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Part A: The LAKDOS Project

1. Introdaction . o . -

1.1 Motivation l\\ .

In order to understand better the process of the acquisition of knowl-
edge through schooling, it “appears necessary to obtain precise descriptions

. ] ‘L ‘ : ' ’
and explanations of the principles how knowledge is stored, organized, and

“used “ by an individuaW? For tﬁose‘resea?cher§'regarding the aéquisition'of
know!edge as a process' of coristruction, the description of network‘ struc;
tures 1is of.central interest, 1n particular Qith respect to the wéy how
knowledge iﬂé accéssed and used and how new know]edge is integrated ' in

ex1st1ng cognitive Structures

/ -

~[f one restricts attention to sole1y coghitive behavior while Jleavipg

aside aspects of affect1ve behav1a§ 11ke emot1on and motive, 1{t is near on
‘ \\‘\i ) ’ {
.hand to compare the human act1ng§¥ 1ona1Ty with a problem solving system
% ‘~\ . ' . h .

that fo]]ows the rules of logic. A wgslem solving system would use certain

axioms and rules together with an %Aference engine" to master the tasks

arising from a problem situation. In

)

But even when fthe logical intellect co R

Q*-e compared to a problem
Rk .

solving system that is based ot bredicate 1ogft“ ALhere exist substantial
_ 3 R
. * s § v
differences. In general, a person has no global J\QN}of the knowledge s/he
. ’
9 : ‘

> 53
& .
has acquired in the range of many years and cannot jacess  every single

~

element of 'this knowledge at any given moment.

Moreover, there is no guarantee that the body of knowW
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ent. In instrdctioni "knowledge" is often passed

-~

by an individual is consis
on f}bm the'teapher to the student without being necessarily vaXidated\ by
‘the student. In many cases, little or no learning is involved about con-
straints that re;trict the domain of applicability of Rnowlédge. When
taking in new information, ‘the learnmer, in general, does not:perform a
g]ogai check in order to evaluate whether his/her'knoyledge base extended
in this process remains consistent. Tbus_there ié/ﬁ/é%ance that flaws exist
in the knowledge of a person whicn'are not reéogﬁfzed in the beginniﬁg:-but
which are a latent factor of malperformance. I ’
In‘further contrast to a cbmputer problem solving system, human think-
ing is subject to'certéin restrictions {(e.g., in the capacity of short-term

memory ) which can hinder moreAcomp1e§ inferences to be'carried outb.

P

From analyses of children's behavior when-using their knowledge in

1

problem solving sitgafions emerges the CruciaT‘que of the mental répresén¥
AN

. fation of thejr knowledge. Instead of ‘being coherently organized.‘relévant

knowledge . structures which need to be cqgrdinated for success ini a brbad

range of situations appéar to dé@op ini'ziaﬂy as. ’i‘solated "packets" which

are more of less restricted to the situational context in which. they were

“w?t

acquired. ‘

\

Mathematics, for example, is a field ‘that frequently requires a coordi-

" nation of diverse knowledge structures which-were acquired at different
occasions, 1in<order to successfully deal with a task situation. Lack of

coordination of relevant knowledge can be a reason of failure although all

necessgry pieces are "known'".

Another salient prob]ém in mathematics is the instability of childrens

performance ofteh observed when children are to use their mathematical

b O

~

-
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vknov?edge ‘in applicational situat1ons Frequently one f1nds that .the stand~

ard‘ problems in a certain f1e1d are mastered but that ch11dren stumble in

-, ' Acontexts they have not encountered before. even thpugh the knowledge neces-

sary to master the s1tuat10n should,be avaﬁlab]e.-slt may then happen that
alternative know!edge frameworks ex15t1ng in the mind of a learner - are}

evoked by the situation and overr1de know]edge more adequate for the task

) One effect is that the answers gi#en to the same mathemat1ca1 question

-posed in different contexts can, d1ffer In th1s sense, the behav1or of a

’

i v student can be inconsistent across a variety of situations.

One attempt to sheﬁ l1gbt on the phenomenon of instable performance is
the work of Thomas Seiler (1973) Se11er ha$ conducted a series of experi-
1 . ments show1ng that juveniles a]ready thinking forma11y (in the . SEnse.~of£i.

Piaget) are not always able to use forma) .thinking operations in all prob-

1 lem solving tasks (not even in ald taské'used by Piaget).- Therefote Séiler
considers it necessary to introduce a "§1tuat10n and ﬁange-épecific factor"
in. the develop1ng cognitive strdcture which 1nh1b1ts its, generalization.

: ‘9 ‘ S1nce.the genera11zation of cogn1t1ve st?uctures is a 1abor1ous angd 1ast1ng

-

In the literature, increasing 4ndication is found supporttﬁg‘the fact
ST that the phenomenon of range specifity in the development of cognitive
structures s a critical issue which demands the attention ‘of ré%earchets

and educators The postulate that knowledge is stored in memory in d1screte\ -
- t
un1ts has been raised by several authors and has been captured in notions
'

1ike "frames" (Davis, 1980), ‘“microworlds" (Lawler, 1981),"“Subjektive

Erfahrgngsbereiche" ("domains: of subjecttve experiences"; Bauersfeld, 1983)
and others not mentioned here. The "microworlds” of Lawler illustrate an
. —— .

-~




'refiect such~a 1og1ca1 structure. .
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idea of self-contained knowledge units which allow certain situattons to be

mastered but not necessar11y app1y to situations that st1ght1y vary the’

c0ntext ~ Similarly, Bauersfe]d (1983) and Ande]fwnger (1984), in compar1ng

T a number of studies i the realm of mathemat1cs 1earn1ng, postu]ate d15pa~
rate doma1ns‘of knowledge to exist 1n ﬁh11dren s minds . that bu11d upon the

part1cu1ar1ty of individual 1earn1ng‘/5per1ences ‘Ih some respect these;"

f1nd1ngs call. in quest1on the mathematics.curriculum as far as it i organ-

jzed according -to the logical structure of mathemat1cs:r'The structures

’

buﬂt~ in chi1dren‘s minds in- the process of schoo]1ng do - not seem. to

52.

Davis (1980) pownts out. that everythwng comm1tted to memory i% stored

'.much more permanent1y than was thought before (“accretwon ). Access struc-".

tures may change but representat1ons are not actua1ty defeted fromsmemory .

-

where memory units concern the same topwc of knowledge, th1s becomes a

Critjcal issue, for it w111 support the fact. that competing know1edge may

come . to’coexist in memory .. An 1nterpretat1ve structure once emp1oyed by a

* . .
1earner to deal w1th certawn s1tuations, possib]y erroheous1y, maylsti11

'be present to be called upon even when more appropr1ate know1edge to deal

with such situations has been acquired. If activated in p1ace Qf the new

,1nterpretat1ve structure; the old ohe may cause old mwstakes to reappear.

A similar phenomencn has 1on§ been known "in psycholinguﬁstic studies-

on second language 1earhingf Under certain’ conditions,’” long eradicated.

errors in second language tend to reemerge which appears to suggest that.

incorrect representations may be stored along with correct éntries in long-

term memory. Selinker (1972,'5.2%5)- has referred to this phenomenon as<

)

“backsliding.”

~3 '
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A crucial issue eoncerns the effects of "untaught knowledge” in the

-

sense that students can have the1r own 1ntErpretat1ons ( preconcepxjons“)
pr1qr to 1nstruct1oh 1n a certa1n f1e1d For examee. with reepect to the

: order relation of ratsonal numbers, many”beginners would state_that 1/3 is

- >

- less than 1/4 because 3 s 1ess than 4, an effecF probably due to an

\

overgenera11zat1on of the order relation of Who1e\ numbers Tﬁis fa]se '

\

be11ef is found to cause 1ast1ng dwff1cu1ty in rational ndmber instruction
4 e -
in the sense of "backs11d1ng" (Behr,'wachsmuth. Post, & Lesh, -1984, p.333).

Happs (1984, July) points out that 18arners have definité ideas and idio-
: - . . A : 7
syncratic ‘meanings in.most topics in science and asserts that such prior

knowledge is uti1ized since the brain is apt to act1ve1y construct its own .

" 1nterpretat1ons from incoming data- and information. a]ready held in 1ong-
term memory. e

Ld

.

-As can be seen frem fhe above discuesion of the' diverse fields in
which the effects of mentat representat1ons have been not1ced attempts to
charagterpze and\ understand better the nature and‘ growth ,of cognitive
struetures neeresent a verwtab1y“mu1t1distip11nary venture that faces many>
diffjcuit problems If the know]edge acquired by-a student in the process .

. of several schoo] years,1s to form a coherent whole, it/eeemi_“QEEEEfarz:;M
. besides .of 1dent1fy1ng ch11dren's 1d1osyncrat;z\\bancene1ons, to gain
insights  into - the pr1nC1p1es of structur1ng *of know]edge represented in
memory and ‘of ways to influence the-development and 1nterweavement,.of
knowledge structures. Partfcu]ar atmenéion should-bé‘given'fo.the‘reorgani-
zation'\of knowledge through an introduction of addjtional organizational

structures which can bring about better accessto, ' and better use of, ti

knowledge a person a]ready possesses.

