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'Abstract
Kngyledge about the structure of ariéhmefic exprgssions eﬁables peopie )
“to reason effectively about such exéressions, including an abiliﬁf to
judge equivaleace under transformations. This paper reports an
empirical = study of six middle—sch§?l childrea who judged the
equivalence of three sets of three—-term arittmetic éxpreSsions with an
. addition band a SuBtraction Operatér. Analyses of thinking-aloud
protocols on this tagk reveal that the students {a) Qse, geveral .
, S .
different methods to, parse ;and judge the equivalence of such
expréssioﬁs, (b) sometimes use a different parsing or judging method
with the same expression, depending on which.eXpressiqn it is comﬁared
against, and (o) .arel able to work with different conceptuai
interpreﬁationa of expééssions. Additioﬁal results are proVided about
speéific'errors that were made and trends in tﬁe students” applicétion
of these methods. .Tﬁé results are discussed br;gfly along with three

comments. on their educatiomal implications.

o
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Prealgebra Students’ Knowledge of Algebraic Tasks
With Arithmetic Expressions
The gené;al’hypothesis motivating this resgarch‘is that students
wlli learn algeBra ‘more readily and with more understanding if they
first learn.algebraic éoncepts applied'to arithmetic exPressidhé, and
can -understand how the§é concepts are used to perform algebralc
operations on arithmetic ekpfessions. . For example, we suppose that

students would be better able to leérn algebra 1if they already

RN

. -understood concepts such as computativity and unary parsing (i.e.,

~ keeping the éigﬁ with the npumber) in the context of arithmetic

expressions and could use them to perform such algeﬁraic tasks as
judging - the equivalénce . of two arithmetic expréégions; This
hypothesis is particularly relevant to the educational goal that

students should understand algebra as generalized arithmetic'(Kieran,

in press).

As a first step .in exploring this general hypotheéis, we assessed
what prealgebra students - know about the structure of arithﬁetic
ex;ressions. More generally, knowledgé'.gg structﬁre is knowledge
about the mathematical relaﬁionships among -the eleménts of a
mathematical expression. This knowledge .is needed to pefform
mathematical operatiéns on both arithmetic and algebraic expressions.
For exampie,'knowing how to interpret arithmetic expressions includes

knowing that an operator only applies to the number immediately after

‘the operator {when there are no parentheses), or tha& a+ b+ c could

be grouped as a+b and c or as a and Db+ c. Knowledge of

transformations that presefye equivalence includes knowing that a + b
equals b + a and that a - b does not'equal b - a.

&
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We presume that knowledge about structure 48 embedded 1in the
performance of a vafiety of mathematical fasks such as interpreting

expressions, computing the values of expressions, judging the

- .equivalance of expressions, and ‘performing transformations on

expresgsions that pregerve equivalencel We believe that characterizing
knowledge about the structure of arithmetic expressions will provide a
general way for describing students” knowledgz of algebraic concepts .

and how to use them in specific algebraic tasks.

Structural knowledge need not be explicit to the student. - What

we are thinking of here 1is rouéhly comparable to the 1dea found {ia '

linguistics that we can generate grammatically correct sentences, that
is, ones that obey the structure of the language, without necessatily

knowing explicitly the structural rules beiqg obeyed. By acralogy,

.peOple can operate within the structural constraints of an arithmetic

eXp:eséion without explicitly knowing those .constraints.

One important task that hi@ges on knowledge about the 'structure

of expressions ‘i3 the abiiigy to  identify and preserve equivalence.

Equivalence 1is ‘fundamental ‘to mathematics. . In algebra, all
trangformations on éxpressions (e.g., solving equations, or

simplifying and factoring expressions) must preserve equiValenCe. In

."
The redear&h reported here attempts to 1dentify aspects of
structural = knowledge  embedded in the performance of an

equivalence-judging task by prealgebra students in middle-school

(grades 6 - 3). The task involves judging the equivalence of

three~term arithmetic expressions with addition. and subtrdction,

8
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without computing any values.

We can infer knowledge about the ~structure of§§ ariﬁhmetic'_

expressions from performance  on this ‘task because it requires the

“

students to interpret and compare transformed expressions. We assume

.

their procedures must ‘reflect agpects of ;geir-structural knowledge
for two intercdnnected rea;ons. First, this is a novel task forlﬁhese
studentsQ-their instruction..has not been inclined toward explicit,
lanalytié examin;tion of'arighmetic expressions. Second,.because this
is a novel .task, the étudeqtg must use some understénd;ug of the

structure of arithmetic expressions '‘as a guide to developing

procedures.

For purposes of anal%sié,’the process of judging the equivalence
of arithmetic. expregsions can be viewed as functionally comparable to
judging the aémanﬁic équivalence of natural-language Ssentences.

Consider: how people .; judge the equivalence of

3

John ga?é the book to Mary to Mary was given the’book by John. \A.
.simple model og this process holds that the two sentences are parsed
into.meaningfuL uhits, and the\ units compared sgmanticall; by a
précess' that yields an 9quiva1encé judgment (Carpenter &% Just, 1975).
By analogy, a simple psychological.model of how a person might perform
this arithmetic task is as.follows. Fifst,.a parse is made of the two

. . , S .
expressions to be compared, identifyir:; meaningful units. Thea, the

LT g
resulting units are used as arguments to a reasoning process that
decides the equivalence of two expressions. This analogy reveals two

psychological processes chét might be involved “in performing this

task: parsing methods and Judging methods.
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Thinking-aloud protocolé collected from students -performing this

task were_ analyzed to identify the categories of parsing andljdaging.

-

'.methods used. These two aSpeétsbof perforgance ‘are taken to refl;ct
students” Eﬁowledge about Lhe str&cture of érifhmetic gxpressions.
The ;nalysis also_identifies the range of methods that thgh studeﬁts
use and. some functional characteristics of the use of these methods,
and errors that are made. Thejgeneral theme of fhese résults is that

Lthe studeats use several different paréing and judging methods, and

: - L3 _
that the parsing or Jjudging of a particular expression sometiames

depends on the expression against’ which it is compared.’ Several

errors In paréing and - judging, usually involving the subtraction
operator,>Were included among these'methqu. ;

o N

’

We.aim ultimately to specify more, clearly what 1is ﬁeant by
"knowledge of structure -of arithmetic expressions.” We view the
descriptions of the methods;and their functional characteristics as an
intefmeaiate.stage between the protocols and a satisfactory model, and
believe these kinds of descriptions provide us with a foundation/&kof

developing a formal model of structural knowledge.  Meanwhile, they

are of interest for what they suggest about the nature of students”

\
Nor

structural knowledge. In particular, the _resglts_ support the
hypochesis th;t.students are abie® to féaspn with a number of. céncept;
°nP:eded: in algebra, but are missing soﬁe importapt constrainﬁs on this
knoéledge. The paper clqses ﬁith a general discussion of these points.
and some}pf-their éducétiqnal implications.

Method

Task and ﬁatefials

The task was t6 jﬁdge the equivalence of three sets of arithmetic

expféssions without computing numefiéa; answers (see ' Table l). _Each

10

o
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expression had three terms and &n addition and a subtraction operation

o

except for one expression i; the first set. Within each se;"of‘
exﬁressions the same numbers were used, but différent numbers were("
used Iacrossn sets.. The. first set had four eﬁpressibns;compoged.of
siall-digit numbers. The sacond set had fouroeXpregsiqns'qomposed of
thiee-diéit'numgers. Thé;third set had five expfesbi;;s also _composed .
| ofmthree-digit numbers. When they were presented  to 'the :children,
. Y

each - expregsion was .ﬁriutqg>oh &~separate‘% in. . (10.16 em) x 6 *in.

* - Insert Table 1 about here

~

» e wilfarefér to thé sets reSpect;vely as the 127s set, the'947°s
set, and the Qﬁg:g__set. "Thesevrexpressioﬁs.ﬁere éélected fo;'the
foilowing reasons. The L27s set serves in part as a ‘check tha; the
children can solve at leaét_sq@e égﬁivalencé-judging ;robleh;; All ©
the.numbers are small. Each ex;reséion'started with the same , number.
This -number ‘was also the largest of theA thréé Eéims. in. paéﬁ.
expression. The séébnd 12°s expression, in the list in IaSle L; had
two‘additio;s in contrast to the other'three that had one addition and
one subtraction. This expressiqn wa§ includea, to check that the’
"students had at least a minimal ability to do. the the*Qask.r Also;.thg
third and fourth expressions were included to offer the ppssiblifi_.ofa
tnvert;ng sdbtra;tion. In-"this set, oﬁiy the . first and fourth

expressions are equivalent.
/ .

1t B
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The 947”8 set had the largest number f£irst in three of~ thé four.

expressions. The positions of the addition' operator and the
subtraction ooerator are crossed with the positions of the ~last two

numbers. This yields the first second"and fourth expressions. The

third expregsion was varied by switching the position of the first and °

1ast numbers, In this_ gset, the first and fourth expressious are
equivalent as.arehthe second and third. . Two’ special features were

designed into this set. The first two expregsions in the 947”3 set ia

Tabie 1 were included because the subexpressions formed with the 685

and 492 are equivalent when considered in isolatlon, but are not

equivalent when.considered in the context of the whole egpression.k

The last two expressionsr'were included because their terms.are in

reverse order. That is, one begins with 685, has 492 in the middle,

and -endsiwith 947; - the other begins with 947, has 492 in the.middle,

‘and ends with 685.

+

The 648 s set was designed to not have the same first numbers,

and by having five choices, the subjects could not try to second guess -

a symmetrical pattern as in the 947° s set. The equiwalent~-pairs in

. this'set aré:’  first- and fourth and second and’fifth. The second_and

- ‘ R

- fourth expressions are ‘in reverse ; order. . They . - also of fer

opportunities to invert subtraction for a- pair, or to insert implicit

k]

parentheses around the 873 and 597 and invernhthe subtraction with the

648.

Subjects = - . ' Z_/)f
) ’ g - , 7 . &

Six children, -five sixth~graders and ' ome eighth-grader,

'above-average, prealgebra students. At the time of the interviews,

'near the end of the school year, ‘they were working in the 8th- grade

Q.
e .

participaEed in the -study. They  were’ conpetent,'°probably A

o
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book of the Scotthoresman textbook series. Many of them were 3going

As best we can tell, judging the equivalence - of arithmetic

expressions was completely novel to the ~students. They reported

‘inforaally that they had pever done such a task. Also, we examined

the textbook series from which they were taught. [n general,
mathematics curriculum in America follows the textbook closely. Any
deviation from the text 1is usually the omission of sections and not a
Supplement to the text (Freeman et al., 1983; \\National Advisory

Committee on Mathematics, 1975). The curriculum is ‘heavily oriented

to calculating different expressions; with. fractions, decimals, signed

numbers, and with different operations. We note that the students

_to enter a slowly-paced algebra course in the following school year. =~

never encounter a three-term expression with addition -andsubtraction.
«

The only mixed operations are addition and multiplication and in these

cases parentheses are always gilven. As you might imagine, the

students ‘are not given problems in which they are asked to judge the

PN

- Procedure :

1 4

. In individual, audio-recorded interniews, the students were first

i

asked "what it means for two expressions to be equivalentw* and then
told that they would sort - arithmetic expressions accotdingv to
equivalence. The 12 s set was presented first followed by the 9477s
set, and then the £48°s set, with the eXpressions pre§ented in the
descending order given in Table l. To start, we presented the first

palr of expfessions in a set and asked the students to Judge the

~equivalence.. of_-thee~pair1 —They were -told not to—compute, which they

usually obeyed; and we generally discouraged - numerical, btut not

ordinal, estimation..  We alr asked them to explain how they made

K - 13



Algebraic Tasks ' ' .,‘ - ) " Page 10

their judgment, and usually probed to clarify their‘ answers. No
feedback about correctness was givea. The two expressions were placed
together 1if they were. judged equivalent, and separately if not. After

each . judgment, w2 presented -another expression to compare against the

ones already presented'until all expressions in the set were .judged.

We ‘then removed the set, recording the pairs of expressions judged

.equivalent and proceeded to the next set. The recorded interviews

were transcribed for the data analysis.
‘Results and Discussion
The major data analyses reported here examine the kinds of parses
thel students made, and the rules they used to judge equivalence of ;

expressions. To be sure, we think anslytic separation of the _parsing'

operations from the equivalence-judging operations may sometimes -
distort the character of the actual process, but it prnvides
descriptive summaries of important aspects of performance that cannot
be seen readily from reading individual protocols.

Correctness of Performance

Before examining parsing and Judging methods, let”s first look at
the correctness of the performance: These data do not play a central
role in addressing the major questions, but they help establish a
plcture of the difficult§ of this task for the students. We scored
whether a_student correctly or incorrectly judged the equivalence of a
pair of expressions. Only those pairs on which a student explicitly
conmented were scored; uncommented pairs were unscored. A summary of

&,

this amalysis for each subject is shown in Table 2.

Insert Table 2 about here

14
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These data support the following conclusions.

h l-.

