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ABSTRACT
A framework is presented for character121ng

competence for cognitive tasks, with a detailed hypothesis about

competence for counting by typical 5-year-old children. It is

proposed that competence has three main components that are called

conceptual; procedural,; and. utxixzatxonai competence. Conceptual

is the xmpixc;t

competence; which is discussed in greatest detail,

- g

understandzng of general principles of tﬁe doma:n. Procedurai

“the form of plann:ng heuristics. Utilizational competence is
understand:ng of relations between features of a task setting and
requirements of performance. A characterization of conceptual _
competence for counting is presented, in the form of action schemata
that constitute. understand:ng of count:ng pr:nc:ples such as.
cardinality, one~to-one correspondence, and order. This hypothes:s
about competence is connected expl:c:tly to a deta:led analys:s of

that supports the understandxng of countlng as well as later

development; such as explicit’ understanding of the role of one—to—one

correspondence in definitions of equivalence. (Author/JN)
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Conceptual Competence and Chlldren s Countmg
- JAMES G. GREENo AND MARY S RILEY

Unn'erslry of Pittsburgh _

ROCHEL GEI:MAN

) i‘]nivw::iry of f?’rinsyivnnia ,
A frainework is presented for characterizing competence for cognitive tasks;,
with:a detailed hypothesis about competence for count}ng by typlcal S-year-old

.. children: It is proposed that competence: has three main components that are
called concggguz;[ PEQE?E’P!",’, gp}!ﬂqt)ﬁllzauonal competence. Conceptual com-

- petence; which is discussed in greatest detall in this article; is the implicit un-
derstanding ingieing[aliggnmples of the domuin. Procedural competence is un-

derstanding of general principles of action and takes the form of p anmng heuris-
tics. Uullzatlonal compelence is understanding of relauons betweeh features of

-competence for counlmg is presenled in. the ﬁ)rm of action schemata thm con-.
stltute undcrstandlng of counting principles such as cardinality, one-to-oné,cor-
respondence, ind order; This Hypothesis about conmpetence is connected explic-
itly to a_detailed analysis of performance in counting tas,[(siil"hggonqecgogls

provided by derivations of planmng nets for procedares that are included in pro-
cess models that sxmulate children's performance.

INTRODUCTION

Wc dns!mgunsh be!wecn hypolheses abou! pcrl'ormance and hypmheses

about’ competenice. Hypotheses about performance postulate cogmtlve

processes and structures that are used in performmg tasks; and often are

‘

Thls rcse.xrch wis supportcd by thc Lc.lrmng Rcsearch and Dcvclopmenl Ceiter, sup-

. porled ln pan by funds from ihe thlonal lnstltutc of Educauon Umted Statcs Dcp.mmeht .

cuss the project. Wc are gratcful to M.\rlo Bcncdlcty. Charles BI’HI: '

nerd, biﬁi’ie Briars; Johini Seely Brown, Karen Fuson, C. R: Gallistel; Earl Hunt, Robert
Llndsay. Kcvm Mlllcr. Joscph Paync chon Pyly»hyn Laurcn Resmck Kurt VanLehin,

innts on -

“earlier drafts. Some of the resulis prcscntcd heré were rcponcd at thc mcct!ng of the

" Psychonomic Soctcty in San Antonio in November 1978. Requests for rcprmts may be sent

to the first author at LRDC University of Plglsburgh Pittsburgh, PA 15260.
> , . o
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95. ‘ ~~  CONCEPTUAL COMPETENCE

ulate performance in the tasks )

Hypotheses about competence postulau. general concepts and princi-
plcs that we assume are used in constructing or-acquiring procedures for’
use in a conccptual dommn, for exumple, the domain of number, The '

. prmCIplcs which often cannot be articuldted by the subJecls account for

the fact that the diverse performance procedures that appear in dlvcrscly

.- structured tasks all have a set.of propcrtles that are required by the

prlnc1ples

T.A: €ompmencz' in Counting _ , ,
Consider an example of generatlve perform'mce which illustrates the

Kind pf phenomenon that we believe requires an amlysxs of competcnce
Gelman and Gallistel (1978) asked children to count a set of five ob-

Jeetrsmzrirr;rqged in a §FF?‘,‘S?’,F,,","E ,C,l,’,',ldre" typlcally do this by. startmg at
the e)(pcrlmenter pointed to the second ob_]ect ini the line and said, *'now
""" The task was repeated.
asking for the second obJect to be *‘the two"" ‘“‘the ‘three’," "‘the.

_‘four‘ " and “lhe ﬁve' * ’l"he serles was repeatcd usmg the fourth ObjCCl

counung task a maJorlty of 5- year-old chlldren gave correct performance
on elther 9 or all IU of the constramed counung trlals

assoc:atmg i specnfc numcral with ‘a specnfc obJect A procedure for

. counting can be modified in many ways, only some of which are consis-

teiit with principles of counting and number. Itis: reasonable to infer lhal
many children who gener'\ted correct procedures understood that every
object shotuld be tagged once, tio obJect should be: tagged more than once:

‘the nuimerals should be used in their standard order, and the order of

1ave worked out ¢ pf conrceptual .
competcnce is snmplc counting ofsets ofobJects 'Thc question of implicit

.The domam in Wthh we have. worked out an analy'

understanding of prmcnplcs in. this domain w'xs raised by Piaget

T The term ° counllng is_gmbiguous. In our use, we refer to pcrform.lngg )v}lcrrg}here
is a set of objects to count: We do not discoss the task of jost reciting the string of numerals.
In formal mathematical térms, counting is a procedure for determining the cardinlity of an

ping to lhe

ols. We only

assigned set; that is; finding a standard set for which _there is a one-to-one m
assigned set. The,gtand.xrd set is an mmal scgmcnl of an ordered sct of s

" consider procedures in which the on¢:to-one mapping bcl“een the standard set and the .-

.assigned set is established explicitly; it is not, for example. in **counting.by fives.’

v .
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(l94|/|952), whose observauons of chlldren s pcrformance in conserva-
tion, class- mcluslon and serlauon tasks led to the concIusron that chil- -

,dren Iack understandmg of the prmclples of number that underly

apparent counting behavnors reﬂect nothlng more than rote performance

of a procedure mvolvmg recitation. of 4 string of words and coordinated.

tagglng of objects: Gelman and Gdlllstcl (I978) however, disagreed.

Based on chlldren 'S performance in a varlety of tasks mvolvmg counung,

well as the acquisition of Skl” in applyirng the counting procedure. The

principles involved include cardmahty, one:to-one correspondence and

the relation of ordering; as well as principles pertaining to the condmons
under which these three can be applied.
The analysis that we present is the result of our effort to become clearer

. about the understanding of these principles and their relation to counting

perf~rmance. The hypothesis that we developed has two components a
process model that simulates salient aspects of children’s performance

-and a hypothesis about-competence that relates relevant components of

the process model to the principles of counting.
We began by developing the model of performance in counung tasks

~.we call this model SC, for Simiilation of Counting. SC is a hypothesis
- about children's cogmuve structures and processes that account for thelr
' performance in counting. . ‘

It is posslble to lnterpret SC as a hypothesls about chlldren 5 under-

'standlng of counung,prmclples A disadvantage of this interpretation is

that in SC the prmclples remain rmphclt that lS the prmclples are not

enced;our dccnsnons as we deslgned the modeI ThlS Ied us to develop a

different sort of model; 4 model in which the countiiig principles are -

specified exphcitly and glve risc to suitable procedures through ua deri-

vational system that conslructs proccdures that are consistent with the

principles: We propose lhlS formulation of counlmg prlnCIpIes as a hy-

. pothesis about children’s 1mpi1clt anderstanding in this domain; the un-

derstanding that underlies what they do when they count; not what they .

: say about what they do

We wnII descrlbe SC in detall in Secuon I'V. We describe one aspect of
the model now, tgo illustrate-the implicit nature of counting prmelples in
that model. The illustratian deals with the principle of cardinality.

_Understanding_ of cardinality involvés knowledge that the number of
objects in a Set is a property. of the set; and that the number of a set’
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corresponds to the Iast numcr'tl used whcn the set is counted: This knowl-

edge is slmulatcd in S€ by four components of the counting procedure.
First, when a request to count some objects is presentcd SC constructs

areprcscntatton that includes a symbol for the set; the objccts are as-

sociated with the sct“as members during the counting process. Secofid,
S€ sets a goal of finding the number of the set. Third; when all the objects .

‘have been counted; SC retrieves the goal of finding the number. Finally, .

ao assocntlon is stored i m memory conncctmg thc symbol for the set of

that the concept named by the numeral is the number of the set

We mcluded thesc features m SC to s1mulate chlldrcn s perform'u;cc
of such evndence mvolves 1dent1fy1ng s1tuatnonal factors that 1nﬂuence the
frequency of errors in performance. SCis. primarily a_ model of correct

'performancc and as such 1t lncludcs components that depcnd on rehablc '

that subprocedures of the model are Iess likely to be performed rclnbly

,,m task sltuatlons where errors are morc frequent 2 To 1llustrate conslder

value of a collectlon )
Preschool chnldrcn thC a tendency to recount when they are qsked :

objects (e.g. Markman 1979 Schieffer, Eggleston &Scott 1974): Thls ;

understand the cardinal principic; for if they do they should. repeat only

the last numeral sald durmg the count trial (e:g:; Schaeffer: et al;; 1974):

" tendency has been mterpreted as mdlcatlng that young chlldren do not

Recountmg is not a universal featurc of children’s pcrformancc by any

means. In Gelman and Gallistel's (1978) experimentswhere the same set

of objects wds prescntcd rcpcdtcdiy in different spatial- ‘irrnngcmcnts

' many children did not count de novo after cach arrangcmcnt they simply

rcpeated the last tag used on a prevnous countlng trial. Even so, the

frequency of recounting is sufficient to require an explanation. Mark-

mLm s findings provide a clue. ‘
Markman (1979) observed children’s frequency of rccountmg in two

conditions: a condition where the objects were referred to with a class

? In many discussions, * compctcnce * refers to an ability to pcrform correctly, and “*per-

.form'tnce" includes factors thit cian produce errors. Our distinction is quite different; As .

¢ the term, SC is .a model of performance; it simulates corrccl pcrformqnce‘.gnd

provides interpretations of incorrect perforniance: By *‘competence’ we refer to somelhmg

“else, namely, implicit understanding of general principles. that is not represented in SC. If |

the general principles are understood and applied carrectly; then. performance should be

claim that chlldren undcrslnnd the prlncmles

. correct; therefore, interpretations of errors as results of snluauonal factors help support the
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o noun (c g., Hcre are some soldlers counl ihe - soIdlers ; and ‘‘How

many soldiers are there"") and a- condmon where the set was referred to

explicitly, -using a coIIectlon noun (e g.. Hcre is an army with some

: soIdlers count the soIdlers in the army''; and ‘*How many soldiers are -
there in the army?"*). In the:class conditio children récounted on abou!-'
b'n'"e hiilf of the.trials; in the Cﬁllettidﬁ condition, recounts were observed
.on oiily 13% of the trlals Markman and we conclude that use of a col-

lection noun makes' it more likely that children will represent the objects

to be counted as a set, and that this representallon is needed to store the

number of the set in memory: In our model of counting performance, this .

is simulated by the inclusion of a symbol for the set of objects in the
representatlon that the model constructs Slorage of the numbér of the

set at the completion of counting provides SC with informatior needed

. to answer the ‘*How many?"’ question: Failures could be simulatéd triv- -

ially by omllting the representational process at the beginning of countlng, .

and Markman's finding would be simulated by a psycholinguistic process

“in which the representation would depend on the form of the question,
with a higher probablhty of including a referent to the set when a eoilee-'

"

A second kind of evidence 1nvo|vcs performance that relates to reten-

tion of the goal to store the number of the set in. memory while counting

15 ramed out Gelman and Galhslel (1978) noted that prt.schqolcrs rep-

thc counled set can result from fdllure to. rcuun the cardlmllty goul ln"
memory because of interference from pcrforrnance of -the counting pro-’

cess, ralhcr than fmlures to undcrsland the cardmallty prlnClpIe <

While the cognmvc processes and slruclurcs poslulalcd in SC scem

approprnte as explanations of children's perfox mance, they do not pro-

vide a sallsfaclory representation of undcrstandlng the prmcnplc of car-

dlnahty This is bccélusc the principle is nearly as |mp|1c1l in thc modcl

.. as it is in children's performance. Processes of representing a set and
.-formlng an association bclwccn thc sct and a numcml are rclatcd to nn-

——————————————————————————————————

-
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and lhe other counllng pnnclples as well; we need to postulate a knowl-i..

edge structure in which the principles appear in 'moré explicit form

Explicit formulations of the pr|nc|ples of countlng and number are well

Rnown- in the form of definitions and axioms of arithmetic (e:g:; Halmo§ )
1960/1974; Russéll, 1964). We have. developed a different formulation of
the principles to enable our hypotheses about competence to be con-

nected expiicitly with modeéls of performance

"1.C. Theoretical F. rameworl\

In our andIyS|s compelence and performancc are relaled througL

conceplual procedural and ullllzauonal compelence Conccplual com-
peternce |ncIudcs understanding of general principles of the task domain
lhal conslraln and JUSllfy correcl performance Proccdural and ullhza-

ln performance Proccdural compelcnce |ncIudcs underslandlng of gen-

- eral principles of action, relaung actions with goals and with conditions

of pcrformancc Utilizational competence includes understanding of re-

lationships between features of task. seltings and goals.that can be

achieved by using those features: Thcse three components dre shown in

_Flg t; in a diagram that; reﬂects thelr use in derlvauons of performance

structures:
*Congeptual compctence reprcsenls undcrslandlng of pr|nc|plcs in a

. form that enables their use in planning: The pnnclples are represenlcd as

schematic action units: For example; representation of the principle of

. one-to-one. correspondence includes a schematic action for increasing

sets by adding corresponding elements to the sets; and representation of
the principle of ordcr.ng includes schematic actions for retnevmg mem-

_bers of ordered sets in their correct sequence.

