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Abstract

Deciding how to approach a word problem for solution is a critical stage
of problem solving, and i. the stage which frequently presents considerable
difficulty for novices. Do novices use the same information that experts do
in deciding that two problems would be solved similarly? This set of four
studies indicates that novices rely more on surface feature similarity.
However, when certain aspects of the problem structure were held constant,
novices correctly identified problems that would be solved simi.arly
significantly more often. The results suggest: 1) the distinction of surface
and deep features may not be rich enough for describing categorization of word
problems, and 2) novice problem solvers are capable of recognizing some
similarities of problem structure. A third level of classification of word

problems is proposed to explain these results,
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Deciding how to approach a word problem for solution is a critical stage
of problem solving. While problem solvers often have difficulty carrying out
a proposed computation correctly, planning the computation is often the most
critical step in solving a word problem. For single-step fraction arithmetic
word problems containing two numbers, the topic of this set of studies, the
only possibilities are to add, subtract, multiply, or divide the two numbers
contained in the problem. Hence, deciding on a solution approach invoives a
classification into one of four categories.

What information in a word problem does a problem solver use in order to
make this classificatic., and how is that information used? One way in which
this question can be approached is to ask problem solvers to decide what kinds
of problems can be solved in the same way. The issue then becomes one of what
types of similarities constitute a sufficient basis for deciding that two
problems would be solved similarly, and whether these criteria are different
for experts and novices. Studies of problem solvers in physics [1,2] have
suggested that the answer to the latter part of the cuestion is yes: novices
and experts attend to different types of information when classifying problems
according to solution similarity. Novices appear to classify problems mainly
with respect to surface similarities, such as the objects involved in the
problem, whereas experts classify prohblems on the basis of solution principle.
Similar observations have been made with good and poor problem solvers in the
same grade in school: poor problem solvers are often misled by surface
structure or "pseudo" similarities [3,4]. I will refer to this claim that
novices attend to the surface structure, or the details of the nroblem story,
in contrast to the principles of solution when judging whether two problems

would be solved similarly, as the surface feature hypothesis.
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In this paper it will be argued that the surface feature hypothesis

Presents too limited a view of hos novices judge solution similarity. The
process of understanding a word problem can be viswed as a specialized form of
text processing, in which the problem understander attempts to cragtruct a
model of the objects in a problem, the relations between them, and how the
relations change. In the usual formulation of the surface feature hypothesis,
the surface features involve literal aspects of the problem, the objects, the
technical terms, and the configuration described in the problem. For example,
Physics novices in the Chi et al study {[1] grouped togther as similar problems
which contained sSrrings, those which mentioned friction, and those with a
block on an inclined plane. However, it seems reasonable that novices also
consider deeper similarities of relations, noting similar types of actions,
like "giving-to" or "taking from", similar formulation of questions, and
related words or phrases. While noting such similarities does not necessarily
indicate an understanding of the deep structure, or principles of solution of
a problem, clearly more effort is involved than in simply noting that the
problems contain the same objects. Hence, it might be useful to consider some
intermediate level analysis of problem structure.

The studies reported here attempt to show that the surface feature
hypothesis cannot offer a complete account of the Judgments of experts and
novices, and that aspects of the structure of the problem should be
considered. 1In addition, several specific hypotheses (to be described later)
concerning the domain of fraction word problems will also be tested. The four
Studies reported here concerned: 1) assessment of problem difficulty,

2) judgment of solution similarity by experts and nonexperts, 3) how judgments

of solution sSimilarity may be facilitated, and 4) replication of results with

4 younger population.
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The Problem Domain

Arithmetic word problems containing fractions were chosen as the domain
of investigation for several reasons. First, the domain is rich, yet types of
problems can be well defined. A second reason for choosing this domain is
that despite the fact that most pPeople have had considerable instruction in
solving problems with fractions, a large proportion of both high school
students [5] and adilts i{6] are unable to solve fairly routine word problems
involving fractions. This lack of understanding of fraction concepts is an
impediment to gaining a mature understanding of rational numbers. Thus,
investigation of problem solving in this domain can begin to provide the data-
base needed for educational reform.

Why are arithmetic word problems that contain fractions difficult to
solve? First, let us consider two explanations, which on the surface appear
to be cogent, but which do not hold up under closer scrutiny. Then a more
plausible cognitive explanation will be offered.

Deceptive explanation l: All word problems are more difficult to solve

than the corresponding computational problems because in order to compute the

ansvwer to a word problem, the solver must first translate the words into an

equation. In contrast, no extra step is required to solve a computational
problem. This explanation would imply that performance in solving word
problems containing fractions should be lower than performance in solving
similar computational problems. However, results from the National Assessment
of Educationsl Progress {5] for 13 year olds clearly argue against this
explanation. Although it is true that performance is slightly worse for whole
number addition and multiplication word problems than for comparable

computation problems (5% difference), this trend is not observed for all




fraction problems. For fraction addition problems, performance is actually

slightly lower for computation problems than for comparable word problems (47%

versus 541 correct sclutions). In contrast, for fraction multiplication

problems, performance is considerably better for computation problems than for

comparable word problems (69X ve.,sus 17% correct solutions). Thus, for

fraction problems, these performance differences are neither constant in size

nor in the same direction.

Deceptive explanation 2: Fractions are more complex num™ers and add

incrementally to the difficulty of a problem.

