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i item for a specific pérson; and the location of the item along a
~difficulty continuum. This paper defines the difficulty of anhitem
- rom ‘the - -
. origin, of the multidimensional space to the point of greatest
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‘difficulty were considered: ‘the. roportion of correct responses £0: § ‘

that measures more .than one dimension as the direction £

discriminating power and the distance from the origin to that point.

'he direction can be given in terms of angles with the ¢

number using the same units as the coordinate axes. For
unidimensional case, the definition simplifies to the b-
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from unidimensional item response theory. (BwW)
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" axes or the corresponding direction cosines. The distance is a signed
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"# ' The purpose of this paper is to present a generalization of the cqncep;’ffjfi_
- of ‘item difficulty to test ‘items that measure more than one dimension. In = . -

. difficulty were considered. The first definition is .the proportion. of ‘correct -

?pmanyjmeasuremenc‘hooks,;vThis'qoncepcion‘of_icemfdifficulty yields a result:':
.~that is specific to the group being used to determine the p-value, It.is -

h not tell how difficult the item is fo

- response to an item for a specific perscn.. This indication of item‘difficulty

" Of. course, for this ‘estimate of item difficulty to be accurate, the IRT model.

.;'interprgted in :his”@gy;;bu:y;heyfh;ve'thefqisadvantage"of‘beingr;pgcificftoiﬂ¢“f
" group or to a person and ‘not being solely & characteristic of the test item.”
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.developing’;he generalization of item“difficulny;'three-common'definiciogs”off;K

~reshonses for a' group of individuals. ‘This is the common p-value discussed in’

descriptive of the interaction of .the group of . persons. with the item ,*,lndf«’d,o.e_sf"""
N _’Bﬂy' wtiCLﬂ.ar Pe”‘-‘ﬂon‘. ' ' BRI

N . .
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A second ﬁefinitibn.éfiitQm‘difﬁicdlty;is“thaLhrobability of a corract’

~ can be determined using an IRT model and an estimate of a: person's ability., .

selected .must . be an ‘accurate representation of the interaction of -a ‘person-and
an item, Unl@ke‘che‘pgqvious'definicion,,;his-indicqtion*of%ibgm-difficul;y{“
is not group specific. 'The p-valye for a ‘specific-group can be determined - *
from the probability of a correct ‘response for each person by averaging over
persons. B N T S PO S L e

S

e !

The third definition of itemﬂdifficﬁltylié the ioca:ion of the icemlhlohg1jfj°
a difficulty’continqum.,‘Thehfirq;ftwo;definitions%yield a value that can be '

In IRT, each item is ‘assumed to have ‘a difficulty’ pavameter that ‘is  solely 'a "
characteristic of thé“itemfgndjis?iudépéqdedt‘offt@e persons taking the -
item. The qther two typsqjofwdiffiquyty,st;tistits-cdnﬁbe derived from the .
IRT model and'infbrmatiogﬁgbpu;ftbgﬂqhili;y”of;pe:gbﬂs;in;g;ggqqp;if,¢;jg’ ‘

L

" Since the first two conceptions of item ﬁifficu@tff@anzbe used a8°
measures of‘difficul;y‘on-a¥continuum;thnd'pincefthehthird definition can be - -

.used to derive-thg‘scacigtics'ﬁseilforﬁphé~previoub‘ b, the third définicion L
has been selected as the basis of ‘the gensrglizatiof™f the difficulty concept - °.

to more than one dimension. More specifically, the IRT notion .of item ~
difficulty will be extended to handle more.than one dimension.
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The Item Reagonae Theorx Defxnatxo
o iof Item Dxffzculgz )

, For the untdxméﬁt&onal case, 1tqm dxffxculty is defxned in IRT as the “
poxnt on the ability scale correspondxng to the point of inflection of the
item characteristic curve (ICC). This point can be determined by solving . for

~the point of inflection of the ICC by taking the second.derivative of the zcem - -

_.vesponse function,’ sd!:xng it equal to zero, and solvxng for: the non-
degenerate root.  For example,. che dxffxculcy parametet for ‘the two. paramecet
l.ogum.c modal‘ wen byo ' \ c . o

N [} v . <o . .

| . LAl = b).
a(g»-wb)

o

" BCxlo, a, B) =

B . ) ' e
de o P et :

bhere 8 is the abflxny parameter and a and’ b are - Ltem parameters, can be:
detetmined by setting: the second derzva:xve wzth.respecc to the abxlxty
paramecer equal ro zero, 5 : o S

