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EDITOR’S INTRODUCTION

S Jaies L. Lubkin

Michigan State Univers‘ty

EDITOR'S INTRODUCTION
For five years I have been interested in educational inngvation_

and the improvement of college-level engineering and science teaching.
"1 have read about and played with “PSI", self-paced instruction, the

keller plan; individualized_instruction,; mixtures of traditional and
innovative methods, and so forth. I have even contributed to what I
consider to be one of the "wavelets of the future”: computer-assisted
homework and test construction, a finely-adjustable method of indivi-
dualization which blends well with both traditional and innovative

me thods .

But_even when I have created as.rational an env1ronment for ]earn1ng

as I could, it was still clear that the teaching of problem solving

was not as simple as.I thought. Most students still could not teach

themselves what had to be learned. _
This monograph . grew out of the d1ff1cu]t1es wh1ch rema1ned I

had several purposes in mind when I asked the present authors to make
their cortributions:

1. 1 wished to_assemble in one place a number of current
papers dealing with problem solving., Through these pa-
pers and_their references; I wished to point to the

grow1ng literature of this 1mportant f1e]d I espe-

- with a var1ety of approaches .

2. Much attention is now being focused on_open- -ended or
creative problem salving ("des1gn") Excellent
papers and books address this SubJECt Unfortunately,
many students cannot correct]y solve _the_elementary sub-
prob]ems which are inherent in the design process:. The
teaching of elementary problem solving has to be the
place_to_start, so I asked the authors to concentrate
on this less fashionable but fundamentally importaﬁt

_ area:

3. I also assembled these papers in order to be educated

on how to teach e]ementary prob]em so]v1ng Lest any-

out_some of the real experts and _asked. them to write
articles for me, the archetype of the "willing-but-igno-=

“ ) ?;
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rant" engineering educator; as a representative of a

large audience ripe for guidance. I am pleased to re-
port that the authors_ have generally avoided the trade
jargon which might put their ideas beyond the rear%t of

the typical educator in science and engineering.

Here are my first conclusions from the educational process which
I sought in these papers:

*

%!

* |

They have c]ar1f1ed the many meanings of the”wqrd "prob-

lem" and the disarmingly simple expression "problem so]v1ng"
We must def1ne our terms very. carefu]]y before we begin

our teaching, i.e., what we are do1ng wrong, and the gap
between what we teachers think we are doing and what we
ctua]]x are doing. Puot more bluntly, few educators in
engineering and science have been taught how to teach,
and few_students reach them knowing how to learn._. In,,
part1cu]ar, few teachers realize that it .is part of their

They have made qu1te clear what is m1ss1n§ in much of

,,,,,

ing students how to learn is not necessar11y time lost

from the course: _{Those who prefer not to change_ their
ways always have facile excuses, including "time lost".

and "they were supposed to learn that in high school.")
Teaching students how to learn makes them more independent;
and able to Jearn more quickly _and with _greater confi-
dence thereafter. Time put into the_early courses. of a
curriculum to teach students how to learn will probably

permit more effective learning in the later courses of
the same curriculum.

Inevitably; some of the authors' recipes and,§999§§§19ﬂ§
leave the reader with a vague feeling of. dissatisfaction.
The papers make the d1ff1cu]t1esfg]gar, but the proposed
cures may seem blurred.and imprecise. It is then that
you_realize_that_teaching and iearnirg are human activi-
ties which are not easily codified. Part of the impre- .
cision arises because the subJect is still in_its infancy:
The teaching of abstract reasoning and logical thinking
is a difficult exercise in human_psychology: An enormous
variety of approaches are possible and relevant. Accord-
ingly, some of the suggestions_will. strike_a responsive

chord for oné teacher and repel another. Some of them

will work for one teacher personality and not_for_another.
But collectively, all of the papers do offer. enough pat-.

terns; procedures; templates and ideas to help most teach-
ers start exploring and exper1ment1ng with their own
courses. I will be quite satisfied if this monograph

makes the reader _hungry to get started:

The primary topic of this monograph is elem entar% problem solving.
Some of the papers; particularly the first; do not_adhere_ strictly to
this topic. However, this serves the very valuable.purpose.of estab-

1ishing the pos1t1on of elementary problem solving in_relation to
problem solving in general. Beyond this; please do not look for any

iv
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organizational pattern in the grouping of the papers: There is none.

James L. Lubkin-
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1
TRAINING FOR EFFECTIVE

, _ Gary A. Davis
& ’ University of Wisconsin
Madison

ESSTRACT

,,,,, Eiphasizing the coiiplexity of human problem solving, this article

pegjngrwi§hrq ptjgf rgview of several _taxonomies of problem solving, eac
of which identifies different types of problems and different thinking

processes. . The report then summarized a five-step analysis .of the
problem-solving process: (a) fact finding, (b) problem finding,

{c) idea finding; {d) solution finding; and {e) acceptance finding. The
analysis helps clarify human problem solving and also serves as an
heuristic to guide individual or group problem solving. The idea-_

generation stage includes a brief summary of some creéative thinking”
techniques. . . i

T One difficulty in-training for Oroblem solving is that there are
many different kinds of "problems.” One taxonomy of problems (Samson,
1970) identifies; first, 'situations requiring a discovery process,
such as detective mysteries, matchstick or number sequence.puzzles,
ard many mathematical.problems.__A_second_type of problem involves_

planning, for example, transporting 300 children to the_King Tut ex-
hibit; with minimal casualties, Or organizing a new college course.
Samsoh's third category was creative problems; which requires a free-
wheeling gush of imaginative possibilities. Some examples would be
listing ideas for a_60-second TV_commercial; brainstorming ideas for a
traffic safety problem, or just 1isting unusual.uses for a brick:

: With another taxonomy Lewis (1977) identified four types of prob-
leiis which differ according to whether the means to the solution is
clear or_ill-defined; and whether the end itself is clear or il11-de-
fined.. For example,-an arithmetic problem {What is the square of "
5;678?) has_both a clear means and 2 clear end. These are called.

procedural problems: Choosing a vacation spot; a movie; or selecting
wallpaper represent problers with a clear means, but an unclear end.

(decision problems). Common puzzles (crosswords, riddles, etc.) and_
such problems as designing a better mouse trap would be problems with
a clear end; but an unclear means {solutional preblems). Finally,

ecornoiiic, political, and even some personal problems represent situa-
tions with both an unclear goal and ill-defined means (e.g., how do

we halt inflation,.settle. the middle-east situation; increase .person-_
al self-confidence), which Lewis calls generational problems: Across

all four combinations; problem solving js defined as the "...process
of clarifying both means and ends, that is, creating procedural prob-
lems from the other three types."

i0
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LooLJng anly at laboratory tasks of exper1menta] psycho]ogy,

Davis' (196€) two-part taxonomy divided tasks into, first, those re-

quiring observable trial-and-error problem.solving: For example;
trial-and- error is used in figuring out which combination of switches

will produce a desired pattern of lights, in ]earning to correctly

classify arbitrarily-related stimulus objects, in learning a finger-

maze tlindfolded, or in the real world to find a lost checkbook. The

second category of problems includes those solvable by implicit

mental processes; which may involved some "mental" trial and error.
In this category are chess problems, anagrams (scrambled letters),r
missionary-cannibal prob]ems {ferrying_three missionaries and three

cannibals across a river in a .two-pearson boat without ever a]]ow1ng

missionaries to be outnumberéd), number-series problems, and others.

Davis notes that an “implicit'_type protlem will become a trial-and- . ;
error to solve matchstick problems, ard a person solving anagram prob-

lems will use trial-and-error if he is given_letter Llocks. :
~In still one more taxonomy, Fuller (1973) rotes that "prob]ems
can vary in _{a) having one or a multiplicity of possible soluticns;.

(o) the degree of uncertainty in either the. prob]em data or. the prob-
1ém outcomes, (c) the guantitative/mathematical nature of the problem,

{d) the degree of the social, people-related character; (e). the ab-.
stract (symbolic vs. concrete) character of the needed solution, (f)
the complexity of the soluticn; or (g) the immediacy of the solution

evaluation.
_ The upshot of this introduction is simply that "problem solving"
is a difficult; catch-all concept which includes. countless -types of

situdtions and, of present importance, innumerable sorts of mental

activities and processes: &t the_very least we_find such processes as
trial-and-error searching, logical deduction, diagnosis, extrapolation,

classification; metaphorical thinking; step-by-step planning,. idea
retrieval, idea synthesis, discovery, means-end analysis, abstracting
commonalities; transferring old solutions to new problems; evaluation;
and many more. Siall wonder that some sceptics have guestioned
whether problem solving skills, whatever they may be, can be taught
at all:

Ex1st1ng strategies for tra1n1ng prob]em so]ving show tremendous

variation_in the scope of problems for which the training is_appro-

priate. Perhaps the most general approach is the Upton and Samson

(1963) Creative Analysis workbook; which promises to strengthen_think-
ing, creating, problem solving, and even intelligence itself. The
program_provides broad-based exercises in structure_ analysis,; qualita- .
tive analysis, classification, abstracting similarities; discovery,
using symbols_and tree _diagrams, metaphorical_thinking; analysis of_ _

operations; and mach more: _Other efforts at_ teaching._problem solving
focus on a smaller number of helpful, verbalizable principles. For

example; Simon and Reed (1976) emphasized the importance of means-end
analysis, which gives direction to a problem-solving search. Fuller
{1974) recommended his "special vocabulary" for problem_ solving; __
which calls attention to the "principal parts": _the data-set, algo-
riths (rules), unknowns, and constraints. Wickelgren's §1974) )

s®rategy for teaching mathematical_ problem solving; which optimisti-
cally "...guarantees that you will never again have a blank mind in

é 11
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sueh {protiem solving) circumstunces,” include s specifying givers,
(lassifyira action scquences, evaluating statos: defining subgoals,
searching for contravictions, working backward from the goal, looking
for relationchips (similarities) between protlems, and others.
ke remdinder of the present vssdy will foucus.specifically one
solving "creative protlems.” those situaticns requiriv, rew ideas for
designing d better bumper, kveping costs down and efficiency up,
marketing Hula Hoops: and infinitely rore. .

(reative Prol:lem Solving

Skills, strategies and attitudes for creative prebler solvirg are
taught daily in universities and large corporations through Anerica
and the world. The efféctivences of such training naturally varies
with the coarse ami with the individual participant. _The most common
and predicteble outeome is @ solid change in “creativity corscioosnecs.
Farticiparts ecome tc understend creative thinking_dnd problem solvirg
tetter, they becone tore confident in their own creative ability, they
become more likely to use_a creetive appreach in solvirg professional
problems; and they are ready _to take a more. creative approach to_tife
in_gencral. Herd évidence Of prugirar effectiveress; which is not
often available; has taken the ferm of higher scores on divergent
thinking tests (such as listing unusual uses for a brick).and higher
scores on personality tests measuring self-corfidence, initiative, and
leadership poteitial (Parnes, 1962). . - . .

A recurrent strategy for teaching creative problem sclving is tre
stage approach, which forms the core of_ the (rcative hesiontooks pre-
pared by Creative Educaticon Foundation leaders Moller, Parnes ard

Biondi (1977): Tte reader may be acquainted with Wallas' {(192¢) stares
of preparation, incubatior, illumination and verificaticn, which very
generally summarize the sequence of events ir many problem solving
episodes. The Noller et al steps of (a) fact finding, (b) problem

finding, (c) idea finding, (d) solution firding and (c) acceptance
firding represent an up-dating of the 192€ steps (see Figure 1), In

the 1977 model each of the five stages irvolves toth a divergent, idea-

12 o
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Five stages Jn creative problem solving. From Creative
Actionbook ; by Ruth B: Noller, Sidney J. Parnes, and Angelo
M. Biondi, Charles Scribner's Sons, 1977. Reprinted by

permission;
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generation phase followed by a convergent, evaluative phase. An as-

sumption of the model seems to be that an understanding of the dynamics
of problem solving, as represented.by the five steps, will lead to more
systematic, effective problem solving._ _In the following summary, most

space will be given to step (c); idea finding; since much has been

written about idea-generation techniques.

. The first step i- gathering pertinent information. Activities in
this stage will include 1isting relevant facts and_raising guestions;
some of which may need to be researched. For example; let's say the
problem at hand is designing packaging for a new line of Mrs. Plum's

Pickled Kumquats. A group perhaps composed of food processing engi-
neers, executives, and layout artists would need to gather information,

for _example; on relevant biochemical reactions,; deterioration rates;

contamination dangers, taste factors, and costs, availability and mar-
ket research data on_various packaging_alternatives. _After_the free-
flowing idea-production period the most significant facts would be
sifted out_and perhaps_clarified and_elaborated. Quite often, ideas

listed in this stage will relate directly to ideas produced in later

stages.

" Problem finding amounts to identifying and defining the problem(s)
to be attacked. One does this by (a) 1isting many possible problem

statements, (b) by repeatedly rephrasing a particular_statement,; and/or
fc) by defining the problem in a broader, more general fashion, which

has the effect of_apening. new avenues of thought. Problem statements
often begin with "How might we...” or "In what ways might we..." For
example; “How might we present _attractive 'units' of pickled kumquats?"
"How might we Keep costs down?" "In what ways might we prevent loss
of flavor over time?" And soon.. . _

One would consider variatiogs of a.single problem statement:
"How_might we present attractivelunits?" can be rephrased as "How can
we make people like our package?" '"How can we make the package say
'Try me! I'm good!'?" or "How can we make people pit our package in
their_shopping carts?” L o . S o
~_ Some more general problem statements, which usually provide new
problem viewpoints; could be "In what creative ways can our product
attract attention at the _grocery store?" or "How can a biological
product be made to last forever?" T

Problem. listing. is followed by the evaluative process of selec~
ting the most productive problem statement. Of course, different
problem definitions will result in different 1ists of solutions. _
Frequently, many important subproblems will be identified, each of

which will require separate attention.
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IDEA FINDING

After a problem is_ selected, the_ individual or group should
generate a list of solution poss1b1]1t1es The 1ist will be longer
and more 1mag1nat1ve if the thinkers observe the deferred judgment

principle. That is, even "wild" ideas should.be freely suggested and
recorded with no immediate evaluation or criticism. Far-fetched ideas

may suggest realistic, creative problem solutions:
In addition to using ones intuition thére are a number of delib-

erate, sopplementary strategies for producing new idea combinations.
The following techniques are taught in virtually every professional
creative thinking course.

Attribute listing. The .attribute- listing technique (Crawford;
1954,71971) involves either {a) listing important attributes jcharac-

teristics; dimensions) of the problem.and.then_listing ideas for. im-

" 'proving each of those attributes, or {(b) transferring an attribute

(or problem solution) from one situation to a new problem_ context.
"Packages" of nickled kumquats, for example, have attributes of mate-
rial; size, shape; colar or color patterns; p1ck11ng medium, .vitamin _
additives, appeals to different groups (e.g., sugarless kumquats, dried
kumquats for backpackers; Kiddie Xwats; kumquats with prune juice;

etc: ), product names; cartoon characters (as on cereal boxes); and .

more. Each Jdimension will spur ideas--lots of them--related to that

attribute:

____ As_for ;rgngfgrrlgg attr1butes, our th1nkers would seek ins ira-
tion from other attractive and successful forms_of packaging{promo-
tion. For ‘éxample, the catchy Z-Up and Levi's TV commercials or the
unique t'Eggs pantyhose displays might suggest packaging_ideas_for
Mrs. Plum's kumquats The reader might recognize the process of .

metaphorical thinking as central_to_this_attribute_transfer_strategy.

Matrix methods. As extension of attribute listing is the matrix
approach, sometimes known_as 0 ical synthesis or morpho]qg;ca]
analysis (A17en; 1962, 1966)." 1deas for one- prob]em dimension {or

attribute) are listed along the horizontal axis of a matrix, ideas
for a second dimension are listed a]ong the vertical axis. _This_sys-
tem forces the prob]em solver to. examine the very large number .of.
solution combinatiors found in the cells of the matrix,-scme cf. wh1ch
are likely to be creative; practical; or with a little luck, both
77777 Idea checklists. Idea checklists also may be used to prod the
imagination.. The late Alex Bsborn, inventor of brainstorming; co-
founder of the successful advertising agency, Batten, Barten, Dursten

and Ostorn, .and founder of the Creative Education Foundation, devised

a set of "73 Idea- Spurr1ng Questions"” which may be applied to virtu-_
ally any problem-solving task for which creative solutions are sought.

A condensed form of the 1ist {from. Davis, 1974} includes:

t 5? New ways to use as is? If modified? -
Adagt? What_else is like this? _What other person, place
~ or thing does this suggest?.

lHodify? .Change meaning; color, motion, soUhd odor, form,

shape?

15
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Magni fy? More time? Greater frequency7 Stronger7 H1gher7

Longer? Thicker? Plus ingredient? Multiply?

. .. _ _Exaggerate? L

Hinify? Smaller? Lower? Shorter? Lighter? Split up?

. Understate? .

Subs%4%u£eﬁ Who or what e]sgflnggead? .
Rearrange? Interchange_cormponents? Other layout? Other
o sequence? Transpose cause and effect?
Reverse? Transpose opposites?_ Turn it backward? Epside . _
, - - down? Inside out? Turn tables? Turn otheér cheek?
Combine? How about a blend? An assortment? Combine uwnits?

Purposes? Appeals?

The reader might_wish to think of the kumquat- packag1ng prob]em

(or somethirig niore relevant) while considering each item on the list.
While such a 1ist should be used only to.supplement.ones _intuitive
idea Supp1y, the 1ist almost guarantees the production of some ideas
which otherwise would not have occured. to the thinker:

Sx_pct1cs methods. Space will not permit a fair review of the
very amazing and_amusing _synectics_strategies which are used bath in
professional creative. problem solving (Gordon, 1961; Prince, 1968,
1971) and for strengthening imaginations in the schools (Gordon,,1968

107]) in brief;_the techniques teach. systematic; metaphorical th1nk-
ing. The D4ree%75ﬂ§i9gx method asks the thinker to_look to_nature for
metaphorically-related problem ideas. .What; for example; is "packaged”

by seagulls, spiders, bees, sa]mon,,oak trees, rose bushes, and so_on.
_ _The Personal Analogy method asks the thinker to become part of

the problem objects. _The reader might think about what it's like

being a flavorful, well-preserved and attractively-packaged bunch of

kumquats. How do you feel? What makes you happy? How could you be

improved?
With Fantasy Analogy the problem solver searches for fanci' .i;

perhaps ideal solutions, for exaniple, by asking how the proble m1ght
solve_itself. How might pickled kumquats preserve themselves? Main-

tain. their_own_flavor? Become more and more attractive to shoppers?
In the world of consumer products refrigerators defrost themselves;

tires patch their own leaks; ovens. clean.themselves; cameras adjust
their own shutter speeds, turkeys baste themselves, @ new chain saw

sharpens itself; and automobile eng1nes diagnose their own_problems.
Whether the th1nk1ngrstrategy is intuitive or "forced," the long
list of creative, sometimes preposterous ideas must be reduced to the

potentially most fruitful ones for further development. Additional
information on creative thinking techniques may be found in Davis

£1973), Davis and Scott (1971), Biondi (]974) Gordon (1961); and
Stein (1976). :

SOLUTION FINDING

~ Quite often a good solution will need no formal evaluation
,(s:qmiqn:findmg) stage--When 1t's right, you know! Most of the

time,; however,; it's worthwhile to systematically list criteria for
evaluating the goodness of each of the solution possibilities. The
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reader might imagire a matrix with specific solution ideas listed
vertically along the left side (vertical axis) and evaluation criteria
listed across the top (horizontal axis). Working from left to right;
each cell would contain a rating (poor, fair; dood; great) for each
idea for each criterion. Some useful criteria are: Will_it_work?
Will the public accept it?_ Does it reguire_too much time? Too_much
money? Are materials available? Reliability? BDurability? Safety?
Would my mother like it?. L

- Bs with all other stages. a longer list of criteria can be
shortened to those vhich Seem most promising.

ACCEPTANCE FINDING

~ “"Acceptance finding" is & slight misnomer, since this final stage
includes both gaining acceptance {selling the idea) and devising ways
to implement and assure effectiveness of the problem solution. Noller
et al. (1977) recommend a self-test; asking such questions as: (a)
What might 1 do to gain enthusiasm for the idea? _How? When? Where?
Why? (b) What might I do to insure effectiveness? How? When?

Where? Why? PAnd others: :

Conclusions

__Most problem solvers do not consciously follow separate stages in
problem solving. There also is no iron-clad assurance_that training
with this stage approach will guarantee more successful thinking.
However, the'five-step mode] does draw attention to necessary compo-
nents and subskills in problem solving and suggests clear, conscious
means for coping_with these components. Also; the model implicitly
fosters the development of appropriate attitudes by encouraging flexi-
bility; originality, and openmindedness, and by generally reinforcing
3 more creative approach to effective thinking and problem solving.
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SOLVING - A CAMPUS-WIDE

__ Moshe F. Rubinstein
Professor of Engineering, UCLA

~ .. ki Robin Keller
Teaching Associate, UCLA

. Edward A, Kazmarek
Department for Energy and Environment
o Georaia-Pacific
ABSTRACT ~eorgia-Pacific
. _ Patterns of Problem Solving.is a four-unit course offered in
twelve sections each quarter of the academic year. The course dis-
cusses tools and concepts useful in problem solving with_a balance
sought between modeling techniques and attributes.of human problem
solvers. Problem solving is presented as a dynamic open-ended process
encompassing diverse academic disciplines:

~ The course is sponsored by the School of Engineering and Applied
Science at UCLA, but it has an appeal to students campuswide, The

more than 4000 students who have taken the course represent more than
thirty major fields of study and all levels at the University from ..
freshmen to graduate students. The students have repeatedly rated the
course as an outstanding educational experience that helped them.con-.
solidate past experiences and et the stage for easier assimilation of
subsequent learning. '

The diversity of both student backgrounds and the course subject
matter led to the development of a unique peer teaching program. The

peer teachers are a link between the instructor and the students, pro-
viding assistance to students and feedback to_the instructor: This.
makes it possible_to maintain continuity in classes with students of
diverse backgrounds and interests:_ Peers and instructors are avail-
able daily in the course learning laboratory for consultation with
students.

“

Patterns of Problem Solving_was developed at UCLA and offered_for
the first time in_the fall of 1969 to a class of thirty-two students.
1t was_announced as an elective campuswide interdisciplinary course.
By 1973 the course grew to three sections per quarter with an enroll-

ment of 250 students for the year. The steady state enrollment in

1976-77 reached 1600 students, with twelve sections of the course

1~
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offered each guarter and two sections in the summer session.
As enrollments kept increasing; a special peer program was .
introduced in 1974. Peer teacheis are ou*standing students who have

completed the course and undergo an extensive summer trzining program
to prepare them for their role. For the past three years the peer
program_has_stabilized in the number of peers and their duties.
Generally, there are two peers per course section. The peer teachers
are available in the course learning laboratory_to assist students_

and provide the instructors with important feedback:. Peer _teachers

are paid for eignt hours per week although they often put in rniuch

more time on their own:. The involvement of the peer teachers in the
learning process makes it possible to conduct classes for students
with diverse backgrounds and interests and maintain a continuity
that is otherwise difficult to achieve. Tie peer program makes-
assistance available to the students at ali_times with_no_need for _

appointments, and reduces the demands on the time of the instructors:
Sections of the course have been taught_by faculty members from
different disciplines, such as Engineering, Psychology, Law,

Business; Philosophy; Architecture; Mathematics and Computer Science.
These fagulty,members are outstanding teachers and have been noted
for their diverse interests. Some instructors are recruited, others
offer to teach the course as an extra load and consider the under-
taking a valuable educational experience. Since it is not possible

to cover the thirty-eight sections of the course offered each year
with professors only, they are joined by outstanding teaching

assistants who are trained to teach their own sections of the course.
The teaching assistants are selected on the basis of talent, per-
sonality; and interest in students.

Funding for the course_comes_from various _sources — the Schoo]

of Engineering, the Office of Undergraduate Affairs; and the Chan-
cellor's Office. The idea that led to thé creation of this course
was _sparked by Dr: €hauncey Starr, farmer Dean of the School of
Engineering and Applied Science at UCLA. Dr. Starr and Professor
0'Neill; the present Dean, have supported the course in both deed
and 5h1r1t from its inception.

Modified versions of this course _have been offered since 1973
in the National Science Foundation's Chautauqua Type Short Courses
conducted by. the American Association for Advancement of Science for
college teachers across the country. A pub11c lecture series was

offered under the auspices of UCLA Extension_to_ 300 participants__
from the community which included many profess1onals from nmd1c1ne,
law, business, education; and industry.

been presented to various professional_societies;_executives; and
at the annual University_ offthefYoung Presidents Organization. A
Jecture series was_also given at the University of Tel Aviv_ and at
the University of Belgrade under the auspices of a Fu]br1ght Hayes

lectureship:
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COURSE OBJECTIVES
The pr1mary cb3ect1ves of the course are:

- To develop a general foundation of prob]ém solving approaches,

. To emphas1ze the th1nk1ng processes at an stages of the

problem solving activity:

- To expose students to both objective and subjective aspects
of problem solving.

- To provide a framework for a better appreciation of the role
of tools and concepts that the students may have acquired or
will acquire.

. To bring together students from diverse backgrounds so they
can observe different attitudes and problem solving styles,
and learn from each other.

COURSE CONTENT
Patterns of Problem Solving was. des1gned to provide the founda-
tion for attitudes and_ skills productive in dealing with comp]ex
problems in.the context of human values. The most significant __
feature of the course is its interdisciplinary approach: This is.
rmanifested in the diverse background of_students_in_the_course_and
the broad range of subjects covered: The_ten_chapters of the text

Patterns of Problem Solving, Prentice-Hall 1975, which was deve]oped

by Professor Rubinstein spec1f1ca]]y for the course; reflect this
approach:

¢ Problem’ So]v1ﬁg; -culture;-values-and-models of
problem solving; d1ff1cu]t1es, guides and atti-

tudes.
Chapter 2: Languagefgngfggmmyg1cat1on from evo]ut1on of
writing to computer Janguage; symbolic represen-
~__ -tation
Chapter 3: Computers — Fundamental Concepts: _computers, __
their structure, their use in probIEm solving; how
o they work. _. e
Chapter 4: Probability and the Will to Doubt: 1nformation;
its-relevance, credibility and measurement,

- _ entropy. . _.
Chapter 5: Models and Mbde]1ng purpbse and nature of

—

Chapter

Chapter 6: Probabilistic_ Modeis §§mg]es, d1s;r1but1ons,

~ errors of omission and commission; simulation.
Chapter 7. Decision-making Models: decision cr1ter1a,

atility theory, game theory; group decisions.

21
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linear and nonlinear programming; dynamic pro-
o B gramming.
Chapter 9: Dynamic Systems Models: cybernetics; its ubiquity;
history, and applications; simulation of dynamic
systems: . .. . . A ) A
Chapter 10: Values and Models of Behavior: value judgement,
social preferences, consensus; assessment of
values.

Chapter 8: Optimization Models — Selecting the Best Possible:

- The entire subject matter of the text was not intended to be
taught in a ten-week quarter. The subjects taught, and the extent to
which they are covered depend on the instructor's prerogative. How-
ever; there is a _core 0of subject matter upon which every instructor
focuses: This core com.rises the major part of the text and course
and includes Chapters !, 2,.4, 5, 7, and parts of 10. The material
of Chapters 3, 6; 8; and 9 is dealt with only to the extent that
each instructor desires. The text. is not the only source of subject
material. Some topics covered during the quarter are those which an

“instructor introduces as a result of individual background.

The_emphasis on practical application reflects both_classroom
and nonclassroom experiences. Instructors often use real world
examples in their lectures and assignments; and most_instructors
require the stidents to apply the tools they have learned to a .
personal problem. This becomes the class project. Projects in the

past have covered such diverse subjects as selecting a career; buying
a car; and finding a place to live. These projects are submitted in
written form, and in addition; some are presented orally; shown_on
film; or illustrated by use of slides. Most of the students enjoy

working on their projects and consider their efforts valuable.

STAFF TRAINING
Each June.teaching assistants and peer teachers undergo_inten-

sive training in preparation for their teaching roles the ensuing
Fall. The training program consists of a series of meetings in _
which basic course content is reviewed, supplementary material is
presented, teaching skills are developed, and course policies are
discussed. Tepaching assistants are videotaped while conducting_ .
simulated class lectures. They plan a sample course syllabus and

share ideas on course content; lecture styles; and grading_systems.
Peer teachers_review course material by preparing notebooks of
Jecture outlin®s; answers to textbook problems; and additional
reference material. Peers also practice explaining course concepts
in role-playing sessions in the learning laboratory. Perhaps most
important, the staff learns to work together and develops a sense of
community which continues to grow throughout the academic year. The
training program has been extremely successful. Participants in the
program feel that it is very worthwhile and that they have acquired

knowledge and confidence in preparation for the new-academic year.

14
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In addition to the summer tra1n1ng program, the course staff of
about thirty’ peop]e, gets together_each _quarter at_the Rubinstein_home

to share experiences and suggest innovations for the program: These
get-togethers serve as forums for promoting the growth of the sense

of commun1ty ~among the staff anq”stodents For examp]e, 1nstructors
Mastermind tournaments, and formed an intramural coed football team.
A recent addition is a Patterns of Problem Solving Tee shirt dis-

playing the cover of the teAtbook A]so, one _peer teacher presented

and suggestions: This sense of commun1ty is d1splayed by the many

t1mes that students and staff plan sessions with food, so they can

"eat together while learning together:”

THE FIRST DAY OF THE COURSE - ONE EXAMPLE
"Welcome to Patterns_of Problem Solving: During.this intro-
ductory course we will explore meny problem solving styles
and techniques: But first, here is a problem for you:.
"You_are_lost on_the moon, your ship has_just crash

landed_and.you.and your crewmates have been able to save
the fo]]ow1ng items:

rope,; parachute s1]k, solar powered portab]e
heating unit, two -35 caliber pistols; one

of oxygen, a stellar map, a_self-inflating 1ife

raft, a magnetic compass, five gallons of

water, signal flares; a first aid kit contain-

ing injection needles, solar powered FM

receiver-transmitter.

"The mother ship is 200 miles_away on the 11ghtegfsyrfgge
of the moon. Rank the 1t?ms according to their potential
for helping you survive.

Immed1ace]y the students, who ear]1er were d1v1ded into sma]]

groups ; become immersed_in_a problem. How should we decide?  How

could we rank the items? How can a group reach consensus? How can
we try to overcome the uncertainties in the situation? _Will a flare
work in theemoon's atmosphere? What is more important to us: food

or shelter? What is more important: food or water?.....

This "1ost on the moon" exercise is then used to illustrate
many of the topics which will be covered during the Patterns of

1this “Lost on the Moon" exercise is from Psychology Today; Nov.
1971.
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Probiem S0iving course. Students realize that they have a problem
since there is a difference between where they are (initial state) and
the mother ship 200 miles away (the goal state). They are trying to
decice how to solve their problem. Thus, they are attempting to
determine a specific procedure for reaching their goal state from the
initial state. Each group must analyze the alternatives available 10
it and make some sort of group decision. The students also will _
want to develop a means for coping with the uncertainties inherent.in

. the problgm. They may not know; for examplc; how long it would take

them to walk to the mother ship, but they might be able to estimate
probabilities: . As -they. attempt to rank the fifteen salvaged items
they woulc profit from the course discussions on atility theory..
Throughout their work on this problem, students will realize that
values play an important part in the way we view problems. _In such
a 1ife-and-death situation; the supreme value of survival will
probably overshadow the values of comfort or beauty. Finally, this
simulated problem solving situation is just a model of a real.

situation. Its purpose_is to approximate a Féaifpkbb]émrsbwstquhts

can practice their skills and analyze their own problem solving
styles.

~ patterns of Problem Solving is unique in that _along with its
diverse academic content, many alternite learning modes arc provided.
Each section of the course has around forty students, so there is
ample opporiunity for close interactions among the students; in-
structor. and peer teachers. The format of class meetings varies;
including lectures, group exercises, movies; and problem solving
sessions.. Assignments may include homework problems, journals; .
individual problem solving projects, take-home quizzes, and-in-class
exams :

: Outside of class, students are encouraged to go to the course
learning laboratory when they need to talk awout their homework: The
1ab room is staffed five hours .daily by peer teachers and_instructors
and _provides a _meeting ground_for students to study and receive help
or feedback. Often students come to the lab room during office hours
of the peer teacher who is assigned to their class section; but

they iray ask questions of any staff member._ Students can leave
messages for peer teachers or instructors in their mailboxes in_the
lab. Also, answers to homework assignments and additional informa-
tion are posted on the bulletin board in the lab room. _Many
students are amazed that the staff is so available and so helpful.
Students especially appreciate the fact that undergraduate peer

teachers are available to help others master the course material;

and some students express interest in becoming peers themselves.
 The undergraduate students who become peer teachers have been
outstanding students in the course and are invited by their in-_
structors to join the peer teaching program. For these students;

24



O

ERIC

Aruitoxt provided by Eic:

being a peer teakher is more than just a job. _From a peer teacher's
viewpoint; perhags the most rewarding aspect of peer teaching is the
opportunity to actively contribute to the edutational system. Often
university students become passive receptacles of facts; peer
teaching combats this passivity. Peers fotus attention on the educa-
tional process and think about alternate methods to teach certain
concepts:  They become more aware of what occurs in the classroom,
and provide needed feedback to the course-instructor.

. Peer teachers assist in a specific course section in a number of
ways. They attend class lectures; read homework; exams; and projects;
and assist in rinning the course. As previously mentioned; pzers
conduct office hours in the course lab room. _In_the lab_reom,
students and peers interact on a one-to-one basis. .Students. realize
that _the peer cares about them and wants _them to_understand the

concepts. Peer teachers gain a solid understanding of the funda-
mental academic aspects of the course and also become proficient at
explaining these. concepts: Peers also gain confidence in dealing
with people. Often a peer finds that a student really wants
friendly,; helpful reassurance as well as clarification of _a point
from the class lecture. Some peers become very interested in_.

teaching and adopt that as one of their lifetime goals, but all peers

have found the problem solving training very beneficial as they

embarked on a career or continued their studies.

REWARDING EXPERIENCE

_____Patterns of Problem_Solving has been a rewarding experience for
individuals _involved in all aspects. of the program.. Students feel
the course is very enligntening. They appreciate the practical
course content and the persanal attention. Outstanding students_
often become very interested in the material and.continue to take.
related courses. Twice a year the follow-up seminar course, Applied

Patterns of Problem Solving; is offered to a select group af .

excellent Patterns of Problem Solving students. These students are
specially invited by their instructors to take the seminar. Students
consider it an honor to be invited to participate in the seminar.

In this course; more advanced topics are studied and students
conduct in-depth group projects. One group designed a "UCLA GAME"
which is used at UCLA's incoming student orientation to introduce
the campus and its regulations to newcomers: Another_group analyzed
the Planning, Programming; and Budgeting System (P.P,B.S.) at a

Southern California high school: Other ‘topics have included im-

proving the UCLA fraternity and sorority system and forming a small
business:. Students sometimes continue these projects by taking
independent study courses.

Not only outstanding students find the course_appealing. Many
students who have not been exposed to_problem solving.concepts before
find them fascinating: One student, for example,; worked very hard
throughout the quarter attempting to understand concepts that were
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alien to him. He was very proud to earn a grade of “C" at the end
of the class and thanked the teacher for the only course he'd enjoyed
-at the university! This student was espec1a]]y dided by the daily
availability of help_in the course_learning laboratory. _Patterns of

" Problem Solving may be unique in that both instructors and students
consider the course to be a valuable learning experience. This fact

is at the very heart of the reasons for the phenomenal success of
the course.

There are many benef1ts for course 1nstructors Instructors
often share the same offices. They maintain common office hours in
the learning laboratory and meet to discuss their experiences.in
social get-to§ethers_several _times a year._ _The effects of this ___
constant fraternizatiofW are several: The instructors develop close
personal friendships. (Two of the instructors even got married!)

They exchange 1nformat1on on the course,. based on the1r .own _area of

problems, examination questions, and ciass examples; and help.each
other in some of the more difficult aspects of the course content.
They also discuss some of the more philosophical aspects_of_teaching:
the role of the peer teacher; the best ways to make use of stodent
sk1iis, the proper amount of discussion versus lecture; and so on.

content, emphasis, examples, and so on; are always changing. Part
of this results from the interchange of ideas among the instructors;
as new ideas are developed and-are successfui, they are communicated
to the other instructors and adopted. But more than this,; the
instructors fundamentally believe. in one of the bases_of _the_course
content: one must maintain an open mind, a. will to doubt,. and. .
flexibility. ,They believe that, in_a dynamic world, it _makes_ ]1tt]e

sense to set ope's plans.in concrete, especially in_a course that

purports to teach the skills necessary to solvé real-world problems.

Furthermore the 1nstructors are taught and be11eve, that all.

treat all people alike. 0ftent1mes an instructor will modify his_
teaching technique or the course ‘content to accommodate a particular

class of students:

Instractors maintain an honest respect for their students. _In
a sense, this is a necessity, because in a course that covers sub-
jects from psychology to linguistics to physics to engineering,
there may be students who krow more about some given sabject than
the instructor.

F1na11y, and perhaps most 1mportant, if there ex1sts a ph1]os-

ophy common to the instructors it is that the course; and teaching
it, ought to be fun, While instructors are .not hired because of
their senses of humor. it never seems to fail that the type of people
who enjoy the course enough to pursue it further and to eventually

end up teaching it are the kind of people who enjoy life and are
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happy. They neither take themselves, nor the World, too seriously

and they know that students do not learn much .n a course which they

dread attending.

CONCLUSION

_Patterns of Problem Solving has had a record of success virtually

unheard of in academia: The reasons far this success are the_course
content itse1f, which is flexible and designed to instill.in the -
student the skills and attitudes productive for dealing with complex
problems; the preparation and training of the staff_involved in
teaching the course; the varied format of the actual teachifig; the

availability and helpfulness of the staff, including the existence
of a "learning labaeratory;" where students can receive individual

attention directed towards their particular needs; and the enthusiasm,
and concomitant effectiveness, of the instructors.
__ We feel that as the teaching of problem solving becomes more

widespread; it_is. fundamental that the grganizers_of_such_courses
examine not only the ontent of the course but the atmosphere in

which it is conducted. v /i
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EACHING
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_R._K:_BPean
J. T. Sears
~W. S. Venable

West Virq1n1a University

A Rationale fos

"A_Taxonomy of Problem-Solving Activities"--what is it and what
use is_it? _The dictionary defines taxonomy as classification. In the

world of biolagy and elsewhere; it has come to mean a classification for
the purpose of study. We create a taxonomy to enable us to study the _

parts of a subject which is too 1arqe or too diffuse to be studied as a
whole.

Problenm- so]v1ng is Just such a t0p1c. Solving a problem is an act-
ivity which _can_consume days; months,; or_years, or_can_take place in a __
matter of seconds: It can subsume many behaviors or _very few.. It can_be
extremely complex or very simple. ,gbhéeggéﬁtlylfj;”js7§1m95tﬁjm96$§1b]e

to. ta]k or even ta th1nk about it.as a who]e D1scuss1on of prob]en-

solving or even of solving a particular. class of problems. Thus, general
statements about problem-solving are often made which would be better
addressed to a particular part of problem-solving.

The development and use of a taxonomy of problem-so]v1ng act1v1t1es

can help with theSe problems: By breaking problem-solving into its com- -
ponent activities it makes it possible to consider each activity separately
without the mental haze which results from trying.to think about too.

many related activities at one time. It enables the thinker to examine

prob]em solving system for the presence or absence_of appropriate

activities and to take corrective measures: _kast, it allows the thinker

to describe more accurately the problem-solving process and thus commu-

nicate it to another:

_ Since a taxonomy is an aid to description and. communication; it is
of more use to the person who wishes to think about and talk about the
problem-solving process _than_it is to the person who wishes_to do
problem-solving: Thus it becomes a tool of utmost ut1]1ty to the teacher

who struggles to transmit the problem-solving process to the student

rather than teaching the solution of specific problems:
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~ Most, if not all, problem-solving activities can Bé,a§9§aéa,§ﬁii
five classifications: routines, diagnosis, strategy, interpretation™,

and generation:

There is no particular sequence for these classes of activity and_
in solving an actual problem the student will move back and_forth.among
them according to the dictates of the particular_problem. The following

working definitions have been evolved for these activities:

tunity for decision but proceed by simple or complex mathematical steps
to a unique solution. Long division is a_ routine. The evaluation of a
complex integral is a roatine: .The solution of.a quadratic equation is

a routine. The determination of the moment of inertia of a composite

area about a centroidal axis is a routine: All of. these depend only on
the correct execution of a number of steps. The student may find it
necessary to.recall mathematical or physical facts in order to gserform

~ Diagnosis is the selection of the correct. routine or routines for.
the soTution of a particular problem. Diagnosis is sorting out correct

routines from incorrect routines:. Deciding on the flexure formula to
find the stresses at a given point in a beam is diagnosis. Deciding.on
integration by parts for a given integration problem is diagnosis.__In
both ctases there is only one way to go, but the stodent must find it:

He must examine the problem until he finds a correct routine.