Fractions, being composed of

two parts, numerator and denominator, are more complex numbers than whole

numbers because the magnitude of the fraction is dependent on the relation

between the two whole numbers that comprise the fraction. This means that

fractions do not have transparent ordering Properties, making it difficult to

gauge vwhether the answer makes sense. Hence, performance on all fraction

problems should be lower than performance on all whole number problems. The

size of this effect should be constant with operation.

Although these opaque ordering properties probably adversely affect the
development of compucational skills {7], and thereby indirectly influence
performance on word problems, the mere presence of fractions in a word problem

does not necessarily make it harder to understand the problem situation. In

fact, the question of whether or not the presence of fractions has a direct

influence on understanding a problem situation is an experimental question

that is addressed in Study 1.

Cognitive explanation: The schemas that solvers have developed for

solving whole number problems are appropriate for solving some types of

fraction problems, but not others.

Understanding a problem text requires the

development of # situational model based upon the reader's understanding of




the conceptual relations dmong quantities in the text {8). 1In other words,
the reader must correctly infer the deep structure. Kintsch and Greeno claim
the problem solver has schemata for various types of relations among
quantities, which may be cued and substantiated during the course of problem
understanding. Hence, problem solvers may have difficulty if they associate
certain effects rigidly with specific operations, and cue inappropiate
schemata.

Fischbein and associates [9] hypothesize that arithmetic operations are
intuitively linked to primitive behavioral models (or schemata) developed
during initial school instruction. Such modeis can facilitate problem solving
when appropriate, but iphibit problem solving when inappropriate. The
constraints of the model can force the choice of an inadequate operation.

The argument made here is that the type of numbers in a problem, whole
numbers or fractions, influences the kinds of units, or quantities, allowed,
and hence the possible types of relations among quantities. It is not always
possible to substitute fractions for whole numbers (and vice versa) and retain
the similar relations among the problem elements. Hence, only for certain
kinds of problems are tke schemas that problem solvers have developed for
understanding whole number problems appropriate. In cases where there is a
lack of parallelism in problem structure between whole number and fraction
problems, novices are likely to misinterpret the fraction problem statement
because of their experience with whole number problems.

To illustrate how units influence problem structure, consider the
following fraction multiplication problem:

"Margret had 4/5 of a gallon of ice cream. She gave 1/5 of the jce

cream to her sister, Anne Marie. How much ice cream did Anne Marie

receive?”
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It is possible to substitute a whole number for the operand, i.e., replace

"4/° of a gallon" with "4 gallons," and retain the problem structure. The
relations between the problem elements are not influenced by whether Margret

had 4 gallons of ice cream or 4/5 of a gallon of ice cream. However, it is

not possible to replace the operator, the "1/5" in "1/5 of the ice cream,*

with a whole number and still have a multiplication problem; "She gave 2 of

the ice cream” is not a meaningful ccnstruction.

This i{s true in general for

all multiplication problems in which the operator is a fraction.

On the other hand, i

f "1/5 of the ice cream" is misread as "1/5 of a

gallon of ice cream,

" then a whole number can be substituted for the 1/5, and

the statement might appear to be a subtcaction problem because something is

given away,

"Margret has 4/5 of a gallon of ice cream.

She gave 1/5 of a gallon of

the ice cream to her sister, Anne Marie. How much ice cream did Anne

Marie receive?"

However, this statement actually contains no unknown. To be a subtraction

problem, the question would have to be about Margret, not Anne Marie, as in

"How much ice cream did Margret have then?"

The novice may unconciously

misread both the unit information and the question if he or she is actively

trying to recognize the problem as one of a familiar type. In whole number

word problems, the "giving away"

scheme commonly appears in subtraction

problems, and never i multiplication problems.

Thus, the "gave"™ in *his

multiplication problem may be inappropriately interpreted as a cue for

subtraction, pParticularly by novices.

In contrast to multiplication problems, the structure of addition and

subtraction problems makes it possible to substitute fractions for whole

numbers (and vice versa) freely without substantially

alter’ng the meaning, as



long as the fractional units remain sensible (e.g., "2 cats + 3 dogs" makes
sense, but "1/2 a of cat + 1/3 of a dog" ordinarily does not). By this
reasoning, the interpretation of addition and subtraction word problems with
fractions should not be substantially more difficult than the interpretation
of similar problems with whole numbers. The same should be true for
measurement division problems, since substitution is possible for these
problems (which ask, "How many units of a given measure are contained in a
given quantity?"). Therefore, novices should be able to recognize and
correctly interpret addition, subtraction and measurement division problems
containing whole numbers or fractions equally well. Since the interpretation
of fraction multiplication problems presents unique difficulties, it is likely
that novices will experience difficulties with fraction multiplication
problems in deciding what operation should be performed and how to set up the

problem for solution, regardless of whether or not they could actually compute

the answer.

Problem Types Used in the Present Studies

In order to make a systematic study of types of word problems, the
current research focuses on the subset of fraction word problems that commonly
appear in textbooks and that were included in the NAEP evaluation; each
problem contained two nunbers, could be solved with one step, and had the
result of the operation as the unknown. Addition, subtraction, multiplication
and division problems were all included.

