A to O to help you in your description.}

. Now sketch a graph which shows how the speed varies as it travels along the track.
(Don'texpect to get it right the first timef)

Figure 2-4. Inlerpreting a roller-coaster {Swan, 1986, p. 36).

Repnnled with peramission

These illustrations demonstrate that there are several dii-
ferent aspects of doing mathematics within any mathematical
domain. To be able to assess the lcvel of maturity an individual
or group has achieved in a domain requires that a rich set of
tasks be constructed.

Principle 3. Scme tasks in a particular domain would be
administered to students via tailored testing, and for
groups via matrix sampling as well.

Not all tasks for a domain need t{o be given to a student or
group to determinc the level of maturity. The technology is
available to systematically vary several aspects of any exercise
or problem situation. For example. for the subtraction exercise
under Principle 1, one could vary the situations (join-separate,
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part-part-whole, comparison. etc.). the size of the numbers. the
transformations. and the computational strategies (counting,
algorithms. and others).

Principle 4. Based on the tasks administered to a stu-
dent in a domain, their complexity, and the student’s
responses to those tasks, the Information should be
logically combined to yield a score for that domain.

Note that this score is not just the number of the correct
answers a student has found. Instead. it would involve Boolean
combinations of information (such as, following inferential rules
like “If and ., then "). The intent of the score is
that it reflect the degree of maturity the student has achieved
with respect to that domain. Note that this assumes all stu-
dents are capable of some knowledge in several domains.

Principle 5. A score vector over the appropriate math-
ematical domains would be constructed for each indi-
vidual or group. Thus, for any individual one would
have several scores (x,. X,..... X)) where x, is the score
for a particular domain.

Note that this simply reinforces the notion that mathematics is
a plural noun.

In summary. awareness of a problem. such as the need for
alternative testing procedures for school mathematics. does not
mean solutions are easy. It may take years to replace current
testing procedures in schools. Nevertheless, this should not
deter us from exploring plausible alternatives. What is needed
are tasks that provide students an opportunity to reflect. orga-
nize. model. represent. and argue within specific domains. Con-
structing, scoring. scaling, and interpreting responscs to such
tasks for mathematical domains will not be easy. but will. in
the long run, be well worth the effort.

Trends in Assessment by Teachers

One striking consequence of scientific. psychometric assess-
ment procedures has becn to deskill teachers. External objec-
tive assessment was deemed belter than professional judgment.
Today. too many teachers are no longer trained in evaluation
and lack confidence in thelr abllity to judge student perfor-
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mance (Apple, 1979). In reaction to this awareness, a trend to
empower teachers 1s emerging. For example, the Graded As-
sessment Project in England (Close & Brown, 1988) provides
teachers with procedures to assess performance. This theme is
central to the North American National Council of Teachers of
Mathematics’ Curriculum and Evaluation Standards (1989). 1t is -
also a major component in the Australian Mathematics Cur-
riculum Teaching Project (MCTP) (Clarke. 1987) and a focal
part of the Cognitively Guided Instruction research project at
the University of Wisconsin {Peterson, Fennema, Carpenter, &
Loef, 1987).

Political-Practical Trend

In most of the world, it is generally agreed that the educational
system, as a whole, and the teaching of the learning of math-
ematics, in particular. need to change. Demands are being made
of governments, politicians, and administrators for funds to
bring about reform. In turn. of course, these groups have a
right to demand that evidence be gathered to prove that their
monies are well spent, that changes are in fact made, and that
the changes make a difference. Valid pupil performance data
are the kinds of information demanded.

However, governmental expectations about such data in the
United States and Great Britain revert back to the scientific-
expcrimental notions of the past: behavioral objectives, norm-
referenced scores, Bloom's Taxonomy. For example, attainment
targets in the new national curriculum in Great Britain is merely
a new label for behavioral objectives. The use of SIMS items for
policy profiles {e.g.. in Italy and in some parts of the United
States} continues the practice of not assessing problem-solving
strategies. communication skills, level of reasoning, and other
vital areas. These, along with other examples, make it clear
that there is considerable disparity between current theory and
these practical demands. The demands for information are le-
gitimate. The validity of procedures is suspect.

CONCLUSIONS

The ficld of assessment and evaluation has come a long way
during the last quarter century. However, a lot of work still
needs to be done. Assessment of growth in specific domains
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has replaced general assessment of status performance over
several domains.

Unless we make changes in the way in which we gather
information from students, we will only contribute to the ongo-
ing difficulties of sterile lessons and the further deskilling of
teachers. and we will lose a major opportunity to change the
way mathematics is done. Instead, we nced to conceive of cur-
rcular evaluations and of assessments of individual progress
in light of mathematical maturity in specific domains.

1. Current testing procedures are uniikely to provide
valid information for decisions about the current
reform movement.

Current tests reflect the ideas and technology of a different
era and world view. They cannot assess how students think or
reflect on tasks., nor can they measure interrelationships of
ideas.

2. work should be initiated. or extended. to develop
new assessment procedures.

Only by having new assessment tools that reflect authentic
achievernent in specific mathematical domains can we provide
educators with appropriate information about how students
are performing. Of necessity. this implies that considerable funds
be allocated for research and developmcent. Only when new
instiruments are developed will we no longer be bound by old
assessment proccdures rooted in the traditions of the indus-
trial age.

3.  The emerging variety of evaluation modcls needs
to utilize assessment procedures that reflect the
changes in school mathematics.

‘Today. school mathematics is changing the emphasis from
drill on basic mathematical concepts and skills to explorations
that teach students to think critically. to reason. to solve prob-
lems. The criteria for judging level of performance by a student
or group of students should be based on these notions. This
will involve the student's capability—when presented with a
problem situation in a specific mathematical domain—of com-
municating. reasoning. modeling. solving. and verifying propo-
sitions. Also. the index or scale developed to measure perfor-
mance shoulk! reflect the student's level of maturity in that
domain.
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Implications of the NCTM Standards
for Mathematics Assessment

Norman Webb and Thomas A. Romberg

The primary purpose of this paper is to provide an overview of
NCTM's 1989 Curriculum and Evaluation Standards and thelr
implications for mathematics reform. This is followed by a
discussion of (1) some underlying assumptions about what it
means to know mathematics and {2) ways of organizing math-
ematical knowledge Into conceptual fields. Then. criteria for
assessinent. compaftible with and supportive of the curriculum
standards. are presented. Finally, three examples of alterna-
tive assessment techniques are given that correspond to the
intent of the evaluation standards and illustrate forms of as-
sessment that are applicable in evaluating the curriculum stan-
dards.

The National Council of Teachers of Mathematics (NCTM)
Cominission on Standards for School Mathematics was created
in 1986 and charged with the development of a set of curricu-
lum standards concerning (1) the mathematics that ought to be
incotporated into quality school mathematics programs and (2)
the instructional conditions necessary for students to learn
mathematics. In addition. the Commission was asked to de-
velop standards for both the evaluation of a school program
based on the new curriculum standards and on student perfor-
mance in light of those curriculum standards. During the sum-

37
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mer of 1987, four working groups met for a month and drafted
four sets of standards: one each for grade levels K—4. 5-8, and
9-12, and one on evaluation. Drafts of the standards were
distributed to NCTM members during the 1987-88 academic
year for their review and commentary. During the summer of
1988. the working groups met again to finalize the standards
based on the feedback received and to produce a final docu-
ment that was officially presented for implementation at the
1989 NCTM Annual Meeting in Orlando. Florida,

The Curriculumn and Evaluation Standards for School Math-
ematics (NCTM. 1989) provides a new vision for the K~12 cur-
riculum. That vision prescribes that mathematical knowledge,
because of its dynamic and multiplex nature. be acquired
through investigating. exploring, reasoning. making connections,
and communicating. The curriculum goal is for students to
know mathematics as an integrated whole. including a range of
topics many of which are interrelated by common symbols,
concepts. rules, and procedures.

In support of this vision. assessment as a means of observ-
ing what students know of mathematics needs to be seen dif-
ferently from traditional forms of testing used in measuring
outcomes of present school curricula. Most muitiple-choicc or
fixed-choice tests. in which total scores are based on aggregat-
ing results from a set of items scored as correct or incorrect.
are designed to measure independent partitioning of mathemat-
ics rather than knowledge and the interrelationships among
mathematical ideas. The organization of these tests is based on
instructional objectives or competencies that reflect a view of
mathematics as a large collection of separate skills and con-
cepts. In the new evaluation standards. assessment is viewed
as integral to instruction, with the primary role of improving
student learning. In this way assessment becomes a process of
understanding the meaning students give o mathernatics—its
concepts. its procedures. and the ways problems are solved,
the reasonings used. the means of communication. as well as
how one comes to appreciate the mathematical enterprise.

Like mathematical knowledge. assessment also is dynamic
and involves a variety of approaches. Assessment is a means
for determining students’ understanding of mathematical pro-
cesses and the interrelationships of mathematical topics; it also
can be used to determine their ability to apply mathematics in

b{v..-n
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different situations. For the vision of the NCTM Standards to be
realized, the new vision for assessment is necessary.

The NCTM Curriculum Standards

Mathematics is changing, and what people rneed to know about
mathematics to be productive citizens is changing. Important
factors implicated in these changes are the advances in tech-
nology. such as the prevalence of computers and ealculators,
and the expanding use of quantitative methods in almost all
intellectual disciplines. In defining what mathematics is needed,
five goals are identified by the Standards for the K-12 curricu-
lum. Students are to develop their mathematical power and
become mathematically literate by:

1} learning to value mathematics:

2}  becoming confident in one's own ability;

3}  becoming a mathematical problem solver;

4) learning to communicate mathematically; and
5) learning to reason mathematically.

There are four common standards, based on these goals,
that are part of each set of Standards for each grade grouping:
mathematics as problem sojving. mathematics as communica-
tion, mathematics as reasoning, and mathematical connections.
Positioning these standards as the first four of each set attests
to their importance and their relevance to all instruction. Al-
though not stated directly as standards, the valuing of math-
ematics and confidence in doing mathematics are emphasized
throughout the descriptions of the standards and the suggested
approaches to teaching. Focusing on problem solving, commu-
nicating, reasoning, and connections as standards for all three
grade groupings recognizes that these will be attained over a
period of years as a resuit of their reinforcement both within
and across grade levels,

Solving problems, communicating, and reasoning via math-
ematics are not independent of each other but develop concur-
rently through the interaction of each with the other, The devel-
opment of these mathematical abilities should be viewed as
degrees of maturation within each process. Students come to
kindergarten already possessing problem-solving strategles for
finding answers about situations, words for describing situa-
tions. and forms of thinking about situations, Over the school
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years, through additional experiences. thesc strategies can be
further developed. new strategics learned. and more sophisti-
cated problems solved. The intent of the NCTM Standards is for
the mathematics curriculum to become the means for expand-
ing students’ existing knowledge for introducing students to
additional forms of mathematical thought: and for developing
their power to use mathematics as a means of abstracting the
world, interpreting the world, working within the world, and
increasing their knowledge of the world.

The approach taken and the topics covered within each
grade category of the Standards varies and is affected by the
developmental level of students and the inherent structure of
mathematice. In Grades K—4, the authors of the Standards
argue that the empirical language of the mathematics of whole
numbers. common fractions, and descriptive geometry, derived
from the child's environment, should be emphasized. In these
grades, a four :tion for all further study of mathematics is
firmly established. Mastery of computational algorithms has
generally been considered a primary objective in the current
curriculum for the lower grades. Skill and proficiency in calcu-
lating by using paper-and-pencil aigorithms are important indi-
cators of success in the curriculum, The Standards, on the
other hand. maintains that the use of paper-and-pencil aigo-
rithms is only one among several forms of computing. In fact.
depending upon the problem situation in which a computa-
tional answer is sought. oac may nced to estimate an answer
or find an exact answer. If the latter, then one again has choices.
depending on the context. One choice is io calculate mentally.
a second is to use a paper-and-pencil algorithm. and another is
to use a calculator. Thus, students need to learn all computa-
tional procedures—estimation, mental arithmetic. paper-and-
pencil algorithms. and calculator uses. It is as important to be
able to choose among different means of computation as it is to
achieve appropriate answers.

Along with using number to describe the world empirically,
it is necessary in the lower grades to develop a sensc of space
and knowledge of the basic eoncepts and rules for building
geometries. Also, the underpinnings of the descriptive and in-
ferential sciences of statistics and function that will be devel-
oped in later grades need to be introduced and experienced in
Grades K-4. Throughout the process. learning mathematics

M
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should involve exploring, validating, representing, solving, con-
structing, discussing, using, investigating, describing, develop-
ing, and predicting.

In Grades 5-8. according to the Standards, the empirical
study of mathematics should be extended to include other num-
bers beyond whole numbers, and emphasis should gradually
shift to developing the abstract language of mathematics needed
for algebra and more formal mathematics. The middle grades
are not viewed as the culmination of the arithmetic curriculum,
but are seen as a transition leading to more advanced math-
ematics. In this sense, the number of topics covered by all
students should be increased to include significant work in
geometry, statistics, probability, and algebra. The study of arith-
metic skills should not be carried out in isolaiion but should be
driven by subject matter provided in these other areas. Work in
the middle grades should lead to students thinking quantita-
tively as well as spatially. There should be an increasing un-
derstanding of mathematical structure so thai students be-
come more awarc of the relationships within and among
operations, numbers, spatial figures. and other forms of repre-
sentation. )

in high school, Grades 9-12, students are assumed to have
had the mathematical experiences of a broad, rich curriculum
and to have reached some degree of computational proficiency.
The emphasis of the curriculum for these later grades should
be shifted from paper-and-pencil procedural skills to concep-
tual understanding, multiple representations and connections,
mathematical modeling, and mathematical problem solving. In
pursuing these, lessons should be designed around problem
situations posed in an environment that encourages students
to explore, to formulate and test conjectures, to prove generali-
zations, and to communicate and apply the results of their
investigations. An important goal for the high school grades is
for students to become increasingly scif-directed learners,
through experience in instructional programs designed to fos-
ter intellectual curiosity and independence. Although there
should be variation in the depth and breadth of coverage, all
students taking at least three years of high school mathematics
should be exposed to algebra. functions, geometry. trigonom-
etry. statistics, probability, discrete mathematics, the concep-
tual underpinnings of calculus, and mathematical structure,
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Throughout the curriculum, as these topics are integrated across
courses, students should become aware of the structure of
mathematics and be able to recognize and make the connec-
tions among topics. These connections include forming math-
ematical representations of problem situations and the ability
to distinguish among equivalent forms of representations.

Evaluation Standards and Assessing Mathematics

Tl fourteen NCTM Evaluation Standards (see Appendix A} are
divided into three groups. In one group are the seven student
assessment standards that describe what is to be observed and
measured in the process of understanding what mathematics
students know. These state that in order to adequately test
mathematical knowledge, assessment needs to measure knowl-
edge of mathematics as an integrated whole, conceptual under-
standing, procedural knowledge. problem solving, reasoning.
communication, and mathematical disposition. A second group
comprises three general assessment standards that present prin-
ciples for judging assessment instruments. Inherent in the gen-
eral assessment standards is an assumption that all evaluation
processes should use multiple assessment techniques that are
aligned with the curriculum and consider the purpose for as-
sessment. A third group comprises the four standards that
identify what should be included in evaluating a mathematics
program. One purpos~ or program evaluation is to obtain rel-
evant and useful infumation for making decisions about cur-
riculum and instruction. These four evaluation standards pro-
vide indicators of a mathematics program consistent with the
Curriculum Standards. the focus for examining the instruc-
tional resources of a mathematics curriculum, the focus for
examining instruction and its environment to determine a math-
ematics program's consistency with the Curriculum Standards.
and provisions for program evaluation. to be planned and con-
ducted by an evaluation team.

For the purpose of reflecting on the implications of the
NCTM Evaluation Standards for assessing mathematics. this
paper will focus on the final group. the three standards that
address general assessment criteria: alignment, multiple sources
of information. and appropriateness. 1t is these three standards
that can bc used to justify the consideration of new or alterna-
tive forms for assessing mathematics other than just changing
the content of tests.
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Alignment of Assessment

In order for methods of assessment to be aligned with the
NCTM Curriculum Standards, their spirit and their goals, the
assessment methods need {o conform to the Standards at the
instructional level. program level, and mathematical domain
level.

Instructional Alignment. The assessment method will be
aligned with instruction to the extent that it covers the breadth
of topics taught and provides information about the full range
of student outcomes expected. The concept of alignment {s used
instead of that of validity to stress the dynamic nature of as-
sessment and the need to use multiple sources for information.
Where traditionally the validity of one instrument or test is
analyzed, the NCTM Evaluation Standards indicate that any
one instrument will be insufficient to measure the full intent of
Instruction based on the NCTM Standards. Thus, in bringing
the assessment methods into agreement or into alignment with
instruction, it is necessary to consider the variety and range of
assessment methods being used.

It is also important to consider the learning environment
and its expectations for the use of technology. Alignment means
that if certain materials or equipment are being used in in-
struction and are a part of the mathematical experiences of the
learners, then these materials and equipment should be used
in assessment. For ~xample, the Curriculum Standards note
that calculators are one of several means for computing. Calcu-
lators also are a means of exploring and investigating math-
ematical ideas. Thus. for assessment to be aligned with in-
struction represented in the Standards, learners should at
some time during assessmerit have the option of using calcula-
tors to do computations and to investigate other mathematical
ideas.

Program Alignment. In addition to instructional alignment,
assessment methods should be aligned with the total K-12
mathematics program and conform to the expectations and
goals that students are to have attained at the completion of
eleven or twelve years of mathematics. This is referred to as
program alignment. The NCTM Curriculum Standards describe
what it {s that students should know about inathematics, about
mathematical concepts and procedures. and about applying
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reasoning and conmununication for the purpose of understand-
ing and solving problem situations. The goals for a K-12 pro-
gram. as described in the Standards, cannot be achieved by
aggregating learning that has been partitioned into eleven or
twelve segments, but will be achieved only through having a
common thrust across grades with each building upon the
knowledge developed in previous grades and with each leading
toward constructing a complete knowledge of mathematics. There
must be an articulated program so that students progress
through the grades with their knowledge of mathematics ma-
turing in a logical and deliberate sequence.

When an assessment method is in alignment with the teach-
ing program, the method will measure what students know
about mathematics that assures the desired level of knowledge
in order for them to be productive citizens throughout their
lifetimes. For example, administering timed tests of basic addi-
tion and subtraction facts would be part of a program only if
this method is supported by collecting evidence on how well
students can provide an explanation of their efficient thinking
for determining answers in a number of ways. If timed tests are
used only to assess the students memorization of facts without
understanding, then timed tests, as a measure of learning. are
not in alignmen{ with the program goals that project for stu-
dents the development of a number sense and the foundation
for developing knowledge of the real number systeni.

The set of assessment methods used at any specific grade
level or within any specific course may lack program alignment
simply due to thc omission of methods of gathering evidence on
an aspect rather than because a method is being used that
does not coincide with program goals. A major goal of program
complance with the NCTM Curriculum Standards is for stu-
dents to achieve the ability to communicate mathematically.
This means that students need to be able to use the language
of mathematics to talk. to write. to listen. and to read math-
ematics. Students are to he engaged in the communication of
mathematics at all grade levels. Student assessment within
each grade should include some procedurcs for observing and
measuring the development of student ability to communicate.
The assessment situation should match as closely as possible
the desired outcomes and normal progression toward the pro-
gram goal, The assessment of students’' communication skills
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can be made via interviews, or by some other means of having
students explain their thinking.

Mathematical Domaln Alignment. The third type of align-
ment for assessment methods is alignment with the fleld of
mathematles, its structure, and organization. The goal is for
students to construct a body of knowledge that will result in
their having the power of mathematics. If students are to ac-
quire the knowledge of mathematics described in the NCTM
Standards, they need to know the concepts, symbols, proce-
dures, reasoning, and processes of mathcmatics as well as
their structure and their interrelationship. Students also need
to be able to apply mathematics to situations that add meaning
to these symbols and concepts.

For an assessment method to be aligned with the field of
mathcmatics means that students are tested on mathematics
in a way that is compatible with the structure of mathematics
#nd how mathcmatics exists within the minds of students.
Conslderation of the structure of mathematics in constructing
assessment methods affects how tasks are designed and cho-
sen, how tasks are administered, the desired form of response,
what rules are followed to make judgments about responses,
and how information is aggregaied and reported.

OCne cxample of a strategy for consiructing assessment in-
struments that is aligned with a conception of the field of math-
ematics is the domain knowledge strategy (Romberg, 1987).
The domain kncwledge strategy is based on Gerard Vergnaud's
(1982} notions about conceplual fields. His theories are based
on the philosophic premise that the power of mathematics les
in the fact that a small number of symbols and symbolic state-
ments can be used to represent a vast array of different p;ob-
lem situations. If a set of symbols represents a closely related
set of concepts, referred to as a "conceptual field,” then this
monitoring framework should allow one to determine the de-
gree of knowledge a student or group has acquired with respect
to that domain.

The properties of a conceptual field arc:

* a set of situations that makes the concept meaningful;

+ a set of invariants that constitutes the concept; and

* a set of symbolic situations used to represent the con-
cept. its properties. and the situations it refers to.
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For example, the related mathematical concepts of addition
and subtraction of whole numbers has been defined by Vergnaud
as the conceptual field additive structure. Such fields are de-
rived in four steps.

. The symbolic statements (e.g., a+ b=canda-b
= ¢; where a, b, and c are natural numbers} which
characterize the domain are identified.

2, The implied task (or tasks) to be carried out are
specified. For addition and subtraction, this in-
volves describing the situations where two of the
three numbers, a, b, and ¢, In the statements are
known and the other is unknown.

3. Rules {Invariants] are identified that can be fol-
lowed to represent, transform, and carry out pro-
cedures to complete the task {e.g.. find the un-
known number using one or more of such
procedures as: counting strategies, basic facts.
symbolic transformations such as a + | | = ¢ which
implies ¢ - a = | }, computational algorithms for
larger numbers, and others}.

(Note that In the first three steps only formal aspects of a
mathematical system are considered.)

4, A sct of situations are identified that have been
used to make the concepts, the relationships bce-
tween concepts, and the rules meaningful (e.g..
join-separate, part-part-whole, compare. equalize.
fair trading}.

The result of these four steps yizlds a map (a tightly con-
nected network) of the domain knowledge. It is this map that is
used as a framewc < for assessment, instead of other possible
frammeworks, such as a content-by-behavior framework. In ad-
dition to the additive structure, other conceptual fields would
include multiplicative structure, proportional reasoning struc-
ture, probabillity structure. spatial structure, logical structure,
relational structure. iterative (discrete} structure, measuremernt
structure, algebraic structure, integral structure, and the dif-
ferential structure. These structures overlap in that some will
use common symbols, concepts. and rules. Problem situations
that will be used also apply across the.differcnt fields.
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One of the implications of using a domain knowiedge strat-
egy Is that the set of situations that gives meaning to the
concepts and rules is equally as important as learning to follow
the procedural rules, Knowledge of a domain is viewed as form-
ing a network of mulliple possible paths and not partitioned
into discrete segments as implied by such models as the con-
tent-by-behavior model. GQver time, the maturation of a person’s
functioning within a conceptual field should be observed by
noting the formation of new linkages, the variation in the situa-
tions the person is able to work with, the degree of abstraction
that is applied. and the level of reasoning applied. What is
important for alignment is that the assessment methods con-
form to some conception of the field being assessed.

Mathematics Is plural and represents a field of study com-
posed of several domains. To increase the knowledge of math-
ematics can be interpreted as maturing in the knowledge of
each domain., However, there are common ideas. symbols, and
procedures that interconnect the different domains. One chal-
lenge for better understanding the interrelationship of domains
is to construct a map of how specific domains are related. Such
a map would be very valuable for guiding both interaction and
assessment.

Multiple Sources of Information

In the use of multiple forms of assessment. inferences about
what a student knows must be based on confidence in how the
evidence from different sources converges to support a single
conclusion. Traditional notions of reliability are not as mean-
inglul or as applicable when trying to determine what someone
knows and when making instructional decisions. Any one source
of measurement, such as a test, will naturally have built-in
e:Tor as a measure of what mathematics a 1+ “son knows, sim-
ply because mathematical knowledge is muliuaceted, It is also
not feasible to expect teach=rs and others who develop assess-
ment instruments to have the time and resources to develop
highly reliable tests in the classical sense. For instructional
purposes, assessmont should be viewed as an ongoing process
of gathering informw. -on for making instructional d=cisions and
for reporting the outcomes of instruction in relation to the
domain of mathematical knowledge., Confidence in one source
of evidence can only be achieved by supporting cvidence from
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other sources, To assess the intent of the Curriculum Stan-
dards. many different forms of assessment will have to be used.

Appropriate Assessment Methods and Uses

A general assessment criterion is that the assessment method
be appropriate to the use that will be made of the resuits. As
with any assessment, the method needs to coincide with the
purpose for doing the assessment and with the developmentat
and mathematical maturity of the students. There are many
different purposcs for assessment such as grade-to-grade pro-
motion, graduation requirement, diagnosis, instructional group-
ing, and program evaluation. Assessment for the purpose of
judging the strength and weaknesses of a school district math-
ematics program will need to use methods different from those
used for assessment for the purpose of assigning grades to
individual students. In deciding on any method of assessment,
the purpose of the assessment needs to be an important con-
sideration.

The more closely the form of assessment matches the level
of mathematical maturation of the learner, the more useful will
be the information obtained. A key principle of assessment is to
determine what mathematics the learner knows. This is done
by locating where the student is on the map of mathematical
knowledge by noting what meaning the learner gives to con-
cepts and symbols, what procedures the learner knows and
can use, and how the learner is able to reason, solve problems,
and comumunicate. In order to locate the individual precisely.
the assessment instrument must be sensitive to the distinc-
tions that the learner makes. This requires refined assessment
instruments. It implies that manipulatives should be a part of
the assessment environment when assessing the mathematical
knowledge of primary age learners. Instruments that distin-
guish among forms of abstract knowledge should be useful in
assessing the knowledge of eleventh and twelfth graders who
have experienced a cwriculum corresponding to the Standards.

Criteria for Judging Assessment Instruments

In judging assessment instruments for meeting the main crite-
ria listed in the Evaluation Standards, four points need to be
considered.
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The assessment instrument should provide infor-
mation that will contribute to decisions for the
improvement of instruction.

The assessment instrument should be aligned with
the instructional goals, the goals for the overall
program. and a holistic conceptualization of math-
ematical knowledge.

The assessment instrument should provide infor-
mation on what a student knows.

The results from one assessment instrument
should be such that when combined with results
from other forms of assessment, a global descrip-
tion is obtained of what mathematics a person or
group knows.

Three Examples of Alternative Assessment Tasks

The components most commonly encountered in large scale
assessmen(s are fixed-choice items. muitiple-choice items. and
items requiring short answers. Classroom assessment is thought
of as giving students a set of problems in symbolic form—such

s an equation. sequence of numbers, or words—with each
problem requiring a number as an answer. Other than these,
there are few alternative forms of assessment of mathematics
currently in use. There are few that provide information on the
communication of mathematics. on the understanding of math-
ematics as an interrelated set of ideas, and on how well the
learner is able to gain meaning from the situation.

Recently certain interesting methods of assessment have
been explored that show some promise and conform to the
vision of the Standards. Some of these newer methods have
been developed in other countries as problems of reform in
those countries are being addressed. Examples from three dif-
ferent sources are given below. These examples have been se-
lected to illustrate different means of assessment that seem to
adhere to the spirit and recommendations in the NCTM Stan-
dards. The three examples were also selected to reflect what
can be done at different grade levels. However, each assess-
ment method discussed should be applicable to a broader grade
range than the one presented.
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Grades K-4 Assessment

The work of Carpenter. Fennema. Peterson. and Carey (1987)
on the Cognitively Guided Instruction Project illustrates mak-
ing assessment a part of instruction. A guiding principle for
Cognitively Guided Instruction is that instructional decisions
should be based on careful analyses of students’ knowledge
and the goals of instruction {Carpenter & Fennema. 1988]}.
Instruction should be appropriate for each child's level of knowl-
edge and facilitate growth on successive levels. This requires
that individual students be assessed at regular intervals and
that instruction planning be based on the results of assess-
ment. In Cognitively Guided Instruction. it is important to as-
sess not only whether a learner can solve a particular problem,
but also how the learner solves the problem. This is very com-
patible with the emphasis of the NCTM Slandards on problem
solving and reasoning.

Three methods of assessment are being explored by the
Cognitively Guided Instruction Project (Carpenter. Fennema, &
Peterson, unpublished): assessing children in individual inter-
views, assessing children during group instruction, and spct-
checking assessment during seatwork. Clearly. interviewing or
ohserving each student in a class requires some form of organi-
zation for assessment so that all students are observed or in-
terviewed during the assessment period. There also needs to be
some means for systematically recording learners’ responses. It
is important when using these methods for the teacher to have
knowledge of the classification of problems and of children’s
strategies. In this way, the teacher Is able to ask questions or
to structure the situation {o more appropriately conform to the
learner’'s development and mathematical maturity. In viewing
assessment in this way, it is not necessary to use large batter-
ies of problems in order to make important and relevant dect-
sions for instruction. What is important is to give the learner a
problem that matches or nearly matches his/her level of knowl-
edge. In interviews, there is more flexibility to make adjust-
ments. such as leading the student in a given direction.

The following protocol was presented as a way of indicating
whether a child is ready to proceed from Counting All (given
two sets of objects, the student counts all objects, beginning
with one, to determine the sum} to Counting On (glven two sects
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of objects, the student counts beginning with the number in

one set),

TEACHER:

“There are 6 pennies in the bank.” (The
teacher places the pennies in the bank with-
out counting each one.) “How many pennies
will be in the bank if we put in 2 more?”

Paul begins to count on his fingers, “1, 2. 3, 4, 5, 6" to
establish the number &, then hesilates and counts 2
more fingers. He looks at the 8 fingers and says "Eight.”

TEACHER:

PAUL.
TEACHER:

PAUL.
TEACHER:

PAUL:
TEACHER:

PAULL:

To assess
a similar

“Do you think you could solve the problem
without counting on all 8 fingers?"

No response.

“When you count, what number comes after
6?7

"Seven comes alter 6.

“Right. Suppose we had 7 pennies in the
bank and we add | more penny. How many
pennies would we have? Can you think of
the number that is 1 more than 7 when you
count?”

“well. . .. 7, 8. Eight comes after 7.”

“Good. Let's put 7 pennies in the bank."
(Teacher places chips in groups.) "If we put
2 more pennies in the bank., can we figure
out how many pennies there will be alto-
gether?”

“Seven. (pause) 8. 9. There are 9 pennics.”

whether Paul could independently Count On,
problem using the number fact 5 + 2 was

given. (Carpenter, Fennema, & Peterson, unpublished,

pp. 7-8)

The process described in this protocol is an example of a
teacher leading a student through a situation. Through the
process of trying to determine whcther Paul could approach the
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problem by some means other than concretely using fingers,
the teacher, by asking questions. is able to determine if the
student has some of the knowledge necessary to proceed. In
this situation, a student could make a simple counting error
and produce a wrong answer. Without interviewing, a teacher
may reach the wrong conclusion about the student’'s readiness
to use the Count On strategy.

Grades 5-8 Assessment

An example of using a situation to partially assess middle school
students’ knowledge of mathematics as communication and
reasoning and knowledge of number comes from the Shell Cen-
tre for Mathematical Education (Swan. 1985) in England. Fig-
ure 3-1 illustrates a specimen examination question from a
module aimed at developing the performance of children in
interpreting and using information presented in a variety of
familiar mathematical and nonmathematical forms. Figure 3-2
gives the marking scheme for the question.

This particular example requires the learner to describe in
words the relationship of one form of representation (a map) to
another form of representation {a graph). Then in sketching a
graph, the learner has the opportunity of modeling a situation
graphically. In constructing the graph, some proportional rea-
soning is required. Of note is that more than one question is
derived from a situation. This provides an opportunity to ob-
serve the interrelatedness of different forms of representation.
The learner will need to have a knowledge of concepts in order
to describe the car journey. Procedural knowledge is required
in reading the map and graph in order to get information from
each. In order to sketch the graph. reasoning is required to
determine the speed of the car in relation to the time. The
marking scheme then gives some indication of what a learner
knows by indicating a global score based on how well that
student is able to bring everything together.

This example demonstrates a form of assessment aligned
with a conception of mathematics that involves different forms
of representations within the conceptual field of proportional
reasoning. A learner who is able to score high on this situation
shows a good understanding of speed as a form of proportion
by being able to derive mcaning from the map and graph. By
providing a score for the different parts of the situation, it is

LU
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TRE JOURNEY

The map and the graph below describe a car journey from Nottingham to
Crawley using the Mt and M23 mutorw ays.

NOTTINGHAM
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{i}) Describe each stage of the journesy . making wse of the graphand the map. In
particular describe and explain what is happening from A 10 B: B 10 C:

CioD:DioEand ElnF.

{ii) Using the information given abos e, sheteha graph tushow how the speed of

the car varies during the journey.

#} 9
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o
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o I B L] 4
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Figure 3-1. One examination guestion from the Shell Centre for Mathematical

Educalion. (Swan. 1985, 5. 13). Reprinted with permission.
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THE JOURNEY ... MARKING SCHEME

(I} Interpreting mathematlcal representations using words and comblning infor-
matlon to draw inferences.

Journey from Ato B | ‘Travelling on the M1 { mark

‘Travelling at 60 mph’ (£ 5 mph) { mark
or travels 60 miles in one hour”

Journey fromBto C | "Stops’

or "At a service station’
or *In a traffic jam’ 1 mark
or equivalent

Journey from C to D | ‘Travelling on the motorway’ 1 mark

“Travelling at the same speed as

before’

or ‘Travelling at 60 mph {* 5 mph)’ 1 mark

or ‘Travels 50 miles in 50 minuies’
(x 5 ming.)

Journey from D to E | -Travelling through London’ 1 mark

‘Speerd fluctuates”. or equivalent.
eg: ‘there are lots of traffic 1t mark
lights’. Do not accept "car slows down'.

Journey from Eto F | ‘Travelling on the motorway
or 'Travelling from London to Crawley’. | 1 mark

(ii} Transiating into and between mathematical representations.

For the generai shape of the graph, award:

1 mark  if the first section of the graph shows a speed of 60 mph (£ 10 mph) reducing
to 0 mph.

{ mark if the final section of the graph shows that the speed increases to 60 mph (£
10 mph) then decreases to 20 mph (z 10 mph} and then increases again.

For more detailed aspects, award:

1 mark if the speed for section AB is shown as 60 mph and the speed lor section CD
is shown as 60 mph (£ 5 mph).

1t mark if the changes in speed at 1 hour and 1%z hours are represented by (near)
vertical lines.

P mark if the stop is correctly represented from 1 hour to 1'/z hours.

1 mark if the speed through London is shown as anything from 20 mph to 26 mph or
is shown as fluctuating.

t mark if the graph is correct in all other respects.

A lotal of 15 marks are available for this question.

Figure 3-2. Scoiing scheme for examination question given in Figure 3—1. (Swan.
1985, p. 13). Reprinted with permission.

RIC
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easier to determine what a student knows and what links have
formed. Having students write a response to the prohlemn-solv-
ing process provides an occasion to observe the use of language
to describe a situation given in pictorial form using a map and
a graph.

Grades 7-12 Assessment

In The Netherlands. mathematics education is in a slate of
transition just as it is in this country. Out of the reform effort
has come a course referred to as Mathematics A (de Lange.
1987) that is aimed at students who are expected to pursue
studies at the university in disciplines where mathematics is
needed only as a tool. Many of the students who take Math-
ematics A will specialize in economics. social sciences. and
medicine. One form of assessment used is written timed tests.
These are classified as follows:

1. Class 1. Exercises without context, or with hardly
any context
2, Class 2. Exercises with a substantial use of con-
text
a. Exercises strongly resembling the exercises
from the booklet’
b. Exercises resembling those of the booklet
somewhat, but not strikingly
c. Exercises not resembling those of the boaoklet.

One sample form of assessment included in the Mathemat-
ics A materials is a "Two-Stage™ task. In this learners are given
a situation and asked to respond to as many of the questions
as possible in a traditional timed written test. The first half of
the test consists mainly of open-ended guestions. The second
half of the test may include essay questions. The results are
scored and then returned to the student.

For the second stage, students are provided information on
their scores and on the gross mistakes they made in the first
stage. Then the students are asked to repeat their work on the

'A booklet Is a separately bound unit based ot a realistic sel of prob-
lems. The course is organized around several booklets. each of which
takes lwo to four weeks Lo complete. (de Lange. 1987). Reprinted with
permission.
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problem situation at home where they have no restrictions and
are completely free to answer the questions as they choose.
Students may te given as much as three weeks to do this.
Then students are scored on both stages.

An example of a problem given is the Forester Problem,
This is to test learners’ knowledge of matrices. {de Lange, 1987,
pp. 187-89)

ForesTER PROBLEM

A forester has a piece of land with 3,000 Christmas trees, Just
before Christmas he cuts a number of trees to sell them. The
forester distinguishes three classes of length: S, M. L trees. The
small trees have just been planted and have no economic value,
the medium trees are sold fl. 10,- a piece. and the large ones
for fl. 25.,-. He has, just after Christmas, 1,000 small. 1.000
medium, and 1,000 large irees. All these grow uneventfully
; until just before next Christmas. From experiences of colleagues,
i he knows approximately about the growth per year:
40% of the small trees become medium
20% of the medium trees become large
Or, in a GRAPH:

0.6 0.8

S M L
This graph may be represented by a GROWTH-MATRIX G:
from

M

. Complete the matrix G.
2. Calculate the composition of the forest just before
the next Christmas (using G).

After cutting medium and large trees and planting
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small trees, the forester wants his starting popu-
lation B {1,000 of each} back. How many of each
kind should be cut and planted?

Cutting one tree costs fl. 1,-; planting one tree
costs fl. 2,—; what will be the forester’s profit this
Christmas?

The forester wonders whether the above strategy is the most
profitable one. He considers two other strategies, so he has the
choice of the following three strategies:

1. Cut after one year and plant so as to get your
starting population back.
1. Cut after two years and plant back so as to get
the starting population.
. Cut after one year the large trees only (leaving
1,000) and replant the same number of small trees:
repeat this the second year.

Which of the above three strategies is the most
profitable per year?

The forester considers the use of fertilizer to make the trees
grow faster. There exists a fertilizer that. according to the pro-

ducer, might lead to the following growth-matrix:

0.6 0 0
0.4 0.5 0
0 0.5 1

6. Explain why the trees grow faster with this mode.

The forester likes to use the fertilizer but has some doubts
whether it would not be possible to get the start population B
back after each Christmas. because getting back the B-popula-
tion is essential to him.

7. Will it be possible to get back the start population
B when the matrix G is of issue {after one year)?

8. The forester decides to thin the fertilizer such that
to get his B-population back every year he only
has to cut large trees and to replant the same
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number of small trees. Can you suggest any Ma-
trix G that will have the desired effect?

9. Using all information available, what would you
advise the forester?

Another forester prefers five length-classes:

Class | 2 3 4 5

S P,=04 P,=03 P,=04 P,=02 L

1,000
1.000
B= 1,000
1,000
1,000

10. Write an essay including:
— the growth-matrix in this situation
— the effect on the total population after one year
— the possibility to get B back
-— if this is impossible, change one of the entries of
the matrix in order to make it possible
— the effect if a tree manages to giow in one year
from class 3 to class 5.
11. Find the matrix for the general case:

1 2 3 n-1 7

How can you conclude from the matrix whether
getting B is possible or not?

12, What are the limitations of the model? What re-
finements would you like to suggest?

13. [(See question 5) The third strategy was: Cut after
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one year the large trees only (leaving) and replant
the same number of small trees; the same is done
the next year(s). What will be the effect of this
strategy in the long run?

The Forester Problem illustrates the development of several
questions from one situation. Thc questions are sequenced by
difficulty and complexity. The final questions require the stu-
dent to make gencralizations and draw conclusions from the
previous work. One difficulty in giving such an assessment
task is the scoring. De Lange noted that teachers approach the
scoring in different ways. One approach was to read the com-
plete work. mark positive and negative points. and then give a
grade. It is possible that such a situation could provide some
rich data on motivated students who complete the task.

The threc examples given above were presented to generate
thought and dialogue regarding assessment. Each demonstrates
a means for assessing what students know about an area of
mathematics. The Carpenter. Fennema, and Peterson protocol
for a teacher-student interview illustrates a teacher using in-
formation fromn the student and leading the student to a more
advanced counting strategy. This requires a deep understand-
ing by the teacher of the procedures and of the student’s think-
ing process. But in the interview situation it becomes apparent
that the student begins to make links between existing knowl-
edge and computation of the sum by using Counting On. The
use of this type of approach by the teacher supports the K4
Curriculum Standards by teaching students different strategies
through using known procedures. The teacher interview is a
viable assessment approach for the Evaluation Standards, be-
cause the teacher obtains information on the students’ proce-
dural knowledge that can lead to further development of the
new strategy.

The Swan examination question illustrates the assessment
of students’ knowledge of different forms of representation. This
approach allows the teacher to understand better what the
student is able to do with proportional reasoning. Having the
student respond verbally and graphically provides an opportu-
nity to observe the link between the concepts of spced and the
different forms of the language of mathematics. Awarding scores
on parts of the task indicates knowledge of the same concept in

1Yy
i {
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different contexts created at different stages of the journey. The
de Lange Forester Problem illustrates an assessment situation
that extends to more than one approach—a timed test and an
extended test. For one situation, multiple questions are asked.
These questions cover a span of knowledge on the use of matri-
ces, from applying basic operations to being able to generalize
to n dimensions. Having students respond to a number of ques-
tions regarding a given situation in different ways under differ-
erit conditions provides the opportunily to observe the use of
multiple sources of information and to ensure a clearer under-
standing of the depth of knowledge the student has.

The three examples discussed in this paper generate more
qucstions than answcrs. The examples correspond to the spirit
of the NCTM Standards and provide evidence of the existence of
some alternative forms of assessment. But the challenge exists
for those in testing and evaluation to make use of such ex-
amples and develop others that are both aligned with curricu-
lum and provide useful and accurate information. In doing
this, the forms of assessment must be compatible with the
structure and nature of mathematics and aligned with instruc-
tion and the curriculum program. For teachers, the challenge
is (1) to becorne comfortable with the different means of assess-
ment and (2) to apply these tools for building instructional
strategies and an understanding of what students know.
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Curriculum and Test Alignmeﬁt

Thomas A. Romberg, Linda Wilson,
‘Mamphono Khalketla, and Silvia Chavarria

The purpese of this chapter Is to report on infermation gath-
cred from two studies related to the reality of Evaluation Sian-
dard 1: Alignment of the NCTM Standards (see Appendix A). In
the first study. the six standardized tests most widely used at
state and district levels in schools in the Unlted States are
examined to determine whether or not they are appropriate
Instruments for assessing the content, process, and levels of
thinking called for In the Standards. The results show that the
tests are not appropriate. They are found to be generally weak
in five of the six content areas «nd in five of the six process
areas. Furthermore. the tests place too much emphasis on
procedures and not enough on concepts. In the second study,
we conduet an examination of items and tests from newly
developed state tests and forelgn tests. It is clear that there
are test itemns currently in use and some being developed that
provide the kind of breadth of content and depth of knowledge
cited In the Standards.

PART 1. THE STUDY OF SIX STANDARD TESTS

Background

Romberg, Wilson. and Khaketla's 1989 study "An Examination
of Six Standard Mathematics Tesls for Grade 8" followed an
earller large-scale questionnaire survey conducted by Romberg,
Zarinnia. and Willlams (1988). The survey was conducted to
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find out from Grade 8 teachers how mandated testing influ-
enced their teaching of mathematics. It sought information from
teachers about district and state tests that their students took.
the amount of time they spent on testing and preparing stu-
dents to take tests, how they used test results, what their vicws
were about the effects of the tests. how the tests influenced
their teaching, and what they perceived as the influence testing
had on the mathematics curriculum.

The results of the study Indicate that nearly 70 percent of
the teachers report that their students take a mandated test at
either the district or state level or both. Secondly, because
teachers know the form and character of the tests their stu-
dents take, most teachers make changes in their teaching to
reflect this knowledge. Thirdly, the changes teachers make in
their classroom practice tend to contrast with the recommen-
dations made by NCTM's Curriculum and Evaluation Standards
Jor School Mathematics {1989). For example, the Standards rec-
ommended more activities involving the use of calculators In
the classroom (p. 8; p. 75). However, about 25 percent of the
teachers report that they decreased emphasis on calculator
activities because students cannot use calculators on stan-
dardized tests; less than 10 percent reported an increased use
of calculators In their classrooms.

One of the survey questions asked teachers to list the tests
that their schools used. Six commercially developed tests were
listed as the most widely used in Grade 8, both at the district
and state level: The California Achievement Test (CAT) (1985),
The Metropolitan Achievement Test (MAT) (1986). The Stanford
Achievernert Test (SAT) (1982), The Science Research Associ-
ates Survey of Basic Skills (SRA) (1985). The Comprehensive
Test of Basic Skills (CTBS) (1989), and The lowa Test of Basic
Skills (ITBS) (1986). The analysis of these six tests serves as
the basis for the findings in the report of the first study.

Purpose

The six tests were analyzed to (1) determine whether they re-
flect the recommendations made in the Standards. and, if not,
to (2) make recommendations to the test devclopers for revising
their tests. The rationale for this study is based on the fact that
since a number of teachers reported changing their teaching to
refleet thelr knowledge of what is tested. the best way to ensure
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a shift in emphasis in teaching is to change the test. It is a
rationale based directly on the statement, “To change the cur-
riculum, change the test,” for which considerable evidence ex-
ists (e.g.. Edelman, 1980; Millman, Bishop, & Ebel, 1965; Rom-
berg, Zarinnia, & Williams, 1989; Stanley & Hopkins. 1981}.

A major argument against standardized tests has been their
failure to assess higher-order skills: rather. such tests empha-
slze computations. recognition, and other lower-order thinking
skills {(Meier. 1989; Putnam, Lampert. & Peterson, 1989}. This
latter type of assessment is in contrast to the major theme of
the Standards—Problem Solving—which is an all-encompass-
ing higher-order skill. However, before urging test developers to
change their tests. it is necessary to determine whether current
tests evaluate the achievement of the objectives set out in the
Standards. The intent of this study of six standard tests, there-
fore, is to make that determination.

Design

The mandated tests under study were Grade 8 tests. Therefore.
the Standards for Grades 5-8 formed t":e basis for the classifi-
cation of items.

Each item on each test was classified within three areas: (1)
the coniernt it tests: (2) the process required to respond to the
item: and (3} the level of the response required.

The item was first categorized into one of the following seven
content areas described in the Standards (the numbers in pa-
rentheses refer to their position in the Grade 5-8 Standards):

Number and Number Relations (5}
Number and Number Theory (6)
Algebra (9)

Statistics (10}

Probability {(11)

Geometry (12)

Mcasurement (13)

Fach item was categorized into one of six process areas
described in the Standards:
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Communication {2)
Computation and Estimation (7)
Connections (4)

Reasoning (3)

Problem Solving (1)

Patterns and Functions (8)

Finally, each item was classified into one of two levels.
procedure or concept, according to whether the response to the
question required procedural or conceptual knowledge.

A matrix (Appendix B) was developed and used to classify
each test item according to the three classifications. For ex-
ample, for the CTBS test, Item 1, "8.685-2.150," is classified
as a computation problem that tests number and nwunber rela-
tions: to work it requires procedural knowledge. Totals were
generated for each test, and the results are discussed in the
results section.

Two raters did the classification. A test was chosen at ran-
dom and analyzed by both raters working together. Then a
different test was picked and individually analyzed by each
ratcr. Their results were compared for interrater reliability. No
significant differences in the individual ratings were found. and
the remaining tests were divided among the raters for indi-
vidual analysis.

RESULTS OF THE ANALYSIS

Problems

Two problems were encountered in categorizing the test items.
First. in many cases. an item was put into a certain category
even though in fact it did not reflect the true spirit of the
Standaids. For example, an itcin from the ITBS has the follow-
ing stem: "How would you write 6 thousandths as a decimal?”
This was categorized undcr the process arca, Communication,
though it requires a much “lower” level of communication than
that described in the Standards:

In Grades 5-8. the study of mathcmatics should include
opportunitics to communicate so that students can:
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model situations using oral, written. concrete, picto-
rial. graphical. and algebraic methods:

reflect on and clarify their own thinking about math-
cmatlical ideas and situations;

develop common understandings of mathematical ideas
and siiuations;

develop common understandings of mathematical
ideas, including the role of definitions;

use the skills of reading, listening, and viewing to
interpret and evaluate mathematical ideas:

discuss mathematical Ideas and make conjeetures and
convincing arguments:

appreciate the value of mathematical notation and its
role in the development of mathematical ideas. (NCTM,
1989, p. 78)

Second. many of the tests label a section "Problem Solving,” yet
the problems do not resemble the types of problems described
in the Standards as problem solving, Nearly all of the problems
s0 labeled in the tests were routine word problems, such as:
“Brett correctly answered 24 out of 25 questions on a science
test. What percent of the questions did Brett answer correctly?”
(SRA. Levet 36, Form P). The Standards. on the other hand. call
for nonroutine problem situations which “are much broader in
scope and substance than isolated puzzle problems™ and “very
different from traditional word problems, which provide con-
texts for using particular forrmulas or algorithms but do not
offer opportunities for true problem solving” (NCTM, 1989,
p. 76).

Individual Test Results

The percent of items classilied in each category for cach tes! is
given in Appendix C.

1. SRA Survey of Basic Skills

Level 36, Form P

Science Research Associates, 1985

Chicago. lllinois

There were 80 items in the mathematics portion of the
test. Of those, the majority (82 percent) were classified
in the content area of Number and Number Relations,
with 7 percent cach in Number Systermns and Number
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Theory, 4 percent in Geometry, and none in Probability,
Statistics. or Measurement. In areas of process, most
{91 perceni) of the items were classified as Computa-
tion/Estimation, with 5 percent in Communication, 3
percent in Problem Solving. 1 percent in Reasoning. and
none in Connections or Patterns and Functions. Eighty-
four percent of the items were viewed as procedural and
16 percent conceptual.

The California Achievement Test

Level 18, Form E, Tests 6 & 7

CTB/McGraw Hill, 1985

Mondterey. Catifornia

There were 105 items on the mathematics portion of the
test. This test had a somewhat broader distribuition of
content areas, with 73 percent of the items in Number
and Number Relations. 6 percent each in Measurement,
Algebra. Probability or Statistics, 5 percent in Number
Systems and Number Theory, and 4 percent in Geom-
etry. in the process areas., most {83 percent} of the items
were Computation/Estimation, 11 percent were Com-
munication. 6 percent were Reasoning. and none were
in Problem Solving. Connections, or Patterns and Func-
tions. Most (90 percent) of the items were procedural,
with 10 percent conceptual.

The Stanford Achievement Test

Advanced Level {7th ed.)

The Psychological Corporation, 1982

San Antonio. Texas

While most (64 percent) of the 118 itcms on the math-
ematics portion of the {est were classified in the content
area of Number and Number Relations, a broader spread
existed among the other content areas. Fifteen percent
of the items were classified as Measurement. 10 percent
as Algcbra, and 9 percent as Probability or Statistics.
However, only 2 percent of the ilems were In Geometry.
and none were in Numbcr Systems and Number Theory.
In the process categories. 38 percent of the items were
in Communication. 62 percent were in Compuiation/
Estimation. and none were in the other categories. Nearly
all (92 perceni) of the items were considered procedural.
with only 8 percent conceptual.

g
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4. The Iowa Test of Basic Skills
Level 14, Form 7
Riverside Publishing Co.. 1986
Chicago, IHlinois
The mathematics portion of this test, with 193 items,
was nearly twice as large as the other five tests under
study. However, like the others, the majority (62 per-
cent) of the items were classified in the content area of
Number and Number Relations. Measurement had 13
percent of the items, and 11 percent of the items were
in Number Systems and Number Theory. Seven percent
of the items were In Algebra, 4 percent were in Geom-
etry, and 3 percent were in Probability or Statistics.
Nearly all {89 percent) of the items were in the process
area of Computation/Estimation. with 9 percent in Com-
munication. 1 percent in Patterns and Functions, 1 per-
cent in Rcasoning, and none in the other process cat-
egories. Only 4 percent of the items were considered
conceptual. with 96 percent procedural.
The Metropolitan Achievernent Test
Advanced 1, Forms L & M {6th ed.)
The Psychological Corporation, 1986
San Antonio. Texas
This test. with 95 mathematics items, was quite similar
to the others in content. Sixty-six percent of the items
were classified as Number and Number Relations, 15
percent as Measurement, 8 percent as Geometry, 6 per-
cenl as Number Systems and Number Theory. 5 percent
as Probability or Statistics., and none as Algebra. Like
the others, most (79 percent) of the ilems were classi-
fied in the process area of Computation/Eslimation, with
21 percent in Communication, and none in the others.
Eighty-eight percenl of the items were procedural, and
12 percent conceptual,
The Comprehensive Test of Basic Skills
Level 17/18, Form A
CTB/MeGraw Hill, 1389
Monterey. California
Scvenly-six pereent of the 94 items on the mathematics
portion of the test were ciassified as Number and Num-
ber Relations. Eleven percent were classified in the con-
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tent area of Probability or Statistics, 8 percent in Geo.n-
etry, 5 percent in Measurement, and none in the -
areas. Most (71 percent) of the items were Computa-
ticn/Estimation, with 25 percent in Communication, 2
percent each in Reasoning and Patterns and Functions,
and none in the other areas, Eighty-five percent of the
items were procedural, and 15 perecent were conceptual.

General Results

1. Most items (between 62 percent and 82 percent,
with an average of 71 percent) were found to be in
the content area of Number and Number Rela-
tions, with the rest fairly evenly distributed among
the other five categories.

2, Most items (between 71 percent and 91 percent,
with an average of 79 percent) wcre found to be in
the process area of Computation/Estimation. with
20 percent in Communication. and very few in the
other four categories.

3. An average of 83 percent (with a range of from 84
percent to 96 percent) of the items were classified
as procedural, rather than conceptual.

4, Little variation was found among the tests in terms
of categorizing the items. The greatest range was
found in the category of Communication, with the
SRA having 5 percent of its items in Communica-
tion and the SAT having 38 percent.

5. In the category of Computation/Estimation. the
majority of items were Computation. with no more
than 10 percent. and in some cases O percent,
being Estimation.

Conclusions

Romberg, Wilson. and Khaketla's 1989 study of the six stan-
dardized tests used most widely at state and district levels in
schools inn the United States made the following findings:

1. The items in the tests examined do not adequately
cover the range of content described in the Stan-
dards, The great majority of items were found to
be computations on numbers. or were based on

6
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algorithmic procedures. The Standards. on the
other hand, call for a decreased emphasis on per-
forming routine computations by hand, and in-
creased emphasis in other areas such as problem
solving, reasoning. connections. and communication

2. The tests do not address one of the primary con-
tent areas of the Standards, that is, problem solv-
ing. The Standards “strongly endorse” the first rec-
ommendation of An Agenda_for Action, which states
that problem solving must be the focus of school
mathematics (NCTM, 1980, p. 6). Further, the Stan-
dards consider problem solving to involve much
more than routine word problems. According to
that definition, an average of only 1 percent of the
items on the tests were categorized as problem
solving. with a range of from O percent to 3 percent.

3. The tests do not adequately cover the following
content areas: Number Systems and Number
Theory, Algebra, Statistics, Probability, Geometry,
and Measurement.

4. The following process arcas are not covered ad-
equately by the tests: Communication, Connec-
tions, Reasoning, Problem Solving. and Patterns
and Functions.

5. The tests place too much emphasis on procedures
and not enough emphasis on concepts.

PART 2. THE FOLLOW-UP STUDY

The aim of the follow-up study (Romberg. Wilson, & Chavarria.
1990) was to dermonstrate the existence of test items that are
more closely aligned with the Standards than are the items
found in the six tests of the first study. The Investigation drew
upon items and tests from two sources: newly developed state
tests and foreign tests. The study looked at materials from
California. Connecticut. South Carolina, Massachusetts, and
Vermont: then it considercd materials from several foreign coun-
tries—primarily Britain, but also Australia. France, Korea. The
Netherlands, and Norway.

The conclusion of the Investigation was that there are test
items which are currcntly fn use that are more closely aligned

1 ey
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with the Standards than the six standardizcd tests that are
most widely used now at the elghth-grade level in the United
States. Several states are implementing reforms in their assess-
ment practices and have developed tests fo reflect the objec-
tives described in the Standards. In addition, many tests and
test items that are currently used in foreign countries. most
notably Britain. surpass American standardized tests in their
alignment with the Standards. The feature shared by all of
these tests and test items is that they are open response, not
multiple choice. in format. The content and processes mea-
sured in these items are rich and varied. Many of the items are
able to assess higher-order thinking with greater ease than do
typical multiple-choice questions. Process areas such as Prob-
lem Solving, Reasoning. and Communication lend themselves
to an open-response format. and this has been borne out in
our investigations. In United States tests. only ! percent of the
itetns could be classified as Problem Solving, 20 percent as
Communication (and that at the lowest levels of communica-
tion). and 1 percent as Reasoning. In contrast. the open-re-
sponse tests being developed in several states and in Britain
contained excellent examples of items in those three process
areas.

The following arc cxamples of test items [ound on either
state or foreign tests:

1. Connecticut Common Core of Learning Assessment Profect
Students are given an article from the newspaper en-
titled, "Survey Finds Many Below Town's Mean Income.”
They are then given the following questions: Use the
article and your understanding of statistics to complete
the following tasks:
. Write an cxpository paragraph that begins with either:
— The headline is fine because ... OR
— The hcadline is absurd because. . .
2. Write an expository paragraph that begins with either:
—The article makes sense and itas no statistical
errors becausc ... OR
—The articlc is absurd and makes statistical er-
rors because . . .
3. How can morc than half the pcople be below the
mean income?
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4. Create a data set to show how more than half the
numbers are below the mean. Describe your rea-
soning.

SURVEY FINDS MANY BELOW
TOWN’S MEAN INCOME*

OLD SAYBROOK - A recent survey shows more than haif of the
respondents earn well below the town's mean annual inconie of
$37.500. Vicki McCourt, a member of the Old Saybrook Afford-
able Housing Task Force. said 65% of the 200 respondents
reported earning less than $30.000 a year. “There are no houses
in Old Saybrook that anyone can afford within the mean in-
come—they just cannot do it,” McCourt said.