By **procedural competence’” we refer to knowledge of general prin-
c|pIes involving relations of goals, actions, and requisite conditions for
actions. Procedural competence includes heuristic rules for planning: the
procedures that recognize goals of diffeent types during planning, that
search t‘o"r acti’o’n schemam Wilh 'c'c'inséq'ue‘ri'c'c-s th'a't match gb’;ilg th’zit h'ave

cludes knowlcdgc used by ‘the thcorcm provcr in its cfforts to rclite

features of the task semng to goals of plzmnlng An example of knowledge




O

ERIC

Aruitoxt provided by Eic:

respecuvely

o

GREENO; RILEY; AND GELMAN. = . . 100

" Schematic
__Action Units _____
_ {conceptuat competence)

Y

Goal ——— ] ,,a,ndlhggrgmj,rgyjns,, |3 Planning Net

Setting and Goal -
--Feature Relations -
\- (utilizatichal competence) _ /

: ‘. Fib, | Components of compelence

mcluded in unhzatlonal competence is a proposmon mvoh ing ObjECtS

that are arranged ina strmghl line: The pIanner is able to prove a theorem _

that the stralght hne feamre of a set of obJecls can be tised to form an

partitions of the set of objects to be counted

We want to formulate hypotheses about compétence that are connected
explicitly with models of performance. We obtain these conncctions using
a formalism of pIanmng nets, introduced by VanLehn and Brown (1980)
Hypotheses about competence are premlaes ina derlvatlon in whlch com-
ponents of a performance model are derived. .

The general ldea lS 1llustrated m Fxgs 2 and 3 Flgure 2 shows a snm-

'det'mte and exphcﬂ connecticis betwccn corrpetence hypolheses and

iriodels of children's performance. :
The model shown in Fig. 2 simulates performance of counung when.
bjects ai¢ arranged in a straight line, so that the operations of retrieving

the ‘‘first object’ and the ‘‘next ochcl after bound™ can be applied.. We

caII the set of objecls L (because lhcy are in a hne) and N denotes thc

b 10
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L . Hetrieve st objectin L

Asigh boind 1 aiended biect__|

Retrizve first numeral in N ..

- -

Assign l:odnd lo anended numeral

- -
.
, P
i .Retrieve next object i
i
o v
I;ssiin eounx; to attended dbieet ‘ 7
- §
H : Assign bound numeral as number (L)
Lﬂnneve next numenl in N altu bound - .
A.mgn bound 1) mended numeul
7 FIG 2. A procedure for éoﬂnlmg obJects ina slralght lme L denctes the set of objects to
be counted; N denotes the set of numerals. ) K

_ To begln counung. the model locates the object at one end of the line
(called “‘Retneve ﬁrst object |n L") and remembers that """ ject (called

3 The components of Flg 2 are summanes of qun(e complcx activities; H

. ¢ comp | ! for example.
retrieving and assigning bound to’ objects involve processes of perceptual scapning and

4 —_
;mernp!yigl‘rthe direction of scanning, as well as memory of the current bound object. These
processes are slmulated in more detail in our performance model. SC. We disciiss the grain -

size of a cor hyi n‘Section 1V: The choice of grain size provides one way
of dlstmguxs mg between compe ence and perl‘ormance.

#

O
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“Asslgn bmmd to attcnded numeral’'): From then on, the counting pro-

cess is a sequence of cycles In each cycle; there is test whether there -
are more objects: if there are the moch ﬁnds the next obJect m the I|ne

ne;tﬁnnmera!r.ﬁand remembers it. When there are no more ob_]ect,s. the
model stops and reme'mbers that thé last nijmeral USéd is thé nijmber of
- Elﬁgure 3 shows a S|mpI|ﬁed planmng net W|th components of th 2 as
its terminal nodes. A planning net includes components of a procedure
along with more abstract components, linked together by a set of planning

. relations. The procedural components are terminal nodes in the net, and

correspond to parts of a model of task performance The components of

as. hexagons) and tests (shown as d|amonds) .

The importance of a planning net is that it prowdes an epr|c|t con-
nection bétween hypotheses about. competence and a model of perfor-
mance. A.planning net is derived from the components of competernce
discussed edrlier and shown in Fig.. 1. The action units in a planning net
are instantiated versions of action schemata that are mcluded in concep-
tual competence. The planning, heuristics that are included i in procedural

competence provide rules for selecting action schemata on the basis of

their consequences, and setting new goals on the basis of requisite con-

ditions of schemata that have ben selected Connections between goals

and actions in the network correspond to relatlons that are stored i in the

action schemuta. These relations include consequences of actions; for

example. COUNT(L) is linked to mzmber(t) becuse a consequence of

*  the action COUNT is that the number of the set is determined: Relations.

also include requisite conditions for actions; for example, COUNT(L) is

connected to eguail(L, SN) because forming equal sets is one of COUNT‘

requisite conditions:

_ In addition to providing an explicit logical connect|on bctween hy-

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

ject in L] and [ASSIGN bound to objec'J are const|tuents of the ao-
stract action INITIALIZE(L,SL). INITIALIZE(L,SL) and INCRE-

.MENT(L;SL) are connccied to the goal one-more(L,SL,a), and so on.

(Goals betwcen the terminal ‘action units and their parents are omitted
from Fig. 3 for simplicity. Some of these are shown in Fig. 5.)

El

In our analyses we use concepts and methods from three major lines

of cognitive theory. We iise Piaget’s (e g.. I94I/I952) fundamental |n5|ght

12
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denotes ap initial segment of objects.

anding (not necessarily artic-

did not attempt to derive
relationships between the principles and properties of :performance, as
we do in our analysis. (We also differ with, Piaget in our substantive
conclusions about the competence that we’attnbute to preschool children;

that children's performance reflects underst

ulate) of general principles. However, Piaget

<
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we dlscuss thls in Section V) We use Chomsky (c g ]9655 theoretical
method of analyzmg competence with formal derivations that connect

Eporstulated competence with properties of performance. Our analysis dif-
fers from Chomsky's and other linguistic analyses in the objects that are

derived: In Ilngmsuc analyies the derived objects are senterices, corre-

spornding to sequences of | behavmr We derive cognitive procedures,

whlch are capable of producmg sequences of bchavnor Another differ-

ence between our analysis and those standard in Ilngmstlcs is that we use

observations of performance; rathier than lmgulsuc intuition, as thc main

source of evidence about the compctence that we attribute to children

{cf. Pylyshyn 1973). Finally, we usc concepts and methods mtroduccd ;

by Newell and Simon (1972) that have become standard in Cognmve psy-

chology to analyze and r represent structures and processes in models that
simulate .performance.in cognitive tasks:
_We note that we do not necessarily identify the process ofdenvzmon

of planning nets as a plausible psychologleal hypothesxs As wntn other
hypotheses about competence, we restrict our claim of psychologlcal

reality to the content of the knowledge that is attributed to individuals

and to the structures that are implied by that knowledge. In our analysis;
the relation between copetence and peformance structures has the form
of derivations in which the performance structures are consequences of
competence structures; derived by a planning system. However; we have
not tried to determine the form of the dependene between competence
and performance structures in human cognmon {We discuss this matter
further in Section V)

Il. FORMULATION OF CONCEPTUAL: COMPETENCE

In thls scctlon wc prescnt a chdrdctcrlzmon of conccptual compctcnce

chlldren s Countlng performdnce make lt redxonable to dttrlbute this de- -

gree of competence to typical 5- year-olds in industrialized soc:ctlcs

We ‘represent conccptual competence in the form of action schemata

similar to those used by Sacerdoti (I977) in his analysns of knowledge

structures for planning: Each of the schemata corrcﬁponds to an action,

representcd in general form: -Each schema spccnfcs onc or more conse- |

quences of pcrforimng the action and requisite condmom that must be

satisfied for the action to be pérfdrmed Knowlcdgc in this form is ap-
propriate for a planncr. which can search for schemata with consequences
that match the goals that arisc during planning, and can sct goals for

further planning corresponding to requisite condmons of schemadlta that

g it has selected.

To illustrate our notatlon we_present_two simple schcmata (which we
do use in our analyses): PICK-UP and PUT-DOWN. .

. . 14.
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(1)#PICK-UP(a)
Prerequisites: movabie(u)
: 7 empty(ﬁand)
: Consequence: a £ Hand:
(2): PUT-DOWN(q; 1ocatlon)
Prerequisite: a ¢ Hand:
Consequence: 1ocunon(a).

Effect: exnpty(Hand):

~ Think ’o’f a s'chehiéi as knowledge of a kind of action that has s'p‘e"cit:é'd
can lnclude the actlon in orderﬂtofarchleye a dﬁes’l’red 7gon,d,|tlon [f thefre-,
quired conditions are satisfied. PICK-UP and PUT-DOWN are simplificd
,verslons of Rnowxcdge for movnng an object Suppose there ls a goal to '

“‘a € Hand" is a consequence of PICK- UP and since a is the Jourml '
PIGK-UP may be put into the plan PICK upP requires empzy(ﬁam{)

. which may be true in the situation; if this can be proved the plan can be

confirmed: Note that PUT—DOWN has both a consequence, location(a),

of pcrformxng actions; and the distinction between them is somewhat
. arbitrary. Consequences are generally the desired outcomes of actions in
.the task setting; and effects are other outcomes: (We also use effects to
get around technical difficulties in planning th@t we do not attempt to
-analyze fully; cf. Footnote 5; below.)

A significant requirement for the formulation is that the schemata
should, provide a sufficient basis for performance of counting. Schemata
related to the various principles are motivated-further by evidence that ~
supports attribution of understanding the principles, and we mention
some characteristics of that relevant evidence in this discission. )

The case for understanding of principles is strongest if a child is re-
quired to génér:ite Zi hEW procedure 6i‘ é ﬁibdiftétibh 6f é Rﬁ'(iWii pro-

In such cases, the Chlld s pcrformance ls the outcomc of a problcm-
soIvnng process for which the particular task circumstances, together with
the principles, define the problem. This kind of evtdence is frcquently
used in developrnental psychohngunstlcs where knowledge of the rules

of Ianguagc is attributed to children when they systematlcally prodhce

sentences of a given complexity (e:g:; Brown; 1973) Evndence bascd on

15
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and systematlcally follows the prlnclple bt is |ncorrect or unconventlonal
in someé other way. In suich cases, we can rule oiit the hypothesis that
the observed performance was acquired by direct tuition or observation
of adults ln psycholmgursucs special attention has been given to Chll-

‘dren’s systematlc production of errors like !‘mouses,” ‘‘footses,’

“wented;"”’ and “haded  that- reﬂect overgenerahzatlons of rules that

Clark & Glark 1977):

Evidence for undcrstandlng also is obtamed lf a chlld can evaluate

'performance as correct or incorrect with respect to a prmcnple -as when .