Since, numerous studies of children solving addition and subtraction
word problems have shown considerable variability in problem difficulty for
problems that are solved using the same operation [10 - 13] two types of wo:-d

problems requiring each operation were used. An attempt was made to chuose

- a
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types that were similar in certain respects across operatior, although no
comparisons were actually made across operations. For the operations of
addition, subtraction, and multiplication, one problem, termed an Active
problem, involved an action which was integral to the problem storyline. For
example, in the following subtraction problem, a portion of an original

quant ity is disposed of:

Hansel began the trip with 3/4 of a pound of bread. He used 1/4 of =

pound of the bread to mark the trail. How much bread did Hansel have

then?
The second of the two problems contained no actions, but described and asked
about a relationship between the two problem elements. This was termed a
Passive problem, as in:

Ernest had 3/5 of a box of typing paper. George had 4/5 of a box of

typing paper. How much more paper did George have than Ernest?
Here, two parties are compared and neither party loses any of the original
gnantity of paper that he possessed.

Unfortunately, the Active-Passive distinction is less applicable to
division problems, which can be classified as measurement and partitive
problems. For ease in discussion, measurement division problems, e<:ch as the
example below, wil) be referred to the active problem for division:

Grace had 3/4 of a pound of chocolate bits. She needed 1/4 of a pound

of chocolate bits to make a batch of cookies. How many batches of

cookies could Grace make?
Partitive problems were referred to as Passive division:
Arlen mixed up 2/3 of a bucket of birdseed. He found he had enough to

£il11 1/3 of his birdfeeders. How much seed would Arlen need to fill all

the birdfeeaers?




A third dinension of the problems that was manipulated in this set of

studies was whether the problems contained fractions or whole rumbers. No

problem mixed fractions and whole numbers.

General Description of Subjects

Two groups (Group ! and Group 2) of undergraduate students enrolled in
psychology classes at the University of Massachusetts and one group of eighth
grade students (Eighth graders) enrolled at the Frontier Regional Junior High
School in South Deerfield, Massachusetts participated in this set of studies.
All subjects were given the Peabody Picture-Vocabulary Test (PPVT) to
ascertain that any poor performances observed could not be attributed merely
to poor verbal skills.

Group 1 was composed of 47 subjects, 16 males and 31 females, who had
stanine scores on the PEPVT of 6 or higher (of 9). These subjects participated
in Studies ! and 2.

The 29 females and 28 males in Group 2 had an average PPVT score of 5.0.
These subjects participated in studies 1 and 3.

The eighth graders were enrolled in the top three of the {ive eighth
grade mathematics classes in the school; two of the classes were Algebra I
classes, while the third was a standard eighth grade mathematics class. The
students were all taught by the same mathematics teacher. There were 20 males
and 32 females, whose average age was 13 years 6 months and average PPVT score
was 6.4. The eighth graders participated in study 4.

In the preliminary analyses for each study, sex was included as a

variable. In no case was there a main effect or major interaction involving

sex, so the sex variable was dropped in further analyses.
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Study l: Assessment of Problem Type Difficulty

The general purpose of Study | was to assess differences in levels cf
understanding for the set of fraction problem types among coliege students.
In a replication of Study | with Group 2, whole number problems were included
as well, in order to test wnether the complexity of fractional numbers
(deceptive explanation 2) could be ruled out as an explanation for the poor
performance displ.yed on fraction problems.

Subjects in Group 1 were presented with an active and a © _,ive word
problem that contained two fractions for each of the four arithmetic
operations, for a total of eight problems. The subject was instructed to
indicate which ore of the four arithmetic operations should be performed on
the two fractions given in the problem to solve it. Given the NAEP
performance or word problems cited earlier, it was expected that the college
students would have particular difficulty with the multiplication problens,
and possibly the division problems (which were not included in the NAEP).
Group 2 was given the same task with a different set of eight fracticn
problems, as well es a set of eight problems that each contained two whole
numbers.

Procedure. The subjects were run in groups of no more than six
people. This “ask was presented as the second section of the problem booklet
that each subject received. The Su. ,ects were to indicate whether they would
add, subtract, multiply, or divide the two numbers given in the problem to
obtain the correct answer. They were told they could actually compute the

answer if they wished, but it was not required.

Results and Discussion. The results for Groups | and 2 will be

reported separately, since Group 2 was given a different set of eight fraction

L)
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word problems than Group 1. However, note that the overall mean percent
correct for Groups ! and 2 on the fraction problems were similar: 67% correct
versus 691 correct. As will be shown presently, the general pattern of
results is similar as well. Thus, these results are replicable over different

sets of problems and are not limited to the particular problems used.

The 4 (operations) x 2 (activeness/operation) ANOVA indicated subjects
were not equally good at choosing the operation needed to solve problems
requiring each of the four operaticns, F(3,141) = 45.95, p € .0001, and
F(3,168) = 40.78, p < .0001. The mean percent correct scores were (from
highest to lowest): addition (Group 1 -93%, Group 2 -92%) . subtraction (852,
86%), division (57%, 60%), and multiplication (33%, 35%). For both groups,
all pairwise differences between operations were significant with a Bonferroni
test (n = 6, p < .008), except that between addition and subtraction where
performance was fairly high in both cases.

Note that the ordering of performance on multiplication and division
items is opposite to the order in which these two operations are taught in
school. 1In fact, a small informal survey of middle school teachers suggests
this result is contrary to their expectations; they believed division with
fractions to be the hardert oparation to understand. Certainly, the
computational algorithm for fractional division is more complex than that for
multiplication, bu. this factor does not seem to make fractional division word
problems harder to understand.