Equivalence-judging is not an impossible task. The students
produced correct answers for the comparisons in the 12°s set.
This perfect performénce is not a result ofw the students
calculating the answers. In some cases,‘thgy were asked whethef
they_had calculated and they claimed no; in other cases where
students copputed thege eXpressions,b they made errors in
calcﬁlation, supporting thé contention that their “perfect

performance was not a consequence of surreptitious calculation.

On the other- hand, equivalencerudging is not always an easy task

to perfofm correctly. The students were correct only about half

of the time on the 947 set which with pairvise comparisons is

chance-level performance.

The comparisons were not differentially difficult’™ for the
students. The two students who made the most errors with the 947

set also made the most errors on the 648 set. Similarly, the .two

students who were most correct on the 548 set were among the best-

on the 947 set.

In sum, these data indicate that students can do this task, although

not very well. Of greater concern, and to which we now turn, is

whether there is anything systématic or regular in how students

generate thelr amswers.

Parsing Performance

_ The purpose of this analysis 1is to examime the structure or .

outcome of the students” parsings, showing the several kinds of

‘parsings used in their equivalence-judging performance. The students” -

15
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explanntory statements, given after they classified a pair  of
eipressions as equivalent or mnot, were analyzed to identify the
parsing. Questions about how or why these parsen were made can be

congsidered once the basic phenomena are established.

hnThree general results aré established heré. First, the same pair
of expressions can.be parsed in»diffeéent ways by different students.
Apparently, a particular axpression does not determine. a partinular
‘pansé. Second, the same expression, when compared against different
»expressions,,is snnetimes parsed. in different ways by the. same
student. This- Sugges;s ' that the parsing of an ekpression nan-be
conﬁext dependént. Third, some parsings violate the coanventional

mathematical interpretation of these expressionms. Specific kinds of

errors are indicative of the absence of important constraints in a
) . . b .

student’s understanding of the structure of arithmetic expressions.
Evidence for these results is presented after a discussion of the
observed categories of parses and the criteria used to classify a

protocol as indicative of a particular parse category.

Criter;a Usad Eg‘IdentL§z>Pars;gg

Qur analysis of the ﬁarsing performance is predicated ‘on the
following construal of parsing. .First, we dintinguish‘two senses of
parsing. One sense refers to the units of parsing that the students
used. The two major kinds of parsing units are: b;gggz and unary.
The other sense of parsing refers to the sequence in which these units
are constructad to relate the terms of an expression. These two
senses correSpond to a phrase-stru_ture parsing of a verbal sentence.

The first sense corresponds to the units used in the parse, tree; the
3

second to the pnrticular relations described among the units. In

general we focus -on the second sense, but, as will be seen, the two

16
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are coextensive in éome cases.

We "used four categofies of whole parses to describe the
performance. A whole parse is. one in which all the Eerms §f an
expression are related\to each other. One category is, called binﬁrx,
. igcludes all parsings is which binary parse units were clearly used.

A second category, ca2lled unary, includes all the instances in which a

unary parse unit was used. The other two whole-parse categories are

]

special sequénces in which the focus is’ more on a global relation
among ' all the elements rather than the units wused. One 1is a

left-to~right parse, the other is a backwards parse.

In additiégﬂto these cétegorieS‘of whole parses, four additionﬁl
éategories,“,reflec:ing__mostly“mothen-pansing;munits+_nene_neededhzo
cover the observed performance- The need arose because sometimes
_ students” protocols-'did "not provide sufficient Indication ;hat ;hey
had examined and related all the terms of.ag eipressibn. Aad in some

cases, it éeemed~pretty clear that they had not.

The unit of the binary parse is a pair of terms connected by an
operator. Thus, in a three-term éxpr;ssion there are three sequences
in which whole binary parses can be cdﬁstructed, though they. do nét
always preserve equivalénce. In>the following example they do.. In
the expression a + b - ¢, thg binary parses are: (a) a + b and then
l.L_é' .where _‘1' is the first binary pair; (b) b - c and then a + g,
where q is the first;. binary pair; asd (c) a-c and t;hen _1_{_-_13_, where

q is the first binary pair.'
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Although there are these different sequences in which binary
units can bevused to.par;e a three—-term expression, we used a siagle
category for all of these cesesu it will be easier to explatn why we
do not differentiate the7-tarsings in this category after we have
discussed specific student performances. This discussioan can be found

in the section titled Across-set Parsing Performance.

Protocols statements were classified as evidence for binary

' parsing when' students talked explicitly .about intermediate results and
used words such as then to talk abOut the next step. Here are two
protocols that were classified as binary. They are meant to give a.
sense of the sort of prctocol classified as binary.\\ In the first

protocol, Stella was comparlng the expression 947 + 492 - 635 with the

eXpression 685 - 492 + 947. She says:

Case L: 947 + 492 - 685 685 - 492 + 947
947 + 492 would be these two together and then you shbtract the -
685.
It appears that.she is_taking 947 + 492 to be one binary usit, and

. then the result of that operation as part of a second binary unit with

the 685, In the second protocol, Rudolf is compariung 648 + 373 - 5937

and 873 + 597 —~ 548. He says:

Case 2: - 648 + 873 - 597 873 + 597 - 648
Because this [648] and this [873] adds up to sore thas, on ethe
first: one [873 + 597]. And then you d subtract 379 [sig], which
is less than 648.
,.Mlt.appeasﬁ_ﬁhat_hawis_taking,ﬁhemadditige.paixwasfonewbinaryuunit,Nanden._ewe

then composing the outcome of this operation with the last term-of the

' expression to form a second binary unit.
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The unit of the umary parse consists of a operator-number pair.

That is, the unary parse unit treats the operators in an expression as

a* function that qﬁﬁpires one argument (Weaver, 1982). By contrast,

 the binary parse uait treats the operators as function that requires

two arguments..

The sequence of the unary parse is a term~by-term segmenting of
the expression. This kind of parsing is coumon in algebra. There are

two senses of unary parsing we want to ‘digtinguish hete, ?he

distinction 'hinges on the interpretation of the firstmﬁumber of an

expressioa. On one view, the first number is treated as a starting

-

quantity. Other quantities are added to o:-subtractedhfrog this

starting quantity. 'On another view, there 13 no starting quantity and

and 12 + 6 - 2, Joanie said: ..

any of the terms of am expréssion‘can be combined. Both of thesz
interpretations are unary parses because the psythological units are
an operator and a number. However, the first interpretatioﬁ imposeé.a

greater -constraiant on the operations performed on the expression.

Protocol statements'$Weré clagsified as unary parsing when

students were comparing :expressions by _operatof—number pairs,
tegardless”of the order of their occurrence ia the exptession. This
interpretation was buttressed by statementé.in which Jjust the numbers
were comptred, and by statemaents of irt;LeQance of order. Hete are
two examples of protocols that weTe clagsified as unary parsing; They

3

come from different students comparing the two expressions 12 -2+6

Case 3: ' 12 -2 +6 12 4+ 6 -2
Well, you have the same numbers in the problem and you have the

" gsame signs. And you switch them around.

19
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This student seems to have compared the numbers and the signs
separately, and ~~thea notes- that -another order can te Selected.n Mary &
said: o
gégghét_ . 12-2+6 12+6-2
You‘re taking away the same amount and  you re adding the sgsame
amount. Itfs just a different7order. . 3
This protocol 1s classified as unary because the student is comparing

amounts that are being taken away and 9ded, and notes the irrelevance

of the order i{n ﬁhiCh this occurs. £

In some protbcols, students obviously made wﬁole parses (1.e.,
they compared all the elements of the two eXpressions), but it i3 not
possible to clearly distinguish whether a binary or -upary parse was
used. Whac .~ Séemed to predominate*tn—these~cases—was—the—sequence—used
to parse and not. the units that were used. - In ome such case, the
, special_ feature of the performance was that parsing proceeded from
left- o-right a .eommon order . in parsing arithmetig\\expressions.
These cases were coded as left—to—right parsing. In-tnisxjudging»
Atask, ieft—to-right binary and unary parses are | functionally
" equivalent. Whether an expression is viewed as twonﬁinary steps, or
as a string of unary operations, the same numbers would be added and
subtracted = in the same order if they were processed from

left-to-right., To illustrate this point, consider the following

egamnle in  whicW a studeat compared 947 - 635 + 492 withv

947 - 492 + 685. If a left—to-right binary parse wefe used, , then the

expression would be parsed as follows.

947 - 685 + 492 - o

20.
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If it were parsed with left;to-right unary parse, then it would be

parsed in ;his way:

| 947 | | - 685 | | + 492 | S

P

If a person were - to compute these expressions, pro;eeding from
left-to-right, using either- parge, then the same outcome would be
qbtained.- Rather than forcing a binary or unary interpretation on a
ﬁrotécol when there is not clear evidence for either, this third
category was created. Cases are classified as left~to-right parseé
‘only .whean (a) thé§ cannot be clearly assigned to a binary or unary
parsé and (b) the éubject rafers t§ tﬂe terhs in * the expression in

left-to-right order.

. Here is an example of a protocol ‘that. was classified ad a

lefgfto—right parse. Mary was 'comparihg the two expresgssions just

mentioned. The protocol statted with the student judging them
equifalent andithen offering “the following explanation*
ggggli:‘ K | - 947 -~ 685 + 492 947 - 492 + 685"
S: Because in the first one,-youfre taking away wmore, but then
you add the same amount you're téking away in the second one.
E: Here_ .
S: You take away...
E: 685
S:'...685 and you add 492 in the first one.

~ E: Yeah.

e N
This protgbqi\iizld be interpreted either as a binary or uiary parse.

On a binary 1Iaterpretation, she first says that you take away ere,

thu§~treating 947 - 585 and 947 - 492 as binary units. She. then says

that you add the same}ount you ara taking away. The statement “but

~_ 21
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then” suggests that she now takes 947 ~ 585 as a single term, the
outcome of performing the subtraction operation, and has it serve as

—-__another binary unit with the 492. Similarly, in her Later statasments

in which she describes the serquence of operationE: one co ld“impose~a‘mfm

)

binary interpretation. . On a unary interpretation, her initial
description simply treats each of the terms"as a unit and-she
discusses which unitss are being added and subtracted. The protocol
does not provide strong evidence for either interpretation. What does
Seem’ stable, is that ‘she is interpreting the expresslons .in a

left-to-right manner.

The backwards parse inyolvesv interpreting~ an expression from

right-to~-left. Sometimes the operators are read right to left, but

need not be. For example, in comparing 947 + 492 - 685 and

-

685 - 492 + 947, Mary seid: ~ —

gg_gg_; %7 + 492 - 685 - 685 - 492 + 947
rhey’re.just backwards. Well see, it starts out with 947 and you
add 4921 and you subtract 685, aad then in,[tbe other] you start
out with 685, snbtractA 4§2, and you add 947. Ihey’re Just
opposite.

P
' Mary has npoticed that the order of the terms in one expression are
\
opposite from the order of the terms in the otber expression. She has
used a left-to-right parse with the first expression and a backwards

parse with the second expression. Such cases were clasgified as a

4—backwards’parse:~*'——“"~f*-~-—-m"'f—~—*—“—"—>/“wj’4~—ﬂ*“v~“-d~mw“mw

~ © _ In-addition to the four whole-parse categorles Just discussed,
there were four categories of partial parses. These categories were

created because in some cases it is difficult to decide whether a

e -
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student 1is parsing the whole expression. For gome exﬁressions, the
students_gave justifiéations that did not mention all the teras in the
exﬁression, In these ca%es,>there is not explicit evidence to tall
whether_ the students were appiying a whole~expression parse as

discussed above qr“guittdgng_aﬁter gompwe pox:t:-ion of the pair

—————

".._  of expressions. ‘ . : K -

Oné éategory involved another parsing’ uqi;; the operator.:
Protocols weré classified into this category when the studeant pnly
mentioned the operators in the paiﬁ?éf expressions. .?or example, 1in

" comparing 12 = 2 + 6 with 12 + 2'; 6, a studeat might gimpiy note that’
th; operators are different. A secoﬁd categgry was aq‘examinétion of
a first binary pair in an expression. For example, the students might

simply diécuss the first bilnary pair in the preceding :pair of 1273

i

expressions. The third category covers ome subject whd\mentioned only

e \ _
a term that was subtracteds--This-may be either a binary or a unary

. : —
unit. The fourth category also involves another parse uait: the T

first number of a pair of expressions. - This category covers ‘Bne

subject who only mentioned this unit in some protocols.

_ In some of these partlal cases, subjects may have 'parSed" the
entire expression and only repdfted the critical portion that
triggered their judgment. In these cases, with'a:plausible conjecture
that the étudents are noting the equality Qf ideatical portions of two

__expressions, one can see that at least a left-to-right parse was made.. . . .

_For example, in the palr of 1273 expressions the students aay have
noted that 6 was added ia- both expressions and 'so limited their
comments- to the point of difference. In other ‘cases, such as the

9

first-number categbry, it seems“prettj clear that the students only

3 - . ST
' . '

I
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examined a pértion of an expression to decide whether a pair was

equivalent.

