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The Logical Mathematlcal and Sclenhﬁc Reasonmg Involved in the Problems of a

Sample Run of the EQUATIONS Challenge Matéhes Reeearch Mode

by Layman E. Allen. Umvex smv of' Mlchlgan

, Problem solvmg that both _requires and deve]ops hlgher-order thinking - skllls is 1lIustraLed in
the EQUATIONS Challenge Matches program. ' The fundamental reasoning skills involved: in logic,
mathematics;: anu science.- are useful for deahng with _the challengmg problems posed in the

W hen the Multl-Level diskette of thls provram is used and Match R9 is selected the followma
appears on theé screen:

___Solution Research : i Resources ébiufiqh goiqiibns

Match RO Number of Solutions: 12 used entered on list:
GDAL -

RESDURCES: - - x / / 12 3 &

FORBIDDEN:

PERMITTEOD:

REQUIRED :

SOLUTION CHECKING ) MOOE
PIease type a proposed Solut1cn or
CONTROL L to see the "next" page in the
List of Solutions or just press RETURN -
to return to MOVE ENTRY MODE. Page number 1 of 1
?

] W’ﬁat thxs says is t.hat there are at ieast 12 dlfferent Solutlons t:hat can be built for the GOAL
of 6 from the RESOURCES given: How many of them do you see?

The rules for bmldmg Solutions are:

1. A aolutxon expresses a number equa] to t.he number expressed bv the GOAL
2. One Solution it different from a second Solution onlv if it uses different RAESOURCES

from those used by the second Solution: Thus, 2x3 and 3x2 are not differen: Solutions; but
3x2 and (4-1)x2 are:

3. Only the RESOURCES avaﬂable can. be used in. bulldmg a Solut:on For exampie3 7her§her

4+2 nor 2x3x1 are Solutions because there is no + available and there is only one x avail-
able.

4. The / mdlcates d1v1510n, the x mdlcates mult:phcatmn and 'he der-ates subtraction.

There are an unlimited number of parentheses available to indicate how to group parts of
the expreeslon {(However; multiplication ean be expressed ina Solutlon only by using an x.)

é; Only single-digit numerals can be used in a Solution. Thus, for the GOAL of 3 with
RESOURCES of 1 2 4 6 x /, the expression, 12/4, is not a Solution, hiit 6x2/4 is.

o

”“he EQUATiGNS,,,GEaiIenée ‘Matches program consxsts of four dxskettes - one each at

elementary, intermediate, and advanced levels, and a multi-level diskette. The diskettes are
available for Apple II, I+, Ile, and Ile microcomputers, and also for IBM PC and IBM
PC-compatible machines. For details, write to WFF 'N PROOF, 1490 South Boulevard Ann
Arbor, MI 48104.
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Aruitoxt provided by Eic:

Logical, Mathematical, and Scientific Reasoning in Problem-Solving ;

- .

to the following:

Soiution Research Resources Solution Solutions
Match R9 Number of Solutions: 12 used entered on list:
o o 1
GOAL ____: & Lo 23 x 3x2
RESOURCES: - - x / / 123 4
FORBIDDEN:

PERMITTISD:
REQUIRED

3x2, o
is a Solation:
~ SDLUTIDN CHECKING MODE
P1ease type a proposed Solution, or
CONTRDL L to see the “next" page in the
List of Solutions or just press RETURN o ) )
to return to MDVE ENTRY MDDE. page number 1 of 1
rd

orderly way, mdlcane that you had achieved 1 of the 12 dxﬁ’erent Solutions possxble, and prompt vou
w1th a: ? f‘or your e it entry. If you then entered 2x3 as a Solution at the ? prompt; what would

Solution Research o ) Resources Solution Squtions

Match R9 Number of Solutions: 12 used entered on 1ist:
- B o 1
GDAL  : 6 - 23 x Ix2

RESDURCES: - ~ x / / 12 3 &

FORBIDDEN:

PERMITTED:

REQUIRED

2x3. ——

is a Solution bat. the set of RESDURCES
used 1n 1t does not d1ffer from those
used in 3x2.