In addition to sizable differences between operations, there were

considerable differences within operations as well. Subjects do not
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understand equally well all problems which require the same operation, as
indicated by the significant Activeness within Operation effect, F(4,188) =
9.62, p < .0001 and F(4,224) = 8.87, p < .0001. Although there was no
difference between the active and passive addition problems (93X versus 91%,
Groups 1| and 2 combined), for subtraction, performance was better on the
active problems than on the passive problems (94X versus 77%). The same was
true for division (802 active versus 45% passive). In contrast, for
multiplication, performance on active problems was not as good as performance
on passive problems (26X versus 42%). Thus, the better performances were
generally, but not uniformly, associated with the active problems.

In general, performance on the fraction problems was rather low. One
possible explanation for this such poor performance is that the students do
not really understand the whole number operations, and the comple:‘tv of the
fractional numbers adds to the diffculty of a problem (deceptive expizanation
2). If this explanation is adequate, then one should observe a slightly
higher and parallel pattern of means for the whole number items.

The performance of Group 2 on the whole number problems clearly rules
out this explanation. The mean percent correct on the whole number problems
was 982 (versus 69X for fractions), with scores ranging from 95% to 100%
correct for the eight problem types. The difference between performances on
whole number and fraction problems was overwhelmingly significant, F(1,56) =
234.39, p < 0.0001, as would be expected. However, explanation 2 is ruled out
by the fact that the performances are clearly not parallel, as seen in the
interaction of Number type and Operation, F(3,168) = 39.04, p € .0001, énd of
Number type with Activeness/Operation, F(4,224) = 9.09, p € .0001. Clearly,

the pattern of results for problems with whole numbers is dissimilar to that
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for problems with fractions. Hence, although the complexity of fractions may
may involved in the explanation, it ca~not be the whole explanation.

The rejection of daceptive explanation 2 leaves us free to consider the
cognitive explanation; subjects have difficulty with fraction multiplication
and division problems because the structure of fraction problems is not
appropriate for whole number schemata. Subjects' actual responses to the
multiplication and division fraction problems (see Table 1) offer further
support for this notion. Comparing the performances on the active and passive
problems, it can be seen that not only do the rates of correct performance
differ, but the typical wrong answers differ as well. For multiplication, 53
of the 105 subjects (Groups | and 2 together) chose subtraction as the
operation needed to solve the active multiplication problem, while for the
passive multiplication problem, 50 of the 105 indicated division should be
used. For division, most (82 of 105) subjects correctly identified the
operation needed to solve the active problem, while many (42 of 105) thought
the passive problem should be solved with multiplication. The active and
passive forms are clearly not treated by subjects in the same way, suggesting
structural differences related to Activeness, as well as to the presence of
whole numbers. These results agree with the conclusions of [14]}, who
suggested that students be taught different kinds of multiplicative

Structures, not just computational algorithms.

Study 2: Judgment of Solution Simjlarity

The primary purpose of Study 2 was to test the surface feature
hypothesis: Do poor problem solvers consistently categorize problems on the
basis of surface features (objects in the problem), while good problem solvers

consistently sort on the hasis of deep structure (operation)? If not, then do

C
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pPoor problem solvers tend to sort on the basis of surfac: features when they
do not understand the deep structure? Study 1 provides the basis for
predicting which types of problems adults are likely to have difficulty
constructing a correct deep structure representation, and hence would te
likely to misperceive deep structure similarity.

The task used in study 2 was a variation on the oddity task used by
Rosch and Mervis in several of their studies [15-17], in which subjects are
given several objects and must decide which object does not belong to the set.
In the present study, subjects were given a standard problem with four
alternatives., There were equal numbers of addition, Subtraction,
multiplication, and division standards. The subjects were to determine which
two of the four alternatives should be solved similarly to the standard. For
each standard problem, there was one alternative matching in: 1) both surface
Structure and operation required (B), 2) only the operation required (0),
3) only the surface structure (S), and 4) neicher dimension (N). The Surface
Feature hypothesis pPredicts that there should be considerable agreement among
good problem solvers and poor problem solvers in Judging similarity of
solution when two problems both require the same operation for solution and
have a similar storyline, so all subjects should consistently choose the B
alternative. It is for the second choice that the hypothesis makes different
predictions; poor problem solvers should consistently classify problems as
similar which only share surface structure characteristics, always choosing
the § alternative. Good problem solvers should never make this error, but
should always choose the alternative which has deep structure similarity, or
the O alternative.

In addition to varying the operation, two other types of manipulations

were made in the set of stimulus problems: 1) the difficulty of performing the
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actual computations with the specific numbers in the problems - in eacy
problems, both numbers had the same denominator, while in hard problems they
had different denominators which did not have an easily computed common
denominator, and 2) the Activeness of the standard problem, active or passive.

Procedure The problems were presented in a booklet with wide margins
for making any computatiors, if desired. They were intermixed with other
items that required the same type of judgment. The subject was instructed to
mark the two alternatives which would be solved similarly to the standard.
They were told they did not have to solve the problems, but could do do if
they felt this would help. There were 16 problems altogether: 4 operations by
2 activeness types by 2 levels of difficulty of computaticn.

The subjects were run in small groups of no more than six people. All
subjects had a break to do the PPVT at the midpoint of the task. At the end,
they did the task described in study | to determine :Xpertise level; here,
they were to state the operation needed to solve each of 8 fraction word
problems. On the basis of the scores from this task, subjects were placed in
either the good problem solver (0 - | errors) or one of the three poor problem
solver (2, 3, and 4-5 errbrs) groups for analysis. A random eight subjects
were dropped, in order to make four equally sized groups.

