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LEVEL FIVE
INTRODUC T10N:

At this level most students will be capable of what Piaget described as concrete
thinking operations - reversibility of thought, use of compensating processes, reiating
of symbols to their referents, and the discrimination of linear, area, volume, and
weight factors.

Also at this level basic ideas developed K-4 will be reviewed through application
of them. New topics, or topics having increased emphasis inciude:

............. the integraticn of fraction ideas and place vaelue in
work with decimals
..completing open sentences
............. use of exponential and scientific notation
............. closure on muitiplicetion and division
............. graphing of two step operations
............. ex.ension of retio to direct proportions
............. areas and volumes of non-standard shapes
............. probiem solving that involves:
-extraneous data
-missing deta
-multiple answer problems
-use of logic
-use of frections and decimals
............. calculator activities
............. introduction of recursion in LOGO

Lessons are arronged by topics. Topics should be mastered before moving to
another. However, you must make deliberate attempts to reiate new materisis to
previousiy mastered material.

Work with celculators at this level should occupy more time then paper and
pencil computation activities.

Repest lessons as needed. Repeet or alter examples given to meet special needs.
A case in point might be using decimals or fractions in sample problems that use whole
numbers.

Most lessons given ONE explanatory example. Most lessons will require you use
more than the one before seat work is assigned.

At this level, number sentences 1o model real situations or verbally described
situations is necessery. Just as necessary is translating number sentences into rea!

and verbally described situations.



~ While emphasis IS on mastery of each concept, it is 8 good idea to
periodically bufld in an activity that reviews all concepts and skills
previously learned. Once each week is a good schedule for elementary
school. This cen be done oraily in the primary grades and with o written
exercise after symbolic representations heve been mastered. Since oll
operations arise from combining, separating, comparing and part whole
relations, as soon as the operation symbols are understood, these opsrations
should all be presented ot the same time in the written review exercises.

It is easier to do this et the beginning levels with orally presenied review
activities.

It is exiomsatic for good teaching thet past learnings should ALWAYS be
integrated inlo new leaming activities.
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Several commercial products are aviilable to supplement the lessons provided.
These include, by topic:

1c 0
KEYSTROKES SERIES

Eractions
FRACTION BARS WORKBOOKS 1 & 11
EVERYTHING'S COMING UP FRACTICNS

Tangrams
TANGRAMATH

GEOBLOCKS AND GEOQJACKETS
GEOBOARD ACTIVITY SHEETS
DOT PAPER GEOMETRY

Logic
ATTRIBUTE GAMES AKD PROBLEMS

ATTRIBUTE ACROBATICS
DISCOVERING LOGIC
ADVENTURES WITH LOGIC
PLAYING WITH LOGIC
(Cuisenaire)
LOGIC IN EASY STEPS
MINDBENDERS
{Midwest Publications)

Problem Selving
PROBLEM SOLVING EXPERIENCES IN MATHEMATICS
(Addison Wesley)
PROBLEM SOLVING IN MATHEMATICS - Lene County
(Dale Seymour)
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ASSESSMENTS TASKS (Level Five)

1. Give the student the following table of velues and ask him/her
to 1) find the equetion to find O for any given |, and 2) graph the
reletionship on the graph paper supplied.

AU‘IMQQNI"'
[
b

2. “For every 4 horses the circus has 3 large cats. The circus has
16 horses. How many large cats perform for the circus?”

3. Give the student 5 problems, - one requiring addition, one
subtraction, one multiplication, one division and one requiring
two of these four operations. {A sheet is attached for this and
Task 4.)

4. Give the student a problem without some piece of information needed
to find the answer.

9. Selecs an object in the room that is a uniform geometric shape.
Have the student find the area of the largest face and tne volume
of “e box, using a ruler to measure the dimensions.

6. Give the accompanying Fraction Test.

Full Tt Provided by ERIC.

%
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GEOMETRY: Show the student 3 different solid shapes - a cylinder, 8
trianguiar prism and a rectengular prism. The laatter two cen be Geoblocks.

_ Ask the student to:
. name each face
2. find the largest face
3. tell you how to find the area of each face
4. tell you how to find the volume in general
(area of base x height)

- OPEN SENTENCES: A test is supplied.

LOGIC: Show the student the following array of attribute blocks:

"Point to the pieces that are RED AND SQUARE.”

“Point to the pieces that are RED OR SQUARE "

"Point to the pieces that are NOT RED "

"Point to the pieces that are NOT SQUARE"

"Point to the pieces that are NOT (RED OR SQUARE)."

Remove th. cards.

“Give me an if-then sentence that is true about the pieces you see”

"Remove e piece so that your sentence no longer will be true”

o

Full Tt Provided by ERIC.

ERIC
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EXPONENTS

LOGO

CALCUATOR: Give the students the accompanying short test.

USING DATA: Give the students the accompanying problem.

TAKING A CHANCE:

“IT | have 4 red marbles and S green marbles in a bag, mix it well and reach
in and take a marble without looking, wnat is the probability of getting a
red marble?”

“If 1 get a red marble and keep it, reach in the bag as before and take a
second marble, what is the probability that it is red?”

“what is the probability of getting 2 red marbles in a row?"



LEVEL FIVE ASSESSMENT RECORD

Mathematician:
LEVEL OF MASTERY
Date: Date: Date:
rogress Mastery rogress | Masiery roqress Mastery
TOPIC . Attai ned Tade Attained do Attai ned
Finding Linear
Relationships
Ratic and
Proportion
Forining
Using

Using Operations

addition

subtraction

multiplication

division

Mixed Operations

Problems

Finding Answer

Recognizing Missing
Data Needed

Using Strategies

Guess & Check

Drawing Diagrams

Making Tables

Graphing

10




LEVEL FIVE ASSESSMENT RECQORD Pq. 2
LEYEL OF MASTERY
Date: Date: ) Date:
rogress | Mastery rogress | Mastery rogress | iastery
ade Altained tade Attained ade Attained
Feasurement B
Lengths
Areas
Yelumes
Fractions
operations

using operations
in problems

Decimals

operations

using operations
in probiems

| Computation in
Base Ten

paper & pencil

Geometry

areas

velumes

angles

11




LEVEL FIVE ASSESSMENT RECORD

LEVEL OF MASTERY

Date:

Date:

Date;

Progress

Mastery
Attained

Iﬁrogress

Master u
Attained

rogress
ade

Mastery
Attained

Oper. Sentences

Solving w/one
_operstion

Solving w/twe
opergtions or more

Logic

Applications

money

g¢istancestime

others

Exponents

Scientific Notation

Calculator Use

Using Data

Using LOGO

Probability

oo
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LEVEL FIVE ASSESSMENT WORKSHEET

Mathematician:

2 +5=13 3 5= 16

]

+6=4 3
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LEVEL FIVE ASSESSMENT WORKSHEET

Mathematician:

s

. The roduct of 2% and 2 3 is

2. Written in scientific notation, 4357 ic

3. DRAW

The result of following this LOGO program. Put an X where the
turtle is at the end of the program

TO BOXES

REPEAT 2 [REPEATAIFD 40 RT 90] FD 40]
END

4. Show hov the calculator keys should be pushed to do this calculation:
(45 % 13) + (284 = 12}

i
1

14




LEVEL FIVE ASSESSMENT WORKSHEET

Mathematician

“For the given data set, | {1) Put the data in order; (2) Found the range;
{2} Found the mean; (4) Graphed this information on the beam.”

DATA:
3015292112

RANGE

MEAN:

Label the Hi, Lo and mean below the beam.




Mathematician:

FRACTION TEST

123/4:22/3= | =15/8+11/2+23/4

L

/8 0f 13 1/2 s =2 1i1/2-17/8

Bill cut e board 12 ft. long into pieces | Tammy needs 3 pieces of ribbon 2° 4" long. How
2' 8" long. How many pieces did he get?| much ribbon should she ask the clerk for?
How long was the piece left over?

|

no. of pieces pieces left over

ft. in.

ft. in

WORK WORK

16




Mathematician:

FRACTION TEST

Tc make a shelf, Brenda needs 3 Tom needs 8 piece of lumber
pieces. Two are 1 3/4 ft.long and 3 3/41t. long. He cuts it from s
the 3rd is 2 5/8 ft. long. If she & ft. board. The saw uses 1/4".
allows 1/4" for each saw cut, how How long is the piece left?

long a piece should she start with?

ft. in

ft. in.

work:

Work:

17




Mathematician:

DECIMAL TEST

2.143 14.056 29041

+ 005 +7.183 +16.991
3.000 5013 19.878
-1.832 -3.629 -0 439

52.1% 43 = 198x 1.04=
198+341= 1456 + 207 =

A S S S S N S G G N S W R S it NN S WA S S S A e e Ah G Gy S G m—— . —— —— " A3 S Ay =AM Grm ¢ m M S M M N e S~ G A G S —

Cashews were priced at 8.72 marks per kilogram. Tom asked the clerk for 4
kilograms. How many marks did he pay?

16




From this menu, Tessie ordered 2 items that cost 1ess than the $5.00 she
had. Which 3 could she order?

Hamburger $2.19
Fishwich $3.69
Chicken Sandwich $3.08
French Fries $1.39

Bob had 4.41 g. of a chemical in & jar. He carefully weighed out the 273 ¢

he needed for an experiment. How many g. of the chemical remained in the
jar?

Jane helped her aunt at her whole foods store. She weighed out 60 oz.
packets of spice from a jar labelled 3 pounds. How meny packets could she

fill? How many ounces were left in the jar when the last packet was
filled?

19



LEVEL FIVE

BASIC FACTS REVIEW

Periodically basic fact recall by:
1. Orel drills
2. Use of the following kinds of forms:

2+ eor rqngomly garanged
X

Use a different random order of digits each time.

3. Card games that use numbers

4. A dice pair with operation specified. Dice should have
digits 0-5 on seversal, 6-11 on several. Mix the two kinds
and specify the operation:

P 3
| Multiply

5. Continue to have the class skip count snd count on as a

group

6. Stress the relationship between division and multipli-

cation and between addition and subtraction. The 3 digit

fact “families” suchas: 3412 3x4=12 4:-12 3,12 4-=3 should
be stressed

7. Emphasize:

-multiplication by 0 gives 0

-division by 0 mekes no sense and csn't be done

Background: These activities should be used for daily work for 6 or 7 weeks and then
occasionally for meintensnce the rest of the yeer.