" children are shown examples of counting and can ldentlfy errors. that are

made; or when they spontaneously correct their own errors: Evaluatlon

- of examples is often used to test whether someone has acquired a cate-

gorical « concept (e.g.; Bruner; Goodnow; & Austin; 1956) and is the stan-

dard test'in computational llngmstlcs for a-system that is alleged to know
the grammar of a language (e.g.; Hopcroft & Ullman; 1969): A third form
of évidence is provided by performance that is systematlcally consistent -
with a principle; especially -when it occurs in a wide vanety of contexts
so that consistency would be unllkely in the absence of knowledge of the
principle. _

Eviderice for understandlng of prlnclples always is. problcmatlc to.some
degrce Any single piece of evidence can be explained without recourse
to a hypothesis of understanding: performance consistent with the prin-
clple could be learned by rote, evaluation could involvé simple compar-
ison of the example performance and covert performance of a rote pro-
cedure, and novel correct procedures could be _generated by trial and
error. Even so. a comblnatlon of evrdence oT these vanous klnds can

cantly; i.c:; are unders tood as constralnts on pcrformance even if the

understanding is lmpllclt ice:, they cannot be stated by the ch|ld

We present the schemata that we postulate as competence for countlng

in four groups; related to prmclples of counting identified by Gelman and

Gallistel (1978). Gelman and Gallistel's prmcrples were (1) cardinality:

the last numeral reached'in a count is the symbol for the number of items -

‘in the counted ;set (2) one-to-one correspondence each object in the

counted set must be tagged with a unique numeral and every-used nu-

meral must be applied to an object; (3) indifference of objcct order: thc

objects in the set may be counted in any order; (4) stable order of nu-

‘merals: the numerals must be used in their standard sequence (5) abs-

traction: objects in a set need not be all of one kind to be. counted: We
begin with schemata involving knowledge of set relations in abstraction;
because these are srmpler than the others, and we proceed through sche-

]
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One basrc requirement of countrng is to keep track of whlch objects
have been counted. The task therefore requires cognizance of a subset;
identified in some way; which is empty initially; and which gains members
és counting proceeds until all of the obﬁcts héVé béen counted. A schema

P'réréc]nisités' A={x iiziﬁéfijf(i)}i
aeX; o ,
. ~ property(a). Co

Postrequisite: gropgqng)
COnsequence. one-niore(X;A; a)
Effects: a € A;

Vx ((x # a) —)x eA before( )x € A after).

* ADD-TO represents knowledge for i increasing a subset by addlng a sin’gie

new member to it from a specified set.-of objects. The first prerequisite
of ADD-TO represents knowledge that subsets can be identified by a
property For ADD-TO to be performed members ofthe subset have to’

be identified by some property. and there has to be an object that does

not yet have the property When the object has been glven the propcrty.

ﬁBB—TO is completed when the object a has been’ gt\ien the property

‘Performance of ADD-TO has three outcomes: 4 has the property one-

more, which means that it has a mernber that was not in 4 before; a

" becomes a member of the subset A% and except for addlng a;, the mem-
- bership of A has not changed.’

ADD-TO is a schema for a global actlon that cannot be executcd dl- :

-, rectly. More elementary actions arc required for global actions to be
' performed. One possrblllty that we use involves identifying a subsct by _
‘a Iocatlon—that is; A is the subset of objects located in a specrﬁed place

4 We do not intend to suggest that understandtng of the principles discussed here nec-

essarily develops in the sequerce in which we present the principles:

~ 3 This last effect reﬂccts, a technical issue in planning that we have not tnedrto so!ve

The lack of change in membership of A other than_ adding a involves the general problem
of knowing which features of a situation remain tackiatiged by an action, as well as kiowing
the consequences and side effects of an action, This_problem. the so-c led “fr:
problem.’* probably cannot be solved in a general way in the context of . pldni ng A full
analysis ‘would require tdcntlfymg condmons that must be momtored during execution.

1’7
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ADD-TO s postregulslte is set' as a goal the planner can choose PUT-—

- DOWN and then PICK-UP to achieve it.
~_In another case that we have analyzed, a subset is deslgnated by placmg
Ny physrcal marks on the objects. ThlS uses the_ schema ADD- MARK

(Zl) ADD MARK(a marker)
PrerequtSrte ~ on(a, marker)
- Postrequisite: on(a, marker)
Consequence: marked(a) '

' ADD-MARK can be lmplemented usrng PlCK UP and PUT-DOWN to‘.

place a'marker on the objcct a. ‘ ‘

'lhe schemata that we have d|scussed provrde competence that is re-‘ '

: d|scussed another aspect of competence that they called the prlnclple of
abstraction, responding to discussions by Gast (1957) by Klahr and Wal-
lace (1973), and by Werner (1957), suggestlng that ch|ldren mlght have to
form intensional representations of a set in order to count it. For example

to count a Set containing apples ancl’s oranges the child Would have to’

. know and apply the concept ““fruit,” and to count a set containing per-

sons and pieces of furmture an abstract concept of *‘things’* would be .

required.

Empmcal observauons do not support the’ hypothesls ‘that children -

initially restrict their countlng to homogeneous sets: Gelman and Gallistel

(1978) presented heterogeneous arrays of object for children to count,

and observed no resistance to counting: Gelman (1980) observed that 3-

to 5-year—olds comfortably counted sets as heterogencous as “all the

things in‘the room;"" including people: Strauss and Curtis (1981) showed

that lnfants abstract cardrnahty of small sets dll‘l?:rmg |n the klnds of

found that infants abstrdct the cardlnallty of hctcrogeneous sets mcludmg

T matchlng the numbér of objects in a heterogeireous diplay wrth the

" .number of drum beats they hear.

. The prmclple of abstraction is 2 permlsswe prlnclple rather than a
constraint, and it |s represented in olir competence hypothesrs by the
absence of a restrlctlon rather than by any definite assertion.. In the

. schema ADD- TO, and in other schemata, there is no requirement that

the set to be counted contains only objects of a smgle recognizable kind::

Indeed, if we were to analyze atask such as *‘Count the horses’ in a

display containing different kinds of animals, we would have to provrdc

" a.conceptual basis for mtroducmg a test of category membershlp into the
» countmg procedure

18
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: ﬁ B. brderrng and Initial Segments -
Correct countmg requires that an- ordered set of numerals is. avallable

to the counter, and requires that the members of that list be used in the
counting process in the order that they are given in the set. We include

two srmple schemata for retneval of the items from ordered sets,

(5) RETRIEVE FIRST(X) ' - _ .
Prerequnsntes order(X); ' .
first(X,a).
, Consequence an‘end(a)
(6) RETRIEVE-NEXT(X,x) .

Prerequnsntes order(X) _
nexr(X,x a); _ o

€onsequence attend(a)

The eonsequenee of these aeuons is that durmg execuuon thc per-
former will be attending to the retrieved object, which enables other ac-
tions mvolvmg the object (ef Schema 9, below) Prcrequnsrtes include

that the set of items, denoted X, is ordered that is; there is a unique fi first

member of X and each member of X has a unique successor (except the

last member; if that exists). Prerequnsntes also include designation of the'

first member of X or the successor of a given member of X-.:

RETRIEVE- FIRST and RETRIEVE-NEXT would be suffi cnent for re-
citing the numerals in order; but they are not sufficient for use of the -
numerals in counting. .For counting; the ordering is used to partition a
set into the sibset that has already been.included in the count and the
.subset that has not .yet been included. The set already- included is an
" initial segment of the ordered set,. containing the items up through a.
déﬁigﬁétéd item, the upper bound. We denote an initial segment of a set -

- X as SX, for “segment of X.” Understanding of this sct-thcorctic.concept. .

is rcpresentcd ‘by_two schemata:: INITIALIZE, which places the first
nicmber of X in SX, and INCREMENT which adds a new member to.

‘SX by movmg the bound to the successor of the ciirrent upper bound

(7) INITIALIZE(X SX)
Prerequnsntes order(X)
) empty(SX)
Cfirst(X,a).
Postrequnsnte bormd(SX a)
Consequence: one-more(X, SX a)
Effects: ~ empry(SX) :
a e SX; s
Vr(f#a( )TéSX)

19
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(8) lNCREMENT(X SX)
' Prerequisites: order{X);
- ~ empty(SX);
' ‘-bormd(SX b);
o next(X;b;a):
Postreqursrte bound(SX,a):

Consequence oixe—more(X SX;a).

Effects: u € SX;
vr ((x # ) —) xeSX before ( ) xeSX after)

: property bound to an item.

©) ASSIGN (property;x).
Ercrequnsrte arrend(x)
Consequence: properry(x)

The schemata for ordermg that we have glven provrdc a basis for the

use of an ordered set in corjn' 'rg In addition; there is evidence_ that

children apprccratc that use of a stably ordered set of numerals is an B

essentml@feardrie of. countmg

One kind of evidence involves systematlc pcrformance that foIIows the
rule of stable‘order with a sequence that is idiosyncratic. and thus would
not ﬁave been learned: Gelman and Gallistel ¢1978) and Fuson, Richards,
& Briars (1982) have rcported the tendency of 2'/2-year-old children to
count with unconventional sequences that arc used systematically. Se-
qucnccs such as **1, 2, 3. 4, 8, 10, 11" are used by very young chlldrcn
even when they aré asked to count small sets, -and by somcwhdt oFder'
‘children when théy count larger sets. Despite the use of nonst.mdard ists;
, the lists are used systematically. Thus, for-example, a 30-month- old chlld

mrght say, ““Two, six,”’ when countiiig i two-item set, and “Two siX;
ten,”” when countrng a threeitem array. This child used his.own list over
and over again, even though he was corrected repeatedly by hlS parent
‘R. Gcl'r'rié'n’

Performance in Gcl'ma"n' 'a"n’d Gdlllstcl S (I978) modified countrng task,

dcscrrbed carlier, +also provrdLs cvrdenee of undcrstandmg the stable-; ‘

order prrncrplc that, invol ves generation of new proccdnrcs When a con-

straint of using a spccrf“ed numerl for a specified object is imposed;

there is a conflict between using the numerals in their standard order and .

tagging the objccm in their Spdlld| order: Correct performance involves

using the order of numerals and therefore changrng the order in which

obJeCts arc tdggcd The correct pErformancc given by a grcpondcrance
of children; especially by 5-ycar-olds; provrdcs evidénce that -children

appreciate the stablc ordcr pl‘lnClplc as a requirement of. counung

o a0
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Evidence also has been obtained that chlldren cun detcct errors in

) application of the stable-order princnple Briars and Sleglcr (m press) Jnd

Gelman and Meck (1983) gdve children the task of observing as a puppet

. counted and telling the experimenter whether the puppet ‘made an’error;

“Gelman and Meck's puppet made three kinds of errors involving the order

of mumerals: reversing a pair of nur erals. skipping-a numeral; or using

riiridom 'string. ‘Briars and Siegler’s ptippet made two kmds of crrors )

olds performed ata very high level: Gclr_mn_and Meck’s subjects dctcctcd
96% of the order. errors and Briars and Siegler's subjects detected 92%
of the order errors. Three- and four-year-olds also showed substantial
ability'to detect order errors: 76% and 96%% of errors detected to Gelman
and Meck's ‘study. and 54% and-78% of errors detected in Briars and
Sicgler’s study. (Slmplc corrcct counts; with thc numerals used in correct

- order and objccts. counted from'end to end; were called « correct over 93% .

of the time by children of all ages in bothgstudies.)

In our formulation of compctcnce the schemata for n_tncvmg ltcms

from, ordered sets and using initial segments (Schemata 5-9) provide the
capability of using the order relationi-in counting, but do not représent
ijﬁderé'tiihdihg that.it is a requirad feature. Cognizance of the stable-order
principle as a requirement i§'i‘i:i5i‘t:5éh’t'ed in the schema called COUNT
(Schema 12), in Wthh usec of an ordered sct of numerdls 1sa prercqumtc

: condmon

ll C On'e 10~ (5110 C’m‘rz»cpbndz'na»

be used. Th|s prohlbns mggmg any object more- than once or ommmg ’

any object it also prohlbns ‘using a numeral more than once or sKipping

' any numcrals If thcsc constraints are satxst‘cd and lf all the Ub_]CClS are

N Pdrthcrmorc the objects can be tagged in any sequencc prowdmg that

each object is taggcd cxactly once:

Evidence for generative knowledge of the one-to-one requirement was_

obtained in Gelman and Galllstcl s (1978) modified counting task. Recall
that by 5 years of age, most chlldrcn g'wc near- pi:rfect solutions; that is.