Results and Discussion. There was a main effect of error level among

the four groups, F(3,36) = 4.42, p = 0.0096; the good problem solver subjects
(0-1 errors) performed better overall (84X correcc) than the less expert
subjects (2, 3, and 4-5 errors, 663 correct), t(38, one tailed) = 3.37, p <«

0.001. There were no significant differences among the three poor problem

solver groups.
As predicted, both good problem solvers and poor problem solvers choose

the B alternative a high proportion (89%) of tie time. The B alternative was
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chosen more often than the O alternative (53%), F(1,36) = 94.67, p < 0.0001.
Thus, the addition of a match in surface structure facilitated the decision
that a problem would be golved similarly to the standard. There was no
difference among t.e groups in the amount of facilitation provided by the
additional match in surface features.

Cue overlap of both surface features and deep structure is clearly
relevant to making judgments of similarity of solution for both good problem
solvers and poor problem solvers; 600 of the 764 pairs (78%) of alternatives
chosen by all subjects were pairs in which both alternatives had a feature (or
features) in common with the standard (i.e. were B/0, B/S, or 0/S pairs).
When subjects made one incorrect selection, 62% of the time the incorrect
alternative chosen was the surface only alternative. Thus, subjects tend to
err by choosing problems with obvious, but misleading characteristics of
similarity,

Although the tendency to judge solution similarity on the basis of
surface features is quite strong, similarity of surface features is not the
only source of information that poor problem solvers use. As can be seen in
Figure 1, poor problem solvers correctly chose the alternative 47% of the time
that matched only in deep structure. Although the good problem solver
subjects correctly chose the O alternative more frequently than the poor
problem solvers (71% of the time), they did not universally judge solution
similarity on the basis of deep structure, but sometimes used surface
features. These results suggest that although the Surface Feature hypothesis
is generally correct, it does not account for the data as well as might be
hoped, suggesting that other factors may be involved in these descisions.

Insert Figure | about here

)

-\
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A more detailed look at the results reveals that the frequency with
which subjects chose the correct alternatives (B and 0) varied with operation,
F(3,108) = 12.90, p < .0001. Overall, the pattern of differences among
operations was slightly different from that jn study I; correct alternatives
were chosen most often for addition (81%), followed by subtraction (70%),
multiplication (70%), and division (67%). Operation interacted with
Alternative choice, such that the B alternative was chosen a high preportion
of the time for all operations (mean 89% correct), while rate of choosing 0
varied considerably over operations (addition - 71%, subtraction - 52%,
multiplication - 54%, division - 34X%). Thus, most of the er- rs were the
result of failures to choose the alternative that had a different storyline,

but matched the standard in operation (i.e., 0)

.

Contrary to most teachers' intuition, the difficulty of the numbers in a
problem did not influence ability to make a judgment of solution similarity.
However, this result does corroborate previous NAEP results of no consistent
effect of the difficulty of numbers. From this point, it will be assumed that
the important factor ig whether there are fractions in a word problem, and

relatively simple fractions will be used.

Study 3: The Role of Activeness in Judgments of Solution Similarity

Judgments of solution similarity can be facilitated by similarity of
storyline, as indicated in Study 2, However, the source of this facilation

may not be the match in superficial characteristics, such as the characters

and setting; rather, Similarity in the types of words, actions, and situations

that can occur may be szufficient to produce such facilitation.

For example, consider the following two active multiplication problems:
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Mary cooked a 3/4 pound steak for dinner. She ate 1/3 of the steak.

How much steak di{d she eat?

Tom found 1/4 of a bottle of glue. He used 3/4 ot the glue building a

birdhouse. How much glue did he use?
Although neither the characters, the objects involved, nor the actions that
occur are the same in these two problems, they are similar in that the same
type of action occurs. Both problems concern the size of a fractional portion
of the original quantity that has been consumed. These two problems should be
contrasted with a third passive multiplication problem which is dissimilar, in
that no consumption of or separation from the original quantity occurs:

7/8 of the sandwiches the waitress delivered were hamburgers. 1/4 of

the hamburgers were cheeseburgers. What fraction of the sandwiches

served were cheeseburgers?
Note that, like the two problems above, this problem singles out and names a
fractional portion of an original quantity, but the fractional portion is not
"acted upon.* Although the first two and the third problem are similar in
that they require the same operation for solution, similarity in a condition
where only the operation used to solve the problem is the same seems harder to
recognize because of its abstractness than that which occurs when both the
problem type and the corresponding types of actions are the same, as in
problems 1 and 2. Therefore, in study 3, the hypothesis tested is that a
match in Activeness facilitates the judgment of solution similarity.

In order to invest igate whether a match in activeness facilitates the
judgment of solution similarity, a task was designed in which subjects were to
choose which one of four alternatives (requiring addition, subtraction,

multiplication, and divigion for solution) required the same operation for

solution as the specified standard. The sets of alternatives were structured
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in the following manner: a) all alternatives were of the same type, active or
passive, b) they employed the same characters and objects, and c) they had
similar story lines. For example, one set of alternatives was:
Add’tion
Ralph's goat gave 3/4 of a gallon of milk this morning. He poured it
into a jar that already had 1/4 of a gallon of milk in it. How much
milk did Ralph have in the jar?

Subtraction

Ralph's goat gave 3/4 of a gallon of milk this morning. He poured out
1/4 of a gallon of milk to give to his friend, Andy. How much milk did
Ralph have then?

Multiplication

Ralph's goat gave 3/4 of a gallon of milk this morning. He poured out
1/4 of the milk to give to his friend, Andy. How much milk did Andy
receive?