Strategy is the choice of a particular routine for the solution of -

a problem which may be solved by several routines or variations o s
routines, all of which are known to the student. Strategy is choosing
among._correct routines. The selection of a point about which to take_

fioments is a@ strategy decision. The decision .to use polar rather. than
cartesian_coordinates_is_strategy. _The use of the method of sections or

of the method of joints in analyzing a truss is a matter of strategy.

~ _interpretation is the reduction. of a real-world situation to data_
which can be used in a routine, and the expansion of a problem solation
to determine its implications in the real world. It includes the making
of appropriate assumptions and the interpretation of results:

Generation is the development of routines which are new to the

problem-solver. It may simply be laying out a number of routines to put them

together in new ways, in which case it is probably a matter of pure __
recall. It may be the bringing together of previcusly unrelated ideas
to spark a new attack; in which case it is highly creative. It may be
sofewhere between these two extremes: It_must result in an activity
which is completely new to the problem-solver and which he has never been
taught:

__ These are the. five dimensions.of problem-solving as the taxonomy
defines thei. A student enters with certain skill.levels in_each and

exits with a different set of 'skill levels. The difference in these
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skill levels is a measure of what has been learned about so]v1ng prob-
lems. To teach problem-solving the teacher must address each of the five

dimensions.
The present taxonomy does not deal with problem definition, because
in most cases the engineer or the engineering-student-is-set-to- sp]Ve a-

particular problem; large or small, rather than to discover the problem
to be solved:

Other Learning Taxonomies

) The reader of educational papers may wonder whether there is a need
for a taxonomy of prob]em-so]v1ng After all, excellent taxonomies of
learning already exist. That is quite true. However; a closer reading

will show that most of the existing taxonomies of ]earn1ng behavior end
where a taxonomy of probiem solving begins.

y The best known of all educational taxonom1es is undoubtedly that of
Bloom.

H1s Taxonomy of Educational Objectives categorizes all cognitive.

behaviors as knowledge, comprehension, application, analysis, synthesis

and evaluation. It is an extremely powerful tool, but its very rigor

makes. it difficult to use in teaching prob]em-so]v1ng It is quite
poss1b1e for two teachers to argue for hours over whether a glyenfobjec-

tive is actua]]y comprehension_or application; and to end_ up agreeing
that.it is really a bit of both. By focusing on groups of behaviors
leading to a particular outcome,; rather than on individual behaviors;

the Problem-Solving Taxonomy cuts across Bloom's Taxonomy and groups
behaviors as_they occur in_ he solution of problems. For_instance;

diagnosis; an activity in the Prob]em-So]v1ng Taxonomy; may - comb1ne

knowledge, comprehiension, and application as identified by Bloom.

“In his e1ght type’ of 1earn1ng,VGagn€ lays out a h1erarchy wh1ch

culminates in problem-solving. Problem-Solving as Gagn€ sees it is
far narrower. act1v1ty than that envisioned by the engineer. The Gagne

prob]em -s0lving is quite analagous to the activity designated as "Routine"

in the Proglem-Solving. Taxonomy._ The Gagn& hierarchy does not deal with
the more complex activities involved in problem-solving.

In a later work, Gagne has delved somewhat deeper into prob]em-
so]v1ng and_has somewhat extended his range. An activity which he calls
"rale learning" corresponds well with our "routines", and he has divided
his problem-solving_into_four main_areas: _presentation_of the problem;

definition of the problem; formolation of hypotheses (both correct and

incorrect), and verification. This approach_looks at generation and

analysis but ignores the areas of diagnosis and strategy:

o In a very recent attempt to assemble and integrate various. taxoilo-
mies; Holland and his. co-workers have evolved a taxonomy with three
main divisions: psychomotor learning; memory learning_and_complex_cog-

nitive learning: A _subdivision.of memory learning; algorithms; bears a
cons1derab]e reseimblance to routines. The remainder of the activities
catalogued in PST are treated under "complex cognitive. There, under
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the heading of "principles", they consider an activity much like

diagnosis; and their "strategies" grouping includes a mixture of

strategy, generation, and application as identified in PS1.

The existing learning_taxonomies are thus_seen to_be much _more_
general and diffuse than PST, and require the teacher to utilize_many
different levels_ and even different taxonomies; in order to completeiy
describe and analyze problem-solving activities as they are seen._in the
practice of engineering. It may be argued that' the present Problem-

Solving Taxonomy can be used to complement the more general Tearning
taxonomies already in use, and can provide a useful specialized tool

for the_teacher whose primary concern is the_teaching of problem_solu- _
tion. Other taxonomies are perhaps more useful in_teaching the solution
of one particular problem or class of problems. PST is most useful in
teaching an approach to problem-solving in general.

Principal Approaches to Problem-Solving

It may be of some interest at this time to examine the approacties of
several current schools of thought on_problem-solving; and to describe
them by means of .the Problem-Solving Taxonomy {PST). For instance,

brainstorming and synectics are aimed almost entirely at gener.tion.
Both are designed to facilitate the developient of many alternative ideas .

for problem solution. The working out and evaluation of the ideas has

no place in either system, but are saved for @ later day:

On thé other hand, Polya maps presume the generation to have already

taken place and concentrate on the logical development of strategy based

upon analysis. Process synthesis and computer simulations of human
thought also- emphasize strategy but base it upon some generation activity.
The role of strategy in both approaches considerably outweighs the other
activities.
 Inquiry learning of all sorts is based upon meticulous questioning
and thus can be characterized in PST-terms as primarily concerned with
interpretation. . .

The cognitive and gestalt theories explain human behavior in terms

of conscious, Strategic purpose. "The organism perceives, thinks about;
and analyzes its environment." 1In these theories, problem-solving is _
primarily seen as those activities which PST describes as diagnosis and

strategy.

cerned with the mental mechanism by which problems are solved but with

increasing the frequency with which problems are solved. In practice it
becores .a powerful method for teaching routines and may produce_ some

proficiency in diagnosis. it does not address generalized problem-
solving skills. ,

There are many variations on these various schools of thought about

iearning in general and problem-solving in.particular. . These give. .

‘varying degrees of emphasis to the activities described by the Problem-
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Solving Taxonory. However; the PST appears to be egual to the task of
describing any of them and may indeed provide a useful tool for comparing
and contrasting the various approaches.

Types of Problems

- The foregoing discussions should serve to help place the Problem-
Solving Taxonomy in perspective with current theories about problem-
solving: The remainder of this paper will be devoted to the use.of PST
in_understanding and enhancing the development of the problem-solving
activities_of studerits: Before undertaking to use PST to classify the
problem-solving activities of stud-nts, it is advisable to examine the
sorts of problems they are expected to solve.’

_ Problems _can be classified as simple close-ended, complex close-
ended; or open-ended: In all cases the problem solver combines ideas to
produce an answer to a previously unanswered guestion.. Often the.com-
bination of ideas is a new one for the individual problem solver, but
thHis is iigt always so.

A simple closed-ended problem 1is one which has one right answer
and one set method by which that answer may be obtained. Taking the
derivative of an algehraic expression is such a problem. In terms of _
the PST, simple closed-einded problems are solved primarily by diagnosis
and routine.

~ A complex_closed-ended problem_is _one which has one right answer
but several methods by which the answer may. be obtained. For example;
many problems in dynamics may be solved by the use of Newton's laws, by
energy methods; or by applying the principles of impulse_and momentum,

but the final answer will be the same no matter which.method is chosen:

The taxonomy would describe the soiution of such problens as consisting

of routines, diagnosis, and the use of considerable strategy.
Open-ended problems are those for which more than one correct solu-

tion can be found. However, an open-ended problem can be broken down

into a cluster of close-ended problems. The correct solution is inherent
once a method of attack is determined and appropriate._assumptions._are

made. Different solutions are obtained by changing either the attack
or the assumptions. Developing the attack is described in PST as genera-
tion, and choosing assumptions is interpretation. Thus, the open-ended

problem.emphasizes generation and interpreti:tion at the same time that _
it requires all the routines, diagnosis and : trategy used in close-ended
problems:

. The engineering curriculum attempts to develop jn_the engineering
student the ability to solve all three types of problems. It meets with
variable success. Often its successes and its failures seem to be more

a matter of luck than good management. Nevertheless; engineering educa-

tion does succeed. Engineering students do become problem solvers: .The

next section of the paper will bedevoted to looking closely at how this
occurs, describing the students progress by means of PST:
25
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LAY

Generalization about students' skills in any area is a dangerous
occupation. Nowhere is this more true than in the assessment of fresh-

men. The effects of their varying backgrounds are still very strong:
Neverthe]ess, most teachers will agree that a freshman is more like
other freshmen than he is 1ike a senior. It is this broad common pattern
we shall examine:

] What_is the entrance prof11e of the freshman engineering student?
There is tremendous variation in individuals and in institutions. -There

is quite probably a sex-related difference; although our observations. of
females have been too few to include. Nevertieless, let us examine the
fictitious average enter1ng male. What are his prob]em-so]v1ng skills?

educational experience has been directed to teach1ng him more and more
complicated routines. However, his most sophisticated experience with
routines has been with multi-step single-path operat1ons such as long
division: He is not only good at routines; He is good at learning
routines. He tries to reduce all of prob]em solving to the application

of routines:

__His skill in_diagnosis is limited. He can select a formula such
of such formulas is very small in any given_area so that selection is
re]at1ve]y easy. He has had the most. opportunity to develop d1agnost1c
skills_in mathematics; where he has had considerable practice in matching

the method to the prob]em

~ His skill in strategy is rudimentary. It is 1imited to choosing
between _orders. of operation in a_ s1ng]e rout1ne In other words, he
another: The Capab111ty of his calculator has frequent]y taught him to
make some strategy decisions in order to use it efficiently.

His skill in 1nterpretat1on is a]most non-existent. It cons1sts
almost entirely of the identification of knowns and unknowns in a problem
statement so that he can use them in the routine he has selected. He
is rea]]y at the_stage of recognizing that a quantity given in_units of
ps1 is pressure and goes into the gas law as P, while a quant1ty given

in cc is volume and goes in as V. He probably also knqws,thgtfsgmetb1ngf

will. have to be _done about the units: He_has had no experience in making
initial assumptions or in evaluating results.

His skill in generat1on is yet unborn. He will brand as unfair any
problem which is dissimilar to those he has been taught to do

bachelor's degree insofar as course work is concerned. He is ready to
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leave the general1zed 1nstvuct1on of the uriderclassman_and enter upper-
class specialization. What are his problem-solving skills at this
point?

1o_describe. the students' problem-solving skills at the end of two
yeéars of instruction we fiust once figre gereralize. Obviously some students
will have made far greater strides than others. Sex-based differences

will probably have diminished. However, the average student will have

made some progress in all areas a]though he has not advanced egually in
all:

He has added a.great many routines to his repertoire and has learned

to handle more complex kinds of routines. He is able to handle chaining
routines where he must complete one routine to get to the beginning of

a second; and must complete the second to begin the third, and.so on

until he reaches the final answer. He has also learnecu to work with

1nterlock1nq routines where one routine must be completed and the result
stored while second and third routines are completed.-and stored in their

tu'n unt11 the results of al] can be _used together 1n a f1na1 routlne

interlocking_ routine; break it _down into the necessary subroutines. He

has learned to 1ncorporate feedback into the diagnosis. That is; at _
the end of one routine he can use its results to choose the next appro*

priate routine. He can also carry out parallel routines and, as_ a final
step, compare their results and select the correct answer: in the area
of diagnosis; as in routine, he has gone about as far as he can go. He

will contlnue to practice h]S dlagnost1c skills and w1]] become more

~In the areas of strategy the battle has just begun: Coming in with:
essentially_no skill in problem-solv1ng strategy; he has_learned a little

but he still has a long way to go. He has learned to accept the exis-

tence of more than one acceptable approach to a problem. He can select

an approach from several possibilities and is beginning to develop.a.
rational basis for some selections. He can select a starting point_for -

his work and_he can evaloate the efficiency of alternative orders of opera-
tion in complex routines. Nore of these skills is really well developed,

bot he can handle strategies for ordering work within a routine better

than he can handle strategies for selecting roatines:

Students enter the sophomore year with very little skill in inter-
pretation. They leave it with little more. . They are able to translate

more complex problem statements and draw1ngs into usable data. They
have been exposed to some inforiiation on the applicability .of the

material. they are learning, but they have not yet practiced interpreta-

tion. That is probably as it should be, since interpretation must deal
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ent1rely c]osed-ended

In the area of generation a start hae been made. The student has

become accustomed to the idea of working."new' prob]ems,,us1ng routines

in_situations where he has not been specifically taught to use them, or

putting routines together_ in a way which he has never seen before.

Mechanics courses generally have provided such practice and have forced
the. student to a realization that he will be repeatedly forced to solve
such problefis, unfair as hHe may view them:

Problem-Solving and the Upper Classman

During.the first two years the student has become expert in routines
and dijagnosis and has taken the first steps in strategy, interpretation,
and .generation. During his final two years he will_develop his_abilities
in the last three areas: The precise emphasis shifts from curriculum

to curriculum, but ail curricula dEVélbﬁ these skills.

Rout1nes and diagnosis are still. taught but only in the sense of -
increasing the students' repertoire. _Interpretation begins to be of

considerable importance; as_the_ students' attention is focused more and
more on _the real-world implications of his work. The ability to generate

solutions continues to develop; as again and again the student is forced
to face unfamiliar problems.

777777 er1ng the senior year all the processes already in motion continue:
Routines; diagnosis; and strategy continue to_be practiced with new __
material ;gqingw‘§1tuat1ons It 1s in the design courses. that app]1ca~
the. teacher tries to show the student how to bring all his previous work
to bear on truly open-ended problems..

_ This is the developmental pattern for problem-solving skills in_
engineering students as it can be observed in most engineering schools.

is it inevitable?_ €an it _be changed by changing teaching techniques?
Can the more complex skills be introduced earlier?

It would appear that this can indeed be accomplished by a teacher
who becomes aware of what he is teaching in terms.of generalized skills

rather than of particular subject matter:

. For exampie; most teachers are quite competent at providing bréttité
by means of assigned homework problemss. Homework problems focus pri-

marily on learning and using_routines_and_this may be the reason that

students seem.to be 50 much more proficient in this area of prob]em-
solving than in any other. The typical homework problem requires a-

&

very_simple interpretation step as the student. reads the probiem; a
simple diagnosis that leads to the se]ect1dh af a routine, and two pages

. . \
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of routine calculation._ Thus_ students become far more expert_in routine
calculations than in 1nterpretat1on or diagnosis: Obviously they learn
best what they practice most.

How can the teacher increase the students' pract1ce in the other
areas of prob]em-so]v1ng7 By devising activities; possibly homework;
where the focus is on the non-routine areas. For instance, rather
than_asking_that_a problem be_solved for an answer; the same problem

could be posed and the student asked to:

€1) tell how he would solve .it; .

(2) why he chose that method, aqd

¢3) the order in which he wou]d perform the routines in the solu-
tion;

.. Fluency.in strategy might be increased by posing a_problem and _.
asking the student to describe several possible plans of attack with the
advantages and disadvantages of each; and to decide which he would choose

and why. Attention should be paid to making the student conscious of the
decisions he makes and the reasons for them.

If the emphas1s of the ]esson is on these quest1ons rather than on

working out the details; more prob]ems can be posed and examined in a
given period of time and the students' attention is directed to the

importance of this part of problem-solving. i

_ Thus, it _would appear that by carefu]]y exam1n1ng the part1cu]ar -

problem-solving activities .involved in an instructional episode, instruc-

tion can be fine-tuned to develop a particular problem-solving skill.

The last sections of this chapter will be devoted to suggesting some
ways of developing each of the skills in the taxonomy.

Teaching Routines

There are obviously many ways to teach routines since such a large
proportioh of teach1ng effort is devoted to teach1ng routines. Some

Tab]e I. The ]1st is by no means exhaust1v but includes those items

tory, but some. amp]1f1cat1on may be in order for the items ]1sted as
teaching techniques.

The 1dent1f1cat1on of routines is an 1mportant first step. The.
teacher should make_ sure in his own mind that the item to be taught is
a routine and then teach it as such. He_should not glorify the use of
a simple equation into some higher-sounding teaching objective. Instead

he should show the students the proper use of the routine as a tool and

tell them that he expects them to learn to use it accurately and qu1ck]y

rather than worrying about the more intellectual issues he might raise.
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B Teoch1ng rout1nes ina_ forwal1zed fashion is a direct outgrowth of
the first technioue: . The teacher should help the student develop rules _
and formalized miethods wherever possible. A.good example of such formali-
zation is_the development of a_tabular_solution for finding momentis of

inertia of a composite body. If the table is properly laid out the solu-
tion becomes extremely easy.

77777 gy always devot1ng a port1on of every test to routine prob]ems the
teacher impresses.the student with the value and necessity of routines
and rewards the student for learning them. "Mastery" techniques are
particulariy useful here since it is easy to_grade a_routine on a pass

or restady basis, and thos to insist that important routines be performed
at a very high level of accuracy.

~ Table I shows a number of suggestions for enhancing the teaching .
of diagnosis. _Most of the suggestions may be summarized as making sure

that the teacher teaches diagnosis rather than merely expecting the.

student to learn 7t. This seefis to consist of calling the students'

attention to the diagnostic process and making sure that the student has
an adedquate opportunity to practice it under some supervision:

THe authors have found. it useful to make use of rather heavy prompt-
ing when the student first begins to 1earn the diagnosis process. This

has the effect of making fairly sure that his initial diagnoses are_ __

correct, 50 that the student develops confidence in his own diagnostic
ability and is not afraid of the process

stages. It is usually pretty well. restricted to what he has learned in

the particular course. The insertion of frequent unmarked review prob-
lems . forces the students_ to. sort repeatedly through his bag of tricks .
to find the one applicable to the problem in hand. Inclusion .of several

top1cs on each exam forces the same sort of sorting and rewards success

A student's reperto1re of rout1nes is rather small in the beg1nn1ng

in it. As the students’ reperto1re fills with material from other.
courses; it becomes less necessary to consciously provide opportun1t1es
for sorting. They become inherent in the problems posed.

Teaching Strategy

_ Table III shows a number of means_ of enhancing_skills_in strategdy.

Aga1n the emphasis is on conscious instruction by the teacher on ways to
select strateg1es and adequate practice by the student in making strategy

decisions: It is important that the teacher realize he is teaching
strategy and that the student realize he is learning it.

The teacher who teaches strategy must make sure that the student

has valid alternatives among which to choose. _This means_teaching _

several routines to achieve the.same result; as well as teaching. the

student to follow parallel routines_to d1fferent results among which

results the stuodent most finally choose.’ A classic example of the latter
is_the friction problem which detériiines whether a given object will
tip or slip under loading.
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Probab]y the best way to teach strategy dec1s1ons 1s for thef;egcher
to_explain the mental_ steps that lead to the choice of a.given strategy:
The .teacher should act out or model the thought process that leads to a
decision, or actually think aloud before the class as he or she solves
a new problem:

.. Similarly,; the student activities which .seem to be most useful are
those which make the student lay out his thinking in Some forM or another.
The student Seems to 1earn best if he 1s requ1red to do h1s th1nk1ng

ment rather than 1ntu1t1ve leaps; and makes him conscious of the thought

process as well as the end resalt:

Teaching Interpretation

____ Table 1V gives. suggest1ons for_strengthening interpretive skills.
They are aimed primarily at giving the student a wealth of data to inter-
pret and at préééht1ng the data_in_as_many_forms_as possible._ It is
somewhat easier to provide occasions for the 1nterpretat1on of data
leading to the beginning of a routine than to provide occasions for

interpreting the outcome of the routine in real-world terms; but atten-
tion should be devoted to both aspects.

. Once again the teacher has an important role as he models the -
interpretation of data. He is particulary helpful in the beginning_as

he shows students how to convert observations into the basic data for
a routine.

Teaching Generation

: Table V. suggests a very few ideas for teach1ng generat1on Genera-
tion is particularly difficult to teach because very few people under-

stand the means wh1ch they use to generate. new 1deas ~ Apparently the

tion together with encouragement About. the only elementary activity in
generation which the authors have been able to devise is the sort wh1ch
asks_a_student to derive in polar coordinate an expression he knows in

cartesian coordinates:

Until the teacher learns to produce new ideas on demand; he is in a
poor situation to teach others to do so. However, modeling his own

difficulties and their solution may be of some benef1tAto his students:

Summary

Th1s _paper_has _presented a s1mp]e and potent1a]]y-usefylfggxonomy

of problem-solving activities: By its use_it_is possible to break
problem-solving into its Separate hierarchical but non-sequential acti-

vities, so that the attent1oﬁ Eaﬁ be focused on a spec1f1c skill: The

and has used it to look at several schools of thought on prob]em-
solving: :
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Table I
Snggestions for Teacning Routines

Teaching Technigues Student Activities -

S '”L, | s

Identify routines as_ such Homework

Teach formalized routines Practice problems
Put routine problems on €halkboard work
_tests
 Use “mastery" approach

Texts
Programmed
instroction
Audiovisuals

Table II
Suggestions for Teaching Diagnosis

Teaching Technigues Student Activities

Teach criteria for diagnosis Practice problems
Prompt student toward which emphasize
correct choice in early choosing the correct
~_diagnosis problerms . method - S
Include review problems Practice problems which

Audiovisuals

throughout course without emphasize recognizing
~ identification_as review _ diagnostic criteria
Cover several topics on each

hour examination
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Table III

Suggestions for Teaching Strategy

Media

Teaching Techniques Student Activities
Teach multiple routines Pragtice problems involving Texts

for same result strategy decisions Programmed
Teach parallel routines Lay out steps in a_solution instruction_

to alternative solutions Verbalize reasons for Case Studies
Develop standards of com- choice_ Design
_ parison _ - -Polya maps problems
Describe re1at1ve merits
_ of routines .
Explain why teacher chooses

a part1cu]ar rout1ne

Table IV

Suggestions for Teaching Interpretation

. Tedching Technigues

Student Activities

~ Provide problems with

excess 1nformat1on

Give data in many forms, .
(verbal, drawings, etc.)
Give some data in_'real"
fqrm”(comp]ete tables,
work w1th actua] obJects
Model teacher's own inter-

pretive process

Bri11ding models

Bdilding prototypes
Callection of field data.
Collection of library data
Laboratories

Projects

Design problems

Media k
. 3\
Audio-
tutorials
Special note%
Lab manuals
Handbooks
case studies

Table V

Suggestions for Teaching Generation

Teaching Technigues __I'Student Activities Media
GiVé'ﬁFéEtiEé problems . Devising a new path to a Current __
requiring novel use of kriown result literature
. a familiar _routine _ Brainstorming_ Special
Give pract1ce prob]ems Design prob]ems notes

involving new combinations
.. of_roatines.
Model teacher's own way of

attacking. new problem

Case studies
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The taxonomy has also been used to describe a student's progress
as_he Tlearns problem-solving skills, and has suggested methods for expe-
diting that ,rogress

~ The taxonomy results in a siﬁﬁ1é and pragmatic_approach to teaching
problem-solving and for that reason is is believed that it may prove.

useful to others. _It is presented not as_a _solution, but as a starting

point upon which others may successfully elaborate:
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. This_paper does not describe a course in problem solving, al-
though for many years we have offered courses that we thought effec-

tively taught problem solving.(!,2). Instead we summarize the
results of a five-year project to define the problem of how to teach
problem solving.

WHAT 1S PROBLEM SOLVING?

_ Defining what we mean by solving problems is not easy. A

roblem could be defined as. a stimulus  situation for which an
organism does not have a ready response(3) or more formally as "a
specific situation or set of related situations to which a person must
respond in order to function  effectively in his environment. The
problem arises_when_the_individual cannot immediately and effectively
respond to the situation".(*) We could formally define
solving a@s a "behavioral process, whether overt or cognitive in
. nature; which : ' :

makes available a potentially effective variety of responses
for dealing with the problematic situations, and :

increases the probability of selccting the most effective
response from among these various alternatives". (%)
For the purposes of this paper we define problem solving simply

as _the activity whereby a best value i1s determined for an unknown;

subject to a specific set of conditions. Within this activity we can
identify (1) a strategy, procedure or set of steps by which we
perform the activity, and (2) elements or skills that are necessary to
carry out the strategy. Some of these elements we will call pre-

requisite skills and others we' will consider to be integral parts of
what we call problem solving. ‘

Now that.we have attempted to Cefine problem solving, let us
use _what we know about it to try to define the problem of how to
teach it:

the problem solver to accept the need to solve the problem. Most of
' 35
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us accept that our students should be adept at solving problems. We
realize that we should have training in solving problems in our

educational programs. We believe that most teachers are motivated to
try to improve their students' ability to solve problems.

~ The rsg;chrjrdms't'? is to define the problem. This means that we
need to identify(®,?) the unknown, the knowns, the system,- the
diagram, the criteria, and the constraints. The stated problem to be
solved is "how can we teach problem-solving skills to our students?"

In Table 1 we have identified the subpoints of this problem.

in thinking about this stated problem we could ask: . __.
What prerequisite skills are needed by the students?
Is learning "problem solving" the real problem or is . _
it that the students just do not have the basic knowledge

..__needed to_solve probiems? __ __ _ __ . __ _

what is the expected_hierarchy of skills included in the

term problem solving? =

Do we really know the meanings of all the words used in

Table 1?

COLLECTING DATA:

- Our approach was to collect data to try to answer some of the
gquestions and to discover where a select volunteer group. of

students fits into the above problem definition. From this we_then
hoped to propose alternatives for solving the.problem; to evaluate
these alternatives; and to select and implement the best unes.

We collected four types of data.
,,,,, First, we observed expert problem solvers solving a variety of
problems:. _. Second,. we surveyed how _others _taught problem
solving(®,8). Third, we attended -different courses. on problem

-solving. ~ Fourth; we sent one professor back to school te be a

student and attend all the required classes together with the regular
students. _This professor was: o
1: to observe (as a student) the problem-solving training to
which our students were exposed.

2. to identify the major difficulties our students were having
in acquiring skill in solving problems.
3. to identify the necessary problem-solving skills needed by .

professional engineers; and . to develop_ _the__teachinc¢
techniques and integrate the training in these techniques
into our four-year program.

4. to improve the skills of those students who were helping us
gain the information and experience outlined in objectives 1,
2 and 3.

[I~'Y
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Onié of us started as a "freshman® in 1974 and is carrently in. his
"senior" year, following the same group of students through their

program. We use a voluntary, non-credit, two-hour-per-week tutorial

to meet these four objectives. Student. volunteers meet once a week
in a special room for problem_solving skills to discuss, work out and

discover. how they solve the ordinary homework problems assigned in -
the credit courses. To a Very large extent, the students themselves

decide what occurs during the tutorial; they select. the problems they
want to work on: The professor's role is supportive, as a specialist

courses being taken: = His purpose is to assist the students to
discover their difficulties and how to overcome them. To achieve

this, the walls of the problem solving skills. room are projection

each other's ideas. All work at the same stage of solving the same

problem. We call this an "Everybody-Share" tutorial approach. For
example, all might be "drav.ing a diagram of the system" for problem

22.1 in the freshman chemistry course:

____ In collecting this information through the prohiem-solving skills
session we are walking a tightrope. On the one hand we want to
observe students solving the assigned problems in their required

courses. We are not offering a well-thought-out, well-planned course
on problem solving. On the other hand, if we do not provide help to

the students on how to solve problems they would not come to the
voluntary tutorial so that we could not test possible ideas on how to
teach problem solving.

__For the freshman year this duality presented no challenge

because, by means. of the everybody share(®) arrangement and
because we were focussing on how to define the problem; the

students. could learn from each other and we could observe the
differences, the difficulties and the improvement.

For the sophomore and junior years when the students had
progressed to more complex _behavior _in _solving problems; the

students lack-d the basic. knowledge of terms,; procedures and
processes peitinent to problem solving. Now the students expected
that some training be provided. directly by the instructor: With the
help of Dr: Alan Blizzard of the McMaster University Instructional
Development Center we were_able to introduce the hint sheet(?,1%) to
briefly introduce and illustrate new ideas on how to solve problems.
By this means we were able to satisfy both the needs of attracting a

group of volunteers to the skills sessions and of being able to
observe students solve problems.

WHAT HAVE WE DISCOVERED SO FAR ABOUT PROBLEM SOLVING?

First, many’ we talk to suggest that the real reason students
cannot solve problems is because the students just do not have the
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knowledge needed to solve the problem. _ For example, students
cannot "design a heat exchanger for a given duty" because the

students just do not know enough about heat transfer. This

suggestion is partly true. On the one. hand there are many
prerequisite skills needed to be. able to solve problems but on the

other hand there is a set of knowledge called problem solving that

can be learned: The prerequisites that we would identify include:
1. basic knowledge the students must know ("the
must know enough about heat transfer");

students

2. memorized experience factors (they need to know
reasonable values for velocities of fluids _in the heat
exchanger, the usual sizes 'o',fr'cpmmgrgiqlly-available units _so

that they can judge when they have a reascnable answer;

answers to the receiver).

4. learning skills (students have to be able to obtain any
missing  information and overcome any weakness in basic
knowledge they might have);

5. group skills (the students must be able to work effectively
in groups as well as individually); :
6. motivation. (the student is willing to try to design the heat

exchanger).

Concerning problem solving, we classify it into two_activities:

the strategy (or sequence of steps that one follows to travel from the
unknown to the best answer for the unknown); and the elements or

skills (other than the. prerequisite sKills) that are needed to
effectively apply the strategy: inciuded in the elements are an
ability to

1: analyze
3. synthesize
3. make decisions

4. generalize
Since synthesis is a combination of creativity, analysis and
decision-making, we modify the list to: . (1) analyze, (2) create, (3)
make decisions and generalize. Details of. this are available

 We can now focus on each of these activities and identify levels
of development. Such can be done following__either _Bloom's
taxonomy(12) or Sister Austin Doherty's excellent identification of the
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developmental  levels.('®)  For _problem-solving_ strategies, for
example, these levels could be those listed in Table 2.  For the
problem-solving element creativity, these levels could be as given in

Table 3.

.. Concerning the steps in a strategy, we asked expert problem
solvers to apply Polya's four('?) step strategy to solve engineering
problems. _ The experts. used another step -- something in between
defining the problem (Polya's step 1) and planning (Polya's step 2).
In_this additional step the experts tried to put the whole probiem into
perspective; sometimes they.would make many simplifying assumptions
and solve a simplified version of the problem just "to see what the

problem was all about". Fuiler(1%) describes this activity as "poking

the . problem to see how it responds"; Crowe(!®) talks about
rumination of the problem while Rief(1?) talks of solving the problem
by .successive  refinements(®). This prompted us to break Polya's
first step, define, into_two steps: _define the problem (as it is given
to us) and think about it (mull it over, identify the real problem,
identify the sensitive parts of the problem, kick it around and see
what happens).($)

In summary, we perceive problem solving:

1. as having six prerequisite skills

2. as consisting of a strategy plus four elements: creativity,

analysis, decision-making and generalization

4. as including a five-step strategy.

WHAT HAVE WE DISCOVERED SO FAR ABOUT STUDENTS?

their courses. A second _source of_ information came _from the
non-volunteer group of students. Some of the tutorials in the

required courses were run jointly by the instructor in charge of the

course and by the problem-solving skills tutor. In this way we could
compare in-class activities in solving problems between those who
attended the skills sessions and those who did not: A third source
of information came from observation sessions run for educators,
graduate students, _professional engineers, and.student groups in

which. no one had participated in any problem solving skills prior to
the observation session. A fourth source of information came from

the responses to our questionnaire and from our reading of the
literature. *
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Here are some of our observations.

students and sophomore students; educators; and _graduate
engineers from other institutions have common weaknesses

in solving problems.

i. Our senior students and freshman and the graduate

3. students do not have an organized -method of defining or

thinking about problem solving. . They just "do their
thing". To many this meant starting to solve a problem
with whatever came into their head first. To others this

overcome: . In trying to develop plans for solving problems,
too many students try to solve problems by "playing around

with . the __given symbols and data" _until they find an

equation that "uses up all the given information". Such a

dependence means_that the students cannot function when
they are given problems where too much or insufficient data
are given.

_ In summary "doing their own thing" did not provide
satisfaction to most of the problem solvers and much of

what they were. doing was reinforcing what we _would
identify as_ _bad habits. Our observations were confirmed

by the correspondence = of Doyle(1%); ~ Fuller¢'s) aud
Van Wie(2°).  Counterbalancing this, when we gave
students _specific _ assistance . in  improving  their
problem solving skills these are their comments: "this
experience opened my mind", "now I have a new awareness

of how to look at a problem" and "the best thing I gained
from this experience was confidence; I no longer panic,
when I see a new problem I just patiently start to apply the
problem solving strategy". These illustrate the deficiencies
as perceived by the students.

problems. _If students are asked "What are_you_doing?"
they usually can say little more than _"solving ‘this
problem": . Few have been exposed to any formal strategy
for solving problems, hints - on" how to improve
problem-solving skill or learning skills. We assume that the
students know these skills and few do.  Yet this is not a
difficult task for educators. After about 10 hours of
problem . solving skills . sessions; . the __volunteer _group

identified as the most significant thing that had happened.

was their ability to describe what they were doing, to talk
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to each other about how they were sclving problems, to talk
the same language, and to be able to identify where they
were stuck in the problem solving process. ‘

how to take lecture notes, how to see the "structure” in a
subject - were weak among freshman students. Bad habits
acquired here persisted in our senior students: Good

and engineering seem to have.. How. students learn new
knowledge could be a key to improving problem solving.
Qur work with. the students to identify a structure within
the subjects being learned, the difficulties our students had
" in identifying pertinent fundamentals needed to solve a
problem; the. role of. symbols. in. problem solving and the
discoveries of Rief and Larkin¢21,22) -_these all confirm the
importance of how new knowledge is acquired: Our obser-
vations were confirmed in part by the responses ©
Snyder(23); Walters¢24), Aubel(25), and Fuller¢15).
5. Students were weak in at least two of the four elements:
creativity and analysis (we have insufficient evidence on
decision-making and generalization). Students did not know

many techniques. for improving their creativity. Often
students confused creativity with critical thirking. By doing

so; they. hastily rejected a novel. and imaginative idea

different direction very easily.:

Examples may illustrate some of what we observed.

Case 1. In the skills session the students were stuck on

a "simple" integration problem:. One who was able to see a
method was not able to describe how he had thought of the

method, while all the rest could not think of any method at all.
We had introduced brainstorming carlier. When we tried a

brainstorming session together with a follow-up analysis session,
the students discovered three methods of performing _the

integration. ~ Thus; when the students tried a new technique

they discovered ways of solving the problem.

. Case 2. In the skills session the students were. stuck on a
problem in electricity and magnetism.. The hint sheet for that
day had described de Bono's juxtaposition technique(26) in which

three random words are placed into the context of the problem
and some relationship sought between those words and the

problem: The students were dubious. Yet when we then tried
the method iising the randomly chosen words "monster, airplane

4
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and problem" we were able to 1dent1fy several possible methods
of solving the problem. Here again the students were stuck and
could not see where to go. They lacked confidence in applying
a new technique:

Case 3. In a required . sophomore _class. tutorial which

included both students who had attended the skills sessions and

students who had not, one who had not attended the sessions
was stuck: He could not see what the problem was all about.
We suggested that he try "personal imagination" in which he
imagined that he was part of the problem and_described how he

felt. He could neither do this nor gain assistance from it. One

mlght argue that perhaps this "personal imagination" technique is
not important to this stiidert. However, "personal imagination"
was later used by two professors in two different courses in the
junior vyear, in order to -explain complex phenoiena. Students

in these classes were asked to "visualize that you are riding

along on_a streamline", or "visualize that you are in the bubble
in this fluidized bed". Thus, a technique important for solving

problems was also used by instructors as a learning device:
Hence - the student who was unfamlhar with this or unable to
apply it was at a disadvantage.

Case 4. , In the skllls _sessions the students could solve

simple analogy problems(“) very well but when they. were given
analogy problems written in technical terms, they had difficulty.

These obqervatlons are confirmed by those of Wallach:(23)

wéys of viewing situations nor how to aitalyze situations well.
To overcome this requires the conscious introduction of a variety

of procedures and practice in applying each:

6. The students as. a group. have a variety of needs that
' change markedly throughout their college careers.(®)  This
we__detected _because of the students' responses to the

question. that opened each problem solving skills session,
"What do vou wani to work on today?"ﬁjflgg responses

ranged from "What is expected in our up-coming laboratory
report?" to "how <c¢an I go about getting Summer

employment?" . This has -important implications. We cannot

just insert a course on problem solvmg skills at any place

in the curriculum. _Whatever experience is_ introduced

should be done when the students need it: This spectrum
of needs we have tried to identify(?®,19).

7: The students as individuals have a varlety of thmkmg.

preferences.. Some prefer to visualize concepts, ideas and

problems. They see the ideal gas law as gases in cylinders

and visualize how the volume and _pressure in that cylinder:

change with changing conditions. When faced with a

.problem they start drawmg _diagrams and imagining

experiments that they have seen or done.

- 90



~_ Some prefer to "mathematize"” <concepts, ideas and
problems. They see the ideal gas law as an eguation
pV=nRT. when faced with a problem they start by
converting everything into symbols and setting up
equations:

. Some prefer to verbalize concepts; ideas and problems.
They see the ideal gas law as a definition m words When

Thus, bstudents are v1suahzers,Wijiéth,éiﬁitjz;érs or

verbahzers (“ 8) in another sense the students . have

deVelopmg a plan some students prefer to explore workmg
backwards tactics first while others prefer to work forward
via thé sub problem approach{?®). For Some juxtaposi-
tion(2%) works for others; it does not:

session was to introduce the students to a wide variety of

suggestions _and_hints and to encourage the students to

\ develop their own style(?;39).
\ 8. The students would freely discuss their difficulties and the
N struggles with problem solvmg in a non-credit setting such

e as we used in the skills sessions. Yet they felt that they
N could not do so if the evaluator in the course was running

N 0

the session.

9.\ Only problems asslgned m the requxred courses would be
\solved in the skills session - that was the original intent.
But some important types of problems were not assigned -
some to _test certain creative skills, some tp test analytical

skills, some team _project problems and some _lengthy

projects. When such nextra" problems were introduced in

the skills sessions to provide the wvariety of skills. we
wished to observe, some students were reticent, some stopped
coming, and eventually these types_of problems were_either
abandoned or modified. Thus, the students wanted to

10. Students have dlfflculty with apparently simple tasks that

N - 43
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;
coordinate axis system; identifying the system and choosing
symbols to represent concepts, variables or unknowns.

In summary, the students

1. have common weaknesses that can persist well into their
professional career. .

2. do not have an orgamzed method of thmkmg about problem

solving.
3. cannot describe what they do wren they solve problems
Zi. are Weak ii’i prerequisite §Rill§ - éé'pétially léarhihg ékillé.
5. are not strong in creativity or analysis. B
6. have changing needs as they progress through a college
program.
7 have a vanety of thi'n’ki'n’g and problem solvlng preferences

8. prefer a non-evaluative atmosphere to discuss difficulties
with solving problems.

9. prefer, in_a voluntary activity, to work on required
problems for which they will receive credit..

L J

10. had difficulty  drawing diagrams, locating coordinate ' axis
systems, identifying the system and ch”o”o’s’ing symbols.

WHAT HAVE WE DISCOVERED SO FAR ABOUT TEKCHING PROBLEM'
SOLVING TO STUDENTS?

So far we have descrlbed the data collected to help us defme the
meanings of the terms "problem solving" and "students". What have
we learned about the word "teach?" .

Since. September 1974; one of us has sat in over .2000. hours of
lectures that constitute all the required courses in the first three

years of our undergraduate Chemical Engineering program.

1. only one professor consxstentiy and clearly identified the
strategy steps he used to solve problems. While others
used strategies, they did not say such_highlight words as
"let's define the problem first", "now let's develop a plan of
attack™ etc. ‘ .
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Many do an outstanding job of verhally thinking out loud

while they are working problems at the board, although
they do not highlight what strategy step they are working
on._ However, these details are not recorded on.the board:

Because the students in science and engineering usually
copy down only what is written on the board, these ideas
are missed: *

A few instructors ask the students to offer suggestions on
how to go about solving problems. Concerning this
approach;, = __ . o S .

(a) if the students keep quiet for 30 seconds they krow
that the instructor will answer the posed question himself

or else he will rephrase the guestion into a simpler, leading
question. Ll

(b if a suggestion is given then rarely are all the
alternative suggestions sought and then evaluated. Usually

the instructor criticizes each suggestion as. it is. posed and
stops when he gets the suggestion he is looking for.