———————————————————————————————————————————————————————

f'cn.nt trmls dlfh.rcnt pdll‘ln S of Ob_]CClb and numerals were rcqunrcd

- Thus, these children were successtul in gencerating performance that pre=-
, served one-to-one correspondence with dltfcnng sequences oftaggmg the
' .objccts

Chxldrcn 'S cvaluauons of puppcts counung also provndc cvndcnc,c for
undcrsmndmg of thc onc -to-one rcqunrcnu.nt Errors of skipping an ob-
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C Ject or counlmg an omecl twnce were delectcd on 95% o"lhe trials by 5- 7
: year-olds (Briars & Siegler, in press), on 82% (Gelman & Meck; 1983) L
. and 89% {(Briars & Siegler, in. press) of the trials by 4- yedr-olds and on -
' 67% (Gelman & Meck) and 60% (Briars & Sicglér) ofthe trials by 3 -year-
olds. Children also saw puppets count correclly with unusual sequences
of tagging objects, either slartlng in the middle of an array. Worklng to
one end, then returning and counlmg the' remaining objects; or cpunung

alternite obJects {(which were of one. color); then reversing direction and

‘counting the remaining objects (of a different color): Gelman and Meck's

.subjects’ called néarly all of these counts:correct: 96% of the trials by

. both 3- and 4- ye'ir-olds Brnrs and Slcgicr s snbjects often called these

; iﬁf"cmtly Ich freqncntiy thlm they rejected counts that were incorrect.

(Gelman & Meck (1983) suggested that the different findings were due,

in part; to young children’s tendency to respond before the puppet fin-
ishés a trial. Gelman & Meck pretrained their subjects to wait until a
countmg sequence was completed. Additionally; these unconventional
count trials pose a problem of ambiguity in instructions. Insofar as a

. procedure is unconventional it_may: be Judgcd as-wrong because it is

. different and. not because the child thinks a counting principle is violated.
Indeed. in a current study by Gelman, Meck, & Grecno, a 5-ycar-old told

. us th?i' standard count trials were “right and right.”” that error trials that .
were .unconventional and violated a principle were *‘wrong and Wrcng.“

- and that uncoventional trials that did not violate a prmcnplc were * wrong
but right.””)
* In Gelman and Galllslel S (1978) d'll'l chlldrcn S counung performancc

) ,honorcd the one-to-ofic requirement in ‘the preponderance of cascs. Al-
most ill one-to-onc crrors involved counung an object twice or ¢ sklppmg
over in.object as a child syslcmaucally moved his or her f'ngcr from. -

" object to object. Such errors would be expccled if the chlldren s countmg N

procedurcs were approprmlely Ccnslrmned by thc onc- lo -onc rcqmrc-

objects had alrcady becn coumcd Itis nolcworthy that children who use

|d|0§yncrallc lists of number .words honor the, one-to-one requircment

‘with those lists; as do children who usc the standard list. Gelman and .

Galhslel d|'§0 obscrvcd children counting the same set of ochcls in varicd

spatial 'Irrdngcmcnts and children who rccountcd the arrays showed no
tendency to keep assigning the same numeralsito the same items. These .
‘children were zipp;xrcntly indifferent to the order in’ Wthh the ochcls
were counted: ,

We represent conceptual compctcncc rcgardmz, one-to-pne correspon-

. 'dcncc wnh two schcmdla
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(10) MATCH(X Y) :
‘ ?rereqmsnes empty(A);. ' . ; -
empty(B).

" Corequisites: subsel(A X), where A = {x‘ ragged(x)}

eqrm’(A B)
Postrequisite: ¥ xr (xe X =) xe A)
~ __Consequence: equal(X,B)
(ll) KEEP-EQUAL INCREASE@,A; YB)
Prerequisite: equaI(A B) S
. Cerequisites: V x ((x # a) =) x € A before {=)x € A aften);
-y y((y # b) =)y e Bbefore (=) y e B after).

Postreqursrtcs one-more {X;A;a);

one-more(YB by,
Consequence equaI(A B)

The arguments of MATGH are two sets; denoted X and Y. Its conse-

. quence is a subset of ¥ that is equal to X. Prereqmsnes of MATCH mclude

" designation of :subsets A (of X) and B (of Y) that are lnltlally empty. .

Corequisites of actions are conditions that must be maintained throughout -

performance of the action. Coreqursrtes of MATCH include maintaining

the partitions of X and Y during countlnb, so that 4 contains the members

of X that have been tagged and B contains the members of ¥ that have
been used. Another corequisite of MATCH is that the subsets 4 and 8
are to be kept equal. MATCH. is complete (.e.; its postrequnsnte is sat-
isfied) when all the members of X havé been, included in A.-

~ KEEP-EQUAL-INCREASE provndes a way to increase two sets while
keeping them equal. The prerequisiie and consequence of KEEP-

EQUAL INCREASE _is the equality of two set$, A and B. The postre-
. quisite is that A4 and B should each receive a new member; A receives a

member from X and B receives ore from Y.  The condition to_be main-
. tained (i.e., the corequlsne) is that no members should be lost from A or_..

B, and.no members oOther than the designated objects a and b should be
added.
MATCH and’KEEP EQUAL INCREASE provrde a procedural det'—

less formally as follows: two séts are equai if they are lmtlally empty,

“then each is mcreased by a smgle member. however many times the Jomt .

- increase occurs:” ,
.The predicate eqzmi is Ioglcally pnor to the concept of numbz'r in our

_ analysis; which" ‘may seem counterintuitive; but is consistent with some :

cvidence about young children. ‘Miller (in press)-showed two toy turtles;,

each with a pile of c'tndy. and a thlrd\plle of candyto be shared cqually -

between the two turtles. The most common method used.by chrldren 3

-~
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years old and older Wés to progressively distribute one candy at a time

to each turtle repeatlng thls procedure untll all the candnes were dlstrlb-

- stnctly numencal in nature. In leldlng equal lengths and areas; pre-

schoolers often shiowed a similar strategy, cutting many pieces of appar-

‘ently arbitrary size, but taking care that the same number of pieces was ,

given to each recnplent

'I1.D. Cardinality Do | _ ' : : .
The pnncnpal of 'cardinaiity is the signif‘éance of the cbuﬁtiﬁg proce- -

(1979) f‘ndmg that recountmg occurs less frequently When collectlon

" nouns are used to refer to sets than when only class nourns are used. We

also mentioned evidence given by Gelman and Gallistel (1978) and by~

Geiman and Meck (1983) that failures to store the cardinality of a counted

set in memory can be interpreted as results, of mterference from: task

" demands of performing the counting process:

Important evidence of generative knowledge of cardlnahty comes from

observations that children invent novel procedures in arithmétic.: A

striking example was provrded by Groen. dnd Resnick’s (1977) observa-
tions. of preschool’ children’s procedures for solving addition problems.
Children 42 years old were taught to solve simple addition problems by
counting out two groups of objects equal in value to the two addends;,

" - combining thé objects into one group, and then counting the combined

group. After several sessions of przietieé. onéhzilf of the ehildren spon-
taught Thxs was to count on from the cardlnal value ofthe ldrger addend
Neches (1981) has developed a plauslble analysis of the process of § gen-
erating new procedures, based on notlcmg invariance of results of com-

ponents of the procedure already in place. The invariances needed for- *

development of the count-on addition algorithm are results of component
counting procedures that is, the cardrnalltles of subsets and the total set
in the situation. Children’s modifications of procedures with cardlnahty

preserved ‘as an invariant support the conclusion that they undetstand

the meaning. and SIgmfcanee of the counting procedure
‘Evidence of understandlng cardmallty also is provnded in children’ s

. performance on an evrduatlon task: Gelman and Meck's (1983) puppet

counted scts of 5, 7; 12, or 20 objects and scmetimes made mistakes in

. answering “how m'my"” questions with a valoe Jess than the last numeral

stated; or one greater than the last numeral ctated: These errors were

almost dlways detccted by children: the 3.year-olds chose to correct the

s
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.puppet on 70% of the error trials; the 4- ycar-olds on 90% of such trials.

Having corrected the puppet; the 3- and 4- year-old children gave the
correct answer; respectively; 94 and 95% of the time: i
" Further evidence includes Gelman and Gallistel’s (1978) observatlon

that children frequently repeat the last numeral used in coummg. oﬂen

. with emphasis. Repetition of the final numeral suggests that cbrldrcn ap-

preciate that it signifies something special; and evidence from other &x-
pernmems (Gelman & Tucker. 1975) mdlcates ns sngmfcance as the car-

1d|osyncrat|c list of numeral terms in countlng repeats the last term used
whcn asked how many objccts are prescm

spontaneously. that is, without mstructlons to count when the number

- of objects is relevant in sofie way for a task. _This indicates_that. the

Chlldren Understand that counting is the appropriate p:ocedure for deter-
mining cardinality. Evidenice of this kind was obtained in expcriments by
Gelman (1977), who showed children displays with two sct of: objects-and

taught the children that the “wmner” was always the set with a greater

number Df objects ThEn ond sequence of trlals a dlsplay was shown. :

meantime: Ghnldren s apprecnatlon that number was relevant was inidi-

cated by their reactlons of surpuse and what they said when they en-

. countered this change: e:g:; Took one! Was three—one, two three. Now

two.”” (Children did not react as strongly if the change involved the po-

smons of obJects in the dISplaysand mamtalned they still won because

the nuniber was as expected: Even when an item of a different type or

color was substituted and children were surprised, they insisted the dis- .

play-was still the winner because it had the expected number ) Although

there was no explicit instruction to count the obJects children were often

obscrved to count them aloud; indicating an association between the goal -
of finding numbers of sets and the counting procedure.

.. We represent implicit understand;r.g of cardinality wnth the schema
COUNT

(12) CGUNT(X) '
Prerequisites: Set of numerals; N;
" order(N):
' Postrequnsltes equal(X;SN);
botnd(SN, n)
'Consequence numbcr(){)

COUNT glvcs a procedural dcfnmon of the number of a set. In 1t

“

o . . v
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the corcepts 6f6'ra:'é'r,é,f@,é@it@éﬁ@'yj,é’réﬁ,’y’ﬁtﬁfsii@ These o orderd

number of objects in the counted set.

_ II. PLANNING NETS
In Scct|on i we have presented a characterlzatlon of conceptual com-

_ peteiice for counting. Now we present derivations of planning nets’ that

relate that competence to performance |n counllng tasks To derwc. plan-
edge ,about the, ldSR ;ctt|ng, whlch we refer to as procedural and ut;h;a-
tional competence.® We discuss these components of competence briefly,
and then present derivations of planning nets for, counting procedures

| 1A, Procedural Competence

In the derivation of plannlng fiets, 1he schematd descrlbed in Sectlog
H Vfunctlon as premises, and planning nets are the theoremis: that are de-
rived: A set of inference rules is needed, and these are provided by a set .

of plannlng heurlmcs.