This item is a good example of a problem in the content
area of Statistics, the process area of Communication, and a
conceptual level of knowledge.

2. California Assessment Program
James knows that half of the students from his school
are accepted at the publie university nearby. Also. half
are accepted at the local private college. James thinks
that this adds up to 100 percent. so he will surely be

accepted at one or the other institution. Explain why
James may be wrong. If possible, use a diagram in your
cxplanation.

This item taps into the critical process areas of reasoning
and communication.

The following three items are taken from British tests:

3. London & East Anglion Group for GCSE Examinations
An air-ruail letter to India costs 34p. How can you pay
correct postage using only 4p stamps and 11p stamps?

This itemn. in the content area of Number Systems and Num-
her Theory. is a computation problem, but at a conceptual
rather than procedural level.

*Source: Connecticut State Department of Education, Connecticut Comsmon
Core of Learning Performance Assessment Project. Used with per-
mission. This item has been replaced by a revision pilot tested in
Spring, 1991. The project was funded by a grant from the National
Science Foundation. '
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4, “Beefo Cubes™ are 2 e¢m X 2 cm X 2 cm.

2¢em

o

They are sold in a thin cardboard sleeve 4 em X 4 cm X
8 cm.

4 cm

N
A

4 cm

< Bocm ——>

How many cubes are in one full sleeve?

This item could be classified into content areas of either
Geometry or Measurement. and a process level of Connections
or Problem Solving: it requires a conceptual level of knowledge.

5. Northern Examining Associalion
The picture shows a woman of average height standing
next {o a lamp post.
a) Estimate the height of the lamp post.
b Explain how you got your answer.
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This item is a refreshingly different estimation problem. one
that does not involve simply rounding numbers. The “b" part of
the problem makes it a good communication problem also. It
could be classified as elther Measurement or Number Relations
and again is at a conceptual level.

6. The Netherlands

The results of two classes of a math-test are presented in a
stem-leaf-display:

CLASS A CLASS B

7
7
4

34

5

5
4
|

D
12344668
114

1

1
9966555
97

OO~ AWM~

Does this table suffice to judge which class performed best?

Source: de Lange, van Reeuwijk, Burrill, & Romberg fin press). Used with
permission.

This open-ended item requires that the student have a con-
ceptual understanding of the data renresented in the display
and be able to communicate those concepts by means of a valid
mathematical argument.

‘These six items are a sample of the kinds of problems that
are possible when one is not bound by the multiple-choice
format. Each problem is rich. engaging, and interesting. Tests
that are comprised of items such as these can provide a more
valid means of assessing the content areas. processes, and
levels of knowledge described In the Standards. Perhaps most
important. a student who encounters test items such as thesc
will come away from the test having learned some mathematics
through the experience.

SUMMARY

This study has attempted to provide evidence that the six stan-
dardized tests most often used by states in their mandated
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testing programs are not appropriate instruments for assessing
the content areas, processes, and levels of thinking called for in
the NCTM Standards. These tests are “based on different views
of what knowing and learning mathematics means™ (NCTM.
1989. p. 191). As the Standards become more widely imple-
mented in the schools, standardized tests used in the schools
will have to change to more accurately reflect the nev vision of
the mathematics curriculum which the Standards outlines. Rom-
berg. Wilson. and Chavarria's 1990 study of state and foreign
tests found that there are examples of tests and test items, all
of which are open-response in format, that can provide more
valid means of assessing the mathematics of the Standards.
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State Assessment Test
Development Procedures

James Braswell

The primary purpose of this chapter is to describe how tests
are developed for state assessment programs. The methods
described are based In part on recent discussions with state
department of cducation stalfl in states judged to be represen-
tative of a range of approaches to test development. I spoke
with assessment representatives in Florida, Loulsiana, Massa-
chusetts. Michigan. and New Jersey. Occasionally. there will
e observations in the chapter that reflect previous experience
with other slate testing programs and current work with the
National Assessment of Educational Progress (NAEP) test de-
velopment team for the 1990 Mathematics Assessment. What
is reported in this chapter Is primarily descriptive rather than
evaluativc.

The primary purpose of state assessment programs s to
monitor trends in achievement. In some states, such as Cali-
fornia (see Chapter 6). the emphasis is on group assessment as
opposed to individual student assessment. In other states, such
as Michigan, the emphasis is on individual student assess-
men1. However, Michigan also provides school and district ievel
reports that can be used for curriculum evaluation and ac-
countability purposes.

When group assessment is the goal, the larger test instru-
ment can be viewed as a compilation of several shorter test
instruments in which no student takes more than one of the
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shorter instruments. For example, the te_t specifications and
evaluation design may be developed into a pool of 400 ques-
tions., which are placed on ten 40-item tests. When adminis-
tered, group data are available on the entire pool of 400 ques-
tions. even though any given student only responds to a single
40-item test. When individual student assessment is a major
goal, students at a given grade level generally take the same
test,

If the primary goal of assessment is improvement in educa-
tion, test instruments should be designed to provide an appro-
priate target for instruction. Shavelson (1990) reminds us that
what 3 monitored is what gets taught and that what Zets
taught has a better chance of being learned than what is not
taught. He goes on to point out that:

By creating achievement tests that more closely mea-
sure valued education outcomes, achievement indica-
tors will achieve a reporting function and yet benefit,
not create dysfunctions in, education systems. Put an-
other way, achievement indicators should be created in
such a way that if education institutions teach to the
test, they will be teaching what is important for stu-
dents to know. {Shavelson, 1990, p. 7)

My overall impression is that the states engaged in assess-
ment activities do a thorough job of developing specificetions.
Advice and revicw is sought from a wide spectrum of the edu-
cational community. Increasingly, states seem aware of the fact
that their assessment programs should not be narrow in scope,
but rather reflect the range of desired instructional outcomes.
Massachusetts, for example. has introduced open-ended sec-
tions in their state assessment program and has published a
serles of booklets to describe the implications for instruction.
The recently published NCTM Curriculum and Evaluation Stan-
dards for School Mathematics {1989) is a uscful document for
states to consider as a meter stick against which the current
range of their assessment objectives can be measured. The
implications of these standards are discussed in Chapter 3.

Although some states usc commercially developed. norm-
referenced tests as a component of state assessment, other
states have legislative mandates to develop instruments that
are tallored to local objectives and that involve teachers and
other educators in the state. States that opt for using an exist-
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ing normi-referenced instrument generally select an instrument
that represents the best fit with the state’s objectives. Although
such tests are likely to contain a number of itemns that state
department staff and local educators view as inappropriate,
budget and other considerations can make the use of commer-
clally available assessment instruments appealing. Rather than
contracting with others to develop instruments tailored to the
state’s objectives, items in “best fit" commerclally available tests
can be matched with local objectives. For those areas deenied
important. but not included on the test of best fit. the state can
develop. or contract to have developed. a tailored instrument to
fill in gaps. This possibility will not be explored further, but it
does represent an alternative to a completely tailored program.
Chapter 4 of this book examines a number of standardized
tests. Based on the findings reported. one might expect to find
a rather large gap between the current content of these tests
and what is called for by the NCTM Standards.

State mandated testing has increased substantially in re-
cent years. As Coley and Goertz {1990) report:

In 1989-80. 47 states required that local school dis-
tricts test students at some point(s) between grades 1
and 12, an increase of five states since 1984-85. Thirty-
nine of tlose states test students using state-developed.
stale-selected. or state-approved tests and assess stu-
dent performance against state-cstablished performance
standards. (p. 3}

Statcwide assessiient is commonly conducted at three grade
levels. such as Grades 4. 7, and 11. Increasingly. there is a
high school graduation component administered at one or more
levels in Grades 8-12. In 1990, twenty states required that
students pass a basic skills or other competency assessment
before receiving a high school diploma.

The major steps in developing any test arc the following;:

setting specifications
writing {tecms
reviewing itemis

ficld testing items
test assembly

test review
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The pages that foltow will describe in a collective way how
certain of the states accomplish the above steps. Then. three
case studies will be presentcd (o give the reader a better pic-
ture of how particular states approach test development. Fi-
nally. there is a section on test development activitics related to
the 1990 National Assessment in Mathematics.

Test Specifications

Most states have been conducting state asscssments for several
years and use specifications that have evolved over time. Typi-
cally, states actively involve classroomn tcachers, curriculum
coordinators, and others in setting and reviewing specifications.
1t 1s becoming increasingly common for slates to seek the ad-
vice of those outside the immediate educational community—
e.g.. representatives of business and industry—in the formula-
tion of broad educational goals. Such goals serve to focus the
asscssment activity and provide a support base.

in some slates, minimum performance standards have been
sct for the schools by the slate, and test spccifications are
developed by local test-writing committees to reflect these stan-
dards. State board of cducation staff may revicw and approve
the specifications. These specifications are sometimes too gen-
eral to guide item writers, and states may contract with an
independent contractor to develop item-level specifications and
one or more sample items. The indepcndent contractors fre-
quently involve teachers and other educators in sctling the
itecm-levet specifications, which normally undergo extensive re-
view. When consensus has been reached. specifications and
sample itcis may be printed in a form that can be shared with
local school districts. Some states use an eclectic approach in
their asscssment activities, Objectives developed by others are
eviewed and adapted Lo local goals.

In order (o determine which topics are important, sonc
states have preparcd a long list of topics for the grade levels
being assessed. This Hst is mailed to teachers throughout the
state and they are asked to rate lopics. For cxample. a (opic
ratcd 4 might be viewed as extremcly important while onc rated
1 would be viewed as unimportant. Average ratings are com-
piled for cach topic. These ratings guide those who sel speclft-
cations for the various tests. Few stales, however, follow such
an extended conscnsus-building process. In fact, onc could

Gb
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argue that a few well-informed educators are in a better posi-
tion to determine an appropriate list of skills and topics than
might be obtained by means of a statewide survey of teachers
in targeted grades.

In addition to content spccifications, increased attention is
being given to the process dimension. Somic states (e.g.. see
Massachusctts Department of Education. 1987. p. 29) use cat-
cgory specifications recently proposed by the National Council
of Teachers of Mathematics. These categories are Procedural
Knowledge. Conceptual Understanding, Problem Solving. and
Reasoning and Analysis. Other states (e.g.. see Michigan case
study later in this chapter) use categories that have greater
spe.ificity. such as Mcental Arithmetic, Estimation, Computa-
tion. Conceptualization, Applications, Calculators, and Com-
puters. Whatever process catcgories are used, it is important
that they have two characteristics: {1) They should span the
range: of whal it is important to measure, and (2} What is
included under each process dimension needs to be well dc-
fined. For example, it is not sufficient to simply list “conceptual
understanding” as a category. The category should be described
and illustrated so that itemn writers. reviewers, and users will
understand what the categorics mcan. Note that the NCTM
categories are generally disjoint process categorics. whereas in
the second listing Mental Arithmetic. Estimation, and Compu-
tation tend to be proccdurally oriented. By specifically includ-
ing calculators and compulters, these tools are singled out as
important elements in the assessment framework.

In summary, content specifications for state assessinent
instruments are generally developed under the direction of state
department of cducation staff with the help of teachers. cur-
riculum cyordinators. other cducators, and occasionally repre-
sentatives of business and industry. State department staff
almost universally depend on the talents and perspcctives of
those outside the department. This is cspecially true of state
departments with limited subjcct-matter expertise on staff, but
it is also truc of thosc state departments that have a fairly large
staff of subject-matter specialists.

While teachers and curriculin specialists play a major role
in selting content specifications. the statistical specificalions
arc gencrally determined by others. The primary statistical con-
sidcrations concern the difticulty lcvel of (he test and the rangc
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of difficulty of the various items that will be used on the test.
Setting statistical specifications is usually done jointly by the
appropriate state department staff and the independent con-
tractor. Those states that devclop their own Instruments with-
out the assistance of an independent contractor generally have
staff with psychometric training within the statc department.
The statistical specifications depend on the purpose of the
assessment. In the mastery-level or basic skills programs. which
were popular in the 1970s. the statistical specifications gener-
ally called for items that the majority of studenis could pass. In
the morc comprehensive assessment programs characteristic of
the 1980s. in which the goal Is to assess a wide range of
student achievement. statistical specifications call for a range
of difficulty to differentlate among levels of achicvement. For
the most part. statistical specifications tend to be a function of
the contert and ability specifications. For example. a proce-
dural knowledge question in a certain content category is usti-
ally easicr than a conceptual understanding or problem-solving
question in the same content domain. Rigid statistical specifi-
cations do not appear to drive state assessment programs.

ltem-Level Specifications

Some slale asscssment programs provide few details about the
speclfic characteristics of items that arc to be written to mect
the content and ability specifications. For a given content speci-
fication. a wide range of items would be vicwed as acceptable
even though some would be considerably more difficult than
others. Other statcs provide extremely detalled iteni-level speci-
ficatlons. Thesc specificatlons may describe the characteristics
of the numbers to be used and the method of creating
distractors. In such cascs. item writers have less frecdom in
posing questions. and items written for a given specelfication
usually tend to be similar in content and difficulty. It is gener-
ally easler to pinpoint instructional deficiencies when perfor-
mance on such items s weak. A drawback of such specificity is
that the items so written tend to test lower-level cognitive skills
at the cxpensc of the higher-order problem-solving skills that
are viewed as increasingly important by mathematics cduca-
tors. While highly dctailed specifications arc an advantage in
identifying deficlencies in skill arcas. highly specificd ftem pa-
ranicters may impact Instruction negatively If there {s pressure

G
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on schools to do well on these items at the expense of other
important instructional outcomes.

Somc state assessment programs are beginning to includc
open-ended items which require students to explain, construct,
measure. graph, anelyze. and compute. Such exercises are more
cxpensive Lo administer and score, but they provide more de-
finitive and interesting information about what students can
and cannot do. Those states that administered NAEP blocks in
Grades 4, 8, and 12 of the 1990 assessment found traditional
nmultiple-choice questions as well as a wide range of open-
ended and calculator-active itcms. During testing. four-funec-
tion calculators were furnished in Grade 4 and scientific calcu-
lators were furnished in Gradcs 8 and 12.

Item Writing and Review

Once the content and ability-level specifications have been de-
termincd. the next step is to write items which incet these
specifications. States usc diffcrent approaches in item davelop-
ment. In some states items are written by an independent con-
tractor who sometimes involves teachers in the target state.
Other states appoint subject area committees to write the ques-
tions, As a rule, these committees consist of teachers, curricu-
lum specialists, and other educators with knowledge of the
curriculum at the rclevant grade level(s). Still other states con-
tract with state universities to develop items to fit the specifica-
tions. Scveral states use NAEP items or blocks of items that
have been written to be broadly applicable to curricula across
the nation and to be con.istent with current thinking among
mathematics educators. (Sce section on NAEP item-develop-
ment procedures for more information on this activity.}

Item1 review procedures also differ from state to state. Usu-
ally, items written by a contracting agency arc reviewed by staff
al the agency and edited for style, clarity. and grammar. They
are then revicwed by state department staff. It is fairly common
for the state to appoint a committce consisting of teachers.,
curriculum coor<inators, and/or Independent consultants to
review items. These reviews attemipt to answer several impor-
tant questions:

1, Is the item technically correct (i.e.. does it have
one and only one correct answer, is it unambigu-
ous, and is it gramnatically ¢orreet)?
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2. Does the {tem meet the specification?

3. Is the item written at a level appropriate for the
target grade?

4, Are the distractors reasonably chosen?

At the review stage. items may be rejected, accepted. or revised.
The end product of the item-writing and review phase is a
collection of questions ready for field testing. As part of the
review process, Items are usually classified according to a con-
tent-ability/process matrix, such as the one below. If gaps in
coverage are observed—i.e., there are too few items in certain
specification categories—additional writing and review may be
required.

Table 5-1
Content-Ability Malrix
Content Area
Data Analysis,
Mathematlcal Numbers & Statistics, & Algebra &
Abllity Operations | Measurement | Geometry | Probability Functions
Conceptual
Understanding
Procedural
Knowledge
Problem
Solving

An example of a qucstion that could go in the cell corre-
sponding to “Conceptual Understanding, Geometry,” is the fol-
lowing:

Points P and  are on opposite sides of a rectangle that
has length 10 and perimeter 32. If x represents the
distancc between P and Q. what is the LEAST possible
value of x?

(A4 (Bl ()8 (D)10 (E)16

Correet answer (B).

Item Tryout

States usually field test items prior to thelr inelusion on actual
tests. In tnost state asscsg™ment programs. the independent con-
tractor assembles the trycut blocks. Tryout procedures vary.
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but generally local school districts scrve as pilot sites. Some
states pilot Items in experimental forms along with the opera-
tional assessment. ltems may be in separate blocks or embed-
ded in operational test ferms. Other states pilot items indepen-
dent of operational administration and may provide feedback to
participating districts. Samplc sizcs are usually fairly large. For
example. Florida field tests items on approximately fifteen hun-
dred students. When items are tricd out on sufficiently large
samples that are representative of the intended population. one
can be reasonably sure that tryout data wilt ho'd up on opera-
tional administrations.

Test Assembly

All items involved in the tryout phase are candidates for opera-
tional forms. As a result of the field testing, some items are
judged as unsatisfactory and are not placed in the item pool
from which operational forms are assembled. States view field
testing as a. opportunity to replenish and expand their item
pools and to fill gaps that have been identified by those in-
volved in the assessment effort. Normally, item pools contain
items tried out at different times, some of which may have been
previously used in op<2rational assessments.

In some states the independent contractor assembles and
produces operational forms of the test according to the specifi-
cations cstablished before item development began. In other
staies, stale department staff assemble the operational forms.

Usually. new operational forms of the test are reviewed by a
variety of people outside the state department. Such reviews
are in addition to thc review steps taken by thc independent
contractor. In Massachusetts, for example. = committee con-
sisting of teachers and curriculum coordinztors, as well as an
equity review committee, review opcrational tests. In Michigan.
tests assembled by an independent contractor are reviewed by
a commitiee consisting of teachers, curriculum coordinators.
and college faculty. Michigan Departiment of Education staff
and two independent consultants also conduct reviews.

Not all states equatc ncw operational forms to those built in
precvious years. States that do not arc likcly to have substantial
item overlap from onc form to the next. For cxample. in Massa-
chusetts only about 15 to 20 percent of the guestions arc
replaced from onc year to the next. Performance on the remain-
Ing ltcrus scrves as a basls for making comparisons. In Florida.,
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test assemblcrs strive to build comparable forms based on sta-
tistical data available from previous administrations and item
tryouts. In Louislana, the blueprints for test and item specifica-
tions at Grades 3, 5, and 7 are very dctailed. New forms are
assembled using a Rasch model and equated to previously ad-
ministered forms. A test built to such a model uses ilem diffi-
culty parameters that will provide the most accurate score in-
formation at those score levels which are viewed as the most
important. Technically. the standard error of measurement is
controlled at various points on the reporting scale.

Graduation Tests

Some states now have a test requirement for high school gradu-
ation (that must be passed in order to graduate from high
school). In Florida, for example. the graduation test is first
administered in Grade 10 and is based on skills approved by
the state board of education. The test contains two sections,
communications and mathematics. Each section conlains sev-
enty-five items measuring fiftcen skills. Items are selected within
each skill area on the basis of Rasch difficuity values. Test
scores are equated lo the base-year scale on the basis of com-
mon ilems sets and a linking design.

In New Jersey. the state department of education has dis-
continucd the Minimum Basic Skills Tests that were adminis-
tered during the 1980s in Grades 4. 7, 9, and 11. In 1885, the
statc Implcmented the High Schoot Proficiency Test {HSFT).
which studcnts may take beginning in Grade 9. The HSPT
applics to students who enter high schoot in September 1985,
or thereafter. In order to graduate from high school. students
must achieve a passing score on the HSPT sometime between
Grades 9 and 12.

Specifications for the HSPT are developed by state commit-
tecs of educators and business people. Based on thesc specifi-
cations, item development commiltees, consisting of teachers,
curriculum supervisors and others. write samplc items to fit
the specifications. The specifications. together with sampie itcms.
go to an independent contractor who writes additional items for
cach specification. Thesce ftems are returned to the item devel-
opment committees for review and revision. The committees
decide whether the items micet specifications and inake appro-
priate revisions. ltems judged appropriate are returned to the
independent contractor for field testing. ltems are placed in
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tryout tests and field tested in ninth-grade classes throughout
the state. Following the field testing, item data is available and
the committees rate items as either acceptable or not accept-
able. The state department of education chooses from among
the acceptable items those which satisfy the test specifications
and returns them to the contractor. The contractor is respon-
sible for producing test copy which is reviewed by state depart-
ment staff. A minority review group reviews the initial items
that are written for field testing as well as the final test.

Within a given skill specification. the HSPT content can
vary from year to year. The concept of average. for example,
might be tested in a straightforward way one year and in a
somewhat more advanced way in a sutsequent year. A straight-
forward approach might require the student to simply find the
average of a given set of numbers. A more demanding exercise
might require the student to solve an exercise such as the
following:

The average of five numbers is 18. If one of the numbers
{s 10, what is the average of the other four numbers?

(AJ2 (B)14 (C)20 (D24 (E)26

The New Jervey state department is currently planning to
develop forms of the examination that are not Immediately re-
leased so that equating can be done more directly. In 1993, the
state plans to shift to an eleventh-grade test that will be more
demanding than the present ninth-grade test, which contains
materiai through pre-algebra and some geometry. An early warn-
ing test may be offered in Grade 8.

CASE STUDIES

In order to provide a clearer idea of how particular states de-
velop their assessment instruments, the approaches taken by
Florida. Massachusetts, and Michigan are deseribed below.!

' The author wishes to express his thanks to Mark Heidorn (Flordda).
Elizabeth Badger (Massachusetts). and Sue Rigney (Michigan) for
providing information about their state assessment aetivitles and for
reviewing a drafi of the descriptions provided for thelr respective
slates. Rebecea Clhiristian (Loulslana) and Stan Rablnowilz (New Jer-
seyl also provided helpful information abott current assessment ac-
tivities in thelr states.

J3




86

Braswell

Case Study — Florida
1.

Who develops and reviews specifications?

Minimum Student Performance Standards are devel-
oped under the direction of the state department of
edueation by local writing committees representing
Florida schools. The standards are defined by compo-
nent skills, which are the instructional objectives as-
sessed by the program. These standards and skills
are reviewed and approved by the state board of edu-
cation. The next step is to develop item-level specifi-
cations. These are generally written under contract by
state university centers or staff together with person-
nel from local school districts. The contracting agency,
together with school personnel, are involved in writing
and reviewing these specifications. Typically, a team
writes both a specification and a single sample item,
After this phase, the state conducts a department-
level external review with a group of teachers and
curriculum leaders who are experienced with the con-
tent the specifications are designed to measure and
who have been selected to represent major ethnic
groups and geographical regions of the state. After
the item-level specifications and sample iteins have
been reviewed, they are sent to the sixty-seven school
districts for approval and validation. The goal is to
have each district conduct a thorough review. Most
districts take this task scriously. If some specifica-
tions need to be reworked as a result of these reviews,
they may be resubmitted to the districts for approval.
Finally. item specifications and sample items are then
prepared in a formal document which {s shared with
the districts.

Who writes items?

The process for writing items is similar to the item
specifications and sample items process. The state
contracts again with state university centers or staff
or with local school districts who obtain teachers at
the district level to write questions. All test items.
after having been internally reviewed by the contract-
ing team, are pilot tested by the contractor in Florida
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classrooms. As a part of pilot testing, students are
interviewed about their solutions to questions.

Who reviews items?

The items are reviewed by the contracting agency at
the time they are written. This review involves teach-
ers employed by the contracting agency.

Who edits items?

Editing is conducted by the contractor in several
phases. Items are also edited by department staff as
part of the review process.

Are items tried out?

Items are initially tried out on groups of twenty to
twenty-five students. Following this phase, the con-
tractor revises the items and prepares them for state
department review. After this review. the itcms are
field tested statewide. using samples of approximately
fifteen hundred students. The Keld testing is done at
the time of the regular assessment. Usually, the ex-
perimental forms are given immediately after the regu-
lar assessment Is completed. [ some instances, items
are embedded in operational test forms.

What is the item selection/rejection process?
Questions may be revised or rejected at any stage of
development. Questions that prove to be saiisfactory
as judged by the field test results are placed in the
stale department’s item bank.

Who assembles the final test?

Members of the state department staff assemble new
forms of the test using questions in the item bank.
These banks are used for Grades 3, 5, 8, and 10.
‘Skills assessed In a given year may vary from the
previous year, but a substantial core of common items
is generally used. Although the item specifications may
be the same, the items used to measure those specifi-
cations might change. State department staff gener-
ally attempts to select questions that have approxi-
mately equal percent-correct values to measure the
same specification. This tends to assure that tests are
roughly comparable in difficulty from year to year. In
a given year. approximately 60 pcrcent of the items
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may be identical to those used in a previous year. The
remainder test the same specification, but with a dif-
ferent question. A small number of items pertaining
tc ~ertain skills may be removed from or added to the
test each year.,

What are the review steps?

The test is reviewed internally by state department
staff, One staff member has primary responsibility for
this process and several others are involved in assem-
bly and review.

Are forms equated from year to year?

In Grades 3, 5. and 8 the test assemblers try to build
comparable forms based on available statistical data.
Staff replace approximately 30 to 40 percent of the
items each year. The graduation test, which is first
administered in Grade 10. is based on skills approved
by the state board of education. This consists of two
sections, communications and mathematics, Each sec-
tion contains seventy-five items measuring fifteen
skills. Items are selected within each skill on the ba-
sis of Rasch difficulty values, Test scores are equated
to the base year scale on the basis of common item
sets and a linking design.

What use is made of the tesis?

Individual school districts receive considerable feed-
back at each grade level. The following materials are
made available: individual student reports. class sum-
maries, school summaries, district and regional sum-
maries. These reports enable one to identify individual
students and the percentage of students at each level
who fail to master specific skills and standards. If the
average mastery rate for a school falls below a certain
level, the school is considered to be deficlent. Stu-
dents who do not pass must be given remediation,
but they are not held back from the next grade on the
basis of the test score. Decisions to retain students
could be made on the basis of the results of
remediation.

Miscellaneous comments.

Part [ of the assessment program at Grade 10 con-
sists of basic skills. Part 11 is an assessment of the

Jb
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application of the basic skills to every day situations.
Part Il was moved to the tenth-grade so that students
who fail can have additional opportunities to take the
test during their junior and senior years. Florida is
also developing a serics of secondary school subject
area tests—English I Skills, English I, English Hon-
ors, Algebra I, Algebra I Honors. Introduction to Ameri-
can History, American History, and Advanced Ameri-
can History.

Case Study — Massachusetts

1.

Who develops and reviews specifications?
The Massachusetts statewide assessment program
uses the NAEP objectives, but adapts them to fit local
geals. The assessment takes a forward-looking ap-
proach as opposcd to cvaluating the status quo. The
assessment covers Grades 4, 8 and 12, The focus is
not just on what is taught at these specific grade
levels, but on what it i1s Important for students to
know at each of these grade levels.

in order to determine what topics are important,
all public schools in Massachusetts are surveyed pe-
riodically. Teachers are provided with a list of content
topics and are asked to rate the topics according to
their importance at the three grade levels. The state
appoints a committee in each subject area consisting
of Massachusetts public school teachers and curricu-
lum ccordinators. This committee interprets the rat-
ings of the various topics and sets the specifications
for assessment at each grade level. A booklet provid-
ing a framework for the assessment is prepared. The
booklet contains a description of the content to be
assessed in Grades 4, 8, and 12. Sample questions
are also provided. A two-dimensicnal assessment ma-
trix provides guidelines for writing items and assem-
bling the final test. In addition to content areas, such
as Numbers and Numeration, Measurement and Ge-
ometry, Problem Solving, and Probability and Statis-
tics, there are four process categories:

* Procedural knowledge
* Conceptual understanding
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¢ Problem solving
+ Reasoning and analysis

The process categories, the content categories, and
many content subcategories become the reporting cat-
egories for school results.

Approximately two to three hundred questions
are used at each grade level. There are at least twelve
questions in each reporting category; for example, in
Operations: Whole Numbers, there would be at least
twelve questions scattered across the four process cat-
egories.

Who writes items?

Questions are written by an independent contractor.
Massachusetts also uses questions from NAEP and
other sources.

Whe reviews iiems?

Itemns are reviewed by the independent contractor, com-
mittess consisting of teachers and curriculum coordi-
nators, and the Massachusetts state department stalff.
An equily review committee addresses minority and
gender issues. In the future, equity Issues will be
addressed by a curriculum advisory committee.

Whe edits items?

Items are cdited by the independent contractor and
by various reviewers along the way.

Are items tried out?

All new items are tried out in Massachusetts public
schools. The state department identifies the schools
and assisls in piloting, The independent contractor
prepares the tryout tests. All questions that appear in
tryout tests are reviewed and approved by the com-
mittec of teachers and curriculum coordinators. Ques-
tions used from NAEP are not tried out since these
have already been through « similar process.

What is the item selection/rejection process?

Newly written questions as well as questions from
other sources are considered for the final assessment.
Individual items are rated by the committee and placed
In one of three categories:
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1. The committee likes the question, and it is appro-
priate for assessment.

2. The committee likes the question. but some modifi-
cation is needed,

3. The question Is not appropriate and is rejected.

The committee reviews, culls, and classifies ques-
tions, and matches them with the content-process
matrix. If there are gaps. these are filled in by the
independent contractor.

Who assernbles the final test?

The committee approves all items that go into the
final test, The pool of approved items then goes to the
independent contractor who assembles booklets ac-
cording to a matrix-sampling plan that will meet the
content and process goals of the assessment. The pur-
pose of the assessment Is not to provide a report of
individu:al student performance, but rather to provide
data at the school, district, and state levels about the
performance of Massachusetts students on important
content and process dimensions. Some open-ended
questions are included in the assessment.

What are the review steps?

The test is reviewed by a committee of Massachusetts
teachers and currlculum coordinators, Massa-
chusetts state department staff, and the independent
contractor.

Are forms eguated _from year to year?

Although test forms are not equated from year to year,
results can be compared, since only about 15 to 20
percent of the questions are usually replaced between
consecutive years.

What use is made of the tests?

The test resuits are used in three basic ways:

* At the school level, reports are prepared if more
than twenly students in a school are tested at a
given grade level.

Detalled reports are prepared for use by the state
department of education.

Questionnaires administered to teachers, students,
and principals are used to help explain the results
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of the assessment. For example, actual test ques-
tions are shown on the teacher questionnaire and
teachers are asked about the students’ opportunity
to learn what i1s tested by the various questions.
This type of information helps interpret results.
Miscellaneous comments.
A primary goal of the Massachusetts assessment pro-
gram 1is to help schools evaluate and improve their
performance. Several activities currently underway are
directed toward this goal. For example, responses to
the open-ended sections of the test have been ana-
lyzed by curriculum committees and the items. re-
sults, and implications for instruction will be pub-
Ushec¢ in a serles of booklets. Teachers will be
encouraded to administer the questions to their own
studer.ts for comparison and dlagnosis.
Massachusetts 1s also promoting performance
testing in mathematics and sclence. Approximately
seventy teachers have been trained to test a random
sample of one thousand students in Grades 4 and 8.
Videos of the testing, together with written reports of
the results, will be used to help teachers improve
classroom assessment.

Case Study — Michigan

1.

Who develops and reviews specifications?
The Michigan Educativnal Assessment Program (MEAP)
tests all students In mathematics and reading at
Grades 4, 7, and 10. The basis for these tests are the
"Essential Goals and Objectives In Mathematics™ (de-
veloped by groups of Michigan content speclalists and
approved by the state board of education) and item
specifications. State department staff are currently re-
vising the specifications for the mathematics tests as
part of a comprehensive test revision process result-
ing from the recent approval of new "Essential Goals
and Objectives in Mathematics.” The first every-pupil
MEAP administration of the revised mathematics tests
is scheduled for 1991,

The “Essential Goals and Objectives” may be
viewed as a table of specifications for the test, whereas
item specifications detall the standards and conven-
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tlons to be employed within Individual {tems. Item
specifications for the current mathematics tests were
developed by the Michigan Council of Teachers of
Mathematics several years ago. Some gaps In those
item specifications have been identified and will be
corrected as part of the test-revision process.

The test-revislon process includes consultation
with content area specialists (teachers, curriculum co-
ordinators, and others knowledgeable about the math-
ematics curriculum) throughout the state, A twenty-
member advisory group, the Mathema:tics Coordinating
Committee, has been formed to advise the MEAP staff
on test-related issues, including {tem writing. The com-
mittee represents different geographical regions of the
state as well as different vertical perspectives—that
1s, college faculty, teachers at appropriate grade lev-
els, and curriculum specialists. Such diversity tends
to assure a good balance of viewpoints. Also, this
group tends to be a good resource for disseminating
accurate information about the assessment program
across the state.

Who writes items?

Items are generated by mathematics educaters in
Michigan based on objectives approved by the state
board of education. Meetings are held at which math
educators establish a conceptual base for fo-mulating
questions. Important instructional outcomes are iden-
tified and the questions developed. The items are writ-
ten by various subgroups for each of several content
strands. For example, the content strands include ar-
eas such as fractions, decimals, and geometry. The
writing groups also focus on the process dimension.
The following process categories are used:
conceptualization, mental arithmetic, estimation, com-
putation, applications, calculators, and computers.
Who reviews iterns?

Items are reviewed and edited by an independent con-
tractor. The contractor comments on (a) the match
between {tem and specification, (b) item classification,
and (c} duplication of items and psychometric consid-
erations. The contractor types items, supplies relevant
art work, provides comments on individual items. and
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then returns them to the original writing group for a
strand review. Classroom teachers and content spe-
clalists who wrote the items review them along with
the contractor's comments. Substantial modification
may occur at this stage. Items are also subjected to
in-house review by one member of the **FAP staff
and by two consultants. The following questions are
asked as each item is reviewed:

1. Is the item in its current form appropriate to the
objective?
. Is the item clearly worded?
. 1s the item grade-level appropriate?
. Are the distractors reasonable?
. Is the artwork correct?

Who edits items?

Items are edited by the independent contractor (see
step 3 above).

Are items fried out?

The most recent item tryout was informal, consisting
of questions that were administered to a sample of
students from representative districts. Following this
phase, MEAP staff asked that schools volunteer for a
formal item tryout. Districts agreed to provide stu-
dents, and test resulls were shared with the pilot
schools. Michigan also pilots the actual test to see
how the questions fit together as a group and to pro-
vide a trial run of administration procedures and sup-
port materials. The next test pilot is scheduled for the
fall of 1990.

What is the item selection/rejection p-ocess?

The twenty-member advisory group and various other
review groups have input throughout the test devel-
opment process. The final selection of {items is made
by MEAP staff.

Who assembles the final test?

The final test is assembled by the independent con-
tractor with a detailed recipe furnished by MAEP. At-
tention is given to appropriate content areas as well
as to the problem-solving process dimension.
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What are the revlew steps?

The test prepared by the independent contractor is
reviewed by the twenty-member committee, MAEP siaff,
and twe consultants. There is a pilot trial of the test
as described under Step 5 above. Final test copy is
proofed by MEAP staff, the advisory committee mem-
bers, and content specialists.

Are forms equated from year (o year?

In the past, the test changed very little from year to
year and there was no reason to equate. New forms
are being developed, and they will be equated and
year-to-year trends charted.

What use is made of the tests?

Test results are used to generate student reports,
school and district level reports, and detailed state
sumimaries. At the school level, resuits provide useful
information for:

¢ individual siudent remediation,
¢ cumrlculum review and improvement, and
+ students, parents, school boards, and the public.

At the state level, results are also used as a basis for
funding allocation and research.

Miscellaneous comments.

Michigan is considering the development of an Em-
ployability Skills assessment. The impetus for this
activity is the perceived lack of certain basic skills on
the part of those who enter the job market.

National Assessment of Educational
Progress (NAEP) Procedures

Because so many states are involved in various aspects of na-
tional assessment, including the use of NAEP objectives, items,
and comparative data, it may be usefui to outiine briefly NAEP
development procedures. In many ways, the NAEP procedures
have parallels in state assessment efforts. [However, the con-
sensus-building activity, specifications-setting process, and test-
development procedures are generally more complex. An out-
line of the key NAEP act'itles leading to the 1990 assessment
is provided below.
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Planning Phase

In 1988 Congress authorized NAEP to provide for voluntary
state-by-state assessment In addition to the traditional assess-
ment activities carried out by NAEP over the last twenty years.
Government funds were made available to the Council of Chief
State School Officers (CCSSO) to lay the groundwork for state
comparisons. The charge to the CCSSO was to recommend
objectives for the state-level assessment and to suggest how
state results should be reported. A planning group under the
ditection of the CCSSC was appointed to develop objectives for
Grades 4, 8. and 12. Legislation was subsequently passed to
specify that Grade 8 would be the tardet grade for state-by-
state assessment activity. Because the 1990 assessment is de-
signed to provide state-level performance reports as well as
national reports, in its planning phase careful attention was
given to the objectives of the various states. Also, advice was
sought from various other groups.

The objectives developed under the direction of the CCSSO
were then formulated and refined by A Mathematics Objectives
Committee composed of teachers, administrators, mathematics
educators from various states, mathematicia parents, and
citizens. Sample questions were also develop. .. These materl-
als underwent extensive review by the states, by NAEP policy
groups, and by others. The objectives underwent further review
by NAEP's Item Development Panel and a framework for the
assessment was published in November 1988.2 The framework
called for assessment in five content areas and three ability
levels. The conteni areas are N :mbers and Operations; Mea-
surement; Geometry; Data Analysis, Siatistics, and Probability;
and Algebra and Functions. The ability levels are Coneeptual
Understanding {CU). Procedural Knowledge (PK), and Problem
Solvir {PS). Percentages were set at each of Grades 4, 8, and
12 for ooth content areas and ablility levels. For example, at
Grade 8 the percentages for CU, PK, and PS were 40 percent,
30 percent. and 30 percent, respectively. The Mathematics Ob-
jectives booklet provides a detailed description of what the abil-

1 This publcation, Mathematics Objectives 1990 Assessment. can be
ordered from the National Assessment of Educational Progress at
Educational Testing Service, Rosedale Road. Princeton, NJ 08541-
0001. Refer to publication No. 21-M-10.
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ity levels encompase and the range of subtoples included under
the various content areas. Sample {tems are also included.

The ten-member Mathematics Item Development Commit-
tee then began work on the item-writing phase of the project. In
addition to this group. about twenty-five other mathematics
teachers and educators across the country were asked to de-
velop new ftems. Test specialists at the Educational Testing
Service (ETS) conducted an on-site training session for thirteen
of the {item writers and made specific item-writing assignments
based on the objectives,

The following steps were then taken by the NAEP/ETS de-
velopment team:

1, Internal review of newly developed items. Items
were reviewed for clarity, appropriateness to the
specification, technical accuracy, age-level appro-
priateness, distractors, and for possible offensive-
ness to population subgroups. Gaps in specifica-
tlons were filled by test development staff.

Items that were judged acceptable were classified
and filed. Rejected items were filed separately.
Seven mathematics test specialists assembled draft
field test blocks, keeping tn mind the overall tar-
get specifications for the 1990 assessment, as well
as making judgments about the overall content
and difficulty of individual blocks.

Individual blocks were reviewed internally by other
test speclalists, the first reviewer working with the
assembler to achieve mutually acceptable re*isions
or replacements.

A second reviewer then reviewed the revised ver-
slon to yield a fina: draft of the block.

All draft blocks were typed and submitted to sev-
eral program staff for their review.

Final revisions were made to blocks which were
then proofed and keyed by yet another test spe-
clalist.

The eighth-grade blocks, which will be used for
the state trial assessment, were reviewed by about
sixty state representatives from forty states. This
group consisted primarily of mathematics special-
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jsts and testing directors. The blocks were reviewed
in groups consisting of ten state representatives.
one NAEP/ETS staff member, one ETS test devel-
opment specialist, and one staff member from the
National Center for Educational Statistics (NCES).
This process assured that each block was reviewed
independently by two groups. Suggestions from
the various groups regarding the appropriate-
ness of questions, wording. classification, and
other issues were collated and shared with the
item Development Committee, which met shortly
thereafter.

After all blocks were prepared, thcy were mailed
to members of the Item Development Committee
for review, A committee meeting was subsequently
held to discuss and revise the questions so that
final blocks could be prepared for fleld triais, At
this meeting, suggestions made by the cixty state
representatives were evaluated and Incosporated
into the blocks, or rejected for use,

After the Item Dcvelopment Committee meeting,
revisions were made to blocks by the various test
assemblers, and each block was edited for clarity.
usage, and format. All blocks recelved a sensitiv-
ity review as prescribed by ETS guldelines.

Final draft blocks were submitted to NCES for
review and clearanc= by the Office of Management
and Budget.

Camera-ready copy of cach block was then pre-
pared and reviewed by the original test assembler
and another mathematics test specialist.

Galleys were produced and following additional
quality control checks by test speclalists and NAEP
program staff, the materiais were printed and
shipped to fleld test sites.

in February 1989, field trials took place in the
nation's schools. .

Assembly of the final 1990 assessment blocks fol-
lowed much the same development and review pro-
cedures that are outlined above. However, item
statistics on multiple-cholce and open-ended items,
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as well as the readability characteristics of stu-
dent solutions to the open-ended items, were avail-
able to assist In final assembly, Also, items from
previous NAEP assessments together with the
newly fleld-tested items were available for final
assembly. All items were classified and assem-
blers of final blocks maintained counts of items
selected so that overall content, ability, and sta-
tistical specifications were met,

SUMMARY

My overall Impression is that the states engaged in assessient
activities do a thorough Job of developtng specifications. Advice
and review is sought from a wide spectrum of the educational
community. Also, representatives of business and industry are
sometimes involved.

[tems and tests appear to recelve thorough reviews. The one
area that seems to need more attentlo.. Is item writing. No
matter how carefully specifications are set, if the questions
written to fit these specifications are not crafted with skill and
care, the Impact of the assessment will not be as significant as
it might otherwise be. The new NCTM Standards are beginning
to have an impact on state assessment activities. In the future,
the Standards should play an even greater role in providing
proper focus for test content and the process dimension along
which content resides, At the present time, states are making
strides in extending the range of processes measured to better
cover conceptual understanding and higher-order thinking. How-
ever, In most avallable assessment Instruments there are many
more examples involving standard procedures and simple un-
derstandings than exercises that call for deeper understanding
and significant problem solving.

It inight possibly be helpful to view each gquestion wrilten
and selected for inclusion on the assessment instrument as a
candidate for the front page of the New York Times—displayed
there so all can se¢ what il Is Important to test, Viewed in
this context. certaln questions might be withdrawn from
consideration,
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Test Development Profile of a State-
Mandated Large-Scale Assessment
Instrument in Mathematics

Tej Pandey

From the methodological point of view. the charaeter and de-
sign of test instruments that are optimum for individual-level
and for group-level assessments are quite different. This paper
examines the nature and deslgn of test instruments of a large-
scale assessment program, the Californla Assessment Program
{CAP), which 15 designed to provide rellable group-level infor-
mation. The paper also describes the test development process
as It has evolved over a perlod of fifteen Years to meet the
curriculum demands of the time.

Large-scale assessments can be classilied into two main
types: in one the interest Hes primarily at the level of individu-
als and In the other the interest lies primarily at the group
level. Individual-level assessments typically use tcst informa-
tlon to rank a student on an estabilshed norm. find an
individual's strengths and weaknesses, and determine whether
a student has mastered specific rourse content. Group-level
assessiments typlcally use the information to measure the
achievement level of students in a school, district. or reglonal
system for purposes of determining program effectiveness.
Group-level assessments generally are concerned with trends
in achievemnent from one cycle of assessment to the next and
may even incorporate provisions In assessment designs to re-
late trends with other factors.
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PURPOSES OF LARGE~SCALE ASSESSMENTS

Large-scale assessments generally have thelr genesis either in
federal programs, such as Titles Il and V of the National De-
fense Education Act (NDEA), or in state-level accountability
programs. Both federal- and state-level accountability programs
require the centralized collection of test scores, primarily from
commercially published standardized tests, by state depart-
ments of education. In the last two decades, although the char-
acter of assessments for accountablility has changed and the
purposes of assessment have varied from program to program,
they are usually designed to evaluate curricular programs, gather
curricular and related information for policy development, and
stimulate curricular practices. As Cronbach (1980) states:

Outcomes of instruction are multidimensional, and a
satisfactory investigation will map out the effects of the
course along these dimensione separately. . . . To agglom-
erate many types of post-course performance into a single
score Is a mistake, since fallure to achieve one obfective
is masked by success in another direction. . . . Moreover,
since a composite score embodies (and usually conceals)
judgments about the importance of the various outcomes,
only a report that treats the outcomes separately can be
useful to educators who have a different value hierar-
chy. {p. 236)

In other words, assessment for broader educational and
societal uses calls for tests that are comprehensive in breadth
and depth. Both breadth and depth can be covered by includ-
ing a large number of questions for assessment using a variety
of assessment modes, such as direct .ssessment of perfor-
mance, open-ended questions, and portfolios, in addition to the
multiple-choice format.

MULTIPLE-MATRIX SAMPLING

Since the interest in program assessment {s not to obtain scores
for individual students bul to see how well a hody of sublect
matter has been learned by a cohort of students, multiple-
matrix sampling or item sampling can be used effectively. Un-
der matrix sampling or an i{tem-sampling plan, a universe of
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test items is subdivided into multiple test forms with each form
administered to a certain number of examinees selected ran-
domly from the population of examinees. Although each exam-
inee is administered only a portion of the test items in the total
pool, the results from each subtest may be used to estimate the
parameters of the universe scores, such as the mean, variance,
and associated standard errors.

Item-sampling procedures have several advantages over the
conventional testing procedure. First, since in item sampling
no student takes more than a small portion of the total item
pool, the test takes less cilassroom instructional time, is less
fatiguing to students, and results in greater cooperation from
students and school authorities. Second, since it allows for
testing a large number of questions, it results in a ccmprehen-
slve assessment leading to more content-related information.
Third, it produces more rellable group scores, Lord (1962)
showed that for a fixed number of student-item confrontations,
the group mean of the item domain s estimated most reliably
when the size of the item subset is one, that 1s, when each item
is taken by a different sample of students. Greater reliability is
achleved because item responses tend to be positively corre-
lated over the population: two {tems presented to one student
will not generally supply as much information about the mean
of tr.e item domain as two {tems presented to different stu-
dents.

THE CAP'S ITEM-SAMPLING DESIGN

As of spring 1990, the California Assessment Program adminis-
ters tests in reading, written expression, and mathematics an-
nually in Grades 3. 6, 8, and 12. Also, sclence and history-
social science are assessed at Grade 8, and direct writing is
assessed at Grades 8 and 12. The assessment program uses a
nonoverlapping item-sampling design (see Pandey, 1974; Pandey
and Carlson, 1975, 1983) for student assessment. Since the
assessment program provides information to all schools “small
and large,” all students are tested rather than a sample of
students. Table 6-1 shows the total number of questions and
the number of forms in each of the content areas for each
grade tested.

From Table 6-1 it is apparent that the Survey of Basic
Skills: Grade 3 (1980 version]j consists of a total of 1,020 items—

1.0
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240 in reading, 420 In written expression, and 360 in math-
ematics—divided into thirty unique test forms, Under the item-
sampling procedure, each test formn consists of a total of 34
questions made up of 8 question~ in reading, 14 questions in
written expression, and 12 questions in mathematics. Each
form of the test is constructed to have an equal number of easy

Table 6-1
Number of Questions and Test Forms of CAP Tasts
at Grades 3, 6, 8, and 12

Grade 3 | Grade6 | Grade8 | Grade 12
First year administered 1980 1982 1984 1987

Content areas tested
English-language arts x*
Reading X
Written expression
Direct writing assessment 1987
Mathematics -
History-social science 1985
Science 1986

Number of forms 60 24
ltams per form 36 28
Total items 2,160 608

Items per form by content
Reading 8 10
Written expression 4(editing) | 4(editing)
Mathematics 7 10
History-sogcial science 10
Science 9

Number of skill scores
Reading 13
Written expression
Direct writing assessment 33
Mathematics 40
History-social science 4
Science 40

Total skil scores 187

Supplementary information
Sex
Mobility
English-language fluency
Other language spoken:
SES—Parent occupation
SES—Parent education
Special program particip.
Time raading

continued or next page
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Table 61 — Cortinued

Grade 3 Grade 12
First year administered 1980 1987

Supplementary Info. Con't.
Time watching TV
Time on homework
Writing assignments
Atlitude toward subjecls
Ethnic background
Courses completed
Extracurricular aclivities
Grades repeated
Special math questions
Post high school activities
Schoo! climate
Open-ended mathemalics

NCTES

{(*) Atgrades 8 and 12, reading and editing are combined into English-language arts

{**) 24 items per form plus two math computation items per each of 15 supplements (30
computation items total)

and difficult questions and consists of items from all major skill

areas—stratified by difficulty and content. For test administra-
tion, the forms are stacked sequentially and are distributed to
students In a manner similar to conventional tests. Since each
student takes only one of the thirty forms containing 34 ques-
tions, testing time is limited to only one class period.

Since CAP administers tests to each student in each school,
it allows for aggregating data to produce reports at the school
and district levels. Although CAP's procedure could aliow re-
ports at the classroom level, no classroom reports are produced.

The report shown in Figure 6-1 is the skill area report for a
typlcal school, showing the total score along with the subscores
useful for program diagnostic purposes. The subscores are
shown with a band of 0.67 standard error of measurement
around the point estimate to discourage overinterpretation of
skill area scores. In general, if the skill area band is below the
total ‘score line, it reflects an area of relatlve weakness; simi-
larly, if the band is clearly above the total score line, it reflects
an area of relative strength. If the band overlaps the total score,
it is neither an area of relative weakness nor relative strength.
The interpretation and meaning of these data must be judged
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professionally by curriculum experts before any curricular
changes are made. The experts will take into consideration the
importance of certain skill areas, thelr interrelationship with
other skill areas, and the nature and relevance of the questions
on the test.

A BRIEF HISTORY OF THE CAP

As discussed earler, the purpose of the CAP is to provide pro-
grammatic Information to schools, districts, and the state as a
whole. The changes in the assessment program, therefore, should
be seen in light of this purpose.

Until 1972, achievement testing In California consisted of
testing students in a variety of grades with one or more com-
mercially published standardized tests. For example, in 1972,
the CAP administered the Comprehensive Tests of Basic Skills
(CTBS), Form S at Grade 3; the CTBS, Form Q at Grade 6; and
fowa Tests of Educational Development (ITED) Form X, at Grade
12. However, it was soon realized that the standardized tests
did not match Califfornia’s curriculum. A statewlde task force
was established to examine the content of these tests and to
make recommmendations to the legislature. On the basis of the
recommendations of this task force, the California legislature
mandated that the CAP develop tests that would be appropriate
to assess the varlety of curricular programs in California.

Beginning in 1972, the California Assessment Program ini-
tlated the development of new tests at Grades 3, 6, and 12.
With the help of statewide committees, CAP developed test con-
tent specifications at each grade level. For the sake of effi-
clency, CAP chose to lease questions from test publishers’ item
pools that matched the specifications, rather then writing its
own questions. Since only reading was assessed at Grade 3,
and reading, written expression, and mathematics were as-
sessed at Grades 6 and 12, the use of leased publishers’ items
was reflected in the 1973 version of Grade 12 and the 1975
version of Grade 6 tests. Because only items from the publisher's
{tem bank were used, the committees soon realized that the
tests were limiting in scope. as reflected in the test content
specifications, because items reflecting the quality of California’s
currfculum were not avaflable for many of the strands of
mathematics.
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In 1975, the CAP started developing its own test items with
the help of statewide content area advisory committees consisi-
ing of educators throughout California. The CAP constructed
its first instrument in mathematics at the third-grade level in
1975, followed by the revision of the sixth-grade test in 1982, a
new test at Grade 8 in 1984, and a revision of the twelfth-grade
test in 1987. The following sections describe how the specifica-
tions of test content and, therefore, the nature of questions on
the test, have been changed from 1975 to 1987,

THE CAP'S TEST CON3TRUCTION PROCEDURES

The California Assessment Program began constructing its own
test questions in 1975. Although from a mechanical aspect test
construction procedures from 1975 to date have remained the
same, significant substantive changes have taken place in the
nature of questions since that time. The paragraphs below first
describe the mechanics of test construction followed by the
changes in the specification of test questions and the writing of
those questions.

Mechanics of Test Construction

Following are the main steps in the CAP's test development
process for mathematics:

1. Establishing an assessment advisory committee. An as-
sessment advisory committee is established consisting
of curriculum specialists from the following groups:
school districts, offices of county superintendents of
schools, professional associations, the Callfornia State
University, the University of California, and the state
department of education.

. Reviewing existing curricular and instructional materials.
The CAP staff reviews the California Mathematics Frame-
work, the state-adopted textbooks, county courses of
study, and other curriculum materials, such as the Model
Curriculum Guide, to prepare preliminary test content
specifications. The members of the advisory committee
review the specifications and help CAP staff write illus-
trative test questions.
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Establishing a test development team. In addition to the
assessment advisory committee, an ad hoc item-writing
team, consisting primarily of classroom teachers from
the appropriate grade levels, is established. The teach-
ers are selected from a pool estatlished from the recom-
mendations of the advisory committee members, direc-
tors of the California Mathematics Projects, officers of
the California Mathematics Council, the pool of appli-
cants for the president’s award in mathematics, and
other mat.:.ematics educators having a stake in assess-
ment. Approximately ten to fifteen teachers per grade
level serve ot the itern-writing team.

. Writing test questions, The item-writing team members

are given the task of writing items, Some members of
the advisory committee who have a special interest ini a
specific grade level also participate in the itemn-writing
process,

Questions are written by the tearn members individu-
ally or jointly in small groups. In certain hard-to-mea-
sure concepts or problem-solving tasks, three or four
members of the team may be engaged in discussion with
perhaps two members of the team listening to the discus-
slon, writing, and verifylng with members discussing the
concept that their item was the one under discussion.

For example, in 1980 when the sixth-grade test was
being revised, the discussion group felt that students
performed quite well on questions related to mathemati-
cal operations, but they did not understand what the
different steps in the operation meant. The group wanted
to provide a question in which the student did no com-
putation but could interpret the results of a correctly
performed calculation. After several trials, the itemn writer
wrote the following question:

130 students from Marie Curie School want to
go to a school picnic. A school bus can carry 50
students. John did the following calculation to
find the number of buses needed for the picnic.

2

50} 130
100

30

1i6.
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John's arithmetic is correct. How many buses
will be needed to carry all the students?
{A}30 (B}3 ([C12 (Dj2R30

Of course, the above question is the final product
after several reviews and edits. The point is that an item
like this requires collective thinking, checking, and vali-
dation before it takes final shape.
. Reviewing and editing. The item-writing team members
usually meet six to eight times for two or three days
each over a perlod of nine to twelve months. After the
team members have completed the writing process, the
advisory cominittee and the item-writing team jointly
review the {tems. The questions are edited for clarity,
appropriateness of response choices, and mathematics
assessed by the {tems. After the committee review, the
CAP staff reviews each item for consistency in format,
correctness of artwork, and precision of technical writing.
. Fleld testing items. Usually the number of questions for
field testing is quite large. For example, during the test
construction phase of the eighth-grade test between 1982
and 1984, approximately fifteen hundred questions were
field tested in mathematics. For field-testing purposes,
the questions are distributed into short forms, each form
consisting of approximately thirty-five items so as to be
easlly administered in one class pertod. Each form 1is
balanced for content and difficulty so that the student
sees each form as a complete test in mathematics. All
California school districts are sent an invitation to par-
ticipate in field testing. School districts are also asked if
thelr teachers would be willing to participate in item
review. In this process, teachers review the questions
from two test forms for clarity and indicate the degree of
instructional emphasis and appropriateness of these
items as a measure of the effectiveness of their district’s
mathematics program. Of the approximately eight hun-
dred school districts having an eighth-grade, five hun-
dred voluntcered to participate in field testing. Approxi-
mately six hundred teachers reviewed the questions and
approximately twenty thousand students participated in
the field testing process,
. Calculating item statistics and compiling field review data.
Numerous item statistics, such as item difficulty for
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each item In the group as whole, are calculated. Item
statistics are alse arranged by subgroup of students,
such as by sex. ethnic group, language fluency
group, and socloeconomic category. Item correlation
with the total test is also calculated for each group and
for each response choice. Several bias indices, {ndicat-
ing the discrepancy between the performance of a par-
ticular group and the total test population, are also
calculated.

. Reviewing field-tested items. Advisory committee mem-
bers review the difficulty of each item and look for prob-
lems such as bias, unclear wording. inappropriate re-
sponse cholces, or inconsistent formats among the {tems
to assure that only the best items survive the analysis
of the field test. The items are modified or deleted based
on an indication of blas and Inappropriate or misleading
wordings. The committee uses field {est daia to improve
the overall quality of {tems. The modified items are field
tested again to check whether the modifications have
introduced additional unforeseen defects.

. Selecting the final set of items. The advisory committee
members, working with the CAP staff, select the final

set of test questions. The selected questions reflect the
proportions of items according to an agreed-upon distri-
bution of items as specified In the test conternt specifica-
tions. For example, the distribution of items according
to various reporting categories of mathematics for the
sixth-, eighth-, and twelfth-grades {1984 version) is
shown In Tables 6-2, 6-3, and 6-4 respectively.