Vithin-Set Parsing Performance
Using the parsing catagories just discussed, we attempted to
detarmine the parsing of each pair -of éxp;essions'that s;udeats

— cqppargd. Table 3 contains ‘the frequency of occurrence "of the

————

———————

different parsings for the three probled“EEEET‘“-*—\~——nhm»,

Insert Table 3} about here

e gy o S s e

As might be expected, the majority of the pgfsings were classified as
binary.. However, there were also a number of other kinds of parsings.
The frequencies probably Qrefleét to some extent the particular.

. structural characteristics of the selected expressions. Certain

trends in the frequencies are discussed ia the next section.

Protccols from each of the three problem sets will be discussed

N\\\uiﬁ“\turn-\tg‘hjglustrate the 'three ,géneral results _gbout parsingﬂ
mentioned ahove. ;\Iarge number ;f é;amples ;re given for three
reasons. Firét because a major\ §urpose ofJ the analysis is to
establish the different parsing methods that studeants used, we want to
show the_ protocols used to develop the parsing categoriles. Second, -

many. of these examples are also discussed as fJudgiag performance.

Ihird, examples of the three parsing‘reSultsofrom the three problem

S

gets establish that the results are not proble;:;gz—gﬁecific. e

-Parsing of the 12”3 gset. In the 1278 get there were six possible

pairs to be compared; with six subjects, there are 36 possible

comparisons. The subjects provided explicit justifications of their

24
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angwers on 19 pairs} The breakdown of these categories are
Table 3. There are not 3'rgmarkaﬁle number of differences in
students parsed the expressions in the L2fs éét. Parsing éér
on this set of expressions 1is of greatar interest whan
contrastad later in the discussidn_witg'performange‘on the o

sets.

To illustrate the, first result ébogt different parsings

\‘\4“\"

gamé_‘“iiI;‘**of~—\e&253§3£33i\\fi\\éifferent students, comp

performance of Rudolf and Stella whem -they compared the exp

‘Page 21

shown in

how the‘

formance
ic ls>'

thar two

-

for the

-

are the

-

ressions

12-2 +6 and 12_+ 6 - 2. Rudolf’s._protoéol gi&es evidence for a

‘unary parse, while:stélia seems to use a binary parse. ,Rudo‘f\giiif

J ’ R ”, a
Cage 7: . L 1l2°-2 4+ 6 12 +6 -2

It doesn” t matter whether you ainus 2 before or after you

12 and 6. .... Because it doesn”t matter whether t

\”\

N

\‘\

add wup-

he 6, it

doesn” t matter if you subtract-the 2 before.or after the 6.

It seems that Rudolf is interpreting each of the numbers as a-
‘quantity to be added or gubtracted from l2. This parse

graphically in Figure. L.

Ingert Figure L about here

By contrast,aS;ella’s protocol was:
case 8: . 12-2+6 12+6 -2
s ‘

It s just mixed up because it”s still 12 + 6 as it is he

—~—____ then take away 2.
\

In this c;;;:\§fétia‘3gggg\ to have takem 12 +6 as a un

compared it with the other exp on, and then consid

remaining number as a pair with the 12 + 6 unit. Hez parse 1

-

separate

i3 shown

re, and

it, and
B
ered the

g8 shown

S~

\\\\\\\\
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-
-

graphically in Figure L. These protocols'illustrate the point that
‘ ' . o . : N

the same palr of expressions can be parsed in a different manner in

o~ ’ .-

- ,/// the course of judging'their equivalence. - T

-

‘There were no clear cases of- differeat parses :for the "~ same

; g ' L BN . a . '
expression or mathenatically incorrect parses in this set. All of the.
partial operators that appeared here seem” to be cases in which the

student simply reported the point of . difference between . two

O

expressions. Each of the cases could have been .reinterpreted as a
binary or . left-to-right parse if one assumes the equivalence of the
reflexive portions were' judged. For example, in comparing . 12 -2 + 56
with 12 + 2 + 6, a couple’ ‘of subjects simpl noted that the first pair

was different.

Parsing of the 947’s set., For the 947°s set, there were . >36"

possible comparisons. The subjects provided explicit justifications
of their answers on 22 pairs. The breakdown of the different kinds of

”parsings are shown in Table 3. The total equals 23 because one

student used two diffarent parses for one pair.

Two examples illustrate the first result about different parses.-

u

In the first example, Rudolf compared 947 - 585 +492 with

947 - 492 + 685, He declared they were equivalent and explained: -

¢

‘Case 9:  © 947 - 685 +492 - 947 ~492°+ 685
Because it doesn”t matter if it”s 492 or 685 here, as long as
~1t”s minus 947. And as long as it"s plus‘there; .... It doesn’t
‘matter thst these two are switched.around. Ez: The 685 and ' the
492?] Yeah, as long as the minus 'is right there, and the plus is
in between .those two. .

I

Rudolf”s explanation suggests that he made a binary patsing of the two
. . ) & .
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»

expreasions. This parsing is shown in Figure 2. By contrast, Joanie

seems to use a left~to-right parse. She explains “that they are

equivalent as follows:

L § ' ‘
Case 1J: 947 - 685 + 492 ’ 947 - 492 + 885

b .
Because on this one you subtract 685 but you add 492 back. And

on this one-you subtract 492 but you add Q§5‘back.
Indeed, whether Joanie is using a binary or unary parse, it is

distinctly different from Rudolf’s parse for the same pair of.

expressions. Joanie’s parse is also shown in Figure.z.

Ingsert Figure 2 about here

In the secoyd example, Mary and Stella were comparing the

ekpreééions 685 4f492 + 947 aﬁd 947 + 492 - 685. Using a binary

e

parse; Stella judged this pair to be equivalent. Her -protococl 1is

repeated fro? Case 1.

" case L: 685 - 492 + 947 947 ¥ 492 - 685
Because it”s just reversed, 947 + 492 would be these two together

and then you subtract 685.

This parse is shown in Figure 3. . L : -

gosert Figure 3 about here

Marj_also judged that these two expressions were equivalent,' but she ‘

=

used a right-to-left or hackwards parse. Her explanation from Case b
is repeated. The parse is shown in.Figure 3.
case 6: - | 685 - 492 + 947 947 + 492 - 685

v 4

[They] are the same, they're'just backwards. [E: © ["m sorry,

27
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what”s backwards?] Well see, it starts out with 947 and you-add
492 and you subtract 685, and then in [the other] you start out

with 685, subtract 492, and you add 947. They’ré Jjust opposite.

Two examples are presented to illustrate the second result that
the samc expression can be given a different parsing by the same
person when compared with differént expressions.  In first example,

Nick was comparing 947 - 685 + 492 with 947 - 492 + 585 and with

947 + 492 - 685. Nick”s judged the first pair to be equivalent.  His

protocol was:

Case Ll: ' 947 - 685 + 492 947 - 492 + 685

They just rearranged the numbers.” [E: Which numbers?] 685 and

492.

X
It appears that Nick has ugsed a biﬁary parse on these two expressions.
It is comparable to the parse shown for Rudolf in Figure 2. Nick

judged the second.pair to be eqﬁivalent as well. However, his gg;sing

of the first expreésiqn now changeé. His protocol was:

Case 12: 947 ~ 685 + 492 947 + 492 ~ 685
Because you re subtracting 655.‘ eses It7d jJust be the same as
doing these two [947 + 4921 and Subtracting all_that [685].
[E: The same .as, 9-] This plus that... [E: + 492] ...ninus 685.

The parse is ghownv;in Flégté 4._' Nick seems to have given a

left-té-right binary parse of 947+ 492 - 635. He then uses the

resulting parse as a template against which .to coampare the

947 - 685 + 492. He notes there is a 947 and a + 492, which he takes

as a comparable binary unit, and then subtracts that by 685.

Insert Figure 4 about here

28 o
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In the second example, Stella compared the\\sime\\gisgt palr as

T~
Nick and parsed it the same way as Rudolf and Nick (see Cases 97and Ll

~—

and Figure 3). She then went on to compare 947 - 685 + 492 with

<

685 -. 492 + 947. Now she uses a binary parse on the two expgessions
with a left-t&-right sequence. She Jjudged the two expressions to be
not eguivalent,and explained:

Case 13: 947 - 685 + 492 685 - 492 + 947
3ecaus;. 947 plus the remainder of that [685 - 492] would probably
be more than 947 take away 685, plus the remainder of that.[492
added to the result of 947 - 685]. |

She discusses the second expression first, saying thac 1f you added
947 to the result of 685 - 492, that—it would be more than 947 - 585,

then adding in the remaining 492. Her parsing is shown in Figure 5.

InQéi; Figure 5 about here

4

These two examples show that the same expressidn can be parsed in a
different way according to the expression against which 1t is

compared.

Concerning the third result, there are a nunber of parsings in

- the 347 set that violate mathematical conventions. Some have already

been presented. The parsing that Stella, Rudolf, and. Nick made of

947 - 585 + 492 and 947 - 492 + 685 was one such error {(sSee Cases 9

and ll). For purposes of'ulabeiing, we call it the “"binary
error.” The error 1s that the students made an additive paitr a unit
and applied the minus operator to the sum of the additive palr, rather

than the first term of the pair.

‘/‘ 29 | ‘ o
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The other notable error was the right-to-left or backwards parse.

Two of the six subjects noted that 635 — 492 + 947 and 947 + 492 - 685

were equivalent because they were just backwards. One student, Mary
(Case 6), proceeded to read both expressions with the proper signs.
Exact interpretaﬁion'is not possiblé, but she does not seem “highly
concerned about what numbefs the operators are assigned to. The other
subject who made this mistake, on this and other pairs wés more
explicit. He discussed how one could read an expression in either
direction énd that the sign preceding the number {depending on which

direction one was going) would be assigned to the rumber.

" There 1s one partial parse-worth noting. Jéanie was concerned
about the number that the expressions started with. In the 1278 set,
ail the expressions started with the same number. 'in this set, one of
the exﬁressions does not start with the same number. She first Judged

947 - 685 + 492 and 947 = 492 + 685 to be equivalent (see Case 10).

She then eacountered 685 - 492 ¥ 947.  She said:
) .
Case L4: 685 - 492 + 947 947 - 685 + 492 . 947 - 492 + 685
| .

?hat goes in a separate plle because the number you start ‘out
| : .

" with is lower than in this pile.
| ,
1 .
Later lwhen she was discussing how she did this set of expressions, she

1

said, “See 1f, it depended on where the signs were with the aumbers.

But th}a first number always had to be the same. Because that”s the

1
starting element.”

Pérsingigg 648°3 set. For the 648°s set, there are 10 poSsibie

v R ‘ '
pairs . of .expressions to compare. One of the subjects” statements was
uninterpretaﬁlé‘with respect to the parsing he used, so the data from

only £five s&bjects were examiced, making a ‘total of 50 possible-

e

I R 30
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responses. There were 33 interpretable responses for explicitly

compared pairs. The breakdown of the parsing is shown in Table 3.

Twc examples aré given to illustrate the first result that the
same pair of expressions are parsed differently by different students.

In the first example, students were éomparing 648-+ 873 - 597 with

873 + 597 - 648. Stella .used a binary parse on this pair. She

”~
decided that this pair was equivalent and explained:

Case 15: 648 + 873 - 597 - 873 + 597 - 648
If you added 873 + 397, you would-get a smaller nu;Ber than 6483
take away [}gﬁg- 700, or 673. And then you take away a larger
number and then a smaller numbe;.
Thé parse for this expression is shown in Figure’ 6. It seems that

Stell§ was examining the the first binary pair and then considering

that pair as a unit with the last number in the expression.

c

;;;;;E\Figure 6 about here

By contrast, Joaanie élso judged éha same pair of expressions to be -
equivalent, but she wused a left-to-right parse that seems closer to
unary than binary. Her protocol was: ‘
Case 16: 648 + 873 - 597 873 + 397 - 648
You ad&ea this, the highest nﬁmber plus the lowest aumber, and
you subtracted the middle number. In this you added ehe highest
aumber, the middie.number ﬁlus the highest'number aud sSubtracted
'the lowest number.
It seems that Joaﬁie.is conéidering the number in a left-to-right

manner, but she takes the whole expression and their interrelations in

her parsing rather than two binary units as we find in Stella”s
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protocol. The structure of Joanie”s parse is shown in Figure 6.

In the second éxample, we want to show three different ways that

students parsed the expressions 873 + 597 - 648 and 648 - 597 + 373.