Division

Ralph's goat gave 3/4 of a gallon of milk this morning. He had several
1/4 gallon jars. How many jars could he fill with the milk?
The standard had a different story line and could either match or mismatch the
alternatives in activeness. Examples of standards that match and mismatch the
multiplication alternative above are in activeness:
Matching
Janice had 7/8 of a gallon of potato salad left after the party. She
gave 1/4 of the leftover potato salad to one of the guests who was

leaving. How much potato salad did the guest receive?

Mismatching

N

e
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1/3 of the people in the survey were Republican. 3/4 of Republicans

were male. What fraction of the people in the study were male

Republicans?

Thus, the subject read the standard, and then choose the one of the four

alternatives that would be solve similarly. There were 16 items on this task:

4 operations x 2 types of standards(active or passive) x 2 matching or
mismatching (the standard in activeness) sets of alternatives.

Procedure The Group 2 college students participated in this task. They

Wwere given the problems printad in a booklet, with two items on a page. There

was room allowed for any computations subjects wanted to make. The subjects

were to select the alternative that would be solved in the same way as the

standard. They were rua in small groups of no more than six people and were

self-paced. This task was the first of three tasks performed by group 2.

Results and Discussion

The results of Study 3 indicate that similarity
of problem structure due to a match in activeness does facilitate the decision

that two problems require the same operation for solution. The main effect of

a match in activeness was highly significant, F(1, 56) = 28.00, p < .0001:

subjects chose the alternative that required the same operation as the

standard more often when the problems matched in activeness (71% correct for

matching versus 55% correct for mismatching). However, the size of this

effect differed with operation, F(3,168) = 9.41, p <0.0001 (see Figure 2). A

match in activeness provided the most facilitation for subtraction (73%
correct for matching vs 40X correct for mismatching) and division (71% vs 447)

items, a smaller facilitation for addition items (88X vs 80%), but no

facilitation for multiplication items (54% vs 54%). This pattern suggests

that a match in activeness may provide for a larger facilitation effect for
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problems that students have some difficulty understanding, such as subtraction

and division, but not extreme difficulty, such as multiplication.

A somewhat better understanding of the conditions under which
facilitation occurs can be gained by considering activeness within operation,
since there was an interaction of Match (in activeness) and Activeness withir
Operation, F(4,224) = 17.67, p < 0.0001. Facilitation occurred for all
Act.-oness within Operation combinations except two: performance was actually
somewhat better in the mismatching condition for passive addition problems
(86X matching vs 95% mismatching), t(56) = -2.17, p = 0.0319. Given the high
rate of correct responding for addition problems, it is probable that this
difference is simply due to chance. Performance was also better for active

multiplication items in the mismatching condition (37X matching vs 812

mismatching), t(56) = -5.19, p < 0.0001. An examination of the wrong

selections suggests that this difference is not due to chance, since a number
of these respcnses were the subtraction alternative (23 of 57 responses or
40%). Subjects probably choss the subtraction alternative in the matching
condition because of the similarity between active subtraction and active
multiplication (see Table 1). Both types of problems concern the removal or
consumption of some portion of a set: in subtraction, the portion is indicated
in the units of the original quantity, whereas in multiplication the portion
is a fraction of the original quantity. Subjects most likely cued on this
salient aspect of the problem and incorrectly chose the subtraction
alternative. This confusion could not arise in the mismatching condition

because passive subtraction and passive multiplication are quite dissimilar.
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The results of this study suggest that problem solvers are able to
utilize features other than surface similarity in order to judge that two

problems would be golved similarly: a match in problem type also facilitates

similarity judgments. Hence, a third level of pProblem structure will be

proposed here to account for these results, termed intermediate structure.

Problems with the same intermediate structure are solvable by the same

operation, can be expressed using the same algebraic sentence, and are all

active or all passive.

There are several ways in which a match in intermediate structure might

facilitate the judgment that two problems would be solved similarly. Problems

that match in intermediate structure share many features, including common

patterns of actions, such ag "

giving-to"” or "-from" (see [8] for other types

of action patterns), gimilar formulation of questions,

and the use of closely

related words or phrases, as »

gave away", "spent", and "lost." Similarity in

these types of features is often a sufficient cue to correctly judge solution

similarity.

Note that it is not hecessary that problems share "key words," as

most of the standards were not Paired with alternatives that had the same key

words.

The similarity perceived seems related to the meaning of the words,

not the actual words.

Although learning to recognize problems with different intermediate

Structures might be of limited value to an expert problem solver, acquiring

this skill should be of considerable value to less expert problem solvers. By

learning what kinds of cues indicate specific subtypes of problems, they

should become more able to categorize correctly on the basis of operation

Study 4: Replicability with a Younger Population
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One objection which could be raised concerning the first three studies
is that college students who are poor problem solvers may be different from
true novices, in that college student, have had considerably more opportunity
to practice and apply inappropriate Problem solving stratgies. 1In order to
determine whether this objection has any Justjfication, the three studies sere
repeated with a younger population of subjects.

These subjects were eighth grade students, who were the youngest
students available who had completed all instruction in fractions. 1In order
to show that older poor problem solver college students are not Simply poor
problem sclvers who behave neither like good problem solvers or novices, it is
necessary to show that the patterns of performance are similar for eighth
graders and adults. Although the overall levels of performance might be
higher for the more experienced college students, ths patterns of correct and
incorract responses should correspond.