<0




in developing and maintaining mastery of multiplicaetion facts, it is helpful
to point out the patterns that exist:

-the products of 2 are always even numbers
~gnalyze the patterns in the products of each number nine and

less
3 4
6 nolead digit 8 sequence of even digits
9 12 repeats
groupings 12 16
of 15 20
3 i8 24
21 28
24  lead digit 2 32
27 36
30 40
S endinalternating 6
10 -0 12 sequence of even digits
15  lead digits cluster 18  repests
20 by 2 in order 24  order is opposite to
23 30 "4 order
30 36
35 42
40 48
43 5
50 60

21




7 8
14 16
21 every digit used 24
28  differences are 32
35 33,7, 33,9, etc. 40
42 48
49 56
o6 64
63 72
70 80

9  this is prettiest
18  ist digits in order
27  second digits in reverse
36 order
45 line of symmetry
54  for digit reversal
63  sum of digits is
72  siwsys 9
81
90

even digits in reverse
order repeat

lead digit repeats only
if decade number other-
wise in order

This only highlights the need to search for patterns everywhere - number
tables, such as addition and multiplication tabies, hundreds chart, etc.



LEVEL FIVE

THINKING

Background: These activities should be used for daily work for 6 or 7 weeks and then
occasionally for maintenance the rest of the year.

LESSON ONE: Getting Startec (GS)

Chiloren must know where to start in developing a plan of attack of e problem. This
lesson presents several situations so children have to decide whel to do first.

“You would like to buy a new bicycle.”

“Where should your thinking about this start?”

List all suggestions given. Decide as a group on the order of thinking steps in resclving this.
Some other GS situations to use:

“Sue wants to go 1o summer camp with her school friends,
but her parents think she i< too young.”

"Should children who come to live in the U.S. be teught in
English in school, or should the school offer classes in
the children’s language?”

LESSON TWO: Putting Things Together (PTT)
Children must learn to erganize their information, the steps in some plan of action, or
the materials in their school kits.

"why ore books organized into sections in the library?”

One of the advantages of orgenizing or classifying physical things is in the saving of
time in finding things.

"How would you organize your thinking about ho'w to desl
with the few students in this class who continusily
interTupt the class?”

"How do You need to organize information obtained in
connection with buying & bicycle?”

LESSON THREE. Zeroing in (21)

In considering possible approaches to a decision or facets of @ situation, it often
becomes draining of energy to distribute it over several possibilities at the same time -
oo many irens in the fire." Children need to realize it is better to focus on ONE thing st @
time in meny situations. In doing in this, it is even more important to recognize WHAT is
being considered.

“¥hat is being looked at in the case of each question being asked?”

.23



School Rules Some people don't care

because they think they
won't be caught

It's fun to see how close
you can get to bresking a
rule without doing it

Working in School
Some people just don't like
to teke orders

Some things are more
interesting than others

It's easier to say you
didn't care to try then it
is to agmit failing

Teachers
Some teachers are crabby
Mrs alweys says
“Hello™ when she sees me
LESSON FOUR: Drawing Conclusions (DC)

A 1ot of good thinking is done for nothing if there is no closure or end point. Children
should realize conclusions ure needed for discussions, processes, etc. Conclusions can take
the form of:

............. ideas . OpINIONS
............. answers e 8CTIONS
............. solutions el TIBQES
............. judgment U 1 111:1

Conclusions can be definite or tentative in nature. Once reached, however, they can be
expressed in 6 clear way.

“¥hen a fourth grade class wes asked if the school day

should be shorter, they concluded this was a good idea.
¥What about this conclusion?”

<4



Conside: in anelysis:

..factors used to arrive st the conclusion
............. consequences of the action
............. date used that supported the conclusions

Situation: “Quality of cafeteria mesls in the school was discussed.”
Conclusion: “Schools waste money on school meals.”
Have this conclusion analyzed

Situation: "How students get elected to schoo! offices was discussed.”
Conclusion: “School elections are popularity contests and ere unrelated
to the ability to do the job.”
Anslyze this conclusion.

LESSON FIVE: Where We Are Now (Consolidation)

Frequently it is desirable to collapse several reiated poiats of view or ideas into ore
or two more general views or ideas that include most of those started with. In group
efforts, inr’vidual opinfons oiten must be set aside in favor of & collective, or group,
consensus.

“After a discussion on what makes a good teacher, a fifth

grade class summarized as follows:

You cen tell right away. It depends on
the subject. Good teachers meke it
interesting. Some teachers are boring.
Good teachers don't have to be nice.
Sometimes you don't 1earn anything
from a nice teacher.”

What is wrong with how this group consolidated its thinking?

SUBJECT ) ___CONSOLIDATION ,ﬁ
Homework Some parents do the home-

work. I'd rather watch TV.
Homework takes time.

it’s easier to copy
soMmeone else’s.

Chesting Everyone cheats sometimes.
It's OK if you don't get caught
Robbing & bank is worse

Grades Not everyone tries for A's
Teachers use grades to pick
on certain kids. Everyone
wants to know about grades.
You nesd good grades to
get into college.



Have students analyze each of these consolidating or summerizing statements. Do tliey
clearly reflect the broadest ideas of the discussion? Do they represent an attempt to
generalize? Have different ideas been put together into a single, brood statement?

LESSON S Whot Is |t? (Recognition)
What enables one to recognize a person, an object? Whet are the dengers of mistaken
identity? Is recognition a guess?

why is recogniticn and subsequent classification, important? Wwhat informetion about
something automatically comes when we recognize what it is?

“We use properties of characteristics to make recognitions. Sometimes we can use
more information before deciding. Sometimes we can make a guess and see if it works.
Sometimes we can limit the possibilities to just a few.”

Consider these:

—— has 4legs” Whet poscibilities are there?

also has hormns.” Does this heip to reduce the possibilities?
"————has short Leir." How about now?
"———has short 1egs.” Are you getting closer to seeing whet i is?
"Now what else would you like to know to be sure of what it is?”

Develop classification aclivities like this where children can work down through a
hierarchy to get at finer descriptions and discriminations.

The VERBAL CLASSIFICATION books from Midwest Publications have sctivities that
are a good source of ideas for these.

LESOON SEVEN: Analysis

Anelysis in Bloom's Texonomy is one step up from comprehension. i involves
breaking a whele into its parts so these can be looked at individually end separately and the
connections and reletionships between these seen. These parts may be real or perceived.
A bicycle has physical parts - wheels, frame, chain, etc. it also has perceived “features”
that may be subjectively evaluated - speed, appearance, safety, etc.

Have the children divide the following into: resl parts (rp) and perceived parts (pp):
Schoo! Home Football Team Boy/6Gir! Scouts

LESSON EIGHT: Comparing
Comperison is the basis for orde -ing, clessifying, evaluating, and several other
intellectual operations. We use comparison to distinguish things. When the number of

286



similarities is high we look for differences. When the number of differences is high, we
look for likenesses.

“These seem 1o be very different. Can you find weays in
which any two or more are alike?"

Wetching TV Brushing your teeth
Combing your hair Cop chasing robbers
Going to schooi Riding a bicycie

Studying science

This should precipitate good group discussisn nf what could be some far feiched
likenesses.

“Discuss thesa descriptions of someone who gossips a lot:
A7 old y/omen
A waolk(ng nr wspaper
A mo'or mouwth.”

“Compare spending money on technology such as a high speed
Monorail train and on basic scientific research in research
centers and universities.”

LESSON MINE: Finding Alternetives
Some people think of 8 bottle as half empty, others as half full. A car is used for
transportation. It is also & way of making a living for a car salesman.

"Give alternatlive descriptions or "'ses for:

a chicken a test

& book 8 wagon

8 pencil a8 uniform
money school.”

“Consider these situations. Suggest 2 alternative ways
of approaching them:

A food supplement that is nutritious but tastes bad
As speeds go up, cars are in more accidents

Twvo boys are ceught cheating on o test

Two girls are ceught chesting on & test

LESSON TEN: Making Choices

In chnosing something, & person has a8 set of conditions or requirements in mind,
whether consciously or unconsciously. Children should learn to get these out in the open and
state them.

gV
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“Which of the following is the best means of transportation?

bicycle cor subway
motorcycle bus cable car

ail terrain vehicle train moving sidewall:
snowmobile airplane.”

Be sure the requirements that sach best satisfied are thoroughly explored.

"I the schoo! had a big fire and could not be used for
awhile, what buildings could be used to hold classes?”

“what are the personsel qualities needed to be successful
at:

being 8 teachet

being 8 car salesman

being a newspaper reporter

being a TV anchor

being a politician

being a doctor?”

Aruitoxt provided by Eic:

ERIC 28
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LEVEL FIVE
GUESS MY RULE
Children should have been introduced {o this in LEVEL THREE. However, this cannot be

assumed so it is best to review the ruies of the geame and to give some experience with
simple rules.

The basic idea is thet of a function mechine that transforms numbers put in according to a

fixed rule and generstes numbers that come oul. The resull is a set of ordered pairs of
numbers of the form:

(in, ouT)

|
"

(Rule to
transform)
ouT—»
An example:
IN RULE ouT
2 + 3 2
4 +3 7

CHILDREN ARE TO RAISE HAND AND SAY, "1 KNOW THE RULE, " WHEN THEY THINK THEY DO.

1. Children are to input numbers. Call on them one at a time.
2. fFor each number, you use 8 predetermined rule to orally
give a number back to the class.

3. Repeat until & child reises his hand to test whether or
not he/she knows the rule.

CHILDREN T EST BY SAVING, "IF | GIVE YOU (NUMBER), WiLL YoU
GIVE ME (NUMBER)?" THEY ARE NOT TO BLURT OUT THE RULE!

29




4. if you reply, "VES™, the child is to keep silent and think of
a better way to orgenize the information.

2. If "NO", remind all that they must always get further
information 17 they canrnot see the rule with what they
have.

6. Pertodically, ask those who think they have the rule to
reise their hands.

7. Continue until:

8. most have the rule; or ,
b. they seem to be st @ stalemate
8. Ask for tables of deta and analyze. EXAMPLE:

DATA AS GENERATED

iN ouT
2 6
S 9
1 3
3 7
1o 14

Ack for suggestions s to what to do to make seeing petterns of numbers easier. Discuss:
Encourage students to 100k for patterns in the OUT numbers after they have put the iN
numbers in numerical order.

REORGARIZED DATA

iN ouT

1 3 “How are the It .umbers

2 6 changing?”

3 7 “How are the OUT numbers
changing?”

9 9 “How do yoeu get an DUT number
for a given IR number?”

10 14 RULE: QUT - IN+ 4

Have the students supply numbers to fill in any missing number pairs in an organized table.

30




LESSON TWO

Review the activity with some simple rules such as "add two”™, "multiply by three”,
“subtract five,” “square it", etc.

Be sure students put the IN numbers in sequential erder each time se that patterns
are easier to see.

LESSON THREE

This introduces combined operstion rules. Some examples are:
OUT=3XIN+2

OUT=2xIN+S
OUT=2xIN-1

we'll use 3 x IN + 1 as an example. When students arrange their data, it probably will
result in a table like this:

IN out
0 i

1 4
2 7
3 10
4 13

Ask the class what patterns they see on the table. Draw out, if need be, the fact the
OUT numbers are increasing by 3. Write this on the table:

IN ouT Difference
0 1

i 4 3

2 7 3

3 10 3

4 13 3

Put a graph peper trensparency on the overhead.