-~
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1.2 Background and objectives

~

Growing out of an 1nterd1sc1p11ﬁhry dwalogue conducted for several

-

semesters at the Unwvers;t& of Osnabr0ck a working group has been estab-
£ -
11shed that is aiming at further- reachxng results of mutual benef1t in . the

-

\ - T

ted instructional research in mathematics éduéation In ‘both of these .
. 'discipﬁnes, the representatmn of knowledge Hn human mem plays an

. essential~ role wh1ch has to be understood better to illuminate aspects of'

*

N cégn1t1ve funct1on1ng 1In the spr1qg of 1984, a more formal col1aborat10n y

. . - C
was injtiated to the end of developing tools that can be used in concrete

" projects in both disciplines, mathematics éqtcatidn and Tinguistics.

As a central .concern of the LAka ‘Project ("Logical .Analysis of

Cogn1t1ve 0rgan1zat1ona1 Structures‘ﬁk a model of the representat1on and

) i

organ1zat1on of knowledge in memory is being speC1f1ed. The term "1og1cél"

~analysis" refers to the 1dea of capturing structures and mechanisms of

=~
N

knowledge organization by means 6f formalllogic‘ A primary goal is to

descrwbe the: cogn1t1ve structures of ind1v1dua1s SO precxsely that, based

on these descr1ptions, a machjne can be made to s1mu1ate aspects of cif

behavior actually observed with these sub;ects Th1s approach is commensu-

’

rate-W1th one of the or1g1na1 concerns of artificial 1nte]11gence To this

;end, the model is specified as a ccmpucer program ‘using the technique of

logical programming (Kowalski, 1979).

‘ The model shall help to expiéﬁn aspects of hﬁman cognitive behavior

. when using specific knowledge in applicational sffuations. The embhasis of

the model 1is on the organizét%on_of knoWledge in &emory. The project .

B L

]Orig1na1 t1t1e “Logwsche Analyse Kogn1t1ver‘0rgan1sat1ons Strukturen”

.9
b S

| 9 ‘ . ' N ‘ )

{
areas of text understandxng/language_pro¢uct1on and psychq]ggica}ly‘arien-,
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efforts are not so much directed at identifang “m1sconceptions" or "alter-
AN

native frameworks* per se but at mode11ng how they 1nf1uence behavior and

-

interact with other concept1ons built under~the influence of schoo11ng One -

-

pownt of 1ntarest i§ to mode! cogn1tive substructures that can. be act1vated
h]ternat1ve]y-and lead to inconsistent behavworlacross s1tuat1ons; Another
point of ioteres’t is to model more ‘coolpiex' sjtuations ‘requiriug oitferent
domains of know)edge to be coordinated oo the task. -fhe mode) seems to

-suggest that the ability. and flexibility a subject possesses in this

frésoect highiy depeods on the.organization of herﬁ%is knowiedge in memory;

'organ1zat1ona1 structures of the memory system and exp]axn how they can’ be

$ /i

« In this paper we sha]l attempt to character1ze c0gn1t1ve structures as'

seen responsib]e for 1rregu¥ar behav1ors observed with school ch11dren We

. shall v1ew the structures of the know]edge«wn a person's . memory to be

. constituted by at least the following two things:

B . \ ‘ * 1
(i) self-contained knowledge 'units (“packets of knowledge");

-
.

t

’

(ii) connections between these (?organizational'networi“).

Both are the result of the 1ndav1dua1 s 1nteract10n with the out51de wor]d'

and 1nternal ref]ective processes, and both can be subject to pedagogical

1ntervent1ons In such structures is constituted the personal know]edge and

L4

be11efs of/agj(nd1v1dua1, 1n]§ud1ng all mtsconcept1ons and 1naccUrac1es

~In Part A of the paper, two cases of 1nconsistent student behavior in

mathemat1ca1 situat1ons (1 the field of ratﬁona] number 1earning)‘ are

-
' ’

,documenﬁéﬂ‘ the 0rTg1n of which is hyp§the51zed to root in the unconnected- ’

-

edge In Part B, ‘a model of the mental organization of  knowledge is

,presented wh1ch was conceptualized t¢ understand in deta11 some ‘crucian

~ LY

aSpects of cdgnitive functioning and of‘the\origins of suboptimal behavior.
N . -t . " » i : .
P _

10 T,

nesi\iio/or umrecognized 1ncons1stenc1es of certain domains of their know]-,

o

»
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2. Descriptions of student perfbrmance in applying mathematics

r | Eﬁ : L

2.1 Context . | j : \
7’ 4/ » .
The notion of rational number omprises a. conceptual f1e1d involving a

-

1arge number of subconcepts and subaSpects. Thus it constitutes a rich

]

domain to study children s graSp and use oﬁ mathemat1ca1 ideas: ‘ﬁdth

o reSpeot to any sucn\conceotua1 fxeld Vergnaud (1983) points out the 1mpor-
tance of obta1n1ng 1nsights 1nto children's use of mathematical know]edge
in applacatrona] S1tuat1ons,‘ swnce the know%edge to be learnad has to be

, relafe “to s1tuat1ons for wh1ch this know]edge is "funct1onal “ In a

- series of studies conducted by the fR%t1ona1 Number Prolect {see acknowl-

' edgement) situations were constructed that did not expresswve]y call for,'
but required a coordinated app1ication of, several subconcepts of rational

number in order to succeed (cf{ Wachsmuth, Behr, & 5osc. 1983, April),

-
P PR N “~
' 3

One of fhese stud1es is the "Gray LeveXs Study" which was conducted
-~ after complet1ng 30 weeks of exper1menta1 instruction. Inav1deo taped one-
on-one c11n1ca1 interviews, sixteen 5th- grade subJects were presented with
..a complexipnoblem solving task. -The task involved- a set of 12 fractions,

written as symbolsl a/b on little cards, which nere,seid tg represent ink -
N P 'mixtures:with g_'perts black ink in b parts solution. The fractions were
to 'pe ordered by sdze and to’be assoeiated with Stages\on a scale of (11
distindt gray ltevels arranged by increasing “grayness" from 0% (nhite) to
100%‘ﬁ(b1ack) in stages of 10% . Presented were the fractions 0/20, 1/5,

2/7, 6/20, 2/5, 4/10 6/15, 2/4, 4/8, 4/6, 6/9, and 12/15; vf;f’

—~ -y N

Altnough the visual information could be used as a gu1dance, it was
necessary to use the numeric 1nformat1on and apply fractvon knowledge in
order to perform well on the task. Requiring the coordinated app%1cat1on of

- . ‘ .
\&, : . *
e -
~ . . . i
.
?

- ) " <

11
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-2 broad scale of relevant . skiT]s. such as the'recognstion and production of
‘eqoivalent fractions, the gray levels task was expected to e11c1t how

children brxng their rationa] number’ knowiedge to funct1on in a compiex

~

| app11cetiona1 situatign. -

4

Three "of &he sixteen ch11dren were so successfu1 that the average
dev1ation 1n their card d1sp1aeement was Iess than half a stage off the
correct lecation. Other chrﬂdren WEre much Tess successfu1 -(Cf Nachsmuth

et a1 ,\_1983 Apr11) © The d1fferehces are assumed to be di! to dwfferent

ab111ty in actwvat1ng relevant doma}ns of fract1on know]edge and coord1-

: nating 1t-on‘the task. P
. _\‘ . ) ‘ ;v | v@ (
From the data obtained in the gray 1eve1s sfudy, selected interview

material is presented here for an analys1s of character1st1cal features " of .

" mental representation structures of‘ch1ldren s knowledge and of cgﬁﬁnit1ve

‘mechanisms act1ng on sych. representat1on structures\ With reSpect to /the

L
activatwon and cqord1nat1on of relevant know]edge, two ch11dren seem par-

t1cujar1y 1nterest1ng a very low performer *Terr1, and a Close-to- perfect--
_ but-not-perfect performer, Bert (not thesr real names). The observat1ons of
both can serve to generate hybotheses aboqillacks in their co§nitive struc-
" tures impeding better.performance. Dbservagoons with other subjects are |

~s. . ‘ . ‘- /
+ used to back-up these hypotheses. -

2.2 A dialogue with Bert

The pownt we want to emphas1ze first 15 that know1edge possessed by an

g 5;ind1v1dua1 is not necessar11y ava1lab1e in an app11cat1ona1 s1tuat1on'
demandxng 1ncreased cognxtive attentxon In his performance on the. gray
levels task Bert, "in genéral a relatively. h1gh ach1ev1ng subgect exh1b1ts

‘ 1}
v1ncons1stEnt behavior 1n the fo110w1ng respect. In'the begonn1ng Bert

) . ’ : . * ¢ . ) F'S
‘ B 2 S
3 . .
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‘ recognizes the equivalence of the fract1ons 4/6 and 6/9, and aYso‘Gf 2/5,
4/10 and 6/15 At this time, he is able to infer thaf‘equ1valent fractions

o

.should be assoc1ated w1th the‘same gray va!ue Howevér, 1n the course of
- j" ﬁkxng the problem, Bert “associates the frqct1ons prev%ously regarded as
f . equal with different but adsacen%/gray 1evels at abcut the correct 1oca-: 
A - txoh;. Thah-fs, 1ndependent1y q\~h1s knowTedge about fractxon equ1va1ence,

-

Bert exh1b1ts a good perceptwon of fract1on si;e When he is asked about
the fractions in questwon aftér comp]et1ng7the whole task, he realwzes his

U m1stake and corrects it. Ehrs is further commented on in the following

dialogue excerpt. S . '
0. BERT: (Early-on, sorts the cards and puts 2/4 and 4/8 togéther on

table. )

bd

1. INTERVIENER You put two- fourths and four- e1ghths together’ '

2;_‘BERT 1p1cks them up) Ihey re equal

;-~-3. IN%ERVIENE%.? T see..; would you put them on the same card {{.e.,
. gray Tevel)? L K | - '