[ELA

oo A R(xle, 8 b) 2 G2pg(y - 2p) A0,
e T 6.'0‘ 'o‘ C T " e Cor : ':" A

and then solvxng for 1:9 roo:a., In this case a- =.0, P =0, Q =0 are

degenerace .cases, and - only P "5 yields a meanxngful solutxon. lt can be
- shown that P =',5 when 0 = LY ‘Thys,’ the difficulty of the item is: indicated-<

by the point on the 6-scale equal to the b~parameter in the model. Therefore:ﬁ__{vﬁ

b ts the dxifxculty parameter £or this’ model. .
- Por unxdtmensxonal IRT models, the po1nt pn the abzlity scale 1hdxcated

by the b-parameter. is the point where the ICC is the steepest.. For the two-'

‘parameter. logxsc;c model, this ‘also” 1nd1cate§/}

where the xtem is most 1n£ormat1ve. '

In order to generalxze the IRT definition’ of item. dxffxculty to . "“f;'

" multidimensional items, the form of the item response function must first be

_determined. For. the multidimensional. case, the item response Eunctzon ‘gives
" the probability of a correct reaponse 'to an item-for a person with a -

particular vector of abilities. ' A number of differeit forms. have been - ‘”\;@
proposed fo is function (see Reckase & McKinley, 1983 for several .
examples), n all cases the functions have been assumed to increase \\

monotonical or all combinations of .dimensions. The surface defined by‘a 5“5~
smultidimengsional item response Eunctzon hae been labelled an xtem reaponse

surface (IRS). v . AR , * R

e . [ : . ..
N .

he poznt on the abxlity acale ;ﬁﬁi




" This paper wtll use a ppecxfzc IRS, a multxdxmensxonal excensxon of the
'two-pargmennr logistic. ‘model (HzPL), ty demonstrané ;he concapts be;ng '
.deveLOped.; Thzs modei'zs wén: by e

DR ) .
N

e f. e a0
P(XIO., ‘ ’ d ) 2 (d * a r Bj

"o ; 1 + e .
L0, . . -
. '\,,v . B

7 a .

'where P(”"lo i A ¢ ) is. the probabxlxcy of response x (0 or 1) te Item ;.fﬁ“**T
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for Perapn J, J xs a vec:or qf ab'l es fdf Berson J, a. xp an‘xtgm

, . """‘E."'

parameter veqpor for Icem 1 and d;'is a scalar Ltem pavameter for Icem 1.; The ﬁ:1fr,

;oles of :he 8, and . dl patameters Eor thxs model wzll be describ”d later 1n

' ‘thxs paper.‘ Two examples of an'IRs defxned by the MZPL mndel for nhe*two ;ff-t'
' dxmenszonal case are ngen xn Fxgure ; SR ;e R
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' space. The horizontal lines on the IRSs 'in ?1gute 1 shows.che locus of poxnts]'eg.f
, of 1n£1ectxon for ‘these.. 1:ems.,1 -

’ inflection from the origin of the abxlxty space, and (b) the dxteccxon from

DeElnttxon of Multid1menexonal szfzculty | 'ﬂ;w;', “.' "t

The defznxt:bn of dxfftcurty £or multzdlmensional test items that is
proposed in this. paper has chtee purposess (a) it deacrxbes the s C X
- charactevistics of the item so that it can be. compared to other. 1tems.fmb) ;;mﬁw, -
gives an indication of the location of the item in the multidimensional

-ability space;“endi(c) xc cells qhere vhe, item is most 1nforma;xve. " "d;'”*Ti'

*» ™~ / ‘ .
~The defznxtxon o£ dxff:culty is developed as.an extens1on of the o
unidimensional IRT def1n1tzon of dxffzcultg As given above, difficulty is },ggf‘JC
_.defined as the location of the point of in lection of ‘the ICC on the ability,. -

continyum. .For the multidimensional. ease, dxffxculty will be defined .48 the -

distance and direction’ of ‘the point of ‘Steepest alope from the: origin of the’
multxdxmensxonal space. For 'the M2PL model given' previously, this- poiit is- "i.ﬂl“.
‘the closest point to the-origin in the locus of ptints of- inflection. for the - = °
. MRS, While most one-dimensional Iﬁg models have only one point of 1nflect10n, S
‘the multidimensional models have many.’ *In fact, the ‘locus of points of - ‘
“inflection is usually a- function of the abxlxty vector in the multxdxmensxonal"

'~'.‘.- LV e ';' . -‘ . q

In order to de:erm;ne che loeation'of a mult1d1menazoual item in the DA
multxdxmensxonal space, .two steps must be performed. ‘' First, the locus of % ..o :
potnts of inflection must be determxned. ‘Second,. the distance ,of the locua ofﬁg~,!u,
poiuts of inflection from the origin of the abxlmty space must be oy
determined. The distange‘is taken from the origin to the: elogest point on the‘qqu g
tocus of points of - 1n£lecgzon., Thus, the multidimensional dxffxcnlty of a v
test itei has two- components:. (a):the distance of the locus of points of.

the’ orxsln to .the closest poxn:. ® N T 'i;:;fifﬂf?

