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ABSTRACT
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to treatment groups. When properly used, this correction results in
adjustment of the group means for pre-existing differences caused by
sampling error and reduction of the size of the error variance of the
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be caused by the differences. This hoped-for increase in power is a
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to evaluate this assumption before conducting an ANCOVA. Small
heuristic data sets (3 groups of 12 entries each for intelligence
quotient and achievement) are used to make the discussion concrete.
Three tables present the data sets, and five figures illustrate their
application. A seven-item list of references is included. (SLD)
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Abstract

The inappropriate use of ANCOVA appears to be tie .i1e rather than
the exception (Thompson, 1991). As Keppe! and Zedeck (1989, e.g., pp. 455,
456, 466, 478-479, 480) repeatedly and emphatically argue, ANCOVA is only
appropriate for use in conjunction with randomly assigned groups. Keppel
and Zedeck (1989, p. 481) cogently explain why and point out the importance
of the homogeneity of regression assumption. As they note:

It is somewhat depressing to note that while all statistical

methodology books continue to stress [would that this were

true] the conclusion that ANCOVA should not be used in

‘quasi-experimental designs, misapp_licat'ions of the procedure

are still committed and reported in the literature. (p. 482)

Anyon2 contemplatmg an ANCOVA should senously consider the
| .trenchant arguments made by Campbell and Erlebacher (1975) The
purpose of this paper is to explain the homogeneity of regression
assumption,~and why it is so important to evaluate this assumption before
conducting an analysis of covariance. Small heuristic data seis will be

employed to make this discussion concrete.



The Homogeneity of Regression Assumption in the Analysis of Covariance

An analysis of covariance (ANCOVA) is done to correct for chance
differences that occur when subjects are assigned randomly to the treatment
groups. When properly used this correction results in (a) an adjustment of the
group means for those pre-existing differences caused by sampling error and
(b) the size of the error variance in the analysis is reduced, thus increasing
statistical power. The adjustment of the means is done to reduvce bias that may
be caused by the differences. This hoped-for increase in power, according to
Huitema (1980, p. 13), is "the major payoff in selecting the analysis of
covariance".

Correct Usage of ANCOVA

Before we look at a graphical and mathematicé.l representation of
ANCOVA, let's look at a simplified "pie" version of ANCOVA. The "pie"
_version means that the sum of squares total is.represented by a pie.. We want to
eat (explain) as much of the pie as we can. (In Figure 1, it is the Y "pie" that
we want to eat.) The more Y pie we eat, the more variance we can explain.
Any uneaten.(or unexplained) part is error. The eaten part of the pie is the
percent of overlap of X and Y and the covariate (see Figure 1). This percent of
overlap represents r2 which has several names - coefficient of determination,

common variance and effect size.

Desired Condition Undesired Condition
Y X Y X

Figure 1 Conditions showing when ANCOVA use would be desired and when ANCOVA use
would be undesired



Loftin and Madison (1991, p. 134) list five conaitions that must be met for
correct ANCOVA usage. The first two of these conditions will be examined and
illustrated. Referring to Figure 1 we will see why these conditions must be met.
The first condition is that the covariate should be an independent variable
(which means it is pre-existing) that is highly correlated with the variable. "If
the correlation is not high, the covariate will do little to reduce the error sum of
squares, and this is the primary objective ¢f ANCOVA" (Loftin & Madison,1991,
p. 135). The desired condition, in Figure 1, shows that the covariate is highly
co related with Y, that is, it eats a good portion of the Y pie.

The second condition is that the covariate should be uncorrelated with the
independent variable. The desired condition, in Figure 1, shows that the
covariate and the independent variable X are uncorrelated, that is, they eat
different parts of the Y pie. The covariate adjustment is always made first and
all the error sum of square will be attributed to the the covariate if there is a
correlation between the covariate and independent varianle (see Figure 1,
undesired condition). In this case, the covariate and the independent variable
are highly correlated and are eating much of the same parts of the pie. The
problem with this is that the covariate will get the first credit for eating the pie
and X will be credited only with the "leftovers" it eats.

ANCOVA as an integration of ANOVA and ANOVAR

Huitema introduces ANCOVA as an integration of the analysis of
variance (ANOVA) and "ANOVA of regression” (ANOVAR). The ANOVA
model accounts for between-group variance and the ANOVAR model accounts
for regression variance, "The ANCOVA mode. treats both between-group and
regression variance as systematic (nonerror) components” (Huitema, 1980, p.