>3£; BERT: - Yeah {now ﬁuts 6/9 ‘togefhéF withﬁ 4/6) These <two- aré

‘-equa1 oo L

~ Thwat is, before Bert starf; putt1ng cards at the gray level sCale, he
‘makes\jsome observatzons about the fractxons and only then puts -them,  one- /
by-one, at the scale: In so doing, he puts 4/6 -at the 60% level and 6/9 .
at ‘the 70% level. Similarly,.he puts 2/5 at 40%, 4/10 at 45%, and 6/15°

Y]
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at 35%"7593 Figure LK the_pe#!!!i marks were not preéént on the gray level

. scale). That is, with respect’ to piacement:on‘the‘sci1e, Bert rates these -

S

L

. fractions as very close but has 1os§isi§ht\of their equivalence.' _ | s >

v

§, INTERVIENER (after .the whole task has been camp]eted) You put six-

[ v

ninths rwght of fourésxxths,\why d1d you do that?
6. SERT., Because four-g}nths*and-a-ha]ﬁ.wou1d.be ha1f a'unjtﬂ.. '

-

. . ‘ ' * ' - .
» Bert appears to be talking about 4 1/2-ninths which indicates that he

has--empioyeﬁ a‘self-develéped‘stratggy we]1-kﬂogn from earlier observa-

tions. In_comgaring the siz:msiii§gct¢bni*\*?ertfrequently used 1/2 és a
| poiht of reference. (For ex he would find that 4/7 is less than 3/5 .

»

v by the following argumentation: “4- sevenths,a three and a-half sevenths

-

would be half a unit and.4*sevenths is ha1f-a-seventh over; 3-fifths; two
‘ and a-half f1fths would be ha]f a un1t and 3- fthhs is ha]f a-fifth over; (
- and one-half seventh is less over (1/2) than one-half fwfth so_4-sevenths‘ "
is less than 3-fifths. “) N . S
. . R ‘ . ‘\ : .
7. INTERVIEWER: ... Before, you mentioned that they are equal ... four- o

~sixths and six-qinths oo (

- 8. BERT: Oh yeah, they are! (picks up 6/9 and'4/6)_I tﬁ}nk thé;'d be
right there (puts both cards on 60%). ’

.
Ifo A
&

9. INTERVIEWER: What did you think when you put 6/20 (points at 20%)?
10. BERT: Because~ six~£wentieths is greater than one-fifth; one-fifth
eduals four-twentieths. .

.........
o

11. INTERVIEWER: You put two-fifths there .(40%) and four-tenths there (45%) ' ',

What was your thinking?

-

g

1
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> *‘ ?‘  o P2 -
12, BERT: Well, four-tenths would probably be ... well ... they're equall
(aughs, puts 4/10 over 2/5 on 40%) 1 didn't noticé this.

It appears’ that optimal performance would involve that a subject is

ab]e'to coord1n§te his/her knowledge about‘fraction equwvalenCe with solid

strategies on order1ng fractions Bavrt' s behavior suggests that he posses-i

-

ses both of these relevant know]edge structures and somet1mes is able too

n

coord1nate them (11ne 10} but the connect1ons are still somewhat tatent in’

,\ris performance on the task.

-

Even without mak1ng use of all equivalences, Bert's piacement of the

cards was cons1derab1y c]ose to correct. This phenomenon of a good'sense of

~ fraction size independent of recognwtfon of equ1valences is ‘diSpii}eg‘

similarly in the performance of four other "high" subjects, in that they

all placed 4/6 and 6/9. at different but adjacent gray levels ¢lose to the

~ corrett position. ,Notably;‘,in an interview conducted about.ooe;ha}f' hour’

. . @ . - .
later under a different format (ratio-symbols were used-in place of frac-

-

tions, e.g., 2:3 invplgce of 2/5, etc.);vBert displayed similar behavior in

‘that he put 2:3, 4:6, and 6:9 at different but adjacent gray levels.

With respect to Piaget‘é stages of cognitive development, Bert {age
10;11;24) could be considered transgt1ona1 from the concrete to the formal-

operational stage. In an ear11er interview "assessing children' s.ab111ty to

rd

compare pairs of fractions and pairs of ratios presented in a symEElicel

-

form (cf. Wachsmuth, Behr, ‘& Post, 1983), Bert had mastered each of 18 (2 x

9) tasks of varying difficulty. Thus, the above document of inconsistent
student behavior. seems suited to illuoinate some crifica] aspects about
Bert'e developing cogn1t1ve structure with respect to the range Spec1f1ty

of h1s ration31 number knowledge.

15
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E 2.3 & dialogue with Terri

oL ' ,‘\ RN \
Terri \(ege J136:28) was a Iow—achxeving subject whe was observed to

¥

have severe dxfficu]twes 1mped1ng successfu] 1earn1ng Rather tﬁan bu11ding
coherent knowledge structures guided by the 1nstruct1on, Terri was like1y< :
e tos1nvent her own, often f]ayed “theor1es“ and\procedures. Inﬁervent1ons ~

in classroom 1nstruct1on somet1mes made—her ariive at ap "1nsight" which.
“ - -
could turn out to'have been an ephemeral one the very next day. At the t1me

of the interview, the interviewer had kndwn Terrj from ,da11y _c]assroom

”

tontacts and other interviews for more than one year and was quite familiar
. : . .,. » . ‘ 3 ) ; P
v

with her idiosyncratic styles of thinking.
' ) ' - ' . 2

In working the érey levels task, ,Terrﬁ\:rr{ved at’ the folwaihg_soiu-
| h | |

© tion (Figure 2). . ~° 7
. - . /.\,‘ | ‘ ) R .;“ B .
L, O , 10 ., 2 ,3 ,-40 ,5 ,60 -, 70 B0 , 9 - 10Q&_-
. B R ) AT A R A S SN S ST SN T 4
~ . 5 4 5 7 6 = § 10 9° 15 20 f
IR . < . - Figure 2 ° } ‘ A |
:‘ ~' - '; (. ) ) | | ‘.” . . . l .

. ) ' s - TN
In the commented‘transcr1pt from thei]ntervwew fo1IGW1ng hérsolution

of . the gray Tevels task we-try iq}p1npo1nt some of the 1nconsistencies gnd
-ﬁmwsconceptions in Territ s rationaT number knowledge Her be 5§1or seemed to
1nd1cat§ that two competing’ knowledge subshrgg;uee 4§eraed a bases for her
decisions on compar1sons of fractions she was. presented with= From earlier
obsenvatrons, Terri was ‘known tg persist1ng]y call pairs of fractions -
‘ when presented to her'as;Qr1tten or spoken symbols -~ equ1valent if they had
the same dénominator. ) s -7
In cgrtrasx to th1s, Terri had now attached the fract1ons 6/15 and

/
12/15 to different gray levels (90% 5nd r1ght of 100%), apparently follow-
/r-‘ . B

: . »& .




about the two fractions 6/15 and ‘12/15: .
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!

“ing some kind of "lexicalg ordering bearing on the whole number symbois:in

'

the 12 fractions. This fact raises doubts over whether Terri hgg understood

ot all  the interpretation of fraction symbo]s:by means of gray' 1éLe1§

Hod%ver, at least in the begtnntng it seemed to have been clear to her as
will be seen from the foltowxng dialogue. After she has placed all fraction

cards at ‘the gray level scale, Terrj 15 asked at first why she has put 0/20 .

at the beginning of the 3cale (white, j.e. 0%), Terri explains:

© 0. TERRI: Because there'd be no black ink, no biack ink-

4

so it would,be>g1ear water. .

~
! ’ ' 1 ¢

After a short dtalogue about 4/8 and 4/6 which Terr1 ca11s about

equally dark, upt 4/8Irst111 a 11tt1e bit darker than 4/6, Terr1 is asked
¥

‘ -
-

1. INTERVIENER: Noﬁ; Terri, whet abcut 6/15 and‘12/15?' ~
2. TERRI: They re equaj, 13ke {laughs)."

3. INTERVIENER 0K, but you put them 1n d1fferent pos1t1ons though

w4
why did you do that?
Sl ) S

7 Note that by this quest1on, Terri's attention is called back ‘to the
. , o

task s1tuat1on where she, not necessarily through an interpretation in

terms of gray levels but presumab]y through her. strategy of.. “lex1ca1 order-

. 1n§\, has rated 6/15 and’f%/lﬁ as being different. This is in contradiction

&

to her momentary 0p1n10n that these two fractions are equal. She responds

4. TERRI: Because! That's the way I thought I should do it!

(moves and messes up chart). . ' o

Presumably, confrontation of her current opinion with her previous one
results in a cognitive conflict which Terri epparently is trying to escape
w i ’ . . \ :

. C1



.9. INTERVIEWER: 0K, did you think in terms of darkness when

. out whether Terri, in the situational context of gray levels, realizes that
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‘ | T Y N
from by destroy1ng the solut1on she constructed After a- short dxa]ogde» Y \
(Terr1 should have been asked more gquestions about other cards) ‘the inter- EQ_
. W
viewer continues (thhout Terri's soiutionkPeing‘further displayed):« ° k.:iy.”
1 . ~ . 4"
- . : . . LimEl
-5. INIERVIENER I would stilT Yike to Rnow: yoh.say six-fifteenths ,  ‘;5&!¢
X,
- . %

“and twelve -fiftegnths are equal? =~ | Lo

' . . A - g \ ‘-‘lvvy’)ﬂ
. The interviewar returns to- th1s quest1on to- find out why Terﬁ% has s

ear11er called the fractxons equal : bes1des, he . 1s 1nterested now in wh1ch

of her 0p1n1ons will pers1st through the conflict. - “_‘ ‘??; |
| - ’ s

. TERRI' Rrght.