These were the oaly three observations obtained on this palr,
reinforcing the point that different students sometimes make different
parses on the same pair of expressions. In the firsﬁ case, ﬁick used
a aleff-to-right parse {a examining the two expressions. He first
claimed that the two expressions were different, describing the latter
. . .
Case L7: | 873 + 597 - 648 648 - 537 + 873
Beééﬁéévyou;re subtradting these two and adding this and it Vould
come out tolaround.;.[E: Subtracting which two?] These two [E:
The éia and 597?] Yeah. And you're adding 873. So it would
c_émé’ out fo be... | I want to check 't;h_is'. -
Nick proceeded to estimate the values of -the two expressions and
subsequently  decided that they were about the samé. This
left-to-right approach is mot exactly driven by an a&alytic approach
;o. comparing this pair of eXpressioné, but it provides a coantrast to
the other two approaches that were observed. Rudolf approached this
set of  expressions with é binary parse. He-deci@ed that these two
expressions were not equivalent and explained as foildws:

Case L 873 + 597 - 648 - 648 - 597 + 873

Becaugse these two [873 + 597] added up are alwg}s hizher than
this [648]. So they wouldn"t be negative aumbers. But these two
{597 + 873] added up and .t:hen subtracted from this ['648]‘w'c;ul”d be
a higher negative number. _Because ' these two are highef than
this. And &7 you subtrict them from that...;

Rudolf”s parse, siown ia Figuwe 7, shows how he made binary pairs with
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the addition operators and then composed the result into a binary p#ir
with the subtraction operator. Mafy Judged thig'pair of expressions
to be eiﬂi#alent.' Her parse was a backwards farée, shown in Figure 7.
In her protocol she refers to the'tw§ exﬁressions by labeling numbers

that were on the cards with the expressions. The protocol went:

Case 19: 873 + 597 - 648 648 - 597 + 873
Because it starts out in two it goes 873 + 597 - 648, in  four

it"s 648 - 597 + 873. It”s just the rev-, they re backwards, and

it would be the‘same.

.0
Insert- Figure 7 about here

Two examples are given to illustrate the second result that. the’

parsing of a particular expression is affected by the expression

against which it is being compared. In the' first example, Nick 1is

 comparing 597 - §48 + 873 with "848 _+ 873 - 597 and 548 - 597 + 873.

v

Nick judged’the first pair to be equivalent to each.other, explaining:
Case 20: - 597 - 648 + 873 648 + 873_- 597
You can just add these two and -subtract 597.
Here it seems that Nick has made a binﬁry p;rse with the two additive
pairs, and then made another binary pair with the subtractions. 7Yhis.
parse is shown in Figure 8. For the secoqd pair, +which ‘Nick‘ ju4ged‘.
immedi&ﬁely after the first pair, he said they were equivalenﬁ and
expiained: ‘ |
Case 2L: - 597 - 648 + 873 648 - 597 + 873
Bec;use this number 648, Lt“s just being changed around as far as
I understood it. .

We take this to mean that Nick is inverting the first pair of numbers

33
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in 597 - 648 + 873, thus making it idemtical to 648 - 597 + 373. The

parse for this expression is shown in Figure 8 as well. Onme can see .

that the parse made on 537 - 548 + 873 has changed»dépénding on which

expression it was being compared with.

Insert Figure 8 about here

In the second example, Joanie was comparing 648 + 873 - 597,

875 f 597 - 543{ and 597 + 648 - 873. In comparing the‘first pair,
which she judged equivalent, she used a left-to-right pnrse in which
- she compared the three numbers at once. Her protocol, given in Case
16, is repeated heré; T
Case 16: , .., 648 + 873 - 597 873 + 597 - 648
. " Q ‘

You added this, the highest number plus the lowest number, and

you subtracced the mihdle'number. In this you added the highest

number, the middle number plus the highest number and subtracted

the lowest number.
In comparing these two expressions she‘is coordinating the relations
between the three numbers, noting which numbers were being added and
subtracted. She did a similar comparison of magnitudes in comparing

the first two exprassions with the third expression.. But now there 1is

a distinctiy binary parse. She says that the third expression is not

V'Hequivalent::hr : - B
gg_g_g_Z_Z_ 597 + 648 - 873
Because £hr§ makes a smaller aumber.. '[E: Tbe first . two
terms?] Yeah: And then you nubtraét a greater number.
Sbe is no longer -coordinating the three numbers in one structure,

instead focusing ‘on the first' pair and then using that as a unit to



"Algebraic Tasks o R Page 31

~

composé_into another binary pair with the last digit.

Concerning the third result], the same efrors ﬁe observed for the
947 set were also:obgerved'for the 648. set. Iﬁ particular, there were
a numb;r of cases in which the studeats formed binary pairs with the
additive pair ‘and ;ubtracted the sum from the first number in the
expression. There was.also an instance of thg backward parse. iw
addition, we oSserved cases 19 which the stﬁdents were inverting a
binary subtraction pair. This OCCurred'Boﬁh for a sin&le binary pair

and for a;binary'pgir composed of an ;dditive pair and a subtraction. °

Examples were shown above .in Nick”s protocwl (seé Figure 8).

A final note about a parfiél parsiné that occurred in this set of

expyressions. When Joanie encouhtered 597 - 648‘+ 873 she said, "This
is impossible. You can”t subtract 643 from 597 unless you“re using
negatives ‘and positives.” This dase shows that sametimes stpdentsldo
not need to parse all the terms of an expression to decide on its

eguivalence.

e

Acrosg-Set Parsing Performance

This section discusses some of the general characteristics of the

' .parsing across the three sets of expressions. 'These characteristics

are taken to be primarily. °a consequence of - the structure of the
expressions, rather than some general parsing capability of the

students. The problen sets. were. not designed to provide a

comprehensive coverage of the kinds of expressions that odg might

" encounter, so it is not reasonable to draw any conclusions about the

frequency of differeat kinds df_ parses. However, there are two

notable trends in the parses observed when comparisons are made across -

the three problem sets.
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First, there were"diffgrent distributions of parses across the-
threg proﬁlem sets. fhese differential distributions are supportive
of the point that content of'éhe éxpressioné'éan affect -the klﬁds of
parses * that one observes. On the 12°s set ;hére was a greater
occurrence of wunary parses, ‘and there were"comments about the
Subtraction- operator that we did not see in'the_other ﬁwé sets. We
suspect that the unary parses on the 12°s set may be a function of (})
numbers that are sufficiently small to enaﬁle the students to form a.-
conceptual_structure relating the effect of adding and subtfaCting
e;ch nuaber to the value of the expression, and (b) e#pressions
beginning wiﬁh the same number, which &33 also the largest, so that 1£
was possible to simply evalgatg the gffects‘of adding and subtracting
the other two numbers to the first numbete~iTh%s does not mitigate the
fact that the students were doing a unary parse. It jusﬁ.raises'a
pssslble bdundary condition on the generality of their unary parsiﬁg
abilities. For the 347 set, no unary parses were observed and there
was rouéhly an even split betwgen clear biﬁary and ~ non-binmary cases.

For tha 548 set, the majority of parses were binary.

When one examines the sequenceg in which binary pafses weré.‘
conducted, then it' is apparent that tﬁere is no predominatidé bilas.
This ‘point 1is important tg-hb;ice beéause_the cases presented above
are consisﬁen; wvith an indgés%on that sa}s subjects prefer to form
their first.binafy unit Qitﬁ the ﬁiﬁg sign. “In fact, most of ‘these
binary parses seem to follow from\E number of different atructural
features of the expressidns, rather thann;xgtrategic preference of the
subjects. Of the Ll bilmary parses 6bser;éd\for the 947°s set, & of

them followed a left-to-right sequence on expressions that also

happened to' have a minus sign as the first blnari*qnit. Five formed

L ) / : } . o ’ ) 36 . .\\
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the first bihary 'unit with the plus sign, nithout. following a
leftfto-righ; sequence; but these pairs also had the same nuabars,
haace 3 likely unit for students to form. Only: 2 of ithe'vLL binary
parses férmed the bihary uait with the plus sizn first, with both
nunbers not the same, and qidlnot follow a left=<to- right sequence.
Comparable results were obtained for the §48's.set. 0€ the 22 binary
parses, 8 of thea followed a left-to-right sequeace Ln which the plus
stgﬁ 'happeﬁed to be first in the expreséion.- Three followed a
reft-to-righé sequence in which the first binary unit was addition 1in
one é;;;ession "and subtraction iﬁ the other. Four formed the first
binary unit with the pius sign, but these pairs leo had the same two
aumbers. Six Fformed the binary unit with the plus sign first, wi?h
both numbers not the same, and did not follo& a: léft-;o-right .

sequence, and -1 formed the binary unit with the minus sign first and

did not follow a left-to-right sequence.

Second, tﬁere appéars to be soame weak trends Eegariing . the
parsing used by 'individuai stﬁdents across the set.of expressions.
Marf,-Jo;nie, and Nick seemed to follow a more leftfto-right and unary
appgoach. . Stellﬁ and Rudolf seemed more oriented to binary parses. -
Only Stella seeﬁed»to consistently follow a single' kind of parsing,
the other students usually hﬁd_a nixgﬁre. A particulérly’striking
case.éﬁs Rudolf wﬁo used unar§ ~parsing for .the 12°s set, énd
consistently used binary parsing for the other two sets. Mor?oyer,
each of his binary parseS»fafvfhe §z7's"and' 648°s formed. the first
binary_ unit with the plus sign. He was. the student who produced the
two-cases for the 947°s and the six cases for the 648°s in which tbha

~.

”Pl?s sigﬁ was':he\first binary uni;,.with_both nunbers not the same,
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that LndividuaL ‘studénts may he able to work with differené kinds of
parses, but have preféfred parses that they work from in evaluating a
set of expressions. | .

| Judgiﬁg Perfo;ﬁance ,;

There is a minor theme and a majof theme develqped in the results
about judging methods.. The.minor theme is that the st;xdents do not
seem | to have well—developé& strategies for attacking the
equivalence—-judging task. They did not seem to have algorithnié
approaches nor did .it appear obvious to them how to proceed. This 1is
not surprisiag given that this is a novel task for them. Thevmajof
theme is that, desbite the minor thege,‘Chey were able“fo deyelop and
_use a naumber of methods. Like the parsing analysis, the_primary‘
concern is to identifyhthe existence of the different gethods with
which the studeﬁt; judged the equivalence of these expressions. These
methods are taken to reveal the student”s knowledge ~of the
mathematical structure of the arithmetic expressioas, andﬁ?rovideﬁ
gv;aence thaé the students mé} have the: éapacity to work with

conceptual ideas found in their judging rules.

-

.Evidence for thé minor theme comes from the fact that most of the
'students encountered pairs of expressions for which they £irst
asserted that they could not tell wﬁether they were_equivalént or not,
or érodueedléne answer. The students then proceeded to find a,yethod,
or switched their answers after closer e§amination of the pair of
expressions,{'usually'accoméanied by a statement of§”We11 wait;"'which

is taken as a conversatignal signal that a new idea has appeared.

Here is a particularly good example. Rudolf, one of the more ‘accurate

students, was comparing 12 = 2 ¥+ 6 and {2 + 2 + 6. He hai determined

analytically that these two. expressions were not equivalent. However,
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he needed to compute the answers to reassure himself thzt his analysis

was correct. This example is an :illustration of the claim that the

‘students do not have well-developed strategles and ihtuitiops about
/‘ p

a .

the judging task.

-

Additional evidence comes from some of the. judging methods
digghsséd below.‘that were notud as  possible default methods. We
pnesumé.these metho@s reflect the lack of developed methods. waever,
the analyses presented below show that the students.have sufficient .

knowledge to aeéelop'a number of approaches.

The analysis of ?he judging perfarmance will be developed in
three parts. - The first paft discusses the judging methods used for
the 947”3 and the 648°s. As part of thisv discussion, some general
consideratians about l#ﬁe -variety .of Judging ‘methqu will be
introduced. I‘hé ééco,nd part discusses the. juéging methods for the
12°s. Theéé are discuésed separately primarilf' because the data

underdetermined the classification of the protocols into the classes

- of methods devéloped.in the first part. Tha third part presents some

general results about the use of these Jjudging methods across and
within students.

Judging Metheds for 947°s and 64873

Foi each judging method, we will describe thé method, présent the
criteria for classifying a protocol as indicat;ve of this meﬁhod, and
diécuss some Lll&strative _examples of pefformancé., The observ
judging metheds can be divided into analytic *approaghgs and
non~analytic approaches. lFurther divisions within these two general

approaches will be addressed in turn. We discuss the analytic

appfoaches fizat-. -

Pard
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Analytic judging approiuchies. Amalytic judging approaches provide
answers that are necessarily true. These approaches can be divided

into number—independent nethods and number—~dependent methods. We will

discuss the number-independent methods first..

- ¢

Ag thelr name impliea, nnmber-independent methodsido not use , the
values of the numbers in the'expressione to Judge equivalence. The
necessary truth of the number-independent judging methods 1s- grounéed
on the mathematical axicms and theorems commonly found in algebra. We
will refer to these axioms and theorems collectively as properties.
The students use these properties in the process of judging the
equivalence of elements in a pair 'of expressions. .

. ~ .

Before we discuss these nethods further, .we ~dould 1like to
introduce the concepts we used to analyze these methods as sell as the
other observed methods. The Judging tagk is a procedural task that
must .obey.;the gzneral 'cons:raint of equivalence. Specific;dndging.
ruies are applied within the constraints of higher-prder principles
(Greeno, Riley, & Gelman, 1984). A primary aim of our analysis_of
-performance'on'tnis'taek 1s to analyze the protocols» in such a way
. that it rQVeals, to some extent, the structure of methods used. We
describe higher-order principles,informally to give a_ senge of the
organization of performance, and then descrite specific realizations
_of a principle that the students used. We do vnot claim that ‘the

students 2=z consclous of these priaciples in the form presented, only'

that this Lz a possible organizing principie "that underlies 'and'

ratic:wtizaes what. tney are doing. Also in classifying performance, we -__',w

have not separated the correct uses of _mathematical properties from

-the 1iacorrect uses. This is consistent with the concern to examine

20 .-
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the structure of the methods, and not the correctness of the content.
We will however discuss the %inds of errors.that occur, many of them

should be correctable without much difficulty.