25).

an



Figure 2 presents a comparison of the three analyses, both mathematically

and graphically. When the ANOVAR mbdel is added to the ANOVA, the result
is the ANCOVA model. The power that Huitema refers to comes from the

reduction of the error term. Huitema (1980) states:

If the assumptions for the analysis of covariance are met for a given set of
data, the error term will be smaller than in ANOVA because much of the
within-group variability will be accounted for and removed by the
regression of the dependent variable on the covariate. Since the result of
the smaller ervor term is an increase in power, it is quite possible that data
analyzed by us: ¥ ANCOVA will vield highly significant results where
ANOVA yields nuusignificant results. (p. 25)

Technique Model
ANOVA - :YU=“*T°‘J+€U
ANOVA of .
Regre-sion Y =PBer By X+ &
or _
. y, =B, (X - X.)+g
ANCOVA Y, =M+ +B(X- X)) +g, .:;:;;.:j:..

Figure 2 Comparison of ANOVA, ANOVAR, and ANCGVA when ANCOVA assumptions
are met. (Adapted from Huitema, 1980, p. 26)



The linear model for the ANCOVA, Yij =p + o +B; Xij - X.) +ejj,

illustrates that this procedure is actually an ANOVA on adjusted scores
(Hinkle, Wiersma, & Jurs, 1988) where

Y;; = dependent variable score of ith individual in jth group
i1 = population mean (on dependent variable) ccmmon to all observations

o = effect of treatment j (a constant associated -ith all individuals in
treatment j)

B; = linear regression coefficient of Y on X

X;j = covariate score for ith individuval in jth group

X.. = mean of all individuals on covariate

ejj = error component associated with ith individual in jth group

The B(X;-X..) is the adjustment for each individual score. The ANCOVA
variance partition shows the treatment effects that are independent of X (the
adjusted treatment), the differences in achievement among subjects that can be
predicted from test X; and the differences among subjects that a;re not due to
treatment effects and cannot be predicted from test X (i.e., error) (Huitema,
1980). These three parts of the variance make up the sums of squares total.

The sum of sq'uaresl (SS) totai, the SS between and the SS within are adjﬁsted for
the variance attributed to the covariate. The total regressinn area represents
variability on Y predictable from X. If that area is removed, then the

remaining a:zea contains only variability due to treatment effects independent of
X and variability due to error (Huitema, 1980). This remaining area is referred
to as the SS residual total.

The SS within groups represents differences predictable from X and
differences not predictable from X. By subtracting the SS due to predictable
differences among subjects within groups from SS within groups, the SS
residual is obtained to then be used as the SS error in ANCOVA. The SS error
accounts for differences that are not predictable from X and are not accounted

for by treatment differences. In Figure 1, the SS residual within is the SS error.



The SS adjusted treatments effects (see Figure 2, ANCQOVA) is obtained by
subtracting the SS residual within from the total residual SS (Huitema, 1980).
This area is the quantity that was referred to as the treatment effects
independent of X. The ratio obtained from the SS adjusted treatment and the SS
residual tota! is the " descriptive measure of the proportion of the variability
explained by the treatments when the effects of the covariate are controlled
statistically" (Huitc.na, p. 31). |

ANCOVA sounds like it would offer a great statistical solution to the
researcher's problems. As Loftin and Madison (1991, p. 134) point out, “the
‘correction’ of the dependent variable scores is seen by some as a device to
adjust for all kinds of problems, but very few data sets can meet the very specific
requirements that make the 'adju.stment appropriate"and Thompson (1991)
states that "the i,nappropriéte usé of ANCOVA appears to be the rule rather
than the exception".

What is "inappropriate use"? Keppel and Zedeck (i989) repeatedly state
that ANCOVA is only appropriate for use with randomly assigned groups and
then only after the homogeneity of regression assumption has been met. These

authors note:

It is somewhat depressing to note that while all statistical methodology
books continue to stress [would that this were true] the conclusion that
ANCOVA should not be used in quasi-experimental designs,
misapplications of the procedure are still committer and reported in the
literature. (p. 482)

Campbell and Erlebacher (1975) cite several authors who have warned of
the dangers of ANCOVA, but other authors give wrong recommendations on
correcting the serious problems with ANCOVA. Campbell and Erlebacher
discuss the article by Williams and Evan: (1969) describing the analysis of the

Head Start program: "The one weakness in Williams and Evans' otnerwise



outstanding paper comes at this point. They state that ex pos* facto studies are
a respected and widely used scientific procedure" (p.613). Campbell and