Ptoceduts The materials were Printed in written booklets with large
type (typewriter size) and wide margins for making any computations they
wished 15 make. The students were told they did not have to actually solve
any of the problems, but could do so if they thought it would be helpful.

The eighth graders were given the same tasks that the adults received in
studies | and 3, and a task similar to that used in study 2. They received
tasks 1 and 3 first, and were allowed one 45 minute school period for this
session. In a second 45 minute session held a day or two later, they received

task 2.

Results and Discussion

Task 1 - Relative difficulty of problem types. The overall proportion

correct for eighth graders was significantly lower than that of the college

T,
£
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students, F(1, 105) = 20.98, p < 0.0001. However, there were no significant
interactions with age. Thus, although adults were correct more often than the
eighth graders in indicating which operation is appropriate to solve a word
problem, they had difficulty with the same types of problems. 1In addition, a
comparison of Tables | and 2 inlicates that when eighth graders err, they tend
L0 make the same types of errors as adults, ji.e., when they erred, they chose
the same wrong operations as adults.

These results suggest that eighth graders and adults employ similar
strategies to determine what operation to perform to solve a problem. Adults'
greater experience may provide some advantage ir th.s task, but it has little

effect on the types of errors that are made.

Task 2 - Judging 8nlution similarity, The eighth graders received a

similarity Judgment task that was slightly modified from the task that the
Group 1 adult suojects received, such that all Pairs of correct and incorrect
operations were represented in the alternative sets. This was done in order
to determine whether it is possible to better Predict the typec of situations
in which poor problem solver subjects would be likely to err, since they do
not rely on surface Structure similarity alone.

The results of Study 2 with the adults indicated that the protlem type
of the standard h:.s an important influence on the cozrectness of similarji.y
Judgment~. [ sudition, the types of alternatives t.at are concrasted wit-
the standard may influence the decision as well. For example, given an active
multiplication problem, a subject might err by chosing the surface feature

only alternative if it is a subtraction problem, but not if it is an addition

jaly)
~1
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problem, because multipli.ation and subtraction are confused more often than
multiplication and addition.

Performance on task l, in which sublects decided which operation would
be used to solve a number of pProblems, was used to obtain predictions of wshen
subjects would err on the similarity judgment task. If on task 1, a subject
said a problem should be solved using an incorrect operation, it was predicted
that subjects would err on task 2 when the standard was of the Same type as
the task | problem and the S alternative would be solved using the incorrectly
stated operation. In other words, subjects should consistently confuse
operations between tasks.

For the eighth graders, performance on task 1 correlated with
performance on task 2, r =0.571, t(51) = 4.96, p €0.00l. Thus, eighth
graders tend to be predictable in the types of confusions they make. This
study suggests that subjects tend to make surface feature errors when they do

not have a solid understanding of the operations with fractions.

Task 3 - Facilitating Judgments of Solution Similarity. The eighth

graders were given “he same matching task that the adults were given in study
3. They performed nearly as well the adults on the matching, task (58% correct
for eighth graders vs 62% correct for adults): this difference was not
significant, F(51) = 2.64, p = .1105. As with adults, there was a main effect
of match, F(1,51) = 19.75, p < .0001 (65% correct for matching versus 51%
correct for mismatching), a main effect of operation, F (3,153) = 41.07, p
<.0001, and an interaction of match and operation, F(3, 153) = 5.46, p =
.0014. There was only one significant interaction involving age, that of age
by match by operation, F(3,153) = 4.38, P = 0.0055. As can be seen by
comparing Figures 2 and 3, the largest point differences occurred for matching

subtraction problems (52% eighth grade vs 73% adults) and mismatching
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multiplication problems (39% eighth graders vs 54X adults). These
differences seem mainly due to eighth graders having more difficulty than
adults in distinguist‘ng active subtraction and active multiplication
problems. Thus, when poor problem solver adult performance differed from the
novice eighth grade performance, the adults performed better: poor problem

solver adults do not make peculiar and different kinds of errors from novices.

The results of these three replications with eighth graders suggest that
the performance of younger poor problem solvers in categorization tasks does
not differ appreciably from that of older poor problem solvers. Therefore,
the behavior of older poor problem solvers can be considered representative of
poor problem solvers in general, at least in this content domain. It is
possible that older students have relatively few opportunities to practice
problem solving skills with fractions, as there is usually no further direct
instruction in fractions after the seventh grade. However, in either case it
is interesting that the behavior of older poor problem solvers is not

appreciably different from that of younger poor problem solvers.

General Discussion

The studies reported here imply that the the surface feature hypothesis
does not adequately account for how poor problem solvers judge problem
similarity: poor problem solvers do not consistently use similarity of surface
features as a basis for a Judgment of solution similarity. It is true that
poor problem solvers tend to rely on surface feature similarity, particularly

when they have difficulty understanding the operation, but this tendency is

e,
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not consistent, as shown by the eighth graders’

performance on task 2. Hence,

even a weaker form of the Surface Feature hypothesis would not appear to

account for the data.

In fact, the data from the matching task in study 3 suggest that

classifications using surface features and deep structure may not provide a

sufficiently rich scheme for understanding why people make the classifications

that they do. What seems to be needed in addition ig the recogntion of the

importance of problem type, e.g., active or Passive. Judgments of solution

similarity by poor problem solvers were facilitated by a match in activeness.
The olternatives shared no obvious surface features with the standard, yet a

match in activeness Produced better performance than a match in only operation

for solution. Therefore, a match in activeness, or problem type, nust provide

some cue of similarity beyond that of operation alone. If one views the

process of problem understanding as analogous to the process of constructing a

deep structure for a single sentence, then it is possible that useful

information might be derived by considering only some, but not all, of the

relational information in the problem. 1In other words, correct conclusions

might be drawn without a complete analysis of deep structure.