For most of the judging methods there is ﬁ version based q? a
unary parsiag.:of: the expression;. and another based on a binary
parsing. The generél principle_fhat,organizes the unary parsing for,
che _humber;indepéndeﬁt methods is that>cw;jexpressions are equivalent
if the same terms are added and suﬁtracted, regardleig of their order
in the expréssion. This priuciple' caﬁ be realiéed in specific
L:ace&ures. that compare the terms and operators between two
expresgéons ”té éétermiﬁe' vhetherl the éeneral principle has beeﬁ
satigfied. The general pri_.nciple_.that: 6r3aﬁiées the binary parsing
for °numbei-indep;ndent methods';s that two expressions_aFe equivalent
if the binary pairs in the expreésion are equivalgnt,,whqge one binary-
palr can serve és ‘a :qerm':in another binary éair. A number of
properties can bg used tg,detetmine the equivalence of binary pairs.

Here i3 a 1list of some of the properties that the students seem to

& i : /
usé: | - : /

: _’ A=A . Reflexive ;//
A+B=A+3B Reflexive /
§-+ B=3B+A Comm;tative 3
A-B = A:" B j Reflexive ;
A+Q=A+0Q 'Reflex1ve,f;here Qis a binary pair
A+Q¥A-Q . Where.g ;Q a biﬁary pair
AA +Q=Q+ Av : Com;;taﬁive .
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‘The discussion up to_ghisvpoint has described a set of forms
within which equivelence judging can proceed. This is a structural
level of analysis. We now want to meation briefly two possible
psychological implementations that would emboey these struchres. One
is gsyntactic; the other 1s semantic. (See the General Discussion for
a speculation on a third possibility.) |

Syntactic methods do not yse the values of 'Ehe numbers, .ene
simply ﬁotes whether they are the same or.diffeeent. The unefy method
would be realized syntactically by_s proceeure that determines whetﬁer
the same numbers (or symBols) are being added and subtracted togetper;
This 1s the method commonly used in algebra to Jjudge .theA equivaiencev
of two expressiens; Tse binary methd would do the same -thing, but

woinld use palrs, and the prope:ties described above to determine

3

Semantic methods interpret the numbers 1in the expressions as
repregsenting quantities of different ‘relative magnitudes and use these
magnitudes as part of judging procedures. Semantic procedures that
realize the enary and binary methods are comparable to their syntactic.
cousterparts, processing the terms of the ‘ex$ression in the same
sequence. They differ from the syntactilc approach because they view
numbers are viewed as standing for quantities, and decisions are made

using rules about operations om quantities.

In a»unary Version of a semantic method, a number that is commdﬁ
to the two expressions is taken as a "starting” number. In the 12°s
and the 947”s problem sets, this was usnally the largest absolute

value and the .first ‘number -in the expression (except for

. 685 = 492 + 947). The students can ta? check to see 1f the same

e
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nunbers are being added and subtracted to this start-number. They can
verify that the two expressions are equivalent 1if the same quantities
are being added and subtracted. The binary version of this method
compares binary pairs, checking that the same wmagnitudes are being

added and subtracted.

The preceding discussion has introduced the concepts that will Se_ ;
used toé discuss the judging methods. Rational inspection shows that
any method cculd be realized(in"a unary or binary form and with a
syntactic or a semantic process. -.I.n practice, not all of these.
pcésinilities are'common, and' the -available data are -not ai;ays
adequate'in general fcr making such determinetions.' These descriptive -
concepts are used to'the.extent thet the ‘distinctions can be ,made in.
the obseryed prctccols. | |

Turning now to examine specific cases, only binaty, syntactic
methods - were observed for . the number-independent methods. No
unambiguOus cases of unary processing 'or semantic processes were
observed for number-independent. solutions. .Iable h.showe\that L4
cases of number-independent judging were observed as well a;\:the,

frequency with which the other methods were used.

Insert Table 4 about here

Three criteria, each being Sufficient, uere used to ‘¢lassify
protocols as indicative " of a syatactic, number-independent method*.
One criterion was statements in the protocol like "just rearrange the

numbers” or "just change around the numbers.” Such statements are

taken' to indicate that the students were looking at the syntactic
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relations of the nﬁmbers. The procedures that carry out these

operations do not use the Qélues of the numbers. For example, Rudolf

judged that 947 - 685 + 492 was equivalent to 947 - 492 + 685. His

protocol was gilven above in Case 9, and repeated here. He explained:

Case 9: ' 947 - 685 + 492 947 - 492 + 685

I couldn”t tell what the answer to this problem was, I just know
it. - It doesn’t matter that these two are switched around. [BE:

The 685 andlthe 492.] Yeah. o

In this case, Rudolf seems to follow a form of a + b = b + a. Then if
these two equivalent binary pairs are represented by g, then

a-q=a-=-d.

A second criterion for classifying a protocol as a syntactic,

number-independenfi'parse was statements of orders of operation. "For

example, Nick "judged' 648 + 875 - 597 to be equivalent to

597 - 648 + 873.

Case 20

648 + 873 - 597 - 597 - 548 + 873

Yourgan just add these two and subtract 597.
ﬁhile this stateﬁent is telegfaphic, it 1is \{nterpreted as assertingl
that 648 + 873 1is equivalent‘iﬁ b&th expressions, andnéhen the same
number 1is being Fubtraé;edl from = the equ;vai;qs binary paif. His
statement was glven immediataly‘and his use of é&g word jggg is taken;
to indicate that he is manipulatiﬁg the exp;egsion;~in‘tetms of their

algebrailc relégions. In other words, the values of the numbers in the

expreséions arg not -used, (except for noting their identity).
I B : '

*Ag noted above, it is possible that these Jjudgments could have
been made semantically and reported in a syntactic manner. However,
both the rapidity of the judgments and the fact that the students
already knew how to recognize equivalence by the commutative property
leave us satisfied with this projective interpretation.
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A third criterion was statements about rearranging the anumber in

certain orders. Stella also judged 648 + 873 - 597 to be equivalent

to 597 - 648 + 873 explaining: -

Case 23: 648 + 873 - 597 . 597 - 648 + 873.
If the 648 were placed first and then 873 and 597 would be
_ex;ctly the same.
Her statement 1s also telegraphi-, and.she describes a transformatioﬁ
that would make the two expressions 1identical. We -ﬁake the
telegraphic s?atement to 1ndicatexéhat these decisions are being made

syntactically rather than réasoniug with values of the quantiéigs.ﬁ

j‘Aﬁother method classified " as a syﬁtaétic, nunber-independent
zethod was the backwards method. The principie here is roughly tiat
two exéressigns.are.eqhal if their terms. are in reverse order ‘and the
same operators are present. To fime extent, this.dould bé considered
a unar§ method. The criteriou for classifying a protocol') as
1n&icative of a sackwards judgﬁent_ was unambiguous. The students

stated this explicitly. They did not give a raticnalizatfion for this

judgxnegt. Indeed, their protocols suggest that it was abvious to

them, which 13 consistent with a syntactic interpretation. An example

'was presented above in Case 6 of the parsing amalysis. This approach

is iancluded as aﬁalytié'becauée the students are using some syatactic
features as a guide for deciding equivalence, and these features take

the form of a general rule that isvapplied with consistency.

The analytic, number—-dependent methods wuse the semantics of
ordinal valuas to decide whether a pair of expressions are equivalent
or not. This system provides the necessary truth for these methods.

It 1s number-dependent because one must have the values of the terms
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of. the expression -in order.to use this system. ‘The general principle _

that organizes this performance is the idea that if one expression has
a larger value relative to the other, then they cannot be equivalent.
This ' determination could be made with binary or unary parses. No

analytic performance was observed that could be classified as unmary,

so only the binary cases will be cousidered.

In this method, the students use the semantics of more and less

ir a direct, analytic manner, deciding equivalence according to the
consequences of edding more oOr legs to a qnantity} The kind of rules
used here are of the form- more - less > less - nores There were.two
main instances in which this method was used. The first was in the

comparison of 597 + 648 - 373 with . both . 648 + 873 - 597 and

873 + 597 - 648. This accounted for 8.of the 14 observed instances of

this method. Here 1is Joanle”s protocol in which she judgad the first

eipression to be less tnan the other uﬁo expressions, as did the other
subjects. _

Case 22: 597 + 648 ;'873\\ 648 + 873 - 597 873 + 597 - 648-

This makes a smaller number. [E;"The\first two' terms?] Yeah.

And then you subtract a greater number.

Protocols were classified . as indicative fof an analytic,-

number-dependent method'if they contained statements that compared the
magnitudes being added and subtracted between the two expressions and
these comparisons could be made'analytically. Thus, in Case 22, the

additive binary pair in tle latter two expressions had one number in

common with the additive binary pair in the first expression.

. However, the other number (873) in the additive oinary pair in the

. A M
latter two expressions was larger. Therefore, one can determine that

f .
the value of the additive binary palr for the first expression 1is

46
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smalier than the v&lue of the additive binary pairs.for the latter two
expfessiogs. Finally, oﬁe #otes ;ha; a larger amogpt is_ being
,suptractéd ﬁ;om -thé“ additive binary pair. in the firsﬁ expression-
compared éo the other. two expressions. Tﬁis.pe;mi;s the’ use of- the

rule described above.

.The other main instance of a'number-dependent method involved the
-rule that positive numbers are greater than negative numbers. This
accounted for 5 of the 14 observed {instances. For example, Rudolf

(Case 24) asserted that 648 - 597 + 873 was not equivalent to

643 + 873 - 597, 873 + 597 - 646, or 597 % 643 - 873 because "Noﬁe of
the others would be ﬁegat;ve numbers and this one would. be.” When
asked to explain how he decided this, he expiained how the firsﬁ ‘two
.aAded up are more than the number subtracted and ho; in the negative
one, the tﬁovnﬁmbers added up Qere more than the 648. Despite the
_incorrect parsing' of  the first expression, his judging method. is an
analytic rule, based on the .relative values of the numbers. Protocols
were classified as- indicative of this meth;a when . the students

-

asserted that one expression was negative and could not be equivalent

to the other expressions. -

Non-aﬁélytic approach. Having examined the nunber-independent
and the nunber—dependent, analyticlﬁethods of_Fquivalenée judging, we
" now tﬁfn to the non-analytic appfoach; Ngn—anal?tic methods produce
énswers that do not ' have a 1logical systém that hguarantees the

necessary truth of the conclusions*. There were three general methods

_ *Please note that we only apply the analytic concept to systems
based on logics generally recognized as analytic. It may be necessary
at some point to augment the analytic concept with a category of
"personal-analytic” wmethods. That is, methods based on a comsistent
system of logic that is not generally recognized as anmalytic.
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Tk ‘tne——nnn-anxiyttc-approaehv—~$hey—a:e-semimanalgxic+_ngg ensation,
' and difference. These methods are primarily : number-dependent. Thé,'
seni-analytic and some of tie difference methods seemed to function as
default methods that the étudeqtavused when they could not find a more
analytic app:dach. Thé “semi-anﬁlytic' and'thé compenaation'mqéhoda

were for the moat part semantic because studeﬁts use the reiative
aagnitades of the quantities and compare them in terms of more and

legs. These two methods?are distinguished by the manner ian which the

gsemantics of relative wmagnitude are used in determining the

-equivalence of a pair of expressiéns.

In thé éem;—analytic method, the students set up the ‘proper
-relative-magﬁitude relations between; the subexpressions of an
expression, but there are not analytic rules based on the ordinal '
semantics that can use these relations to produce a decision.
fnstead, ;he students seem to engage in a §or£ of est?mation of these.
ordinal quantiti s, Thus, while the answers are close.approximétions,

they leave the studeants with uncertain ansvers that are not analytic.

'Here sre two examples. The protocol for the first example 1s
give~ above 1n Cuse 13. It séems that S;ella is thinking something
along fha ia 33 .kAt a amﬁll quantity added to a large quantity might
be 2 iittle 2larger than the two medium-size quantities being added.b

In another case, Joanie | asgerted that 648 - 597 + 873 and

648 + 873 = 597 were equivalent because:
Case 25: 648 - 597 + 873 ‘. 648 + 873 = 597
This [648 + 373 - 397] you add you get a high number and you
only subtract a little. And this (648 ~ 597 + 873] you add a

lot. So I think they should be equivalent.
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It _appears that Joanie is making an estimation of the sort that large

minus small 1s equal ﬁo small plus large.

qu distinctive characteristics were used to claséify protocols
as sémi-anglytic._ Contr;:y to other methoas, the students uSua1i§.
hedged“their asgertions vwith étatemenﬁﬁ’ like ﬁhe ftwo éxpréssiﬁns
“"might be the saﬁe,“, “probably get.tﬁe saﬁeﬂ;hing," '"mi;ht dake up
for the loss,” or "might end vp to be this.” Second, the studeﬁts did -
not compare the relative magnitudes (i.e., larger or smaller) of |
subexpressions beﬁween the pair of axpressions aé'they did with the
analytic number-dependent methpd.A »Instead, _they talked about the
rélative magnitﬁdes of the numbers wi;hin each expréssion, such as

"add a high mumber,” "subtract a little' number,” and "get a low

number.” Finally, although not a criterion for classification, 'in»

‘many of these cases, students expressed uncertainty about their

answers by stétementé like "do="t know exactly,” and "can”t really

tell.” This 1is consistent with the fact that this method does not

provide an analytic solution.