Table 6-2
Skill Araas Assessed in Mathematics—Grade 6

I. Counting, Numeratlon, and Place Value
A. Skils
1. Counting and numeration
2. Place value
B. Applications
li. Nature of Numbars and Propertios
A. Skills
1. Ordering and properties
2. Classification of numbers
8. Applications
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. QOperations
A. Skills
. Additien/subtraction ot whole numbers
. Multiplication of whole numbers
. Division of whole numbers
. Addition/subtvz  “on of decimals
. Multiplication/division of decimals
. Operations on fractions
. Percents and equivalent fractions and decimals
. Applications

1. One-step involving whole numbers

2. One-step involving rational numbers

3. Two (or more) sleps

Expressions, Equatlons, and Coordinate Graphs
A. Skills
1. Expressions and equations
2. Graphs and function lables
B. Applications )
. Geometry
A. Skills
1. Shapes and terminology
2. Relationships
B. Applications

. Measurement
A, Skills
1. Melric units
2. U.S. Customary units
3. Perimeter, area, and volume
B. Applications

Probabllity and Statistlcs
A. Probability
B. Stafistics

Tables, Graphs, and Integrated Appllcations
A. Tables and graphs
B. Integrated applications

Problem Solving

A. Formulation

B. Analysis and strategy
C. Interpretation

D. Solutio: of problems

Table 6-3
Skill Areas Assessed in Mathematics—Grade 8
(Total number of questions: 468)

Percent
. Numbers 15
A. Skillsiconcepts 10
1. Order relations and classificatior
2. Number lheory
3. Propertios
B. Applications
conlinued on next page
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Table 6-3 — Conlinued

1. Operatlons
A. Skills/concepts
1. Whole and rational numbers
2. Percants, proportions. and
conversions
. Applications
1. One-step
2. Two or more steps

lll. Algebra
A. Skillsizonceplts
1. Exprassions and equations
2. Graphs and functions
B. Applications

. Geometry
A, Skills/concepls
1. Geometric lerms and figures
2. Geomelric relationships and postulates
B.  Applications

. Measurement
A. Skills/concepls
1. Units and estimations
2. Measurement of perimeter, area, and volume
B. Applications

Probability and Statlstics
A. Probability
B. Statistics

. Tables, Graphs and Integratad Applications
A. Tables and graphs
B. Integrated applications

Problem Solving

A. Formulation of a problem
B. Analysis of a problem

C. Stralegies

D. Interpretation

-t

3
8
4
4
7
4
3
6
4
4
5
3

Table €4
Reporing Catagories
Survey of Academic Skills: Grada 12
Mathematics

. Problem Solving/Reasoning [25%]
A. Problem formulation
B. Analysis and strategies
C. Intarpratation of solutions
D. Nonroutine problems/synthesis of routine applications

. Undarstandings end Applications [75%]
A. Numbers and Operations [14%)]
1. Nature of real numbers
2. Selection and use of operations on real numbers

120
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8. Patterns, Functions, and Algebra [17%)
1. Patterns
2. Relations, functions, and graphs
3. Algebra
C. Data Organization and Intergretation [18%]
1. Organizing data as graphs and charts
2. Statistics
3. Probability and systematic counting
D. Measurement, Geometry, and Spalial Relationships (18%)
1. Mensuration
2, Geomelric and spatial relationships
E. Logicat Reasoning [8%]
1. Quantifiers, Connectives, and Relationships
2. Using deductive and inductive reasoning

10. Reviewing the selected questions. The fnal set of ques-
tions is then subjected to another review by CAP staff
and testing professionals, In addition, a varlety of item
statisties are examined In the search for otherwise un-
detected defects and sources of bias, The questions are
also reviewed by experts for linguistie, ethnic. and gen-
der bias.

Test Content Specifications

Test content specifications are the blueprint for test item con-
struction. The test content specifications denote the depth and
breadth of what is considered important for assessment. They
are also the bridge belween curriculum/instruction on the one
hand and assessment on the other. In other words, test content
specifications serve as tiie main evidence to establish content
validity of a test instrument.

The reader will discern that the procedures for delineating
test content speclfications in the CAP have gone through changes
over time. These changes reflect the prevalling tension between
the concerns of policy makers and the concerns of mathemat-
les educators.

Specifications in 1975: Grade 3 Test Development. During
the period in which the third-grade test was developed, the
prevailing philosophy of test development was that In order for
the tests to be accepted by a vast majority of districts for their
program evaluation, the test must match what was actually
being taught in their classrooms. Furthermore, since what was
being taught in the classrooms was based on state-adopted
textbooks, the content of the test had to be limited to what
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appeared in most textbooks. Therefore, the test content specifi-
cations were written based upon the content appearing In state-
adopted textbooks at the time.

Figures 6-2a, 6-2b, and 6-3a. L 3b show thc pages appear-
ing in the draft Test Content Specifications-Operatioas for the
Third-Grade Test (1980 version). In Figures 6-2a and 6-3a. one
column provides the page numbers of the textbook containing
a particular tople. Figures 6-2a, 6-2b and 6-3a. 6-3% show. in
particular, that certain mathematical content, such as basic
arithmetic, . ppeared in all textbooks: however, topics such as
problem solving and modeling did not appear in any of the
books. or appeared in only one or two hooks. Before developing
the final test content specifications. a random sample of teach-
ers from throughout the state was surveyed to determine the
degree of emphasis they placed on each skill and whether they
would like that skill to be measurcd as part of the statewide
assessment, The resulting spccifications were quile narrow in
the sense that important mathematical topics, such as problem
solving and modeling, were not taught in most classrooms.

Specifications in 1980: Grade 6 Test Development., The
test content specifications for the sixth-grade test. developed
between 1978 and 1980, were derived from the Mathematics
Framework for California Public Schools rather than exciusively
from the content analysis of commonly used state-adopted text-
books. The Agenda for Action, published by the National Coun-
cii of Teachers of Mathematics, was also influential in devclop-
Ing the test content specifications. As a result, it was determined
appropriate to include a problem-solving subtest, such as prob-
lem formulation, problem analysis, and problem interpretation,
in addition to an emphasis on routine and nonroutine problem-
solving skills. The specifications also included skills in geom-
etry. algebra, measurement, and probability and statistics. Table
6-2 above shows the content outline of the sixth-grade test.

Specifications in 1984: Grade 8 Test Development. The
test content specifications for the eighth-grade test. developed
between 1981 and 1984, were based on the Mathematics Frame-
work for California Public Schools and the Model Curriculuin
Guide, The rationale for the test content spccifications was
based on three major concerns: {1} a general concern for “excel-
lence” in that all children deserve a decent education involving

122
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higher-level thinking, problem solving, and understanding; (2)
a commitment to research that expands knowledge and under-
standing of how students develop thinking skills and learn to
solve problems; and (3) a concern that the quality of test ques-
tions was less than desirable on standardized tests.

The theme of higher expectations and improved achieve-
ment is addressed in the Mathematics Framework for California
Public Schools (1985), which states:

The mathematics program recommended in this frame-
work reflects raised expectations for student achieve-
ment. The goal for all students is to be able to use
mathematics with confidence; therefore, every student
must be instructed in the fundamental concepts of each
strand of mathematics and no student limited to the
computational aspects of the number strand....Most
students will go beyond the fundamental concepts to
achieve deeper and broader capability in mathematics,
but even the less capable students, by learning these
concepts, will have appropriate experiences in all of the
strands. They must not, for example, be deprived of
work in geometry or probability in order to have more
practice with narrow computational skills. Rather, they
will continue to learn the new concepts of all of the
strands and to integrate those concepts into their un-
derstanding throughout their school careers. . .. This ex-
pectation applies to all students, including students with
special needs and those who come from groups who
have historically been underrepresented in upper level
mathermatics courses. (p. 3)

In addition to the concern for excellence, a major emphasis
of the Mathematics Framework for California Public Schools: Kin-
dergarten Through Grade Twelve (1985) and the Mathematics
Model Curriculum Guide (1987) is teaching for understanding,
The theme of teaching for understanding is stated in the Math-
ematics Framework for California Public Schools {1985):

Tecaching for understanding emphasizes the relationships
among mathematical skills and concepts and leads stu-
dents to approach mathematics with a common-sense
attitude, understanding not only how but also why skills
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are applied. Mathematical rules, formulas, and proce-
dures are not powerful tools in isolation, and students
who are taught them out of any context are burdened
by a growing list of separate items that have narrow
application. Students who are taught to understand the
structure and logic of mathematics have more flexibility
and are able to recall, adapt. or even recreate rules
because they see the larger pattern. Finally, these stu-
dents can apply rules, formulas, and procedures to solve
problems, a major goal of this framework. (p. 12)

The concern for excellence and an emphasis on under-
standing in the Framework resulted In a consensus that the
eighth-grade test must have the following characteristics.

¢ In computafional questions, emphasis was placed on
the understanding of an arithmetic operation rather
than on performing an algorithmic manipulation. Most
of the questions can be answered mentally if the stu-
dent has a clear understanding of arithmetic opera-
tions and symbols.

¢ Test questions reflected a level of achievement and
sophistication consistent with a mathematics program
that eliminates the repetition of content from one grade
level to the next unless there i3 an increase in depth
or breadth.

* Test questions were designed to assess not only the
arithmetic computational skills, but also the skills in-
volved in pre-algebra, geometry, measurement, logic,
and probability and statistics.

+ Speclal emphasis was placed on the assessment of
problem-solving processes, such as problem formula-
tion. problem analysis, interpretation of results, and
on problem-solving questions. including routine and
nonroutine problems.

The art of writing questions in problem solving and other
hard-to-measure areas was influenced by the work of Lester
(1978, 1982). Lesh (1983), Mayer (1983), Newell and Simon
(1972), Polya (1957, 1965). Resnick (1983). Schoenfeld {1982),
Sternberg (1981, 1983), and Silver (1982). Pandey (1983) de-
scribed the implications of research in problem solving for
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assessment. The California Assessment Program's efforts to im-
prove the quality of test questions were aided by the work of
the MAAC members and through the review of test items by
Alan Hoffer. University of Oregon; Thomas Romberg, University
of Wisconsin; James Wilson. University of Georgia; and Mary
Kay Corbitt, East Tennessee State University.

Specifications in 1987: Grade 12 Test Development. The
test content specifications for the twelfth-grade test, developed
between 1983 and 1985. was based on the desire to raise
expectations for all students and to develop mathematical power
in students before they graduate from high school. The Frame-
work (1985} defines mathematical power as follows:

To enable all graduates to meet current and future de-
mands, mathematics education must focus on students’
capacity to make use of what they have learned in all
settings. Mathematical power. which involves the ability
to discern mathematical relationships, reason logically,
and use mathematical techniques effectively, must be
the central concern of mathematics education and must
be the context in which skiiis are developed. {p. 1)

The major difference between the revised twelfth-grade CAP
test—now called Survey of Academic Skills, Grade 12, and the
older version called the Survey of Basic Skills, Grade 12, is that
the new test emphasizes understanding of mathematical con-
cepts and problem solving—a shift in emphasis similar to that
of the eighth-grade test. The specifications were written and
test questions were designed to measure what students under-
stand about the mathematical concepts and skills they have
learned from kindergarten through Grade 12 and how well they
can use this learned mathematics in familiar and unfamiliar
problem situations. The test was designed to assess students’
abilities to estimate, to discern relationships, and to use num-
ber sense In the evaluation and interpretation of intermediate
and final results of a problem-solving process. It requires stu-
dents to use higher-level thinking skills and therefore provides
a measure of their ability to do so in a mathematical setting as
opposed to providing a measure only of their ability to perform
rote mathematical algorithms which they may do correctly but
do not understand. Table 4 shows the skill areas reported for
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the twelfth-grade test. In comparing the skill areas reported for
Grade 12 with the skili areas reported for the sixth- or eighth-
grade test (Tables 6-2 and 6-3), it is interesting to note that
problem solving was the skill area reported first, followed by
another major skill area, understanding,.

The Art of Questioning

To appreciate how the CAP has evolved over a period of years,
we will examine relationships among test specifications, the
nature of the questions, and the reporting categories over a
period of fifteen years. In the CAP's evolution, it should be
emphasized that CAP test designers have cr  stently sought
to blend into their assessment instruments  : most current
knowledge about our understanding of the nature of math-
ematics, theories of learning, art of test construction, and pro-
gram improvement strategies.

Early Developments

Third-grade test development in 1975 was heavily influenced
by the writings of Popham (1973} .nd Millman (1974), who
recommended rigorous specifications to ensure that each item
be a true reflection of the intended skiil to be measured. The
structure of the test content specifications was derived using
the traditional content-by-process matrix. For example, the con-
tent categories for the third-grade specifications were the strands
of mathematics specified in the California Mathematics Frame-
work for Kindergarten through Grade Twelve (1985)—Number,
Algebra, Geometry, Measurement, Probability and Statistics,
and Logic. The process categories were computation/knowledge
of facts, comprehension, and applications. Detailed specifica-
tlons were generated for each cell of the content-by-process
matrix. As shown in Figures 6-2a and 6-2b. the item specifica-
tions were very structured in the specificity of the performance
mode and characteristics of distractors. The performance mode
described the limits of the item stem of a multiple-cholce ques-
tlon, and distractor characteristics described the various ways
of constructing the incorrect cholces for the item.

This method of test construction resulted in a large number
of items, each item designed to measure a discrete skill de-
scribed in the specification. The collection of items in a sub-
domain, such as functions, contributed to the sub-domain
SCOres.,
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This analytical approach toward test construction is based
on the assumption that a single content area, such as math-
ematics, can be divided into measurable minuscule bits .and
pleces, that a sampling of behaviors from the content-by-pro-
cess matrix could be generalized to the population of behaviors,
and that the diagnostic information generated from sub-do-
main scores will be useful for improving a school's prograrn.

This method of constructing achievement tests has long
proved useful. It is still useful in situations where instruction is
not “corrupted” by how tests are constructed. or where lest
validity is not tampered with by revealing the exact content of
the test. However, in situations of high stakes testing, as In
situations where teachers or administrators are held account-
able for student achlevement. the analytical approach is unde-
sirable. When the test questions can be replicated through
precise test specifications and the results reported foi a large
number of narrowly defined skill’ areas, the message is con-
veyed that learning can be improved by teaching bits and pieces
of information. In many situations, rather than teaching to
desirable curriculum practices. teachers resort to "multiple-
choice” instruction because of the form of the assessment in-
strument.

Recent Developments

In recent years, as in the development of the twelfth-grade test
implemented in 1985, criteria for item specifications take into
account the emerging role of high stake tests. The v.iteria can
be traced to three main concerns:

1. Test questions must reflzct the current view of the
nature of mathematics. This view emphasizes un-
derstanding, thinking, and problem solving that
require students to see mathematical connections
in a situation-based problem and to be able to
monitor thelr own thinking processes to accom-
plish the task efficiently. This requires that test
questions have the following characteristics:

* They assess thinking, understanding. and prob-
lem solving In a sltuational setting as opposed to
algorithmic manipulation and recall of facts.

¢ They assess the interconnection among math-
ematical concepts and the outside world.

o3
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Test questions must reflect the current under-
standing of how children learn. The current view
of instruction and learning assumes that children
are active learners and engage in creating théir
own meaning during the instructional process. This
requires that test questions have the following
characteristics:

¢ They must be engaging.

» They must be situational and based upon real-
life applications.

» They must have multiple-entry points in the sense
that students at various levels in their math-
ematical sophistication should be able to answer
the question,

« They allow students to explore difficult problems
and students’ explorations are rewarded.

s They allow students to answer correctly in di-
verse ways according to their cxperiences, rather
than requiring a singlc answer.

Test questions must support good classroom In-

struction and not lend themselves to distortion of

curriculum. Good eurriculum practices require that
test questions have the following characteristics:

¢ They must be exemplars of good Instructional
practices.

« They should be able to reveal what students know
and how they can be helped to learn more
mathematics.

Questions having these characteristics have been christened
by Honlg (1985) as "power ilems.” Such questions cannot he
measured by the typical test comprising thirty- to sixly-seeond
multiple-cholce questions. However, multiple-choice questions
requiring two to four minutes can be developed that have most
of the characteristics described above. Examples 1 and 2 (sce
Appendix D) are questions of the type appearing in the twelfth-
grade test, the Survey of Academnic Skills: Grade 12. In the
twelfth-grade test, CAP also uses open-ended questions that
require 12 to 15 minutes for students to answer. Example 3
has been taken from the 198788 version of the test. which has
been discussed in detail in A Question of Thinking (California
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State Department of Education, 1989). Example 4, shown in
Appendix D, also shows the response of one student on this
question.

CAP Instruments {n the Future. This paper describes CAP
test development procedures prior to 1989. The CAP is cur-
rently revising tests at Grades 3, 6, 8, and 12 and introducing
a new test at Grade 10. Besldes the new type of muitiple-choice
questions, the revised tests will have open-ended and perfor-
mance-type questions. In addition, portfollo assessment in math-
ematics is being explored as an alternative. Sample perfor-
mance tasks and guidelines for the portfolio can be obtained by
writing to the author.
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Assessing Students’ Learning in Courses
Using Graphics Tools: A Preliminary
Research Agenda

Sharon L. Serc

Recently mathematics educators have called for the usc of
calculator snd computer graphing technology in mathematics
classes. and seviral software and curriculum development
projects have attempted to transform these recomntendations
into reality. However, until now there has been little system-
atlc study of how teaching. learning, and asscssment in courses
using such graphics tools are affected by the technology. This
paper describes a prellminary agenda developed by rescarch-
ers In the field for assessing students’ learning in courses
using graphics tools. Included are suggested investigations of
student and teacher outcomes and a discusslon of method-
ological Issues.

In recent years there have been many calls for the reform of
mathematics education in the United States. Among the inost
consistent recommendations is that mathematics programs take
advantage of the power of calculators and computers (College
Board. 1985; Fey, 1984: NCTM, 1980, 1989). Specifically, func-
tion graphing tools available on calculators and computers are
suggested as a means to produce both a richer mathematics
curriculum and a deeper understanding of mathematics with-

128
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out having to use valuable time in mathematics classes for a
study of computer programming (Demana & Waits, 1990; Fey,
1989; Kaput, 1989; Waits & " *mana, 1989).

These calls for using graphing technology have been accom-
vanied by several recearch and development projects. The Edu-
cational Technology Center has developed software called Visu-
alizing Algebra: The Function Analyzer (Harvey, Schwartz, &
Yerushalmy, 1988} and used it to study students’' conceptions
and misconceptions of scale in graphs (Goldenberg, 1988). Fey
and Heid {(1987) are developing booklets for students, guides
for teachers, and correlated computer software for elementary
algebra. The University of Chicago School Mathematics Project
(UCSMP) has developed a course called Functions, Statistics
and Trigonometry with Computers (Rubenstein et al., 1988) in
which students use as tools any standard graphing software, a
statistics package, and BASIC programs. The Ohio State Uni-
versity Calculator and Computer Precalculus (C?PC) Project has
developed software (Waits & Demana, 1988) and designed a
precalculus text (Demana & Waits, 1989) that can be used with
its software or a graphics calculator at both the high school
and college levels. During the 1988-89 academic year, each of
the lalter three groups studied the effects of their materials on
learning and teaching in regular classroom settings (Demana.,
et al., in preparation: Lynch, Fischer, & Green, 1989; Sarther,
Hedges, & Stodolsky, in preparation).

Materials based on graphing tools such as those above are
reshaping the profession's conceptions of what we ought to
teach, what we can teach. and how we can tcach it (Fey, 1989).
They allow students to explore "advanced" mathematical func-
tions without having to master much prerequisite algebraic
manipulation. Making graphs becomes a tool for solving other
problems, rather than an end in itself. From exploring multiple
instances, generalizations can be formed; and. conversely, in-
stances of proposed generalizations can be tested quickly using
graphing tools.

Suiprisingly. there has been little discussion among math-
ematics educators of the methods and materials used to assess
learning and teaching in such environments. Goldenberg (1988}
reports that he found little in the research literature on learn-
ing or teaching about graphing functions in any environment—
with or without computers.
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At present there are no nationally available mathematics
tests that require calculator or computer use. The Mathemati-
cal Association of America's Calculator-Based Placement Test
Program Project and the College Board's Mathematics Achieve-
ment Test Committee are presently developing tests that in-
clude calculator-active items. Such tests demand changes from
typical achievement tests in the types of problems that can and
cannot be included (Harvey. 1989). In each case, however, the
tests being developed consist only of multiple-choice items and
assume that students have only a non-graphics calculator avail-
able. In addition, these tests are designed to assess students’
knowledge of the present mathematics curriculum where cal-
culator and computer use may not have been an integral part
of the course. Furthermore. no guidelines exist for assessment
of student learning in calculator- or computer-based courses.
Recently, the NCTM (1989) has called for broadening our view
of appropriate assessment techniques in all areas of mathemat-
ics. Senk (1989) and Wiske et al. (1988) have called for further
research on techniques and instruments for assessing students’
learning in advanced technological environments.

Call for a Meeting

Given the needs outlined above, funding was secured from the
National Center for Research in Mathematical Sciences Educa-
tion for a meeting to discuss ways of assessing the Impact of
function graphing tools on students’ learning. The meeting took
place on December 15-16, 1988, on the campus of the Univer-
sity of Chicago. with the following people participating:

Dora Aksoy. Department of Education, The University of
Chicago:

James Flanders. Department of Mathematics and Sta-
tistics. Western Michigan University:

E. Paul Goldenberg. Education Development Center, New-
ton, MA;

John G. Harvey. Department of Mathematics. University
of Wisconsin—Madison;

M. Kathlcen Heid, Department of Curriculum and In-
struction, Pennsylvania State University:
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Catherine Sarther, Departments of Mathematics and
Education, Mount Mary College:

Sharon L. Senk, Department of Education, The Univer-
sity of Chicago:

Bert K. Waits, Department of Mathematics, The Ohio
State Universtity; and

Orit Zaslavsky, Department of Education in Technology
and Science, Technion. Israel.

The contributions of Goldenberg, Harvey, Heid, Senk, and
Waits to issues related to graphing technology are noted above.
At the time of the meeting Aksoy, Flanders, and Sarther were
all doctoral students at the University of Chicago working with
the University of Chicago School Mathematics Project. Aksoy
and Flanders were editors. and Sarther was coordinator of the
1988-89 field study of Functions, Statistics, and Trigonometry
with Computers {Rubenstein et al.. 1988). Zaslavsky was a
postdoctoral researcher at the Learning Research and Develop-
ment Center. University of Pittsburgh, working on a review of
the literature on functions and graphs in mathematics
(Leinhardt, Zaslavsky, & Stein, in press).

The two main questions this meeting addressed with re-
spect to algebra and precalculus courses based on function
graphing tools were:

1. What are the fundamental goals to be assessed?
(What are the core content, processes, and be-
liefs’?)

2. How should we go about assessing them? (What

kinds of problems or situations appropriately mea-
sure these goals? What techniques enable the re-
searcher or teacher to uncover likely causes of
students’ difficulties? To what extent should as-
sessment instruments use graphing technology?
To what cxtent should assessment be done with-
out access to graphing tools?)

Both the funding agency and the participants hoped that the
meeting would encourage the formation of an “invistole college”
of researchers interested in this topic who would continue to
collaborate on conmion interests even after the meeting was
over.

iud
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Summary of Discussion

Between them the participants had used graphing technology
with students at each level from Grade 9 through the college
sophomore level. During the first part of the meeting each par-
ticipant described briefly his or her experiences using this tech-
nology and some issues his or her own project faced related to
the use of graphing tools.

Virtually everyone agreed that research or curriculum de-
velopment projects could not (or at least, should not) infuse
graphing technology into a secondary or college course without
changing some of the original curricular goals. In particular,
participants agreed that courses which use graphing technol-
ogy in significant ways should, in comparison to standard
courses, increase emphasis on realistic applications of math-
ematics; they should also focus on problems that encourage
exploration and conjecturing, and decrease emphasis on many
traditional manipulative skills,

The following were identified as issues faced by students
and teachers in all the projects represented at the meeting:

1. mastering the technology itself (ease of use is criti-
cal for implementation)

2. halancing exact and approximate answers, coping
with multiple answers

3. putting the control of instruction and learning more
with students than ever before

4. worrying about long term effects of less manipula-

tive skill and more graphical representation on
students’ performance in subsequent courses.

Based on the research of Fey and Heid (1987). Goldenberg
(1988), and Leinhardt., Zaslavsky, and Stein (in press). scaling
seems to be a large issue early in the study of functions and
graphs. Beginning algebra students seem to need instruction
on how changes In scale do not change the values on the
graph. but only thelr perception of its shape or the amount of
the graph they can see on the screen. Beginning algebra stu-
dents in courses that use graphics tools also seem to need
more explicit instiuction than they do in traditional algebra
courses on deciding what scale to use on graphs. However,
scaling seems to be much less an issue by the time a student

10
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reaches a precalculus course ir . ™ school or college. Harvey
and Waits reported that older stuuents seem to have few diffi-
culties changing the scale on a viewing window so a complete
graph can be seen.

A Preliminary Research Agenda

The discussion then turned to the need for research on issues
related to assessment in courses that use graphing technology.
Participants agreed that a useful point of departure for this
discussion was Standard 6 on Functions {(NCTM, 1989). Our
recommendations for research are grouped into two areas.
Under student and teacher outcomes, we include what we be-
lieve to be the most important goals with respect to both con-
tent and process for courses which emphasize graphs and func-
tions., Under methodological issues, we identify how we believe
we should go about investigating student and teacher outcomes.

Student and Teacher Outcomes. We recommend that stud-
ies be developed to Investigate the effects of graphing technol-
ogy on the ability of students to:

1. interpret information from graphs alone, that is,
without algebraic formulation

2, translate across representations, that is, from one
tabular, graphical, function rule, or physical con-
text to another

3. generate examples of particular types of functions,
for example, linear or exponential functions

4. discuss the effects of changes in the viewing rect-
angle on their perception of the shape of a graph
or the nature of its propertics

5. solve equations or inequalities, or systems of equa-
tions or inequalities by both standard paper-and-
pencit algorithms and graphical means

6. use graphs to hypothesize whether two algebraic
expressions are identically equal

7. for a given function, describe its properties (be-
havior). for example, intercepts, maxima/minima,
end behavior. points of discontinuity

8. describe the effects of parameter changes on a
function within whatever representatiop system is
used.

4 4
44
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We also recommend that research address the impact of
graphing technology on students”:

9. frequency and proficiency of use of such technol-
ogy

10. ability to generate higher-order questions about
tunctions

11. abilify to justify conclusions both visually. using a
graphing tool, and deductively, based on proper-
ties of functions

12. beliefs about mathematics, for example, the ex-
tent to which it is fun, dynamic, or evolving

13. attitudes toward learning mathematics, such as
confidence or persistence.

We further recommend that research investigate the impact
of graphing technology on teachers™

14. frequency and proficiency of use of such technology

15. structure of class time (we hypothesize less one-
way lecture. and more discussion and attention to
students’ questions)

16. beliefs about mathematics. for example, the ex-
tent to which it is fun, dynamic, or evolving

17. beliefs about learning and teaching, such as, the

willingness to give messier examples, or the will-
ingness to say, “I dont know”

18. ability to assess what students are learning, what
misconceptions they have, and how students ac-
quire their knowledge.

Methodological Issues. We believe that assessment of teach-
ing and learning in courses using graphing tools should ad-
dress the following issues.

1. Development of instruments. Three types of instruments
are suggested for assessing students’ knowledge of the
content above: (a) items presented electronically, say on
a computer, on which the student also has access to
graphing tools; (b) items presented on paper that a stu-
dent may respond to with access to graphing tools; and
(c) items done completely by paper and pencil without
access to graphing tools. Comparing results of studies
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using all three types of items will reveal how much more
information about a student’s abilities a graphing utility
makes available and will help determine the financial
and Hime costs of each type of assessment instrument.
Concomitant with the development of instruments that
encourage use of graphing technology, we must also
develop new instruments that assess the knowledge we .
" want students to be able to apply without access to
sophisticated technology. For both “button pushing™ and
“lead pushing” knowledge we encourage the develop-
ment of both short-answer and longer, more elaborate
open-ended assessment items.

Variations in the technology itself. Studies should be con-
ducted to compare and contrast ease of use of graphing
calculators and different configurations of graphing soft-
ware and hardware and their effects on learning and
teaching. In particular, the effects of software that allow
several views of a graph simultaneously, or simulta-
neous views of graph and table of values, should be
studied.

Duration of study. Both short-term and longitudinal stud-
ies with multiple-time-point data are suggested. The
former allows researchers to get quick feedback and
make revislons in curriculum or instruction based on
unsatisfactory results. The latter is necessary to study
cumulative effects.

Nature of the research. Both basic research (e.g., labora-
tory or case studies) and classroom research {e.g.. cur-
riculum evaluation) are necessary. Laboratory research
using state-of-the-art hardware, software., and delivery
systems. and a small number of students allows investi-
galors to probe more deeply into what is ultimately pos-
sible for teaching. learning. and assessment. Classroom
research using the hest commercially available products
and normal classroom conditions allows policy makers
to think about what is realistic in the immediate future.
Cooperative efforts. Research on the effects of technol-
ogy on learning or on methods of assessment using
calculators and computers should be shared with and,
on some occasions, conducted with the cooperation of
professional organizations, such as the Natlonal Council
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of Teachers of Mathematics or the Mathematical Asso-
ciation of America, and testing agencies, such as the
Educational Testing Service.

Qutreach and Communication

The participants suggested the following activities as appropri-
ate next steps toward implementing the above research and
development agenda:

1. Propose a symposium sharing the above ideas,
and some of the results of our own investigations
at the 19892 Psychology of Mathematics Educa-
tion/North American Chapter Meeting PME/NA
meeting.

Encourage dialogue with others interested in re-
search and development activities related to graph-
ing technology and assessment.

Pick some abilities on the preceding li.. of student
outcomes, develop items measuring those abili-
ties, and share items and results with each other.

Lobby for the use of calculators and computers
and for technology-based tests on national, state,
and local assessments, and college entrance and
placement exams,

Define fundamental “lead pushing” skills related
to graphing and functions and work to have items
measuring them incorporated into standard as-
sessment instruments.

Write a position paper on issues related to assess-
ment for publication in professional journals, for
instance. in the "Soundoff” section of the Math-
ematics Teacher.

As of this time [June 1990), we have accomplished Item 1
and have made some progress on [tems 2 to 5, Waits and Senk
shared with the other participants copies of their texts (Demana
& Waits, 1989; Rubenstein et al.. 1988) and selected tests used
in program evaluatlion. (See Figures 7-1 and 7-2). Harvey and
Senk organized a symposium on Changes in Student Assess-
ment Occasioncd by Function Graphing Tools at the PME/NA
meeting held in September 1989, in which they, Heid, and
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Waits participated. At the meeting the four decided to share
items and results from their work with the hope of collecting an
item bank that might eventually be used as a source for re-
search or classroom or program evaluation. Harvey continues
to work through the Mathematical Association of America on
lobbying the College Board to incorporate use of technology on
instruments developed by the Educational Testing Service. Waits
has organized two conferences on Technology in Collegiate Math-
ematics. and plans to host a third in November 1990. Finally,
Harvey and Senk are preparing an analysis of assessment is-
sues related to functions and graphs for another publication.

Use the graph to solve f(x} > g(x).

x>0
2<x<7
x<-20rx>7
J<x<30
x<3orx:30 7 N

Which one of the following could represent a complete graph of /(x) = x3 + ax
where ais a real number?

A)

Figure 7-1. Sample multiple-choice items testing graphical knowledge of functions
{Cemana & Wails, 1989). Used with pemission.
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1. (a) Determine to the nearest tenth the zeroes of the function defined by f(x) = x*
- 2%~ 10x + 5.

(b} Explain your method.

2. The polynomial function A delined by A(x) = —.0015% + .1058x gives the approxi-
mate alcohol concentration {in percenf) in an average person's bloodstream x
hours after drinking about 250 ml of 100-proof whiskey. The function is approxi-
mately valid for values of x between 0 and 8. How many hours after the consump-
tion of this much alcohol would the perce  age of alcohol in a person's blood be
the greatest? Express the answer correc - the nearest lenth, and expiain hew
you gol your answer.

Flgure 7-2. Sample open-ended items lesting ability to use technology to solve prob-
lems about functions (Sarther, Hedges. & Stodolsky, in preparation). Used
with permission.
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Mathematics Testing with Calculators:
Ransoming the Hostages

John G. Harvey

We must ensure that tests measure what is of value, not just
what is easy to test. Il we want students to investigate, ex-
plore. and discover, assessment must not measure just mim-
iery mathematics. By confusing means and ends. by making
testing more imporiant than learning, present practice holds
today's students hostage to yesterday's mistakes,

(MSEB) Everybody Counts

This paper analyzes research on the use of calculators in
mathematics testing. Three kinds of tests are considered: (a)
calculutor-passive tests (i.e., tests on which calculator use is
not intended). (b} calculator-neutral tests (l.e.. tests that have
no “calculator sensitive” items and on which calailator use is
not required). and (c} caiculator-based tests that were devel-
oped so that most students will need calculators while re-
sponding to some of the iterus. The effects of calculator use on
the characteristics of all three kinds of mathematics tests is
reported. Included in the paper are examples of items from
calculator-neutral tests and of calculator-active items from
calculator-based tests.

The hand-held calculator was invented by Texas Instru-
ments Incorporated (TI) in 1967, In 1972 Texas Instruments
introduced the TI Data Math calculator—a four-function calcu-
lator that retailed at the time for $150. Also in 1972, the Hewlett-
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Packard Company began marketing the HP-35, a scientific cal-
culator that retailed for $395. In that era, it seemed unlikely
that hand-held calculators would ever be consistently and widely
used in mathematics Instruction for two reasons: they were
expensive, and it was unclear in what ways they could be used
effectively to improve mathematics learning and teaching. The
HP-35 had clearly been designed for use by engineers and
engineering students; the initial market for the TI Data Math
was business and industry.

i the interim ownership of hand-held calculators has be-
come widespread. Hand-held calculators so dominate the cal-
culator market that most people assume hand-held calculators
are being discussed whenever the word calculator is used. Along
the way calculators have hecome increasingly versatile; pres-
ently, the kinds of calculators range from four-function calcu-
lators with arithmetic operating systems (e.g.. the TI-108) to
graphics and symbolic mathematics calculators like the HP-
28S. In between are nonprogrammable and programmable sci-
entific calculators. calculators designed especially for business
applications, and scientific graphing calculators that may have
matrix functionality. Almost all of the calculators that have
scientific functionality also have one- or two-variable statistics
functionality.

The prices of calculators like those first produced by Hewlett-
Packard and Texas Instruments presently sell for about one-
tenth of the original price of the HP-35 and Tl Data Math. The
present price of a four-function calculator {s in the range of $4
to $7 and that of a simple (non-programmable] scientific calcu-
lator is in the range of $10 to $15. As a result, it can no longer
be argued that calculators are too expensive for school stu-
dents; even in school districts with large numbers of students
from low-income households. it is possible for all students to
have their own calculators as has been demonstrated by the
Chicago Public Schools. This school district provides four-func-
tion caiculators for students in Grades 4-6 and scientific calcu-
lators for students in Grades 7-9 (Dorothy Strong. personal
communication).

It is still argued that calculators are not widely or effectively
used in mathematics instruction. Overall this seems to be true
(Kouba & Swafford. 1989. p. 102: Mathematical Sciences Edu-
cation Board, 1989, p. 62), but there are beginning to he some
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good examples of ways in which mathematics can be taught
and learned using calculators. Among these examples are:

1. The seventh- and eighth-grade supplementary materials
Getting Ready for Algebra {Demana. Lelizel, & Osborne,
1988) developed by the Ohio State University Approach-
ing Algebra Numerically project. Students studying from
Geiting Ready for Algebra use scientific calculators to
learn about variables and their applications by employ-
ing strategies such as making tables and "guess-and-
test.”

The twelfth-grade textbook, Transition to College Math-
ematics (Demana & Leitzel, 1984) developed at Ohio
State University for students who are classified as “re-
medial” by their scores on the placement test they were
given as high school juniors by the Ohio Early Math-
ematics Placement Testing Program {Leitzel & Osborne,
1985). This text requires students to use scientific cal-
culators.

The precalculus cour. e developed by the Ohio State Uni-
versity Calculator and Computer Precalculus Project
{Demana & Walts. 1889). Throughout this course stu-
denis are expected to use a graphing tool; appropriate
graphing calculators are made by Casio and by Sharp.
Two inservicc teacher education modules developed by
the Texas Education Agency: each of these modules is
structured around the use of the TI Math Explorer. a
fractions calculator. to teach fraction concepts and op-
erations.

The materials being developed for Grades 7-12 by the
University of Chicago School Mathematics Project
(UCSMP). In each of the six courses under development
calculators and computers are needed: in particular, in
the fifth JCSMP course, Functions. Statistics and Trigo-
nometry with Computers. a graphing unit {e.g.. the Casio
x-7000G) is essential (Sharon Senk, personal commu-
nication}.

Thus, it is presently possible—especially at the middle. junior
high. and high school levels—to find teaching materials that
require the use of calculators. These materials can either be
used directly in classroom instruction or they can provide enough




142 Harvey

guldance so that teachers can create calculator-based student
materials. Two significant problems scem to remain that pre-
vent the widespread, effective use of caleulators in mathemat-
fes instruction. One problem is that of training both preservice
and inservice mathcmatics teachers so that they and their stu-
dents can learn to use calculators effcctively; this includes
showing teachers effective ways of using calculators and per-
suading them that the use of calculators will improve, not di-
minish, students’ abilities to learn mathematics and to solve
problems. This is a significant problem in that large numbers
of elementary and secondary school teachers teach mathemat-
ies and need to be trained: the magnitude of the problem is
comparable to that faced when the New Math curricula were
introduced in the 1950s and 1960s, since teachers need to
learn both how to use a variety of calculators and how to
explore the ways these calculators can be used to teach a
mathematics curriculum restructured around the use of caleu-
lator and computer technologies.

The second, equally significant problem is the development
of valid, reliable mathcmatics tests that require caleulator use.
At present. there are few established guidelines for the develop-
ment of mathematics tests that require calculator use and only
a scatlered sample of nationally published mathematics tests
for students who have and who know how to use calculators.
The nced to iniprove mathematics assessment in general and
mathematics tests in particular to encourage the infusion of
calculators in instruction (or in the classroom) is crucial. As
Everybody Counis so succinctly states: “What is tested is what
gets taught. Tests must measure what is most important” (Math-
cmatical Sciences Education Board., 1989, p. 69). Thus, if we
want to encourage teachers to use calculators in mathematics
instruction, we must develop tests that require stude s to use
calculators. This paper explores the guidelines by which such
tests might be developed, and it cites a limited number of cases
in which these Kinds of tests havc been developed and used.

CALCULATORS AND MATHEMATICS TESTING

In 1975, soon after the introduction of the Tl Data Math and
the HP-35, the National Advisory Conunlttee on Mathematical
Education (NACOME) urged that caleulators be used in math-
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ematics instruction (NACOME, 1975, pp. 40-43). In thcir con-
clusion on the advantages of using calculators in school math-
ematics instruction. they stated that “present standards of math-
ematical achievement will most certainly be invalidated by
‘calculator classcs’.” A recommendation that calculators be used
during mathematics instruction was made by the National Coun-
cil of Teachers of Mathematics [NCTM) in its An Agenda for
Action. which urges that "mathernatics programs [should] take
full advantage of caiculators . . . at all grade levels™ (NCTM. 1980,
p. 1). In 1986. the NCTM again addressed the use of calcula-
tors in mathematics classrooms and specifically stated that

The evaluation of student understanding ol mathemati-
cal concepts and their application, including standard-
ized tests, should be designed to allow the use of the
calculator. . . . The National Council of Tcachers of Math-
ematics recommends that publishers. authors, and test
writers integrate the use of the calculator into their math-
ematics materials at all grades levels. (NCTM, April 1986)

In the interim. the College Board {1983: Kilpatrick. 1985). the
Confercnce Board of thc Mathematical Sciences (1983). the
*School Mathematics: Options for the 1990s" conference (Rom-
berg. 1984). and a joint symposium sponsored by the College
Board and the Mathematical Association of America (MAA)
(Kenelly. 1989) have all recommended that calculators be used
during both mathematics instruction and mathcmatics testing.
Most recently, the NCTM Commission on Standards for
School Mathematics {1989) based its recommcndations on the
assumption that all students will have a calculator availabic to
them while studying mathematics. While this commission made
no recommendation about the kinds of calculators that should
be used in Grades K-4, they do recommecnd scientific calcula-
tors for middle school (i.e., Grade 5-8 students) and graphing
calculators for students in Gradcs 9-12. Further, the
Commission’'s first evaluation standard states that: “Methods
and tasks for assessing studcents’ learning should be aligned
with the curriculum’s instructional approaches and - etivitics,
including the use of calculators” [emphasis added] (NCTwv Com-
mission on Standards for School Mathematics. 1989, p. 193).
These recommendations have informed a broad audience,
including mathemailcians, mathematics educators and teach-
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ers, school administrators, and parents, that school and college
mathematics curricula and tests of the future wiil require stu-
dents to use calculators. However, neither singly nor in concert
have the groups making the recommendations described the
changes needed in present test and assessment procedures to
assure that the achievement and aptitude of calculator-using
students will be accurately measured. Because there have been
no recommendations about the ways in which tests should be
changed, three approaches have been used that permit stu-
dents to use calculators while taking tests. These approaches

1. permit students to use calculators, but give them
tests that make no provision for calcuiator use. |
will call this approach calculator-passive testing.
permit students to use calculators, but give them
tests developed so that none of their items require
calculator use. This approach will be called calcu-
lator-neutral testing.
presuppose that students will need calculators
while taking the test. The test is developed so
that, for a majority of students, some portion of
the items require calculator use in order to be
solved successfully. An appropriate term for this
approach is calculator-based testing.

In the next three sections, research and scholarship associated
with each of these approaches will be considered.

Calculator-Passive Testing

This apprcach to the use of calculators during testing would
require no changes In the mathematics tests that are presently
administered to measure student achievement or aptitude. Let-
ting students use calculators on tests that do not take into
account or plan for that use is potentially hazardous since
these tests may have on them items that are “calculator-unac-
ceptable” (also called "calculator-sensitive]. In a previous paper.
1 have defined calctlator-acceptable and calculator-unacceptable
itemns in this way:

1.  An item is acceptable if {a} the objective(s) tested
by it are the same whether or not a calculator is
used and (b} the difficulty lievel of the item] seems
to be approximately the same when a calculator is
used.




Mathematics Testing with Calculators 145

2. An item is marginally acceptable if only la or 1b
holds.

3. An item is wnacceptable if neither la nor 1b holds.
{Harvey, 1989a, p. 28)

An item was judged to change in difficulty if the thinking Jevel

changes when a calculator is used while responding to the

itemn: the thinking levels are those described by Epstein (1968):

recall factual knowledge,

perform mathematical manipulations,

solve routine problems, T

demonstrate comprehension of mathematical ideas

and concepts,

5.  solve nonroutine problems requiring insight or in-
genuity, and

6. apply “higher” mental processes to mathematics.
(pp. 315-316)

Using these definitions, two placement tests that were part
of the MAA Placement Test Program test package (i.e., Math-
ematics Test A/4A and Mathematics Test CR/1B) were studied.
Mathematics Test A/4A examines knowledge of the content
typically taught in basic. intermediate, and advanced algebra
courses: Mathematics Test CR/1B tests skills and understand-
ings prerequisite for calculus. On the thirty-two-item Math-
ematics Test A/4A, five of the items were judged to be margin-
ally acceptable and six of the items to be unacceptable. On the
twenty-five-item Mathematics Test CR/ 1B, there were three mar-
ginally acceptable and three unacceptable items. In Figure 8-1.
three items from these two tests are shown: the first two were
originally judged as marginally acceptable and the third as
unacceptable (Harvey, 1988a, p. 29).

P LN

fo__ 2 _

2+ —:13—

3 6 4

(a} to)] -+ (c KR a2 {e) 3
2 (8-1 1) (9' 2]=

(a} 6 (b) -6 c) (72)'2  (d) 213 (e) 3/2
3. For which values of xis tan x not detined?

(a) -n (b} —n/2 o (d) m/4 (e) /3

Flgure 8-1.
Examples of marginally acceplable and unacceptable tast items.
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Using the above definitions of acceptability and unac-
ceptability, 1 find all three items in Figure 8-1 unacceptable.
When only paper and pencil are used, the first item tests stu-
dents’ knowledge of fractions concepts and operations and of
the order in which operations are performed: w.ien a calculator
Is used the only mathematical knowledge tested is order of
operations. Item 1 is also less difficult if calculator use is per-
mitted because students need only enter the numbers into the
calculator in a correct order to obtain a decimal approximation
of the correct answer; changing the distractors so that they are
less famliliar fractions closer to the correct answer might allevi-
ate this problem.

The second item fails {0 test the objectives for which it was
originally written (i.e., understanding of fractional and negative
exponents) since, when a scientific calculator is used, the item
tests the ability to enter the item stem into the calculator ex-
actly as it appears except that parentheses are needed to en-
close ~'/3 and '/2. My present judgment is that this also re-
duces the difficulty level of this item.

Both the objective tested and the difficulty of the third item
changes when a calculator is used because entering the num-
bers one by one and pressing the tan key will reveal the correct
answer. Of the three items in Figure 8-1, this item would ap-
pear to be the most calculator sensitive.

The Effects of Calculator-Passive Testing. Several instances
of calculator-passive testing have been reported. In six instances
(Colefield, 1985; Connor, 1981: Elliott, 1980: Golden, 1982,
Hopkins, 1978; Lewis & Hoover. 1981). standardized math-
ematics achicvernent tests were used. In three of these studies
(Colefield, 1985; Hopkins, 1978, Lewis & Hoover, 1981), the
scores Of students who were permitted to use calculators were
significantly higher than were the scores of those of who were
not permitted to use calculators. A similar result was reported
by Murphy {1981} who used the Problem Solving Achievement
Test; the authorship of this test was not indicated in the dis-
sertation abstract. Murphy reported that “students with unre-
stricted use of calculators achieved higher scores than stu-
dents in the other three treatment groups in total
problem-solving achievement.” In this study there were two
binary blocking variables (i.e., calculator use during instruction

15¢
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and calculator use during testing); crossing the values of these
variables produced the four treatment groups.

Connor's study (1981) investigated the use of calculators
during instruction on the concepts aud techniques of trigonom-
etry. One treatment group (N = 48) was permitted to use calcu-
lators during both instruction and testing: another treatment
group (N = 50) was not permitted to use calculators during
either instruction or testing. The test administered as the pre-
and post-test in this study was the 1963 version of the Trigo-
nometry Test in the Cooperative Mathematics Series. Analysis
of the test data revealed ne significant achievement differences
between the two treatment groups.

Verbal problem solving was the focus of the study con-
ducted by Elliott (1980). There were two treatment groups in
this study: one group (N = 70) practiced verbal problem solving
using only paper-and-pencil materials, while the second group
(N = 67) was permitied to use calculators. Students in both
treatment groups were given two post-tests; on one of these,
they were permitted to use calculators and on the other, they
were not. Elliott reported no significant differences between the
treatment groups.

Golden (1982) studied the effects of calculator use on the
achleverment of EMR students in Grades 7-9. There were two
tireatment groups: one group (N = 23) used calculators while
studying the four fundamental algorithms while the other group
(N = 27) did not. On the post-test there werc no significant
differences between the two groups on addition and subtrac-
tion items. The calculator-using students did perform signifi-
cantly better (p < 0.05) than the other group on muitiplication
and division items.

There is only one calculator-passive study that attempted
to discover the effects of using calculators on an existing test.
Gimmestad (1982) randomly chose a group of nineteen stu-
dents from among those taking a Calculus Il course at Michi-
gan Technological University; all of the students in this group
had been permitted to use calculators in the course. Nine of
the students composed the calculator group: the remaining ten
students, the non-calculator group. Each student was asked to
“think aloud” while solving twenty-four samnple problems from
the College Board's Advanced Placement Calculus Examina-
tion. Each student interview was videotaped, coded, and ana-
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lyzed for the reasoning processes used and the results pro-
duced by the student. These outcomes are important:

1, Calculator use seemed to change the strategies
used to solve only “a couple of problems.” Gim-
mestad does not identify which problems were
solved with changed strategics, but she does com-
ment that multiple-choice problems in which the
checking method strategy (Harvey. 1989a) can be
employed seemed to be calculator-sensitive. The
use of this process was negatively correlated with
the product scores (r=~0.25)."

2. Exploratory manipulations were more effective
when calculators were used. The problem cited by
Gimmestad was one that involved finding a limit.
The process variable manipulation was also nega-
tively correlated with product score (r = -~0.13).

3. The frequency of checking by retracing steps for
the calculator-using st lents was twice that of
students not using calculators. The correlation re-
ported for this process variable with the product
score is 0.47. Based on this result, Gimmestad
concluded “this may be an important difference
between testing calculus with and without the cal-
culator” (p. 3).

4. There was no significant difference between the
mean product scores of the test group that used
calculators and the group that did not.

With the exception of Gimmestad's study, none of the cal-
culator-passive studies reported here attempted to discover how
the use of calculators during testing changed the processes
used by students or the objectives that were tested. In the
other studies. there seems to have been an implicit assumption
that the objectives tested by an item remained unchanged when
calculator use was permitted. This ascumptlon permitted Lewis
and Hoover {1981} to argue. bascd on thelr results, that since

' The correlations reported are between the use of processes and the
product scere for all nineteen of the students £nd not for the nine
calculator-using students. | speculate that these correlations might
have heen different if the process use and product scorcs of only the
calculator -using students had been uscd.
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there was a nearly perfect correlation between the ranks of the
students on the regular and calculator administrations of the
test they used. the pupil percentile ranks would be the same
whether or not calculators were used. Thus. they concluded
that the only change that would be needed to permit the use of
calculators on this standardized test would be to re-norm the
test using data from calculator administrations of it.

However, as | have already argued, item objectives can
change when calculators are used, especially on computational
items. since these items can be answered by simply keying into
the calculator an appropriate sequence of numbers and opera-
tions. As a result, at least the "strictly” computational items on
standardized tests are no longer testing mathematics achieve-
ment but instead are testing students' calculator facility: the
result is a changed—and possibly distorted—picture of a
student’s mathematics achievement or aptitude.

Calculator-Neutral Testing

Calculator-neutral tests are tests that permit but do not re-
quire those taking them to use calculators. To achieve this
goal, the tests must not include any items on which calculator
use will benefit test takers. One way in which calculator-neu-
tral tests have becn dcveloped is to begin with an existing test
and to determine, in some way. which of its items are calcula-
tor-sensitive, Once this determination has been made, the cal-
culator-sensitive items are replaced with new items that are
not calculator-sensitive (Leitzel & Waits, 1989). A similar strat-
egy may have been used by persons developing new calculator-
neutral tests, but in the studies | have examined {Abo-Elkhair.
1980: Casterlow. 1980: Long, Reys. & Osterlind, 1989: Mellon,
1985: Rule, 1980) the ways in which the items were generated
in order to make them calculator neutral wcre not discussed,
The National Assessment of Educational Progress {(NAEP)
(1988) has defined a calculator-neutral item as one whose 50-
lution does not require the use of a calculator (p. 33). Ideally, a
calculator-neutral item should be onc to which calculator-us-
ing and non-calculator-using students respond equally well.
So, when applying the NAEP dcfinition to a potential test item
both the objectives being tested and any calculator-related skills
needed have to be considered. Figure 2 shows what I consider
to be a stereotypical calculator-neutral item adapted from
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an item on the calculator-neutral test given by Abo-Elkhair
{1980).

The number of students in five classes is 25, 21, 27, 29, and 28. Whal is
the average number of students in each class?

Flgure 8-2.
Stereotypical calculator-neutral test item.

The study in which this item was used (Abo-Elkhair, 1980)
was one in which students were taught about averages and
averaging. This item is calculator-neutral for students with a
good understanding of the paper-and-pencil algorithms for ad-
dition and division since they will not need a calculator to
perform the necessary computations; the responses of these
students should accurately reflect their understandings of av-
eraging. However, when students not having the needed com-
putational proficiency are tested. the item may not help to
accurately measure student understanding. Within this group,
the responses of the students who have facility with and are
permitted to use calculators will depend upon their under-
standings of averages and averaging. But if students in this
group do not know how to use or are not permitted to use
calculators. then their responses will not reflect their knowl-
edge of the objective being tested. This effect could be elimi-
nated by providing all students with calculators and helping
them to acquire the needed calculator-related skills. However.
this has not typically been the practice; in all of the studies |
examined. both calculator-using and non-calculator-using stu-
dents participated. Perhaps the most extensive examination of
calculator-neutral testing has been reported by Leitzel and Waits
{1989).

The test used by the Ohio Early Mathematics Placement
Testing Program for High School Juniors (EMFT} is calculator-
neutral (Leitzel & Waits, 1989). Until 1983-84. students taking
the thirty-two-item EMPT test were not allowed to use calcula-
tors; since then students have been permitted to use any cal-
culator they bring with them to the (esting. Essentially. the
same thirty-two iteins were used on EMPT tests EB1 and EB2
during the school years 1979-80 through 1982-83. In 1983-
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84, a test consisting of six new items and twenty-six items from
the EB2 test was given. During the next fwo years, three items
were replaced to produce the test, EB4/5, used since 1984-85.
The EMPT test EB4/5 has twenty-three items in common with
EB1 and EB2. In modifying EB1 and EB2 to obtain EB3 and its
successor EB4/5. only one item was eliminated because it was
“obviously calculator-dependent.” (p. 18).

Leitzel and Waits reported that the means on EMPT tests
were fairly stable from 1977-78 to 1985-86; during this period
the means varied from a low of 14.2 to a high of 15.2. Data
reported for the school years 1983-84. 1984-85. and 1985-86,
when students were permitted to use calculators. showed that
during each of these years, calculator-using students had higher
test means than did non-calculator-using students. Unfortu-
nately, Leitzel and Waits neither reported nor statistically com-
pared the means of the two groups of students. They have,
however, studied some of the characteristics of calculator-using
versus non-calculator-using students. The calculator-using stu-
dents were more likely than thelr non-calculator-using peers
to: (a) be planning to attend a four-year college. (b} be taking
Algebra Il as a junior, {c) be taking advanced mathematics
courses as a junior, and (d} have made a grade of A or B in the
last mathematics course they took. Based on these data, Leitzel
and Waits concluded that “it is not surprising that the group
using calculators performed at a higher level.”

These Investigators have also examined the difficulty levels
and calculator sensitivity of their test items. For most of the ten
easiest and ten most difficult items on the EB4/5 test, both
calculator-using and non-calculator-using students found the
items to be almost equally difficult. Only one of the items seemed
to be much less difficult for the calculator-using students; that
item, Item &, is shown In Figure B-3. It also proved to be the
most calculator-sensitive.

The decimal fraction 0.222 most nearly equals:

Ay 210 (B2t Gy 29 (D)7 (E) 28

Figure 8-3.
EMPT test item that was less difficult for calculator-using students.

.1:;3.
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To examine the calculator sensitivity of their items, Leitzel
and Waits (p. 22) developed a calculator sensitivity (CS) index
that is defined as follows:

% correct by calculator-using group
= 9% correct by non-calculator-using group

The thirty-two items on the EMPT test EB4/5 have CS values
ranging between 1.1 and 2. The higher the CS index. the more
calculator-sensitive the item would seem tc te. Three EMPT
items had a CS index greater than 1.6: six Y1 CS indices
between 1.5 and 1.6: and the remaining twent, -three items
had CS indices not greater than 1.5. Leitzel ar< Wails “"believe
the expected CS index range for items lon EB4/5] that are not
calculator-sensitive is between 1.5 and 1.2."

The three items with the lowest CS indices -equire that
students (a) find a simultaneous solution for a pair of linear
equations, [b) simplify the sum of two rational functions, and
(c) multiply a vuadratic expression by a linear one. The three
items with high CS indices are Item 8 (see Figure 8-3) and
items that ask students to {a) compute the value (1/2)3, and (b)
simplify v32 - V2. When judged by the criteria for calculator-
acceptable and calculator-unacceptable items given earlier in
this chapter. 1 judged the three items with low CS5 indices to be
acceptable and the three items with high CS indices to be
unacceptable,

A less extensive study than that by Leitzel and Waits {1989)
was the study by Long, Reys. and Osterlind (1989) who investi-
gated the differences in the scores of calculator-using and non-
calculator-using students in Grades 8 and 10 on the Missouri
Mastery and Achievement Tests (MMAT). The investigators re-
ported that the tests for Grades 7-10 were not designed to test
calculator use (i.e.. were intended to be calculator-neutral).
Even so, of the nine released items from the eighth-grade and
tenth-grade MMAT tests. seven would seem to be calculator-
sensitive even for students using a four-function calculator.
Forty-five percent of the cighth-graders and 56 percent of the

? I hypothesize that the lower bound on CS indices should be 1.00
instead of 1.2. If CS is an accurate measure of calculator-sensitivity,
then the best calculator-neutral item would be one with a CS index
of 1.00.
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tenth-graders who took MMAT tests reported that they used a
calculator. At the eighth-grade level, calculator-using students
significantly outperformed non-calculator-using students on the
test and on three of the four MMAT subtests: (a) understanding
numbers, (b) computation, and (c) interpretation and applica-
tion (p < 0.001). At the tenth-grade level, the calculator-using
students also significantly outperformed non-calculator-using
students on the total test and on two of {ts three subtests: (a)
computation and (b) interpretation and application (p < 0.001).

The outcomes described by Long, Reys. and Osterlind (1989)
are like those reported by Abo-Elkhair (1980). Casterlow (1980),
and Mellon (1985). Rule (1980) does not report significant dif-
ferences between his two treatment groups (calculator versus
non-calculator), who studied functions, graphing, function com-
position, and inverse functions. On Rule's calculator-neutral
tests, calculator use would be of little or no assistance: the
items require students to manipulate symbolic expressions. in-
terpret graphs. or generate graphs. In one sense, on a calcula-
tor-neutral test llke Rule's. 1 would not expect to find differ-
ences between calculator-using and non-calculator-using
students since the calculator-using students really have no
opportunity to use calculators while taking the test. On the
other hand, it is disappointing that Rule did not find differ-
ences between his two treatment groups. since the commonly
expressed hope is that calculator-using students will develop
better conceptual understanding of the mathematics they study.
However, the instructional part of Rule's study lasted for only
eleven consecutive instructional days. and the lessons presented
do not include explorations of the kind that may be needed to
produce deeper conceptual understanding. So, it is possible
that Rule's calculator-neutral test would have shown the same
kinds of differences tdescribed by the other studies discussed
had the calculator-using students had more opportunities to
explore functions using their calculators as tools.

Qverall, the uses of the calculator-neutral tests described
here showed that calculator-using students more often than
not outperformed their non-calculator-using counterparts. These
studies also show that great care must be used in developing
calculator-neutral items that might permit calculator use: in
some instances, lack of rigor in developing these items can
result in an inaccurate test of the objectives stated for the item
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or in an item that is calculator-sensitive instead of heing calcu-
lator-neutral. It seems to me that valid calculator-neutral tests
can be developed that can be used with both calculator-using
and non-calculator-using students: the data presented here
show. however. that it may be necessary to norm the scores
from these two groups separately.

Calculator-Based Testing

Until all maihemalics students have and know how to employ
calculators, it will probably be necessary to develop and use
calculator-neutral tests. However, when all students have avail-
able and can use calculators effectively as tools. it will be pos-
sible to administer calculator-based tests routinely.