Erlebacher say that in actuality:

most methodology texts are silent on the issue and condone comparable

procedures...On using analysis of covari ince to correct for pretreatment

differences, the texts that treat the issue are either wrong or noncommittal

(that is, they fail to specify the direction of the bias), and probably 99% of the

experts that know of the procedure would make the error of

recommending it. (p. 613)

In the Head Start program analysis, the analysis of covariance made an
underadjustment and made the Head Start program seem as if it actually
damaged low socioeconomic children (Campbell&Erlebacher, 1975). Thompson
(1989) notes that because of the inappropriate use of ANCOVA the Head Start
program was almost discontinqed.

What are the conditions required for correct ANCOVA usage? |, Loftin_andﬂ
Madisor (1991, p. 134) state the following conditions that must be met (as
referred to at the begmmng of thxs paper)

1 The covanate (or covanates) should be an independent variable hxghly

correlated with the dependent variable.

2. The cevariate should be uncorrelated with the independent variable or
variables.

3. With respect to the dependent variable, (a) the residualized dependent
variable (Y*) is assumed to be normally distributed for each level of the
independent variable, and (b) the variances of the residualized
dependent variable (Y*) for each level of the independent variable are
assumed to be equal.

4. The covariate and the dependent variable must have a linear

relationship, at least in conventional ANCOVA analyses.

J



5. The regression slopes between the covariate and the dependent variable

must be parallel for each independent variable group.
This paper is concerned with assumption 5 and will describe and illustrate the
assumption of the homogeneity of regression as it relates to ANCOVA with
three treatment groups.

Homogeneity of ion

Homogeneity of regression means that the slopes for each of the three
groups, wher the regression equations are computed individually within
groups, must be parallel. Figure 3 below shows an actual regression plot of the
data in Table 1 with an individual line for each group. In order for the
homogeneity of regression assumption to be met, the relationship between X
and Y has o be the same for each of the three groups. Figure 3 shows that the |
siopes are roughiy the same, therefore we could be confident that any
adjustment made using the covarjate would resw.:. in the same adjustment for

. ... each group.

aGroup 2
AGroup 3 |

0 20 40 60 80 100 120

Figure 8 Illustration of a data set that meets .e homogeneity of regression assumption

,
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Why is it so important that the three groups have the same regression
slope? Loftin and Madison (1991) state:

If the regression slopes are equal, a gingle pooled regression slope may be
used for all the subjects , regardless of their group assignment, to
calculate the solicited adjustments in the dependent variable (Y). And
ANCOVA always uses a pooled equation created under an assumption
that since the equations are supposed to be the same in the different
groups, an 'average"' equation can be used for all the subjects regardless of
their groups. (p. 141)

The ANCOVA uses a pooled regression line when making the
adjustments and totally ignores the regression slope for each group. To test the
homogeneity of regression mathematically a residual sums of squares is
computed for each group and then compared to the residpal suras of squares

'using a pooled regression equation that ignores group membership. If these
are equal, the slopes are said to be homogeneous and "the adjusted means are
descriptive measures because the treatment effects are the same at different
levels of the covariate” (Huitema, 1980, p. 43).

An F test can be done to see if the difference in the slopes is statistically
significant or not. This can be helpful when a scatterplot of the data results in
a graphic representation such as Figure 4. Does this data set meet the
homogeneity of regression assumption or not? Using an F test, yes, these data
(see Table 2) do meet the homogeneity of regression assumption. Of course, we
should keep in mind though that an F test is influenced by sc:::nle size and that

we would get statistical significance if we had a large enouzh sample size.
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OGroup 1
QOGroup 2
A Group 3

20

0 20 40 60 80 100 120

Figure 4 Illustration of a data set that meets the homogeneity of regression assumption using
an F test

What steps are actually involved in doing the F test? After computing the
within-group residual sum of squares (SSresy ), individual sums of squares
residual are computed for each group and added together to obtain a sum of
squares residual individual (SSres;). The next step is to compute the
heterogeneity of slopes sum of squares. This is done by subtracting the (SSres;)
from the (SSresy). This difference "reflects the extent to which the individual
regression slopes are different from the pooled within-group slope" (Huitema,

p. 45). Huitema (1980) also points out:

that SSres; can never be larger than SSresy , just as, in an ordinary
ANOVA, the sum of squares within can never be larger than the sum of
squares total. There is only one explanation for SSres;,, being larger than
SSres; - the individual within-group slopes must be different. (p. 45)

Figure 5 illustrates the heterogeneous slope case which was generated from the

data set in Table 3.