KIn the compeﬁsation method, students use the semantics of ordinal
quantities as a cus to a mére gene;;l principle that asserts
equivalence.. Thig ﬁigher-order principle went “someﬁhiﬁg . like this:
“Iwo expressions are equivalent ié.‘both sides get comparable .
treatment. if a bunch of opposites are présent, then maybe it will
all balance oht." This general idea takes a number of different

forms and we.have not found a general description to characterize

them. Por now, we will have to communicate this general idea by

examples. Protocols were classified as tfndicative of a compensation

method 1f thg students asserted that the palr of expressions were

[
k4
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equivalent, and if they talked about the quantities iavolved in terms -

of more -and less or larger and smaller, and talk about how one

operation was performed in one expression and ‘a different operation

‘was performed 1in the other expresaion,'but that it all comes oet the

same. The character of the last etep was such that the students

seemed to defer ‘to the equivalence judgment of the principle rather

. than using the information about the relative megnitudes~directly.

The compensation‘method seems’robust. Four of tpe fire subjects
used a compensation hethod, at least once.' Also, 1t is possible to
find contrasts that are suggeetive of binary and unary mecﬁods and ef
semantic .and syantactic methods.' In the ueery versien,-the students
used the idea rhat gsome quantities were being-edeed and subtracted to
a start quantity, except now they did not pay attenrion“to the fact
that different quantities were being added and sebtracted;' Joanie

judged that 648 + 873 - 597, and 873 + 597 - 648 were equivalent

because: -

Case 16: 648 + 873 - 597 ’ 873 + 597 - 648

You added this, the highest number plus the lowest number, and
7 : )
you subtracted the middle number. In this you added .the highest

-number, the middle number plus the highest aumber and subtracted

the lowest number. See you subtracted less because you added

more. You subtracted more because you added less. It seems
confusing. |
One can see that in,thie‘protocoi Jeanie operates with the relative
magnitudes or the numbers. fhe-two sentences before the last one are

whet we take to be_indicative of a compensation method. Her reesoning

gseens to follow an argument along the Llines of: addition and -

subtraction are opposite, these numbers are more and less, so in some

=0

¥

N,
\,
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sense are opposite. If you subtract legé.in one eXpréssion, then you

should do the opposite in the other expression, that 1is, 'you should
add more. Similarly, if you take away more iam one exptéssiqg, then
you shtuld ﬁdd less in the other. Because’ Wwe are compensating .for1

both numbers_being'édded and subtracted, then it should balance.

'We take this to De ékunaty method, in which the 873 is serving as
the start number ’and Joanie ‘'is examining thé effects of:adding aﬁd.
'Subtracting the 648 and the 597. 'Also‘noté thét her statemett about
’hod it is confusing is consistent with the claim that she is not asing
an'analytic method, ‘nor using_ the magﬂitudes of the quantities
directly. ‘Joanit did not make‘comparatlé'statements when comparing
other expressions. However, just because this is confusiag daeg not
mean  that she 1é.utcertain about this method: The interviewer told
\.her that she ‘could change her mind if shgﬂ wantéd, ‘but. Joénie

maintained that-they were equivtlent.
\Stella comparéd the tame pair of expressions with a - compensation

N ‘ ,

methodi\\but used a binary version. In such a method, one notes a

differencé\in.a=binaty pair and then a compensating difference in the
\\ ’ .

other binary\Pair. Her protocol was: .
Case 15:
If you adde&§§73 + 597, you would get a smaller aumber thaﬁ 648
take away '[g3£J~ 700, or 873. And then you take away a larger
number and then‘éxsmaller number. So I think it would be.
Stella made several slits in which she Substituted take away for add
or add for, take g_gz, \as did some of the other students. N_

significance is attached to it here. In this protocol, she compared

the relative magnitudes of the numbers, noting that the first binary

\
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pairs ﬁould not be equivalent, but then seems to use a compensaticn

rule . of the form: Larger minus saaller equals smaller minus larger.
The compensation schema here seems roughly . as. followus. The

degscription of the two start sums are'semantically opposite, and one

'1s doing the same*oéeration of these:opposites with another set of

opposites, so it should all balance. This protoéol was classified.as

compensation rather than semi-analytic because we presume that Stella

does‘not believe that larger minus smaller equals smaller ﬁinﬁs larger
and that instead she is using the meanings of the quaﬁtiﬁies'as a cue

for a more general principle rather than as inputs to a procedure that

-

needed this information to make a decision.

-

The syntactic-szemantic contrast in the compenéation' method 1s

/

{llustrated on the . palr of expressions, 947 - 685 + 492 and

947 - 492 + 685. Joanie seemed to use a syntactic method. Her

¢

?p:otocol is gi#en above as Case 10. The compensation schema here

seems to be of the following sort. *‘ Addition and. subtraction are

3

opposite. Number A and Number B are different. The start humbe;s are
the same. If I take away A and add B, then on the other one I’/sﬁauld

add B  and-—take éwaj A, and it will all balance 5uf. “ﬁef use of the

word "but" suggests that she is using the compensatioﬁ idea. In

particular she seems to use this word as if to: say, "I am starting by

doing something that would seem to make the two ‘expressions
non-equivalent, but then I do something that compensates for the
differences and returns them to equlvalence.” This protocol’ is

described as syatactic because she does not seem to be!using‘semantic

ideas of more and\less to select the ccmpensation ruLe.’ Lﬁstead; she
seems to simply ‘note lt:hat; different numbers are being added andr

subtracted. A . o
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By contrast, oﬁ the same pailr of ggpressions, Mar; seems to use a

semantic approach. Her-protocolnﬁasi
Case 5: 947 - 685 + 492 - 947 - 492 + 685

Becéuse‘in the first one, ng’re taking away more, bﬁt theﬁ you

add the same amount you’re taking away in the second one.
This frotoCol s;epgito use a comparable éﬁhema as the " one described
for .Joanie;s protocol, and ﬁary even precedés her descriptioﬁ of the .
sedond step ﬁith the word but. The 1mp§rtant difference 1is that
Mary“s schema gseems to opefate on the idea tha£ campensating relativel
quantities are béing.used; rather than compensating differeénces that
Joanie was using. In this particular case, fhere is no behaviorcl

difference between thase two methods., ﬁowever, we note the existence -

~of this possible difference in the psychological realization of the

compensation method because it helps clarify what might be the

difference bétwéen rote and meaniqgful performance. This issue 1is

\\‘

congidered briefly in the General Discussion.

While we _ha&e Just argued that ;' person can come to a
. « ) } .. )
compensation method from a semantic route, it 1s important to ,note

that the meanings of the ordinal. relations are’ not being used . to

deteraine mathematipal' relationships as 1ian thé analytic and

semi%#nglytic number-dependent methods. :The students &o not seem t&
usé the qeénings of - éggg and less as inputs to a set of fulgs that
depend oﬂ tpgig»deaning to make a decision. jInstéad, they seem to be
using ; geﬂeral idea of éompénsation,'fitting a relation betwéen the
quantities into q.compqusation schema, that trade§ on the verbal

description of the magnitqdeé of these quantities;

-
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/

It may be goiﬁg too far ﬁo dignify'the eompensation method with a

. description as a grinciple. Instead, it'seems that the semantics

. provides a confige;;tion of ‘the right kinds of elements for the

‘application of this general rule, and the students never bother to

cognlze the relations _between these elements. This clain is

consistent di&h the observation that the compensation idee is appiied
inappropriately iq some cases,\and correctly in others. "This suggests _

that the semantics of the deengitiee are not used directly in the

application'of the rule (or that ﬁhe kids have some incorrect rules).

The‘final non—-analytic method was cal;ed _diffefence. Sometimes
the students decided that a palr of expressions were not equivalent
because there were distinct differences betweee Eha two expressions.
In some cases it appeafed ce be more like_a.default method, used when
the other meéhod; could mnot be aﬁplied.‘ In these cases,  their

| Statements were a listing of diffe:ence; rather“coordinating;them as
they did,with the other methods. Indeed,.‘ene fspbject mentioned how
gome pairs of'expressions weee "all messed-ﬁp“ and that there was no
A“pattern"_es.ﬁhere—were in other éairs. The decision rule used here
seems roughly of the form: If there are differences between the two
vexpressions, then they are not equivalent. By coatrast, there were’
‘two 1instances of Ehe difference method that did not appear to be
Idefaul;s'and afe very sué;estive of possible cenceptions that studente
hold about the structure of arithnetic’expresaions. We present the

instances here;. the theoretical 1isgue is taken up in the _General

Discussion. In the first case, Joanle (Case l4) encountered the

expression 685 ~ 492 + 947 and had to compare it with 947 ~ 685 + 432

and 947 -~ 492 + 685. This was the first time in the interviedrtﬁat

" ghe had encountered an expression that did mot start with the safe

Q - . ' .
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number; which was. also the largest\ absolnte value. Her complete

protocol was brief: ;That goes in a sep rate'pile because tne number

you istart out with is lower than in this pile." This 1s a difference.

method Pecause gshe 1s nocting a difference bhetween these two

- . ,
expreasions, and deces not seem to examine:the rest of_the expressions.
»

=

A similar case occurred when Mary encountared the same situation,
She“_eventuallyl,p:odnced__a- semi-analytic solution, but her original
analysis was thatlthe‘expression beginning with 6é5 was pot equivalent

to the other two because:

Cage 26 685 ~ 492+ 947 947 - 492 + 685

You start out with 685 [emphasis added], and you take away 492
and. you didn“t take' away 492 in any of the other:ones,'except
[947 - 492 + 685], but you didn’t take it from 685.

Mary also geems to note that the eXpression starts with a different

number, and places an importance on the fact that the same pair of
nunbers were not subtracted from each . other. We have observed
comparable cases with other students.,

/ Judging Methods for the 12°s

\ There are at least three specific raasons for why the 12’ are\
anslyzed separately. First 1t was difficult to classify the methods
uged on the 12 s problem set using the concepts developed above. In .
many cases the students did not state their reasons with the detail
found for the otﬁer two sets. For equivalence judgments, they
reported gurface differences between the expressions as not mattering,
or described transformations that would reveal the equivaience of two
expressions. For judgments of nonequivalence, many timcs{//the
students simply reported the discrepancy that led to this Judgment.

Consequently, -it 1is ‘difficult to determina empirically whether

95
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students were using analytic procedures, difference rules, and 30
forth. Seéond, in saveral case., -the. students calculated or did
partial calculations for some of the expressiohs. Frequently, this
was done to check the cqrre&tness of theif analysis. However, 1t may
~algo have enabléd them to generate more sophisticated explanations
about why .a paig of expressions. were eqﬁiyalenf dr not. Third, the
q;mbers in the 12‘9 expressions weré small, and it may have been
easler to form a -mental representation that was more difficult to

articulate, in contrast to the other two sets in which the atudents

had to comstruct their arguments more consciously.

Despite these difficulties, we want to describe the._pérformance

- "~ —on "two comparisoﬂs. The first comparison the studeats h;d to:maké in
the eﬁtire intervieQ was between 12 ~2 +6 and 12 +2 +6. Of

~ course, they all produced a éorrect angwer. What is more interesting.

is the 4iversity of descriptions they produced in giving this answer,
[ . .

»

most oflthem consistent with a syntactic,-numbé:-ihdependent approach.

They arexSuggestive of subtle differences in how the sFudents are

cBnceivigg. "and~ describing why these two expressions are not
_ equivalehc, This will nog_be developed here because of the inadequacy

\ ) .
of the data, but many of them should be appareat.

\\|
Vo

Stellaiéeporéed that 12 - 2 and 12 + 2 are different. gStq\ that

she uses the word différent which contrasts with her discussion of“th _

i

648 set whe:e\she talks about more and less. Nick said that there was

‘a subtracting'. in one and an adding in another. Buth of these are
‘suggestive of a binary analysis. Mary reported that in omne expression
you are _taking .away and then’ adding, while in the other, you are

adding both times. This seems more suggestive of a unary analysis and
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possibly even a semantic one. Joanle noted that one axpression has
two pluses and the other has a plus and a minus. Rudolf noted that
one expression had a minus so it qas_different. These last two focus
on the;operators. Notice the absence of talki about more and less.
“his was Zenerally true for all the comparisons in the 1273 set, which
is consistent with our suggestion that number-independent methods were

~

use

These protocols 11llustrate that even for oae of the simplest
equivalence-judging problems, we find protocols 1indicative of a

variety of approaches for reaching the same conclusion.