Each instructor worked problems with which he was
familiar. Hence, the instructor never did nor had . to

demonstate what he did when he got stuck on a problem;

different degrees of difficulty. They experience; in our
judgment, - too many of -the-—very _elementary type

"show-me-that-you-know-a-concept." Yet we expect them

to .be proficient at..solving the most complex synthesis
problems with very little practice at solving problems with
intermediate levels of difficulty. To illustrate this, we have
coded all the homework problems our students were asked
to _do in _all courses oveir the. . three  years: _ Bloom's

taxonomy(12) was used to code the problems. 1In three
years the students were asked to solve about

Comprehension: given a familiar situation, the
student ‘will recall information and use that to
solve a recognizable problem).
30 problems of Eloom's level 3 (Application: given
an _unfamiliar yet well-specified situation, the
' student will identify the pertinrent knowledge and
then exhibit comprehension):

510 problems of Bloom's level 4 (Analysis: given an

unfamiliar and ill-specified -situation that contains
45
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missing data; unstated assumptions or _inconsistent

data, the student will identify the omissions and
inconsistencies; = will___recognize the relevant

particulars, will collect the required data and

make the necessary assumptions, and finally will

exhibit application).

10 problems of Bloom's level 5 (Synthesis: given an

This concern for .a  structured building-up of

experience has been described by Plants and Dean. (30A)

7. Across the whole spectrum .of teaching-learning. interaction

the student does not get the impression from instrictors:

(a) that problem solving skill per se is a skill to be
learned: We hear instructors exhort "you must be able to
communicate”, "you must know .these fundamentals”, but we
do not hear "you must polish up your skill in_Solving
problems". Indeed, the failure by professors and students
alike ‘to recognize that problem solving in itself is a
legitimate _educational goal has been emphasized elsewhere
by Neufeld(31).

(b) that all instructors (when they work examples) are

demonstrating a common skill.

8. Our colleagues could not believe or appieciate the degree or

type of difficulty the students were encountering uptil they
tried the "Everybody Share" tutorial format.

separate course on problem solving might seem appropriate.
Yet the weakness in having a separate course is that the
students . seem .to have difficulty translating the _skills

learned in such a course to solve problems outside the
course(32). Although we have not tried such_an approach
directly based on our observations, we would concur that a
major challenge is to get the students to be able to’ transfer

skills learned in a separate course to problems outside the
course. .
As a sidenote, we have naturally observed  how well various

teaching techniques have worked in_ general. Most of these
reinforce ideas already presented in such books as McKeachie's

"Teaching Tips"(33) but we_felt that it was useful to reinforce

some of the more dominant factors as we have experienced them.
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These include

)

iy

¢iii)

vy

(v)

(vi)

Clearly-stated course objectives are important. However,
these objectives have to be reinforced throughout the

program to gain. the optimum effectiveness. It is not
sufficient to hand out a list of course objectives at the
beginning of the term: '

An overview is necessary. Course outlines are helpful. but
the questions students have are -- why is this important?
where does this fit into my program? what is the practical

significance? what will be the major themes in the next set
of lectures? where are we going?

For_ classes of 150 or more - if one uses an overhead
projector then two projectors should be used so that there

is continuity _about the presentation. If one uses the
blackboard, TV chalk should be used to provide a thicker
mark. __A good chest-microphone amplification system may be

he students recognize what is
important -by -emphasis during lecture, or by marking a
"review sheet" that the students prepare and bring to
tests: '

wWhat happened to the demonstrations and in-class
experimerits? .

For note-taking in the sciences and engineering, the

after a lecture begins.

SOME INTERIM IDEAS.

We have emphasized throughout _this paper that. we are trying to

COUrses:

d?f,i?ie,,,,the,l,,P?‘,bblem,,,Qf ‘how to teach problem solving; we are not
indicating what. method should be used to teach it.. Yet some of the

Here is how the data summarized in this paper have
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influenced us already and some ideas about how to try to overcome
some of the challenges to teaching problem solving. :

knew quite a lot about it: Yet in _hindsight we knew very little
compared with what we know now. This has been a very humbling
and rewarding experience. Of great benefit to us has been our
continued analysis of what problem solving really.is. . A second idea

concerns_the strategy of solving problems.. We acknowledge that most
of the focus on teaching problem solving will. be on the strategy.
Nevertheless; although there are apparent différences among the
various strategies proposed, we think that it is vital for .an instructor

.to_ identify one strategy and highlight it as being the backbone

behind all examples he works. We have done this now_in two of our

courses. We emphasize the application of a consistent problem solving
strategy .of: define, think_about it, plan, do it _and look back. We-
try to identify and label the steps in each example problem worked.
We use consistent terminology. _Sometimes it helps to have worksheet
transparencies made up ahead of time that are then completed in class
for every problem.

A third result is that we have added a.junior level course.in

"Process Model Formulation and Solution" that blends problem solving .
more explicitly with numerical methods:
Concerning the prerequisites; we now ask our students.to collect

" and-tomplete experience factor charts.

~ We are extending the sections on creativity and analysis that are
given in a senior level required course and have changed many of the
problem assignments so that they test different elementary skills:
some assignments require that the students list the steps to be. taken
to solve a problem (they do not detail the steps nor actually calculate
an answer); some assignmefts test analogies; others test analysis in
general:

Another activity that _is  not easy "to apply concerns the
"Visualizer" versus "mathematizer" in each of us: One step that we
have taken is to try first to identify our own preference.

dencies in our teaching. If all our definitions are diagrams and
graphs, then we look for. "visualizer" tendencies. Once we. have
identified our own _tendencies the next step is to identify those few .

fundamental concepts that are cornerstones for our course. FPor these
cornerstone ideas, wé are trying to present these .from .all _three
viewpoints: For example; one would describe the ideal gas law by all
three definitions: '
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- an equation pV = nRT, and ]
-~ word definitions and relatlonship to Boy]es and Charles' law:

- graphs_and demonstratnons as to what happens

éUMf‘iéRj’

TS .
four-year undergraduate program. To. o
us _has become a fellow student, has attended all the requrred classes

students' ,,sk,i]gls,gaind—, on the other hand, allows us to observe the
stadents difficulties:

__ we perceive problem solving as having six prerequnslte skllls
basic knowledge, rized experience factors, communication skills,
learning skills; group_skills and motivation. ProbLe,, ir

3
of a strategy and the four _elements: Yy analysis
decision-making and generalization. For each of these later activities,

we can identify at least five levels of development.

undergraduate students to graduate students and to practicing

engineers.  Most students do _not _have_ an _organized method of

thinking about prob]em solving nor_can they describe what they d

when _ __Prerequisite skills, creativity
analysis -- these are atl areas . where the students shot
weaknesses. The,,students had needs that changed throughout the
program. Each. student. had. his own preferred,,wayfof so]y;ng

ms. Students had dif

diagrams; locating the coordinate axis; identi
choosing - symbols. 'The non-evaluative atmosphere worked well in that

the students were quite willing to talk about their difficulties in -

solving problems: However, for any yoluntary activity they strongly

preferred not to work on probleris unless they were problems for
credit within the credit course structure.

We summarized a number of observatlons about teachmg prob]em

soivmg and listed some interim ideas about what might be done to
improve the teaching of problem solving.
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Table 1: An Attempt to Define the Problem:

"how can we provide an er?\’r/ironment so that our students
learn the skills necessary to solve problems?"
Known: - age of students:
- numerical grades and formal titles of background experiences
Verbal examples:
Instriictors solve problems.
Written examples:
Textbooks have sample solutions:
- resources available:
- time available:
System: Four year progrem consisting of 104 weeks. The faculty
available can be identified. The University resources
available can be identified.

Diagram: ~ Student - — =~ T 7~ __  Student

enters < ~ leaves

resources

dollars facilities’ faculty
Criteria: Competence tests at various levels.

Constraints: dollars; facilities, time faculty, learning resources

available.
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Table 2: Some Suggested Competence Levels for Problen Solving

level 1 0
|

Level 2

level 5 0

Level 4 ¢

level 5

state the steps and substeps in a strategy to solve
problems. S
state the limitations to a serialistic application
of such. @ strategy.
state the relationship between analysis; creativity,
dec1s*on -making and generalization and the steps and
state the characteristics by which we classify the
different types of problems,
state the relationship between th~ type of problem
to be solved and the steps in the strategy.
state the prerequisites, N
Given a problem to be sotved: recaII the stated
problem Solving strategy and elements and apply
these to solve the problem. All the data necessary
to solve thie problem should be given ini the nroblem
statement. :
Given a situation where it is not evident that a |
problem solving strategy is required; identify when
the strategy and elements should be applied, then
show comprehension as in Level 2, Examples include:

detection problems;

personal problems,

coumunity problems,

troubte-stooting problers (where the strategy

needs to be applied several times),

plant improvement situations,

writing a report,

group problem solving.
Analyze what you do when you apply the grven strategy
and identify personal preferences about steps and
elements,
Develop your own strategy for s01v1ng problems
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Levels for Creativity:

Level 1.

Level 2.

Level 3.

State the definition of

the brainstorming atmosphere,
state the definition of a trigger,
list at least ten different triggers, their definitions and their
attributes:

As a group, use ‘the knowledge of Level 1 and the
experierice of Level 2 to generate at least fifty ideas
for a given situation.

As an individual, generate at least fifty attributes or
uses of an object.

situation.
Analyze what you do wher you brainstorm and identify

personal preferences.

Develop your own method of thinking up ideas:

60



o

10:

11.

12:

14.

Woods, D. R. "Innovations in a Process Design and Development
Course"” Chem. Eng. Education Vol. 1, No. 2, p. 19 (1968)

woods, D: R., Hoffman, T. W. and Johnson, A. I. "Teaching

Experience w1th _Design and  Simulation Projects'. ¢€hem:. Eng:
Education:. Spring p. 96-104 (1973):

Davis; G._ A. (1973) Psychology of Problem Solving: Theory and
Practlce Basic Books, Inc., Publishers, New York

D'Zurilla, T: J: and Goldfried, M. R. (1971) Problem Solving and
Behavior Modification. J. of Abnormal Psychology 78, No. 1, p:
107-126.

Woods, D. R. "On Teaching Problem Solving, Part II The
Challenges" Chem. Eng. Education 11, No. 3, p. 140 1977).

Woods, D: R:, Wright, J. D., Hoffman, T. W., Swartman, R.
K. and Dong, 1. D., "Teathmg Problem Solving sknlls" Annals
of Eng. Ed. 1, No: 1, p: 238 (1975):

Leibold, B. G. et al.; 'Problem Solving: A _Freshman
Experience", Engineering Education 67, No. 2, p. 172 (1976).

woods, D. R:. "On Teaching Problem Solving" Part 1. Chem.
Eng. Educatlon 11, No. 2, p. 86-94 (1977).

Woods D. R. Crowe C. M. anht j D andﬁHoffman, T.
W. "Matching the Varymg Needs of Problem Solvers", McMaster
University (1976) paper submitted.

Woods, B: R:, Crowe, C. M:, Wright, J. D. and Hoffman, T.
W. "Impressnons and .deas: Problem Solving in the Junior Year"

McMaster University (1977) paper submitted:

Woods, D. R.. "Teaching Prablem Solving Skills: experiences as
a freshman (1974 75),Wexper1ences as a sophomore (1975-76),
experiences as _a junior (1976-77)", Dept. of _Chemical

Engineering, McMaster University, Hamilton, Ontario, L8S 4L7,
May 1977.

Bloom, B. S. "Tazonomy of Educational Objectives: Cognitive
Domain". David McKay Co., New York (1956).

AL X 2]

Doherty,, Slster A. personal communication, Alverno College;
Milwaukee; Wisconsin (1976):

Polya, G. "How to Solve It". 2nd ed:; Doubleday Anchor;
Garden City, New York, (1957).

61



16.
17.

18:

19:

20.

21.

22.

23:

24.

54

Fuller, O. M., Dept. of Chemical Engineering, McGill University,
Monireal, personal comniunication (1975-77).

Crowe, C. M., Department of Chemical Engineering, McMaster
University; Hamilton, personal communication ¢1976).

Rief, F. "Problem Solving Skills and Human Information
Processing: Some Basic Issues and Practical Teaching
Suggestions”.  Paper presented at the ASEE 85th Annual
Conference; University of North Dakota, June 27-30 1977).
Larkin, J. H, "Cognitive Structures and Problem _Solving
Ability" and "Developing Useful .Instruction_in General Thinking
Skills". Group in Science and Mathematics Education, University

of California; Berkeley, California 94720, Sept. 1975.

Doyle; M: J:. Faculty of Medicine; Uiﬁ,iléi"s,ity,,,bﬁf Sherbrooke,
Sherbrooke, Quebec, personal communication (1974):

van Wie, J: Department of Mathematics, Southwest State
University, Marshall, Minn. personal communication (1974).

Rief, F., Larkin, J. H. and Brackett, G. C. "Teaching General
Learning and Problem-Solving Skills", Am. J. of Physics 43, No.
3, p. 212, 217 (1974).

Larkin, J. H: "Processing _Information for Effective ~Problem
Solving" Dept. of Physics, University of California, Berkeley,
California 94720, Feh:. 1977.

Snyder, W. J., Department of Chemical Engineering, Bucknell
University, personal communication (1974).

walters, R. F:, Department of Medical Education; University of
California at Davis, personal communication (1974).

Aubel, J. L., Department of Physics, University of South

Florida, Tampa, Florida; personal communication (1974).

de Bono, E., "The Use of Lateral Thinking", Pelican books
(1971): :

Whimbey, A:, "A Development of Problem Solving Skills for

Vocational and Educational Achievement", reprinted by CUE

. Centre; Bowling Green State College, Bowling Green, Ohio

(1975).

H. Wallach, M:A., Department of Psychology, Duke University,
personal communication (1974).

wickelgren, W. A., "How to Solve Problems", W: H. Freeman and
Co. (1974).

62



30.

30A.

31.
32.

33.

Moore, R. F., Tyne, S. C., Norman, §. L., Cosac, S. et al:,
"Developmg Style in. Sc)lvmg Problems" . McMaster University
paper submitted (1977).

Plants, H: L. and Dean, R. K. '!Squlng the Sophomore
Problem," paper presented at the ASEE 85th Annual Conference,
Umversxty of North Dakota, June 27-30 (1977).

Neufeld, V.. Faculty of Health Sciernces, McMaster University,
Hamlltbn Ontarlo personal communication (1974)

Black, P. J:, Griffith, J.A.R., and Powell, W. B., "Skilis
Sessions" Physics Education 9, p. 18 -22(1974):

McKeachie, W. 7J., "Teachihg Tips: A Guidebook for the

Begmmng College Teacher"; D:C: Heath and Co. (1969).



ACKNOWLEDGMENTS

classes.
Professors M.W: Johns; J:A: Cameron (Physics); R.A. Bell,
R.J. Gillespie and D.A. Humphreys (Chemistry); P:C. Yip,
C-H: Goldsmith and G. Field (Applied Mathematics); J. Stewart,
C.R. Riehm (Mathematics); R:L. Judd, D.S. Weaver, D.W. Smith
(Mechanical Engineering); and Associate Dean C.D. diCenzo, and
Dean L.W. Shemilt, of the Faculty of Engineering, and Dean
D.R. McCalla of the Faculty of Science; H. Robinson (Civil
Engineering);. J.. Shewchun _ (Engineering Physics); R.H.
Tomlinson and O.E. Hileman (Chemistry); A.E. Hamielec and J.
Viachopoulos  (Chemical Engineering); G. Field (Applied
Mathematics); G:E. Purnell. (English); T:W. Hoffman,. R.B.
Anderson; L.W. Shemilt, C.M. Crowe, (Chemical Engineering);
N. Werstiuk (Chemistry); P. MacDonald (Applied Mathematics).

of students.

These students are:

R.F. Moore, C:M: Hamielec, S:E. Norman; L.K. MacLeod,
§.C. Tyne, S.E. Dibbs, L.K.C. Wong, S. Cosic, D.C. Ross,
R.J. Christmas; J.A. GSaunders, B.G. Stephenson, D.M.
Chorneyko, R.J. Stankovich, B.G. Leibold, Lee Gowers; R.J.
Van Dam, D.W.J. Hanbridge, J.L.C. Moreland, W.M. Muirhead,
W.C. Wwigle, J.A. Greevie, T:J. O'Hanlon; Terry Kong, J.A.
Butko; R.J. Fraser, S.M. Lane and Francis Law.

Dr. I. D. Doig, University of New South Wales; Dr. A.C.
Blizzard, McMaster University, Mrs. Donna Mitchell, -Health
Scierices, McMaster University; Dr: Douglas Smith, Mechanical
Engineering; McMaster University; Dr. Lee Brooks, Psychology,
McMaster University; Dr. Paul Black; Physics Dept. University
of Birmingham; Dr. Maynard Fuller, - Chemical Engineering,
McGill; br. Jeff Brown; Marianapolis College, Dr. Gary Powers,
Chemical Engineering, Carnegie-Mellon; Dr. Robert Sparks,
Chemical Engineering, University of Washington.

5 64



O

ERIC

Aruitoxt provided by Eic:

5

STRUCTURE AND PROCESS

_ _Maynard Fuller
McGill University

__ Geza Kardos
Carleton University

Introduction

___ Why should engineering students learn problem solving? The ques-

tion is like asking, "Why should birds _learn to fly?" One of the .
dominant patterns of engineering thinking involves composing a state-
ment of purpose in the form of a problem; modifying the problem to
give new probleris that are solvable by available means; solving these,

and then selecting:one or some combination of these as a Solution to _
the original problem. A vast amount of experience shows that this pat-

tern of thinking is a good way of achieving goals. This is why engi-
neering students should learn problem solving:

. How can the student learn this thinking pattern? Well; we all_
know from experience that simply  giving a student a stack of prob-
lems and telling him to solve them works; but is less than universally
effective. Here we propose a more effective.method for teaching the
process of problem solving. _The method applies to the common single-
answer problems that are usually given.as practice of the concepts;
laws and rules that students study in their courses. These are

"Determination probiems.” We are not advocating that this class of
problems shelld be more prominent than it already is: Indeed, if most

students were more proficient in solving determination problems, there

The method presented here .is based upon one of two kinds of prob-
lem-Structure mapping suggested by George Polya (1), hence the name
"Polya_Map." The use of the Polya Map was developed at McGill in_
1972-73 (4) and has since been used 1n courses in creative problem .
solving and machine design at Carleton, and in an elementary mechanics
course at Marianopolis College.("Math in Motion," Dr. J. M. Brown;
Marianopolis College, Montreal). The method is thus relatively new, -

and has been used for eight classes of students; in four different
courses, by three teachers. It works!

Tgygrod from @ paper presented to the Soth Famsa
, | 57
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What Is A Polya Map?
In his classic; "how to Solve It," Polya (2) points out that the
solution process should have four stages:

Understand1ng the problem
Devising a plan.
Carrying out the plan.
Looking back.

LW N e

The Po]ya map_ is an a1d for stage two. It is a gr é'h cal_way_of pre~__

1
senting theyproblem structure and it becomes a plan for the solution of
the probleni.

The Preliminaries

. __Before a plan for the solution can be formulated the problem must
be dissected and inderstood.

Most prob]em statements do not exp11c1t1y give nor 1gggt1fy the
principal parts of the problem. They are usually mixed with various_
kinds of background information and extraneous data. The first require-
ment, therefore; is to separate and identify the principal parts of the
prob]em This may seem trivial, but it is vital.

_Understanding_the problem is essentially the same for any problem-
solving method. After carefully reading over the prublem statement it

is dissected by asking these cuestions: --What are the unknowns? .
Identify and write them down. -- What data are needed? Make a list of
all data likely to be involved:. --What data are given? -- What rela-_
tions (algorithms) are available that relate the data to the unknowns?

--What_are the_constraints? --Can_we draw_ a diagram with the data and

the anknowns identified? -- Can we now express the problem more simply?
-- Are there any concepts that are new to_us_in_the problem? Look them_

up to nnderstand them and integrate them into the problem. -- Are there
any relations missing? If So, where can they be obtained? -- Are the
constraints contradictory or redundant? .
,,,,,, After th1§u1t,]swworth reviewing what we have. We may want to

wodify our. information. We shounld be certain we understand the. prob-

the Polya map is that it allows us to. proceed and 1dent1fy the m1ssing
data and relat1ons as we go. along _If the problem is understood, the

have solved this kind of problem before: If not, then we can proceed
with the plan for solving the problem us1ng a Polya map. =
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Components of a Polya Map

- To _generate a problem- so]v1ng plan we need a way of concisely ex-
pressing_the structure of our problem: The p]an -must display the in-
terrelationship of the various principal_parts of the problem without

being c]uiiered with the detalls of the necessary manipulations. Once
tion; we can then introduce the details: With a properly-constructed
p]an, the puzzling aspects of the problem _disappear.. _A11 that_ rema1ns

obtain the desired solations. The Polya map is the device we use to
display this problem structure. »

In the Po]ya map a var1ab1e or data 1s represented byfgfletter o
symbol in_a small circle; relation between_variables is represented by
an 1dent1fy1ng number in a small square. To show which variables are .
involved in which relations; lines are drawn joining the relevant cir-

cles .and squares. Thus. our map cnns1sts of circles and squares joined
by ]1nes in a pattern that shdws t|° 1nterre]at1ons w1th1n the prob]em.

joined to a square.

If we have the variables x; y; z;, s; t and they are related by the
followiiig functions;
F{5,t)

1. z
g(x,s)

2.y

then the structure can be represented by the following Polya map:

6he. by some operation. The structure thus te]]s us that if we know
X, y and t we can determine z.
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_ Here we see one of the advantages of the Polya map. We do not._
have to establish the exact forms of the algorithms relating the vari-
ables to.be used in the solution at the outset. It is sufficient to _
know that such relations exist; this can often be done by simple physi-
cal reasoning. . Thus the problem structure can be formulated without
establishing all of the detailed operations.

Similarly; there is no requirement that a variable be_a single-.
,,,,,,,, If it is not, an additional step will
he needed to distinguish between the values. The recognition of this
adds to the understanding of the problem.

- Constructing the Polya map focuses our attention on the relations
tetween variables. In putting the map together we discover whether
intermediate variables are necessary and where additional algorithms
may be needed. We also_discover what information is redundant.

At first glance a finished Polya map looks a bit like an infoyma-
tion flow diagram for a computer program, but the resemblance is only
superficial. Most Polya map links are reversible_and there is no_in-
herent sequence in Polya map operations. Rarely are_branching and
Tooping operations used as in computer programs. Polya Maps are for
‘people, not machines. . 1

Constructing a Polya Map

_ Although each Polya map is unigue; their constryction can be gen-
éralized. The particular characteristics of a_specific problem will

lead only to differences in construction details. _Since it_is not __
necessary to start with complete information, the construction can be

expected to be iterative. It may often be necessary to redraw the map
several times, rearranging the spatial relationships in order to see,

the problem more clearly.

_ We start by identifying and listing all the variables and data
that appear to be relevant to the problem. For simplicity they are
usually identified by the same symbol used in the mathematical. model.
Next we list and number all relations and algorithms which we think
will be needed. °

, Assembling the Polya map then becomes much like solving a jig-saw
puzzle. We fit the elements together to give a consistent whole, with

each variable and each relation appearing only once. A good start is
to first map each relation separately. Then they can be linked

through their common variables.

_ . The construction of the Polya map can produce additional insights.:
It helps identify the intermediate variables and reveals if additional
relations or data are needed. By examining the structure we see if.

the solution will be .a specific value of the unknown_or_a relation be-
tween the unknown and a variablé. Thesz insights make it possible. to
modify the map to give a more desirable form of solution, or to make
the solution procéss more efficient.
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Meta-Operations

The map elements to_ th1s po1nt consist_of either variables or re-

lations; and the operations are assumed to be completely reversible:
The relations are procedures for obtaining the _value of one variable

from the other known variables; e:g:, SOIV1ng an equation, reading
values from a graph, looking up values in a set of tables, etc. How-_

ever; experience has shown that some problems require operations which

are not reversible. There exist well-defined operational procedures

where _an _unknown can be determined uniquely from known variables,; but

the operations are not reversible; For the Polya Map these special

procedures are identified as "meta-operations." Meta-operations are

represented by diamond-shaped boxes joined to the diagram by a double-
lined arrow. The arrow indicates the direction in which the meta-

operation must take place to give the specific result required:

s = variabie tp
t = variable & s t3dt
tj.t; = specific values of the tq
variable

Polya Map

in general; meta-operations are used to indicate operations that
are essentially non-arithmetic. Some arithmetic may be necessary to
carry out a meta-operation; but arithmetic alone is_not_always suf-
ficient. Some examples of meta-operations are: integrate between
limits; combine two _algorithms; fit a polynomlgl,;gfa set of data by
least squares;' trial-and-error computations;. iterate; optimize; choose
maximum values; derive an aldorithm for a set of assumptions; test an

algorithm for a set of assumptions; test an_ algorithm against a set

of data; graph relations between two variables and find a maximum:

This is not an exhaustive list; but it g1'es an_idea of the other kinds
of problem-solving operations that can bz introduced into the Polya

Map.

The_meta-operations fxcend the usefu]ness of theng;ya map be-

yond simple mathematical p.oblems. Unlike our other operations; one
61
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meta-operation may be connected to another meta-operation; althcugh the

end of a chain of meta-operations will be a variable.
Sample Problem
-0 demonstrate how a Polya map is prodiced we will construct a map
~ for the following problem: ,
_Problem Statement:_ Determine the maximum_bending stress in a
simply-suppurted beam of rectangular cross-section; “"a" by "b." There

are two concentrated loads; L located "c" from the left end, and Lp

Yocated "d" to the right of Li: The distance between supports is 2.
”””””fhe”firstﬁihreer§té5§,iﬁ preparing a_Polya map are carried out_ _con-
currently: “identify and list unknowns, identify and list data, and
draw a diagram."

Bianram of Problem

Additions1 Data Set (in
This data set will be added to
probiem develops.

T

a = width of beam ,
= depth bfrbéém X = lacation from left-hand éﬁ? of

b
L; = load at ¢ ~_beam , o
i} -1oadatc+d . . . o= cuter fibre stress due tb/béhd:
€ = location of Ly from left end dngatx _ .
d = distance betwden Ly and L,  x. = location of maximum bending
¢ = distance between sappurts - stress B
R, = reaction at x = 0
Ré = reaction at x = £
Required Unknown (to be found)
o = maximum bending stress ‘
/" We now identify the relations that may be useful. our problen is

one in which we wish to find bending stresses in a beam. Theréfore we
can_look_for relations that give stresses due to bending and relations

that give bending moments due to loads and geometry.
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Data Set (additions)
M Mb/21 = M/Z
: ab3/12

a.
n

Bending moment at x 1.

M
1 = Moment of inertia of 2.
section

|
!

b/21 = ab’/6

"

Section modulus 3.

~N
1]

:Rji + zlx

':Rii: 0<x<C

Ryx + Liéx:cS: c<x<d

T T TN
]

fl

SRyx + Ly(x=c) + Ly(x=c=d):
1 1 . 2 d<x<t

=g
1l

5 = [Ljctby(c+d)]/2
1Thith-R
We now have 5 independent relations and 6 unknowns. This will not

give a single_answer; but will_give us_a relation between_two unknowns. .
tet us start to draw a Polya map, first mapping each relation independently.

o [3,]]
e

-
Q

[

1N




O

ERIC

Aruitoxt provided by Eic:

We note that some of the relations; e.g. 2 and 3, are ~iteriate ways
of arriving at the saiie result:

" {g can niow combine these individual Polya map, . ihe map for
the whole nroblem.

_ —— L\ P -
x N N
— . L~ —
P s B 2 | 5
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. .By drawing strokes through the given data in our _problems we can see
how the variables are related. ~_The only variables which are not given _

or are not intermediate variables are x and ¢. Therefore this Polya map
gives us the value of & with respect to x.

. _Examination of the Polya map shows that it has two parts linked
together by variable M. The bottom half gives -the moment distribution

M with respect to x. The top half gives the stress s with. respect to
the moment M. For any valiie of x we can deteritine M and thereby o.

We note that R;, Rz, M.and I are 1ntermed1ate variables and need
nqgﬁpe”determ1ned specifically unless it is convenient for computation

purposes:

But our object1ve is not simply to find o with respect to x; but
also to deterfiine the maxifiufi stress oﬁ We can define xﬁ as the point
along the beam at which ém occurs. Thus we must introduce some way of

determ1n1ng where xf and o occur. Mathematical means are available;

but they are curibersorie. A §ifple semigraphical method will be used.
Our diagram has shown that ¢ is dependent only on M. Therefore,

if we cén determine the location of the maximum value of M; we can move

directly to 0" Thus M ; the maximum bending moment; represents inter-

mediate data that we have to introduce.

From experience we know that we can sketch a moment diagram and by
inspection _determine the location of the maximum bciiding moment. For
this we introduce the following meta-operations
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draw shear force diagram

&  draw bending moment diagran
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. We have; thus, diagrammed our problem to give us O the maximum
stress with the data set available.

7

_ A second example that i taken from a real desian problem is given -
as Appendix B.

We teachers usual]y have little d1ff1cu]ty in so1v1ng the deter—

mination problems that we set for our. students. Why is that? In addi-
tion to our intelligence and good looks, maybe the fact that we compose

problems is a. contr1but1ng factor.. This line of thinking leads to the
idea that problem composing would be a good way to teach students about
s0lving determination problems. :

When faced with a prob]em the beginner often assumes that there

are_a very large number of possible approaches to solving it; whether
he finds a good approach in his search is often_a matter of ]uck _On

the other hand; anyone who_has composed problems knows that there are

relatively few structures that make any sense; he discards most of the
superficially-possible approaches on the basis of structural clues:

_____The standard format of the-Polya map and its principal parts make

possible the assignment of problem composition to students, and provides
a medium of communication. The student-composed problems can be eval-_

vated to see that all of the variables; algorithms; and meta-operat1ons

are being used in appropriate ways, that nothing has been omitted, and

that the prob]em is_solvable in pr1nc1p]e It wou]d be virtually
out the Polya map as a common form of expression.

The Po]ya map andfprlnglpalfpargs facilitate ekékt%éés in ﬁrbbiéﬁ

composing for both student and teacher: ;

) Here are some examples of problem composition exercises that have
been used.
1. For the problem given below,
(a) identify_and 1ist the components of the principal parts of
the problem

(b): construct the Polya m map of the problem }
{c) compose a variation in the given problem that has the same

Po]ya map.as the u1ven problem (describe this variation in

(d) write a stepw1se solution procedure for your composution
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2. (Exam) Nitric oxide is being reduced by carbon.monoxide in a porous

catalyst:
2N0 + 200 > N, + 200, |

The reaction occurs at 600° K and ] atmosphere. The density of the
solid in the catglyst is 2.5 gm/cm®. The specific volume in_macro-
pores is 0.04 cm°/gm and the typical pore radius is 400 A. The
specific volume in macropores is 0.11 cm3/gm and the typical pore_
radius is 35 §.-_The specific surface area is 65 m“/gm. - The molec-
ular collision diameter of NO is about 3.5 R

Compose _and solve (numerical answer required) a_problem involving

the diffusion of NO and the pore structure of the catalyst:. You.
may, of course; select additional equations and assume additional

data so long as the set of data and equations is consistent and does
not violate laws of physics or chemistry.
In Appendix A, there is an example of a completed problem-composi-

tion excrcise that has been used.

fjédfé]gméhggrjﬁrthe composed problem: 1In this way, the teacher con=-_
trols the content of the exercise in terms of concepts, algorithms and
techniques. By specifying few or many elements the teacher can vary

the exercise from the single-answer type to one that is open-ended.

_ Problem composition exercises may require the inclusion of speci-

Suggestions for Practice

2

- The use of Polya Maps is new and we feel we have only touched the

surface of the possible classroom use of Polya maps. The following

suggests some uses for Polya maps; we are certain other uses can be

found: We suggest that you try.

1. Problem-solving exercises for students that require the use of a
Polya map. '

2. Problem composition by the teacher where the objective is to avoid
under- and over-specification of data:

3. Probleii-composition exercises by the student.

4. Lectures in which the teacher is solving a sample problem. A Polya
map may help to focus attention on problem_ solving and may help.
the student see the relation.of one part of a problem to thc next,
or of one lecture to the next. :

Literature Cited

1. Polya G.; "Mathematical Discovery;" Vol. 1, pp. 151152, John Wiley
and Sons, New York, 1962.
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2. Polya G.; "How to Solve It;" pp: 142-143; Princeton University
Press; _ ]945 "Mathematical Discovery," Volume 1, pp. 120-121, John
Wiley and Sons, New York, 1962:

3: Newell A:; and Simon H:, "Human Problem Solving;" Prentice-Hall;
Englewood C]1ffs, N. J., 1974.
Collected Papars of the ERM Division ASEE; pp. 114-128;

4. Fuller, M.,
1975.

A Problem Composition Exercise from
Chemical Reaction Engineering

Compose a problem invelving:

A reversible; first-order reaction

a)

b) A_fixed-bed reactor
c) Effectiveness factor
d. Production rate
Solution

A. Pr1nc1pa1 parts:
Data: i Lo dos Fyoyos Kos k%5 T, 95 D, Pps €
Unknowns : L’ p
A]gorlthm set:

P

= k* +
3 oh [((dp%? ‘24'/‘5 172 f
3) @ =n=3(s coth o7 - )/¢]7 : ;
4) zn | (Xf L)/(X -X. )| = -nc (1=t )k V/v
5) V= ad t/4
6) v = FR -T/1
7) yg = 17(K*H1)
8) ég = fcn(d /dt,§ﬁé§é) {Table ]ook -up)
9) = F(x -X - )
]0) X = ]-y
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€. Outline of solution: ‘

S -
Find k* from k and Ké by 1

Find ¢ from dss k", D, by 2

Find # from ¢ by 3

Find yg from K by 7

Find c, fron dy, dg, shape by 8

Find ¥V from L, df: by 5

Find v from F; 7, T by 6

Find R from Yo by 10

Find Xg from Yo by ]07, - o
10, Find x from xg % kf,’, Ny gs £ Vo v by 4
]1'. Find P from F, S1s X by @

O 0N OV DD W N
PR . N B PR o
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Appendix B

Problem Statement: Determine the time required for an induction

motor driving a fan to come up to speed from rest, given the moment of
inertia of the motor, the fan, the rated horsepower and speed of the

motor; the rated horsepower and speed of the fan._ The torque-speed
characteristics of the motor running frée are defined by the &tarting

torque; the maximum torque and the synchrorous speed: The power drawn

by the fan in moving air is a power-law function of the speed.

(Note: . This_problem statement is drawn from the natural context de-

scribed in ECL 171 "Time-To-Start," ASEE Engineering Case Library)

_ Wnat is required is the time for the motor-fan combination to come
up to speed. The motor torque-speed curve can be approximated from
motor ratings. The power drawn by the fan will be some function of the

speed. These two need. not _be explizitly expressed mathematically, but

they can be given graphically or &s finctionals.

Data

Ho = motov rate H.P; a = system angular acceleration
Siﬁ = motor rated speed 7 Tﬁ = motor drivingrtotque

SS = motor synchronous speed ¢ = terque drawn by fan

T = motor starting torque % I = moment of inertia of motor
T, < motor breakdown torque% Zf = m6Méﬁt 6friﬁéftié of fan

He = fan rated H:P: T = acceleratint torgue

S? = féﬁriaté& S@éé& t = elapsed time

W = system angular velocity t. = time to start

w

Relations

> T;:.;, TB’ W)

'm’ "m; s
f(w;in,VSf)

= (I, *+ 1{)a

= adt

t = Tn - Te

Ts LS s,
m m

=
|
i

LS ;) IR ~ R 5% TR AN, Dy
Q. —
£l
1] 1]

ﬁ .
t

7

\I
Ne¢}



oo Ta = fUHG, S S T T W
2. Ty = Fw, Hg, 5¢)

| 30T, = (I + 1))

- ) dw = adt

. To find tie total time to start we must integrate 4 v Ui ciitable
limits; aud must introduce the meta-operation: :

A W o
@& Ejrl o

0

where w. is new data which_is_the final angular velocity of the system.
This final velocity will be reached when T, = 0. If the rated horse-
power of the motor and fan are the same, tfien W, =_S, =.5;. _But in the
more general tase where S- # Sts then Ty = 0 whén T,"- T¢'= 0. To
determine wj we must intr8duce another meta-operation.

7 Plot T. and T% against w and find wj at the point where

YT % TE -
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Operation 4 is not needed and can be dropped from our Polya map.
__Inspection shows that the angular veiocity w is the key to the
p:roblem solutiun. If we plot_all our characteristics against w, we
should be able to solve the problem:

Plot motor torgue and fan
torque against w.
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Plot Tiﬁ - T{ against w.

Change scale to give a:

Plot I/a against w and
measure area under the curve

&,bfz. h:ufi t [ud f;.

@

Solution can be found semi-graphically if motor torgue and fan

torque characteristics are specified.

74 _
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6
SOLVING PHYSICS PROBLEMS

. J.. L. _Aubel
Un1vers1ty of South Florida

ABSTRACT

_ A detailed strategy for solving general physics problems
is discussed. Startihg”frpm”genera1 problem-solving techni-

ques, a rationale is developed that enables students who _ _
have mastered simpie algebra to improve qreatly thcir problem-
solving abilities.

INTRODUCTION
R S
~Most teachers of general phys1cs will. -agree with the

ca1.y But there is widespread uncertainty and dlsagreement
as to hewrthis can _be done, or even if it can_be_done._ As a_ __

consequence, courses have been developed which describe physics
with 1ittle or no mathematics. Such courses can greatly expand
the student s awareness of var1ous phys1ca1 re1at1onsh1ps, but

developed are either unable or unw1111ng to deve]op ana1yt1ca]
problem-solving skills.

For the purpose of th1s papér, let us def1ne ana1yticgiiri

problem-solving skills as the skills _needed_to permit deductive
solutions of problems which are intrinsically new to the
student. Far fewer physics teachers accept deve]opment of

unsuccessful: _Indeed my own teach1ng experience demonstrated

that result. For seven years, 1 struggled with various modifi-

cations of my lectures; the text; the homework; and the tests;
to try to_teach students better analytical problem-solvng
skills. The results were never_very encouraging. . There was
always a small percentage of "A" students who "had it" when
they entered my course; and I could see their_proficiency _
grow. But.most students. remained outside of this group. - One
obvious solution 1s to_1imit_the objective; either by going

the non-mathematical route or by restricting tests tg ques-
tions similar_to those which the students have been. =

" shown_how to do. The latter solution is the more popular. one
for students of science and engineering who will be expected

to “wse" the physics they are learning: The non-mathematical
approach is more common for the remainder of the student

population:
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solving ski11s can be taught. Indeed a large part af our_
difficulty in teaching them in the past has been oun tacit
assumption that they do not need to_be taught; j.e.s that _
any student who has the ability to learn analytical problem-
solving skills will pick them up from seeing _problems worked
in the text and by the teacher. That assumption,isgclearly
"""""" H "

incorrect. Although there is that small_group_of.

students who "get it" no matter what we do, most students

must be taught explicitiy.

_ How then does onc 30 about teaching analytical problem-
solving skills? The answer _is disarmingly simple: ( break_up
this complex set of skills into pieces, i.e. concepts small
enough for the student to handle: Then give the student the
encouragement, the time and the exercise.which is ‘needed to

master them: This is not unlike our_usual _approach to

teaching any complex skill! It has not often been used to.

teach analytical_problem-solving st:11s biut only because. of_our
historical inability to see them 25 the complex set of skills

which they are -- either because they have become subcon-
scioils for us, or because we avoid them. )

. The remainder of this paper will be devoted to a = -
discussion of one problem-solving strategy for general physics
problems: It assumes that_ the_student understands fundamental_
algebra; e.g. that he sees.x.= a y andy = x/a as-intrinsically
the same relationship. Work by Baumanl and othersc»° has

shown that this is not a fundamental limitation; these con-
cepts too can be taught, but ! .ave not yet had the time and

other resources necessary to o sc

General theories of problem-- . lving have been discussed
by Polya? and others®: Althougii there are many elements _1n
common among these discus.ions, they are usually different
gﬁ detail and in the names associated with ae_various _facets
If the problem-solving task. The strategy reported here,
although less genercl than those cited; has proven useful
in my teaching_in_the sense that a significantly_larger
percentage of my students have demonstrated development of
analytical problem-solving skills. An_additional pedagogical
bene7it is its separation of the math frou the physics. As .
divided, each of its three major sections is_of roughly gquzl

difficulty when averaged over the student population:

'A_PROBLEM-SOLVIKG STRATEGY

" The strategy has three major divisions: The overall
objective of part I, SEIUP,; is to convey the nature of the

problem; including ail given information and desired ..
quantities; with a minimum_of English, using meaningfal

symbols and pictures that cin be used in part 1I. The
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objective in part 11, ANALYSIS == PHYSICS, is to find sufficient
independent equations so that they.may be solved for the .. _

desired unknowns. _In part III, ANALYSIS -- MATH, mathematical

answers are.obtained for the desired uninowns; and checked

for reasonableness, o

~ _Part of the reason for the diversity of labels given to
the subdivisions of any problem-solvind strateqgy is the fact
that no set of subdivisions is universal: There are situations
where one finds in part III1 a need to return to part IT or .
even part I. So onz should view the whole process as-cyclical;
continuing until sacisfactory answers are obtained. Further-
more, there is nothing sacred about the order of eygnt;ﬁjnlthg
strateqy. If one can see the answer without explicit consider-
ation of parts I or I1I; fine, If part II seems easier than
drawing the picture for a particular problem; then part II
should be done first! _Indeed the strategy is not to be viewed
as a strafghtjacket approach,to,problem:gg]ngg!,but”ragher

as a guide to what to thihk”abqut”hexﬁﬁwhen,PP?”?§”SF“mPe¢

a particular problem.. On the other hand, bedinnind students
should be encouraged to practice the strategy on _problems which
seem easy to. them so that they will become familiar enouagh .
with its rationale to use it on more difficult probiems. What
follows is essentially addressed to the student, interspersed
with discussion for the benefit of the reader.