The structure of action schemata wis palterned after Sacerdoti (1977)

Consequences and requisite condltlons are included in each action

schema; which permits piannlng to occur essentially through means-ends;

&

6 Our lre.umcm of cardrmluy ﬁnd order hcre :s srmrl.tr ro Gclman and Galhs'cl s (l978

. rclatLons

""The i{deu-of a planning nel used here is gcncmlly,, milar to that dcvclopcd by VdnLchn‘
and Brown (1980); but differs in'some significant detuils: One of these is oor use of action
schemaia us the premises of the derivation; VanLehn and Brown used consirainis cxprcs(cd

as logical forms. Another is that VanLehn and Brown in luded heuristics for.deriving se-

. quential properties of procedures; that is omnled in our andlysn where we allow planning

to stop when a sufficient set of procedural components has been derived. )
o % The heuristic riiles that we have used in deriving planning nets fcr ¢ counung are sl.xnd.trd

in thc literature on pl.mnlng (e.g.. Fikes. 1977). A planning system was not implemented in

the work thiat we report here, so there is some uicertainly about the ideguacy of planning
“rules and the exact formulation of the olher knowledge that was postulated, However. the

exlemmm of - standird phnmng mclhodology thiit would be reqiired to plan procediires

of the analysis. in subscqucnl work a pl
this has not bccn completed at the time of lhls wnllng. prchmmdry rcsulls have been

obtiined 'rnd reported in Smiith and Greeno (1983); The results thus fir bear oat the ex-
peciaiion that the main conclusions reported here are valid.
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analysis (Newell & Simon; 1972) Phnnmg begms with the prcscnt'mon

ofa main goal to find the number ofa set of objects: The planner searches

in the set of action schemata for a schema that has a conscquence that

matches the goal: When one is found; it is temanvely included in the

plan; and its réqbnsnlc condmons are cxammcd Prcrcqmsltcs have to bc

satisfied before an action can be performcd ‘corequisites have to be sat-

'|chd throughout performance of the actlon and postrequisites have to

For each requisite condmon of a schema that the planncr has mcludcd
the planncr ﬁrst tests whether the condmon is satlsﬁcd in. the scmng

we,dflsc,u,ss 1t,1n the next subscctlon.) Requisite conditions can alsoibe
satisfied by effects of other actions in the plan. If the requisitc condition
is satisfied, the planner asserts the specific features in the setting or thc

Planmng procecds by consndermg each goal th‘;l has bccn,sc,l,. scarchmg
for an action schema whose consequence matches the goal. If more than
one schema is available, the planner keeps a record of alternatives, en-
abling return to the choice point if the alternative chosen first cannot be
developed successfully. If there dre alternatives that require different pre-
requisite conditions, both (or all) the schemata can be included in the
plan, along with an explicit test that will determine which of the actions
should bc pcrformcd durmg exccunon Acnons th.lt rcoulre mulnplc steps

111:8B. Unhzanona{ Competence
"The undcrstandmg rcprescnlcd by conccptudl 5chcmata Jnd pldnmng

hearistics mast be combined with knowledge about the scmng in which

counting will occur to derive a procedure for pcrtorrrimg the task: The

system includes’ general principles that can be used to prove theorems

about the satisfaction of requisite conditions by features of the task set-

ting. We rcfg.r to this as utlhzatlonal cdmpétence smce it is knowlcdgc

dctcrmme that features of the task setting can be uscd in ,dev,clopmg its

plan. In making these determinations, the planner uses a simple thcorem
prover that con;ams rules for makmg inferences based on Falures of the
setting. :

.-
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on moving the objects. In one situation that we have analyzed, the objects

are arranged in @ straight line. This is relevant to the requirement of .
maintaining a partition between the set of objects that have been tagged
and the objects that remain untagged during counting. (This requircment
is in the conceptual schemita 4s a corcquisite of MATCH:) Utilizational
competence includes.a proposition that objccts in a straight line can be

ordered; starting at onc end and proceeding to the other. Then the par-

tition that is required can be maintained by using the spatial sequence if
‘tagging the objects. o e

We also will discuss countinig in a setting where objects  are not-ar-
ranged-in-a-straight line; but can be moved from-one location to another.
Using a proposition in utilizational competeiice, the planner determines

that the partition of tagged and untagged objects required by MATCH
can be achieved by designating u spatial region for locating the tagged
objects.. :

In this section we_derive a planning net for counting in one situation,
where the objects to be counted are arranged'in a straight line. In sections
that follow, we discuss generalizations of the analysis involving variations
in the seiting and with constraints imposed on counting objects that are
in a straight line. . o ;

To fix the target of the analysis; recall Fig: 2; a procedure for counting

objects in a straight lific.. This is a simplified wversion of the procedure
that was implemcnted in the process model SC, which. we discuss in

Section IV, Our goal is to provide a structural analysis of this procedure
that shows how it is generiated from: the _principles of counting, in the

form of the action schemata described in Scction II. L
Figure 4 shows a portion of the planning fiet that is generated from a

goal of finding the number of a set of objects. Figure 4 is generated in
the first several steps of planning. ' C '

- We now comment on notation involved in Fig. 4. The diagram refers
to goals and actions; and planning relations among them. Goals are shown
in hexagons; actions are shown in rectangles. The actions are instances
of actierr schemata that were discussed in Section 11: Relations between

> —dctions and goals are labeled as prerequisites (prereg), corequisites
g as pre , ¢ q

(coreq), postrequisites (postreq); consequences (conseq), and effects. Re-
call that a_prerequisite mustbc true before an action can be performed,
a cgfc;qmsﬁc’n‘ﬁﬁﬁc‘: kept true throughout performarce of an action, and

a postrequisite must become true for the action to be completed. A con-

sequence or an effect becomes true as a result of performing the action.
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<: Aumber (L) >

conseq

el ______Pprereq_ | -~ .
{use N, SN) e = = = = COONT (L)

conseq

¢ [partition L: use Sijar-=--- MATCH (LN} |

equal (SL, SN}

prereq - conseq

KEEP EQUAL -

FiG. 4. Portion of planning net for standard counting. i

'The phrases in Fig. 4 that are in parentheses refer in brief form to con-.

ditions that are satisfied in the task setting; propositions in utilizational

competerice are used to prove that these.conditions are satisficd.

The planning process begins when the main goal number(L) is pre-.
sented. L refers to a specific set of objects that are to be counted; recall

that we call it L as a reminder that the-objects are arranged in a straight
- Thie planner tries to prove a theorem that number(L) is alrcady known. -

This fails, so it becomes a goal for planninig: The planner scarches among
the action schemata for a schema with a consequence that matches the
goal. COUNT(X) is found and is tentatively placed in the plan, with L

identified as its argument.

D &
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Next, COUNT(L)'s requisite conditions are cxamined. The prercqui- -
site is an ordered set of numerals with initial segments, and utilizational

obJects that are in memory are consrdered as part of the task settmg )

‘The planner then notes that the set N and its initial segments, SN, will
_be used in the plan The postrequisite of COUNT(L) is a segmem SN

that is equal to'L: This is not provable in the semng. so the planner sets

equal’(L SN) as a goal
A search is made for a schema Wlth cqlmI(X Y) as its consequence

Two are found: MATCH(X, Y) and KEEP-EQUAL-INCREASE(X,; V).

The: prereqnlsite of - KEEP- EQUAI: iNGREASE cannot be satisfied for

the arguments £ and ' SN; they are not equal; as is requrred MATCH

requires argﬁments with initially empty subsets; and this can be satisfied;

- be kept equal while MATCH is being performed. These are set as goals.

MATCH(Z;N) is sclected and tentatively included in the plan: Toll__nclude

MATCH, the planner is required to designate a partition of L that will be’

uscd to satisfy its corequisite. The planner notes that L is arranged in a
stralght line and infers (with utilizational competence)-that L can be or-

~dered. The subset of L to be used is designated as the lnmal segment SL

formed by the ordering. =~ =
The rémaining requisites of MATCH(L N) are the postrequnsnte that all
members of L should become members of SL, and that SL and SN should

“To plan for the goal involving all members of L, the planner needs some
special knowledge about iterative procedures There is no action schema

that takes a set as an argument and makes it equivalent to another set;
however, there are schemata that take mdnvnduals ds drguments 4nd put -

them: into a set, To enable use of these schemata, the planner converts
the goal about Lintoa goal mvolvmg members of L and a test for corm-

'plenon The goal is one-more(L,SL,qa), wherc a denotes some ObJCCl lhdl

will:be added to SL, and the completlon test is the absence of any mem-

bers of L that have not.become membersof SL:

The planner proceeds to work on achlevmg one-more(L,SL;a). This

results in a condmon that violatés the coreqursrte of keeplng SLt and SN

cqual; because an object will be added to SE: A search is made for a way'

to mdlnt'un eqtml(?i; SN) and KEEP-EQUAI: !NCREASE(St SN) is

> one-more(L SL;a) has already been mcluded in the plan‘ and the other,

a

one-more(N,SN,¢) is set.as a goal. The corequisites of KEEP- EQUAL-.

INCREASE are also set as goals; they eventually are confirmed as being

: satlsﬁed by properties of actions that arc chosen later to satisfy the one-

more goals

30
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é ane-mare (L, SL, a) ) ¥y
— : funtil] .

— calixéﬁ

conseq

INITIALIZE (L SU)

. &Ei'ﬂ

lempty {SL) )

:...—p(a"n( empty (SL) )7 —

(I:rsl (SL a) ) —

N

‘conseq ;

ASSIGN (bound, a}

_Y B - ) ] S
atendtal ) N atenata ' )

RETRIEVE- NEXT (SL b}

RETRIEVE-FIRST (SL)

Fi. 5. Completion of planning for one-more (LSL:a).

. lhe consequence one-riore for a set: INITIALIZE and INCREMENT A
prerequiisite of INITIALIZE(L SL) is'that SL i is -empty; a prerequisite of
'INCREMENT(L SL) is that SL is nonempty. The planner adopts INI-"

ITIALIZE(L SL) since. nts prerequisite is known to be: satisfied at the
‘beginning of countmg.vHowever performance of INITIALIZE(L SL) has

- the effect of ‘making SL nonempty, and since one-niore must be satlst‘ ed -
. repeatedly, the planner mcludes INCREMENT(L,SL) i in the plan as well

1,31'
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o

| The theorem prover infers that repeated use of INCREMENT(L SL) w:II
eventually reach the. last object in L, and thus will satlsfy the goal of
having no objects in L that are not in SL.

A further prerequisite of INITIALIZE(L,SL) is that there is a first

member of L; this is verlt‘ed by utilization knowledge This first member -

is henceforth referred to as a. A postrequisite is that a should become

" the upper bound of §; and this is set as a goal: This goal can be achieved

by ASSiGN(bound n). Wthh requlres zmend(zz) Wthh can be achlevcd :

deveIoped under iNCREMENT(t SL): 7
The plan is completed by a network similar to Fig: 5 that is deveIoped
for the goaI ‘one-more(N,SN;c), the goal of increasing the set of used

The completed pIanmng net-for standard countlng is shown in Fig. 3,
“with the diagram abbreviated by the omission of prerequisite’conditions
that are_achieved - with utilizational’ compctence and the goals that are
achieved by single actions at the base of the network. The actions also
have been ordered sequentially as they would-be for the procedure to be
executed (We dld not andlyzc the knowledgg needcd to arrange actions

net. represents constltuent umts of the procedure grouplng together ac-

tions that are included to achleve each goal that is required. for counting
- to be done correctly. It also indicates the rcIatlonshlp between the actions

in the procedure and the prlnclplcs of countlng. showmg how the pro-

of ordered- numerals that has a one- to -one correSpondence wrth the set

““of objects:

11.D; Flexibility and Robustness ; -

Generative capability is the haIIrm'trk of compctence and a maJor goal

of a-competence hypothesis is to give an account of the generative char-

- uacter of knowledge: In this section; we describe analyses of countmg
procedures that differ from the ‘‘standard” case prescntcd in Scction:

- 1IIL.C. We discuss two forms of generatlve capdblllty, which we call flex-
ibility and robusiness. Flexibility is the ability to gcnerate procedures for

" achicving a goal in a variety of task settings. Robustness is the ability to
adapt a proccdure to accommodate constralnts that are not normally im-
Flerlblhty One lndlcatlon tha' an mdwrdual has competencc rather
than a mechamcal sk|II |s that the lndlv1dual can perform the Lask ln a

cw -




123 o CbNéEiﬁ'UAL COMPETENCE
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. An outcome of analyzrng competence for countlng in -differcnt task

setttngs is identification of the conceptnal ‘‘core’” of competence for

counting. The schemata that are used in-deriving procedures for counting -

~in all of its setttngs correspond to the esscntial prtncnplcs of couuttng,

- and thus can be distinguished from cbmpbnents of competencc that are

requtred by task characteristics that.can be varled without changing the

essential nature of counting:

We have analyzed procedures for three setttngs that differ from the one'
discussed in detail in Section I11.C. In.two of these settings numerals arc
used to count objects. and different methods are found to marntam a
partition in the set of obJects between those that have-beeort md—
those that have not. In the third setting there:is a procedure for matchlng

. aset of tokens with a sef of objects, where the tokens are physical objccts
‘rather than numecrals or any other stably ordered set of tags. This
sharpens the definition of *‘counting,’’ providing a case that is intuitively
outsidc the domain of counting, enabling’ ajudgment of nccessrty of some
-of the competence in our charactcrtzatton

“In one situation that we have analyzed a prCldl Iocatton is dcsngnatcd
for the ObjCClS that have been tagged lnmally. aII the objects are at a

'place called the lee The schemata PICK ) 4 PUT-DOWN and ADD-

‘TO provide actions that change the Iocattons of objects and’ thereby in-
crease the set of objects that have been counted.