SOLUTIDN CHECKING MODE
Please type a proposed Solution; or

CONTROL L _to see the "mext* page in the

List of So]ut1ons or. just pcess RETURN

to return to MOVE ENTRY MODE. Page number 1 of 1
?
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Aruitoxt provided by Eic:

I:()gxééi, Méthé?nénéa:xl, and Scientific Reasonmg in Problem-Solvmg

‘Solution Research _ } ; Resources Solution Solutions
Match R9 Number of Solutions: 12 ased entered on 1ist:
7 6
GODAL [ 25 x 3Ix2
RESOURCES: - - x / / 1 2 3 4 123 x/ 3x2/1
FORBIDDEN: . 234 -x 3x(4-2)
PERMITTED: 234 x/ 3x(4/2)
REQUIRED : 1234 -x/ 3%(4-2)/1
1234 %// 3x(a/7)/1
3x{(4/2)/1

is a Solution.

R SDLUTIDN CHECKING MDDE _

Please type a proposed Solution or

to return to MOVE ENTRY MODE. Page number 1 of i
i}

How abom xt, have ¥ou run out of gas about here the wav that our }}ypothemcal person dld"

Or do 3 _vou_see_another Solstion to enter. at the ? prompt? Do you want your students to learn to

think deeply about such ele - ventary math pr‘oblems (and some more advanced ones, to0)? There are
effective ways to get ivto the habit of developing these deeper thinking skills in mathematics by more
self consciously getting into the logical and scientific reasoning involved.. You can do it (among a host
of other ways) by playizg EQUATIONS, by matching wits with the computer in going through the
DIG Math program; apd- by both cooperating and competing with other players while battling the
computer in EQUATIONS Challenge Matches.

: If you do not see any msore Solutions, then t.he thmg to do next in thxs R.ESEARCH MODE is
to simply press RETURN to go 't the MOVE ENTRY MODE, where the following will appear on the
screen:

_Solution Research ) Resources Solut1on solutions

Matcn RS Number of Solut1onsz 12 used entered on tist:
: - - 6

GDIL - : 6 23 x 3x2

RESUURC(S: ~~-x/ /1234 123 x/ 3x2/1

FORBIDDEN: 234 -x 3x(4-2)

PERMITTED: 234 x/ 3x(4/2)

REQUIRED : 1234 =x/ 3x(4-2)7/1

1234 x// 3x(4/2)/1

SOLUTION = NUMBER DF SDLUTIDNS
LENGTH Before Moves After Moves
11 0
9 0
7 ... a4 ........
5 7

|

i
(7% N
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MOVE ENTRY MODE

Enter moves, CS to Check 2 Solution,

0 to Quit or CONTROL L to see the "next"

page in the List. Page rumber 1 of 1
”

In the MOVE ENTRY MODE you can conduct experxments and gam valuab]e information bx
makmg moves of the Resources that Forbid er Require their use. To illustrate how_to do_ such
experiments, suppose that vou decide to Forbid the 1 that is in the Resources. You can do so by

entering F1 at the ? prompt. What will appear on the screen if you enter F1 is the followi g

Solution ﬁéééiréﬁ -, ﬁesouhCés Sclution sotutions

Match RS Number of Solutions: 12 used entered on 1ist:
. €
GOAL . : 6 , 23 x 3x2

§§é§URCES: --x// 232 123 x/ 3x2/1.

FOREIDDEN: 1 234 -x 3x(4-2)

PERMITTED: 1234 x/ 3x(472)

REQUIRED : 1234 -x/  3x(4-2)/1

1234 x// 3x(4/2)/1

soLuTigN NUNiBFR OF SOLUTIONS
tENGfH Before Moves After Moves
11 (o] (o]
9 0 (o)
7T ... 4 ........ (o)
5 7 3
.3 . _ . 1 1
Solutions Eliminated .... 7

- MOVE ENTRY MODE

Erter moves, CS to Check a Sotution,

0 to Quit or CONTROL L to see the "next" )
page in the List. page number 1 o7 1
5

The. expenment conducted by moving. the 1 t0 Forbadden means thm the Forbxdden 1 can no

longer be used in constructing Solutions. This has the effect of elimirating_all 4 of the possible

Solutions that use 7 of the Resoiirces and ehmmatmg 4 of the 7 possible Soiunons that use 5 of the
Resouirces, bt not ehmmatmg the 1 Solution that uses 3 of the Resources: This; in turn, means that

with the 1 Forbidden; there are still 3 possible Solutions that use 5 Resources (in other words, that

are of length 5), and 1 possible Solution of length 3.
By examimng the six Solutions on the list of those that Bayedreaay been vmtten, we can see

that there is already one there of length 3 that does not use the Forbidden 1; so we already have that
Solutlon