(f‘

" 7. INTERVIENER 'But you put them on d1fferent parts..

8. TERRI: ‘Cause sjx comes before.twe?ye so I thought.that's.the

" way you do ip;..

Terri's reSponse'confi%ms tﬁéuimpFession thatjsﬁe had in mind, without .
making any connection to the gray 1evels,_ a lexicél ohdering‘ étrategy' |
guided by the whole number re]at1onssh1ps in the fraction symbols Now the
1nterv1ewer'§wants to f1nd_9ut whether gray 1evels have plqyed'any part at

all in her doing. . (Remember that in the beginning, Terri had explained her

placement, of the 0/20 card by ﬁaking reference to gray levels).

>z

you did that? ' ’ - RS

10. TERRI: VYeah, sorta like..

< . R

Terri's answer does not sound convincing. Even when gray levels have

<

played a part in her placingiof 0/20, one is tempted to assume that sfie had

‘focused on a whole number ordering strategy. The néxt question is to find

:

AR

18
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+ 12/15 reprasents a darkersmixture than 6/15 does.

3

11. INTERVIEWER: Which would bé darker?”Six-fifteenths or twe]vé—fifteenths? ;

-

]

12. TERRI: 'Twelve-fifteehths‘

She does rate 12/15 'as darﬁer than 6/15 but cap she reach ‘a conclu-

)

l:ﬁ»;‘ : sion on the orderwng of the fracETﬁﬁs 6/15 and 12/15 frqm this?

- . ’
- R . ' . . . v .

.13, iNTERVIENER* 0Ky and wh1ch fractwon ‘would be blgger?
. ]

-

14. TERRI: Twe]vé-f1fteenths
"bf \ cTerri gpbaﬁent]y infers that 12/15 should be the greater fraction of
_ghe \{wa.\,Thié inference i¢ based Qn‘ah interpretation of ~the fracfion
Symbols whitch ground§ its meéﬁing on gray 1evels, but it a]ready states a'
"greater“'(and no ionger “"darker") re]at1onsh1p between the two fractions.
(’The inferred statement, howevé\i; cont1nues to be in conflict with Terri's
earlier opinion about the rejatidhsh%b between 6/15 and 12/15 which abpar-

| t ently resulted. from her £1awed "thedry" of when two‘fractibns should be

“equivalent (i.e. , when greSented to her in a Eprely sxmb011ca1 context)

o Terri calls same denom1nator fractions equiva1ent)

-

The 1nterviewér's.nexf quesfion-ig to find out whether'Terrf'g opinion
inferred meaningfully (12/15'=gréater fhén 6/15) outweigﬁs her earlier
opinion wh1ch was based on her "theory“ of symbolical fraction equ1va1ence
A cr1t1ca1 sect;on in the 1nterv1ew beg1ns here Through careful wordwné\\
(namely,‘ as it had been used in a stereotyp1ca1 fashion in repeated inter-
v1ews presenting fract1on comparisons 1n a pu[gly symbot1cal sett1ng‘), the

interviewer on purpose attempts to trigger Terri's “theory" of symbolical

-_,_-;_,_;_;_;_;;-; : ’ - \

1 The or1gwna1 wordxng in thege interviews was like "One-fifth and one-
sixth, are they equal or is: on% less? - Which one ds less? - Tell me how
you know‘"

N - I *
Q - 19,
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~ fraction equivalence. | .
< . »
o , |

»

15. INTERVIEWER: And if 1 ask you,. six-fifteenths, twelve-fifteenths, N

, ¢

are they equal or is one'less? |
Ay

. Note that if Terr1 S “theory were act1vated by these key words, she

. - shouid reply, 'They are equa}"

16. TERR{: It'"s 1ess. o S :.

-

- -

I.e. one is less, that is, Terri does not call them equal which is
(surpris1ngly at the moment) not the answer ant1c1pated from her "theory”.
'ShouXd the conc1us1on inferred on the basis of gray levels have “ultimately

affected Terri's be11ef7 The 1nterv1ewer s next question (‘which one 1s
' ~ ' .

lless?‘i is posed even though Terri has already named 12/15 as the greatér

7

fraction. This questﬁon corrasponds - in wording and in the sequencé of

events - to the stereotyp1ca1 situat1on of the 1nterv1ews on symbalical
, . |

fraction comparisons and thus again addresses (as is _the interviewer's

hypothesis at thxs pownt) Terri's “theory" on equivalence of fractions

presented to her symbol1ca1ly - ‘ - oy

17. INTER(IENER: Which one is less? . | .
© 18. TERRI: Six... um... fifteenths.

And now the interviewer wants to know which of Terri's theories her

opinion, after all, is based upon.

19. INTERVIEWER: And why gid‘you say it's less? ' .
20. TERRI: ‘'Cause’ it... of! (puts head in hand and sighs) No,.
_ they ve equal Because they havg the same denom1nator.
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~ f L 3. Observations

y . »

-

We observe se&eral instances of the cr1t1cal part which cogn1t1ve

structures and mechan1sms play in Bert s and Terri's behav1or
o, . ' (. ' <

1. Relevant knowledge can remain latent in a task s1tuation, f.e. the

subject “knows" but does not access part+cular facts which apply ° to the
& ' .

‘situation. This 15 observed with both Bert and Terri. That 1s the1r eur--

rept oé@aoon" is not based on the global knowledge they have acquired which
/‘ *

is relev&\i to the task. Nere it so, Terri would have to ‘become aware

herself of the 1nconswstenC1es ex1st1ng in her knowledge, and Bert would

have 1o ma1ntaln his opinion about the equ1valences recogn1zed We .,can

rather conclude that the “current opinion” of the subJects is based on a

local subset of their knowledge, dependwng‘on what they are currently

focussing on. © \;

2.  Another 'point ié the possible Yack of mutool accessibility of
relevant knowledge units, e.g., in'the'context of one the subject may not
alwags be able to aocess another one. While a rather clear-cut distinction
in Terrl s behavior indicates a disparity. 1n her knowledge, Bert's behavior

glves rise to the assumption that d1st1nc€ knowledge units do exist -in hlS

mind (i.e., an "equivalence unit" and an “order unit") but that mutual,"

access is partly déveloping. This is yet another instance in support of the

fact that knowledge tends to develop in discrete units and that attentxon

has to be given to the development of a proper‘access framework.

3. We mention the.oritical role of languege cues (and of other cues
possibly generated from a situation). As is shown in the dialogue with
Terri, oertallj language can serve to shift the subject4s focus to access

knowledge contained in other memory units while loosing sight of knowledge

-

21
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C- X " N . )
. - ' .
. . . . -
. . . . .
3 - . . ) ' .
. R \

cod%aiheg"iq memory‘units accessed‘prévicusly. In a str%fing’inetance this *

J

~1s documented. in, ‘lines 15 - 20 of the transcript of _ the dia]ogue with

Terﬁi., The current 0p1n1on of Terr1 (11nes 16 and 18) is obta1ned by the
chain qf inferences she has gone through before (lines 11 - 14) and s

A

supported by the meanxng constructed from the situational context of gray .

levels. Apparent\y, the resu1tqng concluswon (6/15 less than 12/15) is

AY
still present 1n Terri's’ short-term memory whw]e the cha1n of inferences.

whxch -made her arrive at-thus COHCIﬁSﬁﬁﬂ is no longer present in her short—
term memory. ﬂBu; then the_1nterv1ewer. again, calls for reasons while

cueing he% knowledge on-symbolicalefraction gquivalence (line ]j9). Indeed,

Terri's focus turns out to have s%ifted back tq this realm: In order ta

°

give a reason, Terri has to make a new inferente, based.an her current

focus. And - no way out of there - she comes'up'(1%ne 20) with an according

opinion (changed again!); together with an appropriate reason.

. ‘

" 4. Cognitive drestrictipns can.1imit the use of relevant,knowledge~.a

subject possesses and can Q;;sib1y'inter¢ept the change of incorrect

beliefs. Regarding Terri, one is tempted to resign on the usefu1ness of a

socratic style of dia]Sgue and on whether incornact_b?lfefs of a subject

can be changed through such a df&logue.~ Admittedly, ‘the exémp]e discussed
. . .

is “an extreme one and probably requires further analysis in terms of atti-

t . -
tudinal patterns in the interaction of interviewer and subject. It shows, .

“however, that a s#ngle intervention does'not necessarily lead to -an

]

- "insight" which becomes persistent instead of being a momentary one. Pre-

sumably; the access structures calling on Terri's flawed knowledge. on
symbolic fraction equivalence are much stronger than fhe connection made on
the - basis of a severa?-steb.inference which the subject is not' likely to

achieve all by herself. A point can be made that a more global consistency

1

.2
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\
g ~ check and revision of acquired knowledge structures requires cognitive
’ : ' RS

v capabilities this child has not deveioped so.far A momentary and ingle
"1ns1ght“ is not sufficient for a 10ng term change in the cogn1t1ve strnc-

tures manifested in Terri, it w111 need more than %i\t

4, Canclhsién

In Sectxon 1.2, we made a distinction between units in wh1ch know1edge‘

b/

is stored and the globa1 organ1zatwona1 structure estab11shed by the con—
nact1ons between sueh un1ts. It is one thing that a giéject can have
o acquired..incorrect knowledge (e.g., Terri's fTawed theory-.on fraction
| equivalence); it is yet’enotner thing that relevant knowledge, whether or

not it‘is c6rreet; does 2§§t2:come activaﬁen in a situation when it ehou]d .