1 SETUP

.. The. first and most obvious task_in pruolem-s0lving is_to
decide what it is you are trying to find and what information
yoo have to .work with. It is awfully hard to get right answers
if you are doing the wrong problem.

L a ) lem t will contain a
minimum of Enolisn -- often none_at all,_b at_most a few
words. But you, or others with similar train ng; will be _able
to return to it months later and Tigure out what the problem
was 311 aboat with:ut_referring to the original English._
statzment of the roblem. Part I car e thought of.as a

_If a problem - s been properiy set up i
n but

traiislation tesk from English to pictures and symbols.
A.  LIST GIVEN QUANTITIES with appropriate, meaningful symbols.
, it is useful ic be able to reject irrelevant information
by s3iiply not listing it, but if yoo are not sure; list it.
Why assign & <ymbr] to something which is already known
as a number? There are several reasons:

1.

1t is usually easier, e.g., it is easier

than 4 kg.
2. 1t is often more meaningful. If the symbol KE is
recogiized as xinetic energy; that is much more help-
ful tnan 20 J; which could be any energy.
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3. 1t helps avoid the trauma of not knowing a_number_to
insert for an unknown quantity which may cancel out
later in the problem:

When more tharn one quantity of the same type is involved,

such as .wo Or more moving masses, or velocity at different

timns, it is often uwseful. to assign an appropriate symbol
to one of them and 1ist the others as multiples of the quanti-
ty given a symbol.. Fur example; in a problem involving masses
of 2 kg, 6kg and 8kg, label them (in a sketch) as M, 3M and 4M

respectively, and Tist M = 2 kg.

Ir making up an appropriate symbel for certain anknowns

it may be appropriate to.combine several more common symbols. -
fhus in.a problem which talks about 4 bullets per _second leaving
a gun, that information could be Tisted as N/t = 4/s.

B ASSIGN reasonabie SYMBOLS to the requested UNKNOWNS:

Again;_ it may take more than one common symbol to make
up a syabol for a desired quantity.

At this point it _is wise te¢ go _back over yecur lists to .
make sure that treé difiensions which you.would assnciate with
each symbol 3re -onsiston: with the units which were given.
or desired. ‘nuv i€ zci were asked to find the rate at which

1igiid leave - s .em in_gallons per minute, an appropriate

1T e+

symbol woul:' - “ it certainly not V alone.

C. SKETCH A PICTURE for each unigue tims implied in the

problem, and label with the symbols froi parts A ana B.

 This is ore of the most difficult yet crucial skill:_in
the entire proolem-solving stratedy. ~The trick is to draw

a sketrh complete enough tc show the important ideas yet
simple enough to aid rather than confuse the analysis. _Thus

one must learn that (if rotation.or rotational equilibrium

is not implied in the prcbleir) it is more appropriate to dr:
point or a small box_rather than the man or car or whatever

is named in the problem.

The primary goalc of the sketch(es) are to s

woall
symbols
A_ant are
implied in the probiem, a sketch for each time must be drawn
in _such a way that distances moved between sequential_ times
can be clearly indic.te.. It is often convenient to show a_
"final time" sketch,superimposedUbdjjhw“ihitial time" sketch,

: he
important spatial relationships and help define ai
Jisted in parts A and B. Thus if _twc or _more_time

V- E

sefore leaving part I, you should reread tie problem
¢*atement to make sure that every rg]eyaﬁtrwhrase,;q,indicated
ir. vour cetup. Think in terms of the overill gnal af this
78
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sertion could somec'ie e]se with your training, who had not
seen the English version of the problem,; cecipher *% from
your setup?

i1 ANALYSIS -- PHYSICS

equations to so]ve for the desired unknowns. Suppose there

are N._unknowns which the problem asks you to find. VYou . may

need to introduce an additional number U of unkrnowns while
writing physica! +- nns. Tre mathematicians tell us that
you wiil need 2+ v . ! ¢nd &t riost N + U independent EQUa-

tions in order t. - «: fcr the Jdesired unknowns. To put it
another way; if tnezte are K untnowns which CAN bs uniquely
determined from tne glven information, it will take K inde-

pendent equations to d9 -5: There is admittedly some
uncertainty involved in th: prezeding statements, one ~carnnot

necessary. Thus an a1ternat1ve”qpp.zaeh is to f1nd as many
independent relations betwzen the various. symbols as you can!
On the other hard, 1t is useful to know the minimum and maximum

number of équatiahs needed.

In general,fwhen writing eg' ;iggs fromfga[t IIffth ey
I:

must be expressed in.tc s _of .the symbois listad.in part
The beginning student may find :t useful to first write

equations in the form in which ha rempnbers them. Th1S

equations do not. count coward “.e_ones_needed for part II.

Gnly equations whick have beer translateu into_ the -specific.
symbolism of part I ccurt in part II. This will often reéavire
adding one or more symbols to the sketches in part. I: These
symbols, for unknowris which were not required i* the piroblem,

should be 1isted near {but distinct from) the list frow part
I B.

A. Consider COMSTRAINTS.

_ .These are spe ific conditions set forth in the statement
of the prooled - déductible ~“rom the sketch{es); which some-
times car be v :ten as equation- involving.some .of the
listed symb- . “vnstraints are often considered automatically
in nart I, =:-or object on ap incline; notion will be
parq]ie] tg ¢he - li-e. Similarly, two sbjects tied together
by an ideal st " o.:r a pulley will have an acceleration of
the same magn- Ju. some problems have mnioire subtle con-
straints. Ing- __ tting down_the oroper constraint rela-

tion CAN be the mos* difficult pa>t of the prob]em., It is

“simple. constraints is present an, not recognizeu at this

point in the problem, it can seriously hinder Part II.
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. In general physics problems, constraints are usually
geometric_in_nature. They also frequently involve approxi-
mations, soch as:

—.  strings; ropes. etc. are assumed not to stretch.

-~ the arc subtended by a small angle is essentially a
straight line:

-~ solid objects are assumed not to deform under the

action of forces.

Figure 1 give: examples of constraint equations.

B. Consider DEFINITIONS of knowns and unkrowns.

" If a definition of any one of the symbols in your lists
from part | rolates two or more of the quantities in those Tists,
it will probably be useful -- write it_down. _Remember to add

any new unknowns incroduced by these definitions to your sketch
and second list in pa~t i B. _Anytime_ a _new variable is

introduced, you should tonsider ITS definition.

C. Consider CONSERVATION LAWS

" Since conservation laws imply the existence of a time
interval during which the distribut.on of some conserved .
quantity has changed, it f0llows that you must have at least
two sketches (possibly superimposed) if conservation laws
are to be applicable. If so:

i. CHODSE 2 clearly defined SYSTEM; often the whole
system inJriad in ti'~ problem.
5. CA00SE an appropriate TIME INTERVAL over which the

conservation law is valid. Uou should have sketches
for boti: =nds of that time interval.
3. CHOOSE a crnvenient "JORDINATE SYSTEM for ¢ «; .aving
object.
4. WRITE the conservation LAW:
The total in the system at *he beginaing of the
time intérvdl + any eatering the system during the

time interval

the =otal in the system at the end of the time
interval + 7.y leaving tre system durize the
time interve..

80 555
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D. Consider KINEMATICS equations.

____For people with a good calculus background; these_are
nothing more than definitions. But for most. students they
need to be considered separately as known relations between

displacement; velocity; acceleration and time:
E. Consider NEWTON'S SECOND LAW.

J. Isolate an objert so that its mass and its vector

L]

acceleration are clearly definable.
2. Draw a FREE-BODY DIAGRAM for that object:

_oa)s Count the number (i) of objects whizh exert g
fources d1rect]y ON the chosen object. Do ': count

fcrces internal tg yqur qpqect ar which it exerts on_

other objects. Do not count indirect forces. Norma]]y
i will equal the number of things which actually.touch
the c.iosen object, plus one for ‘he gratitational “force .

{if any}; plus one for the electro-ui,ietic force; ifpresent:

b),fw Draw the i forces on a free- -body d1agram No

not draw._ components of forces, except in the case_ of

contact forces between surfaces, where it is ustally best

to draw the component normal to the _surface; - N; and the
Cbiﬁpbhéht 'p’é“ﬂ]"e] to the surface, f.

if known:

4. WRITE NENTGN'S SECOND LAW in scaldr form for each

3. If there are other moving masses ir the probiem which
affect the answers; ¥ou will need to repeat E for each
of those masses.

F: €onsider OTHEP savsics relations:
Ther 3 1ittle to 2e sajid here without going thraugh an
ent1re physiis course. The student who has been studyiag

properiy usuaily has little or no difficulty in re=]1L1ng which
spc cia]‘zed elations apply in @ given problem.

111 ANALYSIS -- MATH

point we should have a set of independen:

A+ this
involving only symbols listed in part I. 0bv1ous1y

equation
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1 for every requested unknown must be included at
e; 1f Jot; go back to part II.

A. Obtain an ALGEBRAIC SOLUTION.

~ Solve algebraically for each desired quantity ipn terms
of the symbols for the given guantities {o. previously "found"
unknowns). Usc nuiibers only in those relatively rare situations
where it is definitely easier to deal with the numbers tian
the symbols.
B. TEST the al..cbraic solution for REASONABLENESS:
1. Check for correct physical dimensions. Dimensions must
nbey the ordinary rules of algebra. For example, terms which
add or subtract or equate must have identical dimensions; if
they do not, the equation cannot be_correct. Thus an equation
which asks you to add a_mass_and a_length 1s obviously in
error. In that case, check dimensions in each equation from

~

part I1I and then redo part Pil.

2. theck for the expected beiavior in_intuitively-obvious
situationrs.. Do the relations seem plausible? For example, -:
in the result x = a b/cos o: , ’

SZ is is reasonoble that "x" is proportional to g
to Ilbll?
-~ shou'd x = a b when 4 = 0?
-~ should x approach in“inity as o approaches 90%?

~ [.UG 1" NUMBERS ir a one-to-one relation with your alge
sraic sulution: If some of the given information is not in_ .

¢ consistent set of units, check to see whether those quantities
occur in two or mcre positions such that the conversion factors
sould caicel out. If not; you must INSERT CONVERSION FACTORS
rntil the units left are consistent. tor example;in the
gquation » = s5/r; which.ic dimensiona:ily_correcvt, you cannot

use "y" in inches apg "r" in feet unless you supply the
appropriat )

U = (311/21

¢ conversion factor.  Thus, if - = 3" and r = 2°;
Yy (1'712") = 1/8& (radian):

Do the arithm.tic to one significant fignre in your
head or on scratch,pépériﬁfInEﬁ,qghigfmqre,care?u11y; cancelling
as much as pessibie and usirg other_math shortiruts such as
calculators. If .here is not reasonable agreevent between
your two answerc; check them both again.

O.  CHECK your ancswer for phv-<c31 ruasonableriess and
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it should no longer be any surprise to find that most students
do_not pick up a good problem-solving strategy by siwply_seeing
a few problem, done by the text and/or teacher, especially

when these are not fitted into an overall plan.

__ _In summary; we have discussed one_us.ful probiem-solving
strategy having the following overall strocture:

i Set up a concise statement of the problem in terms
of labeled sketches and algebraic symbols.

I1. Do the physics; 1.e., write relations until there
are sufficient independent equations {in terms of the_
symbols from part I)to -olve for the desired unknowns:

111: Po the math--first the algebra; then the conversion
factors and arithmetic, and finally check for reason-
ableness:
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ENGINEZRING STUDENT
PROBLEM SOLVING

_Lois B. Greenfield
University of Wisconsin
Madison

The engineer is a problem solver.

Certainly; if 'you were to look in oii the majority of engi-
neering classrooms in_the country, you would find both students
and teachers concerned with problem solutions, which are thé
Froducts of problem solving. How theén do engin~ering educatcrs

teach problem solving skills to their students? Do they; in fact,
make a special effort to teach such skills?

... It is at. this point that I wsuld like to emphasize the
difference between the_product of problem solving; i.e. the.
answer or solution; and the process, or method of attack. The
answer or solution to the problem is readily observed and quanti-
fied and is easy to deal with: The eiineering student's home-
work solutions can be graded, and ~3ived right or-wrong if the

answer alone is_considered. Emphasic "3 placed on accuragy; where

method may really be equally important. In the “"real world", a

variety of answers may satisfy th. prcblem conditions--indeed;
tyo _engineers may Yook at a probl-w, ain’ develop two mpletely
different solutions to what they have - en .s two conoletely
different problems:

____ Although it is possible to infer the - viress or method of
attack used ir solving a problem from the product obtained, this

may be misleading. For example; if a student gets the wrong
answer to a proble; can we ascertain the reason? Do we know
whether the student has used the wrong formula; made an error in

arithmetic; omitte? an important variable;. or completely nisinter-
preted the natiire of the problem he was asxed to z:77e?

One way_iv ascertain the process of problem solving is tn
as the problen solver o think ala:? as he solves the probiem:
This solucion; r~ecorded is.it.is dev-ioped, may not be totally
comivlete, but 1. is mure 1ikely to reflect the actual process.

used thar if a Jater; retiospective account is obtained, whic! is

likely .. be cledned up, edited, and mide more coherent: The
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protocols obtdined by having students think aloud as they solve
problems offer a close approximation to the problem solver's
iethod of attack on problems. (1)

In the current literature; there_have been reports of problem
s01ving procedures, as well as descriptions or remedial efforts
made to teach students more effective methods of solving problems

These paths and precepts are developed logically; and have been _

shown to be helpful; but analysis of the protocols of students or

of experts thinking aloud do not conform to these step-by-step
rational; logical patterns.
 For example, Polya's How-to Solve It (7) outlines a procedure

for solving problems.
~_ “First you have_to understand the problem... Second;
find the ccnnection between the data and the unknown.
You may be obliged to consider auxiliary problems if
an immediate conngction cannot be found. —Yoir-should
obtain eventually a planm of solution:: iz
oot your plan;... Fourth; examine the gdlution
obtained."

In this analvsis; much ‘depends on luck and good guessing.
 Rubenstein (9) described general precents of prbbiEﬁ?%bivinqi(
as: 7 - ; 7 .
Get the total picture ]
Withhold your judgment
Use models :
Change representation_
Ask the right questions
Have a wilil to doudt

He further suggests ipaths to generzting a solution:

Work backwards il

Generalize or specialize -
Explore directions when thay fappear plausible .~
Use stable, substructures in the solution proces: (modules)

Use analogies; and metaphors = _ . )
Be guided bty emotional signs of success .

~ Leibold, et al (5) descripe an adaptation of Poiya . _upproach
used to teach problém solving to .freshma . engineering students in _
which they divided the definiticr of the problem steps into "Define" .
and "Think About It". Their oreakdown of the "Define" stcp
includes:
® Devine the unknown
¢ Defina the system .
[ ]

List kiiowns jconcepts, and choose <_..501¢
88 i _
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® Define tie constraints
® Define the criteria

Howeyer the student group reports d1ff1cu1ty in us1ng these
skills learned in the special class in solving their requiar
homewprk assignments.

As par* ~f the same program, Woods et al (12) have attempted
- to observe th: problem solving training to which engineering

students wer: exposed; to identify major difficulties the students
were having in solving problems, to identify necessary problem
,01v1ng sk111s and to teach these to the students They 1dent1-
and used these as a basis for deve]op1ng and teach1no a strateqy
of prob]em solving to the students in & tutorial program. The

strategy i5 outlined below. (12)
W

DEF INE Identify the actual problem
THINK What are the attributes?

ABOUT I

1T Identify area of knowledge “

collect information

Fiowchart solution

PLAN Think up alternative plans
1rahs1ate
TARRY OUT Solve
Pi AN
LOOK BACK Lheck reasonab]eness & math
- Check criteria & constraints

Study related problems
Identify applications in ern :ineering; ev :v-
day ?éhéViﬁ? & deserted island
Identify & memorize order-nf-magnitude numbers
Peveiop successive approximation strateaies
- - Stﬂaybbeﬁiéﬁ—s61Viﬁé ckills learned
Cammunicate results

__The strategy is dev1sed rtt1ona11v The prncedure for

1mpr0v1nn student skilis requ1re~ the students to focos on a

-
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particular step; simultaneously; and then to discuss each other's
ideas. The problem defifitinn step has had greatest emphasis this
Far.  This method, although developed on the basis of a rational
analysis of problem solving, does place emphasis on the actual
hrocess. An interestina cbservation made by the professors
assigned to sit in on all the required courses_with the students
was. the discovery that the lecturers actually presented a large
nutber or hints for solvina problens as well as numerous example
solutions; yet the students did not capitalize on these hints or
exanples.  They failed to note them in clacs {presumably because
they were verbal and not written on the board) .

. Stonewater (10) points out that, althioudh, enqineering
instructors are well able to specify the problem solving processes

they use, thev may have difficulty specifying the processes a
student should ose; since through experience and practice the
instructors nave internalized so much of what they duo. He points
out that step-by-step procedures instructors present to.stodenitc
d the blackboard problem solutions may not be ordered in the way
that the problem was solved by the instructor initially; but
rather mav e edited to be nore elecant. Again; the stratedy
used tor problem solution may not be identified,

Stonewdter developed a course; "Introduction to Reasoninc and
Probler Solving”; usine a task analysis procedure to develop N
stratenins for problem solvina. In the eight module course, three
rodules were devoted to the preparation phase:

L. Preparing for Problem Solving - discriminatine between

relevant and irrelevant information; specifying solution
derived, visualizina problem

2. Drawing Daerams
3. Dinanizing Nata Tables
and five to stratenies for solving probleins
1. .ub 5#651ém,étrathy - identify unknowns and sequence the
order in which they must be solved
PL Swb problem strateqy - develop an orqanized method to
solve the problem

4. Contradiction strateqv - state an assuinption which is

the Tnaical neaation of what iS to be proved and use

this to contradict aiven information

inference - infer additional infomation from what i<
given

>

. Working backwards - start at solution, rather than with
aivens:

S}
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SStonewater venorts three aieds of concern in teaching problc:
seleinil s These e findine tochniques to help <todents improve
thedr oraanizationel ability; improve their abstiract reasoning
L and denrove tednsfer of learning to other courses;

B Stonewdter's instiructional applications include use of o
diemostic test to determine which students have mastered a
pavticular stratecy o desiqn of selt-paced materials to implement
Tearning anid piiving <tudeits to studv particular materials.

The latter withod of vairing Students *o teach problenm . .

“olvine SEiTIS had been described and used successfully by Whimbey
(TR o adapted trom g mothod deseritied by Bloom_and Broder (1):
shinbey developed a proovan where students; workina on a one-to-
ene hasis with other students think oit ‘oud as they solve prob-
0TS to tiv to deteriviie What 15 hindering their success as prob-
ler wolvers o The students work a series of exercises desianed to
Pncrease their ability to redad_and _understand technical and
suivnit it writine as well as to solve m thematically based read=
ing preobler s Initially; studeiits contrast their methods of.
solving preoblems with the ~othods used on the same probleiis by
guod prop i cojvers:  Chiricteristics in which daonod problem
solvers ditfer from hoor problem solvers included:

Fotivation aid dttitude toward problem solving
tencern for accuracy

Ereabting problems into parts

“rount of quessing ,

“wtiveness in probler solutiorn

Laboratory dnd Pepdrtinetit of Phvsies and Astronomv and School of
Yrainesring hdave been cooperatina.in.investigating a varietv of

instructional techniaues for developing students' codnitivo
skills, and for tcachina analvtical reasonine (?.3)(6).  Askirii

)

students to think aloud; Lochhead and Cletient study individual

Fesearchers at the University of Massachusetts Heuristics

student's codnitive pProcosses to determine what learning strate-
tina they emplov, the basic concepts firor which thev operate, and

the technigoes they use in problem solvinag, They use this

intomition to make the students better problem solvers.
Lochhead (6) reports:

~ "We find that what studoernits usually learn from a
phvsics course is not §t all what we believed.. For
exgiple, a fow months aago 1 gave a studenit a ride into
the liniversity. He asked ié what | did and 1 teld him
[ taueht problem solvina to introductory physics
students: He replied that he had taken_a phvsics course
the previous year {Physics for biologists): it had been
Ok but. of no lastino value. He had tried to understand

the waterial but that took too much time and wasn't any
use_as far as. the arade._was .coricerried. So after a
couple of weeks He settled in on memorizina formnulas

9.3
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and _found that the homework and exam problems could.
always be solved by nluaging the aiven variables into
whatever equation happenedfgpwjnvo]ve those variables.

He aot some practice in alaebra and also in triqonometry
but the physics he learned was just rote formulas =~
which Tess than a _year later he had completely foraotten:
“his approach to ]earn1nq and probleni solving is an
example_of_a syndvowo we_call 'formula-fixation'

"The. stodent is neither alleaorical nor unusua]
deois perhaps more perceptive than many of his_ class-
sates; but by no means unique: tast winter Robert
Gitdv, Who is directing the experiimental physics course,
wds visited by an anary student who had obtained a R+
in lntvoductOyy phvsics. The problem was that she had
unde: stood none_of 1f.__The purpose >f her visit was to
set up an independent stody coarse for the Jaiusry tern
in thich she coU]d tr: to understand the material she
had mastered.

"There is a popu]av myth that students cannot
understand physics because they are weak in mathematics.
The dbove examples show that the inverse is often the
case, namely; an_ability to_do mathematics makes under-
standlnq tho phys1cs unnecessary ~ But students are not

th1nl1nq e all do 1t most.of the time; and we. .
reauldrly continue the practice when we teach. ﬂ]th
rare exception textbooks and teachers_emphasize the
mathemratical manipulations and spend little effort on
oxplaining the phvs1ca1 concepts or on explaining why
the mathesatics is an ippropriate representation of

those concepts."
Clement (3) commants:

recite it fa1thfu11y when oiven the appropr1ate prompt.
Mith a little practice the student may also be able to
apply the law in_a limited class of problems_such as
those typically found on tests: However; these. abili-
ties in no way imply the un-learning of contradictory
intuitions. In fact; a careful investiqgation of liow
students solve problems shows that in most cases they
cre operating with an inconsistent system--a collage.

of newly . iearned principles and old intuitive concepts.
The nld intuitive concepts are remarkably resistant to

cnange and this presents a difficolt challenge for
teachers.

_ "Dne area_of physics where these intuitions are.
particularly strong is Newton's first law. The first
law states that a body in motion will remain in motion
unless acted. -on by a force: Itis a strange law

Oar everyday experience ?§0ws that bodies in mot1on
J3
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comes taorest without the application of a visable force.
Hartherorse to keepoa bady in motion reqaires the appli-
catfon ofa tfovcor Thus learninag Newton's first law

frlies the unleaining of cortain intuitive concepts:”

These points e illustrdated With student protocols; aer »rated
dw the students think aloud.  Research and experiences with o
teachine analyvtical reasoning in programs fashioned after those of
Arthar Whinbey (11) focus on five aspects of analytical reasonina,

9 critical thinking applied to understanding complex
_ instructions )

@ inilvrino of errors in reasoning

8 solvine word problems

O mualvring trenids dand patterng

® using analoacies in farmal contexts

funed on this, faculty members at the University of Missa-
disetts have proposed the developrierit of an Analytical Skills.
fonter, fiedjiidrtered in_the Department of Rhetoric: which vi1l
attespt to diaanose the causes of students’ weaknesses in.
malytical vedsoning ability, and provide instructional programs
Phat teach these <kills.  The Project will be a joint effort of
peonde Feoc the departirents in engineerineg, physics, mathematics
and rhetoric!

Partin dnd Yeif {4) and others at the University of Califor-
nia Departiment of Physics and Group in Sciehice and Matheiiatics
fducation hivie contrasted the method of solution of experts
(rrofessor of physics) as they solve _physics problems thinkitg
Alonds with the method of solution of a4 novice {a student who
had completed one _guarter of physics) as he solved prablems the
sate way. The record of the riovice shows a direct approach, that
dt simplv dpplying various physical principies to the problem in
order to produce equatians: The equations are then cambined to

produce the de<sired diuanititative solution.

In contrast: the cxperts do not juip directly into a quanti-

tative solution but rather seem first to redescribe the prob lei

in qualitative terms. The qualitativé description is close to
the cuantitative cgustions which ultimately complete the solution:
The quaiitative anal;zis seemingly reduces the chances for error
since it is easily checked adainst the original problen, and it

outlines an easily remembered description of the global features
of the ariginal probiem.

In addition to the interpolation of the Gualitative descrip-
tion, nuvice and exnert seem Lo Jiffer in the way they store
physical principles in their menicry. The novice seems to store
such principles individually while the expert aroups principlies

which are connected; and stores them as “cliunks”. Thus, seefiing=

17, when the expert accesses one prin inle from memory; the other
associated principles become available:

93
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rarkin () uppllud this reseds ch to her t“uCh]nQ of a calculus
based phyvsics course. Ten students were trained ‘to apply individ-
urlly seven physical principles necded to solve 4 DC circuit prob-
lem. After this, the students worked three problems,; which could
be solved by svsfemat1ca11y applyina the learned principles. . Then
five of the students were Given additiondl training (one h0ur) in
gudlitative aralysis and chunking. Then all students were . given
three additinnal pwoblemG, work ing individually, with tne inStruc-
tor, and thinking aloud as _they solved the problems, In the
experimental uroup three students solved all thiree problems, and
two solved two. [n the other group four of the five students
solved at most_one preblem. Larkin stresses that “if one is
serious about trving to enable Stidents to solve problems in
phvaics more effectively, the following procedures seem prun1s1ng;

(l‘ Observe in detail what experts do in solving probleis.

(7) Abstract from these observations the processes which seem
most helpful. (3) Teach tnese processes explicitly to students.

__ Now, based on this descr1pt1on of work going on in the f1eld
what is it that you ds dan engineerina _educator can do to enhance
the problem solving capabilities of your onﬂ1nppr1nq students?

uell, you can continue to do as you have done in the past;
assiqning problems; and either correcting them or providina the
correct solution, assuming that, by this method; your students .
are loarn1ng to be problem solvers: . And 1ndeed, many of them do

Tearn engineering problen solving skills in this way.

__0r; vou can present and discuss a loq1ca1 strategy for
probleir solving, similar to that described earlier being carried
on_at McMaster UanEFS1t] (5:12) with special quidance on problem
solv1nq aspects of ho ewOYR assianments carried on independently.

of the classroom presentation.  In_the classroom; you can present
hints for solvifia problems, and offer solutions to example prob-
lems, remenbering to call attention to these hints or examples

or write them on the board, so that the students will attend to
thani.

The problem so]v1nq course deve]oped by Stonewater {10}, at

Fichigan State; offers a different technique; a separdte nastery
loarning se f-paced model course which teaches Students such
thinas as how to prepare for problam solving, to draw diaqranms;
develop data tables; and use sub- probleii strategies. The special
course developed by Woods, et al (12) at tAcMaster alsc uses a

rational approach to the teaching of problen solving skills,

) In y opiniaon, one of the least expenc ive and least disrup-
tive things vyou can do is to reduce ciiphasis on the prodicts of
problem solvina, on always aett1nq the “right answer”; and stress

the process of pyohlnw solving as you present material in the
classroon, Let *he students watch and listen as you; the . expert ;
tactle a probles: Let students in on the Wdy you discriminate

between the relevant and irrevelant information in your problem

G

-
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solvina process; the wdy in which ycu trans]ate the 01ven prob]em
description into a more workable form,; how you redefine the prob-
lem {nte towne such as. force; morent, etc., for Wwhick you can
develop equations, or how you draw d1agvam< or data tables or
graphs _to help in this process: €all_the.student's attention to
the process by which you break a problem into mor. manageable sub
parts. Permit the students to listen in on_your process of .
developling. a plan; even where it ledds to false starts, and to
ledrn how it was you recodnized that you had chosen the wrong
path; and how yocu check for consistency. In otker words, let

the students sec the scratch paper you have discarded, rather
than just vour eleagant final solotion! In elementary courses,
try, as Lochhead and Cleiient Have doiie, to make Sure students

understand the relationships in equations and are not merely
plugaing in nunbers:

According to Reif (8) and Larkin (4), it is he]pfu]ftg 7777777
studerts if they can organize their know]edge base qualitatively;
usine verhal descriptions to group principles, to "chunk” rela-
tionshins.  Point out that students should cxamine problems for

such relationships rather then immediately spewing forth equations
(which miv or mdy not be relevant).

Reif (8) points out that some comiich teach1ng pract1ccs used
in engineering courses, such_as emphasis on mathematical forma~
tions; may be do]otrlous to students' skill &t problem solving,
while shunning verbal or pictorial descriptions may also hinder
the students. Students shouic probably be. encouraged to use
verbal doscr1pt1on< and argurents. Stressing linear procedures
as _in_combining equations should be down played; while hierarchial

‘olations should be stressed.

_In sumnary; pay more attention to the processes of prob]em
solving your students use rather than the products, and you will

pvohuolv do a better job of teaching enainecring problem solving
skills:
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A BACKWARD-REASONING

MODEL OF PROBLEM SOLVING
o N: L. Marples
University or Canbridde (Frnaland)

Introduction

. _This paper presents a description of a typical problem used in
eng neering education in universities and of the kind gf argument
and techninue which the solution of such problems require. While it
has drawn wpon an examination of real problems, real cribs and the
nrotocols of real problem solvers; it is rot an analysis of actual

problem-solving behaviour. An idealised solver is assumed whoce
knowledge of engineering theory is supposed to be complete. There

is_no discussion of the difficulties that may beset a problem. solver
who does not know the theory or the technique required for sglving
a_given problem. Similarly; real problems, as set, may have
omissions; ambiguities or obscure phraseology. Many of them are
curiously truncated to fulfill the purposes of education and
examinations. .Furthermore, not every problem will conform to the
classic type discussed here. Real solutions too, reveal all

comment_is made. Cribs are. assumed

to reveal solutions in which the swiftest logical progression
from problem to answer is represented. Bit they, too, may have

imperfections of argument and technique and the statements in them
ire selected from all those which have beeri made by the crib writer
in the course of his wrestling with the problem.

The paper provides & rela;jvely”sjmp1é2 model of problem solving
vith an emphasis on focusing and backward reasoning, and corcludes
vith a brief discussion of its possible value to teachers and
stadents
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The Analytic Engineering Proolem

JInoindastrial practice, theé piototype analytic enyineering
problen is jirovided by an artefact* about whose nature enough is __
known to be able to answer questions about 1ts behaviour when it is
subjected to certain conditions. A bridge is subject to dead and
wind loads: what are the stresses in the iigibers? A cooling system
has been designed for a huclear reactor: what will be the pressire
drop at various rates of flow? An electronic_circuit_has been put
togqether to dchieve certdain objectives: how well is it likely to

succeed? In each case the design has been conceived and given
sufficient fowm for the questicn to_be asked and answered** The
conditions under which it is expected. to perforn are specified by
edict and by natare and the erigineer is_now required to comment an
1Ls behaviour.  Calculations of this kind are required in every
branch of industry to "test" designs. All designs are put forward
in the expectitioi tHat they will be subjected to such calculations.

The questionc dre niot always directed at discovering the.
tichaviour_of the artefact.. Sometimes the behaviour is specified
and .an attribute of the artefact iust be discovered which will.
produce that behaviour. For example; a railway vehicle is subjected
to certain_loads:; with how iuch canber iust the frame be built so
that it will be straight and level when loaded? Sometimes the
behaviour is specified and. the conditions under which this behaviour

will occur are required. A ldarge range of vibration problems come
under this heading.

Speaking broadly, the problems used to train engineers in
universities have the.same characteristics except that the description
of what is happening to the artefact is pruned to the point_at which
orily those aspects having reference to the answers are specified.

In the classic form, an artefact is described first; then what is
happening to it and_then the question is put which requires the student
to calcuiate; with the aid of engineering theory, the vaiue of.a
specified attribute of either_the artefact or the happening. In
fact, the world is divided into two parts, the artefact and the rest

of the world. The happening specifies what the rest of the world is
doing to the artefact but only jast as far ds is necessary to enable
the student to answer the question asked. Certain attributes of the

has_much wider connotations and also because it has special meanings
in Thermodyrnamics and Control Engineering.

*We Use the term "artefact” rather than "system" because "system"

*Engineering science is concerned With knowing which guestions need
to be asked and how they may be answered. _Engineering design is

concerned with imagining artefacts that will perform the taks for
#hich they were conceived and will aiso stand up to the subsequent

catechism of engineering science:

’ 10:
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worid, such as aravitational pull, can uUsually be taken for granted
in any problem in which they are relevant; and usually are not

specified as part of the conditions of the happeninc. The wnasked

question fs how the world manaqges to do it:- this is irrelevant; a

mighty bat anseen hand is always at the disposal of the problem

setter,

Usuallv, the yuestion asked refers to an attribute of  just a
part of the artefact, and_the solver 1s obliged tg focus_his_attention
on this part and to consider its behavicur when it is subjected to
the actions both of the rest of the world and the rest of the
artefact.  The ability to replace the rest of the artefact with a
set of interactions couched in endineering terms relevant to the

question asked i3 oné of tho important skills of the analytic engineer:

This broad analysis may now be illustrated by reference to the
nroblein.
Fig:»{;_ The- problem

A Tight rpd,ﬁof Tength 2%, has ém;ji”masgégrét;dcﬁéd at each
end which slide on a rough horizontal plane of friction
coefficient ".". At g particular tiie, the centre of the rod G is
moving with velocity v and the rod i< orientated as shown in._ the
figure, at 30 ta the directioh of motion of G. If the angular
velocity of the rod is then v/t find the acceleration of G.

Q-

Artefact A 1ight rod connecting two siali masses or a rough
horizontal plane,

The_ happeriing The masses s1ide on the piane with initial

translational end rotational velocities in a given
orientation;

Question Find the acceleration of the centre of the rod.

99
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The artefact

A11 artefacts have more than one component Each component 15

quant1tat1ve1y Sach attributes have great 51gn1f1cance for the
problem solver. Given_two masses, a rod and a plane, we could not be

sure_whether we are concerned with statics or dynam1cs. or even.a
problem in projective geometry. However, the masses are "small"
so that the moment of inertia of each mass about an axis through it
can be ignored in compar1son with the moment of inertia of the mass

about any other axis. The rod is "light" and "of length 22" so that
the mass of the rod can be neg]ected compared with those of the
masses,_and the distance between the masses enabies _the solver to

calculate moments of inertia (and so forth). The plane is "rough"’
"horizontal” and has a "friction coefficient " so that "sliding"

will produce friction forces equal_ to ji times the reaction between
the surfaces, and the reaction will be mg.

These qualifications can be classified under two other headings;
those that_qo to_the_root of the problem and specify the nature of the

artefact which causes the _behaviour; e: g: _the plane is rough
horizontal and Fas a coefficient of friction u, and those that,

under the "house rules" of. the teaching situation; signal appropr1ate
behav1our on the part of the problem solver, e.g. "the rodrls light"

equa]s 1qnor° 1ts mass" and. the "mass is small" equals "treat as

This discussion demonstrates that the description of the.
artefact, and in_particular, the manner_in _which the description_

of _the components are qua11f1ed may lead to important inferences
before the question asked is stated. As we shall see, the question
asked tells us which of these inferences must be brought into play
in order to answer it. Furthermore, the nature of the componernts
and of their attributes; and the relationships._ spec1f1ed between
theri, give rise to expectations.about the branch of engineering

which is relevant to the analysis of the artefact's behaviour.
The happening

_ The happen]ng* is usua]ly spec1f1ed by a verb su1tab1y qualified
by adverbs or adverbial caluses which define the conditions of the_
happening either qualitatively or guantitatively: ..In this instance
the rod and masses._slide on the plane_and_the s]1d1ng is qualified

by the conditions that, at a particular tive; the rod and masses have
particular translational and rotational velocities.

artefact we find that our expectat1ons about the branch of

*We chose the word “"happening" rather than "event', _"circumstance”,
"gituation" or. "action"_ because_problem solvers so frequent]y ask
theiiselves, "what is actually happening?":
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engineering theory invoived will be confirmed and, possibly narrowed:
We shall also find that ore attributes of the artefact or of the
components can be deduced which will only be true for the given

happening. So, given the initial velocities, we can calcalate the
initial kinetic energies of translation and rotation and the angular
momentum of the rod and masses.

.Usaally enough attributes of.the artefact and happening are
specified in symbolic or numerical terms to enable the engineering
reasoning which the question requires to be expressed in mathematical
form and a_symbolic or numerical answer obtained. It will be converient
to_refer to the suii total of the numerical or symbolic guantities
provided in the description of the artefact and of the happening.
as the "jivens": 1In this instance the givens are 20, m, i, v, 30°
and; assumed, g.

__ 'Given the description of _the artefact and the happening, a number
of different questions are possible: The broadest possible question
15 of the kind: "Discuss the ensuing motion". If this question

were asked, we might_expect the solver tg find the initial linear

and angular accelerations; the time and distances to rest and the

path of G. He might even go on to find the force in the rod.

In fact; he is asked for the acceleration of G so that the
question is a _means of limiting the calculations required of_ the
solver once the artefact and the happening are given. If this is
the case, a solver will work more efficiently by asking what
calculations are necessary to provide the answer required thari by

asxing what calciulations are possible:

- _The question does not_specify explicitly the component_of the
artefact whose attribute is to be valued. The component can. be
identified by recognising that G is not only the centre of thé rod
but also the centre of gravity of the masses. Consequently, the
solver must focus on the rod and masses and. replace the plane by the
vertical and horizontal forces due to gravity and friction.

, Aaain the question asked enables the solver to test whether
his preliminary hypothesis about the rélevance of a particular
Lranch of cngineering theory to the analysis of this happening is
reasonable. If, to the masses and forces defined by the

desceiption of the artefact, we add the sliding and velocities
defined by the happening we are not altogether surprised to be asked

for the acceleration of the masses. All this data supports the view

that the propositions of particle dynamics will be required for the
selution.

The Solution

101

) N
S
3]



Fig: 2. The crib solution

The velocity of each mass is the
velocity of G plus the velocity
of the mass relative to G.

For the rod and masses together
The frictional forces are
mutually 4. Hence the total
accel. of G, the centre of mass
e o VT ., P
/~L./rn§i = ,L(Cj/\ﬁ?_,

2 m
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The frictional forces act in
the directions opposite to
the resultant velocities

(Acceleration)
Resultant
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If we look dt the crib we observe that it begins by drawing
vector diagrams for the velocities of each of the masses. The
question asks for the acceleration of G. Clearly; an arqument is
iissing from theé crib which enables the solver tg know that by startin
where the crib does; he is making the best first move towards obtainin
the value of the unknown*. We put forward the following explanation
for this behaviour:

Iﬁﬁ?fﬂ?ﬁiﬁﬁémyﬁkﬁﬁﬂhﬁ

. Our discussion of the artefact and the happening shown that a
number of their attribites can be calculated from the givens using
engineering theory. Etach such attribate is an unknown prior to its

calculation; bat is may not be the unknown asked for by the_question:

When it has been calculated; its value can be added to the list of
givens to determine more unkngwns which Will be attributes either

of the artefact or of the happening. Such a process canngt be =
continued indefinitely however; and; sooner or later the value of the
unknown required by the giestion will be obtained. _Unless the

required unkrown can be. found by the first application of the

engineering theory to the givens, the necessary calculations will
provide values for a number of unknowns which are not asked for. These
unwanted valoes we call internediate unknowns.

For the given problem; it is not possible in_a single step to
apply a process to the givens and thereby determine the acceleration
of G. _We know therefore that. there are a nurmber of processes applied
saccessively to a series of givens to derive the value of the unkngwn
from_the_initial givens. Fach process determines some unknown which

Js rejected as not being the unknown required but which at least
reduces by one the number of unknowns which must be found before
finding the unknown required. At worst, it neither ‘ives nearer to
the inknown required nor helps us in our understanding of the
problem. If; therefore; we can start with the unknown_required and
specify what unknowns must be found in order that it can be
calculated from these unknowns, we will have rediced by one the _
number_of.steps, unknowns and processes required to move from the
initial givens to the required answer: Clearly this backward step
may have to be repeated, the new unknown now identified leading to
the identification of still further unkncwns; each associated with

successively-earlier sets of givens, intil we arrive at unknowns. whose

values can be determined in terms of the initial givens: Reasoning

which asks _and finds an answer to the questieon "What unknowns must
I find to calculate the unknown I want?" will be calied "backward
reasoning". The process of calculating an unknown from givens will
be called "forward processing”.