It another situation that has been analyzed the obJects cannot be

moved but there are physrcal markers that can bepl'tced on objects that
have been tncluded in the count: For this situation;, the schema ADD-

MARK is used to accomplish the goal-of addtng a ncw member of the

countcd set. The planner accompltshes the postrcqursrte of ADD-MARK

‘using PICK-UP and PUT-DOWN;, this time changtng the Iocatton of a :
marker rather than an object: .
A third variant on standard counttng that has been analyzed uscs many
of.the coi’hﬁbncnts of the conceptual structure of couinting; but not the
schema COUNT itself. In this situation, a set of objccts is presented, and
ahother set is to be constructed that is cqual to the presented set. One
. could imaginc a transactton in which a person is buying Somc Iarge ob-

' Jects—say, uscd cars or stacks of hay—and the task is to form a sct of
.coins that is equal to the set-of objects being. purchascd The setttng that
was analyzed includes a constraint that the objects canriot be moved, but *
can be: taggcd with-markers. The. tokens used for the constructcd sct can

- be placed in.a L special location. The procedure that was dcnved has the

' schcma MATCH to sattsfy the main goal of an equal set and derives

.
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partmon of used tokens
The planmng nets for thc:§c three plOCt.durCQ are all closcly rcl.ucd to

thc planning nct for countlng objucts in a line, derived i in Section 111.C.

Recall Fig. 4: The ncts for counting ochcts by moving them into a pile

and by markmg thcm have all thc componcnts of Fig. 4. dnd also have.

;jects in a I|ne ‘They differ in the planmng net that is derived under thc

goal one- more(L SL.a). In the casc of movwblc ochcts the mencr uses

" a proposition .(in utilizational competence) that a special location can
provide a property that. identifies a subset;-and: mctudcs ADD—’FO-wwh——

—PICK= UP and PUT-DOWN to satisfy the goal of one-more for the sct of

' taggcd objects. - When the objects arc not movable; but mgrkersﬁairq ‘gvnjl-
.able, the planner uses a proposition that a subset of marked objects can
be: identified and constricts a net with ADD-TO ADD- MARK PlGK-_ :

'UP. and PUT-DOWN.
The schemuta that are mcluded in all of the countmg proccdures can
be consndcrcd as the . conceptual core of counting; dlstlngmshcd from
_other schcmata that are needed for countlng to be accomplished in spe-_
cific task settings: This provides onc way 1o dlstmgmsh between com-
petence and performancc In considering children's compeiénce for

countmg,..lt IS reasonuble to consider the components that vary among -
task settlngs as knowlcdgc th'it enables a child's _competence-for countlng’
to be a;ipilcd in the various scttings: For exaniple, a child might have the
.- basic cognitive structures that we represent with thc schemata COUNT,
- MATCH, KEEP-EQUAL- lNCREASE and so on, but not have a schema

°- such as ADD- MARK that would enable a subect of objects to be |dcn-'

tificd by placing markers on them: This would: lead to failure in some

counting tasks that' we would not want to -call u lack of c'om"pctence for

- counting, but a failure of perfdrmancc of the kind Flavell; Beach, and

Chinsky (1966 called a production deficiency.

Note lhdl thls dlstlncuon between cdmpétcncgnnq gqffgrnmnce is rcl-
that is not Lntlrcl) arbltrary. but dcpcnd% ona kind oflntu1t|veJudgmcnt :
".;An example is provided by the procedure that matches a sct of tokens
and ‘a set of ObjCClS Our |ntu1t|veJudgmcnt 19 that d procedurc that forme,

as evndencc for our analyels Mlller S (|n prcss) obscrvatlon that children
choose a matchlng proccdure when asRcd to producc cqual shares of

. . ..' by

o

RN . 4 Do =
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_ objects. The intuition that a matching procedure without numerals or

. some other stably ordered set of tags is not counting supports the scpa-

ration of COUNT and MATCH as separate schemata, since that distinc-

“tion enables both counting and. the telated ‘matching procedure to be

.generated from a set of shared cognitive structures, but also prescrves

an apparently significant distinction among procedures: The intuition also
supports a judgment that competence for countirig includes implicit un-

* derstanding of a requirement to usc a stably ordered sct of tags—usually

the numerals—and the significance of subsets of that ordered set in as-
Signing the property numiber to, sets of objects: ¢

" The distinction between schemata incompetérice and performance is

not a simple partition. Some schemata, suchas" COUNT, MATCH, and ~

KEEP-EQUAL-INCREASE, seem t beiong clearly in the competerice

for counting, and some others such as PICK-UP and PUT-DOWN scem

to belong clearly in the performance component, since they are not used

at all in some counting procedures; On the other hand, there are schemata
\hat afe required for counting, such as INITIALIZE and INCREMENT.

necded to relate the relation of precedence in an ordered set and subset
membership, that also-are used in implementing counting procedures in

special circumstances, such as a situation where. the objects arc arranged

in 4 straight line. INITIALIZE and INCREMENT secm to belong in the
comipetence for counting; but use of these schemata is an important ele-
" .Robustness. Another way in which knowledge can be gencrative in-

volves ability to adapt to new constraints that are imposcd on perfor-

~ ment of utilizational competence as well, -

_mance. An analysis of conceptual competence should show how suc-

cessful adaptations depend on general conceptual structures: ‘The analysis

also can show how adaptations that arc only partially successful can be

'generated when significdnt components of conceptual competence are
neglected. :

. We have donc an analysis of bustriess in counting, using the task of

- odified counting-studicd by Gelman and Gallistel (1978); described at

' the béginning of this article. Recall that the task asks a child to count

some objccts repeatedly with each count constrained so that a specificd

: pumeral is to be paired with a specified objects,for cxample, the experi-

;Tiéﬁt_}e"r may point to-the second object in the row and say, “*‘Make this

- the four,” .

In Gelmaii anid Gallistel's cxperiment: most of the S-year-old children
gave nearly perfect performance; that'is: they used procedures that com-,

plicd with all of the counting principics on at least 9 of the 10 trials:

‘Porformarice by most of the younger children involved Jess successful

adaptations, with violations of one or more of the counting principles: *

" Typically. however. these children used procedures that werc partially
consistenit with the principles: A major goal of our theotretical anulysis is

35 -
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.to show how a variety of procedures, mvolvmg partlal eompllance wrth
principles, £4n be understood as results of failures to utrhze certain spe-
cifiable components of conceptual competence.

To perform the constrained task, a child is requrred to modify the

. normal counting procedure: As the analysis of Section 111.C shows; the

linear arrangement of objects supports a procedure in which the partition

between tagged and untagged objects'is kept by remembering the last
object that was tagged. In the_constrained task; either thé spatial array
_itself has to'be changed, or a modification of the procedure i is needed to
. avoid violations of counting principles: t
, Indeed; some of the children responded to the constraint by changing
. the dlsplay Denote the obJects A, B, C; D; and E in their spatial. order.
~ When the instruction was to “make B ‘the one,”’ they moved B to the
front; for ‘*make'B the #ivo," they put B back in its original position; and
" so_on. This reflects sophisticated knowledge about .the procedure, in-
volving understanding of the conditions that enable the procedure to-be
performed and generation of a method for restoring the needed conditions
when they are not made available. We have not analyzed adjustments -
that restore the conditions for the counting procedure, however, empirical
. "analyses of knowledge for siich adjustments was conducted in the task -
- of finding the area of a parallelogram by Morris and Resnick and by
Pellegrino and. Schadler (reported by Resnick & Glaser, 1976).
. The cases that we have analyzed involve modifications of the countlng
~ procedure The features that are required for any procedure to conform
- to the added constraint are tests to determine whether the object or nu-

meral that is retrieved is the one that is constrained Procedures differ in
the actions that a@re taken as a result of these tests: ©

First, we discuss a modified procedure that we ¢all SC- 1 part of - its

flow chart is in Flg 6 In SC-1, tests for the special objcet ‘and numeral

are included in a very simple way. When either the special object or the

speclal numeral is encountered; the other constralned element is retrieved

to accompany rt The sequence of actlons |s modlﬁed from the procedure

_needed for those cases in which the object retrieved first has to be re-
- placed by the specral object because the special numeraI has been re-
trleved in°'the meantime.? - ‘

- 9 The part of the procedure shOWn in Fig. 6 apphes after counting has been initialized:
—-In_the.procedure-for-standard counting,-shown in Fig. 2, the subprocedure shown in Fig,
6 replaces the.four Retrieve and Assign: steps ir the lower Ieft section of Frg 2 A srmllar

modification of the standard procedure is required in

- whether the first object or the first numeral have beén d
apply to the subprocedures that -are shown in Figs. 7 and 8.
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Aruitoxt provided by Eic:



127. CONCEPTUAL COMPETENGE

7 . Retrieve nexl object
% . ) . . past bound

Retrieve nexl numeral

Retrieve special Y
numeral ‘
No .
. Coa
o
Relneve specual 05|ect ' Vs d o
S ' merféled object
: : , Lo | Assign B to
) T - . ©. | attended numeul

“Fic.'6: Modified couniting by Model SC-1.

' SC—I 's performance conforms to the added constramt but it vnolates i
one-to-otie corresporiderice and cardmahty For example, if the constraint.
is ‘‘make B the four,” SC-1 courits (A,one), (B, four), (C fve) (D;six),

2 (E seven). For **make D the 1o, SC-1 counts (A one), (D o),

(E,three). Note that SC-1 uses the order.of. numerals and the spatlal order

of objects in the weak sense that no reversals occur. Violations of one- , .

to-orie correspondence and cardmality result from sklppmg numerals,

'rather than using them in thenr standard order, and from not returning to

# 1

objects that are skipped when the constrained numeral is encountered.

—A_second_modlﬁtmmnnf.countmg—that—agrees-wnth%hepcrformanee-of——

some children conforms to the prmcnple of one-to-one correspondence;’

—=—bat: modlﬁes the order- of numerals: We call this modnﬁed prbcedure SC-
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2; part of its flow chart is in Flg 7. S€-2 uses an addmonal property,

marked; to remember whether the special numeral has been used If the

. .special object is encountered first; the specxal numeral is retrieved and

assigned' the property marked, but the upper bound of used numerals is -

not changed.: When the special numeral is retrieved as the next member
of the list, SC-2 skips it: '

- For *make B the four,”* SC- 2 counts (A; one). (B,four), (C:two):
‘(D three); £E.fve) for “‘make D the rwo,’" it counts (A,one), (B;three),
(C.founr); (D.two); (Efive). It could be argued that tnis procedure counts
correctly, although it would return an incorrect result if E were the con-
strained object, a condition not tested by Gelman and Gallistel.

b= i

Retrieve_next object
past bound

!

h 4

Astign _bound 1o
_ attended object .

[

Retrieve next numeral
after bound

" Retrigve specisl
numeral
. Asiign mark 1o
attended numeral

Retrieve next numeral
after attended numerai

FiG. 7. Modified counting by Model SC-2. .-

¢

O
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A third modification- comphES th the added constralnt and with the

general principles as well: This procedure which we call SC- 3 lgnores :

the position of the constrained wobject; but otherwise proceeds as in starg

dard counting: Part of the flow chart for this procedure is in Fig. 8: SC-

3is analogous to SC-2; except that priority is given to using the numerals -

in their standard order. When the special numeral is encountered, SC-3

retnieves the specnal object and assigns the property marked to it: When

the special object is next in the spatial sequence it is skipped: Except for

the special object, the property bound is used to keep the p;'xrtmon of

tagged and untagged objects. A feature of SC-3, not shown in Fig: 8,1

I

I
)

Retrieve next_nomeral
atier Bownd

Assign bound to

mended numeral

Retrieve next object
past boUnd

Hemeve special
object ) o -

Aiiig’n mark to
atiended object

Speclil
object?  _

Aisign bound i

I anended objecl

Helnevg Vnernlr ob;ecl
past attended object |

Fic: 8: Modified counnng b’y Model SC-3.
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]

 that the test for completion of counting includes determining whether the

property niarked has been applied to the Special object.
SC-3's performance conforms to‘all of the counting prlnClpIcs. in-
cludmg use of the numerals ln ‘their standard order For examplc. for

(E fve) For “make -D the rivo,” SC 3 counts (A one) (D two) (B lhr ee)
(Cifour), (E.five).

'We have derived ”I'annin'g nets for the procedurcs of modlﬁed counhng.
S€-1; SC-:’Z and SC~3 The conceptual competence used in these deri-

" in Section {I: Additions are requnred in procediral and utnhzahonal com-

.vatrons is the same: as- that used for ordinary couriting tasks, described ;

petence to enable the, planner lo recognize exceptions and generate

changcs in its use of sctung features as well as procedurcs for use when

the cxc<:pt|ons are encountered.