" be, Moreover, sthe fact t incorrect as well as eorrect knowledge on the

sane topxc can coexist in memory calls for partxcu1ar attention on how

1nstruct1on can help to 1mprove access to the right p1ece of knowledge at

the 1r1ght time. The study of mental representation structures. appears a

*

{ ' . . ) ;
central issue in this respect. : . P
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'Part B: A Computer Mode) of Student Performance

1. Introduction: Computer simulations ofijnte11igent‘behevior

;The centra] idea in the theoretwcal study of vartificial inte11xgence"'
(AI)“is "to proceed on the bas1s of the conJecture that every aspect of
1earningp or any other feature of 1nte1}1gence can in prlncwp]e be so pre-y_

*C1se1y descr1bed that a machwne can be made to simulate 1t“4;(or1g1na1
wordxng “of Rockefe]?er proposa1 for the Dartmouth con;;?EEEe \LE 1956; cf.,

~'McCorduck 1979). Fol]owxng the paradigm that the human is an nntormat1on
process1ng system, Al is the study of how to organ1ze processes to br1ng

-~

" about 1nte1ngnt" tbehavmr. : ' . e

The SO~ ca]led i\Egrmat1on processing, approach,1n}cogn1t1ve psycho]ogy
is based on'th1s paradigm ‘The human is rQyarded as a.system that takes wn_-
and processe5g1nformat1on, and human behavior is 1nterpreted as the result

‘of such proce§s1ng of 1nformat1on Information process1ng mode]s const1sgie
-an approach of extending Pwaget s researbh questwons (How is know]edge
.structured at different stages of cogn1t1ve deve1opment?) to reach for an

; .

understandxng of the process of change of cogn1t1ve structures whxch occurs
as a re5ult of an individual's act1vef1nteract1on with the.outs1de woer.
~The basic idea of.modelino cognitive processes in the computer is that
“Iearning to ‘generate is 1e5rning Eo 'understand.“ Rigid 'restrictions
imposed ,on computer simulations of'eognitive proeesses require: that not
only the product, i.e. :the "int\\1igent"'behavior ethhited but also the
processes g1v1ng rise to such behav1or resemble those observed with human
performers. T
The computer simulations. of human problem solv1ng processes eérried:

out 'by Newell and S1mon 11972) in the 60 5/70 s heve ‘demonstrated the

’ N

B o Lo
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possible ways in which AI can contrwbute to an understand1ng of cogn1t1ve
processes. An example where such approaches have been exploited in_ the
Vidoma1n of mathematical educatron is the work of Briars and Lark1n }1984)\

| | They have compared computer s1mu1at1ons with, empwrwca] data from children
e so]v1ng e}ementary 1eve1 word prob}ems and have concedﬁdﬁﬁ1zed computer
‘ \
modeis .of different complexity to explain different levels of bproblem ,

.
oy

y hsolv1ng skill, S " ' ﬂ - | o ;
. ‘ 'ix , . . 3 ) - ‘ . . :n e . .
S r v ' . , EARE -
*!n contrast to behav1or1st1c approaches, the main advantage of the
» '- mformatmn pﬂcessa&" approac hes 1n a dftailed analysis of problem

‘ so]vwng processes that makes. Spec1f1c assyr tions about components  of
’ = &
ﬁ%ﬁ}aﬁ processes. A central role is attri uted to- the way in which knowl-

edge is represented in memory It seems that prob1eh solving skill depends :

to a great extent on prpb}em understandtng as supported by the qua11ty of
F'y
menta1 representatwon and organlzatron of know!edgea Thus the f1e1d of

: “know1edge reprﬂsentat1on“ is viewed as crucaal for obta:n1ng 1ns1ghts into
¢« N

formal,knowledge and thinking structures. .

- - . ' B ol - » . .
L

An information processing mode] is“édgmoh]y formu]ated as a computer |
program as’is the case w1th the model to be presented 1n this paper.,_The

'ratﬂonale for this 11es in the complexity Of human behavior; even a: ‘ﬂode1_

: restr1cted to only some aspects must ref]ect thws complex1tj to a certaxn
,‘\extent (cf. Briars & Larkin, ! 1984) - It is not claimed that 1nformat1on

' .\processing mode1s can capture the r1chness of human behav1or in every

. d aSpect that can be thought of. Even when leaving: as1de affect and mot1ve,

tﬁe modeling of cognitive behavxor poses complwcated problems as is:

Pat “

_explained in more deta11 in the sections to follow. Under the assumption .

that cognitive behav1or is produced by the compIex 1nteract1on of 1dent1f1-

“able laws, the coMputer proves to be a tool for generatrng predﬁct1ons on'

..
R . . L . ~ »,1,‘ ‘
- B -t - ‘J’”, .- . .
: ! LN O
! : o ’ D ‘ . -
- 3 ) .
‘ . ¢ ' v ) L
. v .
. . o

-~ . . '
. - . . '
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fthe kinds of behavior possxbie w1th an accuracy hardly. reached by other

means.. This is the gu1d1ng idea in the approach presented here.-

nrmrt

’2Q'The Computerlﬁodel

In the remainder of this paper, we present an informat1on process1ng

1

~

. model which was conceptua]ized to explain aspects of the cogn1t1ve behavior

of. human bexngs when using spec1f1c knowtedge in applicational situat1ons

-

The model is SpECTfIEd in the form of a computer program in the Pro1og '

language. . Prolog (“Programm1ng in log1c“) is used 1n artificial 1nte111- -

gence in the doma1n of h:hw1edge representat1on and for construct1ng expert
systems It embodies the concept of a “theorem prover" ‘that works w1th a
knowledge base cons tyng of . axigms ﬁfacts and rules). The mode] is imple-

g 7984) which is & highly interacti‘ve Pro]og

"mented in MLOG 2 st-&.Gust

?

system’ developed for use wih m1crocomppters based on the 280 processor A-

¢

first running versxon of the model is ca]led LAKOS.1.
| g

LAKOS.1 1& a system which can perform natura1 language dialogues of a

T ,

restricted, standard1zed form w1th a user. Thereby the user proceeds by'»

ask1ng questxons or probwng behavior in a simi]ar way as in a d1agnost1c "L

-

1nterv1ew The computer takes the ro?e of an 1nd1v1dua1 some rud1ments of
'which are modeled in the ‘machine, and answers questwons or executes . com-

mands, *from the 1nd1b1dua1 ts p01nt of view. The syStem's responses are

dnpplayed on the term?nal They represent the - act1ons or answer statements :

of the individual- as predicted by the model. ] -

It is important to note that the ‘way how the system reacts to an 1nput

does not consnst in a choice from a range of pre- programmed answers, {in the

. sense of stimulus- reSponse behavior). Rather, a reactiop is generated ad-

hoc as a knowfedgefbased process. ‘That is, the actions carried out by the -

L . LI “
‘ -“ —~ » ‘ ot v ‘
' L = = 4 -
D | 28
- ¢ N
. K : »
. . '
f ) N ‘ : "
\ ' ¢ . . " ' : B

&% -
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3

system is given rise to by its body of knowledge The potentxal actxons of~ L

the system depend on the organxzat1ona1 structuring of 1ts knowledge base.

Depend1ng on the course of dxa1ogue, context and wordwng,' 1t is possible

that inpots connotxng the same mean1ng“ are resoonded to by dwfferent,

| «
-

possxbly 1nconsistent, reaet1ons. :

.
A Y

-y -

,+ In the following, alehont descndption of the System' is given. More X

detaiis -are presented_inﬁSection 3 where an applioation of  the computer

mode] is'demonstnated As is seen in Figure 1, the system cons1sts of a
user 1nterface, a knowledge base referred to as long- te{n mem04[, and three
&-.J\ - .

processes, - PARSE, EVALUATE, and RESPONSE whmch constwtute components in

the cogn1t1ve process1ng'tarr1ed out by the systemso In terms of an expert E

system archxtecture, EVALUATE cou1d be termed the "inference engine" of the

system Further’ componénts of the eystanjgjha‘semantxc short- term meﬁory'

and ‘a mechan1sm regulat1ng the act1vatwon of know]bdge coded in long- ténn'
. memory referred to as focus. LIn ngure 1, double arrows represent.the fiowf

of information in the‘ em when processing an input, and simple arrows

N

- - . L 8

The system. accepts standardized natural -language 1nbuts and s commu- -
nicated with via the terminal. A question or command statement posed to the - -

system. must\first be understood 2? the system. This is aecompixshed by the

- process - 'PARSE which attempts to decocnpose an 1anut sentence to obtam a
R

structured symb01 strrng repre§§nt1ng its mean1ng in a form the‘system can

deaT. with. We wuse the term semantic representation to refer to such a

{
symbol string. when attempting to construct a semantwc represehtat1on of an

1nput sentence, PARSE accesses lexical Language records in - long-term
memory In this process, a stbset of the knowledge recorded in'long-term

memory is act1vated | -, ,

’ | ' . SN 29 . )

o
.;p-;f T
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;thgfferm;meﬁofyﬂ{knowledgg_hétwqu}_ ‘
. w‘. : . ‘ . S X
L Focus Semantic | .
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: User interface B
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Figure 1 The system LAKOS.1.
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1f PARSE is successful ("ftnxshed“). the process EVALUATE will search
. the activated part of the knowledge base for relevant 1nformat1on to proc-
ess the input and use this information in order to produce an answer, more
exactly, the semantic representat1on of an answer.
If the eeeluatlon process is successfui, the process RESPONSE. seeks to -
generate a Xanguage answer and returns 1t to the term1nal The semantic_
. representations of a bound number .of answers produced in the course of a
d1aTogue, together with the representations of the correspondwng questxons,
are kept 1n short term memory That is the regults of 1n€erences just made