In the course of my work. 1 dcfine calculator-bascd math-
ematics tests and calculator-active test items as follows:

A calculator-based mathematics test is one that (a) tests
mathematics achievement, (b} has some calculator-ac-
tive test items on il and (c) has no items on it that could
be. but are not, calculator-active except for items that
are better solved using non-calculator based techniques.
A calculator-active test item is an item that (a) contains
data that can be usefully cxplored and manipulated us-
ing a calculator and (b) has been designed to require
active calculator use. {Harvey, 1989b. p. 78)

These definitions must be interpreted by those using them. The
first two criteria for a calculator-based test can be strictly ap-
plied. The first is intended to affirm that the objectives of calcu-
lator-based mathematics tests should be mathematics objec-
tives and that it is not the intent of these tests or their items to
test calculator facility solely. Criterion {(a] proceeds from the
assumption that test takers will already have adequate facility
with the calculator to take the test: this criterion agrees with a
recornmendation made by a joint symposium on the use of
calculators in standardized testing convened by the College
Board and the Mathematical Association of America (Kenelly,
1989. p. 47}. Criterion (b} is intended to ensure that a calcula-
tor-based test will contain items that require students to use
their calculators while taking the test: this criterion distin-
guishes calculator-based tcsts from calculator-neutral tests like
the one given by Rule (1980). The third. criterion {c}. cannot be
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strictly applied since a judgment is required about the best way
of solving a problem. As an example, consider the items shown
in Figure 8-4. These items appear on college-level placement
tests being developed by the MAA Calculator-Based Placement
Test Program Project.

x*-9 6 _
2x Ix+9

a) -1 by -3 ¢} x=3 d) ";3 e) ";3
1t 2%% ., 107, then xis
a) 600 b) 903090 ¢} 2079.442 d) 9965.784 e) undefined

Copynight 1989 by the Malhematical Assocration of Amenca. Used by peimwssion.

Figure 8-4,
Test items satisfying criterion {c) of a calculator-based test.

There are at least two ways to solve the first problem: one of
these ways would seem to require calculator use while the
other does not. On an untimed lest. calculator use would per-
mit use of the specific-instance strategy (Harvey. 1989a); to
employ this strategy a student would substitute numbers for
the variable x in each of the expressions in the item stem and
in the foils and would select an answer by comparing the nu-
meric evaluations of the item stem to those of the foils. A
second. and better, way of solving this problem is simply to
factor each of the expressions in the item stem. cancel like
terms wherever possible, and combine the remaining terms so
as to reach one of the multiple-choice answers,

A mathematically correct way to solve the second problem
would be to find 23%* and then to take the base-10 logarithm of
that result. Present calculators give an error message when
230% g entered. A way to solve this problem is first to take the
base-10 logarithm of both sides of the equation and then to
multiply log (2) by 3000. Another way to solve the problem
would be to estimate the size of 2990 as 10'%® and so, to deter-
mine that x is about 1000. Using this approximation. the
correct answer to the problem becomes apparent.

Students taking calculator-based tests will be “calculator-
dependent”™: that is, they will actively use calculators as tools
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and many of the techniques and algorithms they use for solving
problems will be calculator-based. Students who study from
curricula that meet the NCTM Standards (NCTM Commission
on Standards for Scheol Mathematics, 1989) will be calculator-
dependent. Criterion {c) was included in the definition of calcu-
lator-based mathematics tests to require test developers to in-
vestigate the calculator solutions for each item and to judge
whether or not a calculator-based solution can and should be
expected. This examination should produce valid tests for cal-
culator-dependent test takers. This criterion is also intended,
for the present. as a remindcr to experienced mathematics test
developers that the non-calculator t:chniques and algorithms
for solving problems that hey know and successfully apply are
not the ones that will be used by the intended test audience.
My definition of a calculator-active test item is likc that
given by the National Assessment of Educational Progress (1988,
p. 33). However, the definition given here is more specific in
that it insists that the item contain data that can be usefully
explored using a calculator. This criterion is intended to pre-
vent labeling an item as calculator-active when, for example,
the only calculator activity required is to change an answer
computed as a common fraction into a decimal approximation
of that answer. The second criterion for a calculator-active {tent
should probably be modified to read. “designed so as most
lilkely to require calculator use,” since there are presently few
instances in mathematics where paper-and-pencil procedures
cannot be used. For example, it is not easy without a calculator
to approximate thc powers of e or continuously compounded
interest or to compute the combinations of n objccts taken r at
a time when n is large. but there are paper-and-pencil tech-
niques that apply in each situation. lHowever, it is not likely
that calculator-dependent test takers would think to use these
techniques—even if they know about them—because the calcu-
lator is more facile and faster in these situations. Even with the
suggested modification, the second criterion signals test devel-
opers that they must plan for active calculator use and. if the
item is a multiple-choice one, to develop the foils based both on
the mathematical errors students make while solving such prob-
lems and on the exact form those incorrect answers take when
calculators are used.
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Recommendations for Test Construction. The joint sympo-
sium sponsored by the College Board and the Mathematical
Association of America considered and made recommendations
about a number of issues related to the development of calcula-
tor-vased maithematics tests. One of these recommendations,
that the tests be curriculum based and should not measure
only calculator skills or techniques, has already been men-
tioned. The symposiuin participants made eight additional rec-
ommendations; three of these recommendations pertain to the
development of calculator-based mathematics tests. The perti-
nent recommendations are:

1. Studies are needed that will identify the content
areas of mathemalics that have gained in impor-
tance because of the emergence and use of tech-
nology. In addition. the ways in which achieve-
ment and ability are measured in these areas
should be studied as should new ways of testing
achievement and ability.

2. Choosing whether or not to use a calculator when
addressing a particular test question is an impor-
tant skill. Thus, not all questions on calculator-
based mathematics achievement tests should re-
quire the use of a calculator.

3. Nationally developed tests of calculator-based
mathematics achievement tests should provide de-
scriptive materials and sample questions that
clearly indicate the level of calculator skills needed.
(Kcnelly, 1989, pp. 47-48)

The last cited recommendation goes on to say that students
should be permitted the use of any calculator as long as it has
the functionality required to solve the problems on the test.
When these two parts are tai.en together the result is a recom-
mendation that test developers specify the least capable calcu-
lator needed to respond to the calculator-active items success-
fully but should not bar the usc of more capable calculators. At
the time of the symposium, the first graphing calculator. the
Casio fx-7000G. had just been introduced and the Hewlett-
Packard HP28C would not be introduced for another three
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months. These calculators and calculators like them can give
students who have them an advantage. Graphing calculators
add the possibility of geometric problem solving; calculators
that graph and symbolically manipulate might change some
test item:s into tests of the student's calculator facility.

For example, {f asked to find the real zeros of a polynomial
funetion, a student having only a scicntific calculator could use
that calculator to check for the rational zeros of the function, to
develop a table of values so as to sketch a graph of the fune-
tion. and to apply numeric techniques for approximating the
real zeros. A student solving that problem with a graphing
calculator could develop a complete graph of the function. ob-
serve the places where that graph crosses the x-axis, and use
the calculator's "zoom-in" program or [SOLVE] kcy to approxi-
mate the real solutions. Even if these two students were asked
to find only one real zero of a given polynomial function, the
student having the graphing caleculator would still have an ad-
vantage. Thus, in developing calculator-based tests it will be
necessary to specify both the least capable and the most ca-
pable calculator that can be used while taking the test.

Research on Calculator-Based Mathematics Tests. It seems
quite likely that many calculator-based tests have been devel-
oped; however, not many of thesc tests have been widely circu-
lated or discussed. As a result, this section discusses a single
disscrtation study. the tcsts being developed by the MAA Cal-
culator-Based Placement Test Program Project, and the chapter
tests decvcloped by the Ohio State Calculator and Computer
Precalculus Curriculum (C?*PC) Project.

The three calculator-based unit tests were developed by
Bone (1983) as part of her study of the effectiveness of an
introduetory unit on circular functions: all of the jtems on
these tests were free response items. The total number of ques-
tions and calculator-active questions on cach test is given in
Table 8-1: Bone did not report test and item statistics for any
of the tests. The four calculator-active itcms on which Bone's
ten subjects scored most poorly were two word problems, an
item that asked students to make a table of values in order to
sketch the graph of a function. and an item that asked stu-
dents to find the value of an angle in the third quadrant given
its cosine. The calculator-active items that almost all students
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Table 8-1
Types of Questions on tha Tests Developed by Bone

Number of
Unit Number of Calculator-Active
Test Questions Questions

| 24 14
i 46 10
It 26 1

Note. Source: Bone, 1983. Used with permission.

answered correctly are on the Unit 1 test and are items requir-
ing simple computations. Examples of the test questions used
by Bone are in Figure 8-5.

Unit | Test ltems
1. Use acalculator to find the value of sin 27° to 4 decimal places. (2.5 points)
2. Change 4.75 from radians to degrees (to the nearest 0.001). (2.5 points)

3. Assuming the earth is a sphere with radius of 4000 miles, how {ar is Tokyo from
Adelaide (to the nearest mile)? Tokyo, Japan, is located 35° 30° North latilude
and Adelaide, Australia, is located at about 35° South latitude, just about due
south of Tokyo. (10 points)

Unit fl Test lems

4. Use a calculator to find the value of cos {-11/6) to 4 decimal places (to the
nearest 0.001). (2 paints)

5. Given sec 8 = 2.13 find the smallest positive measure for 0 to the nearest
degree. (2 points})
Unit 11l Test ltem

6. Sketch the graph of y = 3 sin (4nf) for 0 < { < 1. Locate points at intervals of 0.25.
{6 points})

Figure 8-5.
Examptes of calculator-active items included on Bone's unit tesis.
{Bone, 1983). Used by permission.

The MAA Calculator-Based Placement Test Prograni (CBPTP)
Projecl is developing six college-level placement calculator-based
placement tests and two high school prognostic calculator-based
tests intended to be used In testing high school juniors in order
to forccast thc mathematiecs courses thesc students would be
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placed in upon entering college if they take no additional high
school mathematics courses. The CBPTP college-level place-
ment tests will all require students to use scientific (non-pro-
grammable) calculators; the high prognostic tests will require
students to use graphing calculators. On each of these six
tests. about 25 percent of the test items will be calculator-
active.

Development of two of these tests. the Caleulator-Based
Arithmetic and Skills Test (CB-A-S) (Boyd et al., 1989) and the
Calculator-Based Caleulus Readiness Test (CB-CR) (Kenelly et
al., 1990), has been completed. Development of two additional
tests, the Caleulator-Based Basie Algebra Test (CB-BA) and the
Calculator-Based Algebra Test (CB-A), is nearly completed. The
data reported here are from the tryouts of these tests with high
school or college students.

The CB-A-S test consists of thirty-two items that test stu-
dents’ knowledge of arithmetic and pre-algebra; seven of the
items on this test are calculator-active. When administered to
191 students enrolled in remedial college mathematics courses.
the mean score on this test was 16.01 (s.d. 6.53), the reliability
{coefficient a) was 0.86. and the mean item difficulty was 0.50.
The r-biserials and item difficulties for the seven calculator-
active itemns are shown in Table 8-2.

Table 8-2
r-biserials and Difficulties for CB-A-S
Calculator-Active ltems

; Item ¢ biserial item difficulty
; 1 0.44 0.30
i 2 0.44 0.18
! 3 0.54 0.60
4 0.45 0.55
5 057 0.41
6 0.46 0.34
7 0.56 0.30

Note. Source: Mathematical Ass~<iation of America, 1289, 1920, Used by permission.

All of the calculator-active items on the CB-A-S test corre-
late well with the other items on the test; most of the ftems are,
as intended. of medium difficulty though, in gencral. they are
harder than is the average item on this test. The hardest item.
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Item 2, is one that asked for an approximation of the value of
N2 - Nwhen N = -1.1, The next two most difficult items asked
students to approximate the value of (1 + 1/6) and of 1/(3 +
VE), respectively. The easiest calculator-active item. Item 2 asked
for an approximation of n when n X n X n = 63.

The CB-CR test has two parts. The [rst part is composed of
lwenty items intended to test precalculus knowledge: the sec-
ond. five-item part specifically tests knowiedge of trigonometry
and elementary functions, There are nine calculator-active items
on CB-CR. When given to a group of thirty-six high school
seniors finishing their precalculus course. the mean score on
this test was 16.81 (s.d. 3.49), the rellabilily (coefficient «} was
0.65. and the mean item difficulty was 0.67. When the calcula-
tor-active items are considered alone the mean score was 4.67
(s.d. 2.11). the reliability (coefficient a) was 0.61. and the mean
item difficulty was 0.52. The r-biserials and item difficulties for
the nine calculator-active items are shown in Table 8-3.

Table 3-3
r-biserials and Difficulties tor CB-CR
Calculator-Active ltems

ltem r-biserial ltem difficulty
1 0.50 0.56
2 0.44 0.50
3 0.18 0.97
4 0.44 053
5 0.46 0.36
6 0.55 0.39
7 0.45 0.39
8 0.28 0.50
g 0.48 0.47

Note. Source: Mathematical Association of Amenca. 1989, 1990. Used by permission.

The item that is easiest is also the item with the lowest r-
biserial. This item defines two functions and asks that a value
of the function that is the composition of the given functions be
compuled at x = 1.7. The other item whose r-biserial value is
an outlier is item 8; this item requests that the value of tan(2n/
5) be computed. The remaining calculalor-active items are of
medium difficulty and correlate well with the other. non-calcu-
lator-active items on the test that were. for the most part. taken
from the existing MAA calculus readiness placement test.
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The Calculator-Based Basic Algebra Test (CB-BA) (Curtis et
al.. in press) consists of twenty-five items from basic and inter-
mediate algebra. On the CB-BA test. eight of the items are
calculator-active. When this test was given to 256 students
completing their algebra and precalculus courses, the mean
score was 16.44 (s.d. 3.90). the reliability {coefficient «) was
0.75. and the mean item difficulty was 0.66. On thc subtest
consisting of the calculator-active items, the mean score was
4.08 (s.d. 1.64). the reliability (coefficient o} was 0.38. and the
mean item difficulty was 0.51. For those students who are
planning to take courses beyond basic and intermediate alge-
bra. the test proved to be slightly more difficult than is usually
intended for placement tests: however, the more difficult items
would appear to be among the calculator-inactive and calcula-
tor-neutral itcms. These items were largely drawn from among
those on the existing MAA Basic Algebra Test. The r-biserials
and item difficulties for the calculator-active items is shown in
Table 8-4.

Table B-4
r-biserials and Difficullies for CB-BA
Calculator-Active ltems

r-bisenal Item difficulty

0.35 0.63
0.38 0.33
0.42 0.71
0.23 0.39
0.24 0.34
0.37 0.45
0.48 0.43
0.29 0.79

OO WM -

Notle. Source: Mathemalical Association of America. 1989, 1990. Used by permission.

Items 4 and 5. the two itcms on CB-BA with thc lowest r-
biserials. also are two of the harder calculator-active items on
this test. In each case. thc two lowest quintiles of students
taking the test responded correctly to these items less than 30
percent of the time. and thc highest quintile responded cor-
rectly to the item about 60 percent of the time. One of these
items asked students to determine the interval in which the
graph of 2.5x ~ iy + 8.2 = 0 crosscs the x-axis. while the other
asked students to approximate the larger root of a quadratic

1 l"U




Mathematics Testing with Calculators 163

cquation. The two easiest calculator-active items, Items 3 and
8, asked respectively for an approximation of x when (x — 5)° =
10 and for the missing test score given three of the scores and
the mean score.

The remaining test that has been developed, so far, by the
Calculator-Based Placement Test Project is the Calculator-Based
Algebra Test (CB-A} (Cederberg et al., in press). The CB-A test
includes :tems from basic, intermediate, and college algebra.
This test cvonsists of thirty-two items; eight items are calcula-
tor-active. At present, data are available for only six of the eight
calculator-active items, because after the last tryout of the test
(N = 210}, two of the items were discarded and replaced with
new ones. When these two items were deleted and the data
from the last tryout were reanalyzed on the resulting thirty-
item subtcst. the mean score was 11.56 (s.d. 3.49), the reliabil-
ity (coefficient o} was 0.51. and the mean item difficulty was
0.39. The mecan score on the six calculator-active items was
1.73 (s.d. 1.15): this subtest had a reliability (coefficient «) of
0.11 and a mean item difficulty of 0.29. In contrast. the twenty-
four-item subtest consisting of the twenty-four calculator-inac-
tive and calculator-neutral items produced a mean score of
9.82 (s.d. 3.10}. a reliability (coefficient o) of 0.50, and a mean
item difficulty of 0.41. Overall, this was ‘a difficult test for the
sample of students who took it. and for those students the
calculator-active iiems were. overall. more difficult than were
the non-calculator-active items. The r-biserials and item diffi-
culties for the calculator active items are shown in Table 8-5.

Table 8-5

r-biserials and Ditiicuities for CB-A
Calculator-Active Items

r-biserial [tem difficutty

0.29 0.41
0.12 0.30
0.36 0.27
0.12 0.23
0.13 0.19
0.18 0.32

Note. Source: Mathematical Association of America. 1989, 1990. Used by permission.

ltems 2, 4, and 5 have low r-biserials: two of these items
are the most difficult of the calculator-active items on the test.
Itert 2 is a similar triangle problem in which all of the lengths
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glven are decimal fractions. Item 4 secks an approximation
to the root of a quadratic equation, and Item 5 seeks a simi-
lar approximation, except that the equation in the item stem is
Wx? + 1 = 2.98. It is my observation that these are concepts
and skills that are usually difficult for students. Thus, the use
of a calculator to solve these problems may coniribute to their
difficulty but calculator use is not a major iactor.

Since the content of the four calculator-based placement
tests range from tests of arithmetic and skills to knowledge of
precalculus, the calculator-active items suggest that calculator
use should be expected during their solution. Figure 8-6 shows
representative calculator-active itemns that appear on CB-A-S,
CB-BA, CB-A. or CB-CR. The distractors for each of these items
are based upon mathematical errors that students make and
are not intended to measure students' calculator facility. It is
expected that students who take these placement tests will al-
ready have and know how to use calculators of the kind needed.

. Which ol the following best approximate 6(1.4 — 1.2)5?
(A} 00003 (B) 0.0019 (C) 0.7805 (D) 0.7850  (E) 17.3395

. The approximation of {1 + 1/6)* correct to 4 decimal places is
(A} 1.0008 (B} 1.1667 (C}y 1.8526 (D) 2.1614  (E) 4.6667

. I x 3+ 2.75 = 5.12, then which of the following best approximates x?
(A) 1.33 (B} 13.31 (C) t13.42 (D) 131.47  (E) 487.44

. The radius of the larger of two concentric circles 1S 6.9; the radius of the smaller
circle is 4.7. Which of the following numbars best approximales the area of the
region between the two circles?

(A) 1382 (B) 15.21 (C) 2552 (D) 80.17 (E) 149.57

. A pole 7.8 feet high casts a shadow 12.8 feel long_ If the length of a shadow cast by
a tree is 83.9 feet, which of the following best approximales the height of the tree?

(A) 51.1 (8) 789 (C) 88.9 (D) 99.8 (E} 137.7
. Which ol the lollowing best approximales a solution of x 2 —4x = 3?
(A) -2.65 (8) 065 (C} 0.65 M 1.73 (E) 3

. Which of the following best approximates the number approached by the sequence
(32, (d13)5. (G5r4):. ... ((n+ 1)) .. .7

(A} 1 (8) 2718  (C) 6.192 (D) 7.389  (E} Nofinite mber

1
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8. Which of the following best approximales the sum of the areas of the reclangles
shaded in the figure below?

{(A) 0.131
(8) 0.163
{C) 0.184
(b) 0.538
(E) 1.944

Copyright 1989, 1990 by the Mathamatical Association ¢f America. Used by parmission.

Flgure 8-6.
Sample calculalor-active ilems.

While the four tests developed by the MAA Calculator-Based
Placement Test Program Project give examples of calculator-
active items that can be developed when scientific calculators
are required. these tests provide no examples of the kinds of
items that result when graphing calculators are required. The
Ohio State University Calculator and Computer Precalculus Cur-
riculum {C2PC) Project has developed precalculus text materials
that require the use of calculator or computer graphing tools
(Demana & Waits, 1989) and tests; some of whose items also
require the use of these same tools (Demana et al., 1920).
Items from these tests were used on the two midterm tests and
the final examination in a single section of Algebra and Trigo-
nometry at the University of Wisconsin-Madison during the Fall
Semester, 1989-90. Table 8-6 describes some characteristics of
these tests.

Table 8-6
Characleristics of Algebra and Trigonomelry Tesis
Test Number of Free-response Multiple-choice
students items iterns

Mean o
N (s.d.) Reliability Difficulty

Mid-term | 75 6 26 64.16* 052 0.82
(7.94)

Mid-term 72 6 26 5867+ 0.73 0.75
(11.02)

Final exam 72 11 19 3600 063 0.63
(2.05)

‘Eachtem had a value of 3 poinls.
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On the first midterm test. five free-response and three mul-
tiple-choice items clearly would require students to use the
graphics capabilities of their calculators to respond to them.
On the second midterm test, these numbers were seven and
four, respectively. On the final examination, only one multiple-
choice item required graphics calculator capability: a majority
of the free-response portion of this test required students to
use graphics capabilities. Table 8-7 gives the r-biserials and
item difficulties for the eight multiple-choice items on the tests
that were graphics calculator-active.

Table 8-7

rbiserals and Difficulties
Graphics Calculator-Active Item

r-biserial ltem difficulty

0.26 087
0.46 0.87
0.35 0.85
0.48 0.57
043 0.60
0.30 0.25
0.4t 0.88
0.36 0.67

o~ &M =

Most of the graphing calculator-active multiple-choice items
contain specific instructions to use a grapi  or implicitly sug-
gested thal use. An example of an item that specifically told
students to use a graph is the one on the first mid-term test
that stated; “Use a graphing utility to determine the number of
real solutions to the equation 4x* — 10x + 17 = 0." On that same
test the item stem implicitly called for the use of a graphing
utility when it asked: “Which one of the following viewing rect-
angles® gives the best complete graph of y = 10x® - 622 + 207"
Overall. these items correlated satisfactorily with all of the mul-
tiple-choice items on the test: they ranged from very easy to
moderately difficult.

On each of the three tests administered to the algebra and
trigonometry class there were a number of items that could be
solved algebraically or graphically. It is not known how stu-

* The viewing rectangle is a description of the minimum and maximum
x- and y-coordinates that are shown on the graphics sereen.
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dents actually solved these problems: an example was the one
that asked students to determine the period of the function f{x)
= 3 sin(nx).

The free-response items on these tests varied in that some
of them requested symbolic manipulations and solutions, some
expected students to use algebraic technigques and algorithms
to produce exact solutions, and some required the use of graph-
ing calculators for their solution. The scores on the free-re-
sponse and the multiple-choice portions of the two midterm
tests were moderately well correlated. The correlation coeffi-
cient of these two parts on the first midterm test was r = 0.63;
it was r = 0.61 on the second midterm test. On the first test,
students correctly responded, on average, to 82.18 percent of
the multiple-choice items and to 65.48 percent of the free-
response items. On the second midterm test, the corresponding
data were 75.21 percent and 69.3€ percent, respectively. The
corresponding data for the final examination have not yet been
computed.

The tests and test items that have been produced by the
MAA Calculator-Based Placement Testing Project and the Ohio
State C?*PC Project demonstrate that valid. reliable calculator-
based tests and calculator-active items can be generated that
satisfy the definitions of these terms that were given earlier in
this paper. At present there is a paucity of published calcula-
tor-based tests and calculator-active items. In order to study
the items that have been developed and. at the same time, to
keep them secure. faculty from the University of Chicago. the
Ohio State University, the Pennsylvania State University, and
the University of Wisconsin-Madison are establishing a pool of
calculator-active items in content areas including algebra, pre-
calculus, and functions.

CONCLUSION

This paper begins with a quote that avers that present testing
practices hold today's students hostages to yesterday's mis-
takes. One reason for this is that "What is tested is what gets
taught” (Mathematical Sciences Education Board, 1989, p. 65).
Thus, as long as mathematics tests fail to incorporate the use
of calculators, | am certain that mathematics instruction will
fail to incorporate the usc of calculators effectively, and so
today’s students will be prisoners to a mathematics curriculum
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that is failing to prepare them for the society in which they will
live both now and in the twenty-first century.

Just permitting students to use calculators while taking
mathematics tests will not be enough. Students will need to be
taught how and when to use calculators while solving all kinds
of mathematics problems. Equally important. tests will have to
actively account for the changes in the ways that mathematics
problems are solved and the kinds of mathematics problems
that can be solved when calculators are used. [ conclude that
calculator-passive and calculator-neutral tests do not satisfac-
torily account for these changes and that only calculator-based
tests can. In addition. it seems clear that each time calculators
become more capable and more responsive to mathematics in-
struction—and each is occurring—mathematics tests will have
to be changed.

While the use of calculators on mathematics tests and, by
implication. in mathematics instruction will not remedy all of
the failings of present tests and instruction. their use is neces-
sary if we want students to investigate, to explore. and to dis-
cover mathematics.
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Gender Differences in Test Taking:
A Review

Margaret R. Meyer

Ideally. when students take a mathemalics exam, the only
thing that should influcnce their score is their mastery of the
material being tested, This paper reviews evidence concerning
gender differences in mathematics test taking. It examines
several factors which have surfaced relating to differences in
performances for males and females. One conclusion reached
is that the use of the multiple-choice forinat may result in a
male advantage. A recommendation is therefore made that
assessment instruments be developed that do not rely as heavily
on the multiple-cholce format.

Do males differ in their mathematics test-taking perfor-
mance independent of their understanding ofl the mathematics
being tested? This review attempts to answer this question.
Although the focus will be on mathematics tests, very little
research has looked specifically at mathematics test taking.
Therelore. evidence from more general test taking will be
presented.

Several factors have been investigated that relate to differ-
ences in test performance for males and females. These factors
are power vs, speed test conditions. ltem difficulty sequencing,.
exam format, test-wiseness. risk taking behavior, and test prepa-
ration behaviors. The first three of these factors have received

169
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the most attention in the literature. The other factors are usu-
ally included in studies as covariates. Gender of ¢xaminee is
not always included as a factor of interest. Those studies that
did not include gender will be reviewed only when they illumi-
nate those that did include it.

POWER V5. SPEED TEST CONDITIONS

One characteristic of a test is the amount of time available to
complete it. This time factor defines an examination given un-
der power or speed conditions. In a speeded test. score differ-
ences are determined by differences in the rate of response to
the test items: that is, the amount of time available is usually
limited, and those who respond at a slower rate may not finish
all of the items. The degree of speededness varies across tests.
The difference between a highly speeded test and a moderately
speeded test is the number of test takers expected to finish in
the time allowed. In contrast, in a power test the score differ-
ences are independent of the rate of response. That is, everyone
has enough time to respond to the items and relative scores
would not change if more time were available.

It is obwvious that, from the test-taker's point of view, power
tests would be preferred. Hoewever, from the test-giver's point of
view, this is not always feasible or practical. It is also clear that
response rate is not always strongly related to accuracy of
response. Speed of response might be related to personality
characteristics like risk taking rather than to differences in
cognitive factors.

The results from the limited research available on the inter-
action of sex and speededness are mixed. Kappy (1980} looked
at the effecis of speededness on the Graduate Record Exam
(GRE) for males and females. For both the guantitative and
verbal portions of the GRE, little evidence was found of differ-
ential specdedness patterns for the sexes, Another study (Wild,
Durso, & Rubin, 1982) involving the GRE investigated whether
increasing the amount of time per question for the verbal and
quantitative sections of the exam would have a differential ef-
fect on examinee groups defined by sex, race, and number of
years since completing an undergraduate degree. The results
showed that although a larger portion of examinees were able
to finish the test when given additional time, this extra time did

g
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not differentially improve the performance of any of the groups
studied. In particular. females did not significantly increase
their scores relative to the males.

Much of the research on test conditions investigates the
effects of speeded tests on motivation and anxiety. In 1984.
Hill. for example, examined the interaction of anxiety and time
pressure and concluded that the low performance of high-anx-
ious students is not. due to lack of masterv of the material, but
rather to motivational and test-taking problems that can be
corrected. In a similar study. Plass and Hill {1986) looked at
the interrelation of time pressure, test anxiety. and sex on
third- and fourth-grade students taking a test composed of age-
appropriaie arithmetic problems. Using scores from a measure
of test anxicty. the 173 students were divided into three groups
based on low. medium, and high test anxiety. Approximately
equal numbers of students from thesc groups were assigned at
random by grade and sex into each of the two experimental
testing conditions: one under time pressure and one in the
absence of time pressure. Analyses of the data showed signifi-
cant effects for the time pressure condition. level of anxiety,
and sex. The children showed better performance without time
pressure; low-anxious children scored higher than both imiddle-
and high-anxious children, and females scored better than
maies. In addition there was a significant three-way interaction
of time pressure. test anxiety, and sex. The authors report:

In the condition removing time pressure, there are strong
optimizing effects fer boys but not for girls. Both high-
and middle-anxiouvs boys catch up comnletely with their
low-anxious counterparts...In cont.ast, girls showed
weaker interfering effects of anxiety. and there are ro
optimizing trends for high-anxious girls, who actually
perform best under standard testing conditions. (p. 33)

The study also Invesligaied the amount of time that stu-
dents in the various anxiely groups took per problem. Using
performance rate as the dependent variable in an analysis of
covariance (ANCOVA}. significant main ecffects for anxiety level
and scx were found. High-anxious and low-anxious students
took less timic per problem than middlc-anxious students and
boys wotked faster than girls. None of the intcraction cffects
was significaint. An examination of accuracy and performance
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rate revealed that high-anxious girls showed a slow rate with
middlie performance accuracy whereas high-anxious boys showed
a fast rate with low performance. The authors summarized the
importance of the rate-accuracy trade-offs in understanding
performance and anxiety effects in testing as {ollows:

The data indicate that there is an optimal, intermediate
rate for high test performance, shown by low-anxious
boys and girls in the present study. Middle-anxious chil-
dren, especially girls. showed an accurate but too slow
rate, whereas high-anxious children. especially boys,
showed a too fast. inaccurate strategy. (p. 35)

The authors conclude that curreat testing programs could
be improved if students were tested twice, once under standard
conditions and once under optimizing (without time pressure)
conditions.

Graf and Riddell (1972} evaluated the factor of time differ-
ently by measuring the effect of context on problem-solving
performance and the amount of time used to solve the prob-
lems. Context was manipulated by presenting the subjects with
two mathematically identical problems. one considered to have
a context more familiar to females and one a context more
familiar to males. Results showed that although males and
females did -t differ in the amount of time they took to solve
the problem wun the female context. females took significantly
more time to solve the problem having a male context. The
students’ perception of the difficulty of the two problems was
also measured. Males perceived that the two problems were of
equal difficulty. The females perceived that the problem set in a
male context was the more difficult. It is not clear whether this
perception was a result of their experience with the problem
(i.e., it took them longer to solve it and therefore they thought it
more difficult). or whether they found it more difficult at the
onset and theivefore took more time in solving it. There was no
differcnice in their accuracy in solving the two problems. The
authors concluded that between-sex differences in problem solv-
ing could be significantly decreased by giving power tests rather
than speed tests.

In summary. these studies do not strongly support the no-
tion that time pressusre diffe; entially affects the performance of
females and males on tests of mathematics. However, time pres-
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sure could interaet with other inaividual variables, such as test
anxicty, to result in differences for males and females (Plass &
Hill. 1986). A conservative approach would suggest:

that unspeeded tests of cognitive abilities should be used
whenever sex-related differences are being investigated.
It also suggests that using a speeded aptitude test as a
criterion variable when examining sex-related differences
in a typically male domain (e.g.. mathematics) may be
inappropriate or produce misleading data. In such male-
typed areas. the true scores of high ability females may
be underestimated. (Dwyer, 1979, p. 341)

ITEM DIFFICULTY SEQUENCING EFFECTS

Research on item sequencing effects investigates the diifer-
ences in performance on achievement examinations as a result
of changing the sequence of the test items. The most frequent
arrangements are from easy-to-difficult. difficult-to-easy. spiral
cyclical. and random. Arguments can be made for the potential
merit of each of these arrangements. In the easy-to-hard ar-
rangement, for example, beginning a test with easy questions
could provide early success and therefore encourage continued
elfort. On the other hand, beginning a test with hard problems
could challenge the student. In addition. the difficult items
might be answered more easily when the examinee is less fa-
tigued. Possible negative effeets of this arrangement are also
obvious. Examinees could become discouraged by encountering
difficult items at the beginning of the test. especially If they
thought the items would become increasingly difficult as they
progressed. Spending time on the difficult items might result in
not allowing enough time to answer the easy questions.

The results of studies on item arrangement that have in-
cluded sex as a variable have been mixed. Plake et al. (1982)
investigated the interactive effects on performance of the sex of
the subject. test anxiety. item arrangement. and knowledge of
arrangement on a mathematics test. The forty-elght-item mul-
tiple-ehoice mathematics test was eomposed of items from the
ACT College Mathematics Placement program. It was consid-
cred slightly speeded. Thrce forims of the test werc constritcted
using the item difficulty 'ndices: tasy-to-hard, uniform or spi-
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ral cyclical. and random. For each form. haif of the test book-
lets informed the examince of the item arrangement and half
did n . Anxiety was a covariate. Results of the three-factor
fixed-effects ANCOVA (item order. knowledge of ordering, and
sex) showed a significant main effect for sex and a significant
sex-by-order intcraction. Overall, males performed better than
females. and significantly better than females on the easy-to-
hard ordering of the items. Males also performecd better than
females on the random item ordering. Knowledge of the ifem
arrangement did not appecar to significantly influence test per-
formance.

Plake. Pati nce. and Whitney {1988) investigated the effects
of item context on differentiai item performance bctween males
and females. The speeded test consisted of twenty mathematics
items selccted by content from a pool of itcms. Three forms of
the test were assembled based on the difficulty indices: casy-
to-hard. easy-to-hard within contcnt. and spiral cyclical. No
significant main cffect was found for form or form-by-sex inter-
action. A significant main effect was found for sex, with femalcs
outperforming thic males. Plake concluded “that itcm arrange-
ment Is not a potent variabie in producing differential item
performance betwceen males and females” (p. 892).

Simllar results were found in a study (Klimko, 1984) involv-
ing college students in an introductory educational psychology
course; it examined thc effects on test performance of itemn
arrangement. cognitive entry characteristics. test anxiety, and
sex. Three forms of the fifty-item multiple-choice midterm ex-
armnination were uscd: easy-to-hard. hard-to-easy, and random.
Of the four independcnt variables, the only significant predictor
of achievement differences was student cognitive entry charac-
teristics. Item arrangements based on item difficulties and sex
did not influence performance. ~"hc author cautioned against
drawing conclusions bascd upon gender due to the small num-
ber of males in the study.

Item order and sex were among the variables considered in
a study of fourth graders by Kleinke (1980). Two forms of the
speeded soclal studies test were used: casy-to-hard and uni-
form. Although the boys outperformed the girls, there were no
signiflcant intcraction cffects for scx and item ordering. There
was a significant etfect for itcm-ordcring with thosc examinces
taking the casy-to-hard form: they scorcd higher. The author
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concluded that item order should be considered on speeded
tests.

One variation on item arrangement studies is student aware-
ness of the item arrangement. In a two-experiment study Lane
ct al. (1987) developed five forms of a forty-item multiple-choice
exam. The items tested course content from an undergraduate
education course. Item order was determined as a result of
manipulation of the statistical and cognitive item-difficulty level
{based on Bloom's taxonomy). In the first experiment. students
were unaware of the ordering patterns. The results showed no
significant differences for the test of item order by gender. In
the second experiment. six forms of the test were developed by
manipulating the statistical and cogn’tive item-difficulty level.
Knowledge of the ordering was provided by labels that indi-
cated the cognitive level of the item. The results showed no
significant differences for item order by gender by knowiedge.
However, a significant difference was found for the interaction
of knowledge of level with gender. Males without labels scored
lowest, followed by females without labels. then by males with
labels. Finally. females witk labels scored the highest. The au-
thors concluded that the lack of an item ordering by gender
interaction in the second experiment suggests that the long
accepted view that casy items should come first is oversimpli-
fied. They offered no conclusions based upon gender except to
note the increase in the males’ scores when labels were pro-
vided.

Hambleton and Traub (1974) also investigated the effects of
item armangement for males and females, using a mathematics
achievement test of multiple-choice items arranged easy-to-dif-
ficult and uifficult-to-easy. Since the amount of time was re-
stricted to foriy minutes, thc test was considered slightly
speeded. although the differences in the number of students
completing each formi was not significant. Neither the main
effect duc to sex nor the interaction between item order and sex
was significant. They did find, however, a significant main ef-
fect duc to item ordering with higher mean scores on the casy-
to-difficult arrangement. The authors concluded that reorder-
ing the items on a test produces a test with properties different
from the original.

In a rcview of these and other studics that considered item
arrangenient but not gender. Leary and Dorans (1985) con-
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cluded that hard-to-easy arrangements of items should be
avoided for all students. espeeially under highly speeded condi-
tions. No additional conelusions regarding the differential ef-
fects of item arrangement due to the gender of the examinee
seems warranted. based on the studles reviewed here.

EXAMINATION FORMAT

Examination forinat is another factor in studies of differentiat
performance for males and females. The two formats usually
considered are essay and multiple cholee. The arguments for
the importanee of format are: superior verbal ability in females
will enhance their scores on essay exams, and differenees in
test-taking strategies will favor males on multiple-choice ex-
ams. However, format as a factor is perhaps not as relevant for
mathematies tests where alternatives to the multiple-ehoice for-
mat would not place much emphasis on writing ability. As with
other test factors reviewed above, not all of the studles reviewed
used mathematics as the content of the test.

Murphy {1982} studied the performance of male and female
candidates on sixteen General Certificate of Education (GCE)
examinations. The examinations included both multiple choiee
and other forms. and three of the sixteen tested mathematies
achiever.ent. At least one thousand males and one thousand
female students took these tests for each of four conseeutive
years. The overall performance of females rclative to males was
nol of interest in this study, but rather ihe relative perfor-
manee of the groups on one type of exain eompared to the
other types. A series of {-tests was carried oul to determine any
significant difference in the performanee of male and female
examinees on the mulliple-cholce tesis. as compared to the
other formats. Res ilts showed that in the majority of cases the
males performed better than the females on the multiple-choice
cxams. as comnared to their relative performance on the other
formats. An important exeeption oeeurred on two of the three
mathematics tests. On these two tests, there was no eonsistent
male advantage relative to the performance of the females on
the multiple-choice tests. Thie fact that a male advantage did
exlst on the one exam Is an uncxplained inconsistency.

Using a sample of fiftcen- and sixteen-year-old Irish stu-
dents, Bolger (1984) examined gender differences In achieve-
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ment for three school subjects (Irish, English, and mathcmat-
lcs). Multiple-choice and written formats were used. Males were
found to perform relatively better thar females on the multiplec-
choice forms and relatively poorer on the written examinations;
the opposite was true for females. The effect was constant across
the three subjects measurcd. An additional hypothesis that
gender difference would be largest for the languages and small-
est for mathematics was not supported. The author cited this
as cvidence that method-based gender diffcrence cannot be
attributed to the differential verbal skills required by the two
methods. Alternative explanations offered by the author In-
clude neatness of presentation contributing to the performance
of females on essay exams and the possibility that males are
more likely to guess the answer on multiple-choice exams and.
therefore. be more likely to obtain the right answer.

Studles testing for gender differences on multiple-choice
exams do not always reveal a male advantage. In a test of
English language comprehension and composition. Bell and
(Hay, 1987} used both multiple-choice and extended-response
formats. Males were not found to score higher on multiple-
choice questions.

These three studi¢s examined the relative difference in scores
between muliiple-che.ice and essay format exams for males sind
females. Gender differences did not always occur. but when
differences were found. they favored males on multiple-choice
exams. It Is reasonable to conclude that exam format does
contribute to gender differences and that the use of the mul-
tiple-cholce format can result in a male advantage that is indc-
pendent of ability.

Student behaviors associated with multiple-choice exams
(e.g.. guessing and answer changing) have also been studied.
Differences in these behaviors for males and females might
explain the diffcrences found overall on multiple-choice examns.
For example. I females arc more likely to answer only those
questions on which they are sure of the answer and leave the
rest blank. they will score lower than equal ability .nales who
respond to the questions they know and guess on the ques-
tions for which they are unsure.

Choppin (1975) looked for gender differences in the ten-
deney to guess on muliiple-cholee exams. The sample consisted
of fourteen-year-old students from 160 sccondary schools in
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England =2nd Wales who had participated in the cross-cultural
International Association for the Evaluation of Educational
Achicvement (IEA) study of academic standards. The study ana-
lyzed responscs to six separatc multiple-choice instruments that
tested aspects of science and the English language. The results
showed a significant diffcrence in favor of males in the ten-
dency to guess. However, the size of the gender difiercnce was
small compared to the sizc of the difference found when the
data were analyzcd by schoo! type. A similar battery of tcsts
was administered to ten-ycar-old students and again the data
were analyzed for gender differences. For this sampie no clear
differences emerged. although. for both males and females. the
tendency to guess remained high.

More rccently Khampalikit (1982) investigated guessing as
a test-taking strategy of elementary school students. Random
samples of studcnts in Grades 2. 5. and 8 from a nationwide
norming group were used to compute four gucssing-related
indices using item responses for the 3Rz Reading Tcest and
Mathematics Test. Results showed that the overall amount of
guessing was low and there was liltle evidence of differences
between the sexes on the test-taking behaviors assessed.

Answer-changing behavior was the subject of a study by
Skinner {1983). Males and females from an introductory psy-
chology course served as subjccts. The test was a speeded 1C0-
guestion multiple-choice exam given as a midterm examina-
tion. Erasures on the answer sheet were examined 1w determine
answer changes and whether the answer was changed from
right to wrong or wrong to right. Overall, the number of answer
changes was small, only about 4 percent. An analysis for gen-
der differences revealed that females made significantly more
changes than did males. Their rate of 4.83 percent was more
than double that of the males {2.36 percent). Regarding this
gender diffcrence. the author concludes:

Clearly. decliberating about answer-changing leaves less
timc available for other activitics, such as answering
multiple choice questions not yet atiempted. or doing
other types of questions (c.g.. eseays). Thus. regardless
of whether or not there Is a funclional relationship be-
tween the number of answer changes and time taken lo
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consider and implement such changes. on a speeded
test the tendency for females to make more than twice
as many answer changes as males may well be counter-
productive, particularly in light of two further findings:
first, the success rate for answer changes for women
was not better than that for men (indeed. males marcle
549 successful changes, females 50%): and second. fe-
male subjects achieved a mean grade of 65.8% on the
examination. comparecl to 70% for the males. {p. 221}

Answcer-changing behavior has been studied in relation to
other test-taking factors. such as, for example. test anxlety.
Payne (1984) hypothesized that high test anxiety would be as-
sociated with a high degree of answer changing. Data for a
sample of 296 eighth-grade students consisted of scores on an
anxicty measure and the numbecr of ftem revisions on an aggre-
gate of four multiple-choice science achievement tests given
over the period of one year. Item changes were coded wrong-to-
wrong, wrong-to-right. and right-to-wrong. Race (black and white)
and sex were also used as factors in the study. No significant
sex differences in answer changing were found. Significant cor-
relations between answer changing and test anxiety were found
for white males, for the total white student group. for the total
male group. and for the total student group. suggesting a ten-
dency in each for higher test anxiety to be assoclated with morc
answer-changing behavior. None of the correlations for black
students was significantly differcnt from zcro.

Answer changing and guessing might be associated with
gender differences found on the 1988 University of Minnesota
Talented Youth in Mathematics Program (UMTYMP) testing for
the Twin Cities sample {Terwilligcr. 1988). Rcsponse patterns
for + B0-item multiple-choice test werc analyzed on a gcnder
basis. It was found that femalcs were less likely than males to
finish the test. and the drop in their success rate toward the
end of the test was more pronounced than that of the malcs.
The responses were not analyzed for answer changes.

Although the evidence is not conclusive. these studics sug-
gest that guessing and answer changing might be associated
with gender diffcrences on multiple-cholce exams. A greater
tendency by males to guess answers can result in higher test
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scores independent of ability. Likewise, a greater tendency by
females to change answers can result in lower test scores be-
cause of the time this behavior takes in a speeded test.

TEST-WISENESS AND RiSK TAKING

Two additional factors that arc sometimes associated with dif-
ferences In test taking are test-wiseness and risk taking. Test-
wiseness (TW} has been defined as "a subject's capacity to
utilize the characteristics and formats of the test and/or the
test taking situation to receive a high score” (Millman, Bishop.
& Ebel. 1965, p. 707). Risk taking on objective examinations
(RTOOE) is defined as “guessing when the examinee is aware
that there is a penalty for incorrect responses” {Slakter, 1967,
p. 33). Both TW and RTOOE are associated with the multiple-
choice format and. therefore, gender differences in them might
help explain gender differences due to test format.

Slakter, Koehler, and Hampton (1970) developed a measure
of test-wiseness for usc with students in Grades 5 through 11.
The mmstrument measured four aspects of TW corresponding to
these behaviors: (1) select the option which resembles an as-
pect of the stem; {2) eliminate options which are known to be
incc rrect and choose from among the remaining options: (3)
eliminate similar options, that is, options that imply the cor-
rectness of each other: (4} eliminate those options which in-
clude specifie determiners [p. 119). The instrument was admin-
istered to 1,070 students in Grades 5 through 11 and replicated
with a group of 1.291 students. A sex-by-grade multivariate
analysis o” variance was performed on the four subscale scores.
The only significant effect was that of grade with TW increasing
over grade level. Neither the sex effect nor the sex-by-grade
interaction was significant.

A related study (Crehan et al., 1978} was conducted to de-
termine the relationship between TW and grade level, the rela-
tlonship between TW and sex, and the s.ability of TW. This was
a longitudinal study that tested students threc times at two-
year intervals in Grades 5. 7, and 9 (n = 75): 6, 8, 10 (n = 76):
7.9, 11 {n=73); and 8, 10. 12 (n = 64). The same four aspects
of TW were measured. As with the previous study. there was no
evidence of sex differences or sex-by-grade interaction. TW was
found to be somewhat stable and to increasc over grades.
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ATOOE has been measured using a variety of formulas.
Slakter (1967) compared results obtained using five different
measures of RTOOE and an additional one he proposed in this
study. Results did not show any sex differences in RTOOE for
any of the measures.

In summary. there is no evidence that males and females
differ in terms of test-wiseness and risk taking on objective
examinations.

TEST PREPARATION STRATEGIES

The final area to be examined is that of study behaviors and
test preparation strategies for males and females. This research
has focused on characterizing the study behaviors of successful
students. One genera! conclusion is that no single approach is
associated specifically with success. Biggs (1976) looked for
differences in study behaviors for males and females. Using the
Study Behavior Questionnaire developed for his study, he found
evidence to suggest that a single task can be successfully ap-
proached in dilferent ways by males and females. He charac-
terized the male approach as “seeing ‘truth’ emerging from ex-
ternal sources and authorities, and not worrying too much
about interrelating past knowledge with what one is in the
process of acquiring” {p. 77). On the other hand. he described
the approach taken by females to be that of "making up one's
own mind about 'truth’ by avoiding rote learning of detail and
by actively using transformational strategies” (p. 77). It is inter-
esting to note that these characterizations of study behavior
are exactly opposite those that are usually put forth to explain
superior male performance on standardized mathematics
achievement tests.

Watkins and Hattie (1981). also using the Biggs Study Be-
havior Questionnaire. investigated the study methods of stu-
dents at an Australian university. Other factors that they con-
sidered in addition to gender were age. academic year, and field
of study. They found that regardless of these other factors,

females were more likely than the males to show inter-
est in their courses and to adopt a decp-level approach
to their work. At the same time the females also gener-
olly seemed to possess morc organized study methods
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than the males. The males were more likely to have a
pragmatic approach to tertiary study. to be more wor-
ried about their work, and to adopt reproducing strate-
gles which would allow them to scrape through their
examinations. {p. 392)

They further noted that. based upon these findings, females
would be expected to achieve better academic results than males;
indeed. this proved true for the females they investigated.

These results are interesting when applied to gender differ-
ences in mathematics achievement. In a review of the litera-
ture, Kimball {1989) pointed out that in contrast to standard-
ized measures of mathematics achievement, females receive
better grades in school mathematics than do boys. If these
same differences in academic behaviors, as observed by Watkins
and Hattie (1981). are present at the elementary and secondary
school levels, they might help explain the higher grades earned
by girls. They do not, however, explain why boys score better on
standardized tests.

A study by Speth (1987) investigated the interaction of learn-
ing style. gender. and type of examination on anticipated test
preparation strategies. The two examination conditions used
were multiple choice and essay exams. On the basis of two
different iearning slyle instruments, the students from educa-
tional psychology classes were grouped into four clusters. A
survey of test preparalion activities developed by the investiga-
tor was used as the dependent measure. A factor analysis of
the test preparation survey yielded six subscales. A4 X 2 X 2
MANCOVA tested hypotheses of no difference among clusters,
between males and females, or between test conditions on the
six test preparation strategies, while controlling for a self-rating
of academic abilily. The results showed no significant main
effect for sex or a sex-by-test type interaction. There was, how-
ever, a significant three-way interaction of cluster, gender, and
type of examination. This suggests that gender by itself is not
the critical variable. and that males and females relative to
each other do not prepare differently based on the method of
testing. Instead. as Biggs found, different test preparation strat-
egies correlate with gender and learning styles (Biggs, 1976).
What was not included in this study was any measure of the
success of these different test preparation strategies.
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The evidence from these three studies suggests that while
maies and females do have different approaches to academic
work (Watkins & Hattie, 1981), the within-sex differences might
be as important as the between-sex differences (Speth, 1987},
In addition, differences in approach can be equally effective
(Biggs. 1976) and do not necessarily result in different out-
comes,

SUMMARY AND RECOMMENDATIONS

This revicw has considered the research evidence related to
gender differences in test taking in general and mathematics
test taking in particular. The major factors reviewed were power
vs. speed test conditions, item difficulty sequencing. and exam
format. In addition, behaviors associated with the multiple-
choice format were also reviewed. They included guessing, an-
swer changing, test-wiseness, risk taking, and study behaviors.
Evidence of gender differences in these factors was for the most
part inconsistent. The one conclusion that does seem justified
is that the use of the multiple-choice format couid result in a
male advantage. Reasons for this advantage are not completely
clear, hut they might include differences in answer changing
and the willingness to guess. A conservative recommendation
based upon this conclusion would be to develop assessment
instruments that do not rely on the multiple-choice format.
This change should have no detrimental effect on the perfor-
mance of males, and it might result in a decrease in any ad-
vantage males have enjoyed because of the (esting format cur-
rently used.




10

Communication and the
Learning of Mathematics

David Clarke, Max Stephens, and Andrew Waywood

The learning of mathematics is fundamentally a maiter of
constructing mathematical meaning. The environment of the
mathemaltics classroom provides experiences which stimulate
this process of construction. This chapter presents the findings
of three studies based in Australian schools that exemplify the
successful introduction of innovation into mathematics cur-
riculums. The purpose of this research synthesis iIs to report
on (a) the extent to which the strategies used encourage chil-
dren to broaden their mathematical thinking and facilitate
metalearning and (b} the impact of these strategies on the
nature of mathematical activity in classrooms. with particutar
reference to redefining the roles of teacher and student in
creating and giving personal meaning to mathematics.

The NCTM Curricitlum and Evaluation: Standards (1989) have

attached great importance to communication in mathematics:

Listening and reading with comprehension. developing
an attitude of questioning, and describing mathematical
thought processes all contribute not only to learning
mathematics with understanding, but also to the ability
to apply learned skills in new contexts. to solve prob-
lems. j.'imd to extend learning beyond the task at hand.
(p. 98
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This report presents an overview and conclusions from three
studies, The IMPACT Prgject (Clarke. 1985), Assessment Alter-
natives in Mathematics {Clarke, 1989), and the Vaucluse College
Stucly, which suggest how the above standard can be realized
at classroom and school level. The central purpose of this chapter
is to discuss:

+ the extent to which the strategies reported encourage
children to broaden their mathematical thinking and
facilitate metalearning.

* the impact of these strategies on the nature of math-
ematical activity in classrooms and. in particular,
with regard to redefining the roles of teacher and stu-
dent in creating and giving personal meaning to
mathematics.

The nature of these strategies was essentially metacognitive.
The rweaning of metacognition in the mathematics context has
been most usefully articulated by Garofalo and Lester (1984} as
the knowledge and regulation of cognition. An essential aspect
of this metacognitive activity is reflection on learning (Kilpatrick,
1985), and White (1986) identified a need for training in just
this aspect of metacognition: “Much learning is superficial. be-
ing done without deep reflection. Appreciation of this point
leads to the recognition of the need for training in metacognition”
(p. 5.

Biggs (1988} put forward the image of “learning throwugh
guided student self-questioning” and suggested “self-manage-
ment of learning” as an essential goal of education. The reflec-
tive review of learning and student self-management of learning
were central concerns of all three studies reported here.

The learning of mathematics is fundamentally a matter of
constructing mathematical meaning. The environment of the
mathematics classroom provides experiences which stimulate
this process of construction. While the mathematical knowl-
edge of school children will incorporate visual imagery. both at
the level of ikonic thought and at a level involving more elabo-
rated visual representations (geometrical, graphical), mathemati-
cal meaning requires a language for its internalization within
the learner's cognitive framework and for its articulation in the
learner's interactions with others. Communication s at the
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heart of classroom experiences which stimulate learning. Class-
room environments that place particular communication de-
mands on students can facilitate the construction and sharing
of mathematical meaning and promote student reflection on
the nature of the mathematical meanings they are required to
communicate.

FACILITATING COMMUNICATION IN THE MATHEMATICS
CLASSROOM. THREE STUDIES

We would suggest the existence of three distinct types of com-
munication in the mathematics classroom:

» communication about mathematics;
« communicating mathematics;
¢ using mathematics to communicate.

The IMPACT Project is primarily concerned with the first of
these, The use of student mathematics journals at Vaucluse
College provided the opportunity for the development of ¢com-
munication in all three modes. The IMPACT program required
that students reflect on their mathematical activity and their
learning and, through student-teacher dialogue, sought to fa-
cllitate self-management of learning. The national development
and testing of the assessment strategies which became Assess-
ment Alternatives In Mathematics (Clarke, 1989) gave consider-
ation to communication in two senses: communication as the
tneans by which assessment information {s obtained and com-
munication skills as one focus of assessment. The use of math-
ematics journals in the Vaucluse College study demonstrated
the potential to develop in learners the reviewing and refiective
skills required by the IMPACT program and aiso to develop in
students the ability to think mathematically.

THE IMPACT PROJECT

The IMPACT Project benefited from thc support of the Faculty
of Education, Monash University. The publication of the evalu-
ation report (Clarke, 1985) was funded by the Monash Math-
ematics Education Centre. The objéctives of the IMPACT project
were:
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* to provide a mechanism whereby the student can regu-
larly inform the teacher of difficulties experienced. heip
needed, and anxiety felt:

* to encourage and facilitate meaningful pupil-teacher
dialogue. student reflection on learning, and itegoti-
ated instruction.

During 1984, about seven hundred Year 7 children in thirty-
six mathematics classes In fifteen Victorian secondary schools
werc regularly given the opportunity, about once every two
weeks, to give confidential, written answers to questions like:

What was the best thing to happen in Maths?
What is the biggest worty affecting your work in Maths?

What is the most important thing you have learned in
Maths?

How do you feel in Maths classes?
How could we improve Maths classes?

The regular. written refliections of seven hundred children
concerning their learning of mathematics provided a pool of
data related to the achievement of the above objectives. A graphic
portrayal of thc children's conception of mathematics emerged
over the year {Clarke, 1987). The immediacy of this portrayal
was heightened by the children's spontaneous (and highly idio-
syncratic) use of technical mathematical terms. Many of the
cuirent preoccupations of the mathematics education commu-
nity (language. differential treatment and behavior of boys and
girls, mode of Instruction. student-generated algorithms, the
social context of instruction and learning, and ¢ » on) emerged
as concerns for the students in this study. Participant teachers
expressed surprise at the significance of these issues for their
classrooms.

Examples of gquestions used and some answers obtained
foltow:

What would you most like more help with?

Nothing much, but I'm not sure  Your way 4]J80
how to do divislon your way. My way  4)80
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Write down one particular problem which you found
difficut.

Algebra a bit, because I don't understand why we
don't just use numbers. It would be simpler.

Write down one new problem which you can now do,
Uy s 4=VyX ¥ =3f3="}f1

How could we improve maths classes?
Have less work and more learning.

The nature of communication in the mathematics class-
room became the central consideration In the teachers' evalua-
tions of both instruction and learning and in their planning for
further instruction. The IMPACT study provided an opportunity
with some classes for a redefinition of the function of the math-
ematics classroom. The findings show clear Instances where
teacher action in response to student requests or sugdestions
significantly altered the form of instruction. Students in those
classes were confronted with the need for a reinterpretation of
their role in determining the nature of classroom activity and
the possible nature of student-teacher communication.

Specific findings from this study included:

¢ The student attitude to the administration of the IM-
PACT procedure was predominantly one of acceptance
and passive compliance.

* The quality of student responses varied. Teachers
reporied that many students experienced difficulty
in articulating their feelings or their mathematics
difficulties.

* A majority of students reported finding the procedure
“useful.”

¢ More boys than girls reported finding the procedure
personally useful. (An interesting result, since several
teachers commented that the girls made better use of
the procedure, offering more informative and insight-
ful responses.}

* Students who found the procedure useful offered threc
categories of benetit:
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Reflection on Learning—"It makes you realize more
about the subject” and "It makes you think how
you're going."

Reporting Feelings—"1t glves you a chance (o ex-
press your feelings/tell about your problems/say
what you like and don't like.”

Information for the Teacher—"It helps the teacher
know..,"

* Teacher action took the following forms: Organizational
action, instructional action, indjvidual assistance, in-
dividual counseling and, in two cases, no action.

* Most teachers reported improved student-teacher
relationships

* Where a student expressed dissatisfaction with the
procedure, the reason most commonly glven was lack
of consequent teacher action.

¢ Several instances were documented in which teacher
action arising from information provided through the
IMPACT procedure led to positive changes in student
attitudes and achievement.

* Over 80 percent of participating teachers consistently
reported finding the IMPACT procedure to be of value.

