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Abstract

A nonlinear version o0f reduncaucy 2nalysis is
introduced. The <technigue is called REDUNDALS. It is
izplemented within the computer program for canonical
correlation analysis called CAMZLS (Van der Burg & De Leeuw.
1983). The REDUNDRLS algorithm is of an alterzating least
squares (ALS) type. The technique is defined 25 minimization
of 2 scuared distaace Dbetween criterion wvariables and
weighted predictor variables. With the hrelp of opticel
scaling the variables are transformecd noniinearly {cf. You=ng.
1981). Ac zpplication of recdundancy analysis is prowvided.

Key words: redundancy &nalysis, ceénozicel cor:elation

én:dysis, optimal scaling, nonlinezr transformation.
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Nonlinear Redundancy Analysis

Introduction

In many situations data are available from different sources.
Suppose the data are of the form: objects x variables., and
let us suppose the data from one source ccrrespond with 2
subset of wvariables. Ia case two (sub)sets of wvariables are
available 2 pessible techaique to Telate the sets to each
other is canoniceil correlation analysis {CC2). This techkanicue
is described in many cultivariate analysis textbooks {e.g.
Tatsuoxa. 1971. chep. 6:. Gnanadesikxan, 1977. chep. 3.3). Ia
CCZ the two sets of variabies are treated symmetrricelly. Buo
2 symmeiric treatmest is not always natural. It also happess
that it is clear from the data which variabies are predictors
and wpich ones are criterie. In such cases redundancy
an2lysis (R2) is a2 possible technique.

The name redundancy analysis originates £rom Ves den
Wollenberg (1977). llthough he was the f{irst one to naze the
technique. it a2ctu2llydates back from anm earlier period. De
Leeuw (1986) discusses the history of 2Ri. We briefly
summarize iz. Horst (1955). R20 (1962). Stewart % Love (1968)
and Glakn (1969) 211 propose the Redundancy Index. Ra2o (1964)
and Robert & Escoufier (1976) discuss techniques for
decozposing this Reduadancy index to uncorrelated cozponeats
Fort!.r (19¢6) proposes “simultapecus lipear pr dictions’®
which is eguivaleat with RA (cf. Ten EBerge. 1985). Izenmen

{1975) and Davies & Tso (1¢82) also treat R&. but under tke
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name Reduced Rank Regression. So far the discussion of De
Leeuw (1986). Johansson (198i) proposes several forms of Ri,
which vary with ortnogonality constraints. and DeSarbo {1981)
disscusses 2 technique which is 2 mixture between CCA and RA.
Jan de Geer (1984) places various types of X2 in a larger
framework of % sets CCA. Israels (1986} trests RA with
various normalizations and rotations. Meulman (1986, chap.
5.2.1) discusses a vexsion of R which can be shown to be 2
generalization of Vap den Wollenberg’s R2. However ¥eulman
uses 2 cozpletely different approach. formulating 23 in terms
0f distances betueen oObjects or individuais. We come will
back to this later.

2 ponlinear wversiocn of EX has been proposed by isrtaéls
(1984). 3His <technigue pakes 21t possible 0 incorporate
qualizative varizdbles by the use of dumies’. ilso ¥eulman

(1985. chep. 5.2.1) discusses 2 ncnlinear wversion of 2:&.

[

1

dealing with variables on an ordiznal oeasuresent level.
this paper another versicn of nonlinecar 24 is proposed. 2
larger choice of oeasurement levels is possible for each
variable than in case of isradis (1i934).
2s the a2lgoriths for noplineur redundaacy amalysis

shows Dany correspoandences with the 2lgorathm for nonlinear
CC2 proposed by van der Burg % De leeuw {(1983). the cozputer
progran for nonlineax RE. called REDUEDALS. is exdedded in

the canonical correlation anzlysis prugram. called CZEALS.

e
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Redundancy analysis

Suppose the daia consist of observaticns for n objects on m
variables, and assume that the = wvariables can be divided
into my criterion variables and mp predictors. Ia additicn
assume that each variable is starndardized. i.e. it has zero
cean and unit variazce. Collect the criterion variables in
the matrix H; of dimensions (2 x m;) and the predictors in Hp
(5 x =3). The Redundency Index of Stewart & Love (1968) is
obtained y @ =multivarizte zmultipie regression of h;. the

coluzns of By. (i=1.....=;) on Bp. Thus

(1) ainimize Il (h; - Byb;)“(h; - Hyb;)/amy

-
+
-

over by.. ..b_h .

upere the vecicr b, (=p eledeals

AT

ceasists cf regressicn
weights. The squared distazce or loss is divicded

nm; for the saxe of compering the various techaigues.

-

{(2) mninimize to(#; - HyB) (Hy; — By3)/am; over 38

This expression is miniaized by

(3) B = (Hy'Hy) 8578, .

W
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provided that Hp'Hp is of £ull rank. Substituticn of (3) in

(2) gives the minigum:

(4) tl‘(ﬁl'ﬂl - 31'32(82'52)-182'81)/)1::1

Penoting R3;; for Hy°H;/n and R;3 and Rpp for H; By/n and

Ho Hy/n respectively. expression (4) is egquivalent to

(5) 1 — tx(RyoRp2 1Rp1)3/2y.