T F.u are availeb]e for possible®use in the evaluat1on of further questions. -

The know]edg’dtn long term memory is organ1zed in the form of a  net-

nork‘wh1ch we refer to as the knowiedge network. The nodes of th1s network“"“
-tyoicatly contain two types of records. F1rst1y.o/they contain lexical
Ianguage records, j.e., symbols with‘associated meanings in afform usabie
. ' by the.system SecondTy, the nodes contain knowledge of a particular fweld _ .
. of discourse .in the form of abstract rules. These ru]es can be 1nterpreted_~ |

as abstract ways to think and act {similar to the notion of schema as used

hy P1agetl We use ﬁhe term knowledge elemeni ‘to refer to a 51ngle record . .

e
in a node of the knowledge network A knowledge‘element can be employed

- when it is marked active and when the data or part of the data of an Input
w0 .
,string match its structure.

v Y

S~

. From the way the nodes areinterweaved'to:forn a network, the knowl-
edge ,structures {(i.e. the interdependencies of the.schemate) of the model
are constituted. As was said above,. access to the}knowlédée tn. Tong-term
memory . is subject to restrictions: Only knowledge activated in the' \given -
situation can be‘empYoyed. The a¢tivation of knowledge is realieed through

."

¢ R . :
.o L]
7 ' - ¢ .
. .
- ’ N -
. ,
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a‘ focus mechanism whigh tags the knowledge e}ements‘;orrently accessib}e, "
The facus can shift during a dialogue is in progress. From this, a dynamic
partitionino of the know1edge network in acyive and in fnaCtive knowledge

is resulting. C - -

Py

The fxrst version of the LAKDS mode] assuﬂfs a tree Tike structur1ng

‘of the know]edge network. On the. bas1s of this model version, ;he concepts

| Sof activation, accessxbihty, “and range specifity of knowledge can be'
‘ | introduCed' in a prec1se way, and s1mp1e processes of understanding can be
simu1ated An advanced version currently in progress will take 1nto account
'generaY lattice structures, and a mu1t1-focus mechanxsm sha]] allow to

model more complex processes of understand1ng Future vers1ons are planned

to be capab]e of knowledge acquisition and reorgan1zatxon on the1r own to

aTlow for processes of 1earn1ng to be modeled~ The current version consti-
"tutes a mode} which (at run-time) 1s.§£g£15 with respect to its know]edge

and is utilized from the aspect of reproduction ’of behavior allowing ‘ﬁhe

study of psychological segments of inte]Tectua] behavior in the,simulation.

< | AN

Based on emp1r1ca1 ana]yses of processes of the acqu1srt1on and use of

b} ’i:“

specific know]edge (in mathemat1cs) fwrst app11cat1ons of’ tne del_sane“_«_ﬁ__,mﬁ,

aimed at exp1a1nqng aSpects of behavwor exhib1ted by 1nd1v1dual school , y

ch11dren in ratienal number srtuat1ons The empirical material used stems

from a long term exper1menta1 teaching study conducted in 1981 83. in.‘the. .

USA (the "Rat1ona1 ﬁumber Project"). Formatted transcripts of videotaped |

documents, backed up by daily obserrer notes (see part A), served as a
'basis for an 1nstantxat10n of the model that simuiates behavioral aSpects_
- of a part1cular individual. Ihough‘the points raised pertq}n to che‘realm
.of rational number 1earning, the ihsfghts gleaned from these examples are4

#)

believed to be of general relevance to mathematics and science learning.

o A
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3. An aﬁplication of the model to explain mathematical behavior'

. ( -

%.. ‘ . . .
In the fo1lowing sections is described how the computer model can be
used to exp!axn the mathemat1cal behavxor of a student in an app11cat)ona1

sxtuatﬁon. Thereby, the emphasis lfes an the mode11ng technique.

. 3.1 Inconsistent student behavior in .applicational situations

In Part A of this paper, we have discussed the phenowehon of‘ renge ,
Specwf1ty of knowledge. lt is hypothesxzed that this phenomenon can be the
,or1g1n of instab]e student performance when using mathematxcs in app11ca-
‘ t1ona1 swtuations - 1nstab1e performance which does not arise from m1scon-
ceptions in the f1rst~p1ace but from the fact that the BeTawn 1nxr‘h1ch'
certa1n knowledge can be. applxed is constra1ned ‘The qua5t1on is whether.
the knoyledge is instab]e itself or whether the act1vation of knowledge is
subgect to variatxons “We c1axm that the second is the case and emp]oy‘the4‘

‘computer«model to elucidate the condxtxons g1v1ng r1se to sucﬁ~varwat1ons

i

~ The idea of uswng a cognitive mode] %o exple1n behav1or 15; baswcale,
to f1nd rational ("logical") explanatwons for behavior wh1ch appears to be
errratlonal.;,Uang the,LAKnsemodel and its conceptual framework processes
o% knowledge ut111zation can be analyzed and descr1bed in a concise way.

Particular aspects_can be s1mulated for making the analysis more precise.

In Part A, we have used interview excerpts for an analyéfs of charac-
teristical 'featuresv of two Sth,grade children's mental represehtation
structures‘ ang of cognitive mechanisms-operating on Such strﬁctures. ~Ne<‘
found indication for séveral factors inhibitino an optimal use of knowledge

in an app?icetionar situation, such as the latency of relevant knowledge

i

) ) : [
and lack of mutual access.:

e |
I d
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For exaeple,’ from the interviey with Terri, we drew the * conclusion
that two oompetitive domatns of now]edge Specific to certain situatwons
can be 1dent1f1ed. These domains_compete with reSpect to certain.types of
problems which can be dealt with on the basis of each. Triggered by contex-
‘tual cues,’ each can oe activated independently of the other,'vhowever; a
connection across the differént,situations ts\laoking., When contradictory
answers given in different contexts are contrasted ih the interview, the

inconsistency in Terri's khowledge is revealed apd a conflict is resulting.

The LAKOS ‘mode] is capable of generat1ng some aspects of such behavior

A\
based on knowledge structures hypothetically specified. We use the case of

Terr1 to present further facts about the model and to demonstrate its use.

3.2 The TERRI;prggran |

B

TERRI is a program which models the hypothes1zed knowledge structures

of * the student Terr1 in a restricted doma1n of rational number know]edge

(size comparisons of fractwons) The program C 1sts of the system tAKOS.l

~ with an instantiated knowledge network” Aspects of behavior actuaIIyt

observeogz}th-ﬁerrw can be swmu]ated/by conduct1ng a dwalogue in the style'

of a diaghostic interview with !he computer Thereby, the machine takes the

role of Terri.. Usyng the keyboard, a user of the model can pose quest1ons

\.orf'command"statements to TERRI. The responses of €he system appear on the

screen in. the form of proposit1ons which represent statements or act1ons

that are derwved from TERRI's knowTedge base. By askwng WHY? the computer

-

mode1 can be made to give a reason for its last answer.

The answers of the mode] are not necessar11y consistent but can vary

depending on the current context wording, and part of the h1story of the

-

course of dia1ogue. It is p0551b1e that conflxcting answers are recognwzed

T 3

P
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.8

by the system'if they are agpropﬁiate1y contrasted in the dialogue.

]
—

) The main effort in implementing the system was devoted to modeling .
Terri's knowledgé structufes. Less attention was given to the standardized

form of language (a matter requiring teChﬁica] efforts), as Tong as TERRIfs

. answers are inambiguous.

3.3,How the model works

R
A s1mp1e exampTe shall demonﬁtrate how the model works and serve to
exp1a1n more techn1ca1 details. Given a question like “1 /-4 and 1 / 3

which is less?” TERRI would reSpond that the second fractwon s less from.

~hthe fact thag the numerators are equal but that 3 is less than 4. In_ thé

current version of the model this comes about as follows tby the system

prompt, I'M TERﬁI)lis,indicatéd that the system 1is cﬁrrentlygct1ng on the

basis of Terri's hypdtﬁetica1 knowledgé and is awaiting an iﬁput): |
. ¢ D . T | :

I'M TERRIY 1/ 4 AND T / 3, WHICH-LESS?