- We bneﬂy descnbe a derivation of the correct procedure SC 3 The

goal number(L) is prescntedrto the planner. aiong with the constralnt that
a spcancd object and a spccnf’cd numeral should be pmred The con-

stralnt IS rnterprcted in rclatnon to the schcma MATCH S corcqumtc

B of uscd numerals Let )\ bc the constrained obJect and v be the con-

lntcrprctauon glvcn to the phnncr is that A should bccomc a mcmbcr of

A and v should become a member of B together—that is; X € A. (=)
velB.

Thc f'rst cIcht of thc constr‘unt durlng planning. involves the prcreq-
uisite of MATCH, the requirément of a partition of the sct of objects: A
proposition in uuhzmonal competence suggests using the spatial order

of the objects to Rcep the partition, but the theorem that is_necded cannot .

be proved because of the pairing constraint—the. special object A may

have to be tagged out of its spatial order to be paired with v. The planner’s ;

soluuon is a partition that uses an exception. The partition is based on

. initial segmcnts of L, except for X, Wthh is in the tagged set when it has

the property of being marked.

The constraint’ s other effects occur in pldnmng for thc one-mare goals :

for increasing the sets of tagged ochcts and used numerals. Because the

-retrieved ochcl or numeral may be in the constraint, tests for that arc

included in the proccdtire in the way lﬂdlCdled in Fig. 8. Use of the
retricved numeral is given priority becaose of the ‘ordering prerequisite
of the COUNT-schema,and the ADD-MARK schema is used to plan

mclusron of the constr‘nncdobjcct in the mggcd subset ’

We have derived planning nets-for the incorrect procedurcs Sc- 1 and

o

SC-2 by assuming that selected components of conceptual competence -

40
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are not uuhzed SC-2 can be derlved by neglectlng the preregmsne of

COUNT that requrres use of .the ordered set of numerals. Then the

" planner can decide to partition the ob_|ects accordlng to their spatial order

and use the speclal numeral wheneve: the special object is retrieved. The

_ procedure SC-1. can be derived if the corequisites 6f KEEP-EQUAL-

' iNCREASE are neglected. The coreqmsnes require. that wheri 2 member

is added either to the tagged ob_;ects or the used numerals, exactly one

. new member is to be added: The coreqursnes prohlblt sklpplng numerals

or ob_|ects in the ordered .sets; because a skipped ob_;ect or numeral be-

‘comes a member of the initial segment when the upper bound is moved

to an item beyond it in the ordered set: When the coreqursrtes are not

. enforced; numerals or ob_;ects can be Sklpped by moving the upper bound

. by ‘morc than one position; as occurs in the performance of SC-1.

Plannlng nets for mcorrcct procedures could also be derlved by. as-

.zatlon of conceptual competence. Theré is unavoidable uncertalnty in
‘determining whether a failure of performance is caused by a lack of

knowledge or from a failure to usc the knowledge approprlately We con-
sider it more likely that partially correct procedures in the modified
couriting tasks result from failures of utilization; given the considerable

, body of ev:dcncc that supports attrlbuuon of substantlal competence to

I

Iv. SIMULATION OF PEREORMANCE o
A< we mentioned in Secllon l A.. our analysrs of the undersmndlng of

countmg prmcrples began with the developmcnt of a model that simulates’
salient aspects of children's performance in counting tasks. In this scc-

tion;, we describe this modcl called SC. and discuss its relatlon to the

analysis: of competence in Secllons 1. and L : B

There are some lmportant components of SC that do not appeir+n rhe

analysns of competence. and vice versa. Components of SC that arc fiot

- in the analysis of competence can be consrdered as lmplementdtlons of

* general functions that are specified in the competence analysis. (We will

note that this distinction depends strongly on the focus of the theoretical

analysis.) Components of the competence analysis not present in SC rep-

resent structural characteristics of the- codntlng procedure and thcnr re-
lations to the gencral principles of counting and number.

“The task of counting objects is prescntcd t0-S€ in the form of a sct of
objccts ‘each represented as a label and a pdll‘ of spahal co-ordinates. SC .
has an ordered hst of numcrals stored in memory; with one:of the nu-
mierals designatcd as the first, and with adjacent members i ln the list linked
by the reciation neit. : -

The procedure for counung represented in. SC is summarlzed in thc

a1
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ﬂow chart shown in Fig: 9:10 Frgure 9 may be compared w1th Flg 2, the

‘ srmphf’ ed version that was used for our analysrs of competence SC in-

. numeral used and the counted set rs stored

7

cludes two sets of components that were not consrdered |n the eompe-

" ations lnvolvmg the goal of cohntlng The other involves perceptual op-

erations of seannmg and forming gestalt grooprngs of ob_]ects in the set

The operatlons lnvolvmg the eountlng goai were descrlbed in Section .

. LLB. A representation is formed; lncludlng a' goal stored in memory to

~.. find the number of objects in the set; then when counting is completed,

the goal is retrieved from memory and an’ association between the last

. movmg throug‘l the hnear array of oblects The general ldea that we used;

taken from. Beckwith and Restle (1966), is that ‘the partition between

tagged and untagged objects is kept by a process of grouping the tagged.

objects based on gestalt principles. We iinplemented a simple version of
grouping for the case involving objects in a straight line.

After storing the.counting goal, SC identifies a small group of ob.jects'

at one end of the array: It uses the posrtrons of these objects to determlne

{

-y

. that is at the end of the array, and assigns to that ob_]ect the property of :

being the upper bound of the subset of tagged Ob_]CClS SC then retrieves

the first member of its stored list of numerals and asslgns to it the property

of being the upper bound of used numerals

SC continues to count by repeated executlon ofa subprocedure a new

object is brohght into atténtion and is made the bound of the tagged

subset; and a.new numeral is retrieved and made the bound of the ‘ased -

subset: In moving attention to a new object, if thére is an object in the -
. current perceptua] group that has not been tagged, attention is moved

from the current upper bound to the next object along the scanmng path:
If the current group contains no untagged objects; but there are more
objects in the set, the group is extended by rncludlng more objects along
the scanning path.

Reti.eval of the next numeral is srmpler in our srmulatron than retrieval
of the next oh;e_ct We assume that the hst of numerals can bé retrieved

0 A de[ailed descnpuon of SC his beeii given by Rnley and Grééno (l980) The sequience

of steps in the implemented program differs in some details from the procedure described

here. The version presemed here can be described fiore casily; itis computauonally eqiiiv-
alent o the version that we programmed; and thc discrepancies are irrelevant to the sub-

stantive questlons that we are addressmgt
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'

. : number inset’ .
: . [Form initial perceptual]
group . .

N . - . - Determine scanmng

direction -

F3
&

Identify_object at_lower §-.
. end of group

*Assign -bound to
a ed object.

.

rﬁEiEiEGE first numeral ]

) *Assign _bound to
- . attended numeral

—_—e . o Are
 Extend p proun ™ more objects
. _past group?_

g o Scan,to next object
past bound

“Assign baund  to

¥

set, bound numeral

Retrieve next numeral . : : R e

FiG: 9 Proceduré for slzxndard coummg g represented in SC. Prerequisites of components
' labeled with * may be violated by pamng conslramt - . PR
: *
) . ¢
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SC determlnes that countlng is’ f'nlshed when |t attempts to extend -a

'perceptual group and, fi nds no more obJects to lnclude Then the goal to

achieved by stonng an association between the numeral used Iast in the
process and the symbol that refers to the set of ObJBClS ‘
In addition to snmulatmg standard countmg w1th SC, we also developed

s1mulattons of three modifications of the counting procedure for the mod-

- ified task in which a specified numeral-and obJect are requlred to occur

o fogether. The modified procedures; called SC-1; SC-2; and SC-3: are

' .described in Section 11i:D: The modifications consist of tests |nserted in

- the procedure when a-numeral or an object is retrieved; to determine

whether it is the special numerulor obJect ‘The procedure includes ac-
tions used when the specxal numeral or object is: identified that éither
retrieve the other item or delay: use of this.identified item’ until its mate

is retrieved. The three modified procedures differ in these actions. The

- simplest model; SC-1; just skips to the other special item whenever either,

the numeral or object i is retrieved. SC-2 skips to the special numeral when
the. obJect |s retneved but lf the numeral |s retneved SC-2 delays |ts use

retneved SC 3 delays tagglng it untll the specnal numeral is retneved
. Many features of our process models are intended to sjmulateperfori

" mance that is relevant to the principles of couriting. In Section 1.B. we

discussed the principle of cardinality and described SC's use of a symbol

" to represent the set of.objects to be courted, storage in memiory of 4 goal

to fi nd the number of obJects, and formatlon of an assocnatlon between

be interpreted as ﬂaws The exphclt representation of a set should be less

Ilkely if ObJCClS are referred to using'a class noun rather than a collection

+ noun (cf Markman 1979). and counting of larger sets would make it less

" Thisis a more rcstnctcd retrlcval process than thc one descnbed by Rlley and Grccno
(l980). where the :

that is preSentcd Fuson, R rds and Briars‘s (1982) data ',dlcratc that young children
cannot begm counting at ar ry points, allhmghﬁthcy seem to have a few entry points
into the counting string. Thé model we describe here could be considered as an initial

. knowledge structure; where only the first numeral can be used to enter the list; with ad-

ditional numerals becoming usable as eniry poinis as a result of furthet Tearning.
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'Ilkely that the goal to assocnate a numeral with the set would be retamed ,
in' memory (cf Gelman & Galllstel l978)
SC achieves one -to-one corresondence With a smtple devnce the pro-

cedure that assigns the property bound to a new object |ncludes settlng

‘a goal to retrieve another numeral, and the scanning procedurc ensures -

- that all the objects in the line are included in the count before it is com-

pIeted When children make errors regarding one-to-one correspondence

. they most freqnently skip or double count an: obJect rather than making

errors m the ~order of numerals: S€ provides an |nterpretat-|on of this

et

" formation of perceptual groups than the simple retrieval of numerals. The :

more complex procedure regarding the objects should be r more prone to
errors, in agreement with the empirical result.

Agreement with stablc order of numerals is achieved stmply by havmg
the numerals stored in memory in an ordered list, with a retrieval process
that keeps a memory record of the numeral used most recently to retrieve
its successor, Indlfference to the order of tagging objects is simulated by
use of the spatial arrangement to tag the objects, ratheér than identities of
the objects. Thus, if objects are rearranged and recourited, the order of
tagglng obJects w1ll be changed by SC as |t is by chlldren (Gelman &'

modlt'ed task in Wthh use of the stable order of numerals is malntalned
and the ordef of tapgging. obJects is modified.
The procedures and data structures implemcnted in SC provnde pldu-

- sible hypotheses about the cognitive processes and structurcs of chil-

dren’s performance in countlng tasks: The process model does not in-

clude hypotheses about the way in which pririciples of counting are un-

derstood; or of the w'ry in Wthh that understanding is related to the

ntribution of our analysis of com-
petence; presented in Section 1I; with the derivation of planning nets in
Scction 111 that provrdcs an CXleCll connectlon between the prmclples
and components of the process model.

- Thc proccss model includcs scvcrdl components thttt dre not dcnvcd

mc}norml and pcrccptu.tl processcs in SC can be |nterpretcd as parts of -
an analysis of performance, rather than as competence for counting.. Thcy

-provide. lmplemcnt'ttlons of processes Such &s the retricval of objects in

the planning ncis. On the other hand, in another analysis dealing with a
dlfferent set of prmclples thcrc would be schemata l‘or processcs such

4
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include actrons that determine spatlal eonfiguratlons and scanning. " These

. would provide a hypothesis about knowledge of spatial principles under-

: ;Iymg performanee comparable to the knowledge of principles of counting
_that we have analyzed. The implication is that we cannot partition knowl-

edge structures into a set that should be cauéd ‘*‘competence’’ and an-
other’set of structures called **performance,’ ‘except in the context of an
anaIysrs of competence regardlng speclf'c pr|nc1ples and concepts i

V DISCUSSION

We have presented a proposaI for oharacterlzmg |mp||c|t understandlng
of principles as a form of cognitive competence. The analysis has three
components: conceptiial, procedural, and utilizational competence. Con-
ceptual competence; which we have discussed in detail in this paper, is

represented as a set of schemata that constitute conceptuaI structures in. -

the task domain. These are formally equivalerit to a set of axioms for the .

domain, biit thelr formulatlon as action ‘schemata enabIes their use, as
premises for deriving planning nets for procedures. As! with axiomatic

.analyses, the level of abstraction is determined by a choice of where to
_start. In analyzing counting, we chose a set of schemata that correspond

higher or lower level, of abstraction .could -have been used:

The derivations also use procedural competence. in the form of heu-

ristic planmng rules, and utjlizational competence: The planning heuris-

to principles of cardinality, . order, and one-to-one: correspondence but a.

tics play-the role of inference rules in the derivations and correspond to

general competence underlying procedhral knowledge Utilizational com-

procedures are to be performed and conditions that’ are ‘required for ¢ con-

ceptual knowledge to be applied in that settlng :
The analysrs has. clarified several aspects of the dlstrnctlon between
competence and performance. Flrst the process of accessmg and ap~

performance is |nvolved in generatlng procedures for performance that
conform to general prlnclples of a_ domain.