Teachers identified a lack of time in the past to engage in
private conversation with every pupll as a major concern. As a
result, they greeted the IMPACT procedure with initial enthusi-
asm, since it provided the opportunity for all students to com-
municate confidentially with their mathematics teachers with
minimal reduction in instruction time. Other benefits were iden-
tified by the teachers:

Students talked to me through the sheets, very frankly,
and | gained tremendous insights into anxieties they
had. and frustrations. Students 1 felt were coping quite
happily mentioned anxiety about tests. Some students
felt I did not explain things thoroughly enough and went
too fast, and these were students who did quite well in
tests, so | had assumed they were happy. Other stu-
dents mentioned boredom and felt the work was too
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easy and was repeating Primary School. Without the
sheets, I would not have gained this information as they
would never have been so frank in conversation. I obvi-
ously changed my teaching methods to comply with the
information and this belped my relationship with the
class and with individual students. In general, students
really appreciated the fact that I was taking the trow.*
to find out what they think and they used the system
very responsibly. .
(Year 7 Maths teacher, female September 1985).

Use of the IMPACT program facilitated communication be-
tween teachers and students about the mathematics being stud-
ied and about the students’ feelings conczrning their learning,
the content, and the instruction. In several instances. this com-
mutnication led to fundamental changes in instructional prac-
tice. learning behavior. and classroom environment.

The extent to which participation in the IMPACT program
actually facilitated metalearning and the development of stu-
dent matheinatical thinking remains uncertain. The IMPACT
program certainly provided a stimulus for reflection on learn-
ing. but no training was provided in review techniques or
metacognitive strategies (cf. the PEEL Project, Baird & Mitchell,
1986). Nor was any feedback provided to students concerning
the gquality of their IMPACT responses. By its nature, the
IMPACT program provided documentation of student communi-
cation of the first type, communicating about mathematics.
and. to a lesser extent, of the second type. communicating
mathematics.

ASSESSMENT ALTERNATIVES IN MATHEMATICS

In 19¢6. the Mathematics Curriculum and Teaching Program
{(MCTP]. a national initiative concerned with the professional
development of mathematics teachers. commissioned a study
of effective assessment practices in use in Australlan math-
ematics classrooms. The outcome of this project was to be a
teacher resource guide. subsequently published as Assessment
Alternatives in Mathematics (Clarke, 1988}. It was aimed at
assisting mathematics teachers to expand their repertoire of
assessment strategies in order that their assessment might be-
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come optimally effective. giving appropriate recognition to all
the goals of the contemporary mathematics classroom.

Communication in the mathematics classroom became a
central concern in the compilation of assessment strategies.
This was particularly the case with regard to the assessment of
student problem solving in mathematies, where it became evi-
dent that a teacher's capacity to evaluate a student’'s problem-
solving performance was critically dependent on the student's
ability to articulate, in either spoken or written form, the prob-
lem-solving process, the nature of the solutions, and the evalu-
ation of the appropriateness and the quality of their solutions.

Among the various assessment strategies collected. studied,
tested, and refined during the course of this project, the role of
communication varied with the particular strategy under con-
sideration. The following discussion examines the nature of
the communication coniponent for a sample of the assessment
strategies.

ASSESSMENT THROUGH CLASSROOM OBSERVATION

Teachers made succinct annotations to class lists during the
course of a lesson. These brief records were restricted to "aber-
rations and insights.” that Is, observations of student behaviors
or utterances which challenged or extended the teacher's exist-
ing conception of a student's competence or understanding.
The effectiveness of such informal assessment is critically de-
pendent on the nature of classroom activity. This was addressed
directly by drawing teachers' attention to factors which facili-
tate or inhibit student communication in the classroom. A ma-
jor assertion of Assessment Alternatives in Mathematics was
that the most effective instructional activities are typically those
which also provide the best assessment opportunities. Strate-
gies for maximizing assessment opportunities included consid-
eration of “wait time"” {Rowe, 1978). the characteristics of "good
questions,” and the establishment of “student work folios.”

Test Alternatives

Teachers were encouraged to explore different approaches to
formal testing. These included:

Practical tests, in which student competence was dem-
onstrated through the completion of tasks with a practi-




Ctarke, Stephens, and Waywood

cal emphasis, typically involving the manipulation of
concrete materials, Computing skills were also assessed
in this way. It was a common requirement for students
to provide an account of thelr methods, but the essence
of this approach was communication by demonstration,

Group tests, In which tasks were solved through student
collaboration. Successful performance was associated
with effective student-student communication and an
ablily to translate into personal terms the ideas and
insights of others.

Student-constructed tests, in which groups of students
would contribute test items covering a topic just com-
pleted. Trial teachers were unanimous that the demands
of articulating the essence of a topic through a repre-
sentative set of problems made this strategy an im-
mensely powerful review technique, Ileading to signifi-
cant advances in student understanding. The resulting
tests were consistently more difficult than those the
teacher would have set, were typically completed with
higher levels of student enthusiasm and succe: ind
provided a context particularly conducive to sub. _.juent
discussion.

Problem Solving and Investigations

A four-dimensional structure for the assessment of problem-
solving behavlor emerged in the course of the testing (see, for
comparison, Schoenfeild, 1985), and tez %er attention was drawn
to the need to Identify which aspect of problem-solving behav-
lor was of interest. Assessment Information was typically col-
lected through informal observations and from student reports,
This inform- ‘on could then be located within the categoriza-
tion scheme elow,

Dimension 1 relates to the spontaneous use of math-
ematical procedures, principles, and facts, that is. the
mathematics that our students choose fo use—without
the explicit cucing of a test question.

Dimension 2 is concerned with problem-solving strate-
gies. There are many lists of such strategies. Practicing
teachers seemed quite confident in their ability to dis-
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tinguish strategles such as “restated the problem.” or
“organized information systematically,” or “found a re-
lated but similar problem” (and so on} from the math-
ematical tool skills which provide the focus of Dimen-
sion 1.

Dimension 3 is the structural dimension, particularly
concerned with planning, decision making, verifying, and
evaluating. One secondary mathematics teacher provided
a succinct summation of the focus of Dimension 3 in
observing, “Students should show a systematic approach
of reviewing what they know, planning their actions,
testing their ideas, and evaluating their work."

Dimension 4 {s the personal dimension, concerned with
student participation, motivation, work habits, the skills
assoclated with cooperative group work, and bellefs about
the nature and purpose of mathematical activity.

Teachers reported that students experienced significant dif-
ficulties in recording and reporting their problem-solving at-
tempts and required substantial guldance and detailed feed-
back.

Communicating Assessment Information

Issues related to the grading of student work and the effective
reporting of assessment information were explored. The need
for clarity of communication and the establishment of an ongo-
ing dialogue between student and teacher conecerning the
student’s growth towards competence was stressed.

Expanding the Assessment Netv ..tk

Teachers were encouraged to consider other purposes to which
assessment information might be put (program evaluation and
instructional review, for instance} and other groups or individu-
als who might contribute assessment information. Parental in-
volvenent, peer tutoring, and peer assessment were investi-
gated and various strategles offered to facilitate student
self-assessment. These latter strategles included the IMPACT
procedure, already reported. and the use of student mathemat-
ics journals. It was the evaluation of the use of student jour-
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nals which subsequently became the focus of the Vaucluse
Study reported below.

Communication plays a central role in each of these ap-
proaches to assessiment, and 1nuch of the effort expended dur-
ing the testing of the assessment strategles related to fostering
clear, purposeful, meaningful, informative communication of
mathematics and about mathematics.

THE VAUCLUSE COLLEGE STUDY

This study explored the implications of the regular completion
of student journals in mathematics. Vaucluse College is a Catho-
lic secondary girls school. There are approximately five hun-
dreu girls from Year 7 to Year 12 at Vaucluse. It serves a
multicultnral population: 20 percent Asfan. 30 percent ltalian
and Greek, with the remaining 50 percent being predominantly
Anglo-Saxon. For all students at this secondary school from
Year 7 onwards. a ceniral component of mathematical activity
is the dally completion at home of a student journal. Through
their journal-keeping activities students are introduced to de-
scribing what they have learned. sammarizing key topics, and
{dentifying appropriate examples and questions. Regular moni-
toring of the journals informs teaching practice and provides
the basis for individual teacher-student discussion.

In 19886, mathematics journals were first introduced experi-
mentally in one class each at Year 7, 9, and 10 levels. Results
were encouraging enough to warrant the expansion of their
use. By the start of 1989, the keeping of mathematics journals
was sten as an essentlal element in the teaching of mathemat-
ics from Years 7 to 10. Appendix E presenis the history and
rationale for student mathematics journals at Vaucluse College
from the perspective of the school and the mathematics staff.
The school statement includes the following aims:

By keeping a mathematics journal we intend that
students:
1. Formulate, clarify, and relate concepts.
2. Appreciate how mathematics speaks about the world.
3. Think mathematically:

a. Practice the processes (problem solving) that un-

derlie the doing of mathematics.
b. Formulate physical relations mathemnatically.
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As an introduction to journal writing, Year 7 students are
supplied with a book In which each page is divided into three
sections: What we did. What [ learned, Examples and ques-
tions. Students are required to write in thelr journal after every
mathematics lesson. This 1s seen as ongoing homework. Jour-
nals contribute 30 percent to the asscssment in mathematics.
When writing student reports, mathematics teachers were given
the following guidelines for the assessment of students’ journals:

A. Quantity of work.
1. Frequency: that is, is it done after cvery lesson?
2. Volume: the amount of work done can be taken as a
measure of both ablility and enthusiasm.
3. Presentation.

How wecll 13 it used?

1. Is the work summarized, and do the summaries indi-
cate developing note-taking skilis?

2. Is the journal used to collect important examples of
procedures and/or applications?

3. Are errors Identified and discussed?

4, Are there signs of involvement with the work, origi-
nal or probing questions, a willingness to explore?

5. Is the student learning to "dialogue,” that is, ask her
own questions and then set about methodically seek-
ing an answer and presenting her investigations
logically?

As a minimum, a satisfactory journal entry should reflect
the intellectual involvement of the student in the day's lesson,
What form a particular entry will take 1s determined by the
form of the day's lesson and the level of sophistication at which
the student can Interpret the journal tasks. Appendix E sets
out the school's expectations with regard to theory, practice,
and activity-oriented lessons.

Journal writing was intended to assist students to see them-
selves as actlve agents in the construction of mathematical
knowledge (see Stephens, 1982). The school hoped that journal
writing would assist students progressively to engage in an
internal dialogue through which they reflected on and explored
the mathematics they met. In this respect. there is a link to the
IMPACT Study through a similar focus on the development of
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metacognitive learning. It was also hoped that students, through
thelr journal writing. would begin to see mathematical activity
not simply in terms of applying prescribed rules and proce-
durcs, but more as engaging in actlvitles such as searching for
patterns, making and testing conjectures, gencralizing, asking
"Why?", trying to be systematic, classifying, transforming, search-
ing for methods, declding on rules, defining, agreeing on equiva-
lences, reasoning, demonstrating, expressing doubt, and prov-
ing (cf. Mason, 1984).

If such alms were to be realized through thc use of jour-
nals, it would be necessary to focus on the linguistic forms by
which students communicated what they had learned and how
they had gone about it,

Methodology of the Evaluation Studv

During 1988 and 1989, an evaluation was conducted of stu-
dent journal usc and its effects on the learning and teaching of
mathematics. Consultation with school staff and perusal of a
samiple of student journals led to the construction of a ques-
tlonnaire which, after testing, we administered to all students
it Years 7 to 12. The questionnaire examined student use of
Jjournals and thelr perceptions of the purpose of journal com-
munication and {ts contribution to thelr learning of mathemat-
lcs. Students' conceplions of the natui * of mathematics and of
mathematical activity in schools were also addressed. A similar
survey was conducted of school mathematics staff, with spe-
cific focus on the extent to whicii they valued and fostered
students’ journal communications and made use of student
journal communications in their classroom teaching and in
their work with individual students.

At the time the evaluation began there was a perception in
the school mathematics department that a progression existed
in student journal writing from a narrative mode to a summary
mode to dialogue. Conversation with teachers and the perusal
nf student journals suggested that student journal writing could
be usefully divided into the three categories: Narrative (or Epi-
godic), Summary, and Dialogue. This categorization assumed
the status of a hypothesis, and provided much of the structure
for the Initial data analysis. School sources asserted that a
najor aim of journal writing was to facilitate student develop-
ment In question asking and that questioning reflects the dia-
lectic of Narrative, Summary, and Dialogue {(Waywood, 1988).

U4
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Narrative, Summary, and Dialogue

The categorization of student journal use into Narrative, Sum-
mary, and Dialogue warrants more detailed explanation. The
examples which follow were offered as both illustrative instances
of each response category (Examples 1, 4, and 6), and also as
examples of “transition” responses from students whose jour-
nal entries suggest that they are in transition between catego-
ries. Seen in this light, Example 2 shows a student moving
from simple narrative of classroom experiences to the restruc-
turing of content and experience required for effective sum-
mary. Examples 3 and 5 show two students’ initial experiments
with a new form of journal entry. In each of these two cases,
the excerpts represent embryonic instances of the Summary
and Dialogue categories, respectively.

Narrative;

Example 1. “Today was the day that Mr. Waywood was
absent and set us work to do that gave me a lot of
thinking to do. [.don’t think that it was very hard but
you had to think about what to write for the answer to
the questions.”

Example 2. “1 think today I began to understand that
maths is a way of describing things in reality. A great
example is that a ball flying through the air travels the
path of a parabola. Because there is an infinite number
of ways for the ball to travel there is an infinite number
of possible parabolas. Because parabolas can be written
mathematically there would be a mathematical function
to describe every arc in the world.”

Summary:

Example 3. *Logarithms arc an index which are used to
simpl'¥y calculations. The whole number part of a loga-
rithm is called the characteristic. The decimal part of a
logarithm is called the mantissa.”

Example 4. “Equations . .. the main word here is to solve.
Equations have an unknown-—there is an answer to the
problem. Linear techniques revolve around inverse op-
erations, and quadratic equations, different from the
above, require different techniques to solve them. such
as factorization. . . . You can't solve all the equations the

—
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same way, because they are all different, and that is
why we have to learn different techniques.”

Dialogue:

Example 5. “The sin of 60 = 0.866025403. .. firstly is
the sin of 60 infinite I wonder. I think it is because you
said the points on a circle are infinite. Then how could
the square of 0.866025403 ... be exactly 0.757 If it is
Just an approximation, then how could it equal exactly
1?7 Can you please explain?”

Example 6. “Another thing, transposition and substitu-
tion, really show you the quality of operations. Like
division, iIs sort of a secondary cperation, with multipli-
cation being the real basis behind it. This ties in with
my learning about reading division properly (in previous
pages], that is. fractions are different forms of multipli-
cation. So I guess that's like rational numbers (Q) are
like a front for muitiplication, an extension of multipli-
cation. Which came first, multiplication or division? it
would have to be multiplication. They are so similar, no
that’'s not what I mean. | mean they are so strongly
connected. But its like division does not really exist.
multiplication is more real. The same with subtraction.
Adaition and Multipiication are the only real operations.”

The study design provided a diversity of data sources by
which the validity of the categorization could be assessed. Stu-
dent interviews, student and teacher questionnaires, teacher
interviews, and the study of journal entries represenied a sub-
stantial body of data by which both the individual validity of
each category could be judged and any patterns of individual
development identified.

Observations and Findings

An initlal analysis of the student survey data has been com-
pleted. Findings suggest that journal writing leads to a progres-
sive refinement of purpose from an Initlal narrative stage of
simply listing events in the mathematics classroom to summa-
rizing work done and topics covered. Within this stage, we note
a move away from a simple summary of items of mathematical
work covered to a more personal summary of mathematical
activity in terms of developing understanding and addressing
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problems. Finally, some students move beyond this to an inter-
nal dialogue, where they begin to pose questions and hypoth-
eses concerning the mathematics in which they are engaged
{e.g.. “I wonder whether this works ‘or other graphs as well,”
and “So, why is it that ... "),

More specifically, the narrative descriptions of what was
done on a particular day, so prevalent in Years 7 and 8, appear
to be progressively enriched by the inclusion of reflective writ-
ing in which the students discuss how they went about an
investigation and how the work in hand related to work they
had previously covered. This review process, together with re-
quests for teacher help and indications of things they would
like to find out, is similar to the responses solicited through the
IMPACT program. Journal entries of some students occasion-
ally took on the aspect of dialogue. Our research suggests that
through the process of their journal writing students increas-
ingly interpret mathematics in personal t:zrms, constructing
meanings and connections.

Student Survey Findings

While questionnaires were administered to every student, a
sample of 150 students, 25 at each year level, was chosen for
statistical analysis. Three questionnaires were administered
(*Mathematics,” "Journals—Part A,” and “Journals—Part B,” in
that order). and the sample selection procedure ensured that all
students at a particular 3 ear levei, who had completed all three
questionnaires, had the same chance of appearing in the sample.
A full statistical report was prepared for the use of the
school (Clarke, Stephens, & Waywood, 1989). but the purposes
of this report are best served by a summary of significant
findings. These are set out below, with related conclusions ap-
propriately clustered. It must be borne in mind that these
findings are the results of students’ reports of their behavior,
their teachers' behavior, their perceptions. and their beliefs.

Frequency of Journal Use.

e The majority of students (54 percent) reported that
they write in their maths journal "after every lesson.”

* A similar majority (53 percent] estimated the time spent
on journal writing in one week as less than one hour.
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+ Ninety percent of students reported reading their jour-
nals either occaslonally or often.

Nature of Journal Use. By clustering student responses to
particular items it was possible to construct indices assoclated
with the hypothesized taxonomy of writing modes: Narrative,
Summary. and Dialogue. Of the sample of 150 students, 65
could be identified as predominantly employing one of the three
modes of journal use. This enabled statistical analyses to be
carried out for this subset of students Incorporating a measure
of Mode of Use. {A "Modal Rating” on a seven-point scale was
subsequently generated for 123 of the 150 students, and the
conclusions which foliow held true for both measures).

* Year Level was more decisive In determining the fre-
quency of journal use than was a student’s experience
with journal use. However, experience with journal
use was more significant in accounting for Mode of
Use. This justifies the conclusion that it is the experi-
ence of using journals that promotes more sophisticated
modes of use rather than simply student maturation.

* Analysis of variance revealed that Mode of Use made
the most significant contribution to accounting for the
variation cvident in the three key indices. User Index,
Difficulty Index. and Positive-Effect Index.

s A clear and statistically significant trend emerged in
the consideration of Mode of Use In relation to each of
the other critical indices. The more sophisticated the
mode of journal use, the more likely a student was to:

* make more use of journals

* find journal completion less difficult

* express greater appreciation of journal completion

* report positive. rather than negative, outcomes of
journal use.

These results may not be surprising, but the consistency in
the direction of the trend and In the statistical significance
strongly supports the interpretation of Mode of Use as a mean-
ingful structure for the analysis of student journal writing.
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Incentives and Obstacles to Journal Use

s Sixty percent of students gave as the main reason for
writing in their journal, “because it helps me.” In an-
other item, the most popular justification for journal
use was “ic help me learn.”

¢ Most studenus {75 percent) found the act of journal
writing “mos.y” or “always” easy. However, students
were evenly divided over whether or not they found it
difficuit to put their mathematical thinking into words.
In this regard, it is worth noting that half of the stu-
dent sample reported that the most important thing
learned from journal completion was “To be able to
explain what 1 think.”

Purpose.

» Asked to identify “the most important thing for me to
do in my journal,” students indicated: “to summarize
what we did in class,” “to write down what 1 vrder-
stand,” and “to write down examples of how things are
done,” in that order. These responses are consistent
with the finding that the majority of students appear
to be operating in the Summary mode and to perceive
journal use in either Summary or Narrative terms.

* In response to the item “I think of my mathematics
journal as ...." the most frequent student responses
were “as a Snmmary for me to study from later” and
“as a record of the things 1 have learnt in maths.”

Teacher Action.

» The most common student estimate of the frequency
of teachers reading journals was “once a month.”

¢ A Teacher Action measure was constructed from a
cluster of related questionnaire items. The reported
variation in Teacher Action with Teacher Identity was
statistically significant. that is. the differences which

students saw in the action which particular teachers

took in relation to journal use were consistent and
significant.
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Mathematics and the School Mathematics Program

Since data were collected regarding student conceptions of the
nature of mathematics and mathematical activity, the possibil-
ity exists for the later collection of parallel data in schools
where mathematics journals are not in use. A comparative
analysis of student responses may shed some light on the role
of mathematics journals in developing particular student con-
ceptions of the nature of mathematical activity.

¢ Students reported that their most common experience
of matheinatics at school was “listening to the teacher,”
closely followed by “writing numbers.” “listening to other
students,” and “working with a friend.”

Students rated aspects of their mathematics course in
order of importance. By far the most important was
“the teacher’'s explanations.” Other importan: aspects,
in order, were: “the help iy teacher gives me." “work-
ing with others,” “my maths journal” and “the text-
book.”

The role of communication in the learning of mathematics
and in the performance of mathematical activities was given
considerable prominence by a significant majority of students.
Pending further analyses, some sample student responses se-ve
to illustrate the variety of student views about the value of
mathematical journal writing. Responses include, "I find doing
the journal

» useful, because it helps me explain to myself what 1
am doing wrong" (Year 8).

* hard, because sometimes you forget and other times
you don’t remember what you understood in class”
(Year 10},

* awaste of time. because my teacher never collects my
journal to help me” (Year 10}.

* useful. because it helps me keep up with what's hap-
pening in class” (Year 12).
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Teachers' Perceptions and Reported Practices

All eight teachers of mathematics responded to a questionnaire
about thelr expectations of mathematiecs journal writing and
the use that they made of journals. As a follow-up to the ques-
tionnaire, three teachers were chosen for interviews according
to their experience in using journals and the year levels at
which they taught.

There was a high degree of consistency among teachers’
responses to the questionnaire. All teachers expected students
to write in their journals for at least one hour each week, and
to read over wha* they had written at regular intervals. Most
teachers aimed to read all journals at least twice a term, with
some expecting to do so more frequently, even though this was
acknowiedged to be a substantial time commitment. They also
expected students to show journals to their parents.

For the majority of teachers, the most important thing for
students to do in their journals was to write down what they
understand. Likewise, a majority agreed that mathematics jour-
nals are most effective in showing how students think about
mathematics. This was considered far more important than
students’ ability to summarize what they had learned.

A student in Year 7. for example. commenting on her review
of place value and addition. said she was no longer learning
how to do a “long sum,” but learning “why I'm carrying.” In her
journal. she further noted:

As many of us have worked on place value before, the
object of this work is not to teach us how to do a long
sum, but to do it so we understand. I must think about
why I'm carrying one...is it a ten, a one (unit), or
something else?...1 must think about why I'm doing
things with all sorts of maths., and not just do things
automatically. That is how I was taught to do it.

“eachers tended to agrec that students found journal writ-
ing difficult, and added that most students found it hard to
explain what they thought. Journal writing was seen as helping
students to write summaries. to be able to explain what they
think, and, more importantly. to not be put off by mathemati-
cal words and symbols. One teacher commented that jourrial
writing allowed students to investigate ideas independently.
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When asked to consider the greatest benefit for students in
reading over their journals. teachers very strongly believed that
review of the journals was most valuable when students were
trying to grasp a new idea. This outcome w=s rated more highly
. than using journals to go over material that has been dealt
with before.

Teachers were more diverse in articulating the benefits they
derived from reading students’ journals. These ranged from
getting feedback on teaching, identifying difficulties experienced
by specific students, and seeing how students learn as well as
seeing what students think they have learned. A very common
response of the teachers was to view journals as a way for
students to communicate to teachers their feelings about inath-
ematics. In general, teachers consistently noted that reading
journals had confirmed for them the importance of two-way
communication as a part of mathematics learning,

Nearly all teachers saw themselves interacting regularly and
often with students through their journals. These interactions
most commonly took the form of writing comments in journals,
taiking to students about what they had written., and helping
students to overcome difficulties they had mentioned in their
writing, as well as suggesting ways in which students could
improve the quality of their mathematical writing. A majority of
teachers saild that they often raised issues in class based on
what they had read in individual journals. Several teachers
said that they needed more time to read journals, to make
comments, and to provide individual feedback.

When asked to be more specific about ways in which stu-
dents could improve their journal writing, teachers consistently
commented in favor of students writing more about their own
thinking and asking more questions in their journals. These
two responses had stronger support than “writing better sum-
maries” or “collecting more examples.”

When given the opportunity to say how they regarded the
mathematics journals, the three universally endorsed responses
were; as a way for students to communicate their mathematical
thinking: as a record of students’ difficultles in matliematics:
and as a way ior students to think through the mathematics
they had done. All teachers agreed that reading students’ jour-
nals had contributed significantly to what they knew about
their students. Some specific responses were:
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[The journals provide] a more precise indication of how
much they understand.

[Through reading journals] I am able to identify stu-
dents who have “no idea,” or have difficulty expressing
themselves.

{The journals] help students to clarify difficulties. and
verbalize attitudes toward mathematics.

All teachers agreed that journals had helped them to un-
derstand their own teaching., Some specific responses were:

I used to dominate discussion. I now guide discussion
and encourage my students to explore, . ..

They often say if | have explained something wel or not.
Easler to assess how well (or badly) you have covered a
particular idea.

I now write notes on the tiackboard in every lesson.

Despite their references to students’ finding journal writing
as challenging and. at times, a demanding task, all teachers
affirmed that they saw improvement in students’ journal writ-
ing during the year and, when viewed across several years,
cumulative improvement. In the subsequent interviews, teach-
ers were asked to explain what they looked for to indicate
improvement in journal writing. The teachers’ response to this
and other similar requesis was to offer illustrative examples
from particular students’ journals:

A student, described by her teacher as quite capable, at
the start of Year 10. was using her journal to summa-
rize, basically in her own words, what the teacher had
written on the blackboard. Later in the first half of that
year, she wrote: I ran into a problem. When I do sums
like this I need to..."

Towards the end of the year, having studied the effects
of transformations on Hnear and quadratic functions,
she began to investigate on her own the effects of the
same transformations on sine functions: “1 know what
‘sine’ looks iike ... .I'm surprised to find that the rules
are similar to those for a guadratic function ..., As I
was unsure whether these rules apply to all or some
functions, 1 went on to find evidence to support this
claim.”
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In thelr questionnaire responses, teachers commented that °
practice in journal writing had enabled students to express
ideas more clearly and to relate ideas; they also noted that
students’ summaries had become more detailed and accurate.

Another Year 10 student was described by her teacher as
“just taking notes at the start of the year.” At this stage, her
journal was used mainly as a device to summarize work done
in class. Later in the year, she began to make comments on her
own work, such as, “I'm still getting confused on what numbers
to use in the domain and co-domain.”

Towards the end of the year, the same student wrote: “Be-
fore today, 1 didn't realize what f{x) meant. Today [ learned that
f(x}) means function of x.”

Her teacher annotated this entry, asking her to explain this
comment, and suggesting that she should try to analyze her
own thoughts further.

Finally, teachers were asked whether their view of math-
ematics journals had changed over the period they had been
using them. Three of the eight felt that there had been no
change, commenting that they had always supported the use of
journals in mathematics. From other teachers, there was a
devcloping sense of greater appreciation of the value of math-
ematics journals. Some typical responscs were:

Journals are a more powerful tool than I once thought.

My appreciation of their benefits has increased, as has
 my abllity to assist students to use them.

[ am a lot more aware of their usefulness.

Teachers brought to the interviews several journals by stu-
dents, representing a range of ablility. From the interviews, it
was clear that these teachers used consistent criteria to track
improvement In the quality of students’ journal writing. Im-
proved journal writing was noted from individual students within
a single year level and by a comparison among journals from
students in the same c¢lass. The criteria used by teachers sup-
poried the classification of developmental stages in mathemat-
fcs journal writing which has been employed in this study.

Progression in Journal Writing

Teacher interviews, together with an examination of students’
journals, served to confirm the categories that had been used
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to classify the major developmental stages in students’ math-
ematical journal writing. It appears that the three categories,
Narrative, Summary, and Dialogue, as employed to categorize
questionnaire responses, £} ~wed a marked consistency with
the linguistic forms by which students communicated what
they had learned and how they had gone about it.

In the Narrative stage, students' frames of reference for
their journals are defined, in the main, by tasks which make
up the mathematics lesson and by the chronology of the math-
ematics classroom. In some Instances, the description may be
as bald as. "Today we did the pink sheet.” Students seem
satisfled. at this stage, to describe themselves as, "doing frac-
tions,” or “in the middle of chapter 3.” and to comment on their
learning in general terms, such as "It was easy,” or “I tinished
all the work and got most of it right.” Examples seem chosen to
do no more than illustrate the work done. Many students at
Year 7, as they begin to use journals. may be expected to be at
this Narrative stage. A teacher of middle secondary classes
described many students at this level as still coming to terms
with journal writing. They are either still at a Narrative stage or
just beginning to move into a Summary stage. To use this
teacher's own words:

It s a case of knowing that they have to write some-
thing, but many have difficulty knowing what to do. At
the beginning of the year, these students are saying
what they did in the mathematics class....They are
able to describe what they did, and the types of things
they did.

Unlike students’ writing in a narrative stage, there is now a
deliberate effort to delineate key features of the territory. The
mathematics may still be “out there,” but students glve greater
attention to describing key steps in their work. It is no longer
sufficient for students to describe in very general terms what
they are doing; journal writing provides an opportunity for them
to “map” the territory in some detail and to record their progress.
However, their descriptions are almost devoid of personal com-
mentary or reflection. At this stage, thelr frame of reference is
restricted to recording, "in very basic terms.” the mathematics
that has been covered in class.
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With further refinement, students begin to include them-
selves In their summary of the mathematics covered. Not only
1s there more detall about what has been covered in class, but
they are beginning to locate themselves in relation to the math-
ematics being taught. They begin to identify “problerms” in their
own learning and to describe how they achieved a solution. It is
common, at this stage, for students to {llusirate their work by
reference to several examples and by comments on them. Yet
there is little discussion of why these problems arose and little
analysis by the students of their own thinking.

At a more developed stage, students begin to focus on the
ideas being presented. This term marks a significant transition
in the frame of reference for students’ journal writing. A thresh-
old is crossed when students begin to relate the mathematics
being taught to what they are learning and begin to demon-
strate their ablility to connect new ideas with what they already
know. One does not simply record or summarize ideas. One
has to try to make sensc of, or, come to terms with them. They
can be illustrated by, but are not identical with, examples.
Ideas make up the territory. but no !onger is the territory seen
as fixed and unchanging. The student 1s part of the territory
and can change the way it looks. Communicating ideas and
connecting them to what is already known now become key
features of students’ writing.

At this stage, students are able to identify and analyze their
difficulties. suggesting reasons why they are thinking in a cer-
tain way. According to teachers, students begin to question
what they are doing and show increasing confidence in using
their own words to link ideas. They are able to make sugges-
tions about possible ways to solve problems, even if these ap-
proaches may not prove to be successful. They are able to talk
more confidently about questions they have “in mind.” Through
their writing, they show that they are actively teaching them-
selves mathematics.

Teachers can play a critical role in helping students to
assume this degree of control over their learning. Getting stu-
dents to articulate their own thinking at the point where they
are coming to terms with a new idea, or meeting difficulty, is
essential to helping many to move into the more reflective mode
of writing, characterized as Dialogue. The key is to encourage

Si6
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students to question themselves when they do not understand,
rather than rely on the teacher to tell them whether they un-
derstand. As one teacher wrote in a student's journal: "Unless
you can explain it to me, you don't really understand.”

Articulating their own thinking in thelr own terms is chal-
lenging and empowering to students. As they move into this
mode of journal writing. many students frequently comment on
realizing "just how valuable the journal has become.” Helping
students to achieve this level of development in their journal
writing was a goal which teachers saw as achievable by
many students and to which all teachers expressed genuine
commitment.

Students and Teachers: A Brief Comparison of Views

A comparison of student and teacher data is informative In at
icast three ways. Such comparison can reveal (a) the percep-
tions of the purpose and value of journal writing held by the
two groups. (b) the extent to which teacher expectations are
realized in student practice. and (¢} the way in which studcent
perceptions of teachers’ actions and beliefs match the professed
beliefs and actions of the teachers. From the emergent com-
monalities and differences of view. it was evident that, while
the classroom implementation of journal use may not univer-
sally match the stated policy and goals of the school. both
teachers and students saw real value in journal writing. The
statements which follow summarize points of contrast and con-
sistency between the two groups’ accounts of journal writing:

* While most students reported that they were writing
in their journals after every mathematics lesson, as
required. the amount of time spent in this writing was
typically less than teachers’ expectations.

» Three-quarters of the student sample reported that
their teachers read the journals at least as frequently
as the “twice a term” which most teachers reported.
Student data revealed that the frequency with which
teachers read their students’ journals was predomi-
nantly a characteristic of the individual teacher.

Contrary to teachers' expectations. very few parents
ever read their children’'s mathcmatics journals.
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* Teachers recognized the difficulty many children expe-
rienced in trying to explain their thinking,

* Responses trom teachers and students stresscd the
importance of communication as a L..rt of mathemat-
ics learning.

* The regular interaction, which teachers saw as arising
from journal use. varied substantlally with student
perceptions ~° the actions of individual teachers.

* Those aspects of journal writing which teachers most
frequently saw as needing Improvement focused on
characteristics of the Dialogue mode. Student responses
were more varied. The forms of improvement which
recelved significant support from students were as di-
verse as their modes of use.

Senior students reported an improvement in their jour-
nal writing. Teachers felt that students progressed in
their writing in the course of a year. The proposed
taxonomy of journal writing (Narrative, Suinmary, Dia-
logue) emerged as a robust, powerful, and informative
model of this progression.

The use of student mathematics journals at Vauciusc Col-
lege offered the possibility of communication in all three modes—
communicating about mathematics, communicating mathemat-
ics. and using mathematics to communlcate. In particular, the
Integrated development of communicatlon skills and mathemati-
cal thinking was central to the aims of the Vaucluse program.
For some teachers, the ultimate goal of journal writing was to
equlp students to use mathematical forms and structures to
describe thelr everyday world. However, the nature of journal
writing derived from classroom purposes, and this close con-
nection with schoolwork may not have offered students the
opportunity to extend thelr growing confidence in mathematical
language by applying it to situations outside schoolwork.

SOME BROADER ISSUES

Communication in mathematics Is not a simple and unambigu-
ous actlvity. The significance of this study is that it points to
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modes of communication as indicative of stances towards learn-
ing mathematics and ultimately of students' perceptiois of math-
ematical knowledge. The categories which we have employed
serve a dual purpose: as descriptive of students' perceptions of
their learning of mathematics and, in the second instance, as a
progression in student mathematical activity.

When students write in the Narrative mode, they see math-
ematical knowledge as something to be described. In the Sum-
mary mode, students are engaged in integrating mathematical
knowledge. now conceived of as a collection of discrete items of
knowledge to be collected and connected. When writing in the
Dialogue mode, students are involved in creating and shaping
mathematical knowledge.

IMPLICATIONS AND DIRECTIONS FOR FURTHER RESEARCH

The IMPACT procedure is now in wide use nationally, having
been applied in the teaching of students from Year 4 of primary
school to third y=ar tertiary, and several local—that is, school-
based—evaluations of its effectiveness are being conducted.

The publication of Assessment Aiternatives in Mathematics
(Clarke. 1989) has received an enthusiastic response, and the
implementation of its contents would significantly alter the qual-
ity and the diversity of the modes of communication typically
employed in mathematics classrooms.

With regard to the use of mathematics journals, a critical
consideration for other teachers of mathematics Is the nature
of the interaction and the communication opportunities which
student journals offer. We hope to continue the Vaucluse Study
and to report in greater detail on the teacher’s role in nurturing
the emerging dialogue and responding to signs of increasing
student reflection and changes in the quality and sophistica-
tion of their communications. Comparison of the Vaucluse data
with responses from students and teachers in other schools
would shed further light on the possible effects of journal writ-
ing on student conceptions of mathematics, mathematical ac-
tivity, and school mathematics practices and on the signifi-
cance of communication in the learning of mathematics,

The student journals themselves constitute a unique data
source on the way in which students construct mathematical
meaning and on the developmental stages in students' ability

“1d
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to make such constructions. Our understanding of commurni-
cation and the relationship between language and mathematics
learning may also be informed by a more detailed study of the
nature and process of journal writing,
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Measuring Levels of Mathematical
Understanding

Mark Wilson

When we think of the learner as an active participarnt in con-
structing his or her own conceptualization of mathematics, we
are forced to reassess the nature of mathcmatics tests, Tradi-
tional tests were based on an atomistic model of knowledge.
Newer tests, based on a model of developmental change in
understanding, are necded. This article describes recent ad-
vances in developing such an approach.

One way to measure student achievement is to give a test
and to record the questions answered correctly or incorrectly,
In modern test theory (such as item Response Theory [Hambleton
& Swaminathan. 1985] or Rasch Model analyses [Wright &
Stone, 1979]), a student’s standing on an achlevement variable
is estimated from the resulting vector of right and wrong an-
swers, This variable is callbrated and criterion-referenced by
the test items that students attempt and so provides a frame-
work for mapping student progress. If the alm of an instruc-
tional program is to provide students with an unstructured
body of facts, skills, and algorithms, then this methodology can
be particularly appropriate. items can be constructed to indi-
cate the presence or absence of specific pleces of mathematics
on any given occaslon, and students’ performances on those
items can be scored either right or wrong. However, not all
curricula are based on the premise that learning is a matter of
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absorbing and reproducing provided information. Another way
to build a curriculum is to concentrate on the conditions under
which students change the way they conceptualize a subject.
Progress occurs when a student discards a less sophisticated
model or representation of a phenomenon in favor of a more
expert conception. Traditional mathematics achievement tests
are not well suited to the identification of the conceptions that
students bring to problems. A new testing approach is required
to map progress in conceptual understanding. This article de-
scribes recent advances in developing such an approach.

UNDERSTANDING AS A CONSTRUCTIVE PROCESS

A view of learners as passive absorbers of facts, skills, and
algorithms provided by the teacher is the basis of most current
measurement theory and practice. Standard achievement tests
measure students’ abilities to recall and apply facts and rou-
tines presented during instruction. Some items require only the
memorization of detail; other items, although supposedly de-
signed to assess higher-level learning outcomes like “synthesis”
and “evaluation,” often require little more than the ability to
recall a formula and to make appropriate substitutions to ar-
rive at a correct answer. Test items of this type are consistent
with a view of learning as a passive. receptive process through
which new facts and skills are added to a learner’s repertoire in
much the same way as bricks might progressively be added to
a wall. The process is additive and incremental: students with
the highest levels of achlevement in an area are those who have
absorbed and can reproduce the greatest numbers of facts,
formulae. and algorithmic productions. The practice of scoring
answers to items of this type either "right” or “wrong" i{s consts-
tent with the view that individua! units of knowledge or skiil
are either present or absent in a learner at the time of testing.
Under this approach. diagnosis is a simple matter of identifying
unexpected holes or gaps in a student's store of knowledge.
This creates a perceived need for remedial teaching that fills a
deficit in those subareas of learning in which knowledge Is
“missing.”

For some topics in the school curriculum, this appreach to
measurement may be appropriate. But recent research on stu-
dent learning has led to a new view of the student as a con-
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structive participant in building his or her own understanding
of subject matter. Learners do not just absorb new information,
but rather they construct their own interpretations and relate
new information to their existing knowledge and understand-
ings. Thus, experts and novices are seen to differ nct merely in
amount of their knowledge but also in the types of conceptions
and understandings that they bring to a problem and in the
strategies and approaches that they use. In cognitive science,
comparisons of novices and experts in various fields of learning
{Chi, Feltovich, & Glaser. 1981: Larkin, 1983: McCloskey,
Caramazza, & Green. 1980) show that expertise typically in-
volves much more than mastery of a body of facts: experts and
novices usually have very different ways of viewing phenomena
and of representing and approaching problems in a fieid. Ex-
pert-novice studies suggest that the performances of beginning
learners often can be understood in terms of the inappropriate
or inefficient models that these learners have constructed for
themselves. Similar observations have been made in the field of
mathematics education (Nesher, 1986; Resnick., 1982, 1984).

Expert-novice research does not in itself offer a panacea for
the problems that arise from traditional views of learning, em-
phasizing as it does the differences between two (relatively)
static states rather than the process of change. which should
be the focus of assessment—but it does at least point out two
end points of the process of learning. The importance of pro-
cess in mathematics education has been emphasized in a num-
ber of surveys (D'Ambrosio, 1979; Freudenthal, 1983; Rom-
berg, 1983), as have the active, constructive processes of
conjecture (Schwartz, 1985} and probiem solving (NCTM, 1980).
A constructivist vision of what constitutes mathematics—the
creation of (new} order—lies behind the epistemology of von
Glasersfeld (1983} and Davis and Hersh (1981). The “concep-
tual field"” approach of Vergnaud (1983) has also as one of its
most important elements a constructivist perspective on how
children’s conceptions are built from problems they have solved
and situations that they have met.

The "phenomenographers” in Sweden and other parts of
Europe (Marton., 1981. Dahlgren. 1984: Saljo. 1984) have
adopted a similar perspective. using clinical interviews to ex-
plore the different understandings that students have of key
principles and phenomena in a number of fields of learning.
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These interviews have revealed a range of student conceptions
of each of the phenomena that these studies have explored and
have illustrated the importance of forms of learning which pro-
duce “a qualitative change in a person's conception of a phe-
nomenon” from a lower-level, less sophisticated conception to a
more expert understanding of that phenomenon {Johansson,
Marton. & Svensson. 1985. p. 235). Similar investigations on
problem solving in both mathematical and sclence contexts has
been carried out by Laurillard (1984}. This interviewing tech-
niq: 2 has resulted in a conception of learning in which a stu-
dent is considered to almost always have some understanding
and some strategy when addressing a new problem. All learn-
ers are considered to be engaged in an active search for mean-
ing, constructing, and using representations or models of sub-
ject matter. Rather than being “wrong.” beginning learners have
naive representations and frequently display partial understand-
ing which they apply rationally and consistently. In arithmetic,
for example, "it has been demonstrated repeatedly that novices
who make mistakes do not make them at random. but rather
operate in terms of meaning systems that they hold at a given
time" (Nesher. 1986, p. 1117).

For the assessment and monitoring of student learning, an
implication of this view of learning is that we must start mea-
suring the understandings and models that individual students
construct for themselves during the learning process. In many
areas of learning, and in mathematics in particular, levels of
achievement might be better defined and measured not in terms
of the number of facts and procedures that a student can
reproduce (l.e., test score as counts of correct items) but in
terms of best estimates of his or her levels of understanding of
key concepts and principles underlying a iearning area.

CONSEQUENCES FOR MATHEMATICS ACHIEVEMENT TESTING

Traditional achievement tests begin with a statement of the
instructional objectives to be assessed, which should be stated
as directly observable student behaviors that can be reliably
recorded as either present or absent (Bloom. Hastings. &
Madaus, 1971). This advice tends to result in items that are
discrete in their relationship to the objectives and involve reta-
tively unambiguous performances. The epitome of this is the
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multiple-choice item, which, due also to its ease of use with
machine-scored answer sheets. has made the multiple-choice
item the automatic choice for test developers. Hence, the ad-
vantages of traditional achievement testing include (a) its provi-
sion for a close link between curriculum objectives that can be
expressed in behavioral terms and the resulting measures of
student achievement and (b) the specification of standard test-
ing conditions and scoring rules, which reduce subjectivity in
assessment and provide results that are comparable over time
and across students.

However. a disadvantage of traditional achievement tests is
that, because of the emphasis these tests place on precisely
defined student behaviors, they can encourage students to fo-
cus their efforts on relatively superficial forms of learning. As
Bloom himself wrote, such tests “might lead to fragmentation
and atomization of educational purposes such that the parts
and pleces finally placed into the classification might be very
different from the more complete objective with which one
started” (Bloom, 1956, pp. 5-6). Alternatively, one might base
achievement testing not on the detailed specification of many
observable student behaviors, each of which ecan be recorded
as either present or absent, but on a consideration of the key
concepts, principles, and phenomena that underlie a course of
instruction and around which factual learning can be orga-
nized. This alternative approach recognizes that learners have
a variety of understandings of phenomena and that some of
these understandings are less complete than others.

The challenge, then, is to find out enough about student
understanding in mathematics to design performances that will
reflect these different understandings and to then design as-
sessment techniqgues that can accurately reflect these different
understandings. This is a much more theory-intensive test gen-
eration model than that used for traditional tests. Even in do-
mains where much research has been done, it may be the case
that important subgroups of students give responses that do
not match our expectations well. Hence, the test development
and implementation model that we need must allow for greater
flexibility in item scoring and In interpretation of the test results.

The primary focus of a mathematics testing methodology
based on an active, constructive view of learning is on revealing
how individual students view and think about key concepts in
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a subject. Rather than comparing students’ responses with a
“correct” answer to a question so that each response can be
scored right or wrong. the emphasis is on understanding the
variety of responses that students make to a question and
inferring from those responses students’ levels of conceptual
understanding.

One area of learning in which work has been done to un-
derstand how students think about and approach phenomena
is the area of so called “open sentences.” Take as an example
th= work of Sandberg and Barnard (1986). Elementary school
students were asked to solve open sentences like 6 - * = 2 and
were then asked to explain their solutions. Sandburg and
Barnard analyzed the protocols from these explanations to clas-
sify their solution strategies into one of the six types given in
Table 11-1.

Table t1-1
Stralegies for Solving Open Sentences
Strategy Answer
1 Add all. When the form does not conform lo the canonical

structure add the two given numbers.

2 Interpret the operation sign as a direct instruction to perform
the stated operation on the two givens.

3 Read and solve the problem from fight to left when the equal-
izing sign is placed on the [efl.

4 Read and solve the problem from the right fo the left when
the problem first states the unknown.

5 Bridge the gap between the two given numbers. When the
structure is not canonical then the ditference between the
largest and smallest number is determined.

6 Expert

The observations made in studies such as this one suggest
that students do not simply make random “errors” but operate
in terms of naive theories about mathematical phenomena. In
the area of open sentences, Sandburg and Barnard (1986) found
that “their answer pattern could be interprcted in terms of very
systematic behavior. . . . Each child was found to use one over-
all strategy” (p. 5). Similarly, through the.r interviews with Swed-
ish students about aspects of science learning, Johansson,
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Marton, and Svensson (1985) arrive at a similar conclusion: *In
our case, a discovery of decisive importance was that for each
phenomenon, principle, or aspect of reality, the understanding
of which we studied, there seemed to exist a limited number of
qualitatively different conceptions of that phenomenon, prin-
ciple, or aspect of reality” (pp. 235-36). Researchers have ob-
served that the same naive conceptions can be found among
students from different countries and with different educational
backgrounds. Studies in four countries, for example, have shown
that there is a systematic and understandable sel of rules used
by students who do not compare decimals in the standard way
iLeonard & Sackur-Grisvald, 1981; Nesher & Peled, 1984: Swan.
1983).

Research findings such as these invite a reconsideration of
the way in which we think about and attempt to measure
student learning. Many students are succeeding on precise.
operationally defined objectives without developing an under-
standing of the material that they are learning. Partial If not
direct blame for this. at least for the ease with which this has
become the norm. must surely be directed to the standards
and practices that we have allowed to flourish in the testing
community. For many mathematics educators, the answer is to
place greater emphasis not on the learning of mathematical
formulas and algorithms but on changing students’ ways of
thinking about mathematics. As one of the phenomenographers
put it: “In our view, learning (or the kind of learning we are
primarily interested In) is a qualitative change in a person's
conception of a certain phenomenon or of a certain aspect of
reality” (Johansson, Marton, & Svensson, 1985, p. 235). The
assessment of such qualitative changes must equally become
the goal of those who construct mathematics achievement tests.

LEVELS OF MATHEMATICAL UNDERSTANDING

A methodology for mapping student progress in conceptual un-
derstanding would first identify a variety of important concepts
in an area of mathematics learning and then develop questions
or tasks that can be used to explore the different understand-
ings that students have of those concepts. A set of ordered
categories would be defined corresponding to different levels of
conceptual understanding within each task. The conception of
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ordered levels is basic to a view of learning as a “shift” or a
“change” in a student's understanding. Such a change consti-
tutes learning only if it involves a change from a lower-level.
less sophisticated understanding to a higher-level, more so-
phisticated conception. Of course. there may be Interesting con-
ceptual changes that are not fundamentally ordered. and these
need explication also, but such changes take on educational
significance only in relation to students’ progress toward more
expert states {i.e.. progression through the levels).

The set of {un-Jordered categories for a question is con-
structed by first exploring the variety of responses that stu-
dents give when they are confronted with that o~ 3tion and
asked to explain their thinking about it. To start w . the data
from which ordered categories are constructed for a question
are usually collected through student interviews. Qualitative
analysis of the interview protocols results in ordered categories
that provide a framework for recording future responses to that
question and introduce the possibility of basing measures of
achicvement on students’ levels of understanding. This is es-
sentially the method used by Martan (1981) and his
phenomenography group at the University of Gothenburg. There,
researchers Interview students to explore their understandings
of particular concepts and principles. transcribe tape record-
ings of these interviews, and then carry out detailed analyses of
transcripts. “The aim of the analysis is to yield descriptive cat-
egories representing qualitatively distinct conceptions of a phe-
nomenon” (Dahlgren, 1984, p. 24). These categories form an
“outcome space” that provides "a kind of analytic map” (p. 26)
of students’ understandings of each phenomenon. Learning is
thought of as “a shift from one conception to another” (p. 31)
on this map.

Returning to the example of open sentences depicted in
Table 11-1, the strategy categories can be quite straightfor-
wardly interpreted as ordered levels: level O is “no strategy™
level 1 is the use of strategies that are only sometimes success-
ful, that is. strategies 1 through 5: and level 2 is the use of the
expert strategy 6. In this interpretation. the structure of the
levels would be identical for each item. Sandberg and Barnard
point out that, In fact. the success of solution strategies 1
through 5 is dependent on which types of open sentence prob-
lem are being solved. For instance, strategy 1 will correctly
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solve an item like:* — 2 = 7, but strategy 5 will not. Under these
circumstances it may be preferable to use a more complicated
set of levels: let level 0 be “no strategy” as before; the incorrect
strategies can be mapped onto level 1; the strategies that are
correct in this case but not generally {i.e., not strategy 6) can
be mapped onto level 2; and the expert strategy can be mapped
onto level 3. An example of how this would work for three types
of open sentence items is given i1 Table 11-2. This time the
interpretation will be complicated by the fact that the strategies
do not have consistent efficacles across problem types.

Table 11-2
Partia’ Credit Levels for Three Types of Open Sentence ltems
Item Type?
Strategy a b c
“No strategy™ 1] 0 1]
1 2 2 1
2 1 2 2
3 2 1 2
4 1 1 2
5 1 1 2
6 3 3 3
*Exempiars of the ilem types are:
a...*-2-7
b...6="4+2
c...7-"=4

These interviews with students are essential for tdentifying
the varlety of understandings that learners have of phenomena
and for constructing ordered categories for individual ques-
tions. But in many practical settings, interviews are not practi-
cable as a basls for achievement testing. Alternative observa-
tion formats must be used for the purpose of assigning students
to the categories that have been defined for test questions. This
requires new kinds of imaginative tests that are capable of
providing information about the conceptions that students bring
to questions and that are also sensitive to the performance
changes that can result from conceptual change.

One approach to exploring students’ levels of understand-
ing is through computer-administered tasks. When students

el
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enter their responses to questions into a computer, these can
be matched to libraries of common responses that are keyed to
strategy use. In this way, particular kinds of errors and misun-
derstandings can be identified and inferences made about stu-
dents' levels of understanding. Clearly, in the open sentences
example, 1t would be possible to assemble sets of open sen-
tences that together would allow a decision to be made con-
cerning which strategy was being used. Additionally, if a deci-
slon was not clear within a reasonable number of problems,
this could iIndicate a student whose strategy use was eliher
inconsistent. or of a nature different from the Sandburg-Barnard
theory. Sufficient evidence of this type would lead to modifica-
tions in the theory itself.

A MODEL FOR MEASURING LEVELS OF UNDERSTANDING

The methods that have been developed for the analysis of right
and wrong answers to test questions must be extended to sup-
port the construction of achievernent measures from observa-
tions recorded In sets of ordered outcome categories. One such
method, the Partial Credit Model (PCM). Is described by Mas-
ters (1982) and Wright and Masters (1982); another, the Graded
Response Model, has been described by Samejima (1969). Al-
though these two models have certain important differences in
terms of philosophical foundations and psychometric
parametization, they yield quite similar results in practical ap-
plications. The PCM proposes that the probabiliity of a person
scoring In ordered level x rather than level x - 1 on a particular
{tem i will increase steadily with ability in an area of learning
such that the conditional probablility of being In the higher
category is:

T, B explB - 8.}
+ R, 1 +expB -5

ﬂ:flx -h
where n is the probabillity of a person responding in category x
(x= 1,2,....m) of item i B is a person’s level of ability in this
area of learning (o be measured by this set of items), and &_1s
a parameter that governs the probability of a response being
made In category x rather than in category x — 1 of item i By
applying this simple logistic expression to the (ransition be-
tween each palr of adjacent outcome categories for each item,
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we form a connection between the ordered categories for that
item and the underlying variable that the set of items is used to
measure, This model can provide measures of achlevement based
on inferences of students' levels of understanding of each of a
number - { concepts or phenomena in an area of learning.

The PCM provides a framework for assessing the validity of
attempting to summarize performances on the basis of differ-
ent aspects of achievement in a single global measure. The
PCM is used to construct a "map” to show how students' un-
derstandings of a phenomenon change with developing compe-
tence. In addition, the PCM provides a framework for identify-
ing aspects of achievement in which a student is experiencing
difficulty or making unexpectedly slow progress. The PCM takes
as its basic observation the number of steps that a person has
made beyond the lowest performance level. Consequently, the
parameter to be estimated s the step difficulty (8 ) within each
item. These step difficulties are substituted into the above model
equation for the PCM to give a set of model probabilities for any
given value of person ability. Figure 11-1 shows a plot of these
model probabilities in a diagram called an “item response niap."

Probebiity

I
|
|
|

R S |
0o 10

Abilty

Figure 11-1.
Item response map (ltem 1). (Kulm, 1990, p. 190). Reprinted with permission.
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Responses to this {tem have been scored in four ordered
categories labelled O to 3. In this plcture, abllity Increases to
the right on the page from -4.0 to +4.0 logits. The logit scale s
a log odds scale. Thus, for a dichotomous item, the odds of
success 1s calculated by taking the antilog (to base e) of the
logit difference, and the probability of success is found by solv-
ing the equation L = log(P/{1-P)). where P {s probability. L is the
logit and log 1s the natural logarithm. For a person who is 1.0
logits above an item, the odds of that person succeeding on the
item 1s exp(l) = 2.72. and the probabllity of success 1s exp(1)/
[1+exp(1)} = 0.73. This calculation Is useful for gaining a “feel”
for the interpretation of distance in the logit metric. but {t must
be emphasized that the interpretation for polytomous items is
somewhat more complex. The best strategy Is to read the prob-
ablility directly from the Figure, as i{s done in the next para-
graph,

From Figure 1 it can be seen that a person with an esti-
mated ability of 0.0 logits (middle of the picture) has estimated
model probability of about 0.05 of scoring 0 on this item: 0.18
of scoring 1: 0.42 of scoring 2; and 0.35 of scoring 3. The
relative values of these model probabilities change with in-
creasing ablility so that. over the portion of the ability variable
shown here, low scores of 0 and 1 become decreasingly likely,
and a score of 2 on this item becomes increasingly likely up to
an abllity level of about O logits. As abllity Increases above this
level, a score of 2 becomes less likely as the highest possible
score of 3 on this item becomes an increasingly probable result.

The item response map in Figure 11-1 can be used to fllus-
trate several important features of the PCM. Consider the hori-
zontal line through the middile of the picture at probability P =
0 5. The intersection points of this straight line, labelled here

¢ T and 7,, are known In the psychometric literature as “thresh-
olds In dlchotomously scored items there is only one thresh-
old (or difficulty) for each item. defined as the position on the
continuum at which the single oglve for that {tem Intersects P =
0.5. One practical difficulty that arises in examining item re-
sponse maps is that it Is difficult to arTange more than two of
them side-by-side In a reasonably sized figure. This Is often
reguired as the items are most often interpreted in relation to
one another, The thresholds provide a way to summarize infor-
mation about several partial credit items; simply place the
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Thurstone thresholds next to one another on a “summary re-
sporise map,” an example of which is shown in Figure 11-2. A
certain amount of detail is los* (In fact information is provided
only about the points at which successive cumulative prob-
abilities reach .5). but this is always the case with a summary
and should not be a problem if the item response maps are
provided as well. The Thurstone thresholds can be interpreted
as the crest of a wave of predominance of successive dichoto-
mous segments of the set of levels. For example, 1, is the
estimated point at which levels 1, 2, and 3 become more likely
than level O, 1, is the estimated point at which levels 0 and 1
become more likely than ! -zis 2, and 3, and 7, I3 the estimated
point at which levels 0. 1, and 2 become more likely than
level 3.
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Figure 11-2.

A summary item response map. (Kulm, 1990, p. 192). Reprinted with permission,

The PCM makes no assumptions about the unconditional
distributions of the persons along the latent trait but does
assume that the model adequately fits the data. Tests of item
fit identify individual iteris which function differently from other

~od
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items and may lead to the conclusion that it is inappropriate to
attempt to summarize all aspects of compelence in a single
measure. Persons who may be functioning differently from the
majority are also indicated by fit indicators. Model fit can be
assessed using a measure of fit called the “Item Fit t” for items
and the “Person Fit t" for persons (Wright & Masters, 1982),
which is a transformed mean square statistic. The distribution
of these statistics is not precisely standard normal, so it will be
used to focus attention on the more serious problems rather
than to make a strict decision about whether persons or items
fit or not. For items, it is possible to find the empirical item
response map, which allows visual inspection of items that
have been selected on the basis of the Item Fit t as question-
able. Another way to assess fit is to divide the sample of per-
sons into groups with interesting and interpretable differences.
reestimate the parameters in each case, and examine the dif-
ferences. Only if the model fits in the different groups can
meaningful comparisons be made. These comparisons can be
organized by using an indicator called the "standardized differ-
ence” between the estimates (Wright & Masters, 1982, p. 115).

EXAMPLE. USE OF THE SOLO TAXONOMY

The example discussed below is based on the Structure of the
Observed Learning Qutcome (SOLO) Taxonomy (Biggs & Collis,
1982). which is a method of classifying learner responses ac-
cording to the structure of the response elements. The tax-
onomy consists of five levels of response structure:

1. a prestructural response is one that consists only
of irrelevant information

2, a unistructural response is one that includes
only one relevant piece of information from the
stimulus
a multistructural response is one that includes
several relevant picces of information from the
stimulus
a relational response is one that integrates all rel-
evant pileces of information from the stimulus
an extended abstract response is one that not only
includes all relevant pieces of information, but ~x-
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tends the response to integrate relevant pieces of
information not in the stimulus.