However, w1th respect to the Solutlons of lengt.h 5 it is qmte a dxfferent story Smce there
are only four numerals in the original_set of Resources;. wheri the 1 is Forbidden, all three of the
remaining ‘Resources must appear in each of the 8 Solutions of length 5. This means that each of
these 3 Solutions of length 5 must contain the 2, the 3, and the 4. But when. we look at the Solutions
of length 5 on the list of those that have already been discovered, only two of them contain the three

Required numerals. This means that there is another -Solution of length 5 thai contains the
numerals, 2, 3, and 4, that we have not yet discovered. But what is that other length 5 Solution?

Q 6
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What operatxon slgns does it use‘7 How can we ﬁnd out?

We can ﬁnd out by conducting further experlments = by maklng further moves.

__ If we examine the Resources av axlable, we see that the only operation signs there are: - - x/
and 7. A Solution of length 5 will contain exactly two operatlon slgns, and there are just five possible
pairs of operatlon r>‘1grls from those that are avaxlable, name15 L ex, - / X /;and / /.

____In the list of Solutions already dxscovered the two of length 5 that contain the 2 the 3 and
the 4, use the pairs of operations: - x, and x /. So, the unknown Solution of length 5 that uses the
numerals; 2. 3. and 4. must use one of the three following pairs of Solutions: - -, - /. or / /. Weé can
ﬁnd out just which pair by conducting the three experimeénts of making the moves of Reqmrlng 34

SR Requu'lng 23 4-/, and Requiring 2 347/ /.

When 2 3 4 - - are Required; the feedback is:
1 Solution possible of length 7
0 Solutions possible of length 5
0 Solutions possible of length 3 :
This indicates that there is no Solution of length 5 that uses the Resources; 2 34:-

When 2 3 4-/are Requlred the f'eedback ds:

0 Solutions possible of length 5
o 0 Solutions possible of lergth 3
This indicates that there is no Soluticn of length 5 that uses the Resources, 2 34 - -.

When 2347/ are Réquijrédi thé ,,féédbac;k is;; -
2 Solutions possible of length 7
1 Solution possibie of length 5
_ Q@ Solutions possible of length 3

Thxs mchcates that we have found what we are looking for, there is one Solutlon of length 5 that

uses the Resources; 23 4/ /.

Once we know what R.esources are used in a Solutlon, it is not too dxﬂicult 1o d1scover how to
order and group them to construct a Solutlon

(NoN)oN where N’s mdlcate numerals and 0’s ’s mdlcate operatlons

Resources that equal 6, that is, there is no (N/N)/N = 6, where the N numerals are 2, 3, and 4

We, then, ask ourselves such questlons as:
3 divided by what (constructed from 24 /) = 6‘7
2 divided by what (constructed from 34 /) = 6?

_4 divided by what (constructed from 23 /) = 6?

and we conclude that in t;;o of the three cases, we get the results that we are looking for,
namely: :

3/(2/4) = 6 .- and i 2I/(ZIS) = 6 -
So we have found -another Solution; which we can easily check by gomg back into SOLUTION

CHECKING MODE and entering; for example,; 3/{2/4).

After this new ore has been added our hst of seven dlscovered Solutxons includes:
S 8x2 3x2/1 3x(4-2) 3x(4/2) 3)’(2/4) 3x(4-2)/1 3x(4/2)/ 1
So, we now have: the only Solution of length 3, 4 of the 7 Solutions of length 5, and 2 of the 4

Solutions of length 7.

5



Logical, Mathematical, and Scientific Reasoning in Problem-Solving

, ,If We _now. focus attention npOn dlscoyermg the remammg palr of Solutions oT iength 7,.we
observe that all Solutions of this length will contain the numerals.. 1 2 3 4, and three operation sxéhs
There are just ﬁve sets of triples of oper. ‘ion signs possxble from the available Resources, namely: -
«-X,--/,-%1,-71,and x / /. We observe that the - x / and % / / triples hav: already been used in
the three Solutions of Jength 7 that have already been discovered. So, the only thiee triples that
remain to be tésted are --x,--/;and-//.