A second concIusnon |s that d|st|nct|ons between competence and per- .

' fures of knowledge A dlstmctlon between competence and performance-

- petence provides connections between features of the settlng in which’ .

can be based on the grain size of a competence analysrs which specifies |

a structural descrlptlon of proccdures down to a quite arbitrary level of’

detail: From the point of view of that analysrs. addmonal procedural

46
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detalls lncluded iin a model that snmulates human behavior can be con-

" sidered reasonably as procedures -needed for performance that imple- .

_ments the speclfcatlons in the competence analysis: -
" Another distinction between competence and performance is obtamed

if we identify" components in a “core’’ of competence for a tamily of tasks

that are intuitively members of a single class. Then the knowledge struc-

tures that vary among procedures within the class can be considered as
fequirements for performance that conforms _with the.core principles:

The demarcation between competence and performance would be dif-
ferent in analyses with a different theoretical focus or a different level of
detail: A different choice of grain size in the competence analysis would
relegate a dlfferent se€t of processes to performance implementations:
More sngnlfcantly, dlft‘erent conceptual prlnclplcs could be analyzed, for
example spatial principles instead of numerical principles, and this would

relocate some of the schemata thh respect to the boundary between

competéence and performance

A third result mvolves thé way in whlch formal prlnclples correspond'

to the schemata that we have developed to represent implicit under-

standing of -the principles. 'We did not formulate a schema for under-

standlng of order; another schema for one-to-one correspondence, and

.so on. Instead; it seemed.more reasonable to hypothesnze schemata that
represent different aspects of the various prmcnples and often include

aspects of different principles: ifﬁogriainglxr}lfs is accepted, then coripe:

tence for each of ‘the prlnClpleS is distributed among several schemata, -

rather than being located in any smgle structure: This emphaSIzes that a

child should not be considered as either havmg or not havmg competence

regarding any of the principles; since it clearly is possnble for the child

to have developed some aspects of the competence and not others: &

. We propose our analysis of competence as.a hype'heéps about prlnc1-

ples that children’ understand implicitly. Our notion ‘of ‘implicit under-
standing is the saie as the idea of tacit knowledge, or cognizing; as used
by Chomsky (1980). The idea is'also closely similar to Newell's (1982)
discussion of the knowledge of a system; .which is characterized func-
tlonally (that is, by what it does rather than as physnc'\I structures and

. their propertles) and lncludes the implications of components that are

spectfed nlong Wlth the componenm themselves.
Our anc!;sis of” competence is generauve in that a smglc sct of com- . -

ponents of conceptual competence.can be used in deriving planning nets

for procedurcs in different task contexts and with different constraints.

Howe\ier. our analysis lacks the jimportarit formial property of character-

izing the class of procednres that are valid within a domidin of possnblc

procedur¢s; analogous to'the dcmnrcatlon between strings that are gram~

matlcal and ungrammatlcal accordmg to the syntactlc rules of a language..

o
¢
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‘The main reason is that we do not have a natural characterrzatlon of the

domain of possible procedures comparable to the domain of possible

. strings of the symbols of a language: To develop such a characterization

- does not seem lmpossrble, it would- require specrfymg some elementary'

-procedural components and general relatrons of composition. However, -

such an activity seems premature at present, pending development of at

least a few analyses in exemplary specrfc task domains:

The claim that children have this competence says that they have_

mental representations of the prmcrples characterized in-the analysrs and

. the principles are used in children’s thought and behavior: We view. prin- -

.-ciples.included in conceptual competence as ‘constraints on- procedural
knowledgel m much the same sense that Kerl (1981) has proposed At c

"used in representmg the prmcrples and the derrvatrons of procedures cor-.
. tespond in detarl to psychological mechanisms. Like Pylyshyn (1973). we

consider the model of competence as a formal system_that generates

;sequences of performance (in: our case process models) along wrth struc- :

v the procedurcs that use the knowledge We consrder the “conteiit of the-
competence in our analysrs a plausrble set of hypotheses about children’s .

tacit. knowledge ‘but the way 'in- which the three components of compe-

‘ténce are used in derrvmg planmng nets should be interpreted as a formal

Rt ey T2

" relation; not necessarily correspondmg to cognitive mechamsms 12

The formuiation of competence that we have developed is generally, '

similar to the one Piaget gave, but also differs in important. ways. Like -

: 'Praget weConclude that an understandmg of number reflects a cognitive -

structure that. coordinates understandmg of sets and understanding of the .

" felation of order. However, there are three important differences: First,

_we make_more generous’ attributions to children who are able to- count .

sets of objects. Piaget concluded that skill in counting; unlike skill on

conservatron tasks _does not warrant attrrbutron of understandmg of

_.does Second the concept of one-to-one correspondence has a less fun-

damental role in our analysis than: it does in Piaget’s formulation and the

standard axromatlc analyses. Thrrd whrle rmplrcrt understandmg of set-

'2 The dlsllncuon we have in mlnd is analo' ous to one between knowmg a global properly

of a physical system and knowing the mechanism that causes that property to be true: For -
_ example, in an electrical circit Ohm s and Klrchhol’f‘s laws descnbe relations of voltage, .
resistance, and current without speci : ity. ,Consequences of

calcilation—but these formal computations do not correspond in any simple way to the
flow of electric charge throogh circuits: .

‘ .
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not l|nk the development of number concepts 10 the development of-an

‘explicit and general concepi of class. Instead; we link it to development

of an understanding of counting.
Regarding attribution of understandmg. Plaget and subsequent inves-

: tlgators have withheld attnbutrng understanding of cardinality until chil-

dreii-succeed on conservation tasks that require explicit use of one- to-

" one correspondence to def'ne equ|valence L|keW|se ch|ldren are not

" .and order are Jomtly present such as determ|n|ng the locat|on ofa stack

of a given size irr a staircase d|$play using the ordinal positions of the

) stacks rather than countlng their 5|zes This Piagetian conclusion led to

the view that very young children’s counting is a kind of rote procedure,

view of Gelman and Gallistel (1978); which we developed further in thrs

not based on understanding of what counting or number is about. The

. ‘article; is that yOUng chlldren do understand some important numerlcal

~concepts. In particular; the competence: underlying: children's counting

includes |mpl|c|t understanding of the principles of cardinality; order; and

.. one-to-one correspondence;. :along with principles involving appllcat|on

of these concepts and 5|gn|f'cant 'set-theoretic components of the prin-

. ciples. The competence that we h/pothe5|ze provides significant. princi-

pled understanding of counting, but our assumpt|ons do not imply that
children know. how to apply the principles in all tasks or situations in
which the principles are needed for correct reason|ng and problem
solvmg We hypothe5|ze that sucessful peformance |n the morc complex

Regardlng one-to -one correspondence Plaget followed the log|c|sts

: formal analysis of number, in wh|ch one-to-one correspondence is used

in dcf'nmg the concept of number In our hypothes:s of competence l‘or

derstanding of an aspect of cardmallty, we postulate knowledge that two

equal sets will.-remain équal if exactly one new member is added to each

. of them On th|s V|ew, cogmzance of one- to one correspondenceras zn

= count|ng For Piaget; onc-to-one correspondence is the psychologlc'rlly

primitive device for determmrng whether two sets are equal or not: The

‘formulation that we give is consistent with a conclusion of Gelman and -

=
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: Gdlllstel (1978) as well as € ,,dence reported by Russac (1978) that a
-concept of equality of sets that rests on their being- equal in number

. precedes a concept of set equality based ¢ on one-to-one correspondence
" This implies that young-children could determine that two sets are equiv- R
* alent because they both yiéld the same enumeration sequence—and thus
the same cardinal number—and still fail tests that force a rellance on the :

- .use of one-to-one correspondernce. ’
In our discussion here, we have cmphasnzed that sngnlfc'tnt compe-

tence should be attributed 'to young children in the’domain of counting

and number. The specific characterization we have giver Seems appro- '

prlate for chlldren approxnmatcly 5 ycars old in lndustrlallzed socnetles

we have characterlzed or that chlldren s, competence for number does

not become: more fully developed as they grow older and ledarni mathe=

‘matics in school. :
A sngmﬁcant theoretlcal problem is the charactenzatlon of changes in

chlldren s competence that correspond to the stronger understandlng that

they achleve through learmng and development Important aspects of this

growth are reflected in performance on tasks used by Piaget (194171952)

and analjzed by Klahr and Wallace (l976) in termsr of process models:

. Slgnlt"cémt mformatlon is also provided by performance on more de-

manding forms ofcountlng (Fuson & Hall; 1983; Fuson et al;; 1982; Steffe

relatlons involved ll'l place value and, elementary’ anthmetxc (Resmck

'& Thompson; 1981; von Glasersfeld; 1981) and knowledge of number

It is widely agreed that cognltlve growth includes i lncreasmg ac essn-

- bility and dlfferentlatlon of-concep'-al structures. That! is; conceptual

capablhtles can be used in a wider range of task settings; and a richer set
of properfies and relationships are included in the structure. In terms of

~ our analysis, such changes.could take the-form of more fully developed
"-schemata, of con ccptual competence, or they could involve increased ca-
conceptual competence, correspondlng to growth of

procedural or utlhzatlonal competence

R'ozm (1976) has proposcd that 1mportant aspects of cognmve growth .

- Tore cxphcnt One way in which knowledge becomes more exphcnt was -

charactenzed by nget as reﬂectlve abstractlon, in which cognitive op-
erations become objects of thought ‘The idea that what is implicit. in

YOunger children becomes more expllcn Wlth development provides in-

" teresting suggestlons regarding the relati nshtp between early compe-

- tence and later understanding of quantitative concepts involving both

one-to-one correspondence and iterative ordinality. We bejieve that car-

dJnal and ordlnal concepts are pre;,nt ina nniﬁed form in the minds of

o
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‘That is, they do not have explicit knowledge of the principle ‘of onc

very young chlldren Successful performance on tasks such as cldss in- -

cIusnon and seriation may. require more exphcu understand ng of these '

concepts; in more fully elaborated forms or with more skill in applying.

the ¢concepts in a broad rénge “of tasks: Exphcdtlon of concepts such as

one-to-one correspondence and iterative ordination seem to require ‘a

.process of reflective abstractlon about processes; which’ Karmlloff Smlth
€1979) has dtscussed :

Régarding one-to-one correspondcnce we note that our account ofthc .
counting principles. requnres childrén to coordinate their tz ggmg and. par- .
tltlomng efforts The « consequence is that they establlsh a ope to-one cor- .

may not—mdeed probably do not——hdve explicit knowledge of domg
§0 as they assign one and only one numeral {o each object in the dlsplay
-to-
orne correspondence ‘tnd thus thdl aone- to-one correspondence between

is. A rcasonable coruecturc 1s (hd( number conservatlon tasks assess Cx-
phcnt knowledge of the prlnc1plc of one-to-one correspondence When
understandmg of one to -one correspondence has becn in an approprmtely

' Judgmg equnvalence of séts (Gelman 1987)

In summury, we concIude that the nature of young. chlldrcn S undcr-

standmg reﬂects competence that supports the undcrstdndlng of counting.

-as well as later dcvelopment such as explicit understanding of the role of . ‘

one-to-one correspondence in deﬁmtlons of equivalence. AIthough we

disagree with- Plaget as-to when the concepts of cardinal and ordinal

rumber cmerge; we agree that they do not foIIow separate - lines of de-

veIopment but; rather'represent two aspects of a single conccptual

system: Tasks can be designed that emphasnze one aspect of number: bat_ .

lnferences made from performarnce on such tasks should be mzxdc with”

————————————————————————————————————

caution.. taking into account the way in which success requires explicit

:forms of undcrstandmg and knowlcdge of a concept’s applicability:
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