Locus of Points of Inflectxon e T R
) : \ .
For ‘the unxdimensmonal IRT models, the poxnt of 1n£leetion of the ICC ie

determined by taking the second derivative of ‘the item ‘response function and
. solving for ity root. ‘For- the multidimensional case, the same. procedure is "
followed, ‘but since the characteristigs of the surface depend on the = = . ... ..
direction, the second dxreccxonal derivative is used xnstead of the simple o
second derzyetxve. o S « L ’

',;oo

The second dxrectxonal detxvatxve 31ves the rate of change of the slope :;
of the surface in a pattxculat direction, For a multzd;mensxonel IRT model
tﬁo second dxtectlonal derxvatxve is. ngen by

c’pz-"

. , 6 P . - . . . 'v V’ .y -
, %g P‘=I;;;_coa LM Y 69 cosé coso LI ph.‘ T
. . . ‘e . .
§°P §°p . .o\ .o B
[ ] . . n— . . . (. v
X4 “"""'""“""60‘ 80 . COS¢ COS'@ + 2 sm, | . | , : L
i . se .
.« 4 » S - . S o

where B is. the item responae functxon ¢ is the vector of angles thh the m=
coordlnane axes, and’ 01, o oy 9 are the m abtlxty dimensions.
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e For the model preeenced in Bquatxon 3, the second dxrectional derxvatxve
sxmpl;fxee to - ”]x o . _ . A ,

. - o ) , - ¢ - , : . T .
N N . - ‘

L v galp = - . o0 a AT |
. \?g P .PQ61~"2P)“(91 9°3¢1W*Laz g°§§2.* JERCI coe¢m) R (5) N

‘ . .I/ % L4 . .
Hwhere all of che verzables heve been defxned ptevzously.

v

, “As with the 2-paramete?’logxstxc model the ‘only non-degenerate. solut;on 5
- is the case when P =5,  When P.# .5, the exponent ‘of Equac1on 1" must be 0,
o Therefore,athe locns of poxnce of 1n£1ect;on for thxs model is ngen by

twier

. . - .o .. . X . ' . . . . '
- F T SRR I . R - s . e R [ He e o
B . A s R Loy . . , - R . . . :

e Thxs is the equation Eor a hyperplane in'a m-dxmensxonal spece. f;:‘,;*jif””
. The proposed 1ndzcecors o£ dxffxculny £or a multxdxmensxonal teet 1tem.
- are the shortest distance between the. locus of points" of inflection and the .. - .
‘origin of the ‘space, and the direction used to obtain 'the shortest dxstanee.-ﬁf{ e
The shortest distance between the orxgxn end the hyperplane of inflection is -
'ejong a perpendicular to the hyperplan “Thé ‘direction: cosxnes of a 11ne thec

o is. pevpendxcular to the hyperplane of 9 ilectxon are gtven by

g

]

. oo y,':;,~,, y .

‘

., is che jth term in the 1tem parameter vector a;. , ,

. The distance of che hyperplane of xnfleccxon from che orxgzn Eor thxs
model 19 given by " . e

.2'where °j ia the engle between che lxne and the 1th dxmens;onal axxs, and eJlf"

N »

b I O ®
’ " l ) ) [N ’ ji ! '~. ) l, R ' o . '.“‘

where d; is the scalar patemecer in the erponent of the model and aji has been .

v
* 3

- : : »

previously defxned.‘

3
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- abxlxtzes def;ned by IR - S o . o ~';§
L) . . I ' . L ) N ) -
- . .Compesite = I ‘cos¢, 0, e (9) e

"~ would cperate as if it vwere unidimensional since pll of the items d13cr1m1nate ;u;rf”
"“” of the ebzlxtzes..flvﬁ,e R SR //7 . o ,u. fzjg.;h*

~in much he same way as the b-parameter for unidimensional 'IRT models. For .

'xteme. 8, cah be labelled as’a grammar.dzmensxon. N

.
.

The dhlues ‘given. by Equatxons 1. and 8 have a £a1rly clear - . Do
1nterpretatxon. The angles ‘defired by Equatxon 7 through the direction
cosines indicate .the direction with respect to the ability dimensions in which
“the item provxdes the most information. - Since the direction sgébxfxed is
perpendxqulur to the line of 1nflettxon, the slope of the IRS is gteepest in
that direction. -Thus the item is best at measurzng a wexghted composxte of

L

. Y , /, ! . ' ,‘.. L
If a set of items were selected that hav the. same direction cosines .the test .

- best for,the same composite of: abxlxtxes. If one of the direction: cosines ,
were 1.0, the rest would be 0 o, and the item’ would bé a- pure measure of one” - 7

L,

istance of the line of 1n£1ect10n from the origin can be 1nterpreted o

.two items with the same direction’cosines, the’item with the larger pnsztzve R
- D~value will have a smalleriproportion of. individuals obtaining a correct - -
response, Negative values of D generally indicate easy items, but only 1tems \

]

thh the same dxrectton cosxnee can be dxrectly/compated. : o  7ui';y:;.