. Consider the problem again:. The question is: find the

acceleration of G. To which a possible response is: "What do we
*An inspection of the cribs of a large number of problems shows that
a high proportion begin with the calculation of unknowns which have

no immediate connection with the unknown required.
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-need to know in order to calculate the acceleration of G?" Let

as suppose we see that Newton's Law is applicable here in the form
a = P/m._ Then we need to_know P, the applied force and m, the

mass. _We_see that m is known in terms of the givens (= 2m) The
varrab]e P, however, is still not given and is the new unknown. If
we see that P is the sum of the horizoatal forces on the artefact

and is therefore the suii of the friction forces, we know that P =

.R for each mass,; where R is the vertical reaction between a s1ng1e
mass and the plane, and that it acts in a direction oppos1te to

the direction of motion of each mass. The new intermediate unknowns
are therefore R and the directions of motion of the masses: Since
the plane is horizontal, R = mg. For the directions of motion we

need to see that these are the resaoltants_of the velocity_of G and of
the velocities due to rotation about G. The velocity of G is one of
the givens. The new unknowns are the magnitude and direction of the
velocity dile to rotation about G. We see that the magnitude can be
determined by muitiplying the given angular ve1OC1ty by. the given.
half- length of the rod and that its direction is at right angles to
the given orientation of _the rod;_and these_are given._ Since we_ _
have shown how all the unknowns whose values need to be calculated

in order to evaluate the acceleration of G can be determined in

terms of the givens; we. are now in a position to perform.the

"forward processing" which will carry out these calculations.
"Backward reasoning" appears to carry out the necessary caiculations
in reverse on]y where the steps are so simple that their formal
setting out is unnecessary. So,. for example, see1ng that "a" can__  _
be obtained from a = P/m (1f we know P and m) is a backward reasoning
step whose forward processing is the precise reverse, viz. given

Pand.m; a = P/m: But the apprec1at1on that the velocities of
translation and rotation can be added vectorialiy or that the two _

forces can be added vector1a11y 1s qu1te different from the1r acteai

the knowledge of a specific techn1que --.in this case vector
addition -- which has been devised, taught and learnt. This a
capacity for planning in some such fashion provides a possible
explanation for <he time interval which frequently occurs between
a_solver reading the question_and beginning to write. _Furthermore,

it explains how. and why he begins his solation by drawing velocity
diagrams, and then goes on to draw force diagrams for the addition

of the fr1ct1on forces These are the two steps which can be

_However; from the discussion on the descr1pt10n of the artefact
we discovered that the existence of the horizontal forces P = umg

for each mass can be inferred without reference to the question
asked and this part _of the argument,c0u1d have been determined by

the solver and be held at the "ready"”; as it were; before the backward
reasoning begins. But he would have no reason for doing this as
opposed to calcuiating the values of the kinetic _energy; etc.; unless
he had already decided that it was a prob]em based upon Newton's

Law. The latter implies that_forces are required and results in__

the p]ann1ng set out above; unless the solver used a house rule of
this kind; "The value of u would not be given unless the value of
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the friction force is required. Therefore note that the friction
force is umg".

__.. If.we assume that he reads the whole guestion before making any
calculdations we may suppose that his backward reasoning is

restrained by his knowledge of the givens, and the forward processing

he may be tempted to apply to the givens will be restrained by the
knowledge he_has of the unknown required. In difficult cases he
might have to work from both ends and then find that some of the
properties specified in the artefact enabled him to calculate a
middle step in the argument as well. What seems certain is that.
one way or another, the chain of argument must be completed. AN
the operations and arguments set out must be accomplished even if
Some are SO trivial as to seem scarcely worth the mention.

Particular-general analysis

In the discussion of backward reasoning it was necessary to
assume the capacity on the part of the problem solvéer to see that
Newton's Law, the Friction Laws, the Laws of Vector Addition and
so_forth were the relevant bits of engineering theory reguired for the

solution of the problem, and at what point each bit should be
brought in. The recognition processes whereby each relevant bit

of theory is invoked at the appropriate point are subtle and complex;

and the description put forward here is no more than a first step
towards their analysis.

__If we consider the crib; we see that the solution consists of
a set of particular statements of general propositions. The
velocity diagrams_are_particular exampies of.the law of vector .
addition and of the. general proposition (written alongside them)
concerning the relationship of the velocity of any point on.a body

to_the velocity of the centre of gravity of the body. The force _
diagram is a particular examplé of the laws of vector addition and

of the general proposition {written alongside it) that frictional

forces oppose the direction of motion. The final equation
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“Acceleration of G = umg/ 2 /2m"_is a particular statement of Newton's
Law whose genera} statement specifies that a body free to move under
the action of a system of externally applied forces .experiences

an acceleration equal to the resultant faorce divided by the total

mass. More briefly we say and remember "Force equals mass times

acceleration". Even more briefly we remember "P = rmia".

Whatever the form in which it is_remembered, it is not associated
with a particular force; a particular mass or a particular
acceleration: If anything is envisaged it is a rectangular biock

With two arrows, one representing force and the other —- possibly

double-headed -- to represent acceleration.

The mass can be anything: an aeroplane; a car, a quantity of

fluid, what you will, and the origins of the forces and the magnitude
of the acceleration change accordingly. In this serise P = ma applies

to all artefacts which are free to move and is; therefore, of great
generality.

. _The law F = uR describes the relationship between Ehé,tangeﬁtiaj
and normal forces on two bodies in s1iding contact and applies to all
such circumstances. When we remember it in this form we have neither

them together and make them slide upon one another.
It would appear that we store our working version of engineering

theory in a series of shorthand statements, many of them of the
kind P = ma and F = .R, and that it is in_thesé forms_that the theory

is brought into play to solve problems. Behind each_shorthand lies

a more comprehensive statement of the proposition which recognises
its limitations and defines its terms with more precision. Behind

these statements lie physical descriptions which enable the user to
represent the circumstances associated with each proposition
pictorially or diagramatically: The engineering model of the

real circumstances has a pictorial represéntation, a symbolic or

mathematical representation and a representation in precise :
English:. The use of the symbolic representation impliés the use of the
pictorial representation even if this is not set down explicitly:

And this must be so since the various general propositions used in
the course of solving a problem are_true only with respect to particular

parts of the artefact. In fact, the focusing on which we have
already commented in connection with the form in which the

question is asked occurs each time the solver's_efforts are
directed towards determining another unknown. Focusing is an_
inevitable concomitant of each general proposition invoked and each

intermediate unknown pursued:

~ Consider the problem again: The question as pot directs
attention to the rod and masses in association with P = ma. The
quest for a is replaced by the quest for P; and F = ;iR is thereby
invoked: Bot F = jiR is associated with a focus on the point of
contact of either of the masses with the table. The two velocity
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diagrams are associated with a focus on each mass in turn. The

determination of the linear velocity of each mass due to the angular
velocity associates the simpie formuia v = wr with a focus on the
Tength of the rod.

. In nost cases; general engineering propositions are true only

of components of an artefact. It seems apparent; therefore, that

the process of solving this problen involves the recognition of a.
series of subsystems; each appropriate to the proposition required

for the determination of an intermediate unknown. The joint :
recognition of the subsystems on which the solver should focus and N
of the propositions that qo with it is an.important part of the totai
process. _The previous discussions on making inferences from the
description of the artefact, and on the way in which backward reasoninc

directs the search for relevant subsystems and their properties,

explain in some degree how thesé acts of recognition are fade.

. S0, for example; if the applicability of Newton's Law to the
rod and masses leads us to attempt the evaluation of P, we need then
to recognise that in this particular case P is the resultant of the

frictional forces. We then generaiise the friction situation to
recognise that the Jlaws of siiding friction apply. This leads us to
recognize the need to find the direction of motion of each mass,
which in turn leads us to invoke the general rule for the direction
of motion of any point on a body and then to determine this motion

in the particular instance; and so on:

In fact the generalization process begins with the artefact,
the_happening,; and the ‘guestion. ~The rod and masses must be perceived
as a.complex mass, the friction as a source of applied force, and

the initial velocities and the request for acceleration as an
invitation to apply the laws of dynamics to the ensoing motion.
The iiipact of each interpretation is cumulative. The interpretation
nust be hypathetical in the first instance, but as each additional
component of the problem description confirms the original hypothesis,
the_solver becomes more certain that his first surmise is correct:

If soch confirmation is not forthcoming; the sclver raises further

hypotheses and tests these against each bit of the problem
description to ensure that no arbiguities or inconsistencies exist:
The process is like any other recognition process, and since the
information is very dense; there are a8 large number of bits of
information in a single problem description, all of which must be
consistent with the chosen interpretation.

Figure 4 shows the relationship of the particular to the
general_at_all stages of the solution; and the way in which the
focus changes as each particular question draws attention to a new
interiiediate unknown. Generalizations. from the artefact, the
happening and the._unknown build up to the recognition_that Newton's
Law is the generalization to invoke. Arrows labeled G? with their
heads in the general column imply the question "What generalization
most_we invoke in order to evaluate the particular anknown?" Arrows
labeled P? and having their heads in the particular column ifply
the question "What; in this particular case; is the value of the
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Fig. 4. Particular-General-Focus Chart
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symbol identified in the general proposition?” 1f we number off.
each of these questions as in the figure; we see that numbers 1-10_

inclusive reproduce most of the particular questions whose sequence
is set out in Fig. 3. In addition; these also specify the general
questions which identify the propositions that enable the solver
to replace lis quest for one unknown by a quest Tor another nearer
to the givens.

- As soon as the solver finds himself in a position tg draw the
velocity d agrams; he can_begin forward processing by using his

general law_of vector addition and going forward along_his planned

sequence. The translation from general to particular_is no loiger

in the form. of_a question, but an application of the general law
to the particular jnstance. In fact; the move labeled A{II)

(A for application) processes a1l the planning moves from_6?

(4) to G?(10). Its risult is the values of the friction forces at
right angies to each other: Thair summation P?{3) must be }
recognized to require the vector addition of forces . G?(12), and
A{13) actually does this_in_the particular case. Finally; the solver
invokes 6?(1) again at G?(14), and applies this and P?(2) in &(15)

to get the answer.

[t seems clear that this collection of acts of recognition, of

fotasing, of reasoning and of Frocessing must be undeértaken by any
solver who succeeds. It iz also clear that they do not have to be
undertaken in the precise order given by Fig: 4.

On the other hand, the order given seems to be the most
efficient and logical one possible. Any order which involves
working forwards from the givens without recognizing that a first
objective must be to find the friction forces because they are
needed for substitation in Newton's Equation; may well resalt in
calcalating other unknowns which turn out not to be intermediate

between the givens and the answer.

Summary-to this Point

__This description of a particular problem and of the processes
required for its_solution emphasises three main aspects of problem

solving. First it provides an analysis of the problem statement

which shows how useful inferences and moves towards the solution

can be made even before the question is asked. and which establishes
a basis for_the recognition of all the possible foci to which a
solver can direct his attention.

second, it shows how a focus, a generalization and . intermediate
unknowns are always associated and that a number of instances of
such_association are required to produce a solution. Each such
occasion, therefore, provides the possibility of three forms of
attack._ _The solver can ask “Given an intermediate_unknown; what

focus and generalization is true of it and what intermediate
unknown is then raised?" or "If this generalization is true of the

happening; what focus is requiréd to express it and what intermediate
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unkngwiis will then be raised?” or "Taking this focus; what -
generaliration is true of it and what intermediate unknowns will
then be raised?":

Third, it demonstrates how, because the solution involves a
forwdrd processirg technique, a qualitative plan using backward
reasoning is a necessary part of the process. The backward reasoning
diagram, of course, is not drawn but its equivalent occurs in the
form of some such argument as "The friction forces are the cause
of the deceleration; friction acts as a direction opposing motion
so I shall have to find the direction of the velocities of the
masses”. In most problems such plans are not essential _but a
backward reasoning approach provides one means of entering upon
a solution when a complete plan for it is still hidden from the
solver. He asks first; "Given the unknown required, what focus and
what jeneralization will produce an equation containing it and what
intermediate unknowns will this equation reveal?". He then repeats
the question with one of the intermediate unknowns as_the unknown
required until no more intermediate unknowns taorn Op in his
equations: . The elimination of the intermediate unknowns from these
equations will then provide the answer.

The —isplications for the teacher

For teachers the important quéstion i not how well the mode)

‘>scribes actual_problem solving behaviour {although we. have some
orroborative data from the analysis of the errors in 122

examination scripts and protocols of the solutions from six staff
members); but how useful such a model might be for teaching students
to solve problems and for the students themseives. Usefuiness
depends. upon. the width of the range of problems to which it is

applicable, how Significant an increase in the knowledge required

for problem solving it represents and whether it can be used as
a pedagcgic aid. The next three sections discuss each of these
questions oriefly.

The range of problems

It is clear that the mode) is concerned with the way

principles and procedures are put together to provide solutions

and is in no sense a replacement for them. Since procedures are
always forward-processing sequences; solutions which depend hmavily
upon them will only involve backward reasoning to the extent of
recognizing that to obtain the unknown required a particular
procedure must be used. Procedures however, include_not only_the

generalizations to be applied.to each focus, but also rules for
selecting foci and the order in which they are taken. This
characteristic of procedures is most easily seen in all those. . .
problems which can be solved by the use of vector diagrams. The
so-called "method of sections" of statics_is a good_example of a
change of focus using the same generalization when the rules.for
the selection of foci fail to_provide values of the intermediate

unknowns required next. It might be better recognized as such:
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The model applies equally to all subjects; which differ not

only in the generalizations involved but also in the character

of the foci. Scie of them show interesting complementary foci.

For example; joints and members in structures and mechanics, states
and_processes in thermodynamics, of course,; considerable emphasis
is laid upon the necessity of defining the "system" Gr the "control
volume” as a preliminary to the calculations. In mechanics a
similar emphasis is often laid upon the drawing of . “free-body
diagrams". :

__ .. It seems that all problem statements provide scope for solvers
to. invoke a wider range of focus; generalization and intermediate

unknown than is needed to answer the Questions asked. Difficulty

is. experienced by the solver if the cues for the right selection are
not clear. Backward reasoning is one of the aids to making such
selections:. If it is not clear what principle is_appiicable to the
happening, he can ask what equation will contain the unknown required.,
If the generalization is known; he can ask what focus will introduce. .
the unknown required. _When_the particular version .of the generalization

is written the relevant intermediate unknowns are disclosed and the
same questions can be asked about them.

The model as an-addition—to problem-solving knowledge

It has_to be recognized that the process knowledge embodied
in the iicdel is already possessed by most engineering students when

they arrive at the University, even if informally and implicitly.

Somehow, they manage to carry out the operations soggested by the
model .
When teaching a specific element of engineering theory; the

procedures necessary for_its use tend to be made explicit and

to be taught as part of the subject. The use of the "Method of
Sections” in Structures and the emphasis on defining the system
in_Thermodynamics. are cases in point;: Furthermore, any procédure
that is invented to handle a specific class of problem specifies the
processes to be used as well as the theory to be applied. The model,
therefare; is likely to be most useful in handling problems which

are off the "beaten track".

It is also well-known that students have difficulty in
assimilating into their handling of a variety of subjects a
technique which is common to all of them and taught separately.

The use of differential equations is a case in point: Similar
difficulties would have to be expected if the use of the model
were included in the curriculum.

n aid to pedagogy

The mode]

The student solver turns to the teacher when he is "stuck".

ihéf;éé@hét can then adopt one of two. strategies: _He can efither
demonstrate the solution by talking it thrcugh in front of the
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student; or he can attempt a Socratic dialogue to discover just

where the student's difficulty lies. A teacher who adopts the

second strategy frequently finds that if his. quest10ns are
1elat1ve]y open"; the student cannot see what he is driving at wh11e,
i _he_"closes" them_ to the point at which the student understands

him; he tis, in effect, done the student's thinking for him.
.. If the teacher knows_the model and the stucent doesn't; he
will have a further set of open questions at his disposal which the

student will fail to understand. If both know the model; the
teacher is provided with a@ new range of oOpen guestions wh1ch can be
understood_by_the student and which will direct the student's .
attention to particular aspects of the solution and discover what
part of it is not available to him.

: Typical questions could be: . "What js really happening here?",
"In what terms are you going to describe the happening?", "What
principle is app11cab1e to this happening?"; "Of which component of
the artefact is the unknown required an attribute?", "What
generalization_applies_to this_component which will_include the

anknown required?"; “What are the possible foci in the problem?";

"Have you considered focus X?", "What inference can you make from
a consideration of focus X?"; "Which foci will introduce the unknown
required?".

Our expectat1ons are, therefore, that the model would be
relevant to_examples _of the classic. ana]yt1c engineering. problem in
all subjects; that its formal exposition is not likely to improve
students' problem-solving abilities noticeably, but that it
provides an additional set of terms in.which teachers can discuss
the processes of problem solving, provided both teacher and

student are familiar with them.
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engineering thermodynamics®: €:1:P:
Workirg Paper 314, Department of
PSychology CT~MU; 1976.

Luger; G.F. & "Concepts, inferences and search in

Biindy, A. mechanics _problems”: Department.of
Artificial Intelligence, University

; of Edinburgh; 1977.
2. A more comprehensive account of the complexity of the knowledge

and processes involved in problem solving is given in:

Simpson, P.J. "Teaching for expertise". Surrey
University. (A _paper_giver at the
Third International tonference on
Improving University Education, June,
1977).
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9
LEARNING SKILLS AS AN OVERLAY

IN ELEMENTARY CALCULUS
 Jeffrey M. Brown
Marianopolis College

INTRODUETION

When one considers the magnitude of the task involved in pursuing
an education in engineering or in the sciences; it is obvious that gross
inefficiencies in the learning process cannot be tolerated. Yet in a
very real sense "on-the-job training" for university students has been
nonexistent. A student entering a university is presented with the
Job of learning, and is provided with all the necessary materjals and
tcols to do the job: The product called knowledge, which must then
begin to be produced, is inspected by a quality-control department
which detects only the flaws in the product and not the difficolties
experienced or the inefficiencies present in the student's execution
of the learning process: In effect, there are no shop foremen in the
brain factory.

Ir a recent program intended to provide engineering students with
instruction in problem-salving skills, Professor D. R. Woods {Chemical
Engineering Department, McMaster's University) found. that 1ittle if
any progress could be made in this area withou* first providing
instruction-in learning skills (3).  This is not surprising because
the results of the learning process form much of the input to the
problem-solving process: _The need for improved powers of perception
and analysis; for skills in scheduling and planning; and the require-

ment that knowledge be carefully structured, make a program in

learning skills a prerequisite to instruction in problem solving.

. _For some time the author has incorporated a program of Tearning
skills into courses in Elementary Calculus in.an overlay format, an
approach suggested by Professor 0. M. Fuller (Chemical Engineering
Department; McGill Uniyersjgy),ffThiS,approach has several advantages
Over a separate program. Because. it is incorporated into an existing
course, it does not make an additional demand on a student's time.

Since the students in the program are studying calculus in tne same
ciass, the two programs can be combined to develop both learning
skills and mathematical skills simultaneously. In particular, exer-
cises in learning skills can be based upon existing needs of the

students rather than on certain additiona] material introduced iii the
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interest of uniformity. Finally; as the term progresses; the conterit
and principles of the learning-skills program can be reinforced and
repeatedly applied within the context of calculus.

There are, of course, several disadvantages to the overlay approach.

Because time is taken from instruction.in calculus; the content of the
learning skills prograni must be limited to the most essential topics.

This format also places restrictions an the amount of time available
for open discussion of the content. Finally, it suffers from the fact
that the student is left to interpret and apply the principles of the

program to cther disciplines:

- In_spite of these weaknesses; on the basis of subsequent student
evaluations, the content of the program was considered helpful by a
substantial majority of students aiid they have urged that the program
be continued.

The learning-skills program deals with five specific topics:
1. Planning -- suggestions for managing time.

2. Menmory -- the structure of the human memory and the implica-
tions of this structure for the learning process.

3. Objectives -- a discussion of the meaning of comprehension
and expertise:

4. Content -- an analysis of the material presented in a typical
course in engineering or science.

5. Methods -- a presentation of a structured program of study
activities.

The program of instruction in learning skills is accomplished by
devoting_the first five hours of the calculus course to a detailed
discussion of these topics: This discussion provides a foundation
upon which the calculus program can be constructed. The 1ist of study

objectives.and the analysis of course content furnishes a frame of
reference in which each new segment of the calculus program can be

located; while simulation of the suggested study methods in the
lectures provides not only a model for the students, but a means for_
communicating many of the fundamental concepts of_ the calculus program.
In addition, the introduction of the learning-skills program has had a
noticeably beneficial effect on the author's teaching methods:
PLANNING

The first topic for discussion is_the scheduling of time. Stu-

dents must be convinced that the most_important factor in scholastic
success is the time spent in study. Though one student may be more

successful than another for a given time input; an individual's degree
of success will vary almost directly with the time spent in Study,
It is therefore essential that control be exercised over time; the
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student's most iniportant resource.

In the book, How to Study in Coliege, Pauk (1) describes several
dpprodches to time management: A number of these techniques are dis-
cussed with the class, of which the iost significant is the need for
study objectives. It is stressed that a student have a well-defined
iminediate objective when_studying, and a method for evaluating. progress
toward this objective. The student who sets immediate study objectives
Will find it easier to begin to study and niich of the time wasted in

aimless wandering through notes and textbooks (in the absence of
specific assignments) will be saved: On the other hand, setting such

objectives is a difficult task for many students. One aim of this
program was to provide the students with a carefully structured
collection of learning activities from which to choose:
MEMORY

Une criterion for a learning dctivity is that it be consistent.
with current theories of forgetting and learning: = As in the case of
planning, much of the class discussion on memory is based on the
presentation in Pauk (1): In discussing the structare of the memory
and the present theories on forgetting; the following points are
einphasized:

1. Tree Structure --.The student shoild strive to structure new
information in the form of trees having at most six _
branches at any node. This type of _structure appears to
be most compatible with the structure of the memory as
revealed through psychological studies. It facilitates

the recall of specific information by increasing the
number of paths of approach; and enharnces -the transfer
of information from the long-term memory (used for
storage) to the active memory (used for thought), by
promoting_the transfer of blocks of related facts rather
than the transfer of one fact at a time.

2. Staggered Recall -- in order tg learn and retain information
one must force the periodic recall of the information _
at intervals of severzl days. The work of K. Gordon_as

described in Pauk (1) substantiates the wisdon of this
approach.

3. Recitation - Oral recitation of information to be learned

results in a significant improvement in_learning

cfficiency. It might be speculated that the sounds
perceived by the ear prodice a separate trace of the
information at a different location in memory.

4. Written Notes -- Written notations produce yet another trace
of the information in memory: Moreover, in order to
stagger recall over longer periods nf time written

notations become an important source of cues for futire
recall.
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5. Creativity -- A student must strive to contribute original
content to the learning process because information

formulated by the learner _makes a stronger trace in the
memory than does information nzssed on by others.

It is stressed that constant awareness and proper 1mp]ementat1on
of these five major principles_are essential to an efficient learning_

process: Students are guided into a program of study activities which

focuses on these principles.

OBJECTIVES

In addition to cons1der1ng the current theories on learning, a
student must also choose _short-term study objectives and learning_
activities which are consistent with the broader objectives of ]earn1ng
As the discussion turns to the objectives of learning, students gener-_

ally agree that the goal of their education is to develop an ability to
perceive, formulate and solve problems. To place learning objectives
in proper context the discussion therefore begins with a brief intro-
duction to the six phases of the problem-solving process. These are:

1. Analysis -- to divide the problem into its component sub-
problems.

2. Interpretat1on -- to transform orrrg§tate the subproblems in
terms of familiar concepts; ideas and facts.

3. Recogn1t1on -- to locate each subprob]em within the appro-
priate discipline:

4. Procedures -- to apply or modify established procedures for
application to the subproblems.

5. Synthesis -- to com§1ne the solutions of the various sub-

prob1emq into a total solution.

rea]1ty

Several examples of practical problems are discussed in order to.
illustrate thgse phases:. It is pointed out during the discussion that
interpretation, recognition and procedures are areas in _which individual

courses make contributions to problem-solving skills. Analysis;
synthesis and evaluation are skills which develop as a result of one's
total intellectual experience.

After hav1ng acquainted the students with the role to be played

by individual courses in the development of problem-solving skills;
the program continues w1th a consideration of objectives for learning

in a course in engineering or science: To begin the discussion; stu-.
dents are asked to contribute possible objectives for learning in such
a course. The most common responses are "to understand" and "to be
able to apply", which are germed Comprehension and Expertise respec-
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tudents seem to have difficulty being more ex-
plicit, it is necessary_to discuss both objectives in greater detail.
To accomplish this the first objective €om rehension, is interpreted
to mean the capacity to participate in-meaningful_dialogue on the
subject. Tt i emphasized that dialogue implies the involvement of two

tively: Becaiise the s

Parties, both conversant with the subject. Five specific requirements
for dialogue are set forth:

1. Overview -- to have a broad mental view of the content and
the scope of the subject so that all aspects of the
dialosue can be kept in proper perspective:

2. Facts <= to be able to recall and state significant facts
accarately.

3. Interpretation -- to be able to rephrase a statement for the

parposes of clarification or simplification.

4. Justification -- to be able to SUPpOrt statements with exaiic
ples, or With arguments framed by 1inking facts and
examples together in 3 logical fashion;

5. Evaluation -- to be able to appraise the accuracy and rele-
vance of what is_heard through the recall of facts and
the spontaneous formulation of interpretations,; examples,
and countetrexamples.

.. _This development of comprehension supersedes the students'
abstract idea of understanding and replaces it with a coliection of
tangible skills by means of which a measure of the level of coiipre=-
hensicn is made possible, a requisite. if this objective is to be

pursued through specific study activitios.

Prior to describing the requirements of Expertise; it becomes
necessary to distinguish”betﬁeehfafprgblem and an exercise. "Problem"
is used when referring to a question having no known definitive

solution, while "exercise" is used in referring to a_question for which
the_answer is known tg be obtainable through the application of

established procedures.

o Inorder to clarify Expertise it is defined as the ability to
Qerformuthérgxercises,typically witha study of the sobject. In a

sense Expertise is defined as a 1imited fory of problem-solving skill,
restricted in scope to a2 single discip]jnélféhd,requiring little

skill in analysis or synthesis. Furthermore; Expertise does not imply
the ability to modify established procedures for applicatjon in new
situations. Hence Expertise as defined here demands far less Com-

prehension than does skill in problem-solving. Five requirements
dre enunciated:

1. Catalogue =~ to have in mind a complete 1ist of the types of
exercises which are typically included in a study of the
subject.
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2. Interpretation -- to be able to rephrase the statement of an
unfamiliar exercise in a variety of ways.
3. Recognition -- to be able to natch one of the 1nterpretat1on5

the cata]ogue
4. Procedures_--.to be able to apply accurately the appropriate
established procedure.

5. Evaluation -- to be able to appraise the va]1d1ty of the pro-
posed solution in terms of expectations and past
experience:

~ This discussion of Comprehension and Expertise results in a_
noticeable improvement in student-teacher commun1cat1on,,espec1a]]y
when dealing with a student's weaknesses or when discussing the
objectives of homework assignments or examination questions. Further-
more, this discussion_pinpoints two specific skills which normally
would not have been addressed by the student: The importance of skill
in interpretation and skill in evaluation is punctuated by the fact_

that they alone are requirements. of both_Comprehension and Expertise;
not to mention problem-solving itself. Finally this development of
learning objectives provides the students with a frame of reference in
which to locate the objectives of chosen study activities.

CONTENT

. When choosing study actjvities the student must be. concerned with
the general classification of course content and with the role to be
played by each of the various types of information-in a manifestation
of Comprehens1on or of Expert1se In addition to assisting students

content has a positive_effect. .on percept1on Dur1ng the prev1ous]y
mentioned program, Professor quds became acute]y?augre of the_

d1ff1Cu]t1es wh1ch students have 1n perceiving the content of a lecture:

fotore: For information to reg1ster on an 1nd1v1dua] s mind it must
align w1th sgmefbltfgf information already stored in the mind., For. .
it to Jock in it must fit.like .a. key:. . The difficulty dssociated with
percept1on cannot be eliminated by reshap1ngfthefjnformation The
problem jis not the.shape of the key,; it is.the absence of the keyhole:
This problem can be lessened appreciably through a detailed study of
the structure and purpose of course content in general:

To beg1n the d1scuss1on of content, the students are asked to

contribute some general headings: The_responses include d1scuss1on,
theory, examples and demonstrations. These are then grouped into two
general categories; Concepts (discussion and theory) _and Experience
(examples and demonstrations). To carry this study further, the

following classification of Content is presented:
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1. Concepts
A.  Thoory

1. Definitions -- the established terminology of the

~____subject. : L

2. Facts -- theorems, laws, principles, important formulas;
_etc. L - L

3. Sequentials -- proofs, derivations, arguments, physical

Or biological processes; etc.

B: Biscussion

1. Interpretations -- descriptions and simplifications of
) ~ definitions, facts and sequentials: o
2. Insights -- examples, counterexamples and antiexamples.

II1. Experience
A.  Examples

1. Classification -- a generalization of the statement of

o an example exercise: o

2. General procedure - a general statement of the pro-

... _cedure employed in the solution.

3. Likely errors -- a description of the context. of. any
type of exercise or step in a procedure which
frequently results in an érror, and a description

___©of the methods necessary to avoid the mistake.

4. Special cases --.a_description of situations which

require special procedures; and a description

of these procedures:

B. Perspectives -= information to be used in forming
expectations about the solution of exercises; or
to be used in the evaluation of proposed solutioris.

The three types of information under Theory are self-explanatory.
In contrast both interpretations and insights are discussed in some
detail._ In order to acquire further understanding of interpretations,

the students are introduced to the six media used for interpretation.

As an example; six interpretations of the derivative are presented here
for the benefit of the reader.

1. Verbal -- wusing words.

The derivative of f(x) at a point x = % is the instan-
taneous rate of change of f(x) at x = x..

0
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2. Viswal -- using pictures of graphs. ;(%ﬁ'

f‘(i6§ is the slcpe of the

line AB tangent to the

graph_of y = f{x) at the point 7

(xgs Flx5)). o| X,
3. Symbolic -- using established symbolism.

E1 oy §x+h2 ffx! A\

f (xb) hL}m A)L_}mo e

(In mathemat1cs, the symbo]1c 1nterpretat1on usua]]y is
the definition}. )

4. Dynaiiic == in terms of moving objects
f' (%) is the Timit of the £
slope of the line AB as the
point B slides along the

carve y_= f{x) and merges
with point A. O -

fi(xb) is to f(xb) as the steepnes of a hill at a
certain point is to the elevation at that point.
6. Combinational -- as a combination of more familiar concepts.

f'(x;) is a combination of
1. The slope of the line joining two points
2. The theory of limits.

Of course, these examp]es cannot be used in the 1n1t1a1 dis-

cussion of interpretations because the students are not_yet familiar
with the notion of the derivative. The author interprets the various
tr1gcnometr1c functions_instead. _The 1mportance of having facility

in_interpretation cannot be overemphas1zed in any program on learning
skills. Only through interpretations are the concepts of one disci-

pline applicable to another; especially in quantitative subjects
where there 1s an endless dialogie between mathefiatics and the real
world. Tnterpretations_also_contribute to recall because they provide

a number of distinct paths of approach to a defimition or fact which
is only partially remenbered. Through interpretations and reason1ng

the forgotten details frequent]y can_be reconstructed. Since inter-

pretations dre sifplified versions of the original definition or fact,

interpretations often can be recalled.over a.much longer period of
time than the sophisticated original information.
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The discussion of concepts concludes with several remarks concer-
ning the value of insights. In order to evaluate the various contri-
butions made to a dialogue; participant must have access to a wealth
of exanples, counterexamples and antiexamples: As in the case of
interpretations; the ability to recall and formuiate insights is a
fundamental ski11 seldoii addréésédfby,students,who,have,had,no,formal
exposure to_learning skills. The importance of this skill is illus-
trated repeatedly during the calculus course, as the usual muititude
of questions from students are resolved using simple insights. For
example, x = 0 is a_critical point of y = x3, but neither a maximum
nor a.minimum. Tt is also stressed that insights are a valuable aid to
recall, because information partially recalled often can be recon-
structed through knowledge of a_simple example or counterexample.
Furthermore, it is shown that important information which _is recalled
may be evaluated for accuracy throigh the use of simple insights. Thus
the location of the sign in the quotient_rale for differentiation can
be checked by computing the derivative of y = x-1 two ways; even if
a textbook is not on hand.

It is also pointed out that one reason for the_students' lack of

knowledge in the field of insights is because such insights usually

are given in response to a student's question; often neither.the -
question nor the insight i< -esented on_the board. Certainly some
study activities shoald ° s their objective the development of
knowledge of this type.

.. . As the discussion moves on_into Experience; the author efiphasizes
that much of the valuable content of a course which relates to [ax-
perience js not explicit, as is the case in Concepts; and has to be
obtained throuyh analysis and generalization. It is stressed that
the statement and solution of a specific example worked in class or
in the text is of 1ittle value until the student has abstracted the
content of the statement and solution; and has_analyzed the prozedure
employed in the solution. In addition; it is emphasized tnat the
processes of generalization and analysis must become part of the
study activities of every student. One study habit referred to as
“the two-handed bandit" is specifically criticized in this regard,
The two-handed bandit is the title given to the study practice which
sees the student placing one hand on a given example while the other
hand transcribes it, makin

tran: t _making appropriate changes in symbolism. It is
repeatedly stressed that this method, which for many students is
standard practice, riuns precisely counter to the perception of
experience because it circumvents every aspect of analysis and

generalization:

_____Such information as the graphs of the powers.of x; the trigo-
nometric functions; of |x|; of the families y = aX and y = logsx;
and_the way that these graphs change as_a result of_ algebraic opera=_
tions -- these constitute typical perspectives in Elementary Calculus.
In Mechanics, typical perspectives would include a spectrum of values
for the various physical quantities, and approximate conversion
factors between the Metric and English systems. In Riology; taxonomy

would fall under perspectives, while species of specific interest

29
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would be classified as insights.
the distinction between "wrong" and "ridiculous", the actual diffi-

culty is that few students anticipate solutions or evaluate solutions

in terms of these expectations. The cause of this is a significant.
Tack of knowledge of perspectives: _As. a store of this.type of infor-
mation builds, anticipation and evaluation become spontaneous. Because
of _the overlay format of our program of learning skills; we often get

a chance to illustrate the importance of persbectives, especially
during_the study of curve-sketching and the applications of differen-
tiation.

METHODS

... Having completed the studv of planning; memory,; objectives and.
content; the program turns to a discussion of study methods. In this
section the objective is to propose a unified program of study

activities which would reflect the foregoing development. Three areas
are considered: homework, unassigned study, and self-evaluation.

~ In.discussing homework; several points are stressed in addition to
the obvious requirement that homework must be done. In the following

Tisting of these points. the justification for the adoption of the
technique is indicated in parenthesis.

V. Time allocation (efficient utilization of time) -- determine
before beginning an assignment the maximum amount of time
which_can be allowed for completion, on the basis of
established priorities. _Avoid spending hours attempting
to solve what should be a relatively easy exercise:
Usually a fellow student or teacher can resolve the
difficulty in a very short time:

2. Stop thief (analysis and generalization) -- avoid the "two-
handed bandit" by first taking notes on the procedures
employed in solving the given examples. Then put the
examples aside and. attempt to solve the exercises using
only the notes that have been taken. If necessary;

return to the worked examples and make further notations;
but never resort to the "bandit".

3. Variety (classification; recognition and staggered recall) --
when an assignment covers several distinct types of .
exercises; skip from one type to another without doing
two exercises of the same type in succession.

4. Spacing (staggered recall) -- when an assignment is given for

submission after several days; complete part of the work
each day:

5. Programmed review (classification; recognition; staggered
recall) -- set aside in a special file several exercises

1724
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of each type and turn to this file for the purpose of
review. If exercises aré chosen from the text when
reviewing, the chapter and the other exercises give away
the classification and thus provide 1ittle practice in
recognition.

Though homework is fundamental to study; it is stressed that home-
work is_for_the most part directed at the.development of Expertise.
Thus; the student who does homework but little other study will pro-
bably develop very little comprehension of the subject.

In addition to homework, a student must become involved in a.
substantial amount of unassigned study: For many students, unassigned
study reduces to staring at the printed page. In this program;.
unassigned study centers on the development of two notebooks, the
Concepts Book.and.the Experience Book. These books_represent at least
a8 partial realization of the "Memory Board" and "Experience Board"
introduced by D. R. Woods:. The Concepts Book and Experience Book are
constracted from information recorded in class notes; from texts;
assignments, and original contributions from the student.

ts Book consists of a Table of Contents and two major

The Conce -
sections; tne first entitled Theory and the second Discussion: _Clearly

this reflects the analysis of concepts presented in the discussion of
Content.
The section entitied Theory contains a presentation of the

definitions; facts, and sequentials in the order in which they were
presented in the lectures. It is emphasized that definitions, facts
and sequentials usually bear a relationship to one another which is.
broken in the course of a lecture in order. to introduce interpretations,

insights and other content aimed at Expertise. It is suggested. that

the. theory be stripped of these unnecessary encumbrances prior to in-
depth_study, so that the inherent interrelationships can be grasped
more readily:

... Within the theory section; sequentials require additional atten-
tion: By its nature a sequential consists of a sequence of statefients

In a specific order. Since it is desirable to structure information
as_trees rather than sequences, it is necessary to identify structure
within the sequentials. Students are informed that the process of

identifying structure within an object is analysis; and that this. is
the same process as that referred to in the study of problei colving.

It is advantageous to make & brief diversion at this point.
According to Upton and Samson (2); there are three types of analysis;
of course content is a classification analysis).
2. Structure Analysis -- dealing with "what part of?" (the dis-
cussion of the strictiure of the Concepts Book is a
structure analysis).

1. Classification -- dealing with “what sort of?" (the analysis
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3. Operation Analysis -- dealing with “what stage of?" (the dis-

cussion of the problem-solving process is an operation
analysis).

_ The process_of performing an analysis is not only informative, bit
also creative. Because of the time, effort, and conceptual input which

the analyst must contribute; the act of analysis often is more valuable
than the resulting analysis. While the act of analyzing an object can
be extremely stimulating tao the analyst, a second-hand analysis (i.e.
a completed analysis handed to ancther interested party) seldom produces
imich of an impact.

_Although-it was_not possible to include an_in-depth discussion of
analysis in the learning-skills program, several of the suggested study
activities are analytical in nature. Certainly; any activity which
facilitates the acquisition of Comprehension or Expertise and provides
practice in the fundamental skill of analysis must receive a high
priority.

__Returning to the presentation of sequentials in_the Theory section
of the Concepts book; students in the program are told that every
sequential should be dccompanied by an_analysis. Several examples of
analyses are presented; including the following analysis of the deri-
vation of the Quadratic Formila:

ax? Fbx+c=0 subtract ¢ )
2 .t 2 i THE SQUARE
add > i
4a /
factor )
L SOLVE FOR X
t'a'ké’\/"

solve for x J

LoD inxf:: i SIMPLIFY
.C.D. !

L:C:D: on 1&ft /

Don't fordet the +
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bracket should be limited to six whenaver possible: This process of

analysis seems to be quite foreign to most students, but by requiring
that the students analyse every proof presented in the calculus program
this situation is soon improved:

_When using this format, the nuiber of entries encompassed by any

. __ The second major section of the Concepts Book, entitled Dis-
cussion, consists of a collection of work sheets; one for each impor-
tant fact or definition contained in the theory section. On such a
sheet there should appear the statement of the definition or_ fact

ander consideration. Beneath this_should be one of each of. the six
types of interpretations: This implies that the student will have to
formulate a number of these interpretations; because few instructors
Present this many in a lecture. The interpretations should be followed

by a collection of insights. These should include an example of the
concept under consideration, an antiexample of the concept, and a8
counterexample. to. any hypothesis concerning the_concept which the stu-
dent feels might be reasonabie but which in fact is false. For example,
con-ider the fact:
Theorei If f'{a) exists them f(x) is continuous at x = a.
Reasonable = -~ o
Hypothesis If f(x) is continucus @t x = a then f'{a) exists:

Counterexample |x| is continucus at x = O but not differentiabie

at x = 0.
_Again, thestudent is required to contribute many of these in-
sights because lectures usually do not present all of this information.

Finally, the work sheet should provide room for further comients on
the subject, including references to the types of exercises which

require the concept for their solution.

The Table of Contents should closely resemble an outline of the

Theory section of the_bogk: Phrasing in_this_outline should be. con-

cise and suggestive of the content of the theory section, but should
not be_an excerpt from_the content. A section of the Table of Contents

of a Concepts Book in Elementary Calculus should resemble the
following:
DERIVATIVES
Theorem -- the theorem relating differentiability and continuity:
Proof --_ S o
Def. -= The definitions of f'(x) and fi(x).

Def: -- The definition of f'(x)

Theorem -= on one-sided derivatives and the derivative.
Proof -- . , S
Theorem -- the rules for differentiaticn:
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~ Such an ootline serves as a listing of caes for the recall of the
theory while assisting the student in developing an overview of the
theory, the first requirement of Comprehension.