“when the IN value is 0, what is the OUT value?” Put this ordered pair on the graph.

31
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B S

“The IN value chenges by hoew much each time?”
“The OUT value changes by how much each time?”
"The OUT is changing three times as fest.’”

Greph the ordered pairs and draw the line. Put in the changes and label as
shown.
I

| 1

E

T3

A

CTE——

N N N ke S A S TR D B S L DR B L
"What is the rule for getting an OUT value for o given IN value?”

QUT=3XIN+1or3XIN+1-0UTorINX3+1=0UT
"Why is an IN value of 0 importent to know?”
Point out how it tells you where the line crosses the vertical axis. Leave the

table and graph visible and use the ruie:
2xiIN+3=-0UT




The rasults of this shauld be:

N OUT ___ Difference
0 3

] S 2

2 7 2

3 9 2

4 il 2

S 13 2

“"Notice the OUT value for IN = O shows where the line crusses the OUT (vertical) axis?"
"Point out this pair on the table”
"Where on the table do you find the number that will be 8 multiplier of IN in the rule?”

Give & third rule - 4 x IN + 3 end discuss the table and the graph. Show how 2 % IN + 3 and
4 % IN + 3 are alike {cross the OUT axis in the same place) and different (the greph of the
latter is 8 "steeper” line.) Puint out how the OUT values ere increasing faster with the 4 as
a8 muitiplier. Pass out the worksheets and monitor the work.

LESSON FOUR

This lesson is to emphasize the idea of VARIABLE. Write the following open
sentence on the board:

+3=8

Point to the box. ~“A number can be put here to make this sentence TRUE.
Until a number is chosen, there sre many possible numbers that MIGHT WORK. Write this on
the hoard.

ol
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"Meke a table of numbers thet could be put in the L— | endthe OO
to meke the sentence TRUE.

O

Allow time and discuss these. “The [_/ doesn't always hav> to be filled with the same
number to make this sentence true like it does in:

+3=8

“The number VARIES depending on what is used with it as the () number -

“when there are several numbers that could be used to make number sentences true, the
place holder for these numbers is called 8 VARIABLE. Some examples of variables you haye
seen are:

O w

, » »

Give examples of each:

“Variables STAND IN PLACE of specific numbers in sentences. They are OPEN until &
specific number is put in and then become CLOSED."

OPEN +3=5 is a variable

CLOSED 8-3=35 VARIABLE hos been replaced by
a specific value



LESSON FIVE

This lesson is to have students identify DEPFNDENT and INDEPENDNT variables. it
aiso should give them some ides of FREEDOM of choice. “In playing Guess My Rule, who was
free to choose & number to use - you or me?"

Emphasize the fact that there is choice of a number for the IN, but that the rule then
determines what the OUT HAS TO BE.

“Here words are used 8s VARIABLES.” "IN is a variable for which you are free to substitute
any number.” “0UT {s a variable where the number thet cen be used depends on the
particular IN number.” “We call iN \ne INDEPENDENT veriable.” “We call OUT the DEPENDENT
variable becouse its number value can't be found until & number velue is given to the IN
variable.”

"It isn’t elweys clear from just a rule which is which. Consider:

20

I I givesnumber to /] , it is the independen’ variabie. Write:

7= 2 O+n

Now the value of (O , the dependent variable, can be found. If | give a number to
() it becomes the independent varisble.

=2 X4 + 1

and the value of Z / , the dependent variable can be found. The important thing is
which one freedom of choice is assigned to.”




LEVEL FIVE
RATIO AND PROPORTION

LESSON ONF: xeviewing Distributivity

introguction: Students will have had an introduction to the distribution of
multiplication over addition and subtraction. This is to review thet
experience.

(n the overhead, put the following:
ONORONORORS,

Q00000
ONORORORONS

"¥hat are the dimensions of this array?”

"How can we write the 6 enother way?™ Do what is suggesied.

Example 1:
"6=4+2
Arrange the chips as:
ONONONONENONS
OO0 Q0O
000 00

Write: 3(6)=3(4+2)=3(4)+3(2)
Example 2:
6=7-1

A" ange the chips as:

00000
0C000O0;
00000

to show 3 (7) ..

,ooo




Then cover the last column to show 3 (1) so
3{6)=3(7-1)=3(73-3(1)

¥rite these and ask the students to teil whet it is expressed as the sum of

products:
4{(5+3) = 4(5)+4(3)=20+ 12
5{(8+2)= S(8)+5(2)=40+ 10
3(9+1)-= 3{(9)+3(1)=27+3
6(2+7)-= 6(2)+6(7)=12+42
Write these.

"Express these as the DIFFERENCE OF two products.”

2(8-3)= 2(B)-2{(3)=16-6=10
3{(9-4)= 3(9)-3(4)=27-12=1i5
S(10-3)= 5(10)-5(3)=50- 15= 35
6{3-1)= 6{(3)-6(1)=18-6=12

Have students complete the worksheet in pairs. Have biocks or chips
available for those who need to model the problems.

G ie
Introduction: Students will have had an introduction to this using UNIFIX,

COLORED CHIPS and CUISENAIRE RODS. In these lessons, this will be
developed further to problem solving using ratio and proportion.

“In a jar, there ere 3 red marbles for every S black marbies. If the jer has
12 red marbles, how many biack marbles are there?”

“We'll use red and black chips 1o represent the marbles.” Place these on the
overhead:

Ce®
Ce
e
@
®

o ' 3

-3



Aruitoxt provided by Eic:

ERIC

"How many of these colieclions would we take {0 have twelve red marbles?”
"0K, since 12+ 3= 4"

Put these on the overhead:

Ce Oe O @ O
(oF ON OR Ce
Ce o Ce oe
® @ ® ®
® L ® &

"How many black merbles are there?” "This is 4 x what number?"
write: 4x(3:5) = 1220

D2 e second example: “There are 2 apples for every 3 oranges. A bey has 6
apples. How many orenges are in the bag?”

Ce
O |
@

“How many of these collections to get 6 apples?”

O O@ 00
Cé OCe O6e@
@ ¢ ®

“There gre 9@ orenges in the beg.” Write: 3{(2:3) =69

Assign the worksheat to pairs of students to work on. Give them several
chips of two colors to .ise if necessary.

LESSQN THREE: The Meaning of PER and Units
Background: In mathematics as applied in everyday activity, units are often

used as the basis. For example, 50¢ per candy ber, $6.00 per pizza, etc.
Students should understend this idea of PER meaning “for each.”

Introguction. Use a grocery ad mede into @ trensparency. A transparency
master of one is included. Trans ate each price into 8 PER statement. The
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pounds, cans, dozens, etc. involved are, in 8 way, 8 measurement resulting in
a label. Have the students generate as many of the following kinds of
stetements from the ad as possible:

“peas: 69¢ per 12 pz. can.”

Then take each statement generated in this way and show how they are
written as:

69¢/can or 69¢
can

The / symbolism or __ is used to show the idea of rate or per.

Ask the students what other rates they can think of. The most likely is
miles per hour for speed. Write this as miles/hour or miles.
hour

Consider the following: "Eight apples are bought at 40¢ per gpple.” Rate is
40¢
apple
Total is B apples x 40¢ = ?
appie

Most students will see the result must be money. what must heppen to the
apple labels? These are “Cancelled” just like numbers:

4=1  ppples=1
4 apples

Have the students work in pairs on the worksheets provided.
SON FOUR: Usi R
Background: One way of applying retio (or rate) and proportion is to make

use of the UNITARY RATE, or the smount of a guantity per unit. Then one can
multiply the unitery rate by any number of those units.

introduction: Give this problem:

“Joyce buys a packege of 10 audio tapes for $12.99. Sam buys the same Kind
in a packege of 3 for $3.99. Who gets the better buy? why?
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"what is the cost of ONE tape for Joyce?"
"What is the cost of ONE tepe for Sam?”
“The UNITARY RATE or cost of ONE allews you to compere.”

Give snother probiem:

“Tom’s father drives the 30 miles to Forest City in 45 minutes. Ai the same
speed now far could he drive in one hour?”

“What quantities are in the rate?" (miles and minutes)
"How do we show this?" (30 miles)
(45 minutes)
“Whet is the rate in miles in ONE minute?™ (2 miles)
3
“Now we can multiply these miles in ONE minute by any number of minutes
to get total miles.”

“How meny minutes in one hour?" “we multiply 60 (2/3 miles) = 40 miles -
isthe®  ce Tom's father could travel in (ONE) hour."

Have pairs of students work on the problems given. Remind them to find the
UNITARY RATE first.

LESSON FIVE; Setting up Proportions

Introduction: In using ratio and proportion to solve problems, students
should:

1. Be aware of the unitary rete

2. Label sll numbers with “units™ of some kind

3. Cancel units to see what units the answer is in.
Completely analyze and discuss the foliowing problem:

"A store finds one bad egg in every 4 dozen eggs. In & crate of 48
dozen how many bad eggs should the store expect to “ind?"

“The given comparison is {1 bad egg)”
4 dozen eggs

"What pert of this is muitiplied to give what is ir. the problem?”

"4 dozen is multiplied by whet to get 48 dozen?"
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“We multiply the other pert by 12 as well™: (1 bedegg ) 12 = 12 bad eqgs
4 dozen 48 dozen

Consider 8 secon. problem: “in one minute, Terri drank 4 0z. of soda and
George drank 6 02. of soda. How much would each drink in 3 minutes?"

Terri George
402 % 3min. = 1202 602 %X 3min. = 18 oz
min. i min. i

Emphesize the cencelling of the units to see how the units appesr in the
answer.
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ARITHMETIC PROBLEM SOLVING AT LEVEL FIVE

By the end of this experience, children should be able to solve ary type of
the arithmetic operation problems.

Consider these factors when working with children with arithmetic problem
solving:

Some students may stil! need some concrete

materials fo represent the thing given oraily

or in written situations.......

Students should write number sentences that
model the conditions of the probiem given....

Students should be given oppo: tunities to see
a variety of problem solving being used
............. guessing and checking the guess

............. drawing pictures

............. making diagrems

............. making tables or graphs

............. estimating

............. writing number sentences to model

Nen-numeric problem soiving situations should alsc be presented vsing
Pattern Blocks, Tengrams and otrer right hemisphere related materials®

*See Arithmetic Teacher
iiarch, 1986 “Verba! Addition snd Subtrsction Problems®
April, 1986 “Verbal rultiplication and Division Problems”
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Verbal Addition and
Subtraction Problems:
Some Difficulties and

Some Solutions

By Charles S. Thompson and A. Dean Hendrickson

M

Many of the difficulties that chil-
dren have in solving verbal (story)
problems involving addition and sub-
traction arise because of their limited
understanding of the arithmetic oper-
ations that are involved. They don't
know when to use addition or subtrac-
tion because they lack specific knowl-
edge regarding the various situations
that give rise to these operations. Of-
ten, children are taught addition only
as "‘putting together’* and subtraction
only as “‘taking away,” but many
other settings involve addition and
subtraction operatioas. Children need
to receive specific instruction in dif-
ferent contexts if they are to become
good solvers of verbal addition and
subtraction problems. This article de-
scribes the contexts and then explains
a successful sequence of activities
that teach verbal problems.