It i5 expected that in a given topic area learners will move
tirough each level from the prestructural to the extended ab-
stract as their comprehension and maturity improve. Further-
more. the majority of responses should be classifiable into one
of the levels in the SOLO taxonomy indicating the learner's
location on a latent dimension: “The structure of the SOLO
taxonomy assumes a latent hicrarchical and cuinulative cogni-
tive dimension” (Collis, 1982, p. 7).

In the particular items under study (Romberg, Collis,
Donovan, Buchanan. & Romberg, 1982: Romberg, Jurdak, Collis,
& Buchanan, 1982) a short piece of stimulus material, which
might consist of text, tables. or figures, is supplied, and stu-
dents are asked to answer open-ended questions concerning
the material. Together. the stimulus material and the questions
are referred to as a “superitem” (Cureton, 1965), and an ex-
ample of one is given in Figure 11-3. The questions are linked
to one of the higher four levels of the taxonomy. The responses
are judged as acceptable or otherwise according to an agreed
set of criteria, and the sum of the questions in a superitem is
used as the indicator of SOLO level. in discussing the results,
individual items within a superitem will be referred to as “ques-
tions” to help keep clear the distinction between levels. The
following example uses data from a study of a new statistics
curriculum for high schoois (Webb, Day, & Romberg, 1888). In
all. 1,238 responses without any missing data on the seven
problem-solving items are available for the analysis. Because of
the age of the students, only the first four levels (i.e., excluding
extended abstract} are assessed.

In the case of SOLO superitems. the thresholds in Figures
11-1 and 11-2 can be Interpreted in the following way. The
first threshold. 7,. is where it becomes more protable that a
response will be unistuctural or ahove: 1, is where it becomes
more probable that a response will be multistructural or above:
and 7, is where it becomes more probable that a response will
be relational rather than multistructural or below. In Figure
11-2, the unistructural threshold is marked by a "+", the
multistructural threshold is marked by an X, and the relational
threshold is marked by an **",
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1. The lines on the graph are city streets. One-way streets for vehicles are indicated by
arrows.

A | ‘JB

S

15
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A. How many blocks would Alice (A) have to walk to visit her friend, Gayle, who lives at
G, it she walks by the shortest way?

Answer

B. Alice (A) and Bill (B} have a friend Clara who lives at C. The three of them are
walking from their homes 1o meet at a restaurant {R}. Who has the furthest to walk?

Answer

C. If Bill (B) moves 2 blocks east and 5 blocks south, Gayle (G) moves 4 blocks south
and 2 blocks west, and Alice {A) moves 6 blocks east and 2 blocks south, which
person now has the farthest to go to the restaurant by car if the car takes the
shortest possible route from each home?

Answer

Figure 11-3.
item 1. (Kulm, 1990, p. 188). Hepfinted with permission.

Results

The distribution of the students along the latent variable de-
fined by the seven problem-solving items is shown in Figure
11-4, where ability has been estimated using the PCM (and is
expressed in logit units). The great bulk of the students (90
percent}) were estimated to be between -.63 logits and 2.38
logits {scores 9 to 18). Thus, in interpreting the item response
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maps, attention will be focused or -:- portion of the ability
scale. Note also the nonlinear relationship between the logit
scale and the scores; this is indicated by the selection of score
locations given on the left-hand side of the figure. This will also
need to be borne in mind when interpreting the item response
maps. The analysis was performed using the PC-CREDIT pro-
gram (Masters & Wilson, 1988).

40
Abiity
(Scores 9 13
Flgure 11-4.

Distribution of students along the problem-solving variable.
(Kulm, 1990, p. 188). Reprinted with permission.

Figures 11-2 and 11-4 give an overall picture of the progress
toward a relational level of understanding that has been achieved
by these students. All students are beyond the unistructural
threshold for items 1 to 5. so, for these items, all are more
likely to give a higher response than prestructural. Most stu-
dents are displaying a level of understanding where prestructural
and unistructural are less likely than multistructural and rela-
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tional, but few give evidence of a mainly relational response.
This summary response map leads to an interpretation of “typi-
cal performance” for students at a given location. For example,
a student at 2.38 logits might be expected to respond thus to
the seven items: (3.3.2,3,3,2 or 3*.3) {note that the estimated
expected responses are real numbers, not integers—these “ex-
pected responses” have been rounded to the nearest whole
number and are hence somewhat inaccurate). Overall, we would
want to {ypify this student response as indicating a grasp of
the relational level that is nevertheless challenged by the items
with more difficult relational steps. Real student responses that
correspond to a logit of 2.38 vary considerably from this ex-
pected pattern. For example, two student responses that actu-
ally were recorded were, for student A, (3,3,2,3,2,2,3) and, for
student B, {1,3,3,3.3.2,3). Student A differs from the expected
pattern only in one place, Student B, in two places. Are either
of them seriously divergent from the expected pattern? The
Person misfit indicator gives us some hint of this. It turns out
that while Student A's pattern is quite innocuous as far as fit is
concerned, the fit value for Student B is the highest recorded
for any student. Thus, absent further information, one
would be justified in making the above interpretation of the
response vector for Student A, but one would need further
information before one could make any such interpretation for
Student B.

Item 1 was shown in Figure 11-3, and the estimated item
response map for this item was shown in Figure 11-1. The
conditional probabilities of response indicate that most stu-
dents are performing above the prestructural level, ranging from
approximately 15 percent of students with an item score of 0
(prestructural) at 9 points total (-.63 logits), to approximately
85 percent of students with an item score of 3 (relational) at 18
points total (2.38 logits}. Thus, the predicted responses to this
itemm range over the full SOLU spectrum within the range of
abllity of the majority of students in the semple. Moreover, the
progress within the SOLO levels is quite regular from
prestructural to relational for this item.

The relationship of the steps of Item 1 to the steps of the
other items Is also displayed in Figure 11-2, item 2. which
concerns train timetable reading (Figure 11-5), has a pattern

*In this casec. the expected value was approximately 2.5, hence 2 and 3 have
about the same probability.
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of thresholds similar to item 1 for the first two steps., but
clearly has a more difficult transition to the relational level. The
effect of this on the item response map for item 2 can be seen
in the upper panel of Figure 11-6, where the band for score 2
[multistructural) is about twice as wide as that for item 1.
Moreover. the relational threshold for item 1 is the easiest of all
the items, It is interesting to consider the differences between
the two “relational” tasks to try to understand this discrepancy.
For item 1, the multistructural gquestion requires the student to
compare the distances from three separate places on a street
grid to a fourth location: the relational question adds the com-
plication that the three original places are moved, For item 2,
the mulistructural question requires the student to find the
latest train that can reach a destination by a certain time; the
relationai question adds the complication that there is a certain
time required at each end of the train journey for walking to
and from the station. The item 2 question clearly demands that
the student go beyond the immediate information provided by
the timetable and use the timetable information in the context
of a more complicated problem, The item 1 question uses dif-
ferent information to that provided by the original street grid.
but the new information is of the same kind as the original—
the student is asked to construct a revised grid. This is cer-
tainly more difficult than the multistructural question. but it
does not clearly involve the understanding of a relationship
among the pieces of information in the stimulus. What might a
“taxi-cab geometry” itemn that was relational look like? Perhaps
if the students were asked to use some standard geometrical
concepts in the taxi-cab geometry world, such as, "What does a
circle look like in taxi-cab geometry?”, we might see more con-
sistency between item 1 {Figure 11-3) and the rest,

Item 3 (Figure }1-7) displays a divergent pattern also, but
this time the relational question is more difficult than that of
the remainder of iterns, The lower panel of Figure 6 shows a
very wide band for score 2 (multistructural), which makes a
response on the relational level quite unlikely for this item.
This item concerns the approximation of lengths of line seg-
ments to the nearest inch and half inch, using a ruler. The
unistructural question requires the student to estimate the
length of a line segment to the nearest inch: the multistructural
question asks the same question, but specifies half inches; and
the relational question makes this harder by misaligning the
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Atrain leaves Alma and arrives in Balma at these times in the summaer:

Leave Alma Arrive Balma Leave Alma Arrlve Baima

6:05 am. 6:50 a.m. 11:35 12:20 p.m.
6:55 7:40 2:08 p.m. 2:53
7:23 8:12 3:35 4:20

7.42 8:17 4:50 5:30

8:03 8:43 5:12 5:47

8:20 10:05 5:34 6:14
10:35 11:20 7:35 8:20

A. Whatis the latest train from Alma you can get if you want to reach Balma by 4:30
p-m.?
Answer _

. If you are busy working all morning and cannot travel befcre 10:00 am_, what is the
latest train you can get so as to reach Balma by 3:00 p.m.?
Answer

C. A person lives 30 minutes from Alma and has an appointment in Balma at 1:30 p.m.
The appointment is 20 minutes from the Balma station. What is the lates' ime this
person could leave home for this appointment?

Answer

Figure 11--5,
Item 2. {Romberg. Coilis, Donovan, Buchanan. & Romberg. 1882).
Reprinted with permission.

line interval with the end of the ruler and failing to specify the
standard (i.e.. inch or half inch}. Given this description, the
distinction between the uni- and multistructural questions does
not appear to fit so well into the SOLO framework. The rela-
tional question is obviously going to be harder for students, but
this time it seems that the inconsistencies between this item
and the others may be counfusing students. This may be caus-
ing the relational question to appear very difficult,

Items 4 and 5 display a pattern similar to item 2. Item 4
concerns a survey of people attending a foothall game, and item
5 concerns the proportional mixing of liquids. As they, along
with item 2. constitute the most generally consistent block of
items, they will not be discussed at this point. ltems 6 (item
response map in top panel of Figure 11-8) and 7 (item response
map in lower panel of Figure 11-8} exhibit a quite different
pattern of thresholds from that of items 2. 4, and 5. For both
patterns. the unistructural threshold s much more difficult
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06 -

05 4

04 -

Probability

03 ~

02
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J
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Figure 11-6,
- ltem response maps for items 2 (top) and 3 (bottom). (Kulm, 1990, p. 193).
Reprinted with permission.
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3. When we use a ruler our measuring is not exact. To the nearest inch, the lines below
are each 3 inches long. The lengths are somewhere in the range of 2z inches to 3Yz
inches.

A B
C D
E F
| | | | |
0 1 2 3 4
A. What is the length, to the nearest inch, of the line EF?
Answer
G H
| I ] ' ] I | I | I |
0 1 2 3 4 5
8. What is the length of GH?
Answer
0 2 4 6 8 10
N i | 1 [ 1 | | i
J K
C. What are the smallest and largest possible lengths of JK?
Answer

Figure 11-7.
Item 3. (Romberg, Collis, Donovan, Buchanan, & Romberg, 1982).
Reprinted with permission.

than that of the other ltems, and the multistructural threshold
Is correspondingly harder also. This has resulted In item re-
sponse maps that are “pushed” to the right compared with
those for the other items.

Item 6 (Figure 11-9) has been criticized elsewhere {Rom-
berg, Jurdak, Collis, & Buchanan., 1982: Wilson & Iventosch,

L I
ot
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1988) on the basis of an ambiguous and relatively very compii-
cated multistructural question, so this issue will not be pur-
sued here. One would not expect this problem to make the
unistructural question unusually difficult—it is a seemingly
stralghtforwvard graph-reading question, although it does use
the word “average,” which might mislead some students into
trying to calculate a mean. item 7 (Figure 11-10j} Is a probabil-
ity question about guessing the month and season in which
people’s birthdates fall. Given some familiarity with probability.
the unistructural question seems a straightforward estimation
of an expected value. Perhaps the explanation of the discrep-
ancy here lles not in possible misapplication of the SOLO tax-
onomy, but in the lack of famliliarity of students in the sample
with statistics and probability. This would explain the transla-
tion of the Thurstone thresholds for the uni- and multistructural
questions towards the difficult end of the scale. The relational
questions in both cases do not experience so great a shift. This
might indicate that the lack of familiarity of the more able
students with statistics and probability was less marked than
that of the less able. This might be due to such topics being
customarily included in enrichment portions of curricula. or to
the possibility that students who are more able in general have
sufficient mathematical intultion and attention to detail to suc-
ceed on these Items, where less able students need instruc-
tional exposure.

The fit of the items, as indexed by the Item Fit t, indicates
that the worst case, by a considerable degree, Is that o: item 1
(t = 5.78). The origin of this lack of fit can be examined by
considering the empirical item response map (solid lines In
Figure 11-11), constructed by calculating the proportions of
students at each total score that make up each item score and
then plotting them on an ability metric as was done for the
theoretical item response maps. Looking at this Figure alone
reveals two "blips” in the empirical map: one between ~2.0 and
—-1.0 logits, and a smaller one at about 1.0 logits. Some per-
spective on the meaning of “deviation” In this case can be
gained by superimposing the estimated Item response map on
the empirical one. The dashed lines in Figure 11-11 show that
the theoretical response curves are very discrepant at the fower
end but tend to fit somewhat better at the top end, apart from
the second "blip”. Notice how the theoretical curves tend to
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Probabifity

08
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0

09 T T T T T T T T T T T T T T T
40 -3 - -0 o0 10 W 1 40

Abilty

Figure 11-8.
ltem response maps for items 6 (lop} and 7 {bottom). {Kulm, 1990, p. 193).
Reprinted with permission.
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6. The figure below shows the average birth rates, marriage rates, and diverce rates in
Magtand for each 10-year period beginning in 1926 up to 1674.

36

30
25
20

15 - -
W\

Average rate per 1000 population

RN

1945-64 e56-84 1985-74

BB marriages W 8irths [__] Divorces

. ‘What was the average marriage rate in the years from 1925 to 19347
Answer

. Between which two peric;ds did the average marriage rate decrease
while the average birth rate increased?

Answer
. What relationship seems to exist in general between birth rate and
marriage rate?
Answer
Flgure 11-9.

Item 6. (Romberg, Collis, Donovan, Buchanan, & Rombarg, 1962).
Reprinted with permission.
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7. Ateacher Iries to guess the season and month when any child in her class was
born. If the teacher was to guegss the season, she would most likely get 1 correct for
every 4 guesses.

; If the teacher was 1o guess which month any child was born, she would be kkely to

get 1 correct for every 12 guesses.

A. If the teacher used the seasons to make her guesses, how many times do you think
she would have been correct with four children’s birthdays?
Answer

B. The teacher has 12 girls and 16 boys in her class. She guessed the month in which
each girl was born and the season in which each boy was born. In how many of her
28 guesses was she likely 1o have baen comect?
Answer

C. if the teacher guessed 7 right out of 16 for the seasons and & right out of 12 for the
months, how many more correct guesses altogelher has she made than you would
expect by chance?

Answer

Figure 11-10.
Item 7. (Romberg, Coilis, Donovan, Buchanan. & Romberg, 1982).
Reprinted with permission.

balance between over- and underestimating the empirical curves
above -1.0 logits. In calculating this statistic. greater weight is
given to parts of the scale where greater Information is avail-
able. so It is not necessarily the case that the greatest contri-
butors to the statistic are the discrepancies that look greatest
on Figure 11-11.

What has this told us about item 1? It looks uncomfortably
like this item is susceptible to some sort of misinterpretation by
students of lower abilities. The estimated step difficulties and
thresholds are mainly being determined by the behavior of stu-
dents of ability greater than about -1.0 logits. For student: of
lower abilities. their scores are being somewhat overestimaled
Ly these values. It looks as if some confusion occurs in stu-
dents at about -1.0Q logits that makes the questions relatively
harder. Perhaps students who recognize the grid as being a
Cartesian coordinate system (not the least able, obviously} make
the problem harder for themselves hy trying to solve for Euclid-
ean distances. This is the sort of issue that can only be
unravelled by gathering more information from students about
their problem-solving tactics.
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Probability

Abilty

Figure 11-11,
Empirical and theoretical item response maps lor item 1,
(Kuim, 1890, p. 184). Reprinted with permission.

As a comparison. Figure 11-12 shows the theoretical and
empirical item response maps for item 3. which had a much
better Item Fit [t = .50). For this item the considerable discrep-
ancy at the lower end has not had so great an effect on the
discrepancies at the upper cnd where most of the weight of the
student information lies. This situation raises the possibility of
an alternative interpretation of the large fit statistic for item 1.
Perhaps the students at the lowcr cnd are simply less consis-
tent about their problem solving than those over -1.0 logits.
and the sum of these inconsistent responses for item 1 was one
that. by chance, affected the estimation procedure. Unfortu-
nately. there is no way to dctermine the most likely of these
possibilities given the data. The emnpirical results and th¢ analy-
sis of them using an IRT model can show inconsistencic s, but
interpretation of such Inconsistencies must be accomplished by
probing more deeply into the students’ cognitions than {s re-
vealed by scores on the items.

o
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Figure 1112,
Empirical and thearetical item response maps {or item 7.
(Kulm, 1990, p. 195). Reprinted with permission.

Discussion of Example

The results for this example have included a “map” of the
variable representing progress through the SOLO levels that
allows one to give a criterion-referenced interpretation of a given
student’s mathematical understanding with respect to the SOLO
levels and the items that were used to elicit performance. It
also provided a framcwork for picking out performance pat-
terns that were especially inconsistent and that deserve further
examination.

The results have also pointed 1o some specific problems
with particular items. Such results arc not very uscful if our
attempt to measure levels of mathematical understanding is
seen as a hit-or-miss, once-only task. If, however, mcasure-
ment is seen as an incremental process. involving the gathering
of Information at various times in a varicty of contexts, then
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the lessons learned from this analysis may be put to some good
use. The empirical results can be used to sharpen the tech-
nique of translating the SOLO scheme into the reality of math-
ematical problem-solving items. The need to sharpen the dis-
tinction between multistructural and relational for one of the
items was noted. Another item needs closer examination to
clarify why its relational level is so difficult. One item displayed
some inconsistency that may be due to confusion it caused for
certain students. The best way to explore such empirical re-
sults is to collect samples of qualitative data at the same time
as the item scores are recorded. This could be as straightfor-
ward as collecting a sample of the students' answer sheets
{especially if they were encouraged to “show their work™. A
more formal strategy would be to interview a sample of the
students taking the test,

Looking more closely at some of the relational questions
within the items (e.g.. items 1, 2, 3 and 4) leads one to specu-
late whether the relational level has heen well realized by these
items. Certainly the relational question within each of these
items would be expected to be more difficult, but that is not
sufficient for it to be considered as indicating a higher level
within the SOLO taxonomy. For example, in item 2, the rela-
tional question asks the student to place the use of a railway
timetable into the broader context of a real-life problem where
one has to consider time taken to get to and from the railway
station. This is adding an extra variable to the problem, but is
it addressing the mathematical relations among the compo-
nents of the timetable? What is needed is a strongly math-
ematical idea of how to apply SOLO. One potential source for
this is the van Hiele {1986) mathematics learning sequence. If
one compares the SOLO idea, which is a general approach, to
the van Hiele approach, one realizes that the van Hiele levels
constitute successive relational levels that could be used in a
SOLO framework. The interesting complication is that SOLO
provides a framework for assessing within the van Hiele levels,
and van Hiele levels provide a framework for linking between
SOLO items at different levels.

©oa;
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A Framework for the California
Assessment Program to Report Students’
Achievement in Mathematics

E. Anne Zarinnia and Thomas A. Romberg )

This chapter propescs categories for the California Assess-
ment Program to use in reporiing student achievement in
mathematics. Initially, state assessment reported achievement
to the legislature for the purpose of accountability. However. '
assessment does more than simply register students’ achieve-
ment; it affects it in ways both intended and unintended. In
these pages. the authors examine the explicit and tacit mes-
sages. imposed in the analyzing. gathering. and aggregating of
test data. that have subtle effects on teaching and student
achievement. It is determined that units of analysis and re-
porting categories are needed which will deliberately support
the purposes of adcquate information for monitoring and—by
focusing attention on critical considerations—promote reform
in mathecmatics education.

With recognition of the impact of assessment and strong,
ongoing demand for educational reform, the goal of state as-
sessment in mathematics is now to go beyond recording for
accountability purposes and to become an intentional catalyst
for educational change. Thus, units of analysis and reporting
categories are needed that will both deliberately support the
purposes of gathering adequate information for monitoring and.
by focusing attention on critical considerations, promote re-
form in mathematics education.

242
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This document outlines seven bases for forming reporting
categories. Each set of categories is associated with major is-
sues, prevailing educational practices. and demands for re-
form. Also. each is discussed as it arises in the logic of the
argument. The argument proceeds first by examining the present
assessment situation in California as well as in other parts of
the United States. In the course of that examination, four re-
porting categories are described. This is followed by a consider-
ation of the primary objective of the reform movement—the
development of "mathematical power” for all students. From
that analysis. three additional reporting categories are presented.
the last being recommended for use in California. Suggestions
are made for gathering and reporting appropriate evidence. Fi-
nally. a recommendation is made based on a consideration of
these alternatives.

THE PRESENT ASSESSMENT SITUATION IN CALIFORNIA

The gathering. reporting. use of, and reactions to assessment
information, as these activities now occur in California, shed
light on the problem of arriving at reform-oriented categories.
There are a few key features to consider: first is the curricu-
lum. intended. actual, measured, and achieved: second is the
set of assessment and testing programs that are in place to
measure and report the achieved curriculum: and third is the
reaction of different groups of people to both.

For the last five years, the Mathematics Framework for Cali-
fornia Public Schools: Kindergarten Through Grade 12 (Califor-
nia State Department of Education, 1985) has been the state's
outline of an intended currjculum. Each district has its own
intended curriculum spelled out explicitly in its curriculum
guide and tacitly in its textbook adoptions. In progressive dis-
tricts, the guide has been revised to support the Framework. In
other districts. the Framework may be mentioned but not really
followed. or it may never be mentioned. The actual curriculum
addressed by the teachers is undoubtedly a pragmatic mix
determined under day-to-day circumstarnces.

Assessment is a means of reporting students’ achieved cur-
riculum. Whatever we know about the curriculum that stu-
dents actually achieve depends on the way the assessment
program measures and reports. The resulting information about
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the achieved curriculum is only good for accountability if what
is measured is a valid proxy for the intended curriculum out-
lined in the Framework.

To grasp the dimensions of the reporting problem. it is
critical to look at the broad picture of testing and assessment
and at the ways in which program data from mandated testing
Is used. The National Center for Research in Mathematical Sci-
ences Education has gathered information about the impact of
mandated testing in the United States in a series of studies.
The first surveyed the perceptions of eighth-grade mathematics
teachers nationally (Romberg, Zarinmnia, & Williams, 1989). The
second surveyed state supervisors (Romberg, Zarinnia, & Wii-
liams, 1990). In the third (Romberg & Zarinnia, in press a), the
issue was pursued through in-depth case studies in four states
by interviewing teachers. testing directors. and administrators
in selected districts. The fourth study (Romberg & Zarinnia, in
press b) extended the pursuit of the issue to follow-up ques-
tions with teachers.

This series of studies has provide . a base of information
about the impact of mandated testing in California in two ways.
First, a set of data for California was extracted from the na-
tional survey (Romberg, Zarinnia, & Williams., 1989). Second,
California was one of the four states chosen to conduct the
case studies and follow-up questioning for the third and fourth
studies (Romberg & Zarinnia, in press a: in press b). California
was selected because it has been actively pursuing educational
reform by developing a state curriculum framework and by
modifying its state assessment to support attiinment of the
standards in the framework.

The National Survey: California

Data (Romberg. Zarinnia, & Williams, 1989) suggested that Cali-
fornia mathematics teachers are well informed about their state
assessment program and perceive it as emphasizing mathemati-
cal understanding. In this respect. the perception of California
teachers differs from the perception of teachers nationaily that
state assessment stresses ¢ssential competencies. The Califor-
nia teachers also distinguished quite clearly between the em-
phasis on undcrstanding in the California Assessment Program
and the basic skills nature of a typical district test.




A Framework for the California Assessment Program 245
The California Case Studies

The teachers in the national survey were selected randomly.
That is not true of the districts in the case studies, which were
chosen to reflect a range of curriculum and testing environ-
ments. Nevertheless, information from: the case studies in sev-
eral California districts can be used to develop a composite
picture that illustrates ways in which existing state and district
assessment programs exert an effect. The statements from teach-
ers and administrators are used to write a coherent story and
to point to issues that need to be considered in establishing
reform-oriented reporting categories for mathematics.

Three assessment and testing programs have been man-
dated to measure the achievement of California’s students. The
federal government has required pre- and post-testing to select
and account for Chapter 1 students. Second, the state requires
that districts have a proficiency test for graduation. To satisly
this state proficiency requirement. school boards usually re-
quire students to take a standardized test. And third, Califor-
nia requires that every student must participate in the Califor-
nia Assessment Program (CAP).

District Testing. In one of the districts in the California case
study. to ensure adequate performance on the Comprehensive
Test of Basic Skills {CTBS) and achievement of minimum stan-
dards. all students are tested at least weekly in a Computer
Managed Instruction (CM)) program and are required to master
a series of objectives specifically correlated with the CTBS. Prin-
cipals in the district are evaluated on students’ performance on
CMI and the CTBS. Their teachers refer to the mastery program
as “computer-managed testing” and are skeptical about the
validity of the CTBS in relation to their curricular objectives. To
minimize the number of CMl tests to be taken by a student, the
district administers the CTBS in the fali as well as spring,
recording, thereby. mastery of as many of the CMI objectives as
possible at the beginning of the year and reducing the time
students spend in testing. The CTBS data are used to commu-
nicate with parents about their child's performance. They are
also used to group and place students; one of the criteria for
placement in high school algebra. for example, is a score of 80
percent or above on the CTBS. Although other districts are less
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intense in their approach, the uses of the district test are con-
sistent with the data from the national survey.

The California Assessment PProgram (CAP). In addition to
district testing with the CTBS/CMI system—or other tests in
other districts—students are tested with the CAP in the spring
using a matrix-sampling approach. Although each student takes
only a subset of test items. within each school the total matrix
addresses each of the subject sirands and subtopics of the
Framework. Results are reported by Framtework strands. CAP
returns a performance report to each school with school and
state scores and change scores, as well as percentile ranking
within a statistically similar comparison group of schools. In
this way, schools can compare their performance with schools
statewlde, with schools in their statistical comparison group.
and with their own performance in previous years,

Both teachers and school administrators in the case stud-
ies stated privately that CAP scores are important and are a
basis for formal evaluation of administrators and informal evaiu-
ation of teachers. The pressure to use the scores in this way is
considerable. CAP scores are printed in the newspapers in such
a way that every school is compared with every other school.

The case study on the CTBS/CMI system revealed that the
district administration requires principals to analyze and re-
spond to the data in a written report that identifies perceived
problems and outlines plans for dealing with them. Thus. the
principals examine performance on the strands reported. pin-
point two to three weak categories or topics. and request the
mathematics departnient to propose strategies for dealing with.,
for example, low scores in Measurement. An indication of the
importance of the scores to districts is that although teachers
in the district with the CMI system have no prep periods. they
are released for a whole day to go to the district offices to
discuss the CAP profile and review the mathematics program,
These teachers regard CAP as helping them to get away from
the overemphasis on the CTBS objectives. which they describe
as almost entirely computational and to focus on the strands of
the Framework. They said that CAP supports the Framework
and validates thelr emphasis on problem solving. However, they
also claimed a mismatch between what they do in problem
solving and the efforts of CAP to assess it with multiple-choice
items:
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It has something that it calls problem solving, but
don’t think the way that 1 do problem solving, you could
put on a matrix type test, where you have just a few
questions and it's multiple-choice. (Becker & Pence, in
press)

The same teachers from the CTBS/CMI district were inves-
tigating alternative assessment strategies. such as portfolios,
and proposed alternatives:

if we are going to have a test, 1 would like to see it be a
collection of the different works the students have done.
take a sample of their efforts to do a nice rich problem
in the Fall, and then use that as a testing situation. .. .1
don't know how they are going to go through life with-
out being able to put all of these types of ideas together.
(Becker & Pence, in press)

in another district. a tecacher described a close match be-
tween thc test and what he wants the remedial students to
learn. He distinguished clearly between the kinds of problems
he considered suitable for his remedial class and those suited
to the accelerated class. He also had a different attitude about
calculators for the remedial group. feeling that those students
needed to know how to enter an operation into the calculator
before they should be allowed to use one freely. Interestingly,
the proficiency test—a dominant part of their mathematical
experience for the remedial group. but a negligible concern for
the accelerated students—does not allow calculators. The same
teacher’s accelerated students “behave as though their caleula-
tor is an extension of their hand.” The irony is that many would
consider this entrenchment of low-lcvel approaches appropriate
differentiation of the curriculum.

The pressures resulting from CAP's percentile rankings are
a problem. A teacher in a district of lower socioeconomic status
expressed frustration with the publication of rankings that mini-
mize the impact of any improvement in scores. In a high scor-
ing school, the percentile rankings are also bad for teacher
morale and act as disincentives.

We are expected to be in the high 90s or they wonder
why. Last year we scored 95 percent in math, and this
year we scored 94 percent. we Know our administrator
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is going to wonder why...and they'll be asking us to
look over our program and see what area we are going
to bolster up to get that score back. If we happen to
come in the 93rd Instead of the 96th, we did the best we
could, the kids did the best they could. But at the same
time, we get a feeling we are being criticized for it. . . . Well,
if you got a hundred percent, you would be dead be-
cause the next thing you would be c¢xpected to do is
improve beyond that...and you just can't. (E..cker &
Pence, in press)

In spite of this pressure, one teacher described the relation-
ship between CAP. the 1985 Framework, and her .c¢aching as
follows:

Well. I have never seen the CAP test: | think here and

there I have seen samples...to me it's just this big

mysterious thing that | am really curious about, | am e
really trying to line up with that Framework because 1

think it's a very sound framework. [ think it's very well

balanced. I can’t see too many things at this point that

they would change. I think the trend now is to get more

writing into the math cumiculum, which still you can

very easily slide that in. The Framework is making math

fun to teach. 1 have taken lots of courses on using

manipulatives, so I'm just very excited about it. . . . {CAP] :
is just as accurate, { guess, as anything else could be. -
But | still want more of an individual type score. I think

that would be more helpful to us teachers. {Becker &

Pence, in press)

Teachers interviewed for the case studles repeatedly said
that the data from CAP are not very useful to them because of
the timme lag and because they do not get data for individual
students, CAP is intended for program, not student, assess-
ment. In fact. there are strong feelings in some gquarters that
CAP should not be extended to individual student assessment
because of the embedded implications of state political control
versus local authority. The fact remains that in lieu of mea-
sures of individual student achievement that represent a seri-
ous attempt to reflect the Framework, poor measures generated
by the district tests are used:
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My feeling is that the CTBS test is not updated. So, it's
kind of out of sync with what is really happening. They
are testing things we taught eight years ago. (Becker &
Pence. in press)

Teachers in the CTBS/CMI district. which gives the CTBS
twice and requires passing of the CMI objectives for graduation.
commented:

The CTBS does affect what I do in the classroom. be-
cause 1 do have to spend time on those narrowly fo-
cused Ideas. The test itself is almost defeating the ideas
I have tried to instiil in my classroom.

The CAP doesn't affect what I do; it does explain why 1
do it. {Becker & Pernce, in press)

They observed that although the CTBS/CMI program is sup-
posed to be diagnostic, it is not effective for that purpose. and
they argued that their students "Flunk test-taking before they
even have the opportunity to flunk content.” One teacher com-
plained that:

The kids who are poorest on the CMIs are the ones that
can problem solve the best in class. especially if it is not

a math-related problem. (Becker & Pence, in press)

Summary. In the case studies, both teachers and administra-
tors subscribed to California’s 1985 Framework. The districts
met the obligations Imposed by the state for proficiency testing,
but teachers described the resulting emphases as computational.
Teachers appreciate the efforts to correlate CAP with the Frame-
work because it validates thelr efforts at problem solving. How-
ever, because districts did address the categories reported by
CAP. it validated equally the problem solving conducted by
teachers of accelerated classes and the computational empha-
sis of remedial teachers. Teachers decried the competitive
pressures resulting from percentile rankings and were skeptl-
cal about CAP's ability to measure problem solving with mul-
tiple-choice approaches. They expressed a strong need f{or indi-
vidual student data and some wanted alternative assessment
measures.

Both districts and tcachers need individual data. If CAP
does not provide it, they will continue to use the most cost-
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effective data available. This is typically from low-level, district
tests.

Conclusion

It is essential to recognize that information from testing and
assessment programs is used for multiple purposes and that
_CAP is only one part of a coherent system. The need for data to
support internal instructional decisions is paramount in the
schools. Perhaps this is because instruction is the central mis-
sion of the system, whereas accountability is inherently an
external issue. CAP does not provide individual student infor-
mation, so schools derive that from other sources. The result is
that although CAP is making strenuous efforts to adjust its
program and move beyond basic skills and muitiple-choice test-
ing, it does so In the context of district tests that are substan-
tially at odds with reform goals but that. nevertheless, are
relied on for individual student data.

Every assessment, including those intended for program
assessment, should provide timely information and consist of
valid instructional tasks that are a conscious and integral part
of the intended curriculum of each child. If this were in fact the
case, there would be no need to distinguish between individual
and program assessment with respect to appropriate tasks.
Only the distinction between such things as sampling strate-
gies and units of analysis would be significant. If one acknowl-
edges student learning as the central mission of schooling, it
further suggests that not only the tasks, but also the system
and structures for gathering accountability information and
reporting the data. should be designed with instructional needs
in mind.

ALTERNATIVE REPORTING CATEGORIES WITHIN THE
EXISTING SYSTEM

Based on the description of testing in California and other
current practices in the United States. four alternative ap-
proaches to reporting categorics are apparent. These vary in
the way items are categorized in terms of mathematical content
and/or assumed abilities {or intellectual processes).
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Alternative Number 1: Consolidate Testing and
Update Content

Reporting Categories: Key Mathematical Content
(Subcategories for process)

One potential response already under investigation in a num-
ber of school districts in California is a combination of CAP and
updated district testing in an experimental program called Cur-
riculum Alignment System/Comprehensive Assessment System
(CAS). To replace low-tevel district testing in mathematics. a
consortium of districts has attempted to alleviate:

* the massive amounts of time spent testing

¢ the lack of alignment between the curriculum and the
tests

* the absence of individual student data in CAP.

A report from one of the districts is indicative of the pro-
cess. The district formerly gave the California Achievement Test
{CAT). as well as a criterion-referenced district test. and CAP;
these three tests took abiout thirteen hours to administer. With
the 1985 Framework in mind. the district now prioritizes its
objectives, which are then mapped onto an item bank to gener-
ate the tests. The publisher sends a practice test. which the
district administration says is an indication to the teachers of
what they need to teach. On the actual test. the questions that
compose the CAP matrix appear on the first few pages of a
longer district test that is norm referenced. CAP itemns are re-
turned to CAP, which generates the usual repoits. The test
publisher returns detailed analyses to the district for individual
students and for classes.

The advantages of Alternative Number 1, in which the con-
tent of the tests is updated and merged for efficiency. is that it
is nondisruptive. There are few major changes in strategies for
gathering. analyzing, and reporting information. Through the
district committee, the teachers can emphasize the aspects of
curriculum that they value most and. thereby, ensure a closer
match between the district test and the curriculum.

The disadvantage of this approach is that it is essentially
an updating and consolidation of existing strategies. It is, there-
fore, unlikely to promote substantive change. It does not an-
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swer teachers’ concerns about the use of multiple-choice items
to test problem solving. Furthermore, CAP's traditional repori-
ing categories do nothing either to change perceptions of math-
ematics or to focus on the measurement of mathematical power.

Alternative Number 2;: Emphasize Mathematical Abilities
in Each Content Area

Reporting Categories: Content (Reported only in
subcategories of mathematical ability)

This second alternative expands the reporting of performance
in cach content area by sorting items into ability subcategories.
For examplc. the National Assessment of Educational Progress
has identilied coneepts, procedures. and problem solving as
critical mathematical abilities (NAKP, 1988). Assessment for 1990
will report scores for abilities witlnn cach of the categories of
content to be assessed. By reporting conceptual, procedural.
and problem-solving scores and appropriately weighing items
within each content category, NAEP hopes to emphasize the
process of doing mathematics (see Figure 12-1). NAFP intends
to use its assignment of content categories to reduce the em-
phasis on Number and Operations and to increase attention to
Geometry. Algebra, and Functions. These {ables illustrate the
advantage of this alternative in the use of content categories to
promote instruction in geometry (which has languished) and
reliance on subcategories to clarify NAEP's vision of mathematics.

Tabie 1 Percentage Distribution of Questions by Grade and
Mathematical Abiiity -

Mathematical Ability Grade 4 Grade 8 Grade 12
Conceptual Understanding 40 40 40
Procedural Knowiedge 30 30 30
Problem Solving 30 30 30
Table 2 Percentage Distribution of Questions by Grade and Content Area
Content Area Grade 4 Grade 8 Grade 12
Numbers and Operalions 45 30 25
Measurement 20 15 15
Geometry 15 20 15
Data Analysis. Siatistics.

and Probability 10 15 15
Algebra and Functions 10 20 25

Figure 12-1.

Tables 1 and 2 lfom Malhiematics Objectives: 1990 Assessment. (NAEP, 1988, p. 14).
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However. the tables also illustrate the disadvantage of
this alternative. It is likely that schools will use the categories
for a multigrade summary analysis in which two or three weak
points will be selected for attention. Despite the subcategories,
the likelihood is that the primary emphasis of such analyses
will continue to be on categories of content. doing little to
change the vision in schools of what it means to engage In
mathematics.

Alternative Number 3: Upgrade Process to the Same
Status as Content Reporting

Categories: Content and Process

The problem of providing adequate infermation aboutr perfor-
mance is more deep seated than simply updating the content
categorics.

It has bheen popular to use content-by-behavior matrices.
Such matrices have proven to be a powerful organizing struc-
ture. Despite modification of the specifics on each axis, the
matrix approach has been used in many programs during the
past quarter century. For example, it was integral to the model
of mathematics achievement in the National Longitudinal Study
of Mathematical Abilities (NLSMA} (Romberg & Wilson, 1969,
pp. 29-44}, and to all administrations of the National Assess-
ment of Educational Progress. Persistence of the matrix as a
tool for organizing activity is important and reflects:

* jts power as an organizing tool:
* its visual facility: and

* the strong continuity between assessment projects cre-
ated by relying on those with the most relevant experi-
ence in the field and those planning the next project,

Today. however. the inadcquacies of this structure have begun
to outweligh its advantages. Evidence for this les in two baslic
arcas. First, the content dimension remains unchanged. The
result is implicit statements about curricula that focus on knowl-
edge segmented into subjects for study, such as mathematics
into arithmetic, algebra. and geometry. These have the immedi-
ate impact of implying that:
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* knowledgc can be broken down into clearly defined,
independent, self-sustaining parts;

* sv~h an approach is important. more important than
any other approaches which might follow:;

* there is a logical sequence of development in which
each part builds on a preceding foundation:

* it is important to know about the divislons of knowl-
edge enumerated;’

* if knowledge were acquired in this manner, students
would be able to use and apply their mathematical
knowledge as needed.

Such implicit assumptions may be unwarranted if. for ¢x-
ample. knowledge is regarded as unitary and emphasis is on
knowing rather than knowing about. The approach is also un-
suitable if there is genuine concern with application and prob-
lem solving. Stated simply, purpose should suggest form, and
form implies purpose: incoherence may be Inferred from any-
thing luss.

Disagreement over the precise structure and arrangement
of content in a grid is only part of the problem. We..bury (1980)
pinpointed a more fundamental concern: the difference between
the intellectual structure of a discipline and its institutional
structure in schools, where it is an administrative framework
for tasks. The consequence is that administrative stability im-
pedes intellectual change. For similar reasons, Romberg (}985)
described mathematics in schools as a stereotyped, static discl-
pline in which the pieces have become ends in themselves. A
similar response to the impact of scientific management and
behaviorism on mathematics as a school subject is Scheffler's
(1975) denunciation of the traditional, mechanistic approach to
basic skills and concepts:

The oversimplified educational concept of a “subject”
merges with the false public image of mathematics to
form quitc a misleading conception for the purposes ol
education: Since it is a subject. runs the myth. it must
be homogeneous, and in what way homogcneous? Ex-
act. mechanical, numerical. and precise—yielding for ev-
ery question a declsive and unique answer In accordance
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with an effective rouiine. It is no wonder that this con-
ception isolates mathematics from other subjects, since
what is here described is not so much a form of think-
ing as a substitute for thinking. The process of calcula-
tion or computation only involves the deployment of a
set routine with no room for ingenuity or flair, no place
for guesswork or surprise. no chance for discovery. no
need for the human being, in fact. (p. 184}

A second concern is that the process dimension has been
based on behaviorism. This ref’ ts an application to the prob-
lems of education of the engineering approach to scientific man-
agement, focusing on managing environmental factors to achieve
a defined outcome and ignoring the internal cognitive mecha-
nisms. Scientific management rests on threce basic principles:
specialization of work through the simplification of individual
tasks, predetermined rules for coordinating the tasks. and de-
tailed monitoring of performance (Reich. 1983). These
microprinciples pcrvaded American education with the same
thoroughness with which they were applied in the economy.
They dominated the breakdown of knowledge. the roles of teach-
ers and students. instructional and administrative proeesseg.
the building-block approach of Carnegie units, the content and
structure of textbooks. belief in the textbook as an effcctive tool
for transmitting content. the structure of university education.
and monitoring and cvaluation. Hence, the notion of progress
emerged through the mastery of simplec steps, the development
of learning hierarchies. explicit directions, daily lesson plans,
frequent quizzes, and objecctive testing of the smallest steps,
scope and sequence curricula.

Unfortunately. these are only thc more obvious aspects.
One consequence of such mcticulous planning is that it ren-
ders the unplanned unlikely. A sccond is that a system de-
signed to eliminatc human error and the element of risk also
climinates innovation. A third is that. like factory work, it is
dull. uninspiring. and unmemorable except for {ts boredom—
for personal involvement and the mnemonics of the unexpected
arc nonexistent.

Bloom's Taxonomy of Educational Objectives (1956) epito-
mizes the domination of American education by scicntific man-
agement. for 1t completed the process by which not only the
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content of learning but the proxies for its intelligent application
were classified, organized in a linear sequence, and by defini-
tion. broken inlo a hierarchy of mutually exclusive cells. The
consequences in the classroom were far reaching. Scope and
sequence charts prescribed which parts of a subject were to be
covered tn what order; each cellular part of each subject was
put into a matrix (e.g., Romberg & Kilpatrick, 1969, p. 285}
behaviors suggesting desirable intetlectual activity were also
sequenced. However, given the multiplictty of subject cells to be
covered, the easiest way to finish the prescribed course of
study was to simply cover content without worrying too much
about thought. Furthermore, matrices are difficult to construct
effectively on paper in more than two dimensions. Conse-
quently. few scope and sequence charts addressed both levels
of thinking and specific aspects of content in a very coherent
manrier.

The dilemma such matrices pose for both assessment and
instruction is whether to “cover” some content areas at all
levels of behavior or to place emphasis on the lower levels of
behavior for all content areas. This dilemma is partially recog-
nized by CAP in its elevation of two process categories to the
same vector as content: Problem Solving and Tables. Graphs.
and Integrated Applications. Otherwise. CAFP's reporting catego-
ries continue the content-by-behavior approach by reporting in
major content strands and specifying sublevels for Skills and
Applications.

CAP's strategy in mixing content and process categories in
the same primary vector of the standard. two-dimensional frame-
work recognizes that it ts essential to focus on the process of
doing mathematics, Therefore, processes to be valued as highly
as content, such as problem solving. need to be elevated to the
same category status in the reporting framework if they are to
receive proportional attention in the curriculum.

The disadvantage is that elevating selected processes, such
as problem solving, to the contcnt vector effectlively categorizes
them as content. It impli~s that they are distinct from other
categorics of content. jus. is algebra is separated from geom-
etry. Thus, although Alternative Number 3 supports California’s
1985 Framework by emphasizing problem solving. representa-
tion. and integraled application, it only adds to the content of
school mathematies and does little to suppoit the significantly
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different view: that, in every area of content, it is the doing of
mathematics that is mathematics.

Alternative Number 4: Focus Primarily on Process

Reporting Categories: Process (Subcategories for content)

If one wished assessment to convey the message that it is the
process of doing mathematics—rather than simple coverage of
content—that is closer to the nature of mathematics (e.g., Gale
& Shapley, 1967) and the intent of the 1985 Framework, then
the logical strategy would be to reserve the major reporting
categories for mathemalical processes. Thus, if one considered
mathemalics as problem solving, this would generate a set of
major reporting categories originating in problem solving. such
as the following:

Working

Pesigning/ Through/ Explaining/

Inquiring Modeling Solving interpreting
probing constructing deducing connecting
conjecturing formulating analyzing communicaling

concluding generalizing

CAP (1987a) adopted a similar strategy in the preliminary
edition of its revised Survey of Academic Skills: Grade 12. which
has two major reporting categories: Problem Solving/Reasoning
and Understanding and Applications. The former is subdivided
according to four major components of the problem-solving pro-
cess: problem formulation; analysis and strategies: interpreta-
tion of solutions; and nonroutine applications/synthesis of rou-
tine applications. The latter is divided into the subcategories:
number and operations: patterns, functions. and algebra: data
organization and interpretation/probability: measurement and
geometry: and logical reasoning.

Such categories have the advantage of reprcsenting math-
ematics as a purposeful and active occupation, especially {f
each of the processes is fleshed out in subcategories of process.
They also address indirectly three of the five major goals of the
NCTM (1989) Standards: reasoning. communicating. and prob-
lem solving. In addition. the notion of process categories is
likely to seem very reasonable to those accustomed to the con-
tent-by-process framework because there is only a minor modi-
fication in thinking from the content-by-process approach. How-




258 Zarinnia and Romberg

ever, without content subcategories, there is little about process
categories to distinguish them as unmistakably mathematical.

Thus, process categories have several disadvantages. First,
if one werc to treat processes as categorics for separate courses
or topics of study, it could lead to discrete textbook chapters
and lessons on particular processes, such as working through
or solving. There is no guarantee that processes would be as-
sessed as part of a holistic task; in fact, a probable conse-
quence would be to disintegrate problem solving in the same
way that the meticulous definition of precise subcategories at-
omized content under the cxisting system.

A second disadvantage is that particular philosophies of
mathematics generate diffcrent metaphors of mathematics as:
problem solving; modeling; a cultural systemn: the science of
patterns: a language. In fact, the power of mathematics lies in
the fact that it is all of these (e.g., NCTM, 1989}. Each meta-
phor contributes—and leads to-—considerable insight into the
nature of the mathematical endeavor. Mathematics as a science
of patterns focuses on the discipline’s search to identify and
describe invariance and. consequently. on the big ideas of math-
ematics: quantity, space, dimension, chance, and change (MSEB,
1990).

Mathematics as a language einphasizes the discipline's uni-
versality, pithy symbolism. semantics and grammar. and gen-
crative nature. It also brings insight into the problems of those
who are linguistically restricted or from minority culturcs [(e.g.,
Cocking & Mestre, 1988). If the analogy of study is pursued.
tone. voice, clarity, and precision are all essential, implying the
ability to represcnt one's belicfs about the beauty of fractals,
for example, in a way and a medium that are appropriate to the
argument and thec audicnec. This philosophy teads to the belief
that students should be able to convey their mathematical ar-
guments in various representations, formally and informally,
eloquently and appropriately (NCTM, 1989).

The crux of the problem is that if process categories are
restricted to the integrity of a particular metaphor, they will
probably fossilize and impoverish the vision of the mathemati-
cal endeavor in schools. If spread across multiple metaphors,
they are likely to disintcgrate the mathcmatical cxpericnecs of
children as incvitably as minutcly specified content has,
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Summary

Each of the four alternatives proposed for reporting categories
is viable, moderate., and attainable. However. each anticipates
relatively minor changes in the existing system and portrays a
restricted view of mathematics. If one takes seriously the task
of measuring and reporting achievement in a way that encour-
ages desirable change. the issue demands more than rearrang-
ing within extant structures. As they stand, the first four alter-
native structures for reporting categories are unlikely to bring
about substantiv= change.

MATHEMATICAL POWER

The baslic issues and goals of assessment need to be reconsid-
ered and alternatives proposed that are powerful and practical
and that make sense. The essential issue is that there is a
considerable array of desirable information, but one can only
have a limited number of reporting categories if their message
is to be readily intelligible. This has led to the selection of a
limited number of critical features for gathering and reporting
information and resulted in a grossly simplified version of math-
ematics. The real problem is how to gather complex informa-
tion and report simply and effectively, but not simple mindedly.

Epistemology and Authority

The single greatest issue in improving school mathematics is to
change the cpistemology of mathematies in schools, the sense
by teachers and students of what the mathematical enterprise
is all about. The magnitude of the current misunderstanding of
mathematics is well {llustrated by the fact that over 80 percent
of the teachers who responded to NCRMSE's survey on man-
dated testing believe problem solving is included in their stan-
dardized district test of basic skills (Romberg, Zarinnia, & Wil-
liams, 1989).

The epistemology of school mathematics will be turned
around only hy its complete decmocratization and a change in
the authority structure of the subject (Mellin-Olser:, 1987). The
notion that mathematics Is a sct of rules and formalisms in-
venled by experts that everyone else is to memnorize and use to
obtain unique, correct answers must be changed. In this con-
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text. there is an obvious potential for developing a unity involv-
ing the cultural genesis of mathematical ideas (Bishop, 1988).
research in situated cognition (Brown. Collins. & Duguid, 1988).
and a multicultural population of inadequately served minori-
ties. The answers and the problems beg to be connected. Teach-
ers, deskilled for decades. are pivotal. So, too, are students.

To lead school mathematics epistemologically, reporting cat-
egories must nof only convey information about achievement,
but carty clear messages about the nature of the mathematical
enterprise. and every individual’s role, rights. and responsibili-
ties in the undertaking. The single most urgent message is
political: mathematics Is a universal. democratic. and collabo-
rative endeavor in which all students are entitled to participate
as citizens.

The question is, “What set of reporting categories might
support this?" California’s 1985 Framework introduced the idea
of mathematical power as the goal of instruction:

Mathematical power, which involves the ability to dis-
cern mathematical relationships. reason logically, and
use mathematical techniques cffectively. must be the
central concern of mathematics education and must be

the context in which skills are developed. (California
State Department of Education. 1985, p. 1)

Despite introduction of the idea of mathematical power in
the 1985 Framework, 1t is essential to recognize that the docu-
ment focused heavily on outlining desirable mathematical con-
tent. Consequently. it is to its seven strands of content—Num-
ber, Measurement. Gcomctry. Patterns and Functions, Statistics,
Probability. and Logic—that administrators in California make
repeated reference. Their comments on the impact of testing
suggest that thcy are also quite familiar with the Frame:
work’s rccommendations on instruction, especially with the em-
phasis on problem solving. This may be because problem solv-
ing is reportcd by CAP as onc of the categories of eontent. In
fact, when districts review their programs, it is the CAP catego-
ries that are addressed (Romberg & Zarinnia, in press a).
One cannot assume that a focus on these categories will trans-
late automaiically into the mathematical power sought by the
Frarmework.
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The NCTM (1989) Standards also adopted mathematical
power as the phrase most evocative of the quality of math-
ematical literacy sought for the entire population. Now, Califor-
nia is developing a new mathematics framework. Although still
in its preliminary stages. it is clear the 1990 California “Math-
ematics Framework” will build both on increasing knowledge
and conviction nationally about what it nieans to have math-
ematical power and on how students become mathematicaily
powerful. The 1990 “Framework” will seek a new organization
and structure of mathematics programs at all grade levels. one
that emphasizes students’ independent judgment and active
engagement in mathematical investigation. It will also focus
specific attention on assessment, both as an integral part of the
classroom program and as externally imposed.

There are, therefore. five critical questions involved in the
examination of mathematical power:

1. What is meant by mathematical power?

2. What can be regarded as convincing evidence of
mathematical power?

3. How should that evidence be gathered and ana-
lyzed?
How should the evidence be summarized. and how
can achievement of mathematical power be de-
scribed in a report?
How corruptible is the resulting structure? If
schools examine the report, focus on weak catego-
ries, encourage students to create evidence of im-
provement. and evaluate themselves by the in-
struments recommended. will students. in fact,
becorne mathematically powerful?

Mathematical Power Interpreted

There is a strong distinction between definition of mathemati-
cal power as the intrinsic power of mathematics and the per-
ception of mathematical power as individuals and societies em-
powered by mathematics. Therefore. one needs to think about
what it means to be mathematically powerful both as individu-
als and as a soclety and to consider ways of identifying math-
ematical power.
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All societies use and create mathematics. Mathematical
power for the individual means that each person has the expe-
rience and understanding to participate constructively in soci-
ety. Over the ages, people have invented and used mathematics
to count. measure, locate. design. play. conjecture, and ex-
plain. They have also examined its generalized abstractions
and developed out of them further mathematics—whether ex-
planations, designs, proofs, or new theorems—which may or
may not have been put to practical application (Bishop, 1988).
They continue to do all of these, but in a rapidly increasing
variety of contexts, in increasingly complex situations, and with
shorter and shorter time spans for development. Assessment
should seek and report evidence of these kinds of mathematical
activity.

Mathematics is essential to value-guided optimization and
choice between alternatives. for example. Consequently. under-
standing and experience of such uses of mathematics as pre-
cise and imprecise measures of vast and difficult to measure
quantities is now critical to policy formulation and public deci-
sion making, In a society in which mathematics and informa-
tion technology are pervasive. all members need to understand
how mathematics is used: they need to know how to use it and
to have a sense of how the discipline functions. The bottom line
is whether we have a society whose members have a broad,
reflective understanding and experience of mathematics in use,
or whether we do not.

Mathematics is a profound and powerful part of human
culture (MSEB, 1989, p. 33). it provides practical knowledge for
everyday quantifying. locating. and designing. As such, it is the
basis for sclence and technology and is deeply ingrained in
aesthetics. Furthermore. in a culture that is heavily mathemati-
cal and techniecal, mathematical inference is at the root of ratio-
nal argument and behind many debates on public policy. In the
sense that citizens need a solid understanding of, for example,
very large numbers, it is also a civic issue. Finally, it is a major
part of the western intellectual tradition, and there is a deep
vein of amateur mathematics in many leisure activities.

Everybody uses and relies on mathematics and, to some
degree. everyonc is a mnathematician. However, not only do most
students leave school with inadequate preparation. but "math-
ematics is the worst curricular villain in driving students to

270
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failure in school” (MSEB, 1989. p. 7). To counteract this situa-
tion, assessment programs should seek evidence of students
using. reflecting on, and inventing mathematics in the context
of value and policy judgments, designing and inventing, playing
around with cobjects and ideas, describing and explaining their
ideas and positions.

For a society to be mathematically powerful, its citizens
must have the mathematical understanding and experience to
jointly undertake the routine tasks of everyday life, operate as a
society, and progress as a civilization. This means that {n soci-
ety both a critical mass of understanding and experience are
needed and, in addition, availanility of a substantial range of
special expertise. Individuals have the potential for several kinds
of power: to stand on their own with independent power: to
contribute to the power of a group: to enhance and extend their
own power by drawing on the group context. A recent trend by
employers is the search for individuals who can work as effec-
tive members of a team. Hence. intertwined with individual
power is the ability of a society to produce mathematically
powerful groups. The full range of a society’s power depends on
the degree to which each of these facets exists in conjunction
with the other. For accountability and encouragement. evidence
of each facct should be reported.

The NCTM Standards argue that to be mathematicaily pow-
erful in a mathematical and technical culture, students should
develop the power to explore, conjecture. recason logically, and
integratc a variety of mathematical methods effectively to solve
problems. In becoming mathematical problemn solvers. they need
to value mathematics, to reason and communicate mathemati-
cally, and to become confident in their power to use mathemat-
ics coherently to make sense of problematic situations in the
world around them. Hence, the document advocates four stan-
dards that should be used to critigue all of the other stan-
dards: mathematics as problem solving, mathematics as rea-
soning. mathematic$ as communication, and mathematics as
connections between topics and with other disciplines. Any as-
sessment should provide evidence of each.

Students retain best the mathematics that they learn through
construction and experience. Hence, the argument in the Stan-
dards is that students are more likely to become mathemati-
cally powcrful if they lecarn mathematics in the context of prob-
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lematic mathematical sltuations. As students use this approach
to mathematical content, they learn to formulate problems and
develop and apply strategles to their solution both within and
outside mathematics. In a range of contexts, they verify and
interpret results and generalize solutions to new problem situa-
tions. In so doing, they apply mathematical modeling and be-
come confident in their ability to address real-world problem
situations. As they reason through their problem situations,
students develop the habit of making and evaluating conjec-
tures, and of constructing, following, and judging valid argu-
ments. In the process, they deduce and induce, apply spatial,
proportional. and graphic reasoning, construct proofs, and for-
mulate counter-exarnples. Assessment of students’ problem solv-
ing must reflect these considerations.

The problem situations referred to in both the Standards
and the draft of the 1990 “Framework” intend purposeful inves-
tigation of situations that arc opcn to multiple approaches.
Students need experience in a range of prototypic situations so
that they can analyze thelr structure, finding essential features
and ways in which aspects are related. Prototypic is meant in
two ways: prototypic in the sense that the situation should bc
representative of the kind of cultural context that has tradition-
ally given rise to mathematics (Freudenthal, 1983) and prototypic
in the sense of the familarity of the particular context to the
student. In the latter context, students need to be able to pose
a gquestion, see the next question, evaluate a strategy, and
construct and discuss alternative methods. Having done so.
they need to examine assumptions and arguments and make
efficient choices.

To produce a worthwhile result, studcnts may need to judge
what data are required, and then gather, process, and evaluate
them. They may also need to devclop examplcs by which to test
conjectures. If the evaluation is unsatisfactory. they may need
to regroup for reconsideration. This suggests the need for fluency
with notational systems and the ability to develop abstractions
and explain clearly, to appreciatc another’s point of view, and
to arrive at a shared understanding.

Communication is essential to mathematically powerful In-
dividuals. In communicating with others about the problems
that they are engaged in. students develop the power to reflect
on, evaluate, and clarify their own thinking, to model situa-
tions, to formulate definitions, and to express ideas. In the
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process, they discuss their conjectures with others and develop
the power to make convincing arguments, to read, listen, and
view with understanding, and to ask extending questions. Ulti-
mately, their power to communicate will be judged by their
versatility, fluency, and elegance in choosing, using, and switch-
ing between representations that both symbolize best the math-
ematical ideas under discussion and are most appropriate to
their audience.