R An Illusttattve Example L e
In order to demonstrate the app%xcatzon of the concept of \ L
'multidimenspertal item difficulty, 4 30-item multiple chdice examxnatxon wzth'
two distinctly different kinds of items, spelling and grammar, was analyzed. _
using the M2PL model using a program developed by McKinley &: Reckase. (1983).;a¢;;p3m
The data on this test were. :?tezned from the administration of the items to-
1000 students -at the Unxver ty of Texas ac. Anstxn as pert of an. entranceﬂ

- battery. J ST L

R Low - St ok

- Table 1 gives the- itém parameter est1mates £or a two dxmensxendt solutxon7f
~ for the MZPL model as'te}l as the direction relative to the 6 -axis and the

~distance to the poxnt of xnflectxon clogest to the\orxgxn. Note that\the~¥4~ﬁw~ﬁ3u4fﬁ
‘angles. wzth the 0 -ax;s for the first 15 ztéme tend\to cluster near \" '

0" (3 d 11.09), 1nd1cat1ng that these items are best at- mebsurxng S
the 9 ab:lzty. ance these items are all punctuatton items, 0 can be
s |

‘labelled as a_punctuatzon dimenstoqa ‘The angles with the 0 -axza of the P
‘second 15 items tend to cluster around 90" (¢ = 77.15). This 1mp11es that
these 1tems are best at meaeurzng ] 2° ance these items are all grammar

| o m—— e




. Difficulty Statistics .Por 30 Punctuation ’
h L - _‘and-Grammar Items -
t e . .-- |

m
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Itém Paramecériéstiﬁgcei'énd_‘
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meter Estimates
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Directional EsiimateS'_u',
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The D-values in Table 1 iﬁdicate the,distance of the néarest point of
inflection to the ‘origin of the 6~space. If two items measure effectiv
the same direction from t

difficulty of the -items.

0.26

64.70

‘ ely in
he origin, the D-values ¥indicate the relative - . '

Por example, items 20 and 25 are measuring K

approximately the same ‘combination of .abilities. . Since the D-value for Itea 20 '

1.82".'

is .61 and the D-value for Item 25 is ~.45, Ttem 20 is estimated to be more |
difficult than Item 25 on the particular composite measured by the items. - When
the direction 'of the item is taken into account, the D-values can’be interpreted = .
much like the b-parameter estimates from unidimensional-itqm response theory., ‘

. ©
{ . . [ o,
- . . .
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e Summary-and‘ConcLusions
7 LT -

[ .

L)

vequire abillity on more than one* dimension’ Eor 4 correct response. This Y

. definition has two components: (a) the dlrectzon from the origin of the
multidimensional spaca*for which the item provtdes ‘the most 1n£ormatxon, anm (b)
the distance from. the’ orzgxn of thefspace to the point of steepest slope on ‘the

IRS. This definition was demonstrated for eﬂe multxdxmensxonal excenszon of the ]fg

B3
! |\
L S

two—parameter logzs;xc m?del.
. The stattstxcs provxded by tﬁls defxnxtxon can be dxrectly applxed to the
process of .test cons ructxon;
' the: latenc space is“désired, items should be selected that have directions that
parallel the axes of the. space. .
a test that: operhtes s if it were unidigensional, then Lcems that have the same
direccxon should be selected. These items medsure the same composite of
abxlxt;es. L . e Co _
. & ' v ' e
The D~stat15t1cs,prov1ded By,che defxnxtxon nges the distance from the
origin to the neafesc point pf inflrection. This value can be interpreted in- the -

. same way as ‘the b-pacameter from,unxdxmensxonal IRT model when xtems measure 1n -

‘the same direction. - o . < Lo

A defxnlcron of Ltem dxffaculty has, been suggested £or use' with items that _'.“

If a’test that" measures the abilities that defxne'¢

HQQFVEr, if icais merely degsirable to construct -

. e . . - . . LN
s . . . v

- g
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Hultidimansional difficulty as a direction and a distance

’ - ¥
v . = . . .'..
. . . . .,

The paper defines the difficulty of an item that neasures more uhan one ¥
~dimension ‘as the direction from the origin of the multidinensional’ space tq
the point of greatest discriminating power and the distance from the origin to
that point.  The direction can be given in terms of angles with the coordinate ’-
.axes or the correaponding direction cosines, The distance is a signad number
.;using the same ‘units as the coprdinate axes. For the unidimensional case, the

“defiaition sinplifies to the bwparameter frem unidimensional item reaponae ~nf
‘theory. , . , ”
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