Categories of Verbal
Problems

In elemencary schoo! mathematics,
three categories of verbal problems
suggest addition and subtraction oper-
ations. These categories—Change,
Combine, and Compare—are de-
scribed by Nesher (1981). Various
types of problem situations exist

Charles Thompson 1eaches undergraduate and
graduats courses that focus on leaching chil-
dren to understiand mathemaiics at the Univer
sity of Loswdsville, Louisville, KY 40292. A.
Dear Headrickson teaches classes in mathe-
matics and methods 10 undergraduate and in-
service teachers, preschooi-12, and does re-
search and development in mathematical
reasoning and the acquisition of maikematical
knowledge in grades K-14 at the University of
Minnesota, Duluth, AN 55812.
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Table 1

Change Problems

Problem title Sample problem Characteristics

Change | - Bill has two ncils. Jean gives him three Increase, initial set and change set
mncil&e H.?wp:mny pencils does Bill known, question sbout final set
ve then?

Change 2 Bill has five pencils. He gives three to Decrease, initial set and change
i:gg. How many pencils%oes he have set known, question about final

? set

Change 3 Bill has two pencils. Jean gives him some Increase, initial set and final set
more. Now he has five. How many did known, question about change set
Jean give him?

Changs 4 Bill has five pencils. He gives some to Decrease, initial set and final set

Chagge § Bill has some pencils. Jean gave him two

known, question about change set

Increase, change set and final set
known, question abe ut initial set

Change 6 Bl has some - He gave three to Decrease, change set and final set
Jeza. Nowhem. Hostemnyadhe known, question sbout initial set
begin with?

within each category. six types of Change problems. These

Let’s look first at the Change cate-
gory. Change problems involve in-
cre: sing or decreasing an initial set to
create 2 final set. One sample Change
problem is a familiar “putting to-
gether™ situation (fig. 1).

Bert has two books. Cn his birthday
he gets three new books. How
many books does Bert have then?

All Change problems have three quan-
tities: an initial set, a change set, and
a final set. In the pioblem given, the
initial set is two books, the change set
is three books, and the final set is
unknown. The unknown quantity in
Change problems can be any one of
the three sets, yielding three kinds of
problems. Furthermore, the change
can be either an increase or a de-
crease, thus yielding two problems for
each of the three kinds, for a total of

problems are described and character-
ized in table 1.

The second category of problems is
called Combine, or pmit-part-whole.
Combine problems describe an exist-
ing, static condition involving a set
and its several component subsets. A
major difference between Change and
Combine problems is that no action is
involved in Combine problems. A
sample problem is as follows:

Consuelo has five buttons. Three
are round and the rest are square.
How many are square?

See figure 2.

A typical Combine problem has
three refated quantities—one subset,
the other subset, and the whole set.
These yield only two types of prob-
iems. In our example, the whole set
and one subse! are known. In the
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Fig. 1 Change problems involve increasing or decreasing an initial set to create a final set.
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Fig. 2 “Combine” problems describe a~ existing condition involving a set and its several component subsets.
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other type of problem. both subsets
are known and the whole set is un-
known. Table 2 summarizes these
Combine problems.

Other Combine problems involve
more than two subsets and the whole
set. These problems typically invoive
a two-step process a.d are not dis-
cussed here.

The third category of problems is
called Compare. Compare problems,
which involve a comparison of two
existing sets, are probably the most
ignored type of problem in school
curricula. Yet many children’s expe-
riences involve comparisons. Here is

a sample problem:

Jean has five pencils. She has three
more pencils than Bill. How many
pencils does Bill have?

See figure 3.

Each Compare problem has three
expressed quantities—a referent set, a
compared set, and a difference set.
The referent set is the set to which the
comparative description refers. In the
sample problem, Bill's pencils com-
pose the referent set, since Jean “*has
three more pencils than Bill."” The
compared set is the set being com-
pared to th.. ‘ferent set. In the sam-
ple problem, sean's set of five pencils
(the compared set) is compared to
Bill's set (the referent set). The differ-
ence set is the difference between the
referent set and the compared set.

There are six types of Compare
problems. The unknown quantity can
be the referent set, the compared set.
or the difference set. For each of these
three possibilities, the comparison
can be stated in two ways: (1) he
(larger) compared set is more than he
(smaller) referent set, or (2) the
(smaller) compared set is less than or
fewer than the (larger) referent set.
.able 3 summarizes and gives exam-
ples of the six types of Compare prob-
lems.

Relative Difficultles of
Verbal Problems

Examination of the various types of
problems and observations of children
solving these problems lead to the
conclusion that some types of prob-
lems are more difficult to solve than
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Table 2

_ Combine Problems
Problem title Sample problem Characteristics

Combine i Bill has three red pencils and two Two subsets are known, question

gncih. How many pencils does B ahout whole set
ve all together? .

Combine 2 Bill has five pencils. Three are red and Whole sei and cne subset are
the rest are green. How many are known. question about other sub-
green? set

Table 3
Compare
Problem title Sample problem Charactenstics

Compare | Bilt has two pencil. . Jean has Comparison stated in terms of “more,””
five, How many ~ore does Jean referent set and compared set known,
have than Bi? question asbout difference set

Compare 2 Bill has two pencils. Jean has Comparison stated in verms of less
five. How many fewer pencils (fewer), refereat set and compared set
does Bill have than Jean? known, question about difference set

Compare 3 Bill bas two . Jean has Comparison stated in terms of more.

- three more Bill. How many referent set and difference set known,
pencils does Jean have? question about compared set

Compare 4 Jean has five pencils. Bill has Comparison stated in terms of less
three fewer pencils than Jean. {fewer), referent set and difference set
iiaowgmany pencils does Bill known, question about compared set

ve?

Compare § Jean has five pencils. She kas Comparison stated in terms of more,
three move than Bill. How compared set and difference set known
meny iis docs Bill have? question about referent set

Compare 6 Jean has two pegcils. She has Compasison stated in terms of fess
three fewer pencils thap Bifl. (fewer). compared set and difference
gow.’my pencils does Bill set known, question about referent set

ve?

others. In general, it appears that the
inkerent structure of the problem is
the crucial factor in determining its
difficulty. For example, Combine-1
problems are structuraily straightfor-
ward (table 2).

Combine 1. Bill has three red pencils
and two green pencils.
How many pencils does
Bill have all together?

The two subsets are given. Children
can count those subsets separately.
Then, they must simply recount the
entire collection of objects to deter-
mine the solution to the problem. Or,
depending cn instruction they have
received, they might use **all” or *all
together™ to transform it to a Change
problem.

Combine-2 problems, by compari-
son, are not straightforward. Th. sets
to be considered are not separate from
one another.

Combine 2. Bill has five pencils.
Three are red and the
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rest are green. How

many are green?
The children must have a well-
developed part-whole .understanding.
The whole set and one subset are
given. To solve this kind of problem,
children must know that the given
subset is contained within the whole
set mentally or physically 10 separate
that subset from the whole set and
then count the other subset. This
problem can be transformed correctly
into a Change-2 problem by many
children. Other children transform it
incorrectly into a comparison of the
two subsets.

Another major factor affecting the
difficuity of a problem is its semantics.
How the relationships between the
sets are expressed determines, to
some extent, which cognitive struc-
tures must be used by the child to
solve the problem. For éxample,
study the following Compare4 and
Compare-5 problems:

Compare 4. Jean has five pencils. Bill
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than the larger.

Fig. 4 The chiki must understand that the larger set is three more than the smaller set and the smaller set is three less

has three pencils fewer
than Jean. How many
pencils does Bill have?

Compare 5. Jean has five pencils. She
has three more pencils
than Bill. How many
pencils does Bill have?

See figure 4.

In each problem the larger set, of
the two being compared, and the dif-
ference set are given. The child is to
determine the smalier set. In the Com-
pare-4 problem the expression used to
relate the larger and smaller sets is
*“The smaller set is three pencils fewer
than the larger (known) set.” To solve
this problem, the child might simply
create what is described, by removing
three pencils from the larger set to
create the smnaller set of two objects.
This behavior transforms the problem
into a Change-2 problem. In the Com-
pare-5 problem, however, the state-
ment used to relate the larger and
smaller sets is, in effect, **The larger
set is three pencils more rthan the
smaller (but unknown) set.”” In this
problem the child must use a different
cognitive structure to deternine what
to do. Three pencils cannot be added
to the smaller set, since ils quantity is
not known. The child must under-
stand that if the larger set is three
move than the smaller set, then the
smalier set is three fewer than the
larger. The child must have a well-
developed cognitive structure called
reversibility. The child must under-
stand that the statement *"x is ¢ more
than y" is equivalent to 'y is a less
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than x.”” Only then will the child know
that removing objects from the larger
set will create the “‘more than" rela-
tionship expressed in the verbal prob-
lem. This same reversibility enables
some children to transform Combine-
2 problems into Change-2 problems.

Another factor affecting the diffi-
culty of Compare problems is that in
Compare-3, 4, 5, and 6 problems, the
differcnce set must be mentally con-
structed by the child. It is not actually
part of the compared set or the refer-
ent set. Furthermore, after the differ-
ence set is mentally constructed, the
child must mentally add it to, or sub-
tract it from, one given set to deter-
mine the unknown set.

Another difficulty is the varying use
of the expressions more than, less
than, and fewer than. The phrase
Sfewer than is common in these four-
teen types of problems, since dis-
crete. countable sets are involved.
Fewer than suggests counting strate-
gies more readily than does less than.
However, miore than is used to ex-
press relationships between either
countable or noncountable quantities.
Further, the word more is often used
in Change problems in another way,
as in “‘John gave Frank four more."

The relative difficulties of all four-
teen types of verbal problems have
not yet been fully determined. But
informal observations of children
solving these problems, careful analy-
sis of the problems’ structures and
semantics (Nesher et al. 1982), and
analysis of research results (Carpen-
ter and Moser 1981; Nesher 1981;
Riley 1981; Steffe 1971: Tamburino
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1981) provide preliminary information
about the difficuity of problems. Cur-
rently available information indicates
four levels of difficulty:

Easiest: 1. Change 1 & 2, Combine 1
2. Chenge 3 & 4, Compare 1
&2
3. Combine 2, Change 5 &
6, Compare 3 & 4
Hardest: 4. Compare § & 6

instructional Procedures

We have been working in a conceptu-
ally oriented. materials-based elemen-
tary mathematics program. The chil-
dren in first, second, and third grades
have received instruction in solving
verbal problems of the fourteen types
that have been described. The foliow-
ing general instructional sequence has
been followed over a period of weeks:

1. Problem situations are presented
orally to children. The children use
countable materials that can be
grouped, linked, and separated to aid
them in solving problems. Their an-
swers are expressed orally.