. _.__The txperience Book consists of a Table of Contents and. two Méi?
sections entitled Examples and Perspectives. The first section; dealing

with Exaiiples, should consist of a collection of exercises with their
solution:. These examples. should be chosen from the totality of. exam-
ples worked in class, in the text, in assignments, or independently by
the student. There should be a representative of each type of problem.
presented in the course;. chosen on the basis of completeriess of content,
These examples should illustrate any Likely Error or Special Case.

In-order to best utilize the examples, the statement should be
acccmpanied by an abstraction. and the solution by an analysis: The
format here is similar to that used in analyzing a Sequential. The
Statement arnd solution are presented on the left while the abstraction
and analysis appear.on the right. The analysis represents a General
Procedure for the class ¢i problems defined by the abstract statement.

The analysis should be fcotnoted regarding Likely Errors and Special
Cases.

_The Table of Contents of the Experience Book consists of a 1isting

of the types of problems contained in the section entitled Examples: .
The. statements in this listing should be suggestive of the abstracted
problem statemients but should not repeat them. This listing consti-

tutes the Catalogue required by Expertise. A portion of this listing
should resemble the following:

1. f'(x) using the definition

(a) poly’s (6) (poly's)™' (c) vBoTy's (d) (poly's)™

2. f'{x) for a P.W.D.F. at a joint:
3. f'(x) using rules.
4. Implicit differentiation.
The secorid main section of the Experience Book should be a

recarding of perspectives; a topic already discussed at some length
in the section on Content.

In.addition to homework and unassigned study, thé student must
engage in some form of self-evaluation. In order to evaluate progress

toward Comprehension; the student must become involved in dialogue on_
the subject. On the basis of the discussion of Comprehension, this is

;béfu]timété,measure,of,a,student‘s,understanding; Ori the other hand,
to_evaluate the level of Expertise the Student should set an appro-
priate_examination covering the requisite topics. In order to com-
pose the exercises for.such an examination it is necessary to have a
commanding knowledge of the catalogue of exercises;.and.of. the sab-

tleties inherent in each exercise type. Two students might exchange
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such examinations in order to maximize the amount of feedback in this
activity.

The benetits of such a program of study activities are apparent in
terms ot the foregoing discussion. First. this program provides Stu-
dents with a large number of study activities from which to choose when
setting short-term objectives. From the point of view of the section
07 memory, the proposed activities clearly address or facilitate each
of the established points: Tree Structures, Staggered Recall; Recita-
tion; Written Notes and Creativity. There are activities which are
intended to develop each of the requirements of Comprehension and Exper-
tise, ard activities which addrass each type of content:

CLOSING REMARES

The learning skills program begins with a presentation of the
material described in this papar. This requires that about five class
hours be taken from the seventy-five hours provided for_instruction in
Calculus during the first term. Five more class hours may well be dis-
persed throughout the Calculus program but need not all be counted as
time taken from Calculus because both topics are profiting during
these activities. The 10ss of class time is subsequently compensated
for by the higher jevels of perception and the more efficient study
habits of the students. In fact, the content of the Calculus program
has expanded t0 include a detailed study of several proofs previously
omitted; a number of exercises usually avoided; and a.more complete
development of interpretations, insights and perspectives. In this ,
sense_the Calculus program has assumed a béttér,ba]ance,of,Conceptswaﬁ
Experience than was previously possible. Though it would be premature
to_comment-on-eny long-term-effect-of ~the-program; the author can
State emphatically that a number of “students who have previously exper-
fenced difficulty in science courses and who have attempted to follow

the methods described here havé shown marked improvemernt :

. .1t should be noted that learning skills may be introduced as part
of the content of any introductory course in engineering or Science.

No matter how 71imited in scope or content, any effort made by instruc-
tors to assist the students in improving their learning technigues will
be appreciated by the students. It is important to note that students
dre offended initially by the idea of being told how to study., It
Must be stressed in any program that Tearning skills are not a part of
natural talents and that poor learning skills mask native ability.

Finally; 1t most be emphasized that students are reluctant to change

their study habits. For this reason, it is essential that any instruc-

tor embarking on the presentation of learning methods in an overlay
format be Prepared to_require the adoption of the recommended study .
activities, at least for short periods of time; if any lasting effect
is to result:

__. The_author does not anticipate that a stodent from this program
must continue to employ the formal technigues introduced. Rather; it
is_believed that by having to approach at least one course in_this way,
a fundamental and jrreversible improvement will occur in the student's
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approach to learning.
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LEARNING SKILLS
P: 3. Black

~_Joan Bliss

Barbara Hodgson

_Jcn_Ogborn

P. J. Unsworth

1. INTRODUCTION: EXAMPLE OF A SKILL SESSION

A skill session is a kind of group teaching which differs signif-
icantly from a.conventional tutorial, both in method and content. The
idea is first introduced by an example; then section 2 deéscribes the

method_and section.3 the selection of content. The outcome of the use

of skill sessions in_several institutions.is considered in section 4,
and possible developments in 5. The remainder of the chapter, section
6, is a portfolic of outlines of skill sessions which have been tried.

,,,,, If one_could eavesdrop on a skill session, one might see some-

thing as follows:

Sixteen students arrive, and the tutor telis them that they
are_going to do some order-of-magnitude estimates; giving

as an example working out whether the solar energy falling
on the roof of a house could provide all, or a half; or just
a tiny part of its energy requirements. He says how useful
a physicist finds it to be able to do this kind of thing,

and mentions an example from his recent research.
The tutor then writes three problems on the blackboard:

'What_is the rate of growth; in metres per second; of
your hair?' L S -

_How many words did this morning's lecturer say? FHow
many words _are there in your notes?' . -
‘How much fare money does a ‘bus in this town collect
in a day?'

He divides the sixteen students into four groups, and makes

each group of four sit round its_own table; telling them to

agree on an answer te the first problem, and to go on to

the others only if they finish. One student in each group
*Adapted, with permission; from the H:E;L:P: publication "small group
teaching in undergraduate science," published for the Nuffield_Founda-
tion by Heinemann Educational Books, London; ISBN O 435 69581 9. De-
tails of other H.E.L.P. publications can be obtained from the pub-
lisher:
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is told that in half an hour's time he will be asked to tell
the rest what his group agreed. A1l this takes about five
minutes.

For the néxt half hour the groups work alone in a buzz of
but leaving the groups mostly alone. One group falls silent;

and he goes over and suggests an idea to them. He hears
another group arguing about the exact value of a quantity;
and reminds them that a rough valoe will do:

When the half hour is up, he gets the students to come and
deep in the middle_of an_argument. One by one; the spokes-
men are called up. to report (having been reminded about this
a little before the groups were stopped).

Two of the answers to the hair-growth problem are abo

10-8m s-1; one_is much larger; and one much smaller: g
going through the calculations, one contains a §lip in work=

ing out a power of ten, and_another an absurd estimate which

is first defended, then abandoned by the group that made
it. The tutor has some trouble getting them to agree that
answers differing by a factor of two are really the saffe.

One group has tried all three, two have done one and most

of the second; and one has barely finished the first problem:

The hour is up before the third problem is discussed; and

the tutor sums things. up, saying that next time they will

try some similar problems with a bit more physics in them.

As a parting shot; he suggests that it would be interesting
to work out how many atoms are added each second to a growing
hair.

The essential features of the method are:

a set of prepared problems. .

a group large enough to be divided for part of the tie
into about four sub-groups of about four.
sub-groups _working more or less alone for about half
the. total tiiie: e
spokesmen _to report the work of each sub-group:
discussion with the whole class based on the reports.

The content can; but need not; be something like making order-of-
magnitude estimates, sketching graphs from an_equation, or planning
the main outline of an experiment; which can be seen as skills needed
by a working scientist, o S

The prablems set do have to be ones that groups of students can
get_somewhere with in_half an hour on their own, and which throw up
useful material for discussion.
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2. A METHOD OF WORKING

- As a method of working; skill sessions imply & belief in the. value
of students discussing problems amongst themselves . To achieve that,
attention has to be paid to the structure of the session: to having
suitable material; to having a workable organisation of groups; and to

using. time to the best advantage. These points are expanded on below:
_. It can_be seen as a virtoe of the method that it leads to students
talking with one another about physics; if_such talk develops their

ideas and their ability to express_them. That the talk is with peers
can have several advantages: people often then talk more freely than
they do with superiors, and are more receptive and self-critical; in
addition the pace and level is kept within students' abilities:
.. . For the discussion to have these virtues, it is essential both
that the groups work alone; and that the work set is simple enough to
allow participation without seeming trivial or boring. Experience has
shown that this can only be done effectively within a carefully orga-
nised framework; so that it is important to pay close attention to the
sort of detail given here. o o . -
.. _The introductory phase needs to be kept short, to allow time for
the rest, and so that the tutor does not seem to dominate. But it
does need to convey explicitly what the session is about, and why it
is important. It may help to do one example quickly. An instance of

the_importance of the topic from the tutor's own experience is usually
telling. . o . : T
It is important to appoint spokesmen for each group at the start;

and to explain their job. They should be asked to keep notes, and to
report on progress, difficulties; agreements and disagreements; as
well as on results. It can be better to havé some system for appoint-
ing spokesmen in rotation, though some leave ths thoice to groups.
The same problem can be given. to all groups, different problems
to_each group, or groups tan be asked to choose one from a set, The
choice depends on the topic: the first plan is best when useful djf-
ferences may arise between groups which can be exploited in the final

discussion; while the other two are better if the value of the topic .

lies in_a variety of examples. A design problem might be of the first

kind; and the interpretation of graphs one of the second.
Students and furniture will need to be moved around during the .
session. Sub-groups work best round a small table; or round the end
of a large one. It is usually necessary firmly to insist on moving
chairs_and tables; otherwise students Stay where they are and try to
work while sitting in a row, for example. For the full group discus-
sion at the end; it is again. necessary to insist on moving into a
circle or arc, around a blackboard or Projector screen. The tempta-
tion to avoid this seeming fuss; or to mention it mildly without see-
ing that it is done; is strong and needs_ to be overcome: -
— S0 far as is reasonable; leave the sub-groups alone. If the ti-
tor attempts to help; neither he nor they may discover the real capa-
bilities or problems of a group. At this stage; the tutor's job is
to ensuré that groups know what they are supposed to be doing; and to
give information or advice when asked. It is; however, useful to 1is-
ten in from a distance, so as to plan the timing, and pick up issues

which ought to be brought out in the full ¢roup discussion:
133



. The final discussion is the part most tutors find hardest; bat is
the part where much of the value of the session emerges. The value
comes when students have to abandon previously agreed positions, modi-
fy agreed views, accept other equally good alternative solutions, and
see others getting into the same trouble as they did. :

77777 The temptation is always to cut short this part; by letting sub-
groups go on with a lively argoment, or by letting every group finish
all that it is doing. A firm calling of a halt is needed, not less
than twenty minutes before the end: S

_ Ideally, in the final discussion, students will challenge one
another, ask questions; and get nearer resolving difficulties amongst
themselves. In reality; the discussion presents the tutor with many
dilemias. . o ,
_ . One dilemma is that stodents make mistakes. Soiie need correcting

at once, but if the tutor corrects or improves on points frequently .

and_immediately, students will soon learn to keep quiet. Often, it is
best to make a note of such things and bring them up Tater. Quite of-
ten, the mistake does get spotted in due coarse: o
Another dilemma is that other groups do not react to the various
reports, seeming content to report and leave it at that, despite glar-
ing differences. It may be important to go round insisting on one_

question from each of the other groups about every report: Done at

the first few meetings; this can gather its own momentum in time.
The tutor has two roles in the final discussion: chairman and

expert commentator. It is useful to bear them both clearly in mind,
saying when one proposes to make a comment before joining in with it.

~The tutor as expert has much to offer in the final discussion.
Students can see him reacting on his feet to suggestions, and from
that learn standards of skillful performance. The dilemma for the tu-
tor is of striking a balance between displaying his skill and encour-
aging students to contribute. Perhaps the best advice_is_to_have pa-
tience, saving up one's own points for a time; and then to give them
as a clarification of what has been said. @~

It is important to sum up at the end; saying what has been a-

chieved and commenting on unresolved problems. Students easily lose

sight of the aim of the exercise, and can _be confused and disheartened

if it tails off in a tangle of unclear arguments as time runs out.

- Despite the above insistence on ground rules, the format can be
used flexibly. The cycle of: introduction-work in subgroups-discus-
sion of reports;_can be gone round twice in an hour by using. shorter
tasks, for example. Numbers are less flexible. A subgroup of less
than four. can easily run out of jdeas, or not offer enough criticism,
thus reaching premature and invalid_conclusions. A subgroup larger
than four can easily have a silent passenger. If there are more than -
four spbgroups it takes too long to hear and discuss all the reports.
Thus twelve to sixteen seems to be the optimum number: :

Staff consistently overestimate what can be achieved by a sub-

group in the time available, so problems must be simple and few in
number. If they are not, they take time from the final discussion
and the tutor is forced to take it over and rush through it; giving
all_the_comments himself, _Indeed; experience suggests.that one hour
is shorter than the ideal time, so that timetabling which allows
sessions to run on can be useful.

134 .
145

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

Finally: do not expect too miich or try to inject too many ideas.
The”expert”hasiacquired his skills gradually over many years;. to the
point where they may seen trivial to him.. One_hour spent on (say)

order of magnitude estimates will not Work magic. It can be a signal
that such a skill is valued, and can perhaps help confidence to grow
a little. Indeed the tutor may find himsel]f surprised by the frailty
of students' skill, and learn useful lessons about what it is reason-
able to expect: A flood of expertise may wash away the seedling,
where a drop of water might encourage it to grow.

3. WHY SKILLS?

.. The content of sessions described, as distinct from their foriiat,
might be called skills: that is; things a working scientist can do
which are not directly to do with subject matter. Teaching courses
tend to be organised around subject areas, assuming that skills will
be developed by the way, in doing problems. The original impetus for
skill sessions was a hope that there woyld be valage in something more
direct (Black, Griffith, and Powell 1974). —oroon9
____One may or may not think that such skill can be analysed into
components. -In any case, if such a session is to have a clear focus;
some particular skills have to be identified and suitable work on thef

devised. Section 6 gives a set of such sessions which have been tried.
It is not complete 0 ar

thinking about problems of learning in general and others from experi-
ence of difficulties revealed in students’ work. .

.. It has proved easy for staff to_think of ideas for such sessions,
but hard for them to produce clear and suitable work for them. Having
such work, usually in the form of specific problems, is crucial;
especially if colleagues will have to put the sessions into effect.

It is no use just having a general idea for a session. -

__ _ A range of graded problems is_needed; to allow choice according

to preference, and to allow adaptation when a chosen problem proves.
oo _hard. A good working rule is to_include_some which seem trivial;
often_they prove not to be, and if they are a group disposes of them
quickly and little harm is done: L

. Sessions can with value be arranged in some._developing sequence.
One might be a series on problem solving, including: selecting main
principles; formulating a model and an equation, and thinking of al-
ternatives. Another might be related to project work, including orders
of magnitude, selecting instruments, and deciding what to measure.

It cannot, of course, be automatically assumed that skill is
readily built up in this way from parts, even though there is evidence
enough that students do lack the skills looked at here as components.
While the sessions reveal a good deal about students' needs; they do
not solve the problem of doing more than_a little about them. Ex-
periments with sequences of skills are worth trying, perhaps culmin-

ating in sessions intended tg synthesise them; but their suoccess

cannot be guaranteed. For_this sort of reason; the sessions that

exist are based on the instincts and intuitions of practioners.

e or final: new ideas continue to arise, some from
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4. WHAT HAPPENS WHEN YOU TRY SKILL SESSIONS?
_____An_innovation can be judged in part by its hardiness. Skill ses-

sions began and survived in the physics department at the Un1vers1ty
of Birmingham, and have since been transp]anted without withering to

other departments and subjects:. That is; staff have been satisfied
with them and have not abandoned them.

] The results of questionnaires in more than one department show a
clear majority of students find1ng therm 1nterest1ng and va1uab1e, and

gave inguff1c1ent he]p, but d1d,fee] that final _discussions were too.

often ]eft 1n the a1r They were not. a]ways conv1nced of the1r re]e-

One department found that the last op1n1on shifted when a sequence. of
sessions was explained; and ref]ected in spec1f1c exam1nat1on questions

problems; more from skill sessions than from problem classes or tutori-

als. Finally, the sessions aré clearly enjoyed.

_Given adequate outlines: staff_have proved willing to run. the
sessions. Later, many think up their own material. The”way"they,run
them var1es cons1derab1y some do1ng 1n two or three sess1ons what
of the sessions. Personal style is important; and success has been
achieved with very diverse styles. Inigenera1,”totors”gomment fav-_
ourably on the sessions, notably on the active participation of stu-
dents. ]

Desp1te such favourable op1n1on, there is not nor,cou]d there ea-
sily be-any firm evidence that students actually acquire the skills
in guestion. Indeed, realism stiggests that in an hour one could

for it:
5. REFLECTIONS AND DEVELOPMENTS

It is a matter for conjecture whether the format of skill sess-

jons _can_be used for_other_purposes such_as problem classes, and__

whether their content could as well or better be taught in another
fashion, perhaps using written material. The format is certainly u-

sable; and indeed has .been used for many purposes before being applied
to skill sessions. Ideas from chapter 6 suggest that it strikes a
good balance between the various problems that constrain effective
small group work.

~_ _It_can be argued that the format_ is a good one for the content.
Learning new skills may involve a change of att1tude and. a_degree of
self-criticism, for which working with one's peers is likely to be

helpfal:
Perhaps a good part of the interest of skill sess1ons is in the

way they focus on_an important problem of undergraduate courses.
They may be seen as a small contribution to fresh thinking about it,
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and as a way of exposing, if not of disposing of, difficulties of sty=
dents in this area.

. Those who wish to try the sessions will need to consider hHow to
introduce thei. In a siall department, a few can easily be tried on
the whole class; even as an optional extra. In a iarge department
agreement of colleagues and a_timetable slot is necessary. Sore havé
made & trial replacement of some tutorials or problem classes; others
have taken time from laboratory work and concentrated on laboratory
skills. The method has been used at levels from the sixth form to the
final year at university; and in engineering; zoology, genetics and
other.subjects. =~ : oo : o

A trial can be short and need not interfare with other coorses:

This obvious advantage is offset by the consequence that students may
see the work as unrelated to other things. However, it would seem

to be wise to try it first and worry about this later, thinking then
about the part the sessions should play in the whole teaching pro-.
gramie. Indead, the debate will acquire a needed vigour when skill

-

sessions conpete with other things: -

6. SKILL SESSION OUTLINES
This s@ction consists of outiines for skill $éssions :

CSTIMATING ORDERS OF MAGNITUDE

SCALING_ . _. S
TRANSLATION: WORDS AND GRAPHS.
TRANSLATION: SYMBOLS AND GRAPHS

USING ALGEBRA IN ARGUMENT

THE ART OF NEGLIGENCE _ o
EIBST STEPS IN PLANNING AN INVESTIGATION
DESIGNING AN EXPERIMENT

SELECTION_OF INSTRUMENTS

10.  THINKING OF ALTERNATIVES

11, THINK ABOUT IT_FIRST

12:  WHAT 1S THE PRINCIPLE?

13. WHEN IS IT TRUE? . _ .

J4.  WHAT ARE THE RELEVANT VARIABLES?

15.  SPOTTING THE FALLACY

OO0 N T U S WO N

The 1ist of titles is_in no way exhaustive, complete or balanced.

The outlines are intended to serve tig PUrposes :
to provide a starting point; something to try at first,
or something to have on Hand when time presses.

to suggest other possibilities by example.
.. ._The_outlines offered.here have; however, been_tried in _a_ number
of departments by a Variety of_tutors and have been modified in the
light of that experience. In particular, guestions which at first
sight Took trivial_are in general found not to be. Indeed; the out-
lines probably §ti1l cortain too many problems which are too difficult
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.. Most of the outlines are written with first year stodents in mind;
because. most trial work was done with first year students. Some can _
easily be adapted to other years by changing the problems, the session
on order of magnitude estimates being an obvious example.

_While wanting to encourage tutors to produce their own material,
it is important to say that producing successful material is rot easy.
Most ideas have to be iiodified after trial.
____ tach of the following outlines gives a brief introduction to the
idea of the session, and some advice about running it. Then a number
of possible problems are suggested; from which the tutor can select a
few; or which may suggest to him some similar problems. In general,
the first one or two are easy. )

6.1 ESTIMATING ORDERS OF MAGNITUDE

___ Probleiis 1 to 5 are_simple non-physical ones.to introduce.the i-
dea. For a single session; one can be chosen, followed by another from
problems 6 to 12. There is work enough for two sessions; so if time
permits more of the first few questions can be asked in the first ses-
sion, followed by others in the second. It is useful to start groups

on different questions; but to tell them to go on to questions set to
other qrouops:

PROBLEMS

1. What is the rate of growth of.your hair; in metres
per second? How many atomic layers per second?
How many atoms per second per_hair? .
How many bricks are there in Birmingham?
How much fare-money does a city bus coliect in a
. day? L . S
4. What thickness of_your sleeve is worn_off by one
rub across the table? (Could radivactive tracers
detect tie wear?)
How many words were uttered by this morning's i}
B lecturer? How many words are written in your notes?
6. If I give a man 10 joules:

to heat his coffee; will it.scald him?

[FS Vi N

[85]

How nuch energy in joules is dissipated:
by burning a matchz
by stopping a car at the traffic 1ights?.

7: How does the cost of @ joule of electrical energy
from _a dry cell compare with the cost of a joule from
the mains? o

8. Roughly what error _is made by using the volume of a.
block of brass at room temperature, in working out the
density of liquid nitrogen from a measurement of the

weight of the block immersed.in._the_nitrogen?

9. An anarchist says he has just dissolved one curie of
iodine-131 in_the city reservoir. Do.you laugh_it off
or raise the alarm? (The half-life of iodine-131 is
8 days, and the maximym dose in the thyroid gland is
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.. Q.7 microcurie.) : o
10. What is the chance that you are now breathing in_one

of the _molecules that Caesar exhaled with his dying
. breath? S T
11. What is the recoil velocity of the Earth when a child
-~ bounces @ ball on the ground? . o
12. What is the daily consumption of electrical energy

in the United Kingdom?

6:2 SCALING

. Why are things the size they are? Some are deteriiined by intrin-
sic factors, _man T
questions of design-tiow big to make the apparatus-and to the use of
scale models. The session includes some prat

ythers by the size of man. Questions of size relate to

, - The session inclades some practical dimensional analysis:

_ Questions 1 and 2 are intended to show that there may be problems

connected with scale. One might be done ds dan introductory example:

Problem 5 is probably best given to all grouds at the same time, <ince

different assumptions lead to different approaches:

PROBLEMS

1. How tall is a flea, and how high can a fiea jump? How
tall is_a horse? So-how high can a horse_jump?

2. Which of two teapots keeps the tea warm Tonger; if one

is twice as large in all linear dimensions as the other?

3. What effects would scaling up all the linear. dimensions
by a factor of two have on the performance of : an e-
lectric heater; a bicycle generator; a_telescope; a.
nuclear reactor; and an apparatus to measure specific
heat capacity electrically? L

4. Why are these items the size they are: cameras; mercury-

. in-glass thermometers; and chemical balances?

5. A_man has driven in a small nail with_a small hammer:
Ihe next nail has twice the linear dimensions of the
first, so he picks a hammer_of twice the size too.
€an he now drive in the nail more; less; or equally
Quickly? - i

6. Of two cars with all linear dimensions including the
engine in the ratio two to one; which._has the better
power to weight ratio? (Or, coiild Lilliputians have
cars?)

6:3 TRANSLATION: WORDS AND GRAPHS

) Problems 1 t6 4 asks for graphs to be put into words. Problems
5 to 8 ask for graphs to be sketched from @ description. The prob-
lems are relatively easy, especially 1 to 4; and several can be given.
They can be extended by asking for farther plots, for example of
power against time for problems 3 or 5, and by asking for information
contained in S1opes, intercepts and areas:
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PROBLEMS

1. Describe this journey: distance

~ time

2. Say what it would fee]
Tike to pull the wires
whose load-extension

graphs are as shown:

e extension
3. How does _the resistance
change with p.d. for
these curves? What sort
of thing might each be?

) ) 3 p:d:
4, If two geop]e hear the frequency

frequency.of _the whis-
tle of a train going
past on a straight track
charige as shown, what B o
can be said about how [ time
far they are from the

track?

5-8 Sketch graphs of:
5. Current against t1me, after the norma] work1ng

p.d: has _been suddenly applied across a flash-

light bulb.
6. The temperature of a room aga nst t1me from the

. is_controlled by a thermostat. = _
7: The net grav1tat1ona1 force against distance;
for _a moon probe travelling directly from the

earth to.the Moon: :
8. Acceleration against time for a train go1ng from
one station to the next.

6:4 TRANSLATION: SYMBOLS AND GRAPHS

~ This session is more difficult. than the last. Equations are
given from which graphs are to be sketched. It is advisable to se-_
lect expressions from recent lectures; even so; prepare to be disap-
pointed! The first question is a simple 1ntroductory example:

PROBLEMS
1. Draw the graph of E_against._ v if E=hv-W. where_h_and__
W are positive constants. How does the graph change if



_ hoand W are made largerr
2. Sketch graphs of amplitude against time. for:
a traveiling wave A(t)= Agcos(kx * wt)

a standing wave A{t)= Agcos kx cos pt

a modulated sinusiodal oscillation A(t)= Ro(1+b cosuit)coswst
~_a damped harmonic oscillation A(t)= Agexp(-vt)sinut
3: sketchwthg,gragh of the Maxwel1-Boltzmann distribution
N{u)=ulexp{-1u2) if > is small _and positive: Where
is {he maximum? Which term dominates at large and at
small values of u? ;- N ~;
4. The equation|v|  ./|v];,=1// 1%.2c2R2 S
gives ‘the ratio%¥ the'Gmplitudes of {1
output and input voltages, when an VN ¢
alternating voltage, angular frequency o 1—
w, is applied to the RC filter shown.
Sketch the variation of the ratio. with
w. How does the curve cut tha axis
) at w=p? o o L
5. Sketch_curves of amplitude against angular frequency w, .
at various values of wy, k, and F, for forced oscilla= -
tf@nsﬁgiiéﬁ”bi,Afw)=F/VT§?—w5?§2 + 42,2
6. Sketch the variation of sintensity I, with phase dif-
ference ¢ for o<s<w ; for r=0.5 and r=0.9, in a
Fabry-Perot interferometer, for which:
v 73 are . 25 |
IT = IO/(I + msm > )
6.5 USING ALGEBRA IN ARGUMENT
.. .It is not trivial to produce a quantitative model of a situation,
deciding on_assumptions; deciding on variables, and getting an equa-
tion between the variables. The_probliems here use only a few simple
ideas, so as to focus on the process of setting up a model. It is.
possible to put numbers in at the end; but this is not the main aif.
However, students in difficulties can be advised to try the problem
with numbers to start with, to find first how things fit together.
Because answers depend on assumptions, it is probably best if all
groups have the same task:

PROBLEMS

1. What is thé carrying capacity of a Motorway in pas-
sengers per unit time, in teris of the speed of ve-
hic]esjfpgsséhgérs,ber;vehic]e; and number of vehi-

~ cles per. unit distance? S .

2. Suppose that a city centre is a circie of radius r,

with n_people per unit area working in it. They

all commute in and out in rush hours lasting for

time t, with p people per unit time able to cross

per metre of the perimeter. How are these variabies

related? Why is there an upper limit to r?

3. Bs skyscrapers get taller; more of the ground space.
is used up with elevators and stairs, and with thick-
er supporting columns: Make some assumptions and:
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express free ground floor space as a fUhtulon of
height. .

express free floor space on any floor as a function
of_its height above the ground..

express total free floor space in a skvscraper as
a_function_of its height.

4. The sky is dark at night’ If there were a uniform
distribution of stars in space extending to infini-

ty; show that this would not be so:

5. What can be deduced about nuclear b1nd1ng energ1es

from simple facts about nuclei_(sizes; numbers of
protons and neutrons) and knowledge of electrical
forces and of simple wave mechanics?

6. Stellar bodies might be formed by accret1on Sup—
pose matter adheres to a rotating sphere. If the
angular velocity stayed constant; why wou]d bits
fly off again when the sphere,reached certain

size? Now argue that the angular ve]oc1ty will not
- Sstay comstant.
7. If _neutron_ 1rrad1at1on produces nuc]eons of a short-

tron f]ux and to the number of nucleons being irrad-

iated; how much of_the isotope will there be after
a ]ong irradiation?

6.6 THE ART OF NEGLIGENCE

Sc1ent1sts neglect a]] sorts_of aspects of_problems they tackle.

They approx1mate oversimplify; and idealise situations. The dif-
ficulty is to do, it enough to make a problem tractable without making

it trivial. The problems suggested ask for 1ists of approximations
or simplifications; and for some stateferits of their consequences.

PROBLEMS

1. List as many approximations as possible that are made
in using s=ut + %gtZ2 to find the time of fall of an

object under gravity: _Explain why they make the prob-

lem easier to solve. Suggest at least one case where
~ the_answer would be badly wrong: .
2. List approximations made in ca]cu]at1ng the amp]1tude
of the alternating current I _drawn from a signal

generator; voltage V ; angular. frequency w, by a par-
allel-plate capacitor, using V/I=1/wc and C= ephA/d.

. What effect do.they have on the answer?
3. List approximations and simplifications made in
calculating the temperature of the Earth from the

temperature of the Sun, using the Stefan radiation

law and the inverse square law.

4, List. as many ways as possible in which one is i-
dealising in mak1ng ord1nary calculations of the

currents ‘and p:d.'s in a network sach as:
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6:7 FIRST STEPS IN PLANNING AN INVESTIGATION

- The idea is to decide what one would do first, in startinig an in-

vestigation of some phenomenon: moting the relevant theory; deciding
on relevant factors; and suggesting where to make a start experimente
21a)- for problems like those suggested, students can be asked to 1-

magine that they will start on_it_next week; so that they now need to
select some first ideas to test, and specify what sort of apparatus
they need for that: . o L -
. . It may be desirable to specify topics actually used in teaching
laboratories.

PROBLEMS

1. The variation of nressure in a rubber balloon as it

~1s blown ap: o S

2. The size of craters made by dropping hard spheres on

~ dry sand. . .

3. lonisation in flames. o

4. Condensation of liquid from a vapour on cold walls of

a chamber: L . ,

5. Variation of conductivity of a semiconductor with

. temperatore: o

6. The strength of glued joints;

6.8 DESIGNING AN EXPERIMENT

The problems below involve ehoosing one of several approaches

and also making the design quantitative. Students find the latter
difficult, and may not attempt it without prompting. Indeed, a full
discussion of one of the problems needs more than a hour; so that it
may be best to 1imit them further.

PROBLEMS

1. Design an experiment for a teaching Jaboratory;_ to
illustrate Fraunhofer diffraction: It should allow
patterns from one slit to be seer, and changes as
further s1its are opened; so that a siit sys tef
large enough to have a moving shutter is wanted.
Give a quantitative specification for the components
and their spacing and dimensions:

2. Design an electric field deflection system for an

oscilloscope tube. Assume that the accelerating
143



voltage is about 2 kV. A 20 mm daflection on_the screen

is_to_correspond to a 20.V signal across the.deflection
plates: Details are wanted of the length, width and_
spacing of the plates; and their position in the tube:
3. Propose a method to detect the deflection of an elec-
tron beam under gravity, and work out whether the de-

. flection will be detectable or not: o
4. Design an experifient to mgasure the slowing down of a

rifle bullet by air resistance;. considering what pre-
cision might be needed to detect any change in speed.

6.9 SELECTION OF INSTRUMENTS

__There are reasons. sometifies conflicting, for preferring one in-
strument to another. Two aspects matter: the physics behind the
choice and the balance of arguiients about the choice. The whole class

can_discuss an initial example; for instance listing features of a
good ammeter such-as range, sensitivity, resolution, accuracy; low re-

sistance, speed of response, cost; size, robustness, and so on:
Then sub-groups can make similar lists for other instruments, being
asked to identify all important characteristics; not to design or.
choose the instrument. The groups are likely to go through a good
number of instruments, so it is important to leave plenty of time for
reporting back. '

PROBLEMS

1. A balance including a set of appropriate weignts for:

weighing coins in a bank.

dispensing dangerous drugs.
finding the density of oil used in the Millikan
experiment. o
determining the density of air. =
weighing_rocks on the Moon, without bringing them
back to Earth,

determinging the mass (about 1g) of balls used in a
precision measurement of the acceleration of free
fall by timing the fall.. = oo :
studying corrosion of metal plates left exposed to a
) corroding environment for several years.
2. A thermometer for:. o
obtaining_neteorological records in the U.K.

identifying organic chemicals by measuring their
melting points. =
detarmining molecular weights by measuring the
change “n freezing point when a substance is ad-
ded *+2 solvent. . , ) : :
measuring- the temperature drop when a compressed
gas_is_released_into a larger_volume._

measuring the specific heat capacity of diamond.
measuring the thermal conductivity of silver
wire. S . o o o
measuring the temperatire of the melt in a blast
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farnace so as to be able to control the temperature
automatically.

6.10 THINKING OF ALTERNATIVES

__This session is about divergent thinking: about having many and
varicd ideas, not about analysing each. Such an exercise can_seem
frivolous if pursued for tga Tong;-and it may be_worth switching to a

closer conparison of sciic 6f the alternatives after a time.

PROBLEMS e
How many different ways can you think of to:

1. tieasure the thickness of tissue paper?

2. measure the height of a tower?

3. estimate; or measure; the weight of a bus?

4. measure the duration of the Tight from a flash

bulb? o

5. estimate the enerqy arriving at the Earth from

- the Sun? .

6. estimate the power of an average car engine?

7. measure the acceleration of free fal]? o
8. nieasure the speed of rotation of dentist's driii?
9. estimate, or Measure, the rainfall in.a week?
10. measure the frequency of a:c. power lines?

6.11 THINK ABOUT IT FIRST

... This session is about iooking at a problem as a whole. before
starting detailed work on particular aspects of it; so as not to
waste time working on false assumptions. It can start with a_ques-

tion from an examples sheet, and proceed in two stages. First, a
number of particular queries are raised and noted down. For example,

if_a_question involves an electron beam, what is the beam current or

the number of electrons per second? - L
__.Second,_sub-groups are given these queries to answer, while the

final discussion is used to check the answers and see how they affect

the whole problem. o . !

____ The point is_that in doing many problems; it is necessary to

check first on relevant conditions: such as whether flow can be as-

sumed to be streamline, whether an effect is in a linear region;

whether an effect is negligible; and so on:

6:12 WHAT IS THE PRINCIPLE?

. -It is often hard for students to say what basic principles are
involved in something; so.that they may give every possible detail or
none. at all. The phrase itself seems clear but very possibly_is not.
S0 the task in this session.is to analyse phenomena not for the de-
tails, but for the basic principles which govern_them. Much of the
final discussion_may need to distinguish principles which are more
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PROBLEMS

1: the action of a diffraction grat1ng5
2. the Geiger-Marsden experiment, and Rutherford's

_ inferences. from jt?.
3. easuring the Planck constant us1ng the photo-

electric electric effect; using electron dif-
fraction?

explaining the binding energy of a nucleus?
the workxng of a mass spectrometer?

dr1v1ng cars fast but safely round corners?

going _to the Moon? -

the efficiency of a nuclear power_ stat1on?

the working of a powerful electromagnet? .
a very high vacuum system for an accelerator?

6.3 WHEN IS IT TRUE*

Each jiroup 1s g1ven : ]aw or ]aws to discuss; and is asked to

produce three statements for each:

true?
what c1rCumstances 1nva11date the 1aw or make it

It is useful to Start with an example discussed with the whole class.
PROBLEMS

Ohm's law:

Hooke's law.

The laws of electromagnetic induction:

The Lorentz transformations.

The mass-energy relation:

Newton's laws of motion.
The uncertalnty pr1nc1p]e

The 1nverse square law for electric charge

The inverse square law for a source of 11ght’

—
DO 00~ VU LW.N)

11. The gas laws.

12. Conservation of enerny.
13. Conservation of momen tum.
14. The Boltzmann Factor.

*See ShockTey W. {1966) ‘Articulated_science teaching and_balanced
emphasis', in New Trends in Physic$s T2aching, Vol II, UNESCO 1972.
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_The task here is to take a phencmenon and decide; using comion

sensc.and simple phySical or dimensional arguments, what physical
quantities determine the effect, not forgetting those which might do
but in_fact do not. The aim ic to practice sinple verbal physicai
redsoning.

PROBLEMS

1. The speed of big waves out at sea. ,

2. The frequency of oscillation of water slopping (in
the tilting niode) in a shallow tray. o
The speed at which a rotating fiywheel is torn apart.
The time of contact of a qgolf ball with 3 golf club.
The power_that can be_obtained from a dynamo.

The frequency of oscillation of a steel strip clamped
- at one end. : - o

7. The radius at which a glass plate bent in a carve snaps.
8. The brightness of a television screen .

YUY fa o

6:15 SPOTTING THE FALLACY
Arquuents (not least in examination answers) go wrong for several
reasons, including:

defining a symbol one way and using it differentiy:
treating a variable as constant.

treating a vector as a scalar: o

applying a principie when it does not apply:
making an assumption and then violating it.

treating coupled quantities as independent.
ignoring a relevant effect. )

having a physical quantity equal to unity, and iosing it.
Some of these can be introduced, perhaps with exaiiples from recent .
work. _Sub-droups can then be given written argoments containg falla-
cies, and be asked to identify them: It is best that all groups have
the same material and look at all the examples; even if they cannot
do some:

1. If the charge CV on the dofie of an electrostatic gen-
erator is connected to ground through a resistance R;
thg,turrggt is V/R and so the charge will be gone in a

- time_t=gzp =RC. S Lo .

2. The force on a charged particle moving at right angles
to a magnetic field is F=Bqv because:

the force on a current element, F=Blgi
current; I=5q/6t
force, F=B(&q/st)ss
F=Bsq(&2/6t)
F=Bqv
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3. The electric field at point P;

A L
due to equa] and _ oppusE*e chargeg —_—— — — e P
+q dnd -Q is_+q/8ncgre = q/8neoré = 0 =
Similariy; the . potent al is zero, -4 o—"rt

~ so0 that E=-grad V=C.

4. Res1stance to the notion of a sate]]1te in a circu]ar
speed v. The angular momentum J=mvr is conserved, so

_as v decreases. the radius graduglly increases.
Since_the resolving_power_of _a _grating is equal to
Nn, the resolution. of a. spectroscope can be made as
large as required by using a grating with the lines
ruled more closely:

6. '”S Emperor of China refused to be measured, SO

Chinese were asked to quess _his.height. Their

estimates varied from 1.5 to 1.9m, the mean be1nq
1.71322 with a standard deviation of about 0.1 m.
The standard error of the mean is smaller by the .
square root of the number of observations, so this_

methad gives the height of the emperor to_a precision.
of 10 nicrons. (What happens if he has his hair cut?)
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VARIABLES AFFECTING
PROBLEM SOLVING
. Jerry K. Stonewater
Southern INlinois University

Carbondale

. Anyone involved in the teaching of the mathematical sci-
ences teaches problem solving: By its very nature engineering
is_a discipline of problem solving and problem solvers. Pro-
fessors teach it, practitioners do it, and students Tearn it;
Yet whether we are professor, practitioner, or_student, we
straggle with thé "how to's" of the_problem S61ving: how to

teach it; how to do it; and how to learn it.

... .Our _difficulties with the teaching and learning of proble
solving can be diminished by careful attention to principles of
teaching and learning drawn from the Psychology of learning_and
the_theory of instructional design. In this article, I will

discuss four problems in the teaching and learning of problem

solving, describe the elements from learning psychology and
instructional design that would help in solving these problems ;
and provide exampies of '"how to's" from my own course, Intro-
duction to Reasoning -and—Problem Solving; which was my attempt
to address these difficulties 1in problem-solving instruction.

MAJOR DIFFICULTIES IN PROBLEM-SOLVING INSTRUCTION

There are two sources of difficuity in problem-soiving
instruction: dinstructional variables, which affect how we
teach, and learner variables, which affect how the student
]earns.wrFQt,éXémpie;,an,instructionalVvarjéb]éfmay be the
method of delivery: lecturéjﬁiﬁdjVidualized,learning;”or,,”
discussion. Learner variables may include attitude; ability;
or perhaps general motivatioii.

In problem-solving instruction, there are learner and

instructional variables which limit our effectiveness in teach-

ing problem solving. However, these variables can be con-
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trolled in order to improve teaching effectiveness. First; the

variables and how they are limiting effectiveness.