This is a picture of individuals who tackle problems with a
confidence based on a combination of the coherent mathemati-
cal knowledge that has emerged from working experience and
the collaborative support that comes from membership in a
broader community. It suggests that both the power of math-
ematics and the mathematical power of individuals are multi-
faceted. All facets are required among members of a society. but
different groups and group members may reasonably and pro-
ductively be stronger in some facets than in others. The issue is
how to gather evidence and report it in such a way as to set
standards and describe range without imposing expectations on
Individuals that generate a sense of failure and lack of power.

This empowerment view of mathematical literacy differs from
traditional conceptions in two major and inherently related ways.
First. it goes beyond the typical stipulation of knowledge. skills,
and application. Power cairies connotations of control and au-
thority as well as of driving force. To advocate that all students
become mathematically powerful is to demand that they have
the experience, confidence. desire, and independence to wield
their knowledge actively and productively. It carries with it
concepts of choice, judgment, initiative, self-evaluation, respon-
sibility, collaboration, and mutual respect. almost all of which
are missing in the present formulation of school mathematics.

Second, the change in language from purely symbolic prob-
lems to problems situated in a realistic context reflects the
need for students to become immersed in significantlv more
complex, messy. and culturally based problems that are open
to a variety of strategies and multiple solutions. The magni-
tude, or the unfamiliarity, of ensuing investigations may re-
quire extended effort by one student or the joint efforts of more
than one student. The demand for problem situations is intrin-
sically related to the need for mathematical power. The demand
for power, the recommended context of problem situations for
developing expertise, extended projects, and the need for col-
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laborative effort go hand in hand with the recognition that
mathematics is value driven and value laden.

This kind of reflective. experience-based, collaborative know-
ing and doing is substantially different from the traditional
pursuit of a sequence of independently acquired symbols, rules,
procedures, methods, and skills whose sequential acquisition
was presumed to aggregate coherently as effective mathematl-
cal knowledge. Standard algorithms may save time, but a
student’s standard algorithm does not have to be the standard
algorithm. Note that coherence stems from purpose. A situation
may cohere in several ways, depending on perspective. It will
have coherence for the student only if the perspective and pur-
pose is the student's own.

Definitions of mathematics as the science of patterns. as a
language, as modeling, as a powerful abstraction. or as a tool
for solving problems, will all continue to fall short unless stu-
dents learn mathematics as something created by a community
in which they are independent, collaborative, and contribu-
ting members. Their contribution may emerge either in response
to a specific practical need, or tangentially from reflaction,
conjecture. argumentation, and validation. The root problem is
to change the epistemology and politics of mathematics in
schools. :

Thus, the challenge is to cause—and gather evidence of—a
radical rethinking in the classroom of what it means to learn
=athematics. We are looking for students interested in think-
i.ig mathematically, purposefuily, and productively rather than
in accumulating an aggregate of classes that in combination
purport to represent coverage of mathomatics. The task of math-
- ematics eciucation Is to enculture students into a democratic,
entreprenevrial, mathematical. and technical society and to help
them develop a sense of the culture of mathematics that is
requisite. They must be empowered not only by a knowledge
about mathematics but also by the confidence that. to some
degree, they are mathematicians and members of the math-
ematics community. The immediate goal is to develop reporting
categories to help communicate that challenge.

STANDARDS OF EVIDENCE IN THE IDENTIFICATION OF
MATHEMATICAL POWER

If we expect students to use mathematics confidently and effec-
tively to make sense of their world, we should gather and report
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evidence that they are using mathematics: Direct evidence is
essential. If we expect them to use mathematics for design
purposes, they should have design experiences and be assessed
in that context. Similarly. if we expect them to play around
with simulations or with abstract ideas in order to develop
cffective algorithms. hypotheses, explanations, or new math-
ematics. then it is in the context of these experiences that
evidence should be gathered. This argument suggests that cat-
egories that would report the doing of mathematics. whether
using or developing it. would elicit the most direct evidence of
involvement in the mathematics process.

Alternative Number 5: Societal Uses of Mathematics
Reporting Categories: Societal Use

In reporting the condition of mathematics educalion in the
United States, the Mathematical Sciences Education Beard
(1989, p. 2) outlined a scries of societal uses of mathematics.
offering a potential set of categories for the doing of mathematics.

Practical — knowledge that can be put to immediate
use in improving basic living standards

Civic — knowledge to enhance understanding of
public policy issues (A public afraid or un-
able to reason with figures is unable to dis-
tinguish between rational and reckless
claims in public policy.)

Professional ~- knowledge as an occupational tool

Leisure — the knowledge ana disposition to enjoy
mathematical and logical challenges

Cultural — knowledge as a major part of our intellec-

tual tradition

These categories have slrong intuitive appeal for a number
of reasons. First, they place immediate emphasis on mathernat-
s use at all levels of soclely across major societal functions.
They also make clear its pervasiveness. Each category is acces-
sible and purposeful for all students. The set emerges from a
study of the dimensions of the problem of impreving miath-
cmatics education in the United States and leads readily to the
use of problematic situations as the context for learning
mathematics.
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If. in conjunction with these reporting categories, an inves-
tigational and problem-solving approach were adopted. a stu-
dent could engage in, for example, designing and furnishing of
his or her bedroom within a given budget: analyzing and judg-
ing the arguments regarding the deforestation of Amazonia;
drawing and analyzing the geometry and trigonometry of local
Indian burial mounds: investigating the precise role of propor-
tion in visual illusion; developing a paper on Mandelbrot, or
speculating about numcric relationships. Such an investiga-
tional and problem-solving approach conveys a clear message
about mathematics as something that everyone engages in pur-
posefully and productively in the context ol .eal situations.

These examples make a second feature explicit. The catego-
rles not only assume the integration of mathematics, they in-
volve almost automatic connection with other content areas in
the curriculum, with the student’s personal life, and with the
significant issues of everyday life. Selection ¢f work in cach of
the categories can be tied readily to the individual and group
interests of culturally diverse student populations. Each cat-
egory is also amenable to efforts of different magnitude. whether
group or individual.

The most obvious disadvantage is that, even more than
with the process categories in Alternative Number 4, these cat-
egories have no - vt relationship to mathematics and could be
applied to any area of the cuniiculum. In addition. categories
that focus exclusively on the uses of mathematics and ignore
its invention implicitly leave the devclopment to experis. This
omission from reports on mathematical achievement for the
cntire population of students would impedc democratization
and fundamental change in epistemology.

Alternative Number 6: Cross-Cultural Genesis of
Mathematical Ideas

Reporting Categories: Universal Human Activities That
Have Prompted the Creation ol Mathematical ldeas—
Counting. Measuring, Designing, Locating, Playing,
Explaining

A cross-cultural study of the genesis of mathematical ideas
concluded that mathecinatics is a cultural technology that is
invented by all societies. Every society dcvelops the means to
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locate that is at the heart of geometrical and topographical
reasoning. In each society, the most obviously mathematical
activities are efforts to develop systeins for counting and mea-
suring. Design, both the abstract form and the abstracting
process {the science of patterns), is at the heart of mathemati-
cal activity. It is essential to the development of counting. locat-
Ing. and measuring systems. to the abstraction and invention
of mathematical objects, and to the {dentification of more tan-
gible objects and processes. Controlled. rule driven. specula-
live. and voluntary distancing from reality—briefly, play—is be-
hind design and is essential to hypothesis development and
modeling. Explaining focuses attention on the essence of the
mathematical culture, the search for patterns that establish
connections, and efforts to communicatle their description ef-
fectively and elegantly. Communication is the representation of
explanations. This distinction between explanation and com-
munication becomes especially significant in the context of col-
laborative activity among a group of students (Bishop, 1988).

A sel of categories based on this philosophy combines a
focus on mathematics in use with emphasis on the invention
and generation of mathematical ideas as a sense-making activ-
ity. The categories support reflective aclivity in the practical as
well as the esoteric, fantastic. and theoretical sense. Further-
more, they lend themselves to the integration. rather than sepa-
ration. of mathematical topics. This set of categories has the
advanrtage of emphasizing mathematics in use and simulta-
neously being obviously mathematical. It focuses on mathematics
as a discipline for making sense of the world and reasoning
about itself without restricting the nature of mathematics to a
particular philosophical metaphor.

In addition. the categories have the advantage over tradi-
tional designations—like abstractions, invention, proof. and ap-
plication—of being more obviously based in cultural contexts
while at the sarne time sounding both reasonably familiar and
mathematical. The most important quality of this approach is
that it emphasizcs mathematics as a human activity under-
laken by the great and small of all socicties. individually and in
cooperation. in accomplishments of tiny increments and huge
leaps.

The set of calcgories sciccted for reporting should provide
the informatfion that the members of the educational system

0t
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scek. whether parents. teachers. administrators. community
members. or policy makers. It should support the traditional
uses for accountabllity, placement. evaluation. guidance. and
instruction. It should. above all else. support the two maln
concerns of providing information for monitoring and establish-
ing a set of values for gulding change. In particular. it should
answer such questions as:

1. Do students think mathematically and use math-
ematics reflectively for practical and theoretical
investigation in the course of authentic mathemati-
cal activity?

2. Do students communicate their Ideas with fluency.
versatility. and appropriatc technology In writing.
speech, graphical representation. and appropriate
symbols? Can they think on their feet. mathemati-
cally? Do they do these things adequately. effec-
tivcly, accurately. and elegantly?

3. Do students have a sense of mathematical com-
munity? Can they work with others? How do they
function as part of an investigational team?

4, Do they have a sense of the mathematical enter-
prise? Do they find mathematics valuable and fun?
Do they have a strong sense of mathemalical in-
quiry? Has the student’s engagement in authentic
mathemaltical activity engendered an enculturation
in mathematics. a set of beliefs and understand-
ings about the nature of mathematical knowing?

The need for direct evidenee to a 1swer {these guestions would
suggest that the set of calegories selected should address the
doing of mathematics, for which Bishop's categories for the
cross-cultural genesis of mathematical ideas are most appro-
priate, It also suggests that there should be categories to en-
courage collaborating. communicating, and developing a math-
cmatical disposition. Thus. the following set of major calegorics
Is recommended to answer thc educational systemn’s most perti-
nent guestions about mathcmaties education and to spur re-
form:
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Alternative Number 7: Recommended Reporting
Categories

Doing Mathematics: Locating. Counting. Measuring, De-
signing. Playing, Explaining

Representing and Communicating Mathematics: Mental
and Represented Facllity in Communicaling-—Verbally,
Visually. Graphically. Symbolically

Mathematical Community: Individual Activity. Collabo-
rative Activity

Mathematical Disposition: Valuing Math Confidence, Be-
liefs about the Mathematical Enterpr.se. Willingness to
Engage and Persist

The first set of categories—Doing Mathematics—has sub-
categories that arc not phrased in traditional mathematical
terms. In other contexts, such mathematical terms as space.
number, logic (Rucker, 1987), or logic. number. measurement.
space, statistics (GAIM. 1988) have been used as a framework
to describe mathematical activity. Unifortunately. the traditional
terms that describe mathematical activilty have become associ-
ated with a kind of school mathematics that is so sterile and
divorced from thce realily of nathematics—whether as a culture
or in culture—that Bishop's {1988) alternatives arc powerfully
evocative. They arc clearly close enough to traditional vocabu-
lary for those who think in that language to makc the connec-
tion, yet they emphasize mathematics in terms of aclive en-
gagemcnl, creative reflection. and productive effort. It takes
little effort to s=¢ that number is included in the set of catego-
ries, but that counting emphasizes mathematical activily. Play
Is less obviously mathematical until one considers that intellec-
tual "what-{f-ing” in such domains as number, space, and logic
is the essence of mathematical creativity. In fact, the subecat-
egories of doing mathemalics are essentially one classification
of the mathematical problems that societics have addressed.

The categories are not. cannol be, and should not be, mu-
tually exclusive. For example. explaining may be seen as com-
municating; in fact. one represcnts and communicates an ex-
planation. Similarly. the categories for individual and
collaborative activity arc meaningless unless they apply to onc

“id
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or more categories of mathematical activity. Basically, the three
categories for Mathematical Community, Communication. and
Disposition would, of necessity, cut across all categories of
mathematical Doing. In addition. one could not, for example,
represent or communicate mathematics if there were no au-
thentic mathematical activity to represent and communicate.

The intermeshing of the categories should contribute to an
integrated and collaborative approach to mathematics educa-
tion. First, with the exception of counting and measuring, the
categories do not resemble existing cxpression—and, therefore.
existing breakdown—of aspects of mathematics. Second. the
categories are more open than traditional vocabulary to inter-
disciplinary effort and a more realistic mathematics education.
Finally, when examined in conjunction with subcategorics
for Individual and collaborative work, such distinctions as ex-
planation. communication. and representation present clear op-
portunity for diverse individuals {o make different kinds of
contributions.

THE CONTEXT FOR GATHERING ASSESSMENT INFORMATION

However appropriate the categories for reporting evidence of
mathematical power may be, they are corruptible. Changing
one part of thc assessment system docs not guarantee that
another facet of the system will not corrupt it. Suppose. for
example, that the assessment of student performance in each
reporiing category were undertaken as a discrete act with dis-
crete items designed especially and exclusively for a particular
category-—whether multiple-choice in format or not. The result
would be to maintain the perception of mathematics as a col-
lection of unrclated piecew. Similarly, If tasks are prescribed so
that there is no student choice or initiative in the process and
no opportunity for stucent sclf-evaluation. mathematics will
continne to be scen s a compendium of expert knowledge to
b covered. If mathematical discourse Is assesscd Independently
of authentic mathematical aclivity. it will be learned as a skill
with slight chance for rcal application and transfcr.

The Nature of Tasks

The potcntial corruptibility of any set of catcgorics makes it
clear that the attributes of the asscssnient task affect the valid-
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ity of subsequent inference to such a degree that they must be
considered an integral part of th~ evidence. This 1s already the
case for very minor changes in wording between almost jdenti-
cal versions of multiple-choice questions and is also the basis
for arguments of cultural bias in tasks. If one translates the
traditional handshakc problem from handshaking to kissing
upon greeling, this is more evident: boys do not usually kiss
boys: men in some societies kiss, but do it on each cheek. It is
even more obvious when one is comparing students' perfor-
mance on mental tasks, written tasks, discussion, or in alter-
nate forms of representation. One cannot, with reliability, gen-
eralize from one task type to another.

In other words, task type and context are important qualifi-
ers of evidence. They are the frameworks within which students
can experience and demonstrate mathematical power. A rich
task should be a microcosm of mathematical activity, open to
student engagement in more than one—or either of several—
categories of mathematical doing. Whether the task is gener-
ated by the student or the tcacher, the quality and range of
tasks and the nature of the mathematics addressed are strong
indicators of the quality of the curriculum within which the
student has experienced mathematics.

This is important bec..use our cfforts, to date, have been to
administer a large number of small and relatively uniform
tasks—which in no way could be regarried as microcosms of
mathematical activity—in an attempt to describe performance
in a svecific cell of a matrix of competencies. This practice
suggests that criterion-referenced tasks that are designed me-
ticulously to elicit performance in one narrow domain provide
evidence that can only be construed very indircctly as repre-
senting mathematical power. Time available for the task is part
of the task context. Aggregation of performance on narrowly
construed tasks undertaken under time constraints cannot be
regarded as evidence of student power in more complex or
time-elastic situations.

If you want to know what an individual can do in 2 ¢\flicult
situation, under a short time frame, using a compulter, cither
alonc or as part of a tcain, you pul the Individual In a simula-
tion of that situation and observe closely. If you want to know
whether a student can talk, write about. graph. or present a
logical argument in cotversation about the mathematics of the
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task under consideration. you assess it directly by specilying
context. The same is true regardless of whether the purpose is
to find out if the student can produce a reasonable estimate
under time pressure or if, after extended reflection. he or she
can put forward a conjecture with an elegant explanation or
use technology to create and investigate models.

An implication is that assessment tasks should vary with
respect to time frame. familiarity. available technology. and
social context. This inevitably means that some tasks might
call for a simple and rapid decision. others for more contempla-
tive judgment. vet others for extended and collaborative cffort.
In existing assessments. task type has been rigidly controlled
and restricted. Mcasurement issues required narrow domain
specification and economics dictated machine scoring—thus.
the exclusion of open-ended answers and variable forms of
representation. However. assessment of mathcmatical powcer re-
quircs a range of task categorics and contexts in which the
student is culturally comfortable. This is essential to thc re-
porting and fostering of reform in school mathematics.

Few countrics arc so constrained in the tasks they sct for
students as ours is. Some of thesé¢ [oilowing task types are
being used in England. The Netherlands. and Australia (sce de
Lange. 1987: Department of Education and Science. 1985:
Collis. Romberg. & Jurdak. 1986: School Mathematics Project,
1938):

e Extended Project Work (Individual and Group) (lasts
about two wecks/five times per ycar) (School Math-
ematics Project {SMP]. 1988)

e Open-Ended Tasks (Individual and Group) (GAIM.
1988) (last from 20 minutes to 90 minutces)

» Mental Facility Tasks (Last about 15 minutes: include
judgments on spatial tasks. such as 3D rotations as
well as rough or limited computation)

e Two-Stage Tasks {Initially undertaken as test ilems
and then taken as hontework for further cxploration)
(dc Lange. 1987)

¢ SOLO ltems {(Multiple-test items linked to a single.
more complex stem) (Collis. Romberg. & Jurdak. 1986)

C.
To
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As we reconsider the parameters of tasks in the context of
efforts to change the epistemology of school mathematics, it is
esscntial to acknowledge that the prescription of tasks implicit
in outcome-based measurement (Sirotnik., 1984} detracts from
that goal and also Imposes culture. The School Mathematics
Project recognized the importance of school-based. and stu-
dent-initiated tasks—and, thus, local and individual freedom to
control culture as well as other aspects of context—in its crite-
ria for designing and evaluating extended project work [SMP.
1988). It opted deliberately for templates to analyze extended
tasks which recognize the right of students to not only choose,
but to conceive the focus of their own tasks. A similar move in
California would restore local control while maintaining na-
tional standards and at thc same time contribute to the democ-
ratization of the curriculum.

The Evaluation of Work

If one really subscribes to the idea that a change in the author-
ity structure of school mathematics is essential to real change
in its epistemology. that authority must be seen to transfer
from extcrnal experts to the school, the teacher, and the stu-
deni, The assessment process, including its tasks, is a key part
of that process. As long as assessment is entirely an external
dictate rather than a collaborative effort, the final reality for
students Is that they must learn somebody else’'s mathematics
as opposed to holding their own mathematical idcas up for
cooperative assessment by the total mathematical community,
which includes their peers.

Onc effective strategy for democratizing school mathematics
would be for tasks to include a strong element of choice, self-
evaluation, and peer review. Student self-evaluation and peer
review tld be moderated either by the teacher, or on a sam-
pling basis, by the assessment program. Self-evaluation and
choice would serve the dual purpose of changing the authority
structure and fostering the habit of self-analysis.

There is an additional advantage: choeice allows idcentifica-
tion of extraordinary achievement. whether in dépth or range.
Without choice, there is a serious problem of identifying appro-
priate rangc and level of specificity in the reporting categories.
With choice. the range of mathematics undertaken by students
can flex, and thus can be described nore precisely.
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The Strategy for Collecting Evidence

Each assessment task should be a sound instructional activity.
Given that direct evidence Is essential, alternatives to existing
assessment tasks are required: There are several reasons why
this should be the case:

a. It is quite obvious that the alternative assessment tasks
described or envisioned (Stenmark, 1989) take consid-
erably longer than the typical timed test. If an adequate
number and range of tasks is to be engaged in. it
makes sense for them to be an integral part of the
curriculum.
b. One of the expressed intents is for the assessment to
affect teaching. Hence, developing tasks that look as
much as possible like the kind of teaching they intend ]
to encourage would be the fastest way of producing an .
impact. ’
c. If tasks are sound Instructional activities and take con-
siderably longer than standardized test items, they should
be incorporated into Instruction. This implies continu-
ous assessment, which serves to have a greater impact
and simultaneously provides teachers with more usable
information about students than is derived from stan-
dardized tests. It also provides more authoritative infor-
mation for regular communication with parents.
d. If there is a major elemcnt of choice. self-evaluation,
and school-based administration and analysis, the strat- .-
egy will effectively and rapidly reskill the teachers, one
of the biggest single challenges of reform. :

There Should Be Agreed Aspects

Categories of tasks. common categories for analyzing evidence.
common standards for judging evidence, a standard language
of description, and formal organizational strategies for arriving
at interjudge agreement need to be decided upon. Direct evi-
dence s cssential. the context Is an essential part of the evi-
dence, and common sense suggests that the assessment tasks
be Incorporated Into regular instruction. However, additional
problems need to be resolved if the reporting categories are to *
be effectlve. The first problem Is that of finding an alternative to

N,
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standardir~d tests for the purpose of accountability, a matter of
valid assessment. The second is one of describing the quality of
performance.

It is comr..on knowledge that the high school of origin—as
opposed to grades or test scores—is the most significant pre-
dictor of students’ success in ~ollege. Standardized testing pro-
liferated because transcripts from a particular school couid be
relied on to refiect little more than credit accrual and seat time
Wiggins, 1989). Thus, regardless of whether assessment tasks
are a one-time affair or become part of instruction, it is essen-
tial that there be universally respected interjudge agreement
if categories that rely on school-based assessment of such
things as student portfolios of extended project work are to be
usable for monitoring and reporting students’ mathematical
achievement.

Interjudge agreement, whether on a large or small scale,
requires common rubrics for defining., undertaking, and ana-
lyzing tasks. The SMP (1988} assessment sheets for open-ended
tasks (Figures 12-2 and 12-3) illustrate the use of rubrics to
guide analysis, set standards, and enable the process of
interjudge agreement. The investigational sheet in Figure 12-2
guides teachers through the process of assessing a student’s
mathematical investigation of a pool table. It makes clear what
the agreed-upon criteria are for artiving at a grade, it identifies
the teachers' task-related modification of the criteria, and it
measures the student’s assessed performance. Figure 12-3 dem-
onstrates a similar set of rubrics and place for teacher com-
ments for a student who conducted a practical project investi-
gating the design of packaging for Smarties (similar to M&M
candies). In addition, during the course of the project. the teacher
can make notations and comments on the student's diary of
the project. To arrive at reliable coding. teachers receive ad-
vanced training and also meet collegially with other teachers in
their schiool and region to discuss grading. The strategy both
enables teachers to arrive at interjudge agreement and also
communicates the kind of mathematics sought.

The SMP (1988) strategy for logging, commenting, judging,
coding. suinmarizing, and arriving at agreement about student
work makes possible the incorporation of assessment as a rou-
tinc and productive part of instruction. It also provides a basis
for the development of a common language for describing the
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tasks and the quality of achievement, which is essential if in-
structional assessment is to serve accountability purposes. Thus,
for example, conclusions about the guality of verbal communi-
cation would result from the use of rubrics ranging from sloppy
to precise and rigorous, and from inarticulate to articulate and
elegant to analyze the quality of mathematical communication
about a design project. Definition for. and by, teachers of the
quality of communication that would satisfy 2ach aspect would
do much to set and implement standards among the participat-
ing schools.

In summnary, rubrics for analysis and scoring of alternative
assessment tasks would help ensure uniform judgment of qual-
ity. raise standards, and promote interjudge rellability. Fur-
thermore, teachers cooperating to create and use agreed ru-
brics for commenting on student work would, in essence,
integrate assessment with instruction. In a context in which
they were reasonably sure of the reliability of their judgments
against those of other teachers, they would also have their own
grading for valid and timely information for instructional deci-
sion making. At the same time, the formal rubrics and strate-
gies for accomplishing interjudge agreement would support de-
velopment of alternative assessment tasks, prompt efforts to
improve the mathematics curriculum, and help instill public
confidence in the use of school-based information for account-
ability.

Multiplc measures (NCTM. 1989) and an agreed-upon lan-
guage permit significantly more informative statements about
mathematical power, such as:

* The student invents elegant algorithms to design three-
diinensional movement of robot arms. often in familiar
contexts.

¢ In group endeavors, the student suggests and engages
in significant algebraic generatization and conceives
extensions, usually in the familiar context of dairy
farming.

¢ Sixty percent of eighth-graders in Lodestone, Califor-
nia. clarify assumptions about their projects; a few of
them do so elegantly and creatively.

if there is an agreed language tied to common constructs for
what may be regarded as elegant and creative in Fish Creck,
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Wisconsin, then Wisconsin's mathematical power will be of a
similar quality to that described in the same terms at Pyramid
Lake, Nevada, and Lodestone, California.

Therefore, in addition to the intellectual underpinnings, prac-
tical and logistical strategies are needed for arriving at interjudge
agreement on standards of work between teachers within a
school and between schools in different districts. Acceptable
interjudge agreement will be achieved only through teachers’
membership in a statewlde community, collegial meetings within
a school, and regional meetings between schools and between
districts to arrive at and calibrate judgments. These structures
exist in most states, but in such fields as athletics and music
rather than in mathematics and language. )

Vermont, for example. has not previously had state assess-
ment. It seeks now to design a state mathematics assessment
based on a combination of uniform tests., student portfolios,
and student surveys. Its uniform assessment will enable NAEP
co: =parison. Vermont's portfollo assessment in mathematics is
intended to resuit in the assessment of more authentic math-
ematical activity. However. accomplishing portfolio assessment
in mathematics requires substantial intellectual and practical
preparation.

A committee of Vermont teachers has proposed that. for
portlolio assessment {n mathematics, teachers collect student
work in folders. They decided to design portfolio assessment on
the basis of assessing individual work and aggregating from
that basis. For program assessment, entire portfolios of indi-
vidual students would be assessed by an external team on a
small sampling basis. For student assessment, the best three
work examples of each student—selected by teacher and stu-
dent—would be submitted for external review.

The committee solicited examples of student work and met
to consider how each might be evaluated and how the resulting
data might be used for state assessment. Student work that
could be assessed in the context of a uniform test was set
aside. and the efforts that drew the favorable attention of com-
mittee members were considered more closely. In the process,
several things became apparent:

» there was a generally agreed upon, but poorly articu-
lated. perception of the quality of mathematical activ-
ity among the group;

L33
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as group members worked to spell out to each other

what they were seeking as evidence of mathematical

power, a serles of rubrics and common standards of -
judgment emerged;

* even the best student work, including that of their
own students, did not meet all the standards of excel-
lence that members of the group were applying;:

typical worksheets were judged of little value in the
context of portfolic assessment and were to be ex-
cluded;

much student work had been breught to an end just
as it had the potential to become mathematically in-
teresting;

the most interesting student work emerged in the con-
text of such activities as design and explanation;

L]

articulate language and variety in representation by
the students was, for those judging, a critical entry
into the quality of their mathematical activity;

introductory paragraphs from the teacher and the stu-
dent would add significantly to the meaning of the
work and the ablility of an external assessor to evalu-
ate it;

some aspects of mathematical power, such as confi-
dence, could be assessed only by the classroom teacher;
and

individual teachers planned modifications of their own
work with students to bring it more in line with the
standards for judging mathematical power that they
had been helping to articulate.

The committee’s initial draft of a coding scheme was based
on an implicit emphasis on problem solving and an explicit
concern with the five goals of the NCTM (1989) Standards:
becoming a mathematical problem solver; learning to reason
mathematically; learning to communicate mathematically; learn-
ing to value mathematics; and developing confidence in one's
own ability to do mathematics. Vermont has made a powerful
start in the direction of collecting direct evidence of authent’s
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mathematical activity. The quality of evidence sought and the
epistemological stance implicit in the proposed assessment
straucture are likely to spur real change. (See excerpts from
the Report of Vermont's Portfolio Assessment Program in Ap-
pendix G.)

SUMMARY AND CONCLUSION: A RECCMMENDATION FOR CAP

The objective of this paper has been to propose reporting cat-
egories for the CAP that would simultaneously monitor and
promote reform in mathematics education. The object of reform
has been defined as the attainment of mathematical power,
This is a complex and multifaceted view of mathematical lit-
eracy that requires a different epistemology for school
mathematics.

A numnber of bases for forming reporting categories were
outlined. Each refiects significant aspects of information about
students’ mathematical achievement and has advantages and
disadvantages. Direct evidence of mathematical power requires
categories that focus on the active use, generation, and com-
munication of mathematical {deas in problematic situations and
in collaborative contexts that are based in a familiar culture.

However, the 'sine qua non for reform is change in school
beliefs about the nature of authentic mathematical activity and
the character of the mathemaiical enterprise, Unless students
have experience in generating mathematical ideas—seeing math-
ematics as part of their culture and becoming encultured into
the mathematical enterprise (Bishop, 1988)—little of substance
will have changed. The set of categories recommended has these
two changes as its cohering purpose.

Nevertheless, the most appropriate set of reporting catego-
ries is siill corruptible by other facets of t* » assessment sys-
tem. it is clear that to gather the kinds of direct evidence
regarded as essential will require data collection strategies dif-
ferent from those now in place for CAP or for any other general
assessment program. A representative range of potential strate-
gles has been succinctly and effectively summarized in Assess-
ment Alternatives in Mathematics: An Overview of Assessment
Technigues for the Future (Stenmark, 1989).

It is obviously impossible for CAP to use such measures for
external assessment without creating a massive and expensive
assessment hureaucracy. Such a strategy would be undesirable
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hecause it would be antithetical to the kind of epistemological
change that has been advocated. The logical strategy is for CAP
itself to re-empower teachers by involving schools and teachers
in a collaborative assessment process that includes an elem: nt
of student self-assessment. This would be a major step toward
initiating epistemological change. It would require training and
inservice for teachers. as well as common templates for task
analysis, a common language of description, and formal organi-
zational structures for developing and maintaining interjudge
agreement.

The implication is that the California Assessment Program
needs to develop a new character and a new program. To guide
schools and teachers in the assessment process, it needs to:

¢ set standcrds for school-based assessment:
¢ train teachers to gather evidence:

* provide a structure for developing interjudge agree-
ment:

¢ provige quality control over the process:

+ act as a mentoring and moderating authority to ini-
tiate, sponsor, and adjudicate; and

* collect. analyze. and disseminate a much more com-
plex range of information.

Assessments that incorporate student self-assessment,
teacher involvement in the assessment process, alternative strat-
egies for gathering information, and other such efforts are pos-
sible and being used in some places. Furthermore. the kinds of
categories, the concerns discussed, and the solutions suggested
have been independently arrived at {n disciplines other than
school mathematics. There Is a converging view that the kinds
of categories proposed—authentic activity in the domain, col-
laborative activity, facility in commmunication, and enculturation
into the domain—have broad significance for authentic assess-
ment. One cannot have both total freedom and total control,
and democratic strategies are as essential to change in the
epistemology of school mathematics as they are to the national
economy.
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Evaluation—Some Other Perspectives

Philip C. Clarkson

“Yes. but who will change the tests?"
{Natlonal Councl] of Teachers of Mathematics. 1989. p. 189}

It is apparent that “the tests" referred to are not the tests
teachers give in thelr classrooms on a day-by day or weekly
basis. They already have control over these. “The tests” are
the standardized assessment instruments which are used
throughout the United States. often authorized by leglslation.
devised by commercial organizations, and seen by many teach-
ers throughout the country as being a forceful factor In struc-
turing the mathematics curriculum. The preceding papers in
this volume introduce the Issue of current testing practice into
the ongolng debate and ferment that surrounds mathematics
today. This chapter sketches developments in the S*ate of
Victoria, Australia. over the last 25 years where there is only
one external test glven at the end of the school system, in Year
12. This contrasting sltuation may contribuie constructively
to the ongoing debate in both Australia and the United States
as to how to monitor the work of schools.

EVALUATION AND ASSESSMENT-—GENERAL THEMES

The introductory paper and the two following papers tend te
“set the scene” for the rest of the volume. The opening paper
provides an overview, and the second paper a historical per-
spective in which to place the looked-for changes in assess-
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ment. It is well to remember that what is being undertaken
today is not new in a fundamental way. Today's changes are
the latest in an ongoing process. The third of these papers
focuses discussion on the 1989 NCTM (National Council of
Teachers of Mathematics) Standards. Within these three papers
are found most of the themes on which other cov*-thutors to
the volume elaborate.

One of these themes has to do with the fact that standard-
ized tests have gained an undue influence over the curriculum.
It has become evident that no matter what is in the syllabus,
teachers will teach to what is examined. There are two points to
be made about this: first, since by and large these tests exam-
ine skills and knowledge. school mathematics has reflected this
fact in its emphasis on teaching skills and knowledge. It is
noted that such an emphasis is quite at variance with the
proposed changes in the curriculum. The second point stresses
the fact that since teachers are very consclous of “what is
examined,” a change in the assessment procedures to empha-
size the new goals will encourage teachers to change as well.
This circularity has been summed up in the now familiar phrase.
“What is tested 1s what gets taught” (Mathematical Sciences Edu-
cation Board, 1939. p. 69). Whether standardized tests can be
changed in such a way as to accurately reflect the changes
propoesed for the curviculuin is examined: on balance, it seems
doubtful whether they can be. Hence. the specific role that
systems-wide testing may have in the changed educational en-
vironment will need to be examined explicitly,

Another theme that emerges in this volume follows from the
™ st. The fundamental view of knowledge embodied in the present
standardized testing procedure is the notion that knowledge, in
this case mathematical knowledge. is out there waiting for stu-
dents to consume 1it. The role of the teacher Is to serve up this
knowledge of mathematics in such a manner that the students
will actually ingest it and assimilate it appropriately. 1t follows,
in this analogy. that the role of assessment Is to cue students
to regurgitate their knowledge. often in forms which are only
slightly digested. It is recognized that few students fully digest
such knowledge, at least according to what the iests tell us.
And it is very difficult in any case to unscramble digested
knowledge reliably when you only use multiple-choice items. So
unscrambling” is not often attempted, and because of the sta-
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tus that standardized testing has gained. any attempt at doing
s0 is devalued.

But this volume argues that a far more rewarding way of
thinking about knowledge in the educaticnal context is to think
of it as a process, It is a process by which students construct
their own meanings for thkis area in their lives called mathemat-
ics. If this is so. then assessment needs to be thought of also as
a process that provides some indication of the meaning stu-
dents have accorded mathematics in thzir lives. It is like taking
snapshots of a moving target. Perhaps different types of cam-
eras positioned in strategic locations will be necessary to create
an overall picture of what students know. Maybe it also calis
for full investment on the part of the person most closely in-
volved with them in the process. the teachers, and even other
persons close to them. such as parents and peers. This ap-
proach is not compatible with that implied by standardized
tests, which are supposed to provide an objective, clinical. sci-
entific assessment of what students know. but more often tend
to indicate what they do not know.

Following naturally from the above, the third theme emerges:
this is the declaration that standardized tests cannot serve as
appropriate assessment instruments for the collection of infor-
mation of interes. to diverse partles. And yet it is these scores
that are used to tell teachers how their classes are going. to tell
bureaucrats how specific schools are doing, to tell politiclans
how districts are doing, and to tell the nation how its education
system is doing. In some areas, the results from these tests are
also applied to Individual students: hence, they and others
have an interest in finding out how they are doing as well. The
indefinite terms. “doing”™ and “going.” have been used advisedly.
Each of these different groups respond to essentially the same
set of data, massaged in slightly different ways, to be sure.
However, the meaning for each group Is quite different. Bearing
in mind that a specific objective should be articulated for any
assessiment instrument, it is hard to believe that one standard-
ized test can be used with confidence to respond to the wicde
range of interest represented by the constituencies named above,

The last theme to deserve comment involves specifically one
of the interested groups .amed in the last paragraph. Increas-
ingly. the government and. particularly, politicians are demand-
ing accountability for the many dollars invested In education.
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‘There seems to have grown up in both the United States and
Australia a management/economics style of government mod-
eled in some ways on big business. Hence, virtually everything
has to be accounted for in monetary terms. It is construed as a
inark of responsible government for bureaucrats to demand
that systems that receive federal funding, such as education
systems, act for the public good. However, governments have
oiten found that obtaining accountability reports that are mean-
ingful is not always easy. As a case in point, the teaching/
learning ptocess in many ways Is “mcessy,” and in certain re-
spects not easily reduced to simple terms. Like any process in
action, it Is often hard to capture its diversity and essential
qualities at the same time in a simple account. But govern-
ments more often than not prefer simple accounts, and if the
targeted data can be reduced to numbers, all the better. Num-
bers can be manipulated in many ways, and their use conveys
the impression of objective, even scientific reporting. The re-
sults of extensive, mandatory tests comprise one such set of
figures. But these, wiin other sets of figures, do not capture the
real story of what is happening in schools and, therefore, in the
system as a whole. The politicians are selling th selves short.

There are good stories to tell and some that . not so good,
but the telilng is more ambiguous and complex than any set of
figures can convey. This theme needs to be a.ldressed more
directly in any ongoing discusslon of the means by which Indi-
vidual groups both within the system and outside it can com-
municate effectively with each other.

SPECIFIC ISSUES ASSOCIATED Wi
MATHEMATICS ASSESSMENT

In the above sectlon, I have attempted to cite some of the
genera. .iemes in this volume that are of greatest importance.
However, there are also a number of specific issues that add
other perspectives to the dchate on evaluation. A few of these
are suminarized below.

The Use of Calculators and Microcompulers
in the Classroom

One of these issues Is the diverse response within the math-
ematics education community to the role of calculators and
their place in assessment procedures. Electronic calculators
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have been with us for more than twenty years. Their incorpora-
tion into the curriculum, although called for sometime ago, s
only really happening now. But the use of calculators in as-
sessment procedures is still not a fact of Hfe. Without question.
there is still a residual resistance to the use of this technology
in the classroom. Perhaps the reorientation to doing mathemat-
ics argued for In the Standards has not yet been accepted by
many teachers.

Perhaps these factors, among others, play a role in the
reluctance to incorporate the use of calculators Into assess-
ment procedures. At least, they raise interesting quesdons: If
there had been a strong push for calculator use in assessment
procedures early on. would this have led to an greater accep-
tance «f them In the classroom? remembering that “What is
tested 13 what gets taught.” In turn, would this have led to
different types of standardized tests being prodiiced? Or has it
partly been the ingrained place of standardized tests in the
system and the nonuse of calculators in the tests that meant
that this technology was regarded in a neutral or negative light
by teachers? Furthermore, the corporations that produce such
tests may even have regarded calculators as a threat. Given the
extenstve descriptions of test-ltern production provided in this
volume, how much control do teachers and others at the dis-
trict level have over standardized tests? These questions are
worth considering,

Interestingly, in this volume there is no treatment of the
role of the microcomputer in mathematics assessment. Perhaps
with so much specific attention directed to standardized test-
ing, this issue was less compelling. One hopes that if there is
no role currently accorded micros in system-wide testing, this
will not in turn devalue the .nicrocomputer. That clearly would
be at odds with the general sentiment of contributors to this
volume regarding the use of technology in the teaching of math-
ematics. Rather than take that road. which may have heen the
one pursued In relation to calculators for too long, it may be
better to question tite place of standardized testing and lits
Justification. But more of that later.

Problem Solving and Assessment

While it seems that calcula .ors have not been accepled by the
developers of standardized tests, the term problem solving has
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been, But an examination both of the papers in this volume
that describe the production of these tests and those papers
that question thelr past and present use clearly shows that the
term Is being used In a way different from that directed to the
teachers by the NCTM. In the Standards, problem solving Is
seen as an all-pervading approach to mathematics. It Is re-
garded as one way of doing mathematics and not simply as one
cognitive level compared to, say, analysis. Yet the test develop-
ers have seen the term problem solving as another such cat-
egory (leaving aside the question of the very use of categories
canvassed extensively in this volume). Is this use of the term
problem solving a cynical effort to dress the old tests In new
terminology to make them acceptable in the new environment?
Or are we witnessing a real shift, an initial attempt by the
testing industry to respond to new directions? it Is easy to
belleve the former in light of the analyses presented in these
chapters, but perhaps the question needs closer examinatlion,
The one exception, the one state program approach which has
responded to the call and uses problem solving in a manner
compatible with that of th~ Standards, is the development of
assessmernt in California.

Gender Bias in the Mathematics Classroom
and in Assessment

Another specific ares examined in this volume {s that of gender
differences in performance on tests composed of multiple-choice
ftemns. Since these types of tests predominate in standardized
testing. the conclusion that such {tems may In certain cases
favor males gives us pause with respect to the use of such
instruments. This issue, too, encourages the use of other forms
of assessment. It is suggested fn a number of papers that a
variety of assessment methods be employed. indeed, using the
analogy of a series of cameras positioned in different locations,
the same point was made in the previous section of this paper.
However, If there {s concern about gender effects in multiple-
choice items, there is clearly a need to investigate whether
other forms of assessment are prone to the same type of problem.

One aspect of mathematics which 1s promoted in the Stan-
dards is tha. of communication. Certainly within the verbal
discourse which goes on in the classroom at present there are
gender differences. It has been known for a long iime that
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teachers react to males and females In different ways. In a
recent paper dealing with this issue, Leder (1990) noted that in
Grades 3, 6, 7, and 10, Australlan males interacted more fre-
quently with teachers than females and tended to dominate the
attention of the teacher., However, she noted that the differ-
enices in interactions were subtle. For example, although there
were the same number of questions asked of males and females
by the teachers, the type of response made by the teachers
differed relative to the gender of the student in Grades 6. 7,
and 10. In these grades, there was an indlcation that the teacher
walted longer for answers from females on low cognitive ques-
tlons, but for males they waited longer when the question was
classified as high cognitive. Leder went on to suggest that these
and other differences she found may well be signaling the stu-
dents that there are differences in the mathematics they are
supposed to construct that are dictated by their gender. Since
bc*h questioning and the model of questioning that the teacher
employs are essentlal aspects of math~matics. as well as a
fundamental aspect of the teacher's assessment strategy. any
gender bias needs Lo be recognized for what it 1s.

Another aspect of communication promoted in the Stan-

dards is for students to write about their mathematics. Again,
there may well be gender differences pervading this activity
which the mathematics teacher needs to be aware of. Perhaps
an examination of writing In language classes would be a use
ful place to star: In investigating this, bearing in mind that
there is no guarantee that results in such contexts will transfer
exactly to a mathematical context.

Other Forms of Bias in Mathematics Assessment

Some further potentlals for the examinztion of bias in assess-
ment procedures may bc those of language and culture. These
have not been examined in thls volume but need aiso to be
addressed. Therc Is the whole aspect of dealing with Math-
ematical English In monolingual classrooms and how that im-
pinges on assessment procedures {see, for example, Newman,
1983, and Watson, 1980}. This will clearly overlap with aspects
of the gender blas Issue noted above. However, it Is also quite
evident that in a significant number of classrooms in the Unmed
States {sce Secada. 1990} and. for that matter, In other pseudo-
monolingual countries such as Australla and England, there
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are many students whose mother tongue is not English and
who are members of a minority culture, There has been some
research on assessment and bilingual students (Cuevas, 1984],
but the tests were of traditional types and were not conclusive.
There has also been recent comment on students’ cultura! back-
grounds and on the different styles of learning envircnments
for mathematics (see Clarkson, 1991). It may be that ior ..ome
cultures, using small groups might prove to be a decided ad-
vantage, but for others a disadvantage. If, howcver, assessment
procedures for problem-solving situations envisage the use of
cooperative small group work, then it may be important to look
at the Implications of bilinguallsm and the multicultural envi-
ronment in which such groups may operate.

Oiher Issues

If large-scale testing s still to have a role to play in American
education systems, then Mark Wilson's paper in this volume
may prove valuable. It will certainly enable tests to be devel-
oped that are alternatives to the instruments of today. It is also
of Interest to note that work on linking the SOLO model with
the work of van Hiele Is alrcady underway (Pegg & Davey,
1989). The new types of descriptors examined in Wilson's paper
would especlally be of use, However, these descriptors have the
added advantage of being useful 13 teachers as well, and hence
empowering the process of teaching, They clearly imply that
more than one type of assessment procedure must be used for
a clear picture to emerge of what happens during the teaching
and learning of mathematics in the classroom. The brief report
of the Australian research projects extends this idea.

The summary of results from journal writing developed in
Victorla is perhaps more than just one other example of how
teachers can gain Insight into the way their students develop
mathe'natical ideas. It 1s more too than a student’s own record
of self-dlalogue. In some of these results, there is an indication
that the change called for in the Standards may be attainable.
The results suggest that teachers may well be more Interested
in the strategles that students use In problem solving than in
whether they have acquired the set knowledge. The reports that
students can devise their own maps of knowledge serve as an
interesting parallel to the call for teachers to do just that. The
data that suggest students can distinguish between the diffi-

JdJo
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culty of a problem and the type of thinking required to solve it
are also of interest. These last observations in combination
with other data lead to the conclusion that if students are given
appropriate techniques and an environment conducive to learn-
ing, they can indeed assume control of their own learning pro-
cess. This aset of data also clearly shows that feelings — on the
part of students and teachers— are part of the whole learning/
teaching/assessment process. To ignore them is to ignore an
important element in that process. How do we recognize feel-
ings and their role in this new approach?

SOME PERSONAL NOTES ON ASSESSMENT

The papers in this volume discuss current assessment proce-
dures in mathematics, including the use of standardized test-
ing in the United States, and suggest a number of options for
consideration as the impact of change in mathematics curricu-
lums is felt in the classroom. However, there has been little
attempt to open up directly the question of whether systems-
wide testing procedures in mathematics should continue to be
employed in the U.5. now that the new curriculum changes are
taking hold. There have certainly been some implicit sugges-
tions that such testing will need to change radically; the feeling
is that such testing mechanisms will not be useful In the fu-
ture. Change has also been occurring elsewhere. 1t would be
{llustrative to sketch briefly an example of change In schools
where there has been little use of systems-wide mandatory
testing for many years. ‘The contrasting situation may provide
another perspective to the ongoing debate.

Change in Mathematics Assessment in Victoria's Schools

Toward the close of the 1950s in Victoria, there was mandatory
assessment at the end of Years 10, 11, and 1?2. Prior to this
time, there had been examinations In earlier grades as well, but
they had been dispensed with. By the early 1960s. most schools
were even afforded the privilege of assessing Year 10 students
internally with no recourse to external. education-department-
approved tests. Indeed, some larger schools were accorded the
privilege of assessing Year 11 students internally. Schools were
accredited on the strength of how well qualified their staffs
were and who had experience teaching the subjects in ques-
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tion. Part of this accreditation was based on the strength of
reporis made by departmental inspectors who visited the schools
and classrooms on a regular basis.

The curriculum that was used in schools at that time re-
flected the expectations of the system. The system was like a
tunnel. Students entered at one end and it was presumed that
they would progress through the school experience until at the
other end of the tunnel they made the transition to the univer-
sity level. Melbourne University, the only university in Victoria
at that time, had a great deal of influence on the school cur-
riculum, viewing It primarily as a private preserve. The reality,
of course, was very different. Most children were pushed out of
the system, or left of their own accord. before Year 11. However,
for many years the curriculum, based on the traditional school-
ing system inherited from the English, simply did not reflect
this sifuation.

There were three mathematics subjects each in Years 10,
11, and 12. In Year 12, the subjects were designated Pure,
Applied, and General Mathematics. Students wishing to take
tertiary courses which required mathematics took the Pure and
Applied level eourses. General Mathematics was considered an
casier optlon and was not recognized as a prerequisite for fu-
ture =study. It had been introduced as a way for returned ser-
vicemen from the war to meet the university’s entry require-
ment for first year students, which mandated that they pass a
modern language or a mathematics test at Year 12 level. How-
ever, in succeeding years, some faculities at Melbourne Univer-
sity did recognize General Mathematics in fulfillment of their
prerequisite requirements. Eacli mathematics examination was
composed of about ten extended items. Students were advised
that complete answers to about seven would be worth full marks.

The year 1966 was important in Australian education. At
that time new courses of study for Years 10, 11. and 12 were
issued by a new board of the department of educatlon. Sug-
gested courses of study for Years 7 through @ were also in-
cluded, and these, for all intents and purposes, became the
official syllabi. This board was composed of representatives of
the education department, teachers, Melbourne University fac-
ully. and, importantly, faculty of the new Monash University.
among others. The singular influence of Melbourne University
was now challenged. The new board proposed two syllabl for
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each mathematics subject: a school could choose to teach a
variation of the traditional syllabus, or a new one based on the
New Mathematics. By 1972, it was clear that the "new” sylla-
bus would become the standard for all schools. One of the
interesting points to note is the freedom given to schools to
make the choice individually as to which syllabus to follow in
the intervening period. The examination assoclated with this
new syllabus was different as well. Al components were of an
extended item type. These were divided into two sectlons; the
first containing items worth up to three marks each and the
second section containing items worth up to ten marks or so.
In 1966, the education department also issued its last syllabus
for primary schools.

In 1972, the new mathematics syllabus became the sole
standard. That year also saw the phasing out of Year 11 as-
sessment requirements. This meant that Year 12 was the only
year In which mandated assessment was required of students
completing their secondary schoolirg. This examination was
still heavily influenced by the tertiary education sector, other
colleges also being represented on the examining board by then.
However, while most students still left school before reaching
Year 11, the school curriculum was just beginning to reflect
this fact. Teachers were starting to take greater control of their
teaching; and they were starting to teach their students, rather
than being cowed into teaching a curriculum solely to prepare
students for university courses—even though many would not,
and never intended to. go to the university. Interestingly, it was
in 1972 that the education department issued for primary
schools a suggested course of study in mathematics rather
than an officlal syllabus.

There were at this time In Victoria other education activities
that also impacted on the schools. Throughout the 1960s, for
example, the teachers’ unions were asking the increasingly stri-
dent question: If teachers are professionals, why are they seru-
tinized at regular intervals? During the 1970s, first In the sec-
ondary schools (Years 7 through 12) and later in the primary
schools {Years Kindergarten through 6), the education depart-
ment withdrew its inspectors as observers of classroom teach-
ers and, finally, withdrew them from the schools altogether.
The curriculum continued to change and teachers took ad-
vantage of their newfound freedom. In mathematics, teacher
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groups like the Study Group for Mathematics Learning set out
to encourage secondary teachers to explore new ways of ap-
proaching the teaching of mathematics. such as using supple-
mentary materials in their teaching., Other groups. like the
Rusden Activity Mathematics Project set out to develop written
materials for teachers to use based upon activities in the class-
room. They eventually published twelve booklets for use In
Years 6 through 8. Another group. the Mathematics Association
of Victoria. became the nucleus of mass-based teacher organi-
zations that developed and conducted many forward-looking
workshops and conferences by and for teachers. Other educa-
tional developments of broad significance included the
regionalization of the once extremely centralized depariment of
education.

By the mid-1970s. the education department had re-formed
its examination board and included representatives of employer
groups as well as a wide array of education groups. The new
board was not just to take charge of the Year 12 syllabus, but it
was also to take an interest in the whole of the secondary
sector of education. By the end of the decade, this board had
revamped the Year 12 examinations. In mathematics, there
were still the three subjects that had been offered since the
1950s; however, within each subject there was a designated
core of study comprising about two-thirds of the content and
then a number of options from which a school could choose to
teach. One of these options dealt with computers in mathemat-
ics. The examination given at the end of Year 12 was no longer
the only assessment tool used. The teacher was authorized to
allocate a score for the study of the optional section., There
were various coordinating devices used to help ensure compat-
ible marks for students from different schools. Teachers at-
tended meetings throughout the year during which the course
was discussed. There was also a process of statistical compari-
son during which the internally allocated scores were adjusted
to the mean and the standard deviation of the external scores
obtained by a particular school.

The re-formed board also recognized other subjects. The
three traditional subjects were designated Group 1 subjects.
There were also Group 2 subjects. which included no element
of external assessment in their curriculums. All assessment
was carried out within a school with various comparison strat-
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egies ‘employed between groups of schools. An accreditation
body was formed to oversee the operation of these subjects. In
the mathematics area, Group 2 subjects included Mathematics
for Work and Business Mathematics, among others. Not all
universities recognized these subjects, but some other tertiary
colleges and many employers did. A number of other certifi-
cates were a.so recognized along with the traditional end-of-
schooling ce. ificate. One certificate was based on the philoso-
phy that the currlculum should be negotlated between teacher
and student. An accrediting body was constituted by the edu-
cation depariment which established broad guidelines on con-
tent and on procedures for comparative evaluation. Although
not many schools incorporated this option into their curricu-
lums, those that that did reported great success with it. It will
be appreciated that these alternative curriculum styltes fostered
experimentation with a number of different assessment styles.

In the mid-1980s, a revamping of the mathematics subjects
in Year 12 finally resulted in the end of General Mathematics.
This subject had been seen as the soft option bv students for
many years. Since the mid-1970s, mathematics teachers had
been trying to have it deleted against the opposition of a num-
ber of university faculties. Another change was that calculators
were expected to be used when completing the Year 12 exami-
nations. These and other revislons of the curriculum were the
beginning of a wider move by the department of education to
update the curriculum in Years 11 and 12. Also discarded were
the alternative Group 2 subjects—a move many teachers re-
garded as unfortunate. Among other non-curriculum changes
instituted in the decade of the 1980s was the introduction of
self-management in individual schoois.

The New Mathematics Curriculum

A set of “new” mathematics units will be taught in ail Victorian
schools for the first time in 1991 in Year 11 and in 1992 in
Year 12. The department has again stipulated a course for Year
11, the first thine this has been done for twenty years. This has
resulted in a certain amount of opposition from teachers who
believe they are losing some control. However, the semester
unit structure that replaces the year long courses brings with it
a lot more flexibility. The assessment procedures are of particu-
lar intcrest. in brief, there will be two categories of assessment:
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the first deals with "completion of the unit,” while the second
focuses on the “level of achievement.” For each semester unit
there are specific tasks which a student needs to finish in order
for the subject teacher to report on the certificate that the unit
was “successfully completed.” This procedure is followed for
both years. The teacher and school are also responsible for
judging the “level of achievement” if a unit is taken at the old
Year 11 level. The assessment techniques employed are at the
discretion of the teacher and the school. However, for equiva-
lent Year 12 units, there are four cummon assessment tasks
which must be used. At the fime of writing, it is believed that
one of these tasks will be a 1!/2-hour examnination that s exter-
nal to the schools and composed of fifty multiple-choice items.
This examination will be mainly aimed at skiils.

The second task will be another externally set examination
but one composed of extended-answer items designed to exam-
ine higher-level skills. Both of these examinations will be marked
by external examiners. The use of calculators will continue to
be expected when completing papers. The third task will be a
project which will involve an extended writing assignment. A
problem-solving task will be the fourth. These last two tasks
will be evaluated by the subject teacher and then submiited to
a process of comparison with other teachers and moderators
before final marks are arrived at. These tasks could be com-
pleted individually, but there is scope in the procedures for
group work as well. Indeed, it Is hoped that small group work
will be a common approach. Separate lists of problems for each
of these tasks will be circulated, and two- to four-week time
slots will be designated during which the tasks will have to be
completed. Students will select the problems they wish to work
on. The use of microcomputers is to be encouraged. Finally, in
the reporting process there will be no attempt at combining
the four resulting scores into a global score for a mathematics
unit. The four letter grades per unit attempted are to be re-
ported separately as letter grades on the certificate that the
student recelves {Victorla Curriculum and Assessment Board,
1989).

This offers a generat outline of how senior school math-
ematics has changed in thirty years in Victoria. From being
dominated by the one university in the state via external ex-
aminations, the students now receive a certificate that indi-
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cates their achievements at the end of secondary school. The
curriculum is not completely dominated by what is expected in
the first year of university study. There is now recognition that
only some students will choose to go to university as the next
step after school. Teachers, reinforced by ex-teachers, have ex-
eried great influence over the curriculum they teach. and in-
deed over the schools, not to the exclusion of outside interests.
but In a balanced way. They have been expected to act as
professionals. And they have done so,

During this process. it was recognized that the only accept-
able point for control of an examination by those outside a
given school was in Year 12. That calculators as well as micro-
computers can be used when completing assessable tasks has
been accepted. A way has been found to include a range of
different types of tasks on which to judge a student’s math-
ematical knowledge, and there is some room for the student’s
nwn choice of problem,

Victoria's system is not perfect. There are certain partici-
pants In the process who are not satisfied. Among these are the
tertiary institutions. Since they have used a combination of
students’ Year 12 final marks as an entry score because of the
ease with which such numbers can be computed (even though
it has been acknowledged as an illogical computation}, they are
not happy with up to four letter grades on different tasks for
each of up to twenty-four different units (both mathematical
and nonmathematical units).

It is acknowledged that this process of change will not stop
here. Change will continue, and the subsequent changes will
undoubtedly be built on present experience. There have been a
variety of programs offering alternative assessments for a num-
ber of years in Victoria. The present full scale implementation
has drawn from many of them. The use of calculators was a
gradual process in assessment procedures until fully imple-
mented in the early 1980s. The present situation represents a
point reached after many years of change.

Nor is the sltuation in Victoria a blueprint for any other
state. region, or province. The quite different pressures and
circumstances in each locality prevent this. However, this sum-
mary is offered as ar example of what can be done: it is not
perfect by any means, but a stimulating example perhaps for
others.
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SUMMARY NOTES

Perhaps the major thrust of the changes in mathematics looked
for and epitomized by the Standards document is the need to
empower the teacher, After all is said ‘about systems-wide test-
ing programs. the overriding feeling is they are predominately
used to check on teaching quality. And in one sense, such a
conclusion is correct. Perhaps the crucial factor in schooling is
teacher quality. But to use student tests to judge teaching
quality is to employ a rather indirect method. The teach~rs are
certainly aware of the reason these tests are given and respond
accordingly. However, their response is not positive, but rather
one which prevents them from reacting in creative ways to the
situations that arise in their own classrooms. A quote from the
penultimate paper in this volume seems to sum up the point:

If one really subscribes to the idea that a change in the
authority structure of school mathematics is essential
to real change in its epistomology, that authority must
be seen to transfer from external experts to the school,
the teacher, and the student. The assessment process,
including its tasks, is a key part of that process. As long

as assessment is entirely an external dictate rather than
a collaborative effort, the final answer for students is
that they must learn somebody else’s mathematics as
opposed to holding their own mathematical ideas up for
cooperative assessment by an entire mathematical com-
munity, which includes their peers {Zarinnia & Rom-
berg, this volume, p. 275).
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NCTM EVALUATION STANDARDS

General Assessment

Standard 1. Alignment
In assessing students’ learning, assessment methods and
tasks should be aligned with the curriculum In terms of:

* its goals, objectives, and mathematical content;

* the relative emphases it gives to various topics and
processes and thelr relationships;

* {ts instructional approaches and activities, including
the use of calculators, computers, and manipulatives,

Standard 2. Multiple Sources of Information

Decislons concerning students’' learning should be based
on the convergence of information obtained from a variety of
sources. These sources should embody tasks that:

* demand different kinds of mathematical thinking;

¢ present the same mathematical concept or procedure
In different contexts, formats, and problem situations,

Standard 3. Appropriate Assessment Methods and Uses
Assessnment methods and instruments should be selected
on the basis of:

* the type of information SO{lght:
* the use to which the information will be put;
¢ the developmental level and maturity of the student.
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Use of assessment data for purposes other than those in-
tended is {nappropriate.