2. Children use countable objects
to explore combinations of numbers
that make larger numbers. For exam-
ple, they separate five counters into
two subsets in different ways and de-
scribe the results orally, such as
**three and two™" or “‘one and four."’

3. Children use prepared numeral
cards {0-9), and cards with the **+.,"”"
" =" and **0." in conjunction
with activities similar to those previ-
ously described in step 2. They con-
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struct number phrases and sentences
with the prepared sign cards to repre-
sent the objects being used. This task
helps them to connect the signs to the
concepts involved. For example, if a
child uses five counters and covers
two of them, then a partner can create
the open sentence 3 + O = 5 then
insert a “‘2 card” to complete the
open sentence.

4. The problem situations are pre-
sented orally to children as in step 1.
They use countable objects to solve
the problems and now use the pre-
pared cards 1o construct number sen-
tences to represent tne objects used
and the conditions of the problem.
For example, consider the following
problem:

Change 1. Bill has two pencils. Jean
gives him three pencils.
How many pencils does
Bill have now?

To solve this problem, children fre-
quently make separate links of cubes
to represent the two sets, join the two
links, and arrange cards as shown:

EEBEEE]

5. Children use countable materials
to solve orally presented problems
and then write number sentences to
indicate how they interpreted the
problems. In particular, children cir-
cle their answers in the number sen-
tences. In many problem situations
several possible number sentences
can be written. Consider this

problem:

Compare 1. Jean has five pencils.
Bill has two pencils.
How many more pencils
does jean have than
Bill?

Some children will interpret this as an

addition problem and write 2 + @ =

5. Others will interpret it as subtrac-

tion and write 5 — 2 = (). Both

interpretations are correct.

6. Open sentences in written form
are given to children, who use count-
able materials to solve them.

7. Materials are not used, and chil-
dren solve written verbal problems
mentally while writing the corre-
sponding number sentences.
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8. Children solve open sentences
(not directly tied to verbal problems)
in written form without the use of
countable materials.

From a broad perspective, the se-
quence has used the following steps:
(1) develop concepts using materiais,
(2) connect signs to the concepts, (3)
construct symbolic forms (number
sentences) using prepared symbols,
(4) write symbolic forms. and (5) in-
terpret prepared symbolic forms. This
sequence has resulted in students be-
ing able to interpret these problems
and translate them into number-
sentence models.

In conjunction with these activities.
children participate in numerous
counting exervises. They learn to
count on from any given number and
to count back from any given number.
Counting on is useful in many prob-
lems, particularly in part-v-hole situa-
tions, in which one subset and the
whole set are known, and in compare
situations, where equalizing of the
two sets is the strategy to be used.
Counting back is also used frequently,
especially in Change problems. For
example, in Change-2 problems the
children often count back from the
larger (initial) set to create the smaller
(final) set.

instructional Resulits
So Far

The instrictional sequence described
seems to be effective in enabling chil-
dren in the primary grades to solve
verbal problems. Of crucial impor-
tance seem to be the use of countable
materials, the use of the prepared nu-
meral and sign cards, and the practice
of circling answers when writing num-
ber sentences.

Using the countable materials en-
ables the children to create or model
the conditions presented in the prob-
lems. The children can then determine
which sets to count, compare, sepa-
rate, or join to solve the problems.
“he use of the prepared cards allows
the children quickly to attach numer-
als to the quantities represented and
to consiruct the corresponding nuri-
ber sentences. We have found that
children who h ve not used numeral
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cards expenence greater d.a.culty in
writing number senlences corre-
sponding to a verbal problem. The
practice of having children circle an-
swers when writing number sentences
helps teachers understand how the
children are thinking about the verbal
problems. Indeed. for many of the
types of problems, either an addition
or a subtraction number sentence is
appropriate. These practices also help
teachers to recognize when children
are successfully using the class-
inclusion relation, reversibility of
both actions and relations. and equal-
ization of two sets.

In summary, we have learned that
children can become good solvers of
verbal problems. What they need is an
instructional program that proceeds
from the concrete to the symbolic and
the opportunity to encounter the var-
ious problem situations that occur in
real life.
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Verbal Multiplication and
Division Problems:
Some Difficulties and
Some Solutions

By A. Dean Hendrickson

Verbal problems that involve mulii-
plication and division are difficult for
children to solve. Many of these diffi-
cuuies arise because of their limited
understanding of these arithmetic op-
erations. Their experience with the
different kinds of situations that call
for these operations is also limited. At
the same time, these problems cannot
be categorized easily because the sit-
uations that require these operations
are varied. Nonetheless, mult’ aica-
tion is often taught only as *"..-peated
addition”’ and division only as *‘re-
peated subtraction.”* Children must
have specific instruction in afl the
situations that requi multiplication
and division as arithmetic operations
if they are to apply them successfully
to verbal problems.

Change Problems

Extensions of the “‘change problems"
for addition and subtraction can lead
to multiplication and division. In this
particular kind of problem we have an
initial set, a change number, and a
final set. Given an initial set of small
size and a change number that de-
scribes how many of this size set are
Joined, we find the size of the larger
final set by multiplication. These
problems are change I, or repeated
addition, problems. Here is an exam-
ple (Ag. 1):

Dean Hendrickson is prafessor of education at
the University of Minnesate Duluth. MN

55812, He teaches courses on th. psychelogy of

learning and methods of teaching mathematics.
preschool through secondury school.

(size ?)

John put 6 handfuls of 3 tokens each
into a bank. How many tokens a:
John put in the ban! ?

Change 2 problems result when a
large initial set is given along with the
size¢ of a smaller final set, and a
change number needs to be found that
describes how many sets of that size
can be made from the initial set. This
problem represent. the measurement,
or repeated-subiraction, interpreta-
tion of division. Here is an example
(fig. 2):

Susie has 24 cookies. She gives 3
cookies 10 each of the children on
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the piayground. How many chil-
dren are on the playground?

A child who can reverse wne “*put-
ting together™ transformation can re-
late a measurement interpretation of
the division of countable materials to
the repeated-addition kind of multipli-
cation. In some ways the division is
easier, since the child must retain only
the final set size and count the number
of sets that can be made. The count is
constructed in the process and the
size of the initial set is not important,
since the count stops whenever the
process runs out of objects. In re-
peated addition. both the count num-
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ber and the size of the initial s~.t must
be retained mentally along with the
result at the end of each successive
Jjoining.

Change 3 problems involve a large
initial set and a known change num-
ber; the size of the final. equal sets
that can be made from the initial set
must be found. This is the partition
interpretation of division. An example
follows (fig. 3):

Susie has 24 cookies. She gives an
equal number to each of her 4
friends. How many cookies does
each friend get?

Change 2, or measurement division,
is easier, since only the size of the set
being formed repeatedly must be re-
tained and a count of these sets kept
as they are made. Change 3, or parti-
tion division, requires a strategy to
assure the equality of the sets being
made and hence is more difficult.

Comparison Probiems

Questions involving ‘‘less than™ or
**more than" {ead to addition and sub-
traction problems. These problems in-
volve a comparison set, a difference
set, and a referent set. When we com-
pare two sets and the comparison iv -
volves questions of "*how many times
as many’' or “‘what part of,” we use
muitiplication and division. Such
problems involve a comparison set, a
referent set, and a correspondence
other than a one-to one corresnon-
dence between these sets. In figure 4,
if the question is asked, **A has how
many times as many as 8?°° then A is
the comparison set, B is the referent
set, and the correspondence of Ao B
is sought.

Compare ! problems result when
the referent set and a many-tv-one
comrespondence are given and stu-
dents are asked to find the comparison
set. The following is an example (fig.
S):

Iris has 3 times as many nickels as
dimes. She has 4 dimes. How many
nickels does she have?

Multiplication is used to find the a. -
swer: 3 X 4 = |2,

Compare 2 problems occur when
the comparison and a many-to-one
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Fig. 2 An example of a change 2 problem, measurement or repoated-
subtraction interpretation of division: Susie has 24 cookies. She gives

3 cookies to each of the children on tha playground. How many children
are on the playground?

{size 3)

Fig. 3 An example of a change 3 problem, a partition iterpretation of division:

Susie has 24 cookias. She gives them in equal numbers to her four fiisnds. How
many cookies does each friend get?

Change Number
4)
1 L BB
QQo
QO
o 0% c>0 @ [
O 8 00
Q0
000
Initial Set
(24)
7
Final Sut(s)
(size )

Fig. 4 A compéarison problem: Find the comrespondence of A to B. A has how
many times as many 2s 87

‘ E]D[]D
o U o
DDD

.
> D b
> D D

A B
{Referent Set)
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Fig. 5 A compare T problem: iris has 2 times as many nickels as dimes. She
has 4 dimes. How many nickels does she have?

ison Set Referant Sot
(nickels) : (dimes)

Fig. 8 A compare 2 problem: lis has 15 nickels. She has 3 times as many
nickels as dimes. How many dimes does lris have?

Fig. 7 A compare 3 problem: Frank has 24 nickels and 8 dimes. He has how
many times as many nickels as dimes?

Reforont Set
{dimes)

Fig. 8 A compare 4 problem: Frank has 24 nickels and 8 dimes. He has what
fraction as many dimas as nickeis?

corresponcence are given and the ref-
erent set must be found. Here is an
example (fig. 6):

Iris has 15 nickels. She has 3 times
as many nickels as dimes. How
many dimes.does lris have?

Division is used to find the answer:
f+3=3§

Compare 3 problems result when
the comparison s=t and referent set
are known and a many-to-one corre-
spondence must be found (fig. 7):

Frank has 24 nickels and 8 dimes.
He has how many times as many
nickels as dimes?

Division is used to find the answer:
24 +8=3

Compare 4 problems occur when a
companson set and a referent set are
given and a one-to-many correspon-
dence is sought. In this case, the com-
parison set is the smaller of the two.
Here is an example (fig. 8):

Frank has 24 nickels and 8 dimes.
He has what fraction as many dimes
as nickels? (or, Frank's dimes are
what fractional part of his nickels?)

The resuit is division of a smaller by a
larger number or formation of 2 ratio-
nal number, usually expressed as a
fraction. 8 +~ 24 = 1/3.

This kind of question puts a child’s
concept of fraction being equal parts
of a whole into conflict with this ratio
situation. What other language can be
used to ask for this correspondence?
Because of the difficulty of finding
suitable language, questions related to
finding this correspondence are sel-
dom found in textbooks.

Compare 5 problems arise when the
comparison sei and the referent set
are given and a many-lo-many corre-
spondence is sought (fig. 9):

There are 12 giris and 16 boys in the
room.. How many times as many
boys are there as girls?