MAJOR LEARNER AMD INSTRUCTIONAL VARIABLES

__.__There_1is one learner variable and three instructional
variables to consider: 7
1. A_large percentage of college students do not have.
the cognitive ability to learn how to solve logical,
) abstract problems. {Learner V: Var1ab1e)
2. We tend to teach problem 50lving in & way that de-
scribes how we solve the problem; rather than how the

students should solve the problem: (Instructional
Var1ab1e)

3. Wle v to teach solutions to problems by showing the
step: - . an elegant order rather than in the order
used :.n the problem was originally solved: ({In-

. stractional Variable)

q. We tend to_teach the content of solutions to problems

rather_ than the underlying strategy. (Instructional
Variable)

The fact that a 1arge percentage of students _cannot_ learn
to_solve abstract problems is based upon current research
findings. exploring Piaget's_theory of cognitive development.

In his theory, Piaget specifies that in order to be an abstract
thinker; one must be able to draw_
. conclusions, not from a fact given 1n 1mmed1ate observa-

tion; nor from a Judgment one holds to be true without any
qua]1f1cat1ons, but in a Judgment which one simply assumes,
i.e.; which one admits without believing it; just to see what
it will lead to; (P1aget, 1952, p. 69)

so]ving ab111ty an engineering student mus* 0Sse€ss in order to

reason from "A" t¢ "B"; even thaugh "A" may be entirely. hypo-
thetical (Stonewater, 1977, p. 3). The current research,
however, points out that anywhere from 42% to 78% of the .col-
Jege students studied cannot reason at th's level (Elkind,

1962; Karplus & Karplus, 1970; Lawson & Renner; 1974; McKinnon;

1970, 1971): . Based upon my own research, as meany as 857 of

minority eng1neer1ng freshmen could not reason at high enough

levels to. solve engineering-type problems {Stonewater; 1977).
Thus, without the ability to reason abstractly, students cannot
so1ve the kinds of problems we expect them to. _Hence; we need
to develop instructional procediires that facilitate the devel-
opnent of abstract reasoning.

The second prob]em - that we tend to teach in a way we,
rather than the student; solve a particular problem - is diffi-

e
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cult.. It is not easy for the sophisticated instricior is

describe a thinking process that the student must use to attack
a_particalar class of problems. This is not to say that in-
Structors cannot specify the processes they use; we all do this

every day in our lectures and conversations with students. It

Is, however, an entirely different matter to_specify a process
the_students shoold use. The point is that instructors with a
vast amount of experience to draw upon and with years of prac-
tice and hindsight to guide them have internalized a process.

_be internalized to _such an extent that we nay

not even be aware that when we go from step one to step two in
solving a problem, the student may go through miany more steps,
decisions, and false starts to get from step one to two:. What
to us may be an easy and obvious pProcedure may be a complex se-

quence of events for the student. Thus, as teachers of problem
solving, we need. to explain problem solving from the viewpoint
of the novice rather than the expert.

g e third issue instructors face occurs when We show
students how to solve a particular problem. The procedures we
write on the blackboard in step-by-step fashion may not all be

presented in the order we actually used when solving the prob-
lem the first time. S.:h reoirganization of a solution to put
it-into an elegant form is instinctual for the seasoned problem
solver. Once the problem is solved, one invariably reorganizes

the solation into a more elegant form. This is good problem
solving but not necessarily good instruction; for the studeiit
sees an elegant finished product rather than a thought process.
Thus we need to focus our instruction on the process one acty.-
ally_goes through when solving the problem, not the elegant
solation that loocks nice,
. The last instructional issue is that we often stop short
of -pointing out elements of the underlying strategy used in )
solving a particular class of probiems. Insuring that students
are trained in applying such Strategies may not enable them to
solve_all probiems; but it does provide them with a set of
skills that they can call upon in_attempting to solve various
cldsses of problems: . Our efforts shouid be to instrict
students in the underlying strategies involved in problem
solving.

-Hence there are four major issues involved_in the instruction of
problem solving which we must face if we are to improve our

efforts: Many students cannot reason at the level of abstrac-

tion reguired of them for successful mastery of engineering
subjects; we tend to _teach problem solving as we do it, rather
than how students should learn it, we tend to teach elegant
solutions rather than thought processes; and we tend to teach
content rather than process;
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LEARNING PSYCHOLOGY AND INSTRUCTIONAL DESIGN

.My attempt to control the four learner and instrictional
variables to facilitate improved problem-solving ability was to
utiiize learning psychology and the principles of instrictional
design:

. First; I drew upon Piaget's theory of learning psychology
to deterimine how problem-solving instruction should be designed

to improve students' abstract reasoning ability so that they

could develop abstract reasoning skills. Instriuction was
designed around the following "rules" in order to affect this

learner variable:

. 1. Design instruction so that student the opportunity
to orgaiize and adapt to their perceived environment. To. . .
accompTish this; T had to find a way of presenting the material

50 students would organize their approach to solving a problem.
Two methods were used to accomplish this: First, each problefi-
solving strategy to be learned was presented as an algorithm
which outlined a_step-by-step procedure to follow when attempt-

inda a solution to a problem. In short, the organization was pro-
vided for them. The second method used was to include material
that instructed students_in how to set up a problem betore
attempting a solution. This will be discussed later when the

“preparation" phase of the course is described:

_....2. Design instruction 5o that increased social interaction
results: Piaget maintains that increased interaction with

others over a_topic_that is_to be learned will facilitate the
development of abstract r2asoning. To accomplish this, a self-

paced system of instruction was used with a student-tutor ratio
of approximately 10 tc 1:

. ,WS:W,,Déiig;,i”St%UCtidh s0 that students have the opportarity
to act rather than be passive receivers of information. Once

again, this "rule” Tead to the use of a self-paced system of
instruction. In order for students to act, they must solve the
problem, rather than the instructor. It was feared that in a
lecture situation the instructor rather than the student was
most likely to be solving the probleis.

.. Thus; learning psychology - especially Piaget's theory -
lead me to_a self-paced, algorithmic approach to attacking the
learner variable of lack of abstract reasoning skill.

... To address the three instructional variables, the instric-
tional design procedure of a task analysis was utilized.

Simply, a task analysis is a careful analysis and sequencing of

the steps, procedures, thoughts and decisions one miust move
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through in_using a particalar strategy. Once an original
analysis is conducted, one must iterate through it again and
dgain to insure it_is complete: & complete task analysis is
very similar to a computer program, in that every step used
must be clearly and specifically delineated:

Using a task analysis to develop a strategy for solving
particular class of problems controls the instructional varia-

bles previously mentioned, First; the difficalty of teaching
problem solving as we do it rather than as how the student

should do it_is_eliminated because a complete task analysis
specifies all of the steps involved in solving the problem, _
including the cnes we have internalized and fail to point oat
to.students. The problem of the elegant solation is also
eliniinated because by definition the algorithm that results
from the task analysis is the procedure used in solving the
probleni, rather than the reworked "nice" solution.

Lastly, forgetting to point out the elements or underlying
strategy involved in the solution process_is also avoided when

a romplete and careful task analysis is conducted prior to
instruction. Once again the task analysis, by definition; is a
strategy to use when solving the problem it was derived from,

Thas, utilizing task analysis procedures and deriving
Means to_improve abstract reasoning skills siould contro] the
four Jearner and instructional vairiables. I will now describe
my attempt to accomplish this.

“"HOW TO'S" - A COURSE IN PROBLEM SOLVING

Tai development project in the College of Engineering at Mjichi-
gun State University. Funded by the Alfred P. Sjoan Founda-
“ion, the intent of the grant was to provide instructicnal and
support programs for minority students so that an increased
number would complete an engineering degree. The problem-
solving course was designed as a separdte coursSe so that stu-
dents could concentrate on building skills that shoald help -
thein in other engineering, math; and science woirk, Copies of
the text; which inclodes all of the modules described later;
are available at cost by contacting the author:

"Problem Solving" was designed to be a part of a carricu-

A word of caution at this point. Keep in mind that the
comments presented here are based upon a minority-student N
population which is primarily. enrs]led in remedial mathematics,
which scores in the lowest third on ACT/SAT tests (MSU norms) ,
and which at best has a very weak background in high school math
and science:
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....__RAs was_pointed out; the instructional_format used in .the.
course was the self-paced mastery model. The course was divid-
ed into eight modules each including objectives; instructional
readings, intermittent practice frames with feedback; and
homework problems to be handed in. _After successful completion
of the homework, students took module exams which_ required 80%
mastery for passing. Retesting without penalty was allowed
until the mastery level was attained. Including a midterm and
final exam, all tests were computer-generated: .This.permitted
individualization of the testing process and collection of data

for item-analysis purposes, to improve test content and instruc-
tion.

____The_content of the course falls into two areas: (1) the
“preparation phase" of_problem solving (modules 1-3); and {2)
four strategies for solving problems ?modu]es 4-8). The prep-
aration phase taught stodents how to set up problems before
attempting a solution. As was discussed; the strategies in the
remaining modules were each taught as an algorithmic process.
Each of the modules are described below:

Modole.l.- Preparing for Problem Solving Students learn-
ed to discriminate between relevant and irrelevant information
in a problem statement, to specify the given information and
the solution desired, and to visualize the problem. Althoagh

these skills seem very elementary and basic, it wes siurprising
how many students were not proficient with them. On the pre-

test _given_at the beginning of the course; one-half of the
students could.not 1list all of the given infc ‘mation in a

problem and only two out of 18 could specify the solution

desired:

In addition to the fact that students needed instriction
in prepsring for problem solving, properly-written given infor-
mation and solution statements eliminate irrelevant stimuli
which often lead problem solvers astray. Specifically listing
aiven information and solution statements helps the student.
organize the problem into a manageable form, focuses attention,
and provides a goal toward which to direct the solution:
Failure to write solution statements often results in the wrong
problem being solved.

. -Module 2 - Prawing Diagrams The criteria for drawing and
labeling diagrams_to assist students in visualizing a problem
were outlined in.this module:. Further emphasis was placed upon
specifying the given information and solution statement and

including only this information in the diagram. Hopefully, the
process of working from the given and solution statement to the

creation of a diagram insures that irrelevant information is
omitted from the diagram. Thus, when the diagram is finished;

students have a picture clearly depicting the problem situation
and the solution needed.
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Module 3 - Data Tables The purpose of this foduis was io

teach students to organize data into an efficient and easily-
read table from which the desired calculations could be comput-
ed. In more campex problems requiring multiple solutions,; it
was necessary fo* students to think about what computations
were necessary for. all the sdlutions. This encouraged students

to analyze the problem before trying to solve it and to trans-

late this analysis into a workable data table.

Module 4 - Subproblem Strategy  The subproblem strategy

utilized an algorithm that helped students identify parts of a
given problemwhich must be solved before the major variable

could be found. The following is a simple example of this

type of problem: o R S
What is the total income for the day if 3 hats were sold in
the morning, grossing $18, and twice as many hats were sold

___in_the afternoon for $1 less than the morning price?

In order to solve this problef, the student must add morning

income to afternoon income to obtain the answer. However, the
value for "afternoon income" is not directly available from the
problem statement. One must first figure out the cost per hat

In_the morning (X) and from this determing the cost per hat in
the afterncon (Y). X and Y are each examples of sabproblems.

The major aim of this strategy was to provide students with a
procedure for analyzing problems in order to identify unknowrs
and sequence the order in which they must be solved. The =
procedure results in an organized plan for solving the problem:
.. _Module 5 - Subproblem Strategy, Part-II  The subpraobhlem
strategy was used in this module to solve problems.like "How
many rectangles are there in a 5 x 7 rectangle?” (i.e.; count

all i x_j rectangles for all combinations of i1 and_j; i = 1 tg

5, j =1 to 7). Although such problems are meaningless in_
themselves; they were used because they require the problem
solver to develop an organized method to solve the problem.

Which rectangles have been counted and how many of them there
were must be kept track of. Thus, students who traditionally

3pproach problems in a disorganized manrer must develop a_

system. to organize the sglution before they can solve this type
of problen.
In order to help students identify which rectangles should

be counted in a given n x m rectangle, the double-summation

formula summing over n and m was taught. Not only did this
help_them identify what the rectangles were, but it also pro-
vided the experience of utilizing a fairly sophisticated matie-
matical formula in solving a probliem:

After students were ab'e to solve the simpler problems,

more complex ones which introduced a condition on the type of

H-‘ |
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rectangle to count weré used. For examplé; probiems such as

- the_following were included: "In & 3 X 4 rectangle, how many

rectangles are there such that the number of rows is three or
more greater than the number of columns?” Here, the stident
must first be able to translate the English expression "number

of rows is three or more greater than the number of columns"
into the mathematical relaticnship i = j + 3. Unfortunately;

a fair number of students had difficulty translating such
expressions into mathematical relationships and the modules did
not specifically address this issue. Subsequent revisions. of
the course will include_a new wunit. on translating English
into mathematics and will most 1ikely be includzd in Module 1:

. Module 6 - Contradiction Strategy This strategy was
conceptually the most difficult for students to understand:

The algorithm told students to state an assumption that was the
logical negation of what was to be proved and then use this

assumption in their solution in attempting to contradict some
given information. In order to insure that students could
write correct assumptions that were negations of what was to be
proved; part of the module discussed the rules of logic for
negating "and" and "or" statements.

Module 7 - Inference Strategy _ In module 7, students
learned how to_infer. additional informaticn froii the givens.
Problems were like the following: . - .

R _business office has a manager, assistant, cashier, etc.

Their names are given and facts about each are specified.

{(e.g.: The assistant manager is the manager's grandson. )
, The problem is to match positions with people.
Inferences need to be made such as"the assistant manager is
malei 'the manager is married and old enough to have a grandsony’
etc. Many students recognized on their own that once the
inferences were drawn; the problem often required the subprob-
lem or contradiction strategy to solve it.

. -Module 8 - Working Backwards The working backwards
strategy taught students how to solve probiems starting at the
solution and working backwards to the givens as oooosed to the
traditional approach of starting with_the givens. For example;
the following problem is much easier to solve.working backwards:

Describe a sequence of emptyings and fillings of a 3-qt. jar
. and a 7-qt. jar to obtain 5 qt. of water: . o
As opposed to starting with three and seven quarts of water and
describing how five quarts are obtained, this algorithm direct-
ed students to begin with five quarts and work backwards uritil
three and seven quarts are left.
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RESULTS

__To what extent did the course control the four in-
structional and learner variables?

Concerning the effects of the course on increasing ab-
stract reasoning ability, the results are mixed. Students

taking the course did increase their ievel of abstract reason-
ing as measured by the Equilibrigm in the Balance test, but not
by_the Pendulum Problem.] Before taking the course. only from
6-19% (depending upon_the test used) of the students were
abstract thinkers; after the course 31% were classified as _
abstract. The change_in_level of reasoning ability is signif-
icant for p = .05; indicating that for the group_taking the
course, there was a statistically significant increase in

abstract reasoning ability:

For the control _group - students not enrolled in the
problem-solving.course - about the same percentage of students
as in the experimental group were abstract thinkers at the
beginning of the term (9-18%). However, by the end of the
term, there was no increase in the percentage range of abstract
thinkers. The figures remained at 9-18%: Obviously, thére was
0 statistically significant change in levc! of abstract rea-
soning for the control group.

Even though the experimental group did evidence a signif-
icant increase in Tevel of abstract reasoning with respect to
:he Equilibrium in thie Balance test, this increase was not

vignificantly different from that of the control group. Put in
simpler_terms, the experimental group did improve with respect
.0 _itself, but not with respect to the change observed in the
ontrol group:

These two tests are outlined by Inhelder and piaget (1958,
op. 67-69; 164-181) and summarized by Stonewater (1977, p. 60).
issentially, they are both clinical experiments which the stu-
lent performs: Inferences are drawn from the student's be-

1avior that classify the student in Piaget's hierarchy of

ibstract reasoning:
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____These results indicate that the course did have some
effect on level of abstract reasoning, but that the effect was

not sufficiently greater than the effect of no treatment at
all:

Turning. to the effects of the algorithmic approach in
addressing the three instrictional variables, it appears that
the approach did facilitate learning. As measured by grades,
students did learn the material. The average grade earned each
term was over 3.0. Most students finished .all eight modules
with. at least 80" mastery. Students also did reasonably well
ori_the homework and evidenced an understanding of the appli-
cation of the various strategies. Additionally, although no
specific follow-up was_conducted-on_the students who took the

course, a number of them reported that the course did help in
subsequent math and science courses. These students found that
setting up the given information and solution statement prior

to_solving a problem was most beneficial. It seems that these

skills were helpful in discriminating relevant and irrelevant

problem information.

DIFFICULTIES WITH THE COURSE
_In assessing the effectiveness of the probiem-solving
course, three difficulties should be mentioned. First, even

though the course had some effect on facilitating abstract
thinking, additional instructional procedures need to be devel-
oped. Second, even though the course emphasized organizational
skills, students sti'l had difficulty in this area. Lastly,
iore emphasis should be placed on discrimination learning as a
means of clarifying concepts:

... _Concerning_the development of abstract reasoning; McKinnon
(1970) pointed out that "inquiry/discovery” sessions facili-
tated the development of formal reasoning. He defined this
approach to include practice at "questioning, hypothesizing,
verifying, restructuring, interpreting, synthesizing, and
predicting..." (1970, p: 37). _Students met in small groups to
discuss and research a particular topic_and were asked to
examine a particular aspect of a problem; to find out what was
known, and.to suggest ways to interpret data to either arrive
at a solution or better understand the problem: _Thus; the_
inquiry emphasis of McKinnon's course was not oriented to facts
about science, but rather oriented to the process of probiem
solving in science.

_ . Even in a self-paced course; one class session per week
could be used as an instructor-led inquiry session. A problem
could be presented for the.class and the instructor couald

M |
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discovering solutions and processes of s0lving different classes

of problems. An additional factor that may help some students
is that with this approach; not only would they be_ discovering
solutjons bat. they would also be able to see how others attempt

to solve problems. In the event of a correct soiution; sty-

dents would have a model to follow; for incorrect procedures
students could sre why they do not work and possibly receive
feedback on their own methods of attack.

) increase abstract reasoning would be to
introduce laboratory-type "hands-on" experiences. Many of the
problems in the course are the kind that can actually be worked

A second change to

&8s an experiment, providing the student with the opportunity to
handle and nanipulate concrete rather than hypothetical or
verbal problems; )

A_third change would be to include more intermittent prac-

tice frames with imiediate feedback into the content of each

module. This would increase the amoont of time students spend

practicing the skills that are descriptive of the formal stace

(e.g. hypothesis building and testing;, "If.., ther..., there-
fore” reasoning; etc:}: As was, pointed out éarlier; this would
provide greater opportunity for the student to be active rather

than passive, an important factor in developing abstract
reasoning skills,

____ The second area of the course iiich nesde iprovement i

that additional techniques need to be found to assist students
ihNQEyélbpjhé,better,organizat‘ﬁnalﬁskjllg:775 large number of
students had difficulty writing down solutions to. problems that
were organized, t'.at included enough information to enable me to
interpret their tiinking processes, and that included the reasons
for the statements made. This is not to say that they necessarily
could not solve problems, they simply could not write down.
solutions. Often students would verbally "walk me through" a
solution, but had no idea how to write down a solution. Thus
when facing a problem they could not solve; their attempts at a
solution wereé not written down; hence neither I nor the student
could analyze what they had done in order to find an alterna-
tive approach or an error. Instruction in problem solving must

somehow teach students that an organized_attempt at a.solution
can often give information that will help in finding the
correct solution.

__Tied in with the problem of organizing a problem solution was

a general tendency to avoid uritine down the aivens and solution

statement, and to avoid following the harticular algorithm For a strat-

egy. Even though I tried to stress the importance of these N
steps in setting up a structure within which they coitld solve

the problem; students were reluctant to do_so. One can speculate

on thereasons for this reluctance: The algorithmic, structured

e
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approach did not match the1r cogn1t1ve sty]e, the a]gor1thms
did not really describe.the way the problems_are solved, or
students did not understand the algorithm. Although any of
these_could be reasons; it_is_my hunch that students avoided
the. structured approach because it took too much time: It is
much easier not to write the solution in a2 detailed fashion.

Whatever the reason; however; techniques need to be found to
overcome students' re]uctance to follow a §trategy.

“better" than other topics. A]though there are usua]]y a

maltitode of reasons for this; the. instructional approach of

discrimination learning seeme' to increase the gua]1ty and

efficiency of learning. Disc. imination learning is ‘the process
of being able to select the appropriate example of a particuler

concept from a Jist of positive and negative examples of the
concept, i.e., the student must discriminate correct from
incorrect examples of the concept. This process. implies that
the instructor must first develop precise definitions of the
concept_under_study and then _devise positive _and negative

examples of the concept for the students to discriminate: I
found this approach very useful in teaching some of the basic

concepts in this course, such as given .information;. solution
statements, tables, and diagrams. Students seemed to benefit

from this 1nstruct1ona1 techn1que A]though not tried, 1t

inappropriate examples of a prob]em solved by a particular
strategy.

INSTRUCTIONAL APPLICATIONS

.. This leads me to_ the last area I wish to discuss: ways
others can utilize niodules from the oroblem-solving text. First, 1
within a part1cu]ar course; .not. teach it as a separate course;
Thus, my suggestion below will be related to ways you can
utilize the_problem-solving modules within courses you current-
ly teach. It goes without saying that you would develop
examp]es of the appl1cat1on of a part1cu]ar strategy frnm your

determine which students require 1nstruct1on in_a part1cu]ar B

strategy. Although I have_a diagnostic tes: for my course, it
is based upon non-mathematical problems. For courses requiring
more mathematical sophistication as a prerequisite, one or two
problems could be developed which are based upon the level of

mathematics required in your course.

160

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

Once you have diagnosed students’ abilities to apply the
strategy, you know who can apply which strategies. If a large
segment of your class cannot utilize. the necessary strategies
it is advisable that instruction on the strategy be inciuded in
the course. If only a few students cannot apply the strategy,

it is most likely that they need. to spend out-of-class time

learning it; rather than waste the time of the entire class.
If in=class instruction is necessary, two instructional
alternatives are available: the mini-self-paced frame or the
learning-cell approach.

With the nini-self-paced approach;, since _the modules are
designed to be used as independent, self-paced materials; it
would be feasible to set aside a number of days for the stu-
dents to study the materials on their own. No Tectures would
be qgiven during this period of time: Students could either
study the materials outside of class or a modified self-paced

class could be run using th~ students who passed the diagnostic
as tutors. For example, suppose your class meets three days a_
week for cne hoaor; One week could be set aside to teach two of
the strategies. Students would come tg class and _study._the
modules, wcrk problems; and consult with_the _tutors or the
instructor When they needed help: {Since individualized, =
computer-generated examns were available for my particular course;
students could test at any time during the week when they were
ready.j txams and_tutoring can take place only during the hour
the ccurse is scheduled tg meet, or_can be expanded to additional
hoirs depending upon the avajlability of time, space and
rorsens2l.  Of course; an alternative to the individualized-

evam o /item 15 that an in-class exam coverino the material can
Se jisen to all students at the same time at the end of the week.:

If the siini-self-paced session sounds like too much con-
“usion and effort on your part, variations of the traditional
lectire coilc bé considered: One such variation called the
Tearning cevl jas_been reported tobe cffective bv Alexander (1973).

seentially . the learning cell is a methoe to use withii a
Yocture.  _tudents are paired so that thiy can study a particu-

' . anstrg tional package with each other. For ~synple, if
Janteadiction strategy is to be taiyght wi'iin a lecture;
‘e Toduiz can be given to the <tudents with lirections to
i'vrt gne partner to study ~ud work protiems with, If you
o oleprefer to lecture instead of asking the stadents to spend
clavs time reading the module, tne waterials can be handed out
ahead of time o that studeriis can rrepare. Once in class; the
inutractor could present ~ ‘ncture over the strategy and then

breik up the class intc learnine <2115 for practice on applying
the strategy to aciua! problem s litions. .
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Alexander reports that when us1ng a learning-cell approach

to instruction; students learn more than.when studying indi-
v1dua]]y They learn to analyze, synthesize and apply their

knowledge; and their feelings of isolation/alienation and test
anxiety_are decreased. He attributes these positive outcomes

of the _learning cell to _the_active practice involved; to the

immediate feedback between peers in the cell; and to the re-
spons1b1]1ty participants develop not only for their own learn-

ing; but also for the learniig of a _valued partner. Thus the
learning cell could be used within a traditional lecture struc-
ture.

_____The learning cell and the mini-self-paced course within a

traditional lecture are two ways to utilize the problem-solving
modules Wwithin traditional instruction.

§§MMAR¥

The four ]earner and 1nstruqt1ona] d1ff1cu]t1es discussed

here are major sources of concern in prob]em-so]v1ng instruc-
tion: Ways to improve abstract reasoning ability and an algo-
rithmic approach to the design of problem-solving instruction.
were found helpful, but additional approaches need to be devel-

oped to further reduce the effects of the learner and instruc-

tional variables:
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THE REPRESENTATION AND
SOLUTIONS OF PROBLEMS
IN APPLIED MATHEMATICS:

AN ARTIFICIAL APPROACH"
George F. Luger
__Alan Bundy
oo oo —— ... Martha Palmer
University of Edinburgh (Scot1and)

A.  Introduction o . o
- During the past ten years several groups of researchers in the
fje]dﬁgf,éttificia],Inte]1igen;e,h§Yéfédd%éssod the issues arising in

solving applied mathematics problems by computer. In _Section B of.
this paper the work of four of the major projects in this.ared will
be outlined: 1In Section C, the authars' work on the MECHO* project
will be considered. Finally; some of the ults of these projects
and possible implications for educating engineers will be discussed.
8. Four Projects

8. Computer-Aided Circuit Analysis : o
- - Stallman and Sussman at MIT {1976) have designed and implemented
a system for computer-aided circuit analysis. The system consists of
a_set of rules for electronic circuit analysis: This set of rules.
encodes shysical 1aws such as Kirchoff's Law and Ohm's Law, as well as
models of complex devices such as transistors. _Facts, which me. Ls
given.to or dediced by the system; represent information such as
circuit topology; device parameters, voltages and currents:

~__The system works by forward reasoning. That is; the facts of
the problem situation, combined with the rules encoding the physical
laws that app]yf;hfthis,situation;,driverphe reasoning system: New
deduced facts are tagged with justifications for dedycing theii, which
include the problem facts and the inference rules used in their de-
duction. The justifications may then be examined by the user of the
*A Science Research Council Project, funded_througt the Departient of
Artificial Intelligence of the University. of Edinburgh--Dr. A. Bundy;
grant holder, Dr. G. Luger and Mrs. M. Palmer assisting:
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system to gain insight into the operation of the rule system as it

applies to the probiem. _This is helpful for correction (debugging) of
the rule system when it arrives at erroneous conc]usibhs.

. Furthermore; the justifications for new deductions are empluyed
by the system in the analysis of fruitless search or blind alleys.

This allows the system to avoid these situations in future reasoning:

_.....The application of each rule in ine system implements a one-step
deduction. Four examples of these deductions, resulting from appli-
cation of rules in the domain of resistive network analysis, are:
B 1. If the voltage on one terminal of a vgltage source is given,
then one can assign the voltage on the other terminal. ,
__. 2. If the voltage on both terminals of a resistor is given and
the.resistance is known, then the currént through the resistoy can be
assigned. o ) . . . o
3. If the current through a resistor, the voltage on one of its
terminals, znc “he resistance of the resistor are given; then the
voltage on ‘hc other terminal can be assigned.
4. If all but one of the currents into a node are given; then

the remaining current can be assigned:

_ Thus circuit-specific knowledge is represented by assertions in
the data base and genieral knowledge aboit circiiits is represented by

laws or rules. Some laws represent knowledge as equalities; such as
the laws for resistors stating that the current going into one termi-
nal of the resistor must come out the other, or the laws for_ nodes

stating that the currents nust sum to zero. Other laws handle
knowledge in the form of inequalities, such as the law that a diode
can_have a forward current if and only if it is ON; and can never have
a backward current;

____ When a circuit-specific assertion (e:g:.; the voltage on a
collector has values 3.4 volts) is added to the data base, several
rules representing general circuit knowledge may match it and thus be
activated (in the example; all the other elements terminals connected
to the collector will_be_known to_have 3.4 volts). _The names.of the .
activated r.ules will be put on a queue;.together with information such
as the place in the circuit that the rule is applied. Eventually
this information will be taken from the queue and processed; perhaps
making new deductions and starting the cycle over again.

When each general rule is processed it can do two useful things:
make new assertions, or detect a contradiction. The new. assertion;
together with its antecedents; is entered into the data base. These
antecedents, the asserting rule together_with all _the other rules

asserted or used by the asserting rule; become useful when a contra-
diction is to be handled. This contradiction can arise when some
previously-made arbitrary choice {for example; assuming some linear
operating region for some non-linear component) was incorrect. The
system then scans backward along the chains of deductions from the
scene_of the contradiction to find those choices that contributed to
it. These choices are labelled NOGOOD and recorded in_the system so

that the same_combination is not tried again. An example of a NOGOOD
deduction could be one that says it cannot be §imultaneously true
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that a transistor is cut off and a diode is conducting if the two are
connected in series:
The forward reasoning together with the intelligent reduction

of the possible search space effected by the NOGOOD assertions gives.
the system a flavor suggestive of the behaviour of the circait expert.
The justifications for dediced facts aliow the gser to examine the
bases for their deduction. This. is useful both for understanding the
operation of the circuit, as well as for overcoming any problems
arising within the set of general rules. For example, a deyice para-
meter not_mentioned in the derivation of the value for a voltage has
no part in determining that value. If some part of the circuit
specification js changed (a device parameter or an imposed voltage
or_current) only those facts depending on the thanged fact need be
removed and rededuced; so small changes in the circuit may require
only a small amount of new analysis,

 For more details of the work see Sussman et al:; 1975, and
Staliman et al., 197s.

B.2. Quantitative and Qualitative Reasoning

_Also at MIT, de Kleer has written a computer program to s01ve

problems involving the motion of a particle under gravity on a
variety of paths {de kleer, 1975). He calis these "roller coaster"
problems. E.g.,:

o :~\_\\\f:::,+,

@“

What is the minimum height
h_for which the particle
will still I6op the loop?

8 — At what angle Swili the
' particle leave the circle?

1?2 167
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These problems call for a mixture of qualitative and guantitative
reasoning.__The qualitative reasoning is responsible for deciding what
kind of motion.can take place, for instance in the loop-the-106p prob-
lem_the particle might: oscillate about point a; fall off at some point
b; or loop the loop. The quantitative reasoning is responsible for de-
ciding precisely under what conditions each of these possibilities

will occur. 'In de Kleer's program these two kinds of reasoning are
clearly separated, with the qualitative reasoner proposing possi-
bilities which are later checked out by the quantitative reasoner:
This rigid separation eventually proves a liability since it hampers
the flexible interaction of the two components:

. The contribution of de Kleer's work lies in the_design of the
qualitative reasoner; which works by a process he calls "envision-
ment". For each shape of curve the program has a 1ist of possible.
behaviours; e.g. a particle travelling uphill .can reach the top and
pass to the next curve, or it can slide back down again. Each of these

‘ .
possible behaviours puts it in a new situation from which further.

possibilities arise: Thus tre program builds up a tree of possible
behaviours, for instance in iie Toop-the-loop example:

slide down first curve

reach Siroct corner

81idie Ui Booohd curve oscillate about first corner

reach second cornir

a1l off third
curve
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This tree is then passed to the quantitative reasoner which calculates
what conditions have to hold for the particle to take the branches which

lead to the desired state of Tooping the Toop:

B:3.  Reasoiing in Senantically-Rich Domains

. Two groups of researchers at _Carnegie-Mellon University are
studying reasoning patterns in areas of applied mathematics. Hinsley,
Hayes, and Simon are studying the reasoning and solutions to algebra
word problems, and Bhaskar and Simon the solutions to problems in
chemical engineering thermodynamics.

These researche; s describe problem-solving domains such as the

above as semantically rich. This seems a good characterization in o
that large yet fairly well-defined amounts of prior semantic_knowledge
and task-related information are necessary for solving such problems.
For example, it takes much more than an intelligent person and a
"textbook" of relevant information to solve problems in thermodynamics:
It is not information as available to the problem soiver that is
important, it is rather how the information is organized and stored,
that is; information as useful.

As_an example of a system without complete semantic information
available, consider Bobrow's STUDENT:. This system, designed to solve
algebra word problems; attempts to solve these problems by a “"direct
translation" process which attempts to translate sentences of the
problem directly into ecquations; and then to solve these_equations,.
"The distance between Boston and New York is 250 miles"_becomes "(the-
distance-between-Roston-and-New-York) = 250 x miles". STUDENT also
recognizes key words such as "Distance" and can respond by adding.
"Distance = Rate x Time" to the eqmation list: This direct transla-
tion process and recognition of key words offers a good first. .
approximation to_human problem solving in these domains, but it is
unable to deal effectively with the semantic information which is
necessary to expose as nonsensical "The vaiue of N nickels and D
dimes is 93 cents".

__The study of the semantics of a probiem domain is very important
for designing a computer program to solve problems,; as well as for
the human engineer solving problems. Several studies have shown
(Marples;, 1976; Marples and Simpson, 1975; and the authors' own work
with problem-solving subjects, Luger, 1977) that it isn't what.information
is available to the problem-soiving subject; but rather how this
information is used, that brings success in probiem solving. For .
example, knowing that a resolution-of-forces equation is relevant in

determining accelerations of weights hanging over pulleys is only a
small part of solving the problem, Much more important is the

knowledge of how friction in a pulley may affect the tensiop in the
string over the pulley, and how fixed contacts between the weights

and string and the extensibility of the string may affect the =
acceleration of the particles and strings. This is the,semanticﬁggn-

tent of the problem domain: it must be carefully specified for any

computer program that would be of any interest, and it certainiy
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marks the expertise of the successful problem solver.
Hinsley, Hayes; and Simon discuss the notion of problem schémata.

These are sets of facts, relations and heuristics present in the . _
problem-understanding process that_allow the semantics of the problem
domain._to be properly processed. In the money example cited earlier;
these faccs ari heuristics would determine that nickels and dimes

were nondivisibl> anits of money worth five and ten cents repsectively;
and that no sun of them could equal §3 cents.

The Hinsley, Hayes, and Simon study ran five experiments to
determiie_when and how human subjects. employed problem-type schemata

in problen solving, that is, how the humans crganized and structured
semantic information in the process of understanding and solving
algebra wora problems. In particular, they demonstrated (1) how
subjects recognize problem categories; (2) that this categorization
often rccurs very early in reading the problem; (3) that subjects
possess a4 body of information about each problem type which is
potentially useful for formalating problems of that type for
solotion; and (4) how this category information is actually used to
formulate problems in the process of their solution.

__The Bhaskar and Simon and Hinsley,; Hayes and Simon research
has not; as yet; led_to their successful creation of a computer

system to solve problems in different areas of applied mathematics.
It is best to understand this work as a "prolegomera” to future

problem-solving systems. This, indeed, is the main reason for
including their work in this survey - not because it itself provides
a useful model for machine or human problem solving, but because it
provides a framework for future work in mechanical problem solving

as well as an important key to the expertise and failings of human
problem solvers.
- .The next impo-tant stép in designing a mechanical problem-

solving system is_to specify the contents of the problem-type scheiia.
That is; to select a problem domain and to attempt_to_ fully specify
the semantic information necessary to solve an interesting.class of
problems within this domain: The ISSAC system has done this for
equilibrium problems (B.4) and the MECHO project has done it in the
domain of pulley problems (€):

B.4. Solving Equilibrium Probiems

. Novak at the University of Texas; Austin; has developed a pro-
gram called 1SSAC for solving physics problems. [ISSAC takes several
simple statics problems stated in English; transiates the fnglish
into several internal representations and solves the problem. Novak
claims that is is recessary to use commonsense knowledge and 'hidden’
laws of physics to infer the relationships needed for solving the
problem:

_To investigate the Novak system, it is best to examine a

m, 1t 151 ) a_problem
in detail: "The foot of a 1:‘der rests against a vertical wall

and

t70
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on a horizontal floor. The. top of the ladder is_supported from the
wall by a horizontal rope 30 ft long. The ladder_is 50. ft 1ong and
weigns 100 1b, with its centre of gravity 20 ft. from the foot, and
¢ 150-1b man is 10 ft from the top. Determine the tension in the
rope."

. ISSAC uses syntactic and semantic information to parse the
English sentences into a representation imore amenable to aut matic
problem solving. Nova\ definzd severdl categories_iu como i il meary
possible type of object that could be menticned. A ladd:r is a
PHYSICAL ENTITY; the top and the foot of a laduer are LOCATION PALTE.
(meaning that the use of the word 'top' allows orie to dssigrzic a uar-
ticular area of the ladder), the weight and length of a laddcr are
ATTRIBUTES, o rung of a ladder is a PART, and 'by the wall' indicates
a LOCATION for a physical entity. In the program the gereral
cateqories are defined as SFRAMES. Each SFRAMc contains specific
instructions about sa:isfactorily conpleting itself. For instance
‘top® will trigger a LOCATIUN PART SFRAME; which will know that *top’
must be connected to a PHYSICAL ENTITY such as a 'ladder'. This_ _.
information is_very necessary to correctly associate all the 'tops'
and ‘feet' of ladders mentioned in the above problem. It may seem
painfully obvious that the 'top' in the second sentence and the 'top’
in the third sentence refér to the same place and that the man is
therefore 10 ft. frow the point at whick the rope is connected; but
this is the type of inference that a program could easily fail to
make, resulting in a misunderstood problemsituation. When the
barsing has been completed, all of these 'simple' inferences have
been imade, thanks to the SFRAMES; and the program translates its
abstract model of the ladder into More concise geometric form and
presents it on 4 graphics screen. The picture produced is similar tg
the one below:

W\

... The program is still not ready to generate equations. At this
point the problem has only been understood in_commonsense. terms of
physical entities_and their locations with respect to each other.
Now the effects these physical entities have on each other need to
be accounted for in terms of forces. This requires more specific
physical information; such as the knowledge that because of gravity
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any object with a mass exerts a force downwards; and that any force
exerted on an object causes a reaction of equal and gpposite forca
to be exerted, assuming that the objects remain stationary. Using

this information; ISSAE assumes forces exist everywhere two objects
are in contact with each other. Again, these 'laws' may seem :
painfully obvious but realizing how. carefuliy they need to be spelled.
out. for the computer can give insights into_possible problems students
could have. ISSAC_is_also given another.type of problem-sglving
information, this time relating to idealizations of reai-world objects
as_they are commonly used in statics problems. [SSAC mast recognize
that the ladder can be idealized as a LEVER while the wall and floor
are frictionless plane SURFACES and the man is a WEIGHT. ISSAC has

been told that ladders are idealized as LEVERS.

. Because of the limited domain, there is nc reason for a ladder
to be anvthing else; although it coild easily be a WEIGHT in another
type of nroblem. [he man presents more of a problem; because even
in this domain, men can be given mgre than one idealization, i.e.
WEIGHT or PIVOT. 70 recolve this ambiguity, ISSAC makes use of the

comnonsense knowledge that a WEIGHT is usually suppdrted and a PIVOT
usually sopports something. In this problem the ladder supports the
™an, so the man must be a WEIGHT. It is clear that choosing an
appropriate idealization is not always trivial, and_that in compli-
cated probleii-solving areas it could present a serioos deductive
problem. :

Since all of the problems ISSAC deals with are siiiple laver

problems;.once the forces have been identified generating equations
is_trivial. The sum of moments about a point must simply be set to
zero. . In mechanically writing equations for all moments; ISSAC

generates several equations that a human problem solver woiuld leave

out. Ffor instance; ir the ladder problem ISSAC creates variables to
represent certain horizontal forces exerted by the ladder; only to
set those variables equal to zeiro in the next step. A competent
problem solver should not need to go through such a step explicitly:
However, MNovak_suggests that this is exactly the kind of unconscious
Teap that might confuse a poor student. In more_complicated problem-
solving sitiations, éspecially where motion is involved; taking note
of 211 existing forces ;s cnly the first step. It is at this point
that serfous problem solving begins. Novak recommends that ISSAC; cr
d_program with a similar approach;. be exterided tg deal with dynamics
problems. The authors have done thi: and discuss it in section C.

In summary; ISSAC solves twenty equilibrium problérs competently.
The prograi illustrates a sufficient semantic understaniing of the
problem situation to resolve referential ambiquities as in the 'top'
example; and to interpret all objects and their relationships to
edch other correctly. In achieving such a level of understanding,
certain necessary. inferences are brought to light that can easily be
overlooked in a classroom, and that might fill the gaps in a
student's understanding:

«
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C.  1he MECHO System

The MECHO project consists of writing a computer program to
solve problems in applied mathematics. The scope of the project is
broad: to take the English statement of a mechanics problem, give
it to . computer; and receive in return answers to_the questions _asked
in the problem. Three problem domains within the general area of
mechanics have so far been considered: (1) acceleration; velocity;

distance problems suchﬁ;snmighgﬁékiSE,With,t%ains,travelingVpegﬁeeﬁ”
two stations (Bundy, Luger; Stone; and Welham, 1976); (2) the motion

of particles over complex paths, such as the "roller coaster"
problems tackled by de Kleer {Bundy; 1977); and (3) the domain of
pulley systems (Luger, 1977)._ A simple problem in the third domain,

in fact one of the first problems considered by the MECHO group, is:

A man_of 12 stone and @ weight of 10 stone are. connected
by a 1ight rope passing over a pulley. Find the acceler-
ation of the man:

.- -The thrust of the MECHO project research is pragmatic in that

its primary goal is to design a computer program that ¢ .n solve a__

wide class of problems. A further, but very important, goal of the

project is_the study of the running computer_program as a model of
human problem-solving activity. The trace of the program_can be com-
pared with the datd of human protocols. The MECHO group has. found
this comparison fruitful; both as a source of new ideas which may

be incorporated into_the Computer program itself, as well as to

clarify important differences between the human and the mechanical

problem-solving systems:

Une of the important insights gained from studying human
probiem-soiving_protocols (Marples, 1975; Luger; 1¢77} has been to o
design the MECHO system as a forward or problem-driven dnd @ backward
or goal-driven problem-solving system. The remainder of this section
will be spent clarifying this approach to problem solving and descirib=
ing its implementation in the MECHO systeri.