The second comparison war between'LZ -2 +6 and 12 + 6 -~ 2. The

_students provided sophisticated answers here. Four of the five who

made explicit: statements sald something to the effect that the numbers

were in a different order, but that it doesn”t matter (see Cases 3, 4,

.\

7, and 8). There appeared to be a binary version in which the
students noted that.12-+ 6 was equivaleat and then two was subtracted
(Case 8). There also appeared to be a unary rersion in which the 12
is treated as a start quantity and that\the students recognized that

it did not matter when the two was subtract\ed and the six added Just

\\ _
~that it happened at some point (Cases 3, 4;\7). This 1s taken as
evidence that the students are capable of understanding the 1idea ' of

adding -and snbtractiug respective quantities from a-start quantity

will result in equivalent expressions regardless of the order\in which

the quantities are added and subtracted. SN
.

Gencral Characteristics gg.Judging,Methods .
Having set forth the different judging methods we observed, we

now turn to some general observations about applications of these

‘ | o | - BY
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methods. Three 1ssues are addressed: (a) the extent to which _
number-independent and analytic judging methods are used, (b) the
kinds of errors made, and (c) the use of different judging methods

acrqas.and within subjects.

The first issue examines the extent to which the students were
using number-independent methodé in their solution effprts. Each of
the problenms coﬁld be solved with numbér-independént methods 1if one
were to ﬁse'unary codparisons. Beéauée the students did not usually
pursue such a method; let”s considéﬁ only those cases in which binary,
number-independent comparisons can be made. Most of these involve
only cohmutatiye transformations. Table 5 céntains thé five pairs .
that‘ occurred in the two sets. Perforﬁance'on these fivé pairs .is

gummarized  in Table 5.

Insert Table 5 about here

Insert Table 6 about here

Students compared thesg expressions directly for a little over
%alf of the possible Qpportunities f;r such comparisons. Of these
comparisons, only slightly ~over half were number-1independent
comparisons. And of these ndmber-indepen&ent comparisons, about
one-thifdlwere c&rrect} A slightly more liberal tabulating criterion
can be used, but it does not change the basic trend. The pair of

expressions 947 - 685 + 492 qnd 947 - 492 + 685 can be included in the

analysis because'they have a pair of numbecs that are equivalent under

\_'_ 58
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comnutativity. However, in the context of these two expressions, it
is not possible' to maintain overall equivalence in an expregsion,
while commuting the binary pair. We éan include this éése because it
18 an opportunity in which students could use an number-independent
apprqach, evep if incorrect. Table 6 shogs a sliéht proﬁortional
increése in the extent to which the students used number-independent

methods, but still we do nbt‘find that number-independent met'ods are

predominating.

While there ié not strong evidence that the students are inclined
to wusing number-independéﬁt methods, another way to. view their.
performance is“hhether they‘are appealing to analytic methods. When
we examine how frequently students used analytic épproéches comparea ‘
to non—-analytic approaches, then a slightly more -encouraging plcture
emegges. * Table 7 sﬁows that students f&und analytic solutions about‘
60% of the time. The non-analytic solutions were. évenly distributed

among the semi-analytic, compensation, and difference methods (see

Insert Table 7 about here

Ther2 were individual differences in the observed use of anmalytic

. - \,\
or non-analytic approaches reported in Table 7. It is tempting to
speéulate that these differences may refle&t differences in cognitive

style. . However, no conclusions are offered because of the following

congiderations. In some cases, students used a compensation method,

" which would be counted as'non-analytic. However, if they had used the

semantics of the ordinal values, as Rudolf did (see Case 2), then they
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would produce en analytic salution.” Also, in some cases, the students
simply did not know shat to do, perforce offering a non-analytic
" solution. For now, we just want to note that students are producing a
considerable number of analytic solutions, and suggest that the
non-analytic ones may represent the absence of adequate methods rather

than the existence of different conceptions.

_The second issue concerns the kinds of errors nade in the judging
perfnrmance. The errors can be separated into two kinds. Ihey are
violations of algebraie properties, and the non-analytic methods. The
only violation of algebraic properties involved subtraction. In one
case, a student seemed to Ilanvert a binary pair ianvolving subtractioa. /,x“
He asserted that a = b equals b - a (see Case 21). In a related case,ﬁ
students were asserting that inverted pairs of  nested binary
expression weras equivalent; that is, q - a equals a - q, where 3 is a
binary pajr (see Case 20). And finally, the backwards method may
reflect an assumption that ubtraetion can be performed in either
direction. In snort; it seems that some of the students are willing
to view inverted subtraction as eduivalent. The non-analytic methods
are errors_in the sense that they . cannot reliably. produce answers.
The compensation method 1is striking becausegof the confidence with
which the students asserted their answers. Here the problem 1is 'not
with parsing norlwith tbeir knowledge of mathematical properties. . For
both the compensation and the sami-analytic methods, the'students are
simplyv using'methons that -are nnt generally effective or which do not
use mathenatical'properties directly such as the semantics of ordinal

values.

60
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The third 1issues concerns general conclusions that can be
extracted from the analysis of the judg;ngAmethods. The observed

performance supports the following three hypotheses.
1. Students are not uniform in the range of judging methods they use.

There were 6 poSsible comparisons in the 347°s set and 10 possible
comparisons in the ©648“s set. Here 1s a count of the number of
different methods used by the students across these two gets: Nick

~ (5), stella (4), Rudolf (2), Mary (4), Joanie (4).

A good illustration of this point comes from Stella comparing a
' sequence of expressions in the 648°s set. In the first comparison, she

did a compensation. Her protecol is presented above in Case 15. Then

on the next expression, she used an "analytic rule based on the

semantics of ordinal quantities. A aomparablé example Qas given ip
Case 22. On the following expression she used a semi-an#lytic method

comparable to another semi~analytic method of hers shown in Cage 13.

A secoud-illustration shows how a student can use a method that }

seems to répresent the . numbers .as quantities and evaluate thelr
effects, but then shortly thereafter; appeai to a general principle
without wusing _the ideas of quantity justldisplayed. Mary ée;méd td
evaluate thé.iZ‘s expressions using an idea along the lines of adding
and subtracting numbers from a start quantity. One éxample was glven
in Case 4. In a compar;£le example,‘she_explained why 12 - 2 ; 6 1is
not equivaleﬁt to L2 +2 -6, baecause §0u take away lgss in one and
take away more in the o;her. This perfqrménce contrasts}.with her
performance in the 947°s set. In Case 5, Mary seems to giQe a

compensation analysis that mentions 1deas of taking away different

.

N 3 1
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amounts as found in the 1278 axamples. Now, hbwéver, she does not seem
to use the same idea of taking away different amounts as found in ;he
12°3 example, Lnstead appealing to a more general principle. Also, tﬁe
pair of axpressions that she compared in Case 4 are 1igsomorphic to a
pair 41& the 947°s (see Case 12). For the lZ'sxéhe used her semantic
method. She never compared the isomorphic pair in‘ the 947°s because
‘she Qsed a backwards method to equate it with another expression (seé
Case 6). A comparable analysis for the same expregéioﬁé>éaﬁ“ be shown

for Joanie.

The specific reasons for this latter phenomenon ‘are mnot apparent
yet, but a worthy candidate for exploration is the ﬁifference between
the problem-solving representations of the pairs ofi expressions. For
the 127s, ehe students may 4hévé been ab e to form appropriate,
meaningful relations between the quantities, while with the larger
numbers, they resorted to methods ¢t r  were morea syntactic, and“

nunber-dependent.

2. Uniform methods are not used for comparing a particular pair of

" axpressions.

For the 94773 set, thare were six-possible compariaoﬁ_&° On five
6f the six, two 6: more different methods were used across the
collection of students, even for two of the comparisons thét only had
two students responding.  Similarly, there were eight pairslhbf
expressions in the 658’3 gset for which. two or more stddents nade
comparisons. Six of these. eight had at least two differént methods

used.
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Two specific exémples illustrate this general point. While three
of the five students gave a compensation arggqgnt'for a pair of 648
expressiong (see Cases 15 and 16), at least one student was able to
give a correct, analytié argument (see Case 2). Along- the same'lines,
on the pair that was lapeled the binary error in the parsing analysis,
one sees  that some students used an number-independent approach {see

Cases 9 and 11), while others used a compensation approach (see Cases 5

B&Eiﬁff““* ‘ ﬁ%wmﬁﬂm;wm“mwdj,,”,

3. Changing the context can affect the judging method used on an

expression.

‘ Frequeﬁcies are not provigéd- here becauée _it i{s. difficult to
establish whﬁe should be counted as a éhange of méthod.’ For example,
many of the ndmber—dependent methods may be motivated by the same basic
mental procedﬁre, but because of struétura} features of the éxpressions
the student will produce an analytic, a semi-analytic, a coampensation,
or a difference method. 'Consequently, we wi}l simply.pregent three
illustrations of this point that do not seem S0 ambiguous.. The point

‘ to be establiéhea. here is that given a particular expression, the
method of jﬁdging wiil depend of the expressioﬁ' against which it 'is

being comparad.

The first illustration is the contrast in Rudolf”s performance

with the expression 683 - 492 + 947. When he first hadﬁto compare it

with 947 - 685 + 492 .and 947 - 492 + 685, he asgserted that these it was

not equivalent because it was dégative "Because it would be this [492]

plus fhis [947], which equals more than 685. On the immediately

succeeding expression, 947 + 492 - 635, he seemed to ignore what he had

just claimed about the first expression, and gave an analytié argument.

T
o

———
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At first he thought that the& were equivalent, forming an equivalent
binaey pair with the 947 and ehe 492. However, he then remembered that
subtraction was not commutative. He wrote on a pliece of paper L = 2
and 2 - 1, explaining that at first be thought that 'he could do it
either way, since this was what cne can do with plus, but then
remembered'that you can”t do that. Thiz is a clear example of an
number—independect, ,binary method, and- is d;stinctly different from

what he had just doee with the same expression compared against two

cther expressions.

The second illuetration ig Nick's ﬁerformance on the expression

648 + 3873 - 597. Coepafed against one expression, he produced a

compensation (see Case 16 for a comparable protocol) Compared agalinst
another he produced an analytic solution (see Case 22 for a compaxaole
protocol), anﬁ compared against 2 third he produced an
number-independent solution (Case 20). While the first two solutions
may have been generated by the same process, it is clear that he has
produced a different kind of solution in the last case, even‘though he

ls always judging the same expression in these three cases.

The third illustration is on Stella”s performance on the 3477s
set. She produced a binary error using an number~independent method

(see Cage 9 for a comparable example). Then comparing one of these

expreéeiohs with 685 - 492 + 941, she used a left-to-right binary parse
and a semi-analytic method (Case 13). Finally, in- comparing the 485
expression with another expression, she "used an number-independent

method, but with a different binary parsing (Case 1).. This

e

_ N
{llustration shows that the Jjudging method used——for i particular
, e =

SR
e

M_ﬂg;pnession—dependi”aﬁ'?ﬁe~e;pression against which it is being Judged.

’ | ’
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General Dlscussion

The major accomplishment of this;paéer is .o descrive the parsing
and judging methods that some students use to judge the equivalence of
three-term arithnetic éxpressions; We take thesg_méchﬁds to feflect
the students” capabilities for pérsing and judging rather than the
limits 6f their abilities. What is especially attractiye to wus .1is
th;t this knowledge seems to stand Beyond any particular procedural
arithmetic task. It seems to be part of the general éonceptdal
knowledge that children‘have available for reasoning aboughérithmetic

' expressions.

We are pleased by the descriptioﬁs of these parsing and Judging
methods because we see them as a descriptive foundation for developing _
i ' - S

a more general and formal account of students” stru:tural knowledge

about arithmetic expressions. Three main points ‘clearly emerge
con;erning the sfudents; knowledge énd application of .these methods.
We believe that a satisfacﬁory model Qf prealggbra students” knowiedge
of the.structure of érithmetic_ ekpressions must accommodate these
points. PFirst, there are a number of different parsing and'judéingA
methods that each student uses, even with the _same e;pressisn.
Second, stﬁdents 5re not limited to uéing a particular kind of parsing
or judging method. In facﬁ;_ they sometimes asserted that Certﬁin '
things had ‘to be true, but then violafed7these asgertions by using

different methods. The flexibility with wﬁich the students adopt
_»different appro;ches in handling thésé problems serves to motivate a
strong _speculation about fhg nature of their knowledge, namely, that
_the students are qot» rigid and 1limited in 'the}r _appfqécheg to

understanding the structure of arithmetic expressions. Third, there

e 2

is. evidence thaﬁ students- are able to work with arithmetic as

Q B : o :(;E;.
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transformations of quantities, as well as ideas of compensation and
ordinal semantics. These three conceptions are all abstract
structural concepts ‘that can serve/ to organize a person”s

understanding about the structure of an arithmetic expression.