The expression ’5(332322-1321)/31 is egual to tke Redundancy
index of Stewart & Love (1968). Thus wminizizing (1)
corresponds to coxputing tkhe Redundazcy Index.

However this is not the saze as performing 2 redundancy
analysis in the sense of Van den Wollenberg (1977). He
searches for (normalized) weights that optimize the explained
variance between criterion varizbles and weighted predicrors.
Taese weight vecitors v (@p elecens) are eigenvectors of the
zatrix Rzz—iazzaiz_ Denote the corresponding eigenvalues by

y. Then
6) Ezz'lnzlaizv = pv with v'Ropv = 1.

¥hen all v°'s are soclved. the sum of eigenvalues ecuals the
Redundancy Index (cf. Israéls., 1984). In fact we can see Van
den Wollenberg's anzlysis as a specialization of our
minimization problem (2). namely the case in which there are

ran¥ restrictions on matrix B, i.e. B=VH® with Vv {(mp x 7). W

P4
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(my x r), 1sr<min(m;.m3), and normalization comstraints on V,
i.e. V'RyppV=I. Expression (2) is rewritten in terms of V and

W as folilows
(7) oinimize tr(Hy — EpVW ) (Hy — ByVW')/pmy over V and W
subject to the condition that V°'RyoV=I.

Some cosputational worx shows that the columns of V
correspond to the wvectors v discussed above. lote that Van
den #Wollenberg has the choice of . i.e. bPow many
eigenvectors v will be computed. In our case automatically
21l weights B are solved for. as this is igplicit to the way
(2) is foroulated. Rithough (7) is more restrictive than (2).
we can argue thet formuwiation (7) is the more genexal one, as
(7) can be solved for r=m; {assuming that mj<mp). and for
lower values of r.

Expression (7} also shows the relation between reduced
rank regression 2and recdundancy analysis. as reduced rank
regression correspends to {7) with small r (c.£. De Leeuw.
¥coijaart & Van der Leeden. 1985). To recognize other forms
of Ra it is necessary o formulate expression (7) in =a

different way. Define metrix X (n x r) as HyV. Then we get
{8) wminimize {to (X-ByV) " (X-ByV) « tr(E;—XW") " (By-XW")}/nm

|
|
|
|
over X. V and W. subject to the conditions that }
|
|
|
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X = HpV and Ryy = I.

Matrix Ryy is equal to X'X/r. Meulman (1986. chap. 5.2.1)
discusses the minimization of the loss as formulated in (8),
subject to the condition that only Ry,=X. Thus X does not
have to be in the column space of B;. De Leeuw & Bijleveld
(1987) deal with the same loss function, but they use the
corndition Rxx=“21- where a is a parameter. They show that
different values of «a correspond to various multivariate
techniques, e.g. a=0 boils down to principal component
analysis (PCA)., and oa->« corresponds to reduced rank

regression.

Optimal scaling

In many ways nonlinear transformations can be implemented in
redundancy analysis. To do so Israéls (1984) employed dummies
for variables measured on a nominal measurement level.
Meulman (1986, chap. 5.2.1) uses monotone regression in her
version of nonlinear RA. Monotone regression is a form of
optimal scaling (cf. Young. 1981). This means that the
transformations (scaling parameters) minimize the loss, and
at the same time measurement restrictions are maintained. We
also use optimal scaling. The nonlinear transformations
treated in this article are nominal and ordinal (a definition
will follow). In addition, of course. linear or numerical

transformations are dealt with. °‘Dummy transformations’, as

12
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employed by Israéls (1984), are not discussed, however they
can always be obtained by simply coding variables as ducmies.
and, in addition, by treating these dummies nuserically.
Another way to obtain these “durmy transformations® is by
using copies of a variable within the correcponding set. and
by treating these copies as nominal. This gives a cultiple
nominal (or dummy) transformation (cf. Gifi, 1981, chep.
5.2.7). Using copies instead of dummies has the adwvantage
that one may choose bLoth the dimensionality of the
transformation and the measurement 1level of each copy
separately. More information about copies can be found in De
Leeuw (1984) and Van der Burg & De Leeuw (1987).

the nominal, ordinal and numerical transformatioas
employed in this article agree with the transforoations used
by Van der Burg & De Leeuw (1983) in <their version of
nonlinear CCA (CANALS). Tcgether these three traamsformations
form the optimal scaling. Our definition of optimel scaling
corresponds to the definition of Young (1981). We mentioned
already that optimal scaling refers to the Zact that
variables are optimally scaled in the sense of the model.
This means that the data matrices H; and Hy are replaced by
parameter matrices Q1 (n x m) and Q2 (2 x ;) such that they
optimize the model, i.e. minimize the original loss, but at
the same time satisfy the measvrement restrictions. Tke
original loss was formulated in (2). If the parameter matrix
Q1 is subsituted for H; and Q; for H;, this expression can be
rewritten as follows. Denote the set of possible

transformations for the ith variable, i.e. ith column of

13
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