One divides to find the answer (16 +
12 = 4/3). Here again a fraction tells
how many times as much, although a
ratio correspondence is made in the
thinking.

Compare 6 problems occur when
the comparison set is smaller than the
referent set and the correspondence is
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sought (fig. 10):

There are 12 girls and 16 boys in a
room. The number of girls is what
part of the number of boys?

The result is found by division agais,
12 + 16 = 34, and the same conflict
between ratio and fraction results.

Compare 7 problems result when
the larger comparison set and the
many-to-many correspondence are
given and the size of the smaller ref-
erent set is sought (fig. 11):

There are 16 boys in a class. There
are 4/3 as many boys as girls. How
many girls are there?

The answer is found by dividing: 16 =
4/3 = 12,

Compare 8 problems arise when the
smaller referent set is given along with
a many-to-many correspondence. The
size of the larger comparison set is

sought (fig. 12):

There are 12 girls in the room. The
number of boys is 4/3 the number of
girls. How many boys are in the
room?

The answer is found by multiplying:
43 x 12 = 16,

The compare problems that involve
many-to-many correspondences are
difficult, since they bring into conflict
the child's recognition of a fraction as
comparing & given number of equail
parts to the whole and the idea of ratio
as a correspondence. The use of the
same symbolism for both fractions
and rational numbers compounds this
difficuity.

Thinking in ratios, equating ratios,
and applying ratios to situations in-
volve formal operational thought.
Very few elementary children are ca-
pable of this kind of reasoning. In
fact, few eighth and ninth graders can
think through the Mr. Tail-Mr. Short
problem:

Mr. Mr.
Tall Shont
Measured in 9 é
match sticks
Measured in 12 ?
paper clips

Fig. @ A compare § problem: There are 12 girls and 16 boys in the rocm. How
many times as many boys ara there as giris?

Fig. 10 A compare 6 problem: There are 12 girls end 16 boys in a room. The
girls are what part of the boys?

Comparison Sat Referant Set
{girts) (boys)

Fig. 11 A compare 7 problem: There are 16 boys in a clase. Thers are 4/3 as
many boys as girls. How many giitg are there?

ol
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Rate Problems

Fig. 12 A compare 8 problem: There are 12 gitls in the room. The number of
boys is 4/3 the number of giris. How many boys are in the room?

The kind of proportional reasoning
used in equating ratios is also in-
volved in thinking about rate prob-
lems. These are commonly found in
intermediate textbooks. A rate prob-
lem involves two variables—one inde-
pendent and one dependent—and a
rate of comparison between them. An
example is distance (miles) = rate
(miles per hour) x time (hours). Here
the number of hours is the indepen-
dent variable, the distance in miles (a
total) is the dependent variable, and

Ret the ratio of miles to hours is the rate.
(gm;)Set e ‘(mi) Set Some common rate examples are
these:

Fig. 13 A rate 1 problem: Fred pays $12.00 a square yard for outdoor carmpeting. How much will 16 square yards cost?

$12 | 312§ 12 | $12 | 2| $12 | $12 | ¢ | $12 ] $12 | $12 | $12 | $12 | $12 ; s12 | ®12

sq. yd. | sq. yd.} sq. yd.| sq. yd.} 8q. yd.| 8q. yd.eq. yd.} 5q. ydd. | 5Q. yd.| €q. yd.| 59. yd.|sq. yd.{sq. yd.{sqQ. yd.{ Sq. yd.| sq. yd.

Fig. 14 A rate 2 problem: Jane pays $162 for carpeting at $9 a square yard. How many square yards did she get?

$162
i
! ]
o g Y 1 T l ¥ l ! Y T ‘!'
i i { ' i
| |
A T T T T R
so | s0 | so | %o S T T T S T T R R
! I i ! i ! | i ' | |
. | l 'l L A ‘ " 1 ' 3 '
ot T Ty
!
5q. yd 5q. N' 8q. yd sq. yd. i | I ?gqumyards l ; i ; § ‘
I i i : ' | f ! |
R T B T D D T
. L 1 ] i i ] i 1 0 1
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E———,

s feet per second

e dollars per pound

« pounds per cubic foot
« gallons per minute

e cents per kilowatt hour
s parts per hundred

Children who are unable to think
about rates and ratios will have diffi-
culty doing these problems in any way
other than substituting numbers into
memorized formulas. Probiems deal-
ing with percentages are probably the
best example of this difficulty.

Rate | problems result when the
rale and the value of independent
varieble quantity are given (usually in
units of measurement) and the value
of the dependent variable, usually a
total. must be found (fig. 13):

Fred pays $12 a square yard for
outdoor carpeting. How much will
16 square vards cost him?

The resulting application.

total cost
= cost/sq. yd. X number of sq. vd.
= $12/sq. yd. X 16 sq. yd. = $192,

is the easiest of the rate situations to
use.

Rate 2 problems result when the
rate and the value of the dependent
variable are given and the value of the
independent vanable is sought (fig.
14):

Jane pays $162 for carpeting at $9 a
square yard. How many square
yards does she get?

We have
$162 = $9/sq. yd. x [_]sq. yd.
or
$162
.yd, = —— = {18}
sa-¥ $9/sq. yd.

Rate 3 problems result when the
values of the dependent and indepen-
dent variables are given and the ratio
or comparison rate is sought (fig. 15):

Peter paid $342 for 200 eight-foot
two-by-fours. What was the cost in
dollars of each two-by-four?

We have
$342 = §_J/board x 200 boards
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”

the cost in doflars of each 2 x 47

Fig. 15 A rate J problem: Peter paid $342 for 200 eight-foot 2 x 4's. What was

/4

L
200 pieces
Cost =

T

342

# of pieces

or

5342
§ cost/board = —————
O™ 260 boards

= $1.71/board

Selection Problems

Among the most difficult probilems are
those that require multiplication.
These belong to a more general group
of selection problems.

Selection | problems involve simple
ordered pairs where the choice sets
for each element of the ordered pair
are given and the number of ordered
pairs possible is sought. The pairs arz
ordered in the sense that one choice
set is associated with one element and
a second choice set with the other. No
ordering occurs in the writing or se-
lection. In the following example.
{skirt, sweater) is not different from
(sweater, skirt). See figure 16.

Amy has 3 sweaters with different
patterns. She also has § different
skirts. How many outfits consisting
of a sweater and a skirt are possi-
ble?

The pairs can be determined from a
matrix {table 1} or from a ‘‘factor
tree.”” Either way, multiplication is
used: 3 X § = 15 outfits.

Selection 2 problems resuit when
one choice set and the number of pairs
are given and the other choice set is
sought. These problems are similar to
selection | problems.

53

Tabia 1
?BMatrlx to Record the Palrs In Figure

Selection 3 problems involve tri-
ples, quadruples, or other extended
n-tuples (n > 2) and the choice sets for
each place in the n-tuple.

Frank has 5 spont coats. 3 vests,
and 5 pairs of trousers, all of which
are color compatible. How many
different outfits consisting of a sport
coat, vest, and pair of trousers are
in his wardrobe?

Here a 3-tuple must be formed
(sport coat. vest, trousers) where or-
dering is not important. Findin, the
total number of 3-tuples uses the mul-
tiplication principle: 5 X 3 x § = 7§,

Selection 4 problems give the num-
ber of n-tupies and the sizes of ail but
one choice set, which is sought. An
example follows:

Frank can make 24 different outfits
consisting of a sport coat. vest, and
trousers. He has 3 sport coats and 4
pairs of trousers. How many vests
does Frank have?
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Flg. 16 A sefection 1 probiem:
Amy hss 3 swasters with differant
pattems. She also has 8 skints of
cansisting of e and a siin,

a swealer a
are possibla?

N\—08

This is a two-step problem: first mul-
tiply and then divide, or successively
divide.

The selection group of problems
involves the multiplication principle
or one aspect of 'vhat Piager calls
combinatorial reasoning—the ability
to consider the effect of several vari-

Fig. 17 Cemﬁescanbeusedwlhkmmmmmmm-
mmm:Me4mdsmm.memmmmﬂ?
RS
o
gl S
$ .
o Tiles
« L
-
Table 2
Chango Problems
Froblem title Sampie problem Characterisiics
(Change 1) Fred has 3 boxes with 4 cars Initial (smaller) set sizes and
Repeated sddition in each box. How many change number known;
cars does Fred have? question about final (larger)
MQ
(Change 2) Jean had 12 cookies. She Initial (larger) set and final
Remmslibuwioa(mea ve;cookiﬁstoeach%ff (smaller) set sizes known;
surement friends. How many question about change
ber friends got cookics? number,
(Change 3) Paul bad 24 macbles that he Initial (larger) set and change
Partitioning into equal sets ve away 1o 4 friends, numbers known: muon
friend received the shout the sire of
same number of marbles {smaller: sets.
How mony marbles did
cach friend get?
L

ables simultaneously. Selection 1
problems can be thought of as cells in
a matrix. The thinking needed to solve
them is similar to that used to solve
area problems, such as being given
two dimensions and finding the area
and being given the area and one
dimension and finding the other di-
mension.

Overview

If students are going to apply multipii-
cation and division to everyday situa-
tions, they must have experience with
materials that represent these dif-
ferent situations.

The change situations that involve
Jjoining and separating can be intro-
duced with materials that can be
joined, separated, and arranged.

24

Unifix cubes can be used to illustrate
repeated additions and repeated sub-
tractions as well as measurements.
Ceramic tiles can also be used to link
the idea of repeated addition to area
(fig. 17). The measurement concept of
division can also be introduced with
tiles. The following kinds of questions
can be asked:

* Given 24 tiles, how many rows can
be made with 4 tiles in each row?
¢ Make 4 rows of 6 tiles each. How

many tiles are used?

Beans and paper cups can be used to
give experience with the partition in-
terpretation of division as well as to
the repeated-addition and repeated-
subtraction interpretations of multipli-
cation and division. Some examples
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Table 3

Compare

Probiem

titie Sample probiem Chearacteristics

Compare | Joellen has 3 pairs of sandals. She has4  Referent set and many-to-one comrespon-
nmesasm:‘ymefsmes How dence known; question about the com-
many pairs of shoes does she have? parison set.

Compare 2 Irene has 30 3. She has 5 times as  Comparison set and many-lo-one come-

mngnhmm How many spondence known; guestion abowt the
pemiesdoesl’nhw" referent set.

Compare 3 Donakd has S marbies. Peter has {$ mar-  Comparison set and ref~ ont set given:
bles, Peterlmhowmnznmas question about kind of {many-to-one)
many masbies as Donaid? comrespondence.

Compsre § Boanie has 16 white blouses and 4 col- Comparison set and referent set given:
ored blouses. Her colored blouses are question sbout kind of (one-io-many)
what (ﬁ;&c&cmnpanof ker white correspondence.