We acknowledge that some of the ‘observed methcds may not be
well-developed in the sense that the: students are unt ronfident about
the correctness of them, or that they/have been gene”Ared in response
to the task they were facing. Howeirer, for the present ana1ysia, it
i3 not important whether the students were confident about . the
correctness of their .ideas. The observed methods were applied with

some’ consistency, on more than one companison by each student. This

'. fact supports the validity of. the “existence of ° these different

methods. Tbe uncertainty we take to reflect ancther problem, not
addressed here, which is that the students are not- usually able to
differentiate between the mathematically correct methods and the other
tethods that they use. This 1atter claim is grounded on the
observation that students asserted particular incorrect analyses’ with

some confidence, and maintainEdJmthem even when the interviewer

provided some mild challenge or suggestion that they could change

their answer if desired. \

- General Conclusions Abont Parsing

.
N
\

We want to emphasize that the - general conclusions jnst stated
support the snggestion that we cannot examine parsing of an arithmetic
expression as though it_were(a nnifotm process. A comparable argument
can fbe made_analytically for aléehra. ‘Consider the difference in how

one parses an expression when one is trying to simplify it.\in the

 context of an equation and when one is trying to 'factor that

[

expregsion. These cases suggest that when analyzing parsing methods,
/ -

[ IR /
_//_ o _Gb. ' |
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we must consider the task being performed and the context ia which it

i3 being done.

L. <

A second 1ssue concerns mathematical conventions. - The sequence
of operations for the expregsioa a - b + ¢ ¢an be interpreted in two
ways. We saw that students tended to make an interpretation " that

violated mathematical coanventions. It 1is important” to note that a

convention is at issue here, and not a mathematical concept. These

N ; Lt

students have not beea exposed to this convention, and: their
violations of it suggest - that they will not'acquire it spontaneousqy.
However, the acquisition of this convention provides a person with‘an
important structural relation between the minus sign in front of the b

and in the rest of the expression.-

General Conclusions about Judging

There are many iggsues to be developed here about origins of these
different methods, their relative effectiveneas, methods of helping‘
students ‘to eliminate or modify certain methods. However,' we will
only reiterate the point made about the parsing. “fhere are a number
of different methods that students have and use, even with the saae
expression and that we must not view the_nnderstanding of structure of
expressions as a singular process; ) ! |

Consistedt with the claim that the students /have a number of.

- /
judging methods at a structural-level of analysis, we also want to

hclaim'that they may have both syntactic and semantic implementations

of these methods. The semantic knowledge can be used to justify the

syntactic rules. These two different methods may help to clarify the
/

I

differences  between rote and meaningful learning. A rote learner

would just have the syntactic form and would not be able td generate

67 |
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. new procedures. By contrast, the semantic form of the judging methods
would provide the foundation of applying these concepts . (Greeno,
1983).

In discussing the concepts used for the Jjudging analysis, we
mentioned a third possibility of an , embodiment of the structure of the

judging methods.- We call it knowledge of arithmetic outcomes. It is

a2 aiddle ground between ' a pure syntactic approach and a semantic
approach. " In this approach, the numbers themselves are the meaningful
elements, with their> meaning_‘based on ‘viewing th? numbers as an
asymmetric, transitive ordering. Now, one can reason about more and
less, but instead of applying it to physical quantities (as the”’
semantic approach does), it would be applied to the relative position
‘in the ordering -ofl the numbers. This notion needs to be developed
further, but it seems to capture our/intuition about how we reason

about these problems.

! Boundary Conditions

This analysis of structural Anowledge was conducted on only one
task that could be used. cher'tasks such as rearranging expressions
while preserving equivalence may tap additional importantv assumptions
that students hold about the structure of arithmetic expressions. :For

example, the two protocols presented under tha difference judging

A

method are suggestive of the possibility that some students view the

first number of an expression as an important determinant of ‘the'
equivalence of two expressions (Joanke, Case l4), and that equivalence
depends.on the.same nunbers be added and subtracued from each other

(Case 26). We saw comparable caseS'among other students; and this may

3

be worthy of systematic exploration. It should be noted however that
¢

like. the other methods, this concept does npt_seem't% iimit the

-
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studants. Joanie was able to reason about expressions that did not

have the same start number (Case 16).

~ The analyses presented here have - established the existence, of
different parsing and judging methods, and .noted. the .range‘and.
flexibility of their used by individual students. We have not
addressed the question n of the conditions under which these different
methods are wused nor the specificA'boundary conditions on the o
particular parses and: judging methods that were observed. Among other
Avthings, answers to this-Question should help to clarify' reasons for
the apparent differences in. the judging methods between the one—digit N
and the three-digit problems sets, and Whj some problems are handled

'with a compensation method, while others'are handled correctly with a

analytic, nunber—dependent method.

Educational Implications

‘There are three:points to be made. - flrst, we think the most
important implication of these results 1is that they provide a
foundation for further scientific investigation into the nature of
arithmeticﬂ knowledge. The analysis presented in this paper suggests
that knowledge of the str:cture ‘of arithmetic expressions is
multi-faceted, and has offered a first. attempt at specifying the
facets. Much scdentific work'remains’in characterizing'this knowledge

~ more explicitly and completely, examining ‘how it is acquired, the .
degree tofwhich it is coordinated, and the counditions for extension or
modification of this knowledge. Such a knowledge base can serye to

./’.

underpin educational efforts.
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_ Second; the analyses have revealed two conceptual weaknesses that
could probably be addressed directly and immediately in the present
curriculnm.; The first is that subtraction cannot be commuted. This
can be taught by computinr the effect of inverting snbtraction. This
method was uSually effective for/communicating this point to students
in some pilot instructional studipQ we conducted. The second

—conceotual ‘weakness is the canonical interpretation og, expressions

'from a left-to-right form when mixed operations are present. Students

..do not encounter . such .ex ressions in arithmetic, but it may be

worthwhile,'to; introduce/ this ‘issue into the_curriculum earlier than
algebra,'eepecially because instruction on this point should probably
involve physical mod

understanding of aritumetic.f'

end'may help to provide a better conceptual

The third ooint concesz—the—implications of this work fori the
design of| arittmetic 1nst ruction. A ecent report by the National
Council of Teachers of Mathematics (L98L) notes wddespread support for
the notion that the concept of basic skills must encompass more than
.éomputational facility. Thi report also noted that 70% of the
profesaionals end ‘laypeople tnzy‘interviened expreased thelir belief in
the inportance of including ingtruction in the,.elementary curriculum

concerning ; generalizations about ‘number patterns. The task we have

examined is not in the cnrriculuﬁ at present,:but it-provides a task

|
H

. \ : .
that may help children to devel\op some generalizations about number

\ o -
patterns. The analys.s provides some guildince for how it might be

i

used to develop specific mathematicel-concepts. Specific developments
: \ :
are beyond the scope of the work pQESented- here, so we _limit_ our

remarks to the following general point.

& X : \

\ /.i ' , \
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If one were trying;to develop a curriculum that would foster a

conc ;ual nundérstanding of arithmgtic,_ then the present anaiysis
provides an imnortant hypothesis concerning the.pAiﬁt of departure for
-2veloping relevant 1ustrucﬁlonalv materials. It seems that by the

" gixch grade, childrén may already héve many of the kinds .of conéepts
~they need to reason about the conceptual structur; of arithmetic¥.
Thus, inszructiogal efforts could concentrate on developing
appropriate constraints on these i&eés, as opposed to the much more

: diffiéult objective of communicating the basic ideas in the first
'place. If we were to pursue this hypothesis in aﬁ instructional
experiment, we would try to make the differeat parsing andi judging
methods described here explicit touthe students, and help develop an
understanding of the advaatages and disaanntages of different ones
and the reasons fut why some are correclt and some are not. We have
 done this informally using physical'models. We- found that students

need to see the computational consequences of the different methods

before they are willing to accept the énalytic arguments.

. *Thié hypothesis must be tehpered by the fa:t that above-average
children were examined, hence it is important that the hypothesis be.
tested on a more representative sample of students.

ERIC | ' 71
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Table L
mum_sm_ﬂun_m_s;mm

For Equivalence Judgiag

1278 set
12 -2 +6
12 +2+6
12 +2 -6

12 +6 -2

947”8 set

947

685 + 492
947

492 + 685

685 - 492 + 947

947 + 492 - 685

‘648”3 set’

648 + 873

597
273 + 597 .- 648
597 + 648 - 873
648 - 597 + 873

597 - 648 + 873
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Table 2

Correctness of Equivalence Judging'

for the Three Problem Sets

Problem Set

Student 127" 947-s 64878

c IC NC C IC NC ¢ IC NC
Nick 3 0o 3 3 2 1 5 4 1
Mary 4 0 2 3 3 o0 3 2 5
John 3 0 3 2 4 0 1 4 5
Joanie : 6 0 0 3 3 0 5 2 0
Rudolf - 4 0 2 3 % 9 8 2 0
Stella 45 0 2 L -3 0 3 3 4
Total 2 0 12 15 18 1 25 17 18

-

Note. C =Correct; IC=Incorrect;

NC=No comment, there wés no explici. .omparison.
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Table 3 B

Frequency of Observed Parsing Categories

for the Three Problem Sets

e

 Probiem Set

Parsing Type ) C127s 9%7"s 648°s
Whole '
Bloary 2 | 1 )
Unary 6. 0 L
Left-to-right 1 S ‘ 3
Backwards o z - L
Partial
Operators | 4 3 L
Fifst additive pair 2 0 | 3
Subtracting cue term 2 0 2
First numbef 0 2 -0
Other
| Calculated ! Y 0
dnintérpreted L 0 0
Total ' L9 -' 23 33°
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-._Table_

Frequency of Observed Judging Methods

for the 947°g aud 64873 Problem Sets
Problem Set
Judging Methods 9%47°s " 64873
Analytic
Number-independent 8 ' 6
Number—-dependent | 2 12
Subtotal = 10 ‘ 18
Ndn-analytic
Semi-analytic | >2 5
Compensation - 4 4
Difference . 5. 2
Subtotal n o o

Grand Total 2 29
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Table 5

Pﬁge 74

Pairs of Expressions that Have Number-Independent Binary Solutions

685 - 592
648 + 873
873 + 597
873 + 597

648 - 597

+

947
597

648

648
!/

873

- 947
597
648
597

597

492

648
597

648

648

- 685
+ 873
+ 873
+ 873

+ 873
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}

réble 6

Frequency of Number-[ndependent quging'Rules Used for Appropriate

»

Pairs of Exgressions in the“§4;

1

s and 648”8 Problem Sets

~

Clagsification Criterion

|

-Response “\ " serict Liberal

* Correct Number-independent 3 a _ 3
Rumber-independent(a) ;) _ 13
Total(b) | : 16 - 19
Possible(c) \ 25 ' 30

§2553‘ (a) Numﬁer-independent refers to the number of algebraic.
judging r@Les that were used among the Total
c;mparisops made. |
(b) To:él refers to the number of comparisons that
- | students é;tually maié.
(c)'9os§ible refers'téufh;'nuiﬁer of‘éomparis§ns that
could have been observed for the relevant pairs of

expressions.
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Table 7 L | | '?mw_&

Frequency of Analytie—and—&on-anélytic Judging

. . : Ty B |
Rules for the 947°s and 648”s Problem Sets

i .
1

Student . Analytic } "} Non-analytic
Nick ) e -
........ ﬁ;;;f’ﬁ 2 | 6
John l | o
Joanie o e : :
- Rudolf : _ o o 0
0 ,./— . | .
setla - 5 i 4
\ | J ;
Fotal s 1 -
\\‘
\ | \
!
4
{
!
I
\
/
\ :
I
| |
\ | |
} ] :
} .
2
!
]

| 80
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Rudolf _
IR ERIREEY 12, o+ 6}71/,.,”- 2
S .//p
Stella ‘ ///
12 12 + 6 -.2

Figure 1. Diffgfent'parses of same pair of expressions in 12°s set.

i
.
t

Rudolf : . .
947 - 685 + 492 ‘ 947 -~ 492 + 685

!

Joanie g :
9%7 - 492+ 685

947 -~ 685 + 492

in 94778 set.

-

Figure Z.AmDifferent/;;fses of same pair of axpressions

Stella _ G \
: N |
685 - 492 + ‘947" 947 + 492 - 585
Mary :
{947 |+ 492 | - 685

3

| 685y [ = 592 |+ 947y

Pigure 3. 'Different ‘parses of same pair of expressions in 9477s set.
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/ ' : : '
/ ‘ . s

947 - 685 + 492

947 - 685 + 492 947 + 492 - 685

7

Fiéure 4, Nick’s d;fgefent parses of the same'éxp:ession in 947°s set.

Stella S o | SR

947 - 685 + 492 685 - 492 + 947

n [
: . o
. |

0

}?iguxe 5. Stella”s different parses of the same expression in 947°s sat.

Stella B ; ‘

648 + 873 ~ 597 873 -+ 597 - 648

Joanie L | ' -
0 .

| 648, (+373, y=597, | 873 | |+ 597, §-648 )

v

Figure 6. Two differen£ parses.of same pair of exﬁrassions in 648”3 set.

-

; e




Algebraic Tasks ' ‘ Page 79

. Nick »
| 873 | | %597, | - 648 | 648 | - 597, “+a73J"
Rudolf . . o
873+ 597 - 648 648 - 597 + 873 N
/ &
Mary
| 873, |+ 597, |- 648, | 648 | = 597, |+ 873

Figure 7. Three different parses of_ same palr of expressions in 548°s set.

Nick .
597 - 648 + 873 648 -+ 873 - 597
597 - 648 + 873 648 - 597 .+ 873

Figure 8. Nick’s different parses of the same expression in 84873 set.

-
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