Note: From the “Overview of the Curriculum and Evaluation
Standards for School Mathematics” (An Abridgement and
Excerpts of NCTM's Curricidumn and Evoluation Standards
Jfor School Mathematics). Prepared by the Working Groups
of the Commission on Standards for School Mathemat-
les, NCTM, October, 1988. pp. 16-18.

Student Assessment

Standard 4. Mathematical Power
The assessment of students' mathematical knowledge should
seek information about their:

* ability to apply their knowledge to solve problems within
mathematics and in other disciplines;

ability to use mathematical language to communicate
ideas;

ability to reason and analyze;

knowledge and understanding of concepts and

procedures;
disposition towards mathematics;

understanding of the nature of mathematics; and in-
tegration of these aspects of mathematical knowledge.

Standard 5. Problem Solving
The assessment of students’ ablility to solve problems should
provide evidence that they can:

* formulate problems;

» apply a variety of strategies to solve problems;
* solve problems;

» verify and interpret results;

* generalize solutions.

Standard 6. Communication
Assessment of students' ability to communicate mathemat-
les should provide evidence that they can:
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¢ express mathematical ideas by speaking, writing, dem-
onstrating. and depicting them visually:

+ understand, interpret, and evaluate mathematical ideas
that are present. . in written, oral, or visual forms;

* use mathematical vocabulary, notation, and structure
to represent ideas, describe relationships, and model
situations.

Standard 7. Reasoning
The assessment of students' ability to reason mathemati-
cally should provide evidence that they can:

* use inductive reasoning to recognize patterns and form
conjectures.

use reasoning to develop plausible arguments for math-
ematical statements;

use proportional and spatial reasoning to solve
problems;

use deductive reasoning to verify conclusions, judge
the valildity of arguments, and construct valid
arguments;

analyze situations to determine common properties
and strructures;

* appreciate the axiomatic nature of mathematics.

Standard 8. Mathematical Concepts
Assessment of students' knowledge and understanding of
mathematical concepts should provide evidence that they can:

¢ lalel, verbalize, and define concepts:
+ {dentify and generate examples and nonexamples:

¢ use models. diagrams. and symbois to represent
concepts.

translate from one mode of representation to another;

recognize the various meanings and Interpretations of
concepts;
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* |dentify properties of a given concept and recognize
conditions that determine a particular concept:

¢ compare and contrast concepts with other related
concepts,

In addition, assessment should provide evidence of the ex-
tent to which students have Integrated their knowledge of vari-
ous concepts.

Standard 9. Mathematical Procedures
The assessment of students' knowledge of procedures should
provide evidence that they can:

* recognize when it Is appropriate to use a procedure:
+ give reasons [or the steps in a procedure;
¢ reliably and efficlently execute procedures;

verify results of procedures empirically (e.g.. using mod-
els) or analytically:

recognize correct and iticorrect procedures:

generate new procedures and extend or modify famil-
lar ones;

appreciate the nature and role of procedures in math-
ematics.

Standard 10. Mathematical Disposition
The assessment of students’ mathematical disposition should
seek Information about their:

* confldence In using mathematics to solve problems, to
communicate ideas, and to reason;

¢ flexibility in exploring mathematical ideas and trying
alternative methods In solving problems;

* willingness to persevere at mathematical tasks:

¢ Interest, curiosity, and inventiveness in doing math-
ematics;

¢ inclination to monitor and reflect upon thelir own think-
ing and performance:
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¢ valuing of the application of mathematics to situations
arlsing in other disciplines and everyday exp<riences;

¢ appreciation of the role of mathematics in our culture
and fts value as a tool and as a language.

Program Evaluation

Standard 11. Indicators for Program Evaluation

When evaluating a mathematics program's consistency with
the NCTM Standards, indicators of the program's match to the
Standards should be collected on:

* student outcomes:

* program expectations and support;
* equity for all students:

¢ currfculum review and change.

In addition. indicators of the program's match to the Stan-
dards should be collected on curriciilum and instructional re-
sources and instruction. These are discussed explicitly in Evalu-
ation Standards 12 and 13.

Standard 12. Curriculum and Instructional Resources

When evaluating a mathematics program's consistency with
the NCTM Cuwrriculum Standards, examination of curricular and
instructional resources should focus on:

* goals, objectives, and mathematical content:

+ relative emphases on various topics and processes and
their relationships:

instructional approaches and activities:
¢ articulation across grades;

¢ assessment methods and instruments;

+ availability of technologlcal tools and support materials.

Standard 13. Instruction

When evaluating a mathematics program's consistency with
the NCTM Curriculum Standaids. instruction and the environ-
ment in which it takes place should be examined, with special
attention to: ’
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» mathematical content and its treatment;

» relative emphases assigned to various topics and pro-
cesses and the relatfonships among them:

» opportunity to learn;

* instructional resources and classroom climate:
» assessment methods and instruments used.

* the ar. ‘ulation of instruction across grades.

Standard 14. Evaluation Team
Program evaluation should be planned and conducted with
the involvement of;

* individuals with expertise and training in mathemat-
ics education;

¢ individuals with expertise and training in program
evaluation:

* decision makers for the mathematics program;

» users of the information from the evaluation.

Note: From the "Overview of the Curriculum and Evaluation Standards for
School Mathematics™ (An Abddgement and Excerpts of NCTM's Curricu-
lurm and Evaluation Standards for School Mathematics). Prepared by the
Working Groups of the Commissfon on Standards for School Mathemat-
fcs. NCTM. October, 1988. pp. 16-18.
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CLASSIFICATION MATRIX

TEST NAME:

NUMBER OF ITEMS FOR EACH CATEGCRY

aues | CONTENT | erocess | rever
1 [Inr| ns|ag|ps meal|com] cfe {can] rea pafl| cone

|

pri

Number and Number Relations
Number Systems and Number Theory
Algebra

Probability or Statistics
Geometry

Measurement

Communication

Computation or Estimation
Connections

Reasoning

Problem Solving

Patterns and Functions
Concepls

Procedures
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TEST RESULTS: PERCENT OF ITEMS FOR
EACH CATEGORY

TesT || CONTENT
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SRA || 82
CAT |[73
SAT || 64
IT8s || 62
MAT || 66
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APPENDIX D

[LLUSTRATIVE QUESTIONS

Example 1 (mulliple choice): Typically students are asked 1o solve for x when given an
equation. in the following question, students are required to see an algebraic represen-
tation as mathematization of a real-world problem.

Which ans of ths following problams
can be s0lved by using the eguation
X+ 1= 207

QO A math class started with 28 students.
The next day 2 mors studeants gnrolled
in the clasx. How many students does
this clase have now?

O Erin added 1 nors books to har
collaction. If she¢ now has 2s baoks,
how many booka did ¥rin have
originally?

QO Tia had $2¢ In his account., A week
Jatar he deposited $3 more. How
such monsy doas ha have In his
acoount now?

O Ann bike2 28 k= at 2 Jm par hour.
How long did Ann bike?

Example 2 (mullipfe choice): This question can be done in several ways depending
upon the mathematical sophisticalion of the student. It can be approached purely by trial
and error o7 by trial and error in a systematic way using knowledge of place valua.

O0gd
xX 00

The fivae digits 1, 2, 3, 4, and 5 ars
placed in tha boxsa above to fora a
nultiplication problam. If the digits
ars placed to givae the asximum product,
that product will fall batwean:

O 10,000 and 22,000

O 22,001 and 12,300

O 22,30%L and 23,400

0 22,401 and 33,500
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Example 3
Colifprnia I” Ansssrant Progrsm

Survaty of Acdemic Skifit
OPEN-ENDED MATHEMATICS QUESTION(S) A

Name Ml AN 3-DEC-F7 £ oiqib

Instructions: Use this shoet to answer the questions, Show as much of your work as possible. (In
soms cases, there may be more than ana solution) Use tha reverse side of this sheet if needed.
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Exanple 4
i Survey of Acadamic Skity
Coblorria | Ansesarnent Program

OPEN-ENDED MATHEMATICS QUESTION(S) A

Mame J__. H. .

Instructions: Usae this sheet to answer the questions. Show as much of your work as possible. (In
some cases, thera may be more than one solution.) Use the raverse side of this sheet  needed.
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APPENDIX E

HISTORY AND RATIONALE FOR STUDENT
MATHEMATICS JOURNALS: A SCHOOL
PERSPECTIVE

A. Waywood, Mathematics Co-ordinator
Vaucluse College
Richmond, Victoria, Australia

Vaucluse College is a Catholic secondary girls school. There
are approximately five hundred girls from Year 7 to Year 12 at
Vaucluse. It serves a multicultural population: 20 percent Asiamn,
30 percent Itallan and Greek, with the remaining 50 percent
being predominantly Anglo-Saxon. Prior to the introduction of
the mathematics journals, the mathematics program had been
fairly “text book traditional.” Mathematics was a compulsory
part of the curriculum until Year 10. In Year 11 students could
drop maths completely, do a Mathematics and Work unit, or
continue with the core mathematics. Of students remaining at
Vaucluse to complete their final year. about 30 percent would
continue with mathematics,

History

In 1986, mathematics journals were introduced experimentally
in one class each at Year 7, 9, and 10 levels. Compared to the
present understanding of the functioning of a mathematics jour-
nal, these initial experiments were very crude In terms of the
perceived relationship between students keeping a jounal and
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a pedagogy of mathematics. Even so, results were encouraging
enough to warrant the expansion of their use. By early 1989,
the keeping of mathematics journals was seen as an essential
element in the teaching of mathematics from Years 7 to 10.
Years 11 and 12 need to be bracketed out of this discussion
because, even though students are required to keep summary
books, they are geared to an examination system where the
skills developed through journal keeping are not prized. A
student's completion of a mathematics journal should result in
more than just a summary of mathematical procedures; rather
it is the developing of an attitude to the doing of mathematics
and coming to an understanding of what mathematics can be
for students. In other words, in introducing journal keeping to
the mathematics classroom, something has to happen for the
student and the teacher.

Educational Rationale

Through 1987 and 1988, we worked hard trying to see how
journals were functioning in terms of student learning and
using these insights in a formulation of the purpose for having
students keep a mathematics journal. This purpose is pre-
mised on the beliefs that language and thought are intimately
connected and that mastering forms of communication goes
hand in hand with mastering thinking.

By keeping a mathematics journal we intend that students:

1.  Formulate, clarify, and relate concepts,
2, Appreciate how mathematics speaks ahout the
world,
3. Think mathematically,
a. Practice the processes (problem solving} that un-
derlie the doing of mathematics,
b. Formulate physical relations mathematically.

This purpose Is translated into a number of tasks for stu-
dents to do when they write a mathematics journal. Basically,
any journal entry should be structured around three activities:

Summarizing, discussing, exemplifylng. As a first Introduction
to journal writing, we supply our Year 7 students with an
actual book, in which each page is divided into the sections:
What we did, What I learned, Examples, and Questions. As an
activity, each of these tasks has an internal structure that has
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the potential to draw the students into the experience of think-
ing systematically and of taking control of ‘heir learning. The
actual structure of the tasks requires learning activity rather
than learning passivity.

As | pointed out earlier, the journal activity has two roots:
one in the dynamic of student learning, the other in the dy-
namic of instruction. Even though each of the tasks is essential
for learning, none of them are explicitly taught in a mathemat-
ics classroom. We found that journals fulfilled our purpose to
the degree that we accormmodated our teaching to their use.
Put most globally, using journals as an instructional tool re-
quired a shift from teaching techniques to helping students
construct meaning. At the level of classroom implementation,
this required teachers to:

s appropriate new models of mathematics instruction,
such as group work, library research, historical inves-
tigations, and class discussion;

» experiment with non-traditional instructional devices,
such as semantic maps. language of argument, mod-
elling precise expreselon (formulating definitions), and
redrafting.

To sum up. then, the educational rationale behind journal
wriling is to have students experience sustained and precise
thinking. We suggest that language activity and mathematical
activity come together and are focused in the act of precise
articulation, which 1s the underlying dePmand of journal writing.
Further. these two worlds of activity come together uniquely.
because of the content of mathematies, which has to do with
the relation between ideas and not about the relationship be-
tween things. Much of this rationale can be exemplified ir1 a
discussion of what journal completion entails. :

What Journal Completior Entails

Students are required to write in their journal after every math-
ematlics lesson. This is seen as ongoing homework. It is a re-
quirement that is taken seriously because journals contribute
30 percent to the assessment in mathematics. As a minimum,
a satisfactory journal entry should reflect the Intellectual In-
volvement of the student in the day's lesson. What form a



Appendices 315

particular entry will take is determined by the form of the day's
lesson and the level of sophistication at which the student can
Interpret the journal tasks. To simplify this discussion, 1 will
characterize lessons as falling into one of three types, Theory,
Practice, Activity, and discuss under each the appropriate jour-
nul activity.

Journal Entry Appropriate to a Theory Lesson

The students will have taken notes in class and then that night
will reconstruct the lesson and present a clear summary of the
lesson. While doing this, they will note connections with previ-
ous ideas and concepts or applications that weren't clear to
them. They will discuss what wasn't clear with the aim of phras-
ing a precise question that will get to the bottom of what they
have not understood. The discussion wiii also aim to extend the
ideas through the use of “What iIf...?" questions. Where ap-
propriate, they will give examples that i{llustrate the ideas or
applications being discussed.

Journal Entry Appropriate to a Practice Lesson

After a practice lesson. studems will spend time annotating a
worked example. They will demonstrate an understanding of
the connection between techniques and applications with the

theory. They will isolate areas of background knowledge that
prevent mastery of new techniques and test thelr understand-
ing by doing a hard example. They will comment on their par-
ticular pattern of mistakes.

Journal Entry Appropriate to an Activity Lesson

In the first place, students will unearth the relationship of the
activity to the unit of study, they will record what was done
and discuss what it means, and they will reflect on how it
lustrates idear -.r example. principles). They will describe
and justify the method they have followed and state the conclu-
sions they have reached.

It should be clear that the journal calls on many high-order
processes. Being able to write a journal entry is not automatic
for any student. Learning to use a journal has to be taught,
and our experience is that if it is taught and applied during
Instruction in mathematics, then students find mathematics
more meaningful, useful, and enduring,
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What Constitutes a Successful Journal

A corollary to the issue of what journal teaching entails is the
issue of how teachers recognize a successful journal, As we
gained experience with reading journals, it became clear that
something more was happening in journals that were seen as
successful rather than just being complete. Successful journals
were written differently. In the first instance, students who
seemed to be getting the most from their journal work were
more often trying to explain rather than just describe, From
this insight, we formulated a taxonomy of the function of lan-
guage in journals, which spread entries alo~ a continuum.
Students used language in a Narrative, Surm  y. or Dialogue
mode. These terms are nccessarily technical and are defined, at
present, by examples of student work. What was most useful in
these categories was that they gave teachers a means to dis-
criminate between journals and to model proper use. Our con-
tention was that as students learned to explain rather than
describe, where summarizing was seen as a precursor to ex-
plaining, they were more likely to be thinking mathematically.
This taxonomy of text has been very useful in judging success-
ful journal completion and, further, seems to point towards
differing dispositions of students towards mathematics.
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1. Problem Solving and Communication:
The Criteria

ubslpucudm-utpmﬂeﬂ!hmhamg

the probiern sobing and ation £dlls of
\'mm;%mwﬂﬂldma’pﬁmdmm
eiemenis and the seven criteria by which these are meanared.

Problem-Sohing Sidlls

A Problem Sohing: The Essential Skill
The Naboral Ceancil of Teachers of Mathematxts” Agenda for
Acﬁon(]%]]rmﬁdm:ﬂpmﬂmsoh“hhwd

schood
Curneulam and Exaivation Sandards for School Hothemanes place
becoming a mathematical problezn sohver at the lop of the £ of
goals for students
The development of goch ttudent’s ability i soive problents &
exsenhal if Le or the 5 fo be o producive abzen  To develop
such abeletves, students need to wark on probiems thal may fake
hours, days, even ueeks fo sofve Alhough some may be
refohuly Simple exercises so be aconmpieshed independenddy.
others should imolve smal! groupt or e entue class wurking
couperonvely Same probiems atso should be open-ended with
nonghlmwc.nddhtrsmfdmbrbmm
mPnuﬂ!h:ﬂamuwanmmlhshlltm
ent program X s programs shousd be reduong

wmﬂmﬁmiﬂemwmuﬂmymm
Teaching problem-sotving strategies munt be an integral pat of
instruchon. and mst be reflected in the process.

The %CT™ Standards encowage 4 vacety of peoblem-sotving
oppariurities The problem-sofving assessmert standand staes

“lrwoﬂmmvgubkh&admwmm it
st ol b e Forvt of assexument Sodent” aluldy fo solve
problems decriops ouver kme 03 & retult of extended tstruchon.
opportunies B sofoe many kinds of prodiems. and encouners
utth reat wortd siatrons

Assessments should determene students’ alilily ko periorm lf
wspects of prodlem sofung Ervdence about their obeldy ko ash
queshons, wit e informaton aﬂnmlewfmm °€
esvhal to Ot of they ¢dn K P

Assessments alio should yreld evdence an shudents” e of
strafeyies and problem-poling techakpues and on dier abdity b
vertly and inderpred resclls. Finally, becouse the power of
mathemalics i derived, i pard, from its generalizolduy (eg.

foo-space sofution can be genérahized 1o ¢ three-space solution)
this aspect of problem solving shoutd be ossessed as well ™

Veamoat's commitment o providing meaninghal problem-sohing
activitics trhmﬁuﬂsmﬂnbamhmﬂdﬂn
Vermont's Problem-Solvicg Criteria

Too olien prodiem sobving has been taugitt 23 a Bnezr proxess
with four distinct steps: begin by restating the problem, identily a
stralegy. sobe the probism, check your siswer. Thsmdm
wnﬂmmdhpmuﬂnm.ntudimﬂmhmm

mxnmmvm;meﬂapwmmhm
extends lar beyord the approach to sohing wird
and s meam to assid students in develomng wrwgful

Mhhwdwdmﬂw-ﬂlmmﬂﬂ
n ther lives.

Yermon! educators o recognize that problen scbving is nol
wuuﬂy:humm&oﬂcmsunm:mw.emm
o muliple ways of obtaging 2 solution. R g Lthat
mammwmmmkmmmmw

Vermon!'s concept of problem sofoing
extends far beyond the simplistic approach
fo soloing word problems.

Ut i i inapproprate W adopt 8 singular approach to probiom
mmmmﬂﬂuﬂnaiywmmdbyhmm
strateghts (¢4, trial

Fjemuolpmbkamhmnlu\iyﬂepud.uﬂns
difficult 10 separale ot diotingd aspects. Kevertheless, Vermont's
assecument musl provide jiregtu] keedback to programs. To
mcﬂﬂutiﬂll\umum!&dﬂtblwmhyunmkx
the problem-solving ahilties of students.

ing Criterls

# Understanding of the Les

# How the mdenllpprmcbcd the taak; lhe npprunch(c.),
pmctdln(l) and/or rstegles afopied

L w‘hylbe stwdent made the chiolcea along the way; the
cefiection, jastifieatlon, anatysle, rationale, vesification
thut lnflsenced declslons.

» What findlngs, conclusions, obeervations, comaections,
generalliations the stwdent rewched.
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£ _ Lmking Tuyond "t hawwer*

Althoush these erieria may figgest s sequence of acthities, thal  multiple appenaches to problem sobving, and to ket them chocse
s ngt neceisiily the case. Pertiolio enties have ringed bomvery  methods that work foc them,

(3 tasks i very comples multiple week many different ways shoukd be valeed, sefection of a

et zationg. Maore peoblzmg offer opportunitics toreach  strabegy that can lead to an answer remains a goal. Students who
o usions at variout poirds theough the problem-sohing process.  sedect “guess and check™ as a stralegy for a problem that wil take
5 vizarty, a student may not begin with a ll understanding of the years 10 sobv® in that way should be abie 10 tvaluale the strategy

not necesaarly st 3 particular place within the recense, not
nm of a sotution. Awmdmuwuﬂaﬁ
Uaderstanding of the Task
R MY 0 without saying Gt a studeat needs to understand what
ubungldndnlhnahﬂ In ordier 1o solve a problem you must
wrerstand the mmmmm
redevant information, being abie Lo nterpret the problem, and
mm@mmmucummwmm
he recepiive ¢ ation skills of the studest.
Tl'.:m‘w.dthnduuﬁ'lgolﬂtTakx

1. Toraily mistundersiood
2. Partially understood

3 Undergtood
4. Genenalired, applied. or extended.

At the lowest level, the studenl is tot ik to wxlerstand what s
being asied A blank response o a response that is not responsive
o the task, or & chear misintepretation of the 1axk, ae indicative of
otal misundersianding. At the next level, the studet might
understand part of what is being 2sked or respand to one partion of
ummmmmmum

Aw1mmmnummmw
might be exhibited through  detalled
description o anatysts of the problem, or siraply with a complete
and correct response thal reflects 2n undorstanding of the problem.
The highest level of this scale sugpests that the sident stopped
and analyzed ihe prodiem stalemend at the outsd, and booked for
special caves, missing information, or particular concems,
avumpitions, efc, Wi might intuence the appeoach to the

It is important to note that understanding the Lask does nat
fequine # restatement of the problem. b fact. reslating the problem

Quality of Approsches/Procedures/Strategles

Morst probiems huve mubtiple ways in which they can be sotved.
Qummﬂnhik\!hpqu)umdwudu.pnnﬁm
o 10 $0he px LS CAN nchdemple
msna.mmd cnu:h;:ys(um Instng,

mmmmmﬁmwﬂm
There shovid not be just ane way to soive  problem. Math
leachers now reconine that | is miore impertant o teach students

and recognize that # i not visbie, and they should select another

approach.
The rating scale for QuaBity of Appeoaches is:
ihwuﬁaeumm[tﬂwo&:h:uﬂ:(me
Appreprise approach some time

L procedure

4. EfBcient or sophisticated appro-sch or procedure.

At the Erst beved, the student has o en an approach or
peocedure that will riot kead (0 a solul an for the task. The second
leved allows jor the of $0u.- tasks which will call on
shdents to complete mmultiple tasks wittin the eperise. In the
event tht the appeodch of procedurt s vrockable lor some of the
task, but not all, then the response is a level 2.

H the approach or procedre b viable and can lkead 0 a sohsion,
the picce is rated at a fevel 3. There are sty routes to a solution,
and each of these i treated as an equally scceptable strategy lor
this criterion. The most common approaches. ad well as other,

We belieoe toe must work toward
ncreasing the atfention sfudents glve fo
the process, as opposed ta “the answer.”

seemingly maoxe cumb or inehcient resp eam a raking
ol 3 These will be Gmes when students provide very sophisticated
strategies Lo sobve a problem.

Yehen raling a piece kar the approach or procedune we lend to
hook af the denxxrstration, the Ses<ription of approach, and the
actual student products of dealte, scratch paper, and other artilacts
ol the problem:-solving provess. Problemm solving cannot be right

answer” Kxused, the key to efiective sotving bes in the
strateghes one wses £ attack the m and the skalls oo wses lo
n&dmﬂnmmdﬂmsmwlﬂuﬂyws
decisions. Ia order to commusticale the importunce of Lhe xocess,
mmmm-:mmw.;wwam

soiving. emptusizes the approach and the vialility of the stal-gies
adopted by the student.

We recogrite that studénts do not always record the procedurcs
they follow. and we befieve we must work Lowand bwreacng the
atiestion stucents give 1o the pricess, as opposed 1o “the sswer.”
We need to ask shedents “what ase you dotng?” and have them
describe the process in precise terma. The importance of process in
problem sobing supgests that peocess B L answer lo many of
these tasky, K i also important W pete that students do not always
labet their sirasegies (noc shousd they, necessarily). and raters must
by to fotlow and Libe| the student’s approach based on the racord
of work that students keep. it alls 1o peokessional judgmerd o infer
whal the student adopted as an approach.

Why the Siudeat Made the Cholces Along the Way
Probsiem sobving is mose than understanding the task and

selecting

checiing their asa:mpons, reflecting

effeciiveness ol stralegies, checking for exceptions, and verifying
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Testlts in other wzys These skils provide an Overlay for the
problem -olving procees. They may be the most dificult Lo leach,
and they are clearly the most Slicult 1o record — b they ae

teflection, or veriication, he,/she is justifying the decisions or
choices made along the wiy by the process.
Fiding the wity that underfies decisions dﬁc'.il.sul.‘cﬂs

Lhere was a quicker way.™ or “This has (0 be & 306 approsch
becaee” ct‘lﬁmd\tlmdduhnmkmdlm\\m
becawse.. " all provide evidence of the metacognitive sidlls
asgocaied with sohi

the
wa¥ refiects the diliculty in caphuring the evidence for this criterion.
Students ae getting betier at explaining low they sobve a problem.
thye pprad h they Sllowed 1o sobve the probicn, and Lhe steps
alony the way. Getting them to think zhout why they proceeded
they way they did, and Lo commnicate this process oradly orin
writing. i a bigger chalienge. The rating scale for this criterion

;hnﬂundmmmddmmhq
A Rexsoned decision

itderred with certainty
& Reasoned drcison mking/achstments shevn expicated

procesa,
feads to a bevel | rating. At the other end of the scale. a student
articulales the decisions made. sither lhrough explanatic

teaching - . for sample, begin with randorm Esting and then switch
wamaﬂmﬁ:mmﬂdﬂ it is kely Lhat reasoned
decision raking ocouted. However. an %o inler decition
making that oould lead several teachers to conclusions.
suggesis that although reasoned decision making may have
mnud.numlyﬁﬂyﬂmudml\“m)wmhh
detision making with soax leve! of certainty the response is a level

3 it may have ocoared bt i equally Boedy that it Gdn', then the
resposeisa lovei 2.
mlhkddlu-lonhdndyﬁe-oﬁm:‘-xhwl
most

ol problem sodving to examine what kinds of decosions we ae
making, and wiry we Take them. 11 is uncommon, toa, for people (o
document the process. However. it & imporiant that stdents be
abis o analyze their own decision-making Lilks and, particslarly in
mmmmﬁmmbhemewmdnm
with other group Member, so other students can

capture the process without inkermapting
mmhuwunmmemmmmm
Lo documend the decision-making process i every piece of work,
but they shauld be abie W do 50, axd the docementation shoukd be
reflected in their best pieces.

What Declsions, Findings. Concluslons,
Observations, Connections, and Generalizations
thee Stedent Reached

A goal of problem sohing is 0 reach a soition, b geiting an
muks:mwﬂmthmnuhgmmmummun

solution. Mathematics is no bonger about Snding the answer to an
exercise thl is an artiicial problem existing pimaily ior the
purpose of Lesting problem-sotving difl. The oo i not what did
you G 88 30 unaf dots that mean?

Tasks should provide students with an opportunity lo extend
beyond their sphetion. Students shoeld be encouraged b0 make
WMMMMWMMWN

b al concepls, 1o real world applications, or 1o other

clearly

The issue ts not what did you find,
it's so cchat does that mean?

In betweent. it is often difficult to determine whether or not the
student has engaged in reasoned decision making, A shadent seems
10 begin with one approach and then switche to another spprosch.
Dvd he-she make the change becanse he/she recognized the &
approach wouldn'l work, or did be/'she tire in o approach and
decide to Uy another? A student seems to reach an acceplable
response, but then begins to sohve the problem another way. Is
e/ she verifying the answer, of does bt the befeve the Byt

wi$ wrong?
In each of these eramplas it is possible that khe student is
Wh'hhauttftw:u.:dkcm.mhﬂnpvb-msohu
and making adustments when necessary. i i alag possible that
he."she ts not! The shadent’s sctudl product ofén provides guidance
w anlaum\dbcho(ht\mwumsurmlhh cormect. H the
product thows a pattern that teschers have seen through years of

mﬂnﬂmmmbﬂdeﬁu
complehon of vach problem.
The ridng scale for the citerion it

| Solation withoul extensions

2 Sotution with otservation

1 Sohation with conmections or application

4 Sobetion with symthesis, penerafization. of abstraction.

Alevel 1 response requires a solution. Comectress of the sofution

cEminished. The bottom of this scale sugpests that the student
wmmgmmmerpmqummumdm
mans.uitomahandnﬂvahm the solution, lesds to a
rating of

llﬂwﬂudmtmﬂqudanmplenhsavmmm
cortnections 1@ other mathematics, to other dscipines. or Lo olher
possibie applicatons, then the raing s a 3. In some nstances a lask
will provide an oppartunity for a student 10 syhesire infomation.
of 10 come to some Beneralirzation or fevel of abstraction based on
the ohservations made throughcut the problem._ ln these instances
the workis a lewel 4
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B. Comniunication:
A Critical Element

The 1983 Srandards of the Natioosl Couned of Teachrs of

NCTM suggested that a stedent shoud leamn “the ssgns, symbols.
and lerms of mathematics. This is best accomplished i

hons in which students have Y
dmﬂeummmeuedhmd

wdmwﬁuﬂhmﬂhmmmd

iring tha! students witl work with others
i school ant in [ife makes it easential that they lear more than
independent problem-sotving shills. They must be able (o
communicale their ideas (o oihers, and understand the ideas of
others, in order tn fully benedt froms the valoe of group analysic and
%ﬂﬁmmmmmm

Studenitd netd 1o deamn 1O commeanicate compler ieas, The
mplusis::gm’m

sotver withowt being able to communicate kieas

to others Emits mathematical power in 2 way thal & inconsistent
witit Yermont's goals. For these reasons, conummonication is the
s2cand key element that will be examined Uough the Vermont

Integral f0 thit sociol process is communicalion. Keas are
dscussed, discoceries shared, conaciures confirmed, and
Rnowiedge acguired tirough fdicng writing. m liverang.
and reading The very act of commumicaion darihes thinking
and forces studenis & engage in doing mathemarict As such,
communication i exsenhal do learning ond knowing
mathemania Bul communicating mathemaotically presents
tenigue duficulies for thadenss. Maihemaics is Feaurly based on
the use of symbols and alfaches specific, and sometimes
different. meanings fo commaon words

An anessment of students” abildy o communcate
mw,muam«mmmaq
oflech fo the of 3 and e
nwmnmqmmmﬁmm
afion
mmﬂemmmﬁafwuabkmmmtmbulary
nalanan and giuctiure & expeess and ideas and
fe hips fn this sense. cing math i i3
wifegral to kmnmgmddwrg mathemancy
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7] Lawiing Byvnd "Fas dnewer”

wm(q.mm models, latives),

The scale kx I ariterion inctudes:

1. Ko or Ensporopriate use of matbenatial |
) Langiuage some of the time

mm;mummdmcm

on (e 3., clarity, prosdsion of Gelad)y
mﬁohrﬂmﬁmﬂnmd%lwﬁﬂuh&h
Jed 10 the identilication of three ariteria thal comprise the
commamscaion stranl

Communicaticn Criterla
Historically, mathenafics education has focused on whether of

repreasedabions,
manipulatives. 3nd dagrams, have been mpninnlbyrruyasm
end of machematics {Le. can a student graph and read data
presented ina chart) ather than as a way of conummicating
rathernaticaiiy. The way in which a student presents his/her wirk
s yet annther way i which he/she commimicates ideas 1o peers
16 the leacher. Oral and writlen commurication are ot solely
the rsponaibility of the language ats teacher,
teachers must also htlp students become betler speakers and

2.‘, oxiate uss of math
Wemdmsmmdhm
tmummmmmﬂm

A beved | resporcse sugests that the stwdent rarely or never uses:
mmumummmmﬂnuwﬂdl}n
tasks At the second level, d

$ymbol or notation would have been more precise and more
conclse.

Being on effective problem sclver without
being able to communicate ideas to others
limlts mathematical power.

Mmmw«madmﬁedmmnh

betier writers. Thes= understanciings anet bebiefs bed to the fol8
cormnic a3 Criteria

Cnr.-wn!cn:«'m Critecta

# Language of Math~aatica

# Mathematical Rzpresentations
Presesistion

Unlfke the peoblem-solving oriteria, which wire raled o scakes
that measured the quaELMive naticre of the response, the ratig
rlhhﬂﬂmuhnmmmﬁmdepm

hematical o other, & trying 1o use the
hwd;barudl.eahummmbbeﬁum&l'm use of
these shills. and bulds through "some™ 1se 16 "soptisticaled” e
The variety of asks offered in programs creales a range of
opportursties for students to demonstrate their sioH, bul the
abzence of opportwnity o Wse these skills also makes a stazement
abxomt L program. Programs must valae and 1tach comumenication
skifls. A brief explanabion of each of the criteriy is provided in the
section that lolkmws.

Language of Mathematics

Yermont recognizes thal mathematics & a language, and that
$tudents gain power 1 theiv ability to communicate with one
tu}unﬂlu{mnﬂtmyn(

approach i the abience of mathematical terminology or symbols.
A student who tats aboul “imesing two mumbers™ meeds Lo acopt
correCl Iemminology and speak about either multiplcation or
procucts. A studer? who can write a series using proper nolation
rather than spealing about the sum of 12
E} nucbers that are the squares of the
i xz from | 1012 inchusive B adept al wsing the
Lruage. Yermont's gosl s 1o help students
1:0 become more proficic. _n the use of
rutheputical vocabelary. nolation, f)mbo!s.
and struciure [0 represanl ideas and 10 describe relati

Mhmﬂswpmwwmhqum
thould be able 10 construct these representations and
mﬂm_m-ﬂmnamnptumtedmciﬂum

o inchading equations of lormel

1. No use of mathematical representations

2 Use of mathematical representations

3. Accurate and appropeiate use of mithematical repeeseniations
{ Perceptrve use of mathematical representztions.

‘H)emmtmdﬂuuﬁums\uynﬂumu:mﬂm
kanguage criterion i represents a hesarchy of sdlly. AL the first
level. students make 10 atlemgs 10 integrate mathematical

o their The next kevel swggests that
uma«&mmmmmmm
charts. tables, models. and dagran.s are; beginning Lo appear
threraghout Eheir work. AL this leve] the bty distiaction 3 that the
Wmnund:ltmeqmdwwmmm
Factors. The acocake and
what distinguist lmluu‘nlnrlzrum&:dﬂxdcduse
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Vet s Pardolo A Py 1]
dwmummmdmmuzmmm the me. His wse of terms e denominator and

the best methods lor

Tractiond, conumon
nlhsm'l.l.hliﬂnmh:

the power of rep using
mmuummmhmum

Kormat that s arganired, coberent, and suficiently

another indvidual Lo lolkow the student's thinkivg,. The preseriation

ol ideas is al the core of this ariterion. and R is an essential element
gy

of portiolg-based
The scabe hor this criteston includes:

I Unclear (Bsorpanired, moompiete, lacong detal)
2 Some clear pais

3. Moty clear

4 Clear {well organived, complete, detailed)

The primacy inbcator of where a response rates on thi scile is
the amount of infesenice Toquired on the reviewer's part. I you
cannot fllow the studett’s Wenking or processes ab all or i
wusulBicien work is provided Lo give you Lbe kevel of dedall peeded,
then the respomse i at bevef 1, The fourth keve inScates that the
studett hay strusctured Lhe resporse well and provided detarl
thruughout the presentation. The rater iid not need to il in missing
nformation or make infererces abxut how the proces ehed.
The primary dstiaction between the middle two Tevels is related
10 the amount of inference required from the rater. M the student
has presented modl of the information in 4 clear way, only
oecasionalty rehying on the riler Lo infer stepy. then Lhe rating 182
feve] 3. On the other hand_  there ke some clear parts, bt the
raler needs ko it in the missing steps in several sctiohs, the rabmg
isal

The communication criteria are similar to the problem-
sohving criterla kn that Lhey are bl bnlerrelated — and it Is
<ritical that feachers tashs thal pmﬂde an opportusty
1o bearm these aXitls as well s demonstrate them, Al times it
will appear that these criceria cverlap with the problemesohing
criteria They do. The commemicatsn criteria provide an
oppOrtunity 10 evaluate the tasks from a differert perspective.

Applying the Commucication Criteria:
Some Examples

T quafity of commumication within student work is closely
related Lo Lhe problem-sohing critena. The better a student
commmucates, inchuding cse of mathematical ierminology,
wmmdhdm:yolpmmtmﬂ!yuta the level
o cextainty with which teachers ¢an evatuate the problem-sohing
abulity. Readd through C-1's “Mr. Fister™ problem and focus on ks
use of mathemalical language and the clarity of his thinking. Notice
e has provided arough deah and » fnal product.

This student uses mathesutical language appropriaiely most of

cwidhememuu.&.umg mbmn Instead of “tale away.”
He does not use math repraseniatinns. [n lems of ¢laity. the piece
is well crganized, complete and detailed
Cuwl!tlawoﬂlmtnmmthwndu
exclusively algetvaic_with oo wands, no

o explanation, no
Tkestrations. W has $ome clear parts, but s not as rich in language
or in clarity of presentation as G-I
Cne aspact of sathematical communication is Lhe ability to
represent a concept in many ways. C-¥'s Bhertration of ways to

purchases of peanty produces
purchaces (also 12 cents) produces X). The representation shows
C-{'s Lhinkineg and communicatzs whry Lhe § lor two cents is & befter
deal K is accurle and spprovvisie use of nipn

C-5 also tried 1o use mathematical or the peamat
mumwmmmmhmnuw
dmsuudm representations. bt i b pot acourate

‘ - h ical ions stand alone. C-4
m:mmmlmm&am
alone. This

r-peuenm
CTsmpunsetoﬂumwpublanmn\euudm
nlormation. This

The clarity of the parthofio entriet addrisses the ener,
cormmANICAtion |ﬂhdmmmebenll
arganized, complete. and detaiind Both examples C-8 and £ )
Jemonstrale how clearly students are able to oeganize their
thoughts, incomorating mathematical language and represéntaticns
when appropriate.

Composlir Ratings

The rating scales have baen defined and Tlustraled in terms of
individwal portiolio entrics. The same scales are wsed for Snal

ennnpolllukalpemdmpnledwutuduﬂu

his/her best work, Raters neview the best preces, consider the
overall quality of Lhe student’s work, and provide 2 composite
rating bor each criterion. These ratings ace the basis for state
reparts. The dual purpose of scales (12 for individual pieces and
for collections of best pieces) places some Emitations on therr use.

The moce narrow an entry. e mote E6owlt i may be lo score.
Good partfolio pieces are open-erded, may be ongoing. and peovide
stugents with mukiple opportundties kor response. The richer Lhe:
task, the better the “5t” to Lhe critesia. However the combination of
from & mumber of pieces builds the retiale Gty of the COMpHe, or
postioBo rating Ror best pieces.

huahnmpnmﬂlom:&:lmhmaﬂnmd
same sCales are used ot each grade bevel, the iterpretations of
xduciﬂuueachdnupmmmhlhdﬂ

¢ bor math for grade 4 are not the same

iurwade&'l‘hed«ﬂmruluﬂ‘khgudenmguﬂ the mod=ls
that Hiuxtrale the rmarkers vary by grade levwel.
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IlI. Portfolios as a “Window” on Math Programs

Pmdm:mﬁwﬁawdml
ad the instructional
the contens creas. and the level of emg ol

B. Content Aress
.\hﬂuu.hupmgmummuhﬂu\ﬂtydmtuﬂ as part

OpPOITTE,
students reected within the programs. This section provides a
description of these three elemmnts.

A Instructional Opportunities
The foligwing fve instractional opportunities ane critieal aspects
of effectie mathématcs programs:

mmdstdihrnuuudnpponmhuﬁ\ﬁul
nd group assignment, and kr discussicn between studants and
teachers &l emang sudeni Shudents must kaza o wark
tooperitiely in Zroups, to leam from one another, and 1o
mmgl"mrhe nh.nﬂ‘uponﬂhalﬂen.ﬂmard

of the cuni mm.mamm;.

levels included i the portiofio Programs at the fourth
and eighth prowide shudents with (0]
address that révuire the sk¥ls and content imcwledge
associsied with each of these arexs The specific content aress ae:
Grode § Grade $
Nu:rbaSmse Whole Mo/  Number Relationships/
umbsy Theory
Opu'amﬁace\'a!m Estimation
Patterns/Functions
me'ﬂdm Algebra
Cmrnm)rSpmaISﬂm Geometry/Spatia) Semse
Measurement

Categarization of portfolio pieces from a sample of complete
poctiolios for a classrocm o e Gight distinet cortent aress
provides anindication cithe r o range of programs within the
state.

C. Disposition/Empowerment

Mathematics in the 90's must be Jor all students, not those few
who aspire to mathelated carvers. All shudents must leam to value
math and hecome conbident i thermsebves and thexr ability Lo be

;dnale i s u?mu?dhsdﬁ
programs, iLis also important al the junkr
levels Cubes, base ben and pattern blocks, tiles, geoboands,
balances. paph and grid paper, and counders Bke buttons and
beans should be a part of rmath programs, and evidence of work
wilhi them thould be reflectedin some way in portiolios.
The realworld emphasis of mathematics must be reflected within
the programa. Mathematics cannot be tatrght as an abstract Beld,
nhmkdwu&mdagrdtnldaﬂudﬂslﬂymhrn
cancepts. Probl with multiple solutions,
MM&WMNMWT&W
oher n:r&lidbeem;‘d the by
conlexls as
e i Sl et e
Finally, technology must be a part of the mathematics program.
Seudents at Al levels shoukd have access to caleulators and
computers. Techaology should be ntegrated mtg the camicalm.
&udmnﬂmldﬂmlnveﬂn&udmlobmzl:chubgymo
Uiz apgroaches to problem-solving

program.
Areview ol a representative sampls of portiohs from a program
should provide evidence of ach of Uiese fve istructional
IpPOCTLIties.

hetnaticians. Everyone i a mall ician_ Esti the total
1T at the grocery countsr, knowing how much pat to buy to

cover e ik, wrapping a birthday gl monitoring fuel eficiency,
the approprale tire size, and koligwing a recipe att

require skl of mathematicians. Math prograins must be designed

to hep studeats sucteed The classroom chimate waxst fosier and

showld be vatued. Reflection mest be requirsd. As mathematical
mmdmuﬂu:nmdtuﬂmnudmldm
Egwards mathematics, ot Juil cogritive understanding.

It &5 with these poals in mind that Vermont added the third
ehmmmaaawmmm&mm

[ Scation as the three muir reviewing individual
wduuwutﬁnehmullsnrupmmtnms
recogrition of disposition as a key standird for aseunent
The NCTM Assessment Standard reace

Learning mathemehes extends beyond fearing concepts,
mwmwﬁxm & also mnclindes developing o
loward KF and seeing math sasa
mmimyhlmgdmmmmm refers not
simply to aititwdes bul 10 a fendency ta think and o ot ix
positivg s Shadenn” mathemaricel dopositions are
mandzsivd in the way they approach indks — whether with
confidence, wrlngness v ¢xplore oliemoNves, Perseccronce.
n‘mﬁm—wﬁmmmﬁmmn#m

Q

ERIC

PAFullToxt Provided by ERIC




Q

ERIC

PAFullToxt Provided by ERIC

Appendires

£ Linking bryaad “Thé Aadwar®

The concept of cingx thal muathematics, and
mﬁleﬂﬂ:mhﬂh’uﬂhwmdm
e adtiend slao (0 allective fssues The

Good problem sohig requines a disposition lowards nuriosty.
Students must wonder about options, think abott what might
Tuppen if they choase one path istead of another, and be aumious
enough 10 wint 1o xplont each of the atematives and End oot
what happems. They must be Rexible in Lheir approaches.
recognizing that not all paths will lead to sohrtions, but cach may
Sead Lo a distingt advestire. Studénts must be cisk lakery, not
aheayy faliowing the ~sade™ path tha they've ried before. They
shoukd De ready 10 try rew ideas and pew dtornatives. They need
10 ko shat this behavior will e rewarded by the teacher, nol
viewed ag ] ccision malkdng of inefiective use of Gime.

Problemy should be meaningful, with
maltiple solations, and should be complex
enough to challenge students.

mummhmtnmmmndm
away ai the first sign of nustration. bndividually. and as a part of a

v

Sone teachers hive asted shudenis to commend on how they it
alter completing B problec. Statewents Eke “This seemed to take
forever, and at tenes | thought ['d never sobve it, bt when [ finally
realized... tmm"'hudawhnuumwlm.
picture, becsrse learming with pictures b easier kor me than
Riunbers... "Imgllhdandumhllslmﬂdmmﬂu
what would happen f1..." and 1 was sure | findly did it becarse "
proveies some evidence of the parseverance, curiosity, and
conBdence thal students begin (0 kel and then commenicate.
Witing in resporse Lo questions ke “What color & math?” or
“Where am | ever going 0 wse math anyway?” peowide additonal
mlocmation. Some teachers require students (o keep a mathemalics
journal. Entricx within the journal clen provicz insight o the
Afective growth of shadents in mathematics.

Empowesten! is not “sccred™; anecdotal information will be
coliected lo Smmarie programs MToss the slale A review' of
these dala may lead Lo systemalic cating i the luhue.

Akwmnﬂudﬂudmm&mihmhhmdﬂs
dlement et P ovided on the pages that follow.

Writlng acd Learning: Some Samples

As gludinty o write shout the work they da in
mathemalics, ey Beginns 10 emirge about bow shudents kel
aboeat their work, and howr they value mathematics. Some students,
like the xthor of cxampie E-1, write mactions to ndvidus pieces
of work. This reaction Lo a shorl problem comranicates his
b 560 and the student’s reaction 1o a recert math test an

. they should leam how o v, 0 ser P
Mtommmmuummumm
Tean Lo step back from the process and refiect on their thinking,
anulyze the steps they have taken and think about line to proceed.
They must kearn along with their prers and their teachers b tobe
reflective leamners.

Developing these dispositions (cursasity. flesiility, tsk-taking.
pusnmmdmﬂccmn)nﬂuduﬂ:vﬂlhelpthundndupls
mathersaticiang, The dispositions will bkead Lo greater success as
pmbkmmhmwhdmmumbﬂdnmmw
thematics. This success will bhelp
m’wnhmhwﬂd\mmmﬂum
mmmdwmmmmm
Jend itsel b0 rating scales bn the ways thal probilem solving and
corwmumcation do. [t is best viewed in the classrooms and in the
teaching of mathematics. However, nnless we Dégin lo ask stadents
questions that gel them to stari reflecting on ways they thing sbout
mathesratics, they won't begin Lo see the changes within
temsehes with respect (0 mathematical empowerment. Portiotios
should peovide an cpportunity for students (O wiite abowt ways in
Mﬂnynmmnﬂunmarﬂhwthqkdm

B disciphre.
E\'ndm:eolﬂ-npawmnem & alten kound embedded in the
thal | problem-sohving entrics.

which he & poorty.
“As you can see.bad mood, 1 fust got a 45 on my math test”™
Owver Eme, E-1's percepition abolst roblesns began to change, A
commen, which ke labeled “Opirdon Corner™ on a Later problem,
suggests a problem was "tinds hm”

Ereryone Is a mathematician. .. Math

progrume musit be designed to help
students succeed.

*.. 1 woukd recxramend this problem for ANy one who enjoys
wmath and thinticg

Other students wiite in mathematics journals. The samples were

'&mlhndmmgmemmnunhnwillmywmml

tnay hol be the cormect one! Caloulators don't know that we are

;n&qboukmmuddm\wﬂloﬂumhrlmm
et
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VL. The Vermont Mathematics Portfolio Program:
What We Have Learned and What We Need To Do

he plot year was very instructive. The proceas of reviewing

partiolios from mare than 4) schools bed to sovers!
obsériations b the program, and served a3 the basis for
decisins regarding program implementation. Here are the
obsorvations:

|, Mathematics porticlios 6o provide a window ca
mathemsiics programs.

Mmmwmwwﬂmm\m
Malﬂlﬂm?nlamdmdmmhudu-

the prampty.

The scales appear fo work at the general level As the program

develops we will need 10 estabish decition rubes specifying how Lo
Sy the scales to special types of problets. ikt the ane explained

“he previnus

mmmm.wmmm
. e claity? How are omissons or missed
mﬂ:d:dnducsmng’!lalmhﬂuhlunmtmtd

that the exists lo aprogr tusdent
muﬂ;?n“mu *WhPm nahmnuhmsm;
aum\iudlutumytmmmedwhmt)pud
nstruction and ent. and dox
Mbﬁmhﬂmﬁ&mmmkmdhmﬂs
evident. and heartening rewards were reporied by teachers who
wrole about growth in their students, of themseives as teachers,
and of their mathematics programs. The challenge is to provide
adequate direction and suppart 1o gther teachers as they wark to
adopt portholics as part of their assessment

2 The probl Wiag amd lcatlon criteria and
wcales wori.

Committee members reporl that the scales work. The criteria
worked well with problem-solving picces that are approgriate
poetiolio entries. They did nof work. an showid not work, with
computahon sheets, drll sheets, and other studerd products that
woutd not be careporized as prodlem solving Comixitee rembers
foursd few exampies of problem solving thal & not le~d
themselves to sconing with the criteria, The Lisguage of the scales
has intitive 2ppeal to most teachers. Teachers repart that the
language of Lhe scales denotes distinct levels of performaxce, which
maices the scales exty to adopt and e with wery limited training

The challenge ko rtare Years is to get mathematics programs to
change their emphases, as recommended in the NCTM Stndards,
away bom drill &nd pracice and omputation sad toward more
operrended problem-sobving tas 1 Thés s the type of instructional
mmv«mlsm;cvuumduﬁmmlm
from portiokios of

Smnnﬁu:mto{ﬂzwﬁcmdﬂnncalu\mbe
necessay as Leachers sirive b0 Mot Vermord s instructional goals
and asessment goals. A general rule for of standardired
tests is that testing should nol be designed to teach. The rule
breaks down whah you bry to caphwe artifacts of everyday
instruction as a basis bor lesting. Teaching students (o Jearn (0
reflect on decisions — to ask questions ke “How will this help
m=?", s this moving the process lorwand?”. “Did | spproach that
reascaably?”, and "How else cotkd | check Y™ — neduires that
teachers model the questions. Over time, students leam o assume
mare responsibiity lor the process. The scoring sysiem murst
accommodate these varying levels o independent
wilh respect o the ariteria. The state mus! clarify scoring rufes to
recognize ke need for structure, ko

performance
Teadmxncedlnhwhym:dtoprwdercﬂcm'!m
but crverthe courss of the year. students Maould begin bo internalize

n&xﬂtﬂmdcluﬁcmdlnwunmgainnw
1o specibc cases must be a focus for the coming year.

3. AddItional spetification of portfollo content In neceesary o
provide equitahile basls for eralusiing studest performance.
Each teacher and each school took a differest approach lo
assembling portiolios of student work Some had sisgle envries:
mhﬂm;a %mm“’mﬁ;ﬂha
qxcul poxtiolic; some inc! v
LoSsirdadbinc e o L3t the st had falen
Ahmmmmmummbm
chalienge theets; others were limited to investigations. As
Commitice members fevicwed the various spprosches o
assembiling portholios, i became apparent thal the stale needs lo be
o presaiptive in terms. of the (yDes and amcamt of content that
#houkd be inchaded tobe Far to prograny. The coumities made the
following recommendations regarding best pieves:

& A misixnm of fve and a maxinremn of seven best pieces should

be idenkded within the portiotio.

¢ Amaong the Eve to seven pieces, at least one must be a puzzie
or nonuutine problem, af least one mus be an investigation,
and at leasl Gne must be an

¢ The best pieces should include a sample of student writing in
math (g, escay, journal, repoet ).

ommwmmmm range of

rely require

Group work shoud be refected amony the best pieces, but no
more than two entries may be excivsively goop products.

¢ Besl pives musd be Emited to tasks that are indicative of
problerssofving activities. shotts, dril sheets,
and homework assignments that do not meet these criferia are
not acceplable 2y best pieces. Teachers should asoure that the

piece is scorable with respect (o the oriteda

OSEmdbﬂmuLWhmmphudbyﬂnnuduﬂm
consulation with the teacher. Anrmnd\rumloﬂnmhm
inchudixg a table of contents and &n explanatn of why
p«umnh&dﬁmﬂhmmwhm

These specifications wi help ta even the playing fejd for

sludents as they try to demonstrale their knowledge and shills
ina way that is consistent with the slate’s criteria and
couparable to their Countapants acruss Lhe state. The process
sbll atlows (eachers to spralfy the content of their program,
2red to meel the state goats in many ditferen ways
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The made the following recc dations arvd commeatcation criteria (o the work confimed our befidd that

reganding the whole pordolin. in addition Lo the pirces selected
Ty stodents 25 their best work, the portiolio should inchude the
range of work thaa comprises the program:. Partiolios should
incluce evidénce of

* Croup woek,

* Use of manipolatives,
 Use of technology,

» Connections (o other discipines, and
# Connections to real wordd applcation.

These ersure that a complete picture of the
rogamis provided, nol just the nahare of the work that was
the studerds” best.

4. Portfollos perd sdditiosal strwctrre (o [aciliale acoring.

asense of the purpose of their instruction and the slale’s
HessTont.

Shudents st work with their teachers 1o review Lheir partioSos
on § regulir bass, crganizing the entries and selecling the 5-7 best
pieces of ther work with respect 1o the state’s criterta. They st
understand that the pieces they select must stand alone A copv of
huskmbetxludcd.u‘duw&nlswmtoh
problem must be provided with a clexr and ;

!heylh'nk mmumwm
mucy also to emphasire the lirguage of math s and the
use of mathematical representations, Clanity of and] writing

umfeﬂulmnmmmrmmh d
hew dcmﬁuhh-mﬁonwstudmwmmdml
uﬂmhlegﬂpmdnmadwmmlwmkﬂl
guide the Iypes of changes necerxary in instruction, and provide a
vehicle for tracking the change.

7. Changes 1n lnstroction and sessaneot require additional

resources and tralniay.
In ceder to-<Biect the fypes of changes required in instruction and
assessment, schools. toachers. and students will require support,
including professional development opparturities thal
lethhtﬁmuﬂudsmmmdmt‘yinganddn

hwh’mmeﬂuuﬂAmdmmhw
entire partioio and a Jetter from: the student tht bsts the key
pleces and locuses on whry they were selected will prvide the
oomtext peoessary lor state raters to evaluate the work.

5 Mathemlical programs must be beld to bigh standards.
mmofmmmwuw

d:uppuﬁrﬂylomhﬂwdmmmﬂcmmm
not given that oppartunity. This is not an inequity in the scoring
system. W an instructional program does it provide an opportunity
Kt HUCERLs (o eam 0 fridke Connectiang or extensions and
another Program doss, the inequity rests with the programs, not the
Taling system. The portfolio syslem provides a vehicle through
which these QTS Can be ientiied and. through the support
mem, comected.

Smilarly. the range of responses possible on a ghen picce of
work may huve a Sloor or a celling with respect to the scale lor a
mwmlazmwm.mmm.

Wlomhﬂrm mwmtﬂ
bt cay nat inchude of;
wmhhdﬂ'ﬂepmdiemmmhm

Jx diversity within the povtiolo. which ¢an oaly be achieved if there
s diversity within the mathematics program. Again, equety for
shalents st come Inom cofmparable

mathematics programs.

& Mathemstica instruction must change.
The review of paetiolios and the application of problem-solving

andmluﬁlslhahﬂll!bmnu‘!y
m-waluatetlwm

Mmtuh.meam;mb&mndwnolhemu!un
and trainimg in the $coring system.

The nature and level of change sought wil require resources. The
state will develop a regional network £o Leachers Can work fogether
1o develop the instructional and ssseasment practices neceasary lo
friake this GrOgram wock,

Yhat will It take for thia p t~ work?

Thotng the summer of 1991, m. aeing offered
Whmemmmwhadnsnluutdm
usirsg portiolio assessment in thei? classrooms. W the state chooses
\o adopt portioio assessmenkt stalewide, the achievernent ol ils
godls witl depend on successiud implementation of the following
key ieas_ which emanated irom the plol year:

L. Provide sddditional professionat devetopasent for
changes In wath Instruction.
The Mathematics Parthotio Crileria refloct changes undermay in
evaluation, and teachig. The creation
of a natewide assessment system will not akomatically lead to
the: bypes. of changes i i themalics oduzaton.
Teachers and xchoots nec 3 support to change the programs
and their teaching to rellect the revised standards This support
must include professional development related to teaching
peoblem sotving, resources for modilying cumicubam, ideas tor

~ r'l‘-
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Verwovm's Machemancs PortkAo Aoewxenl Progam {3

muﬂmwﬂmidﬂmtmbymome
claseroom, and cew ways of evaualing phodents. This support
can be achi-ved throtgh statewite and regionsl workshops;
n0ang fuppart ¢an come through regional networks of math
resource consetanis.

2. Create regloasl networks 10 provide sspport ad
training.

. Although Lhe state can provide support for the changes in
nstrurtion, real change will demand local support.

bhasiz in their own classrooms hoid Lhe grealest potential for
PrORam mctess.

:.Couwkﬂewﬂoﬂo:rﬂuunﬂyhme)zu
The (ileria have wd '
uﬁhwnr'lhmmb@lodm and the
eiiteria Brp solving and ¢ -ation st be
u:ceptuhs “Enal creria® for the next several years. Thtse
uﬁahmhmm&hwdheﬁluakmmbe
icated o af s teack 2rs at the beginnirg of
h:dm:ru;:’dmnﬂzeﬂym&sdl}gdm

adeeper
criteria and how they apply i1 a eacher's incividus) classmoom.
Summer Eistituies for teachers and regional meetings early in the
[aN wil! afdress thix need.

1. Trdndlhumfdﬂlhpﬁetmh&emnh’d
10 Hale
Tucfmmmhabletummmm

5. Provids resourtes to facilitale ihe [nbegration of this
sscsamient with Instraction.
Aa notedin the frst lour goals, it s clear that two distict

rosourve Podes, eas ior managing portioliod,
!kuudpmbhdﬂuhﬂmtupﬂolhnﬂm:mul
Prograim ae ey b0 making the program work Portiolos mast be
perceived by teachers a3 easibie and uselul Lo their practice.
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