1/ 4AD1 /3, SECOND-LESS! ____ FOCUS (F 2:¥1)

I'M TERRI) WHY? . | |

BECAUSE (EQ 1 1) (LESS 3 4)! _ FOCUS (F 2:*1)

¢ . -,

Part of the answer generabed.by the system indicates in which focus
TERRI has answered the‘guestibn. UEOCUS (F 2:%1) means that a subnét df
TERRI s fraction know¥edge was activated, wﬁ{ch in this case cohsis%s of a
s1ngle node, (F 2). This node contains, ér has access to, 1anguage records.
ngwng ‘riseé to the construction ofa semantic representatlon of the gques-
tion. It also contains rules whose premises match the representation of the
qﬁestion, in which the aﬁtuai data could be~embeddgd, and by which an

answer to the question was giveh rise tg. ~In this sense, (F 2) constitutes -

.-

35
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L 4

an adequate knowledge representatxon structure as postu]ated by Davxs,

Young, and McLoughlin {1982, p. 119)

£y

An example of & language record is given next. -
\ (,SEMi*CUREENT-FOCUS TALK: yHICH-LESS' (OR <>)ﬂ/)i
This means that the PARSE procees,- in constructing a representat1on of a
: Ianguage statement replaces the express1on NHICH LESS by the string,
R ). In th1s case the node index.is unspecified (note that variables
are marked by *}, that is, this language record is "yisible" in any current
focus. The semantic *representation"of the first question in the above

e

-dialogue reads as follows:

. (2 ((oa'< >)(14) (13))

That is, the system Wwill eva]uate WHICH- LESS by test1ng whether the Tleft
term is less than the r1ght terii or whether the right term 1s Tess than the

r . left term.

An example of a rule is given next. .

(SEM (F 2:%1) RULE TRUE (< (%X *Y)(*U *)) & (EQ *U "KULESS *Y +)

This means that, focussing on node (F 2) or any subord1nate node (1. €.y a’
& node whose indevaegins with “F 2"), TERRI will f1nd that one of tyo frac-
tions with same ﬂﬂlliﬁﬁﬁiz to be 1ess whwch has the smaller denominator.

A working cycle of the.system coﬁé?ﬁiekef~threeA major steps (cp.'

Section 2 and F1gu¥e 1): (1) the constructwon of a semant1c representat1on
of an input statement (PARSE), -( ) the search and app]lpatxon of . knowledge

to construct a response interna]1y (EVALUATE), and (3) the synthesis of an




-
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according Tangoage response (RESPONSE) Only the actwve part of TERRI's
LS
knowledge base can be used in this process ‘where it depends on the current

focus which know1edge is access1b1e 1o understand BQF answer a quest1on
S y ‘

‘ If the process faxls at any one of the three steps, an accerding
message is put out If PARSE fails {1.e., tne system cannot interoret/the
1nput). the response is: _DGN\T UNDERSTAND! eif EVALUATE fails (i.e., the
'input was. onderstood but no knowledge to answer the qoe;tioniwas ‘found),

" the system responds by PGN‘T.KNON! ‘If‘fina11y RESPONSE cannot produce an
answer statement for a finished evaioation (i.e., the eystem “knows" an
answef'but is lacking ﬁords to exoress it), the systen pots out: CAN'T SAY!
“In thws case the semantwc representatxon of the answer -can be 1nspected by

11st1ng the contents of the short- term-memory | a ot

3

3.4“Mode1ing>structureé of know!edge and access

. . .
= : I’
. o % . -

As the ba51s for the mode1 it is assumed (see Sect1on 1 2 +in Part A) o

that the 1nd1v1dua1 structures of human memory are const1tuted by (1) self-

-

conta1ned knowledge units (packets of knowledge) and ,(7‘) connect1ons

between these (organizat1ona1 network). In the terminology introduced in |

Section 2, we say “knowledge network" to refer to this k1nd of a knowledge

structune. A knowledge unit is comprised by a single node or‘by a subnet

consisting of several nodes.

The central idea of this mode]ing‘approach is ~that thé~ potential.

actions an- 1nd1vidua1 is ab]e to perform are determ1ned by his/her knowl-

- .

~ edge network. The power of the computer model thus lies in the fact that
its actions in the course of a simulated dialogue is given rise to by the

organwzat1ona1 structuring of its knowledge base.

37
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3
.\ )

The modeting of behaviora? aspects of Terrn (the ind1v1dual) in the
" TERRS* programrwas accomplished as follows. Based oh prdtocol analyses of;
cltn1ca1 interviews, the hypothetic knowledge structure of Terri concern1ng h
size comparwsons o;\tractions was mddeled in a network The knowledge of
Terri was grasped in single eleme_nts‘ eech tonstituting\a modu%ar piece of-
. Terri's knowledge. Each knowledge element‘was formulated as_‘o log§Cal
proposrtxon and was stored in an 1ndexed memory node. Thereby, knowledge -

., 'elements observed to be gpintly access1b1e in a certa1n context'were-put in

the same node. ‘That is, the questton wh1ch knowledge element 15 accessible

i~ in a given context depends on‘the 1ndex1ng of nodes. As for the 1anguage‘
'records, those words playing the role of key words ‘for the activation of a

~ knowledge element were put in the node holding that element “Words that

were understoodracross situations were put in higher'nodes.
,p' .

. . The- knowledge network (i.e., the "cognitive structure") of TERRI as of
the first ver51on of the model is- dep1cted in Figure 2. Each of the nodes‘
- shown conta1ns a number of (up to 16) expressxons conSt1tut1ng language

records or knowledge elements.

N

At the oeginning of a dialogue, , the system is in “neutral” focus, R
o represented by node *. 'ﬁt that time,: the tota1 knowiedge base is accessi-
ble. Some records in node * -serve to understand gengral pr1nc1p1es of the
sentence structure, for example, how to evajuate composite quest1ons con-

ta1n1ng the word "or?.‘ | K
0 . ' g ! | _ .
~ The system contains knowledge about the size comparison of fractions

{(node F} .and of whole numbers (node W). Node W has several knowledge
e1ements form1ng a basis to understand and to answer such questions in the

realm of whole nnﬁbers One element serves to make sure that the knowledge




N - _,‘ « N . . . . . . [ o

-
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of this node can only be applied in the intended domain, ' that is, when

.“.Q

whole number questiops are posed.

-

-~
-

‘neutral focus

size comparison A
.of fractions

Size comparison
- of whole numbers

-
o

b
. ~

8 =L b=g . "lexical" ordering
”b | a . of fractions
. o K < : ' e . |
¥ 4 : Cowlodee ne of -

. Figure 2 The knowlgpge network of TERRI

!

Node F nges access to TERRI's fraction knowledge Liké node W, it

_conta1ns an element restr1ct1ng utilization of’ the knowledge to the intend- '

ed domain (of fractions). Other elements.serue=to understand,and generate
language. TERRI's knowledge of‘fractidns has two sbbnodes which 'cqntain

rules correshonding to misconCeptibns observed-with the subject' Terri. In

some swgyat1ons, Terri wouId regard same denominator fractxons as equa1 in

other 51tuatzons, she would order them in & 1exica1 fashion according td :

whole number relationships~of numerators and denominators (see Part A).

Figure 2, the “key" rules giving rise to such behavior are mentioned. Which

+

-
: [

,
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of the two nodes. {F- 1) or (F 2), is focussed ohj‘depends on the use of key
Q\m)rds in the d1a}ogu/, To thte-enﬁ\certain 1anguage recm-ds are. orﬂy

) ‘avatlab1e in one of e1ther nodes that is, they are situation Spec1fic.

~

Ne use the term v1sib1e knoWlnge to«refer to al] eiements in the node

currently focussed on and in 311 its predecessors. Note that the visible - 4'i ::
: know]edge at ‘a-given t1n; is comprtsed by al] nodes on the path from the | |
top node to the focussed node. The domain re!evant for processwng an 1nput | | -
‘1s the*§1sib1e knowledge. If more knowledge is needed while the processxng | ‘,,8
of an 1nput 15 in’ progress, the focus will sh1ft further “down" Q(toward ‘;
more_Spethic knowledge), following .the 11nks of the network We use the

 term accesswble knowle@ge to refer to al] successor nodes of the tocus

node and we say actwve know}edge to refer to both visib}e and accessible'-

I‘,

' knowledge B ‘. - N o )

¢ |

Overall th1s -process of focus adJustment §£¥es rise tosa dynam1cal u
part1t10ning of the kno edge baSe into active knowledge and inactxve e
*t'know}edge ~<i£é. the comp] ent node set of the active knowledge) For |
examp1e, if (F 1) is the fpcus node, “then the.ect1ve knowledge (whxch is
tota11y.v151b1e_1n this case) consists of the elesents in the nodes *, (F),
and (F 1), .while the knowte&ge in'(wJ'and (F 2) is 1nactive in this situa-
tion. In this sense, acceis structures are determwned by the topology of .

the graph of the know1edge network. k o S | | )

If”an input'cannot be processed oh the basis of the knowledge current? - \_ 2’
1y active,‘ the focus will shift "up" following the path of visible knowl- .
edge and then '"down" another branch of the know]edge network if sttTl
given. one. This process is recors1ve1y repeated untit enentuolfy,' the .‘ ,*~?t;

.’ system succeeds, or fa1ls, in generatxng a response

X ‘ ~ o
/“ '

10




".the precedent answers, 1t is p0551b1e that an opinion prev1ously taken by.
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Vhen a whole workxng cyc]e is completed the focus will remain-at the

.
Py

current nodef and wtti be the starting focus for the next 1nput - This’
feoture is xmportant sxnce it brxngs about that the next\input, from the '

bEgnnn1ng, witt be 1nterpreted in a certaxn context { m1nd set*).

.- . _ ‘v .“ v ‘\ .