Compare 5 Our closs has 16 boys and 12 girle:: There  Comparison set and referent set given:
;ﬂa{ehl;owmny times as many boys as question about the (many-o-many)

comespondence.

Compare 6 Our class has 16 boys and 12 girls. The  Comperison set and referem set given;
gl.smwm(t‘m:mmnpmnﬂhe question about many-t¢  *nvy Come-

ys? spondence.

Compare 7 Fred has 25 baseball cands. He has $/4as  Comphrison set und many-to-meny cor-
many cards as Jim has. How many respondence given; question about ref-
baseLall cords does Jim have? ereat set,

Compare 8 Erica has 25 stickers. has 43 as Referent 3.t and many-to-many corre-
many stickers as Erica. How many spondence given; question t com-
stickers does Peggy have? parison sel.

Table 4

Problems
Problem ttle Sample problem Chsracteristics

Selection } Paula has 3 kinds of cheese and 2 Number given from which to select
kinds of sausage. How many dif- for each pair element: question
ferent cheese-and-sausage pizzas about number of pairs possibie.
can she make?

Selection 2 kamakeswdlg::i:l%m»aon? NmmmcMcesuasﬂwm
sausage % pairs given: guestion abaut
¢l ese. How many kinds of sau- oumber in r choice set.
sage does he have?

Selection 3: Dave has 3 different-sized sets of Number given from which to choose

extended n-tuple wheels, 4 kinds of bodies. asd 3 for esch ponion in a-tuple; ques-
different motors. dow many differ-  tion sbout number of s-tuples pos-
ent cars with wheeis, a body, and sible,
a molor can he put together?

Selection 4. Dave has 3 different-sized sets of Number given from whick to choose

extended a-tuple heels and 4 kinds of bodies; he tor sl but one position in n-tuple
can make 96 different cars with and also number of a-tuples: ques-
wheels, bodies, and motors. How tion aboul remsining position.
many different kinds of motors
does he have?

Table 5

Rate Probisms

Problem .

titie Sample oroblem Characteristics

Rate | Lxsnbuas 18 cs.nsofpohsh at $0.72 per

Gimmemeandmein&pendemwaﬁ-

value: question is about the depen-
dent vanisbie.

Rate 2 Ptm;swysamtmsale The price, after  Given the rate and the dependent vuriable

dueoant. $90. What was the

value: question is sbout the independent
variable.

Rate 3 Cminemns!l!hr.etemmnsecmds Given the values of the dependent and in-

What iz ber nversge speed in meters per
second?

dependent variables: question is about
the rate.
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are the following:

e Given 21 beans, put 3 beans in cups
untif the beans are gone. How many
cups a/d you use?

¢ Given 35 beans. put an enual num-
ter of beans into each of S cups.
How many beans are in each cup?

« Given 4 cups. put 5 beans in each
cup. How many beans were need- -
ed?

The ratio comparison situations can
be introduced with two different
shapes, two different colors of chips
or cubes, or any other matenals that
can be put into sets and compared
using the muitiplication- and division-
related questions in the examples.

The selection ideas can be intro-
duced best with colored cubes or sev-
eral geometric shapes in different col-
ors, forming pairs and triples of these
materials. Subsequcntly using situa-
tions that involve items from the stu-
dents’ experience, such as stickers,
pizza toppings, clothing, and rocord
labels, can help children apply these
basic ideas of multiplication to the
real world.

Rate problems shouid probably be
introduced after establishing the idea
of a constant rate of change in two
related vanables. This introduction
must be done slowly and carefully and
timed to the stage of cognitive devel-
opment of the studeris. The demands
are primarily on the proportional-
reasoning capability of the students.

Introducing problems involving
such relationships as disiance =
time X rate, cost = costlunit X units,
and percentage = percent X base
should be within the more general
context of rate of change. Otherwise
students may substitute values into
formulas without understanding the
processes involved.
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EXAMPLES OF DIFFERENT
SITUATIONS THAT LEAD
TO THE ARITHMETIC OPERATIONS
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Combi'ne i:

Combine 2:

Change 1:

Change 2:

Change 3.

Change 4.

Change 5:

Tony has 10 red marbles and 12
blue marbles. How many marbles
does Tony have?

Jack has 26 pets. 11 are dogs and
the rest are cats. How many cats
does Jack have?

Joni has © cassettes of her favorite
groups. On her birthday she
received 8 more cassettes. How
many does she have now?

Joyce has 23 poppies. She sold 18.
How many poppies does she have
left to sell?

Before Willie gave him some more
nails, Fred had 26. Now he has 40.
How many nails did Willie give
him?

Connie had 13 extra valentine
stickers. She gave some to Ruth.
Now Connie has only 4. How many
stickers did Ruth get?

Tom had some hazelnuls in a basket.
Jerry put 19 hazelnuts into the

o7



Change 6:

Compare 1:

Compare 2:

Compare 3:

Compare 4:

basket. Then Tom had 34 hazelnuts.
How many hazelnuts were in Tom's
basket at the start?

Gloria had some pennies in her
purse. She used 8 of these Lo pay
for some butitons. She then had 9
pennies in her purse. How many
pennies were in Gloria's purse to
start with?

Petra has 11 basebail cards. Gerta
has 18 baseball cards. How many
more cards does Gerta have?

Tomas has 9 scoutl badges. Willie
nas 19 scout badges. Tomas has

how many fewer badges than
Willie?

Walter has 8 pencils. Jeannette has
4 more pencils than Walter. How
many pencils does Jeannette have?

Sharon has 12 campaign buttons.

June has 3 fewer buttons. How
many buttons does June have?

o8



(Compare 5: Bobbie got 23 correct on his
spelling test. She got 6 more |
correct than Barbara. How many
did Barbara have correct?

Compare 6: Tess did 13 push-ups in physical
education class. She did 8 fewer

than Vera. How many push-ups did
Vera do?

! o
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CHANGE 1

CHANGE 2:

CHANGE 3:

COMPARE 1:

COMPARE 2:

COMPARE 3:

Freda has 4 boxes with 5 packets
of seeds in each box. How many
packets of seeds does Freda
have?

Johanna had 30 cookies. She
gave 6 cookies Lo each person in
her troop. How many of her
friends received cookies?

Paul had 24 marbles that he put
into 4 bags. He put the same
number in each bag. How many
marbles were in each bag?

Joellen has 4 pairs of sandals.
She has S times as many pairs of
stockings. How many pairs of
stockings does she have?

irene has 30 pennies. She has 5
times as many pennies as Pat.
Pat has how many pennies?

Donald has 6 marbles. Francis
has 18 marbles. Francis has how
many times as many marbles

as Donald?
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COMPARE 4:

COMPARE 5:

COMPARE 6:

COMPARE 7:

COMPARE 8:

COMPARE 9:

COMPARE 10:

Bonnie has 16 white blouses and
4 colored blouses. She has how
many white blouses for each
colored blouse?

Her colored blouses were what
fractional part of her blouses?

Our class has 16 boys and 12
girls. There are how many times
as many boys as girls?

Our class has 15 boys and 12
girls. There are how many
girls for a group of how many
boys?

The giris were what fractional
part of the class?

Fred has 25 baseball cards. He
has 5/4 as many cards as Bill.
Bill has how many baseball
cards?

Tom as 25 baseball cards. Tim
has 4/5 as many baseball cards
as Tom. Tim has how many
baseball cards?
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COMPARE 11:

SELECTION 1:

SELECTION 2:

SELECTION 3:

SELECTION 4:

Jack had some marbles. Dennis
had 12 marbles or 2/3 as many
as Jack. Jack had how many
marbies?

Paula has 3 kinds of cheese and
2 kinds of sausage. How many
different cheese and sausage
pizzas can she make?

Frank's makes 18 different
cheese and sausage pizzas. He
uses 6 kinds of cheese. How
many kinds of sausage does he
have?

Rita is going to make a soapbox
derby car. She has 3 sets of
different size wheels, 4
different boxes for bodies,

and 3 different windshields.
How many different cars with a
sel of wheels, a body »nd wind-
shield can she make?

Bonnie can wear 30 different
outfils consisting of a skirt,

- blouse and shoes. She has 3

b<



skirts, and 5 blouses. How many
pairs of shoes does she have?

RATE 1: Lisa bought 6 cans of potato
chips at "2 cans for 59¢°. How
much did potato chips cost her?

RATE 2: Corrine ran 100 meters in 15
seconds. What was her average
speed in meters per second?



LEVEL FIVE
PRO NG: P

Background: Children have had an opportunity to see all of the addition and
subtraction kinds of problems and the change and combine multiplication
and division problems. Give the problem solving "checking up™ test. Analyze
the results end determine which kinds students need more experience with.

LESSON ONE: Making Sure

Review with children the use of “less than,” "more than,” “fewer then,”
“times as many~, "art of", as these ideas occur in different problems.
Encourage children to think of questions about problems:

"What does the question ask for?”

“what does the bigger number(s) show?"

"whet does the smaller number(s) show?"

“Is something being compeared with something else?”
“Is something being added or subtracted?”

“What is not known?"

Encourage children to make diagrams to represent quantities.
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Problem Number Sentence Convertied Sentence

Combine 1: A+B=

Combine 2: A+ =C =C-A
Change 1: A+B-=

Change 2: C-Ac

Charge 3: A+ =C =C-A
Change 4: C- =B C+B-=
Change 5: +B=C =C-8
Change 6: “B=-aA ~A+B

tflany children wili mentally convert to the model they are most
comfortable with. If you encourage them to make pictures {o
represent the objects in the problems, they are more likely to
write correct number sentences - either direct models or
conversions. Most of the COMPARE probiems will yieid proper
number sentences this way.

LESSON TWO: Emphasis on Hodelling

Introduction; In this lesson go through the problem types one at o
time. Use materials - base ten blocks, counters or whatever is
most appropriste. Make a diagram of each type. Write the number
sentence, explaining how each numersal and symbol is derived from
the verbc: vescription.

A CHANGE 3 problem is used as an example.

“Betty has 12 star coupons. Here are her coupons



v

Write

12

pii

“Fred gives Betlly some more coupons.”™ Write: 12 » D

“why did we write the plus sign?”

“why did we write the | ‘ sign?"

Turn overhead off. Add six more counters o the collection. Turn
overhead on.

“Betty now has 18 of these.”

1542
W
15404
wWw
14484
14404

write

i

12 + 18

“How many did Fred give Betiy?" Write: 12+) 6 18

it

Circle the snswer: 12+{| 6 = 18

SIX is the missing amount that we didn’t know - the number Fred
gave Betty.”

LESSON THREE: Writing Problems
introduction: Write a number sentence on the gverhesad or
chalkboard:



“Write a story prebiem so that this number sentence shows whet
is in the probiem.”

Ask for these from individuals and analyze them as & group.
Remind children "+~ can show parts or the actian of joining. (t
may also show "how much more than.” The [C] always shows
the number to be found - the answer to the question in the
problem.