12




Figure 5 Tllustration of a data set that has heterogeneous slopes

When f.he {ndividual slopeé of the lines are thé same, they are also equal to
the pooled regression line slope, but when the slopes differ, as in Figure 5, the
pooled regression slope line cannot possibly have residuals as low as the
individual regression lines. Stated differently, if the individual slopes are
equal, the points fall around each of the slope lines in the same way and the
pooled regression line represents an average of the residuals. But if the pcints
do not fall around the slope lines in the same way (creating diferent slopes)
then an average of the three slopes cannot possibly be an accurate description
or representation of the three different groups. If we were to draw the pooled
regression line on Figure 5, we would see that the points would be much
further away from this pooled line than they are from the individual regression
lines. Huitema (1980, p. 46) states, "A single regression slope simply cannot fit
different samples of data as well as can a separate slope for each sample,

unless there are no differences among the slopes.”

10
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What happens during the ANCOVA correction that makes the
homogeneity of regression assumption important? All of the Y scores are
adjusted into new Y scores (Y¥*) by the following formula:

Y= Y -by X -X)
where

Y*, = adjusted group mean on the dependent variable

Y, = unadjusted group mean on the dependent variable

X; = group mean on the covariate

X}, = grand mean on the covariate

bw = pooled within-groups regression coefficient reflecting the correlation

between the dependent variable and the covariate

The pooled regression coefficient is used in the corre‘ctior} and a stfaight_
line relationship between X and Y is assumed. Loftin and Madison (1991)
emphatically state:

Since a single regression equation is used to correct-all Y .scores, -
regardless of independent variable groups, if the "pooled or "averaged”
single equation does not accurately describe the Y and X relationship in a
given group, the corrections producing the residual Y scores...will
actually bias the data rather than "correct” them. (p. 143)

"

Summary

One consequence of violating the homogeneity of regressirn assumption is
biased F tests. If the individual regression lines for each group are not
parallel, then the pooled regression line does not fit and is not a good average
for the three groups. As the heterogeneity of the slopes increases, the pooled
regression line is less able to represent the individual groups. So the error sum

of squares increaces. Furthermore, when the hemogeneity of regression

11 {4



assumption is not met the residualization using the covariate may actually
reduce the sum of squares for the intervention, thus artificially making if, look
less effective or even completely ineffective. Consequently, in the F test, the
more heterogeneous the slopes are the smaiter the ANCOVA F will be. Since
smaller F values are asscciated with larger probabilities, then the bias occurs
because the null hypothesis is rejected when it should not have been.

An ANCOVA has its place in limited situations and only after meeting
necessary assumptions. For these very reasons other methods of analysis
should be considered seriously before an analysis of covariance when intact

groups are employed in a study.
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Table 1

Group 1 - IQ Group 2 - 1Q Group3-1Q Group1-Ach, Group2-Ach Group3 - Ach
98 96 102 60 55 65
102 102 117 63 58 68
104 104 108 66 59 72
103 110 117 69 67 76
112 108 105 72 64 78
113 113 116 75 63 80
118 117 111 1) 75 82
120 110 120 70 70 84
115 113 107 67 68 75
106 109 104 70 69 77
112 125 128 69 65 79
122 118 119 72 65 81

Table 2

Group 1-1Q Group2-1Q Group3-1Q Groupl-Ach. Group2-Ach Group3- Ach
98 104 102 60 62 65
102 109 117 63 63 68
104 104 108 66 67 72
03 117 117 69 A 76
112 120 105. ; 72 77 78 .
113 113 116 75 79 80
118 117 111 78 82 82
120 126 120 80 84 84
115 113 107 67 64 75
106 109 104 70 68 77

. 112 . 125 o128 o0 714 72 79 - .
122 118 119 76 77 81
. ‘ Table 3

Group 1-1Q Group 2 - Iy Group3-1Q Group1-Ack. Group2-Ach Group3- Ach
98 104 102 & 62 65
102 109 117 81 63 68
104 104 108 83 67 72
103 117 117 82 A 76
112 120 105 72 77 78
113 113 116 75 71 80
118 117 111 78 70 82
120 126 120 80 88 84
115 113 107 67 64 75
106 109 104 70 68 77
112 125 128 74 75 79
122 118 119 72 74 81
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