In the the current 1mp1ementatxon of'TERRI the semanttc representa—
| t1ons of the last four questions and answers ere kept in short term memory -
' By th!S it is possxble to. generate cogn1t1ve conftxcts 1n the: fo1lowxng' |
| way. From swtu3t1ona1 cues in a dialogue the focus may sh1ft to’ act:vate a
d1fferent part of the know\edge base such that a consecutxve questwon is'”

‘ 'vtnterpreted*in a different context Then, based on the system s memory of

"the system can be repeated even when it cannot be 3ust1f1ed (i €.y der1ved;':

i

from act1ve knowledge) 1n'the new context For example; ‘this is the case

- "y -t

’ when ‘a question is posed a second time but a dvfferent word1ng is used and

. Whe relevant knowiedge of the two contexts in which the questwon can be

i
[

Lo
W

-} '

. understood is, 1ncons1stent ance the system remembers ats prev1ous answer,
T '

1t wi]l reSpond as beforeﬂ A consecut1ve NHY questwon, however, will cause

\

the system to ac&pow!edge a conftwct since a contred1ct1on is recogn1zed

«

3.5 A;dialogué'with TERRI : | - "
B e U . | -
Y In"Figure' 3, an original protocol of & dialogue conducted with the
bomputer"modettunile itvaCts'on the besis of th above knowl edge network is
LS

-

reproduced Incons1stent behev1or 1s observed in that TERRI's op1n1on of

the - srze reiatTon between- 6 / 15 and 12 / 15 changes severalr-times At

I

about the midd\e‘of the protoco? the ‘contents of short term memory are

11sted From these can be seen ‘that TERRI s current op1n1on of 6 /15 betng-

1ess than 12 / 15 is st;11,present when context (F 1) 15,‘ cued by the key

“
. : _ o

a’ -

Sy

A computer ‘model
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’ . .\ ’ | ’ | ‘ ) ' -. '
~words  “equa) or one, Tdss”, accessed enother time. But 1n th1s context
TERRI's  arfswer ‘\tatement cannot be justified and the recognition of "this,

L 1nconsrstency results in a confltct (see Figure. 3) o .

- ) . / ,
g

. The origin&) dtalogue'with Terri wh1ch was eommented on in Part A-

stems fro? a s1tuatton more comp!ex and probablyvrequires further analysws -

in terms of attitudinal patterns 1n the tnteractton of 1nterv1ewer and

Q{- t

subgect., It must ‘not be overlooked that such- patterns also contr1bute to -

| the behavwor of a subsect. That is, . the décisxons to act made oy Terrx

‘ ‘certain1y eannot be explaxned on a sole cognitive basis. However, Terri's

g pg§s1b1e wqx; to act are. copstrawned by her knowledge repertoire - “false"

- actions exh1b1ted by Terri must also rely on an’app11cat1on of knowledge

)

reprodutt1on of some aspects of Terri's. behavvor preseqted here&sha1l serve -
to. discuss the poss1b1e con€r1but1on thatégs offered by a Iogxcaixanalys1s

of Terri's cogntttve structures in terms of the mode?.

-

- - h.' - oo R

o 1t is mentioned that in the current version of the model there ds no

technxcat, restr1ctton (except fqr storage SpaCE) to program - knowledge

)

networks of a mucbnnore complex structure than that of the TERRI modeT The

compltcated quest1on now is how to actuallg;set up‘a modei Dy c0mp111ng

3 X ey

knowledge elements in nqdes and by Specifying node ind1ces At present,

-becauée of  economical reasons, it was deC1ded to reproduee observed behay~

“ior with minimal ossumptwons (3. e., by a network as simple as posswble)

the case of Terr1 thxs procedure W Supported by the fact that re1at1ve1y

<
Y

dwsttngt know]edge un1ts could be 1dentif1ed from her behavior. o
] - : ‘

&
Wk
oo

E1Y

she possesses, possxbly in an qnadequategnnstance., In thxs sense, the

ES

¥ D

G

~
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- _1’M TERRI> & / 15 AND 12 / 15 , EQUIVALENT?
DON ¢ T UNDERSTAND!

I/M TERRI> & / 15 AND 12 / 15, EQUAL? ‘.

YES , 6 / 15 AND 12 / 15 , EGQUAL! FOOUS (F 1:%i> .

1M TERRI> WHY?

Vs

~ . BECAUSE (EQ@ 15 15Y! __.___ ‘FOCUS (F 1:%1>

Y

1°M TERRI> 12 / 15 AND 6 / 15 , ARRANGE-IN-ORDER!

6/ 15 AND 12/ 15 ' ___FOCUS (F 2:x1)
B X M TERRI) 6 /.15 &ND 12 / 15 , WHICH-ONE-LESS? | e T
‘ & / 15 AND 12 / 15 , GIRST—LESS' ———_ FOCUS (F 2:x1) ﬂ

) M TERRI> WHY°

BECAUSE (LESS & 121 _____ FOCUS (F 2:%1)
1‘M TERRI> STM! _ = - ( . L

(8T (! (BECRUSE TRUE (< (& 15) (12 15)) (= (LESS 6 12y (? (NHY))) .
(STM (! (< (6 15 (12 15))) (7 ((OR < >y (& 15) (12 13)))).
(STM ¢! COUMITY (6 15) (12 15))) (! (ORDER (12 15) (6 15)))) .

“ (STM ! (BECAUSE TRUE BB (6 15) (12 15)) <= (EQ 15 15))) (? (WHY))) s
1‘M TERRI> & /15 AND 12 / 15 , EQUAL OR ONE-LESS? u-' o
"6/ 15 AND 12 / 15 , ONE-LESS! | FOCUS (F 1:%1) ]
1'M TERRI> & / 15 AND 12'/ 15 , WHICH-ONE-LESS?
6 / 153AND 12 / 15‘, PIRST-LESS! meeem FOCUS (F 1:1%1)
1M TERRI> WHY? S A - (
(¢ GONFLIGT >3> (< (6 15> (12 15)) BUT (= (6 15) <12 15))
BECAUSE (EQ 15 15)! . FOCUS (F 11%1)
1 M TERRI 6 / 15 AND 12 / 15, ONE-LESS? :
© NO, 6/ 15 AND 12 /15, EQUAL‘ A #ocul (F 11%1)
1‘M TERRI> WHY? . . | |
BECAUSE Eq 15 15! FOCUS (F 1:%1)
- | S Figure 3 A dialogue with TERRI
- 1 \ ‘\

43 -
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4. A tentative conclusion

- o
s

Based on the hypothesxs of what Terr1 s current cognitive structure

with respect to svze comparisons of fractions is 11ke {as expressed in

-

¢
terms of the model) it is possible to obtain a dxagnos1s of the origtns of :

her ma]performance and to speculate about Jdnstructional procedures whxch

can brwng about progress in Terr1 S cognttive development It shou]d be

‘understood that the following remarks are of tentattve nature and need

-

furthej discussxon or crwtxque.

. ) |
As is derived from the‘model, the instability in Terri's performance

”is'due to the fact that»she activates different knowledge units when trying

>to -respond to a quest1on on the basis of her changing interpretatxon of it.

As long as the knowledge network remains as is, Terri's performance cannot‘

become stable since there is no bas1s in the network providing for that
Thus, the knowledge network needs tg\?e changed S1nce there is 1ncrea51ng
1ndicatwon in the 11terature that knowledge is subJect to accret1on, it has

to be asstmed that "false“ rules cannot be erased.

f .
/ . ' .

/ ‘ .
The model suggests that performance ean be changed if a new node is

" created. which contains information on which type of rule not to nseg(i;e,,
intercept application'of -such a rule). Actua‘ﬁy in Terri's case, her not“

of the word "grder” and the word "equal“'needs to.obtain a new interpreta--4

tion in_the context of fractions (by “not1on“ is meant what ways to act are

available to her in the context of these words).

L4
. . C Ay

We suggest‘ that. the effect of alternative frameworks can' only be

controlled when a new “higher" node is estab1ished in the know]edge'network

~

which has access to all alternative ways to 'interpret the data m a Wiy a -

Fd

tion (“"awareness of the range") together with a rule ach1ev1ng appropr1ate

14 S
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discrimination\(inhibition of “false" interprétatiéhs). c \\

‘~ But one.shpuld Le caqtious with such an angumentf The installation of
an %nhibftion'in the'humaﬂ minﬁ is not just like “putfing in. another rule."
The “backsiiding“ phénOmeﬁon'suggests that éccess ;trﬁctqres.may be in~ 
stable tﬁemseives. The.“range Specifity" phenomenon suggests that"stablg‘
performance’ fs‘Jike1y to be restricted.foispecific siﬁuatioﬁs and does not

necessarily generalize to other situations not met before.

On the basis of the moéel it seems that a'possing way to achieve .
corregt-performanCe ina broader Eangé is the‘f0110wing: Magy nodes rebre-
senting Specific.situétions to%yﬁich certaih knowledge {s re1evant need'to
become subordihatélyi}jnked to a node‘cantaihing rules which can support |
“correct performance. Then those fufes would Bécomé “visibje" for any sub-
ordinate node ,aétivated,‘ ?hat means, 'the more specific"situatioﬁs' are
'rebresénted in nodes 1inkéd'to a nodé describing an abstract way to act in
a class of situations, the greatértis the chance that this ,knowﬁedgei

becomes activated by a specific situation. ' o | ;

it .must be a goal of ﬁhe insights gained from a cognitibé mode] to
reach better ways of teaching such that an optimal use ’of kﬁowfedge‘ is
stabilized in broad applicational domairs. Computer-modéis could make a
significant"conriSution, throﬁgh precise-‘analyses. of processes of fhe
acquisition and utilization of knowledge. *It will need time,  and Ndiscus¥‘

. -

sion, to further elaborate on these ideas.
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