~We can test these three triples bx ‘conducting experiments that make the moves of Requmng
1234:-x, Requiring1 23 4- -/, andRequmng] 234-/1.

When 1 2 3 4 - - x are Required,; the feedback is:
1 Solution possible of length 7
0 Solutions possible of length 5
: 0 Solutions possible of length 3
Thns mdxcates that there is ore Solution of length 7 that uses the Resources, 1 2 34-:x

I\aomce that an alternative wav of : acqu;rmg the _same. 1:1format10n (and morel thh the given
Resources is to move to Forbidden the cther operation signs; namely: / /:

When / / are Forbidden. the ‘eedback is: :
1 Soluion poesible of length 7
3 Solutiong possible of length 5
- - 1 Solution possible of length 3 - -
Thxs also mdxcates that there is one Solution of Jlength 7 that uses the Resonrces.jz 34.-x

In_addition, it indicates that there are 3 Solutions of length 5 that use pairs of operations from

the set consisting of - - x. This will turn out to be useful information in determining the

other Solutions of length 5, but for the moment, we should focus on the next Solution of length 7.
Since it uses two subtraction signs snd a multiplication sign, one possible strategy to construct

an expression equal to 6 is to use the x to e~~vess a number larger than 6 and the use the pair of
s to reduce it to 6. - The only pairs of numerals available, that when multiplied express a -
number larger than 6; are the pairs 2; 4 and 3; 4. When we explore the first pair, we quick'y see
that 4x2 = §, and when we ask: & -? = 6, we are quldsly led to the Solution, 4x2-(3-1).

When 1284 --/are Requxred the feedback is:
0 Solutions possible of length 7
0 Solutions possible of length 5
0 Solutions possible of length 3 :
This mdlcates that there is no Solution of length 7 that uses the Resources, 1 2 3 4 =<

When 1234-//are Reqmred the feedbm_k 1S
1 Solution possible of length 7
0 Solutions possible of length 5
o 0 Solutions possible of length 3
ThlS mdlcates that there is one Solution of length 7 that uses the Resources, 1 2 3 4 - 7/1.  We
couild have inferred that there was a Solution with these Resources from what we already knew
We knew-that there were only three remaining triples of operations to be tested for whether ,the3

were used in the two unknown Solutions of length 7. __ Since - - x are used in one of the unknown

length 7 Solutions_and - - / are not used in one; the r remaxmng -/ / must be used in the other.

unknown one. . Hence, the experiment. in which 1 2 3 4 - // are Required can be regarded as a
replication to confirm the theorizing that has been done. It is somewhat trickier to detect the
parallel that exxsts betweum a Solutlon that is possxble by means of thxs set of Resources and

home. The parallel Solutmn is 3/( 2/4), and the chnechon is that thls and the new Solutlon both

8
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involve the idea of dividing by a-fraction; they both contain a pair of ’s.  The connection is
expressed in the following equalities:
- _3K62/4) = 3/112) = 3/(1/(4 2))

This analvsxs, in turn; reveals one of the 3 unknown Solutions of length 5, namely, 3/(1/2).

. : Afwr these tl:n ee new ones have been added our hst of ten dxscovel ed Solutnens mcludes 3x2
33\2;1 3:\(4-2) 3x(4/2) 3/(1 2) 3/(‘7/4) 3x(4-2)11 SX(4/2)/1 4x2-(3- 1) and 3/(1](4—2)) So, we now have

Solutions of length 5 in which the palrs of operatlona- - and - x are used. But among the Solutions of

length 5 already discovered there is only_1 that uses either of these pairs, namely, the 3x(4-2) that

uses_the - x. So, there are 2 more Solutions of length 5 that use either another - x or a - -. What

experiments will indicate wkich pairs are in the unknown length 5 Solutions, and possibly provide
other useful information as well?

2 Solutxone possxble of length 7
2 Solutions possible of jength 5
o - 0 Solutions possible of length 3
'I‘lns mdlcates that 1 of' the 2 unknown length 5 Solutions uses - x and that the other one uses
- -.  But what numerals are used with these? = The experiment in which the 1 was Forbidden
indicates that there are 3 Solutions of length 5 that use 2 3 4. All 3 of these have already
been discovered.  So, the 2 remaining unknown length 5 Selutions must use 1 23 or 1 2 4 or

134.
When the 4 is Forbidden, the feedback is: 7
0 Solutions possible of length 7
2 Solutions possible of length 5
1 Solution possible of length 3
Both of the length 5 Solutions that use the trio of digits 1 2 3 have already been discovered.