If it is true that construction of the deep structure is not required in

order to gain some understanding of a problem, then the observations that poor

problem solvers correctly categorize according to solution similarity with

some frequency, and that good problem solvers occasionally err are readily

interpreted. For those tvpes of problems that poor problem solvers are not

able to complete a deep structure analysis, a more superficial evaluation of

the relationships may suffice 4s a cue thest the problems are solved in the

Same way. However, such superficial evaluation can suggest irrelevant

similarity,

as in the case of active multiplication and active subtraction.




On the other hand, good problem solvers may decide to halt analysis if

sufficient evidence of similarity is obtained. Such premature conclusions

sometimes lead to errors.

Educational Implications The results of these studies have

certain specific implications, as well as general implications for the
teaching of problem solving. This set of studies, along with the NAE” and
the Rational Number Project, implies that most students do not have well
defined notions of the kinds of situations which require multiplication of
fractions. This is true for both active multiplication and passive
multiplication, as well as for passive division, which can be considered as
requiring a multiplicative process. Multiplication of fractions is not
analogous to multiplication with whole numbers, which may explain why
students' error rates are so high when they try to interpret these problems as
sensible within the context of their knowledge of whole nu- her probleas.
Teachers should become more aware that all problems which require a single
operation, particularly multiplication, can be qQuite varied in structure. It
may te the case, as Bell, Fischbein, and Greer {14] Suggest, that the various
multiplicative structures should be explicitly taught.

It is quite possible that students would benefit from the activity o.
categorizing problens according to solution, and explicitly considering both
the active and the passive forms of the problems, rather than blindly
attempting to solve word problems. Students need to realize that there are
several different types of problem structures that all require the same
operation for solution. The categorization process, particularly in the
solution similarity Judgment tasks, may force the student to attend more to
the types of situations that occur and how they are similar, rather than

merely attending to the details of generating a numerical answer. 1In any area

% Y
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of mathematics or problem solving, developing a feel for the similarities and

differences among the problems that one might encounter seems critical to

understanding the concepts involved in solving the problems. Once the

concepts are understood, it is much easier to make sensible judgments about

the correctness of an answer,
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TYPE of PROBLEM
Addition Active

47|51
Passive QIS_A
Subtraction Active oj1
Passive 11
Multiplication Active 1o
Passive o1
Division Active 11

Passive 2 I 5

Whole Numbers (Group 2, N=57)

Table 1: Adult Responses to State the Operation Task
RESPONSE
Add Subtract Multiply Divide
’
0}2 0]3 1)1
0]1 6|2 ojo
46|53 2|3 ofo
36{45 l]s 10{6
30|23 10|18 7]16
19 22]22 25]25
1]2 1j7 35|41
36 22|20 21)22
Addition Active 54 3 0 0
Passive 56 0 1 0
Subtraction Active 0 57 0 0
Passive 1 55 0 1
Multiplicacion Active 0 0 57 0
Passive 0 0 57 0
Division Active 0 1 2 54
Passive 0 0 0 57
4o

Fractiors (Group 1, N-48|Group2, N=57)




Table 2: Eighth Graders Responses to State the Operation Task

RESPONSE

Add Subtract Multiply Divide

TYPE OF PROBLEM

Fractions
Addition Active 35 9 2 6
Passive 47 1 0 4
Subtraction Active 2 48 0 2
Passive 3 35 5 9
Multiplication Active 1 29 3 9
Passive 4 20 1 21
Division Active 4 3 5 40
Passive 4 3 23 22
Whole Numbers (N=52)
Addition Active 47 5 0 0
Passive 47 2 3 0
Subtraction Active 1 50 0 1
Passive 4 42 2 4
Multiplication Active 3 2 45 2
Passive 3 1 48 0
Division Active 1 2 4 45
Passive 2 3 0 47




APPENDIX A: Eight Types of Fraction Word Problems
Addition
Active Charlie had 3/6 of a can of cake frosting. His neighbor gave
him another 1/6 of a can of cake frosting. How much frosting did
Charlie have then?
Passive Rachel had 4/8 of a pound of bait for the fishing trip. Harry
had 3/8 of a pound of bait. How much bait did they have altogether?
Subtraction
Active Hansel began the trip with 3/4 of a pound of bread. He used
1/4 of a pound of bread to mark the trail. How much bread did Hansel
have then?
Passive Ernest had 3/5 of a box of typing paper. George had 4/5 of a
box of typing paper. How much more paper did George have than Ernest?
Multiplication
Active Margret had 3/5 of a gallon of ice cream. She gave 1/5 of the
ice cream to her sister, Anne Marie. How much ice cream did Anne Marie
receive?
Passive 7/10 of the beds in the garden were planted with flowers. 3/10

of the flowers were tulips. What fraction of the garden was planted

with tulips?

Division

Active Grace had 3/4 of a pound of chocolate bits. She needed 1/4 of a
pound of chocolate bits to make a batch of cookies. How many batches of
cookies could Grace make?

Passive Arien mixed up 2/3 of a bucket of birdseed. He found he had
enough to £111 1/3 of his birdfeeders. How much seed would Arlen need

to £111 all the birdfeeders?

w8