Activity: Pass out the worksheet and have children write a story
problem for each. Allow the use of materials as needed.

LESSON THREE: Checking Up 2

Background: Children have had encugh experience with some of
the problems requiring multiplication and division to warrent
finding out which of these need instructional emphasis. Read the
material in the APPENDIX first.

Introductien: Each child should have 30 cubes of some kind and &
calculator. Remind them to use these to represent abjects in the
problems. “Listen as | read the problem and show it te you. First,
find the answer. | will read it a second time. This time
concentrate on the number sentence to show the problem. Then
CIRCLE the number in the sentence that answers the guestion in
the problem.”

Reveal the problems one at a time. Read each one twice siowly.
Give children time to THINK between each step. Analyze the
results to determine which kinds of problems to emphasize.

LESSON FOUR: Multiplication and Division
Introduction: Go through the problem kinds for multiplication and

division one at a8 time. Follow the same procedure as with
addition and subtraction.

Allow the use of materials
Emphesize writing number sentences
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Emphasize making diagrams to show the problem situstions

CHANGE 1: "I put S pictures on each of 4 bulletin boards. How
many picture did 1 use?” Materials to show this on the sverhead:

xx £XX XAAXX
x x XXXXX
X XXXXX
XX — XXAXX
XXX XX
XX xx
X

“There are 20 pictures sitogether.”
Number Sentence:

=4x3 “20 goes in the box.~

Pic ture:

TIT| | | | iviy|| 999

TE || e || g9

“There are 20 pictures sltogether.”

CHANGE 2: Joyce had 24 strawberries.. She gave 6 to each of her
friends. How many friends received strawberries? Materials to
show this on the overhead:

Sort out by 6's:




"There are 4 collections of 6, so 4 friends
received strawbermries.”

Number Sentence: 24 = 6 = -

"4 goes in the box."

CHANGE 3: George had 18 turtles. He gave an equal number to
each of 3 friends. How many turties did each friend get?
Materials to show this on the everhead.

Sort into 3 groups one st a time:

= bl = »nemn

" He =R
- " *‘H- —_— P
hal ol o sRN we
* » - e

“Each of the 3 friends received 6 turtles.”

Number Sentence:

=18+ 3 76 goes in the box.”

COMPARE 1: Francine has 6 nickels. She has 5 times as many
pennigs &8s nickels.. How many pennies does Francine have?
Materigels to show this on the gverhead:

€8
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Number Sentence: S 6= ’

“For each nickel, there are S
pennies For 2 nickels there are
10 pennies. For 6 nickels,

there are 30 pennies.”

“30 goes in the box.”

“For each nickel there are 5 pennies.”

TABLE:

Nickels

U o WA =

Pennies
5
10
15
20
25
30



COMPARE 2: Jene had 30 dimes. She has 3 times as maay dimas
as Pat. How many dimes does Pat have? Materials io show on the
overhead:

“Jane has 3 dimes {or every one
of Pat’s.”

“There are 10 groups of 3 so
Pat has I'0 dimes.”

PICTURE: PAT " JARE
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TABLE:

12
15
18
21
24
27
30

= &
VANV UN=S

COMPARE 3: Devey has 3 frogs. Paul has 12. Paul has how many
times as many frogs as Davey? Materials on the overhead.

Let's arrange these first as one of each:

X3 23
3
& x 3 & 33
X z 3 . |83 3B
z X 23
b3 3 &z 3
3




“"We can use another so there ere 2 for eech.”

L 33 33
5%
g 33

33
S 3%

“We can give each iarge frog 2 more, so:

X 3353

There are 4 for each one.”

111

S XXX

Number Sentence: =12+ 3 ~4 goes in the bex.~

CONPARE 4: John has 15 pairs of white scx and S pairs of colored
sox. He has how many pairs of white sox for each pair of colored
s0x? FHeterials to show on the overhead projector:

Let’s arrenge these first using 1 for 1:
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"How many more whites can we put with each colored one?"

“There are 3 whites
OCOOCOCOCOS for each colored one_"

OCOOCCOCO
SO OC
SPRDPDPDD

-sumber Sentente: 15+5= D "3 goes in the box."

-1
e,




Picture:

ESe

& P :
- /

COMPARE 5: His colored sox are what fractional part of all of his
SOX?

"How many sox does he have?" 20
"How many colored sox does he have?” 5
"3 is what part of 207" 1/4

it is unlikely your assessment will yield many students whe can
handie many-to-many cemparisons as in COMPARE 6-11. The ratin
woik that you do with that set of lessons 'give “e
background needed so these kinds of predl  can be worked on at
the next level.

LESGON FIVE: More Multiplication & Division

introduction: This is te introduce children to the selections
problems that lead to muitiplication and division.

Selection 1: Materials to use on the overhead.

“Gloria has 3 dogs ond 4 collars for these. In how many different
ways can she match a dog .sith a collar?”

“Let’s represent these. We'll 1et colored chips represent the
coilars and different shapes represent the dogs:

ERIC

A i Text Provided by ERic:



A is Fido

is Spot

<> is Rover
@ are the collars.”

“"How can we match the collars of different colers with the dogs.:

N
Q) ™
—~
A

A @ "Spot cen wear one of these
2 O coliers 4 different weays.”
¥

NG
AR

@@ ®




S L QOO e
~W O O s
~(w
~5 05 ¢

O

“"How many matchings do we have?"

“What are some ways that we could show this in a table or a
diagram?”
Dogs

0L B9 x

G

Number Sentence: =34
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Selection 2: In these the total number af pairs is known and the
numuer of things possible for one part of tho pair is known, so
division is neded.

“Frank can make 15 outfits including 8 sweater end a pair of
slacks. He has 3 sweaters to choose from. How many slacks does
he have?”

Let's look at a collection of peirs of UNIFIX cubes and try to put
them into an array by classifying them.”

Have fifteen URIFIX pairs:

2 with red followed by white, green, blue, brown or black;

2 with yellow followed by white, green, blue, brown or black;
S with orange followed by white, green, blue, brown or black
These should be in random arrangement.

“How shoeuld we classify these in an arrangement of rows and
columns?”

You should eventually get thr fellowing:

R| W R |G R |BI R |®Br. R | Bk

Y iw Y |6 Y| B Y |Br Y | Bk
!

o | w| e |6 0 | 8l 6 | Br 0 | Bk

“The first UNIFIX in each peir is the seme for every row and the
second is the seme for every -ciumn.”




If we knew the 3 colers used first or the 4 colors used second, we
could find the other one from the number of pairs. In this case:
123 =4¢0r 3=12+ 4

“You tell me what to do to work this problem.-

“Tim has 15 het and scarf combinatiens. He has 3 hats. How mangy
scarves does he have?” '

Activity: Give students some of the provided problems to work
on. Allow the use of materials te represent objects in the
problems. Have them write number sentences and circle the
number that answers “he question.

LESSON SiX: Two-stup Problems

Background: These problems involve the application of one
arithmetic operatior followed by another. To do these, children
MUST very thoroughly understand the situations that give rise to
the four arithmetic operations.

introduction: “Tom has 8 bags with 8 marbles in each bag. He has
another bag with 26 marbles in it. How many marbles does he
have in all?”

“Let’s look at this one step at a time.~ “How many marbles are in
8il of the 8 bags?" 64.

“He has another bag with 26 marbies. What do we do with this
267°

“How many marbles do we have in all?"

"Notice we multiplied first, then adned something to thet resuit.”

Write: =8x8+ 26

Do 8 second:
“Selly put 9 coins on each of 7 pages in her coin collection hook.

She had 77 other coins in a box. How meny coins did she have in
ali?”

7Y



“wWhat do we do first?”
“How many cains is that?”

"How do we get the number of coins IN ALL?"

“"What is the numbher sentence?’

EI:Q:{?*T?

Activity: Pass out the activity sheets and monitor the work
closely.

LESSON SEVEN: Nun-Traditional Problems

Background: Problem solving does not all fall neatly into cases of
adding, subtracting, multiplying and dividing, or combinations of

these. Some problems require use of other strategies. These
inciude:

Guessing and Checking
Making a picture
Making a table

Making a list

Finding a pattern(s)
But mostly, THINKING

Introduction: Work two or three problems that illustrate these.
Some examples are:

“Sam has 7 coins, all nickels and dimes. Their total value is 90¢.
What are the 7 coins?”

“Could all 7 be dimes? Why not?"
“Could all 7 be nickels? Why not?"

“whaet amounts could be in dimes?"

Q 8‘0




l.ist these as given:

Dimes:
10¢
20¢
30¢
40%

“What amounts could be in nickels?”
Discuss why they must ail end in "0".
List as given:

10¢

20¢

30¢

40¢

Make 8 table;

No. of Dimes Amount No. of Nickels Amount
@ 10¢ 2 10¢
2 20¢ 20¢
[3/ 30¢ 30¢
4 40¢ 8 40¢

"How can we get 7 coins?” Circle with colored chalk.
“Which gives 50¢?°
So, we have 3 dimes end 4 nickels.

“The time is 7:35. What time will it be in one hour and twenty-
five minuts?”

“What is the time are nne hour?” 8-25

“"What is 25 minutes added to this time?"

e £i




“So, it will be 8:50."

“Janis is thinking of two numbers. If she adds the two numbers,
it is 17. The larger is 9 more than the smaller. What are the
numbers?”

“What are sume ways to do this?” Pessibiiities include Jooking at
all 2 number combinations making 17. Another is looking at
numbers 9 apart.

Possibility 1: Possibility 2:
i. 16 ‘ 1. 10
) 2. 1S 2. 11
3. 14 3. 12
4 13 4 13
) 5. 12 5. 14
6. 11 6. 15
7. 10 7. 16
3 9
"How many af these “"How many of these
pairs have larger 9 more add to 177"

than smaller?
The result is clearliy 4 and 3.
“How much do 30 eggs cost if eggs are 66¢ per dozen?”

"What must we do first?” Pick up on suggestion to see how many
dozen in 30:

30:12=) |
[ ] =212

“"Now what musi we do?”

“Let’'s summerize sll we did in a number sentence.”

30 = 12 x 66¢ = / ]

“Could we have done this another wey?~ Make a table:

3

1558
O

&




Eggs ___ Cost
i 6 33
12 66 What we know
2 18 49
3 24 132

4 30 136 what we need

Activity: The attached set of problems should be uced a< a source
for giving problem solving work at least once a week.

Scmetimes have the childron work on these in pairs. Sometimes
work witlk the whole group ir analyzing and thinking through a
problem. Sometimes have children 1ist all of the different ways
to work a given problem after having worked it.

LESSON EIGHT:_Creating Problems

Intradyction: Explain to the children that they will he given
some information, but no question aboul it. They are to wrile as
many questions about this thet require 8 number as they can. Give
one example:

“The flag of the United Stetes has <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>