When the 3 is Forbidden, the feedback is:
0 Solutions possible of length 7

.0 Sollitloxis possxble of length 3
No Solutions of leng'th 5 that use 1 2 4 have been discovered; so, 1 of the 2 iiiil'm'oWh Solutxons
of length 5 uses 1 2 4 and the other urnkknown Solution must use 1 8 4, the only remaining
possibility?

- So, what is -now - known" The resnlts of the expenments indicate that the numerals in the 2
unknown length 5 Solutions are 1 2 4 and 1 3 4, and that the operations in them are - x and - -.

Armed with this information some problem-solvers will see how to put the sets of numerals and sets

of operations together appropnately to conctruct the Solutions, (4- 1)x2 and 3- (1 4)

That. oompletesjhe entire list of 12 different. Solotnoﬁs, and the problem posed tx) ﬁnd them is

solved. The final 6 of these Solutions were. discovered (in this account) by conducting 11 experiments.

These experiments provided data that helped to focus attention on concepts that were used in the
Solutions, but were not immediately apparent to our- hypothetical problem-solver -by- his -or her self
observation of his - - her knowledge of mathematics. By this account our hypothetical problem-solver
was unable to solve the problem by observational science alone; that is; by merely observing his_or

her state of mathematical knowledge: But when mere observationai scierice is extended to include
experimental science, the solving of the problem is achieved. When a problem-solver can experiment,

.7.9
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he or she has available much more- powerful tools for -solving problems than when all that it is
possible to- do is to observe. Seemingly simple problems involving only elementary arithmetic drawn

from Challenge Matches of the. EQUATIONS Game illustrate dramatically this powerfui difference:

Mathematical knowledge and reasoning alone just are not enough (for most personsi w do the job.

But when such knowledge is supplemented by logical reasoning and scientific experimentation, the
problem-solver’s capacity is magmﬁed many-fold.

, Tl;gsg fgvs readers whose. depth of understandmg of anthmetu permltu:d them 0 easnls solve
the p1 ‘oblem above without resorting to experiment may wish to test their intuitions further by the
pair of problems below. These should persuade most readers that it is relatwelv -easy to genérate

problems in this fashion that will go 1o the edge of any learner’s current understanding.

SECOND PROBLEM. GOAL:
R:ESGHRCES, + >.I;L3 4669
Number of different Solutions: 8

L indicates the icgarithm operation; thus b L a indicates -
the Log of a to the baseb. For example, 10 L 100 = 2.

THIRD PROBLEM GOAL, 18/25 . o
RESOURCES: +xx//A83556 where A = 3/5
Number of different SO]Ut]OnS. 7
Logic, mathematics’; 'an'd sc;enmﬁc experimentation tend o be taught. separabeb in specxahzed
courses rather effectively isolated from each other. The Research Mode of the Challenge Matches of
EQUATIONS provides (1) problems that require for solution an integrative use of logical, mathemat-
ical; and scientific reasoning and (2) an efficient software laboratory for learning and practicing such
skills.

eri
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ABSTRACT

The Research Mode of the EQUATIONS Challense Matches cah be

viewed as a software laboratory. Users of the program design and

perform experiments to obtain information that they need- to solve
problems involving application of -elementary mathematical ideas; _Use

extended to become experimentai sctencef(iike physics) Instead of

merely observing carefully. the current state of affairs (her own
mathematical knowledge) and the unfolding stream of events that are
oceurring (what she is noticing about the problem as stated) the

exactly the information that is needed to deai with the problem.,

The series of exercises on the EQUATIONS Challenge Matches diskette

bave_been_developed to_ provide users the opportunity to learn and use

the fundamental reasoning and problem=solving skills of carefil

observation, logical deduction, mathematical analysis, asking good

questions (which in this context is equivalent to designing good
experiments).ﬁscientific research by experimentation, and data .

gathering, organization; and analysis. Instead ogfbeingfpresented

in an isolated fashion in different. courses, all of these powerful

techniques are brought together in dealing with a single problem,

1]