Like the computer-aided circuit analysis described in section
BI, the MECHO system empioys problem-driven forward reasoning. This
is accomplished by the creation and assertion of problem-type Schamata.
The word schema is used; following Bartlett and Piaget, to refer to a
structuring of informatis loose confederation of relations which
represent_the capacity tc | ‘orm some_task or function. In the
terminology of Hinsley, Ha' .., and Simon the problem-type schema
contains the_semantic. information present in_ a probiem situation; to-
gether with the ability to use this information for solving a
particular problem.
- - The problem type schema itself is composéd of three parts: the
declaration of entities; the set of facts and inference rules de-

scribing the problem situation; and a set of default facts and
173
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"We''l tredt *Ye nan and weight both as partlcles. point masses
N put these two dots on the paper and join them by this rope
ioowed over a pulley". The entities declared in_this situation are
two particle.; a pu]]ey, and a rope over the pu]]ey joining the two
paviicles,

expli~itly stated in the protocols we took of _expert_problem. so]vers

.he set of facts and 1nferences re]at1ng these entities are
similar to the following:

(é) _ariangle is assigned to the string between the pulley point
and tha left end

{(b) an angle i< assigned to the string between the pulley point
and the right end

(c) fixed conect of particle 1 to the left end of the string
(d) tixed contact of particle 2 to the right end of the string
(e) —the tension in the left section of the string is the same
ds the tension in the right end if the pulley is smooth
{frictionless)

(f) _the acceleration of the system is constant if the particles
are in fixed contact with the string.

{a): (b): (c); and (d) above are examples of facts, and (e) and (f)
dre inferences that represent part of the semantic content of the
pulley-system dorain.

finally, the pulley-system schema contains a set of default
values: These values are facts and iaferences stch as:

{a) 1if the pulley is underspecified assume t to be smooth

{b) a rope is assumed to have constant length unless specified
ds eldstic

(c) a rope has fixed contdct with oﬁjects at its end pbihts
unless the problem states otherwise

(d) the pulley itself is fixed uniess specified as movabie.

The MECHO system s data bdse is ordered SO that a prob]em type
sciema, when_it_is invoked, is able to create new entities and
assert new facts and inferences at the "top" of the data base. It
can alSo assert the default values at the "bottom". Thus wheit a
call is made. to the data_ base the facts and inferences about entities
are chetked first. Finally, dafter every other check is made, the

default values are assumed. In the pulley problem above; when a

73
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resolution-of-forces formula is attempting to assign a tension to the

string; it will need to know whether the pulley is Smooth. (If it is,
a uniform tension will be assigned to the entire string.) When no
information about the friction of the pulley can be found; as in ]
this problenm, the default value of « pulley without friction will be
dsserted.  Similarly, when the angle of the string is sought; the
default value of the string with the weight hanging vertically
downwards will be asserted.

S it is that the problem-type schema, representing the semantic
inrormation of the probivi situation, is asserted. This represents

tne forwdrd or problem-driven aspect .of the MECHO problem solver.

The goal-driver aspect is represented by the "Marples" algorithm for

cuudtion extracion.

__ The Marples algorithm was suggested by D. Marples from His work
with enjitcering students at Cambridge (Marples, 1976). It is a pro-
“tdure which starts from the desired unknown of the problem and works

backward", atteiipting to_instantiate equations until a set of = |
sinultaneous equnijons safficient to solve the problem is determined:
The MECHO systeni has a focusing technique. that "forces"” the Marples
algorithn to consid-r enanations appropriate to the problem type;
rather than to thra:t about through lists of all possible equations.
The focusing techniquz in the pulley system domain forces the Marples
algorithm to consider first the general resolution-of-forces eguations
at the contact points of the string and weights.

. Farthermore, the Marples algorithm js able to create "inter-
mediate unknowns" in the_procass of solving the desired unknowns of
the problems. 1In the pulley problenm, for example, the desired un-
known is the acceleration of the man: But it is impossible to
determine the man's dcceleration [using the resolution of forces)
from the givens of the problem. Thus the Marples algorithm creates
an intermediate unknown, the tension in the string at each end point
of the string. When the inferences in the Froblem-type schema,
{e) above, assign the same tension to each cnd of the string; the
Marples algorithii prodices the following eqaations:

T - 10g = 10a & - (T=12g) = 12a
These simultanecus equations are sufficient for solving the pulley
problem:

The equations that may be applied to a problem situation are
edch encoded _in_a special format: . The MECHO system, in asserting a

narticular equation, for example the resolution-of-forces equations
above; specifies exactly the situations in which the equation is to

asserted. This includes the specification of each variable. the

possible bounda:y values, and all semantic information necessary for

the equation to be asserted:

175

Jreind |
Qn
S



O

ERIC

Aruitoxt provided by Eic:

Ihe _general resolution-of-forces equation; for example, sums
all forces acting at a point: This would be trivially satisfied in
the probleir above but would have tc include the friction on a p]ane,

the angle of _the plane and other. forces that could. be act1nq in
diftferent pu]ley problenis -- such as a pulley at the top ¢” an_
1nc11ned plane Marplec has stated (Marp]es, ]977) that tne ]ack of

eng1neer\ng students: it is not that the re]evant equations are
foryotten or ignored in problem solving, it is rather that the con-

ditions of their use are misunderstood. The MECHO systen specifies
edach equation exactly, and the conditions under which it may be used.

r1nal]y. the MECHO system includes aatomated proredures for
solving sets of simultar~ous equations. These are d. . c-~ihed ir
Bundy: 197%: As noted abuve, a niore comglete descri, tiui of the MECHO
system may be found in Bundy, 1977; Luger; 1977; and tBundy; Luger;
Stone; and Weloam; 1976: Stone. 1976

N

D.  Summary and Conclusions

, ihis r_has attempted to summarize several Artificial Intel-
ligence h projects in the areas of applied mathermatics. These
projects .. ntended to demonstrate the design and use of.computer

systems both ds interactive engineering aids and as models fur solving
problems in certain well-defined domains of app11ed mathematics,

These systems may serve as.models of how engineering prob]ems may

both by man and machine.

_ __Many of the same problems that arise for humans solving problems
in applied mathematics are exdactly those eacountered by researchers
attempting to design a computer systerm *o solve problems:
specifically, to design.a system not 1lﬂ1\L1 to small sets of prob-
lems, but at ihe sarie time able to 4ea. = ch the idiosyncracies of
individual problem«

_____To_deal with this conflict; each system creator has had to
design an inferencing system. These include, for the computer-aided

circuit analys , the forward r:3soning from the problem situation
and_the taggi- of each new fa-* + *h the conditions and ru]esrysed
in its assert: 1. The de Kleer s ’;,temfgttemgtsftgfggntrgl7search

by the quantitative vs. qualitative. reasoning_distinction and the
use of envisicnment. The Hinsley, Hayes and Simon and Baskar and_

S1mon stud1es. while not exp11c1t1v construct1ng a. problem so]v1ng

of a successfu] probler solver. The Novax program solves twenty.
equilibrium problems from their English-lanquage statement. It has

sufficient semantic :inde 'standing t¢.: resolve all referential and

relational ambiguities:
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_ .. The MICHO systoem credtos torwavd nr problem-driven . and a
backward or godl-driven inference system.. Tha problei-diriven aspect
is represented by full specifica’ion of the piobleéi-type shcema: This
inclacos the assertion uf facts and inforences; bath relating to the
entities within the problem domain and sets uf default values. The
goal-driven aspect is representcd by the Marples algorithm; which works
Ddckivdra trom the “esired unknowr  to *he giver facts of the problem.
This often necessitates the creation « intermediate unknowns to 1ink
the desired Uiknown with the problem faci.: ~ o MLCHO system also
dttenpts to represent the semaritice Ct eacn_possible equation. that.
dy be asserted.  difs i+ intended to guarantee that the equation is
Olily dsséirted 1n the manior and at the tiie appropriate.

The averall aim of this paper Was boen to provide a summary of

Some.carient wort oo artificial intelligence research in the areas of
dppiied mathem This summary is fednt not merely to make
ehgineers awa scne interactive aids available (the conputer-aided
Ciivait andlyya but more importantly t give some idea of the

representation of infarmation and control of inferencing necessary
ror the siccessful problem solver in thece domains. The reager is
recommended. to consalt the referenices foi nore complete descriptions
of eack systeii sirveyed.

The authors would Tike to especially chanh David Marples of
cambridge Tor 1S continued encooragement in their work, the other
nembers of the rf CHO group for their supoort and ideas; ana the SRC
for financidl ds<istance.
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13
PROBLEM SOLVING IN PHYSICS OR

ENGINEERING: HUMAN INFORMATION

PROCESSING AND SOME TEACHING

SUGGESTIONS
- _Fred keif

) Physitcs Départment
University ot California

Trere are both pract il did intrinsic intelectual redsons why
Prel e oliing i< 0f cantral interest to ergitieer | and the physical.
Sodeites s The practical reasons are Fairly otvious: (1) Probleni solving
v tal o tant in most engincering. gind scientific tasks., (2)
Prrtdermore, many Students have substantial difficulties learning how to
solve ceabiemg s Thas Lhe teaching of effective problemi-solving skills
anocsentia by ond orften troublesaiie, part of education in engineering
ST R T T

oadditice, there are substantive intellectual reasons why probilem

selaing presents significant challenqes worthy of stady: (1) HModern
SHSINeer g his becotie increasingly Conceirned with developing and exploit-
ing new techniques of informstion pProcessing. This trend is illustrated
bu the vapidly viowing engineering fields of Coftiputer science and "arti-
Protal dnteddine o {the utilization of machines to perform tasks that
would be denred “intedlivent”). A basic understanding of problem=-321ving
Frowesses s ot s o jnportance in these new tielas. (2} The modes of )
anabySis used in thoge fields have stimula* ! substantial progress ir the
Slady 0 nankn NG or it e processing: Incivd. thie recently emerging
Coebd o Tiognitive solence” Whith spans both computer science and cog-
MU DSyeho gy einbhds 1265 the similarities of informiation_processing
comrmon L omdehines and persons:  THus Himiiii problem solving deserves at
TOUSt 63 ek carefal attention as oroblem solving by cuiipiiters,  Further-

Soeelothe study ot problom solving . tien dnd imachines con be matoally
stroadlating and Pandivacing . (33 oy, new theoretical insigjhts
dbet bobles sulviog are tikely f, .04 to practical applications usefol

For cnhdnic iy buman problom solviig nd for imoroving the teaching of
provlen-solving. shills. ) L o

[n the t61lowir - pages 1 shall disciss work done by me at Berkeley,
Fartiy wi*n the col  Soration Oof Dr. Jill Larkin, to5 study systeiiaticaily
st dspe taoot humon problem solving relevant 10 _physics or engineering;
U odis aim has been to obtain g better basic understanding cf problem-_
selving jrvcesses, aid ultimately to ose. the resulting insights to design
fnstrdction for enhancing students' problem-solving skills: The problems
IOl We Bave Lhosen for - tudy have been_sofficiently siimple so that wa
COUT Hope to mabe om0 e, yet suff’ iently complex to be of
practical sianifi am - | secraingly, we . ve focused our attontion on
the kinds of neobleme cow. iy oncouriored in basic undergradua:c puysics
Or enqineering  aurses:
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HOW WE STUDY. PRUSLLM SULV I,

Since we are interested in understands ng how effectlve problem solving
is dchivved, we have striven to obtain insights aboat underlying mechan-
tars ve onsible for problem- Solv1ng perforiiance. Thius we have tried to
tiredlate seie explicit theoretical models which; even 1f hypothet1cal or
primitive, orfer the potential of unlfylng and predicting various observ-
dtjons.  As usua] it is importdnt to choose the level of description of
such models judiciously in accordance with one's aims. Thus a study of
problon solving need no ifiore concern itself with microscopic neural or _
psv(hif qical processes than computer science need deal witn. the intrica-
cives ¢* trunsistors; or than circuit theory need deal with the quantum
miechdanics ot electronic conduction in maverials. But useful models of
problem sulving can anpropriately describe observations at the level of
the uitderlying infornidtion p-ocessing used by persons solving problems.
(Fcr example. they may specify how information can be organ1zed usefully
and described symbolicdlly to facilitdate optinili retrieval in complex_

contextsy what strategies can be used to. effect_such retrieval success-

fu]]/, and sinilar issues: i The systeiatic ana]y51s of information pro-
cessing has, of course, been successfully pursued in artifical intelli-.
gence {(Hinston; 1977) and .in studying human problefi solving in relatively
siiile domains {Newell and Siamcn, 1972). Attempts to extend models of
human 1nformat1un processing tc_more comp]ex problems, dat least at soiie
I(vu] which is not unduly detailed, seem thus potentially promising
Gheskar and Simon, 1977).
{n trying to observe probl\1 olv1ng perfcrmance. we usua]}y avoid

Coilecting extensive statistical data on many persons; since . the infcr-
mation thus obtained is ordlnar1]y too gross to provide specific insights
about underlying mechanisms of oroblem solving. (As farcr Levenstein
once said; with considerable Just1f1cat10n, "Statistics 4. » like a
bdthlng suit. What they reveal is suggestive, but what they conceal is
tal”.) Instead. we strive to make very detailed.observations of rela-
tlve]y few persons in controlled experiiental settings. n partlgylar
we often observe such persons solving problems after they have been in-
structed to talk out loud about their thought processes. Cor.iderable
detaiied information can then be obta1ned from the resulting "protocol"

consisting ol a.transcript of a person's tane-recorded commienits, together
with the persen's written work during the p. bfgmfso]vlnq process.__The
persons thus «bserved in detail have include both. eyp“rts“ {persons
who are experiernced and successful probie go]vcrs) and "novices" (e.g.,
students with_only linited proolem-solving experience}.

NeedicIn to sey. the-e is ar intimate 1nterp1ay between the farmu]a-
tion of hypothetical models and detailed experimental observatiors.  1us

the validity or utility of any mode}”ma*t be asvessed by its ability to

ye]gte Ov predict vdricus observations. Lonversely, judicious cbserva-
tions may often suggest useful models:

OVERVIEW OF THE PROBLEM-SOLVING PROCLSS

_ _ To vrovide a Tramework for the following discussion, let me briefly
outiine a particolar point of view (ar model) about the wroblem-solving
process:

There exist_sone prob]ems which are s simple.or familiar that they
are readily "solvable" (i.e., that they can be solved by available methc+ec

ey j_i;f;
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whenever dosired) . o o _—
wwore complex probien cdi then be decomposed into.onie or iore "sub-
problens

Toiwhere d "subproblem” s any protlei whise solution facilitates
Uit sUtatidn Ut the original probleri). Any such problem which is solvable
car oo, lveds Aty sduh osupproblem wnicn is net reddily solvable can; in

tarn, be dewumposed into further SuOprovicas,  In this wdy one can proceed

suttessively until the Original problem is cbmplete]yrdgtprbSédijhtd solv-
able subprobions . _ihe original probles cari tren clearly be solved:

what dare the prerequisiley hecessary to implement the precedin

S0 of romlen S bTeredulsiles necessary to implement the prece g _pro-
cess ot proplom SOIVING by Successive deconiposition into subproblems? _One

necessary prerequisite s obviously the existence of same repertoire of

basic su'vanle probless whose solutions are widely useful to cope with more
comp i protilens, Accordingly; 1 shall devote the next sectior of this
article_ to discuss briefly soie work cotcerned with acquiring such a reper-
toire of basic suivable problems gseful tor Physics and engineering ool leiis

“4L Sucn a basic repertoire of solvable problems is not sufficient to
Tmpicrent the probler -solving process efficiently, if at all. The ¢iffi-
calty 1, that_a moderately complex problem can be decomposed “nto possible.
sabprooloss in nany POssible ways, but only very few of thesc decompositions
lead to solvable probleis ang thos to @ soliution of the original problei,
Henice it 1y Juperative to Proceed systeiatically so os tg select subprobiems
Judiciously: A brdctical implementation of the probien-soiving pro e
requlres thus the tollowing esseiitial ingredients: (1) & Strateyy ir
eiticientl, decomposir, a problem into Judiciously selected sut: . .-
(2) A "Knualodge basi 'y consisting uf basic solvabie rroblems a o gther
inforiatic:, carefally organized and symbolically described so 45 (o, - -
Titate the dfupleiieitation of the strategy. _Accordingly, 1.shali divie
most of this article to discussing these centrally-inportant aspects uf
problei ~o' ing, o . L

In the course or tne discussion, I shall sever2l tiwes ooint out some
practical viplications for teaching students Hinprov.d problem-solyiag
skills: wowever, I should warn the redader that some of the work I shill

describe, particularly in the latter part of.the article, is still in
Proy.ess.  Herce sowe of my conclusions and implications must be regarded

as tentative., (Indeed; at the ern, 7 the article_ i shal? spell out ex-
plicitly some of the Major_gaps at. limitations of this work.) Nevertheless,
I hope that the reader, 2roperly forewarned, may find the discrssion of

20me current idegs more <tinmulating to *is or her own thinking than a

report dedaling exclusively with work sciidly buttressed by cvpeiinents]
avidence.

ASIC LHFURMATI )i UNTTS 5SED FOR 1ROBLES $3LViNg

I physic ur enginee-ia, cerlain key relations (ie;; stateiients or

QUALions sumarizing Taws cr definitions) constitute the.
asic informaticni; bk > Used to construct the soiotions of
any different probl &My s.ch relation ig equivilent ', a
lass of priiitive €. coblems: for examp'., Jdom's law ¢ = RI -
relating the ot ntis ¥, the cevrent I, and the el-ctric résistance

ms_allowing cne to
ind any of the three quantities V, I, an¢ R from the other two. An ade-
iate knowledjye of. sich nasic relatians 1¢ thos a necessary cordition for
~oblem sglving, althouyh it is definiieiy not a sUSFiciont condition.

) is equivalent to the i..55 of basic selvable provleiis
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) werts do. indved. use basic relations effectively as basic building
DEalHL ror constructing solutions to more complex. problems; . In particular;
ObSi Lt s duguest that eaperts have the following abilities: (1) Experts

“o W ad” uny relation with which they are familiar; in the sense that

The. Lee o thrs relation reliably dand flexibly to solve corresponding
Dt LLproblers in ovarious conteats. . 12) [xperts have a general “learn-
tha il whereby o atter beding presented with a de>grlpt1on of a new.
Gl eton utrani s iar ta them, thev subseyuently “understand" the relation
T teeDoLdn i it appropxlatolj . -
: cecan e e abaservations (discussed more Fu]]y 1ater) show that
T s UieRts ndse aeitnes of these abilities: Instead; for many.

U rnewr ccidben oeomerely a memorized foriyld, which can be quoted
ot e D ey usen

Lo e ara ed s to fomiilate an ex )11c1t model specifying.
oo+ i e are vecuired to U'understand” any relation well
o S s of solvetiie subproblems that can be useu
vy P TR R C s oo Yuing contexts. Our analysis identified
BUTEE BRI S AT S A A O
Propertoes:s  mnowing the ;voert1es of the guantities in the

Ll b o Tl these quantities can be properly recoonized and identi-
oL bor eeaple, Lnow]nq whether edch quantity is a _.calar or vector,
AW i Tt urtt .. dts ,praI magnitude, ...

Do idationy Making appropriate. discrimizacions between

cmbols cedtner ,dxv*-r1es or entire relations) and their referents
i t”r tiiings to ahich they refer): _Thus a particular symbol should
De curective 15,1ﬂnoi to a particular referent, without being either
misassioned to Snapmropriate referents or confused with other symbols.
(See P }.> Thore dre two types of such discriminations: (a) D1scr1m—
ination. of 1uan*.t1Ls. suo that each quantity in a_relation i» correctly
assiied to its refereiit {i.e. correctly 1nterpreted) and .not confused
witn o’nu qantitieos. For example, in the case of Newton's gravitational
s Jas [ oo Gt ‘R, the quantity G should.be properly interpreted
RS J aniversal LonJLant of nature; nor should it be confiused with g; the
dravitational dcceleration at a particelar position. (b) Discrimination

ot re]atxons. $o thav a particular relation is correctly assigned to 1%n
referent (i.c0.. corractly appli.d to an appropriate sjtuation) end not
- confused nltn other quartitie. for exaniple; Newton's. gravitational.

force Taw should be applied on.y_to particles rather than to larde objects
of dirtiitrdry shdpe; nor should it be confused with the relation F = ng
for the gravitational force near the earth.

©o O O ® O O SYMBOLS

5 o ™ O O RFFERENTS

Fig. 1. D1aqr1w indizating Jchemat1ca11y the connect1on be.s. :a
particular symbol (blac\ circle) and a particular refereat

{blact sgiiare). .
187 <
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(3) . Alternative syiibol i representations:  Beiig dble Lo use inter-
erent synbolic representations of a relation (e:.q: ; expressed

changeab!sy diff
in alaebraic symbols: i words, in pictures: in graphs, ...). Since some
of these represertations may be more useful than others in varioms contexts.
oY Appiicaetion to slve bdsic problems: Being able to apply the
relation to find dfiy quantity from tho others, or tu infer functional re-
lationshing (such ds proportionality or_Scaling relationships); o
) Experts seen to “understand" any relation familiar to them, in the
sense “hat they possess for it all the preceding abilities. On the other
hand, some af our tarefully designed experiments showed that many students
do not possess theése abilities. about relations which they have stodied:
Furthermore, even after 4 couple of months spent in a physits course where
students Tearn idiy elations, most _staderits do not acquire the learning
sKhill which would permit theii to gain independently such abilities for any
new relation expldined to them. , o

On the other hand. on the basic of our analysis of the abilities re-
quisite for understanding a relation. we have been able to design an in-
stroctional progrdin wher-by stuodents could be taught how to Tearn relations
moee ettectively,  This instructional program made students explicitly

dware of the abilities necessary for understanding a relation; then it

provided these students with practice_and feedback on a limited et of
pPhysics relatiang. _After such instruction; it was found that students had
substantially improved their yeneral learning skill. Thos they could now
better (1) gain independently an understanding of new physics relations.
presented to them in o realistic course context; (2) gain an .onderstnading
of new relations. outside of bhysics; and (3} gain such an understanding
even without elaborate teaching materials. o o

. _These investigations; which are described much more fully elsewhere_
{feif et al: 1975, Larkin and Reif; 1976); show that an explicit analysis
of prerequisite abilities can identify some essential requirements for
problen solving and caii be used to teach a. generally-useful learning.
skill. Furthermore, these investigations have the following implications
for practical instruction: (1) They show that some._seemingly simple but
important learning skills are often . not dutonistically acquired {at least;
not vfficiently) as a result of ordinary instruction in s ience courses.
(0} They_indicate that some_general .carning skills can be taught success-
fully, if they are viewed as explicit instructional goals and taught
deliberately. . (3) They suyycst that such efforts. designed to teach
jenerally-useful learning skilis; can have wide utility to students in
similar contrats; and. everi in more remote contexts: (4) Furthermore,
such erforts idy facilitate future instruction: once students have ac-
juired better Independe. t-learriig skills, they can_subsequently be t:ught
ore economically with ©sss extensive reliance Gii elaborate teaching
iatér‘i.)]';.

ENERAL FEATUKES. CF "FFECTIVE rROBLEN SOLVIAG

The rrecceding secticn dealt with some of tie basic informatino units
relatiens) which must necessaiily be avdilable to permit any problem
olving. . ‘owever, <§ vmphasized Previously; the fieié existence of such
nformation units is not rufficient to insure effective problem o
>lving, even whan the-e provide a useful repertoire of basic solvable
~:blems.  Indeed, excent in the case of guite simple problems; success
Y s0tving problems requires fuch more than a krowledge of facts and
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principles. Success depends cracially on the organization of this know-
ledye aiid the strategies for using it. The rest of this article will be
devoted to discussing some of these central issues: ,

8v observing in detail how novices and experts solve prob]ems.,we

hu\v VI Lo 1dentrfy the fol]ow1ng sa11ent d\fferences between the1r

them une—by one unt1] he or she attains a solution: If the prob]em is
mogerately coimplex; the iiovice freQuent1y fails to attair . sclution, not
so much because he makes mistakes but because he '"gets stuck" and does
not Loow whitt to do next:

Ly contrast, an expert seems to approach a problem in a swrefoofed
way that almost always leads to a solation: He or she ten. “tially
te evngage in seew1ng]v impre~ie<e verbal or pictori. ,g;gngNLé.fwithgut
getting involved in detail: \'wrt1ng tc any equations: He then pro-
teeds by d pirocess of succ.+ sve «©l iborations, wherein equations are
used only sparingly in . « _.tages of trke solution process.  Further-
movre it odrgl -nts see ‘ ©.ceed smoothly and cont1nu0uu]y With only
w1 hesitate s betwe: rcerrupted chains ¢ reascning.

lo give a trividl example, consider the prob]em il1lG-trated in

the junction of the wires: Many novice stadents find this seemingly
siniple problem difficult an fail to solve it. Typically, they attempt

to write down various equatiuns involving several unknowns; and then. get
ost in the morass. Un the other hand, an expert typically starts the

iiq. 2 where the 1nf0rmat1on te de found is the electric sotertial V at

problem by muk1nq verbal statements such as: "The current produce. a
potential d:op in each.wire. These potent1c1 drops are related to the
res19tanees ot rhwse wires, and these resistances are related to the
geormetry.,” Ha. g made these <tatements; the expert then quickly solves
the proplein witn a #iinfaum of equations.
-~
50 volt V=7 35 volt

Fig. 2. Current flowing thrcuah two_joined.wires.of thec Same material
and lenqth. The diameter of the first wire is twine as large
as that of the second.

Let fie then make a few qenﬂra1 theore.ical comnents to 1nd1c >
thac the experts’ problem-solving bchavicer makes sense. As poins. - riut
pirevisusly, problein so1v1ng can be conceived as a process of suc:e '\e
decompositions into simpler subproblems. _ItL is then _crucially iroo “ant
¢ select judiciously; among.the many poss1b1e subprob]ems. those re - 1-
tlvoly few qubprob‘ems most likely to oe u<eful. A good strategy f..

achieving this aim consists of sobdividing the probler-solving.process
into successive stages such thHat each stadge involves orly a selection
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among very few dlterndt. is. A person's "knowledge base" (i.e., the store
of knowledge which he ar she brings to the problem; should then also be
appropriately organized Jnd symbolically described: so tnat thie preceding
Strateey con be implemented effectively:. o )
S 'th & good strategy be realized in practice? One obvisus
way i+ . -1 ze one's knowledge base in such a wdy that individual
Brirc. <iinds .are appropriately grouped together for “chanked")
into a .. l6 vely siiall number of coherent me-hods which tan be used to
solve fipicdl major subpreblems: The resulting advantage is that the
probles olver then merely iieeds to select ameng a few major inethods, in-
stead «+ naving to choose among many separdte principles or methods for
solving minor subproblens: For example, in the domain of mechanics: it
is osef.] 1f the knowledye base contains a : oherent method for applying
the equezion of motion ma - 7 isid fie: wrray separate. principles subsunied
under this method {i.e.. e¢pe .ot i .. % such a< the equation of

motion m¢ = F, the superpositi. e/ - - stating that F is the vector
sum of individual forces, force laws sp:cifying the properties of various
comman furces . L) : . o o

_bven e depurtant the desirable characteristics of a good strategy
tdn be dehi-vi - b, ‘xgcuting the problem-solving process through a series
of successiv.- = inoments: The early stages of the process then merely

involve choi. - iong alternatives described at a global level, unencum-
bered by exce - ve detazil; while the later_stages_involve choices at.a

more detailed icvel. The advantage of such a strategy (which is similar
to the "top-duwr" app.oach useful fur complex computer-programming tasks)
is that only & *ow decisions need ba iade at any one time. Major decisions
are made first _vach of them implying a selection among a whole class

of more detailed alternatives: .nd more detailed decisions are made later
(with full awaren- 33 of the major features of the entire problei).
~__This problen-so0lving strategy of successive_refinements. is very
powerful and Uvseives further comment. First, different symbolic descrip-
tions may be most usefyl at various stages of refinement. _Thus verbal
and pictorial de__riptions are often useful for the early solution stages
to dchieve global descriptions; imprecise but unobscured by distracting .
detail. On the ¢ther hand; descriptions in_terms of mathematical symbcls
and equations car be oSt useful at later stages, to achieve more refinad
descriptions of specific details: Note that these comments agree with
Our observations of experts' problem-solving behavior. o
Second, it is worth pointing oot that the implementation of a prob-.
lem-solving strategy of successive refinemerits is helped by an appropriate-
ly-structuréd knowledge base. In particular; this kr-wledge base should
be_hierarchically arganized into nultiple levels which describe the same
sitoation with different degrees of detail and with correspondingly dif=
ferent syrbolic representations. For only then can the ctrategy retrieve
information which is appropriatelv described with the degree of refine-
ment suitabie for a particular stage of the problem-solving process.
, As an elementary example, consider again the simple problem of
Fig. 2. As meationed earlier, when starting work on the problem, an ]
expert nay make a statemenit such as "the resistances of the wires depend
on their geometry". The word "geometry" is quite vague and refers
Teosely to various geometiic factors such as length; diameter; shape;
tarly in the scluticn, such a vague statement about dependenca oii
geome'ry is mu. ~~re useful for planning a SOi.tion than_would be a
distractingly precise stzteiient (specifying pronortinnality to length
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and 1nverse proportiondlity to area).  Only later in the solution: when

details need to be worked out; will the problem solver want to invoke

the specific eqoation R = sL/A which relates the resistance R precisely
to resistivity ., length L. and cross-sectional area A. However, note
that the global statement "resistance deperids on gdeometry" can only_be
made if this statement is part of the person's knowledge base: On the
other hand, the vocabulary of many novice students does not even include
the word "geometiry"; used in the experts' vague sense of "miscellaneous
Geonmetric tactors." : : .

what experimental evidence can we adduce to confirm that the pre-
cediny chdrdcteristics of a problem-solving strateqy are indeed important?
Une kind of evidence is provided by noting that these characteristics
are exhibited in the problem-solving protocolis ur experts:  In addition,
some specially-designed experiments carried out by Jill Larkin (Larkin,
1977) provide more specific evidence. For example; in one such experi-
ment Larkin measured the times elapsed between succes<ive statements
mude by experts or students solving a particular mechanics problem. in

the vdse of dn expert, uniike that of a novice; Larkin. four ! that most

elapsed times are short and that there dre only a few longer times

corresponding to hesitations between major trends of thought: These

results are guantitatively consistent with & fiodel that rovices retrieve
many small inforiidtion units independently, while experts retrieve their
intormation in larger ccherent units; S
In another of Larkin's experiients, students first received instruct-
ion to gain a_good_understanding of ail the principles of DC circut
analysis and to apply these principles individually. When these students
were dfte c.ovds given some circuit problems to solve; trey were largely
unsucces< . . Then one group of these studerits wdas shown how the prin-
ciples ¢i e visualized pictorially and how they can be applied jointly
in some ¢ werent methods. The second group of students was given equiv-
alent tr "ning on how these principles can be_combined algebraically. .
Neither v up was given_any practice in problem solving: Yet afterwards
the aroup (but_not the second group) was much more successigl_in.
SOivio ircuit problems. This experiment shows that mere organization

07 air  sting knowledge base; even without any practice, can efféct

major. * rovements i probleii-solving performance. , ,
...~ ¢ various kinds of evidence lend support to the caiiitieiits fMiade
in th.~ ssction about some important general charactéristics of effective
problui sclving.  In the next section I shall use these general charact-
eris’.os to propos® a specific probleni-solving strateqy. But the general
coients of this sectinn already suffice to suggest some practical im-
pliceiiens for teiching students improved problei-sglviig skille:
oo of th. dmplications are negative, warning us wnat not to do,
and irdicatiy  tnat some teaching practices conmon in scierce and eng-
jneer na courses may be deleterious to students' problem-solving skills.
The rezxcon is that many instructors. {myseif included) often emphasize
matheric tica] fo. .alism onduly and shun seeiiiingly vagur verbal or pictor-
ial descriptions. [hus many students, even though chey may initially
find words more congenial than mathematical syinb31ism, come to belisve
that verbal arguments ~hould be disparaged as imnrecise and inappropri-
ate_Ffor scientific work. As our stodies inaicat:. nothing could be

further from the truth: Seemir.ily vague verbal and picuerial descrip-
tions are invaluable for the crucial early desiyn decisions in a
problem-<ulving process; and are commonly used by expert problem solvers.



O

ERIC

Aruitoxt provided by Eic:

Thus students should not be Ted to suppress their nataral verpal inclin-
ations.  Instead; they should be taught how to use qualitative verbal or
pIcLoridl arqgur eits etfectively, and how to transiate them into more
procise mathematical form when appropriate: L

du_the muie posilive side, the general remarke of this sectioh i+ Jv
thie tullewing sugges*tions for teaching improved probleni-solvit g s5eil1s:
t1) froviding students with hierarinically-organized knowledge desc-.bed
at wltinle Tevels ot detail. (2} Teaching students to approach prabiet
solving by o process of saccessive refinemerits, from more global to muie
detiiled dspects of 4 problem (instead of proceeding linearly by combin-
ing individual equations): Indeed;. students might profit by being taught
explicitly how to design problem solutions, without necessarily imple-
menting them in detail.
A DETAILED PROGLEM-SOLVING STRATEGY

The preceding séction discussed some general features of afte.tive
problem solvina. let me now attempt to translate these general i1c¢cas
into a more specific stratégy useful for solving physics or engineering
prablems.  This strategy reflects my carrent thinking, not to be blamed
on Jill tarkin; and is thus subject to further revisions, elaborations;
and e perimental testing, o . o

strategy seeks to decompose any problem ‘nto a sequence of sim-

pivr Suiprobiems described_at successively more detailed levels of re-

fi: o, In pariicular,; the strategy first seeks to décoiiposé any

me rotely complex problem into a sequence of five major “"standard sub-
problems” or genaral utility. The first two major subproblems seek to
bring the original probfem into a form facilitating the third and uscally
most difficult subproblem, the actual "design" of the solution. The "ast
two major subproblems then seek to esploit this design to produce a -
al solution. Let wie now briefly outline these five major subproblems:

In the next section I shall then exemplify the stratedy by applying it

to solve an illustrative problem in physics. - .
.. The original form cf « preblem is usoally determiried by various _
extrinsic factors (such as brevity of statement in a textbook); rather
than by intrinsic utility to a problem solver: Thas the firct helpful
task is to start from the original problem statement to generate a prob-
lem description diost convenient " ~ the oroblem solver: We may c3ll this
task "translation". _This problem description still incorporates very.
little of the generdl or theor:.:cal knowledge which the problem solver
can_fruitfully bring to bear or the problem: Thiis the next Kelpful task
is to start from thc previous convenient problem description expressed. . .

optimally iu terms of theoretical background knowledge: (We fay call this

task "analysis".). The problem is now in  srm facilitating the search
for 4 splution. Accordingly, the next task starts from this useful prob-

tem formulation to generate a "schematic soi-ition", i.e., a_decomposition
-T the problei into subproblems which are Jeemed solvable; although not

ve* explicitiy solved. (We may call this task "design".) Clearly the next
task then involves actually solving these various subproblems in order to
generate_a tentative solution of the problem: (W way call this task

“implementation”:) Finally; the last task consists of assessing and revis-

ing tinis teritative solution in order to generate a good solation which is
s30th correct and optimal:
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The preceding five tasks constitute the five major subproblems of the
proposed problem-solving strategy, as illustrated in Fig. 3. Note that

each such subproblem is completely.specified by its input and desired out-
put (e.g., by "convenient description" and "useful formulation"), and that

the name given to a subproblem (e .g:; "analysis") is merely a convenient

? ORIGINAL PROBLEM

transiction

> ﬁ%eenvsmsm DESCRIPTION

analysis

%USEFUL FORMULATION

1

design

% SCHEMATIC SOLUTION

revision

implementation

% TENTATIVE  SOLUTION

assessment

($EVALUATION

'Cg GOOD SOLUTION

Fig. 3. Major subproblems of the problem-solving strateqy.

Let me now ndicate briefly how each of these major subprobles

is to be solved:
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Translation

To find a convenient problem description:
(1) Introducé @ convenient symbolic representat1on (dréw a design and

... choose labeling symhols) . .
(2) List specified and desired information

To_find a useful problem formulation:
(1) Retrieve relevant basic knowledge

(2) Generate a theoretical problem descr1pt1on by

(a) expressing problem statements in theoretical fori

(b} cons1der1ng 51gn1f1cant prob]em features (systems, stages of
(3) Find global information about prob]em by

(a) identifying general properties (e.g:.; invariants)

(b) identifying possible types of solutions {including 1imiting

and critical cases)
Note that all these things are to be done at a h1gh level of des-
cription; unencumbered by distracting details.

Design

To f1nd a schemat1c prob]em so]ut1on

{1) Search for. solotion by using the ‘generate-and-modify” stratagy
described below

{2) Do this at successively more detailed levels of refinement, if

necessary o
_ The search strategy ment1oned (a form of “means-ends analysis" )

f]ndlng the de51red solution. These difficulties are of two kinds:
lacks; i.e.; desirable features (such as needed information) which are

absent; and f]aws, i.e., undesirable features KSJch as extraneous infor-

mat1on) wh1ch are present: The genera] strategy 1s “then to. carry 0ut

Tikely to supp]y the lacks; and then to modify this information judicious-
ly by removing the flaws in it. Typ1ca1]y,rusefu] information can be
generated by applying some relevant principle or method-to the problem;
information containing flaws then can be modified 5u1tab]y by combining
it with other 1nformat1on which relates such flaws to more desirable in-

formation elements: This cycle of generation and subsequent modification
can be applied repeatedly until one attains the solution (i.e., all the
desired information without any remaining flaws).

Implementation
To f1nd 3 tentat1ve so]ut1on,,so]ve in detail the various (presumab]y

solvable) subprob]ems identified in the schematic solution.

This solution process is not really different from the one used in
design; except that the problems to be _addressed are now more straight-
forward and are solved at a more detailed level.
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Assessment and cevision
~ To .ind a good solution, assess the tentative solution by examining _
the followifig guectrions and making appropriate revisions until the answers
to these questions are affirmative:
(1) Is the solutior unambiguous? = : - .
(2) 1s it i.ternally 2nd externally consistent (i.e., self-consistent
. and i, agreement wilh Other known information)?
(3) Is it complete? S
{4) 1Is it optima™ (e.g., might it be simpler)?
~ The precediny - <:ription of the strategy is general and fairly
abstract. To sh « ..t the strategy has quite specific implications; it
is instructive to..ppiy it in detail to a particular simple example. After
that we shall be in a better position to point out the general implications

and limitations of such a strategy

ILLUSTRATIVE EXAMPL:-

~ Table 1 state; a physics problem typical of the kind encountered in
a basic college physics course. .To jliustrate our_proposed problem-solv-
ing strategy-in greater detail, let us apply it systematically to this
problem: ) '

After descending & mountain slope; a sled moves up another
hill whose top; which Fas a radi:s of curvature R; is at a height
h above a valley: Assuming that che sied moves over the snow-
covered ground with negligible friction, at what height above
the valley must this sled start from rest on :he mountain Sibﬁé

s0 that the sled just leaves the ground at the top of the hill?

Table 1. Original statement of a physics problem.

Translation

~ According to_the preceding section; the_strategy leads one first to
generate a convenient probler description which consists of.  the diagram___
of Fig: 4; of some convenient symbols {such as the initial height y of the
sled); and of Table 2 which.lists the relevant information about the
oroblem. Note that this’information is now available in.much more usable
form than in the original Table 1. This is beacause it is_represented
pictorially; corresponding more closely to the observable _physical situ-
ation, and because it is listed succinctly in the order of the specified
motion process.
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Specified information,

Start of sled motion:
speed v = 0
unknowr; neigkt y S

Sled moves w'*Hout friction {1y

height h
radius of curvature R
sled just leaves the ground (2)

Desired information

y=7?

Table 2. Convenient description of the problem of Table 1. (To be
supplemented by Fig: 4):

Fig: 4. Diagram representing the information provided in the probiem
of Table 1.
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Analysis
The “analysis® part of the strategy, as outlined in the preceding

section, leads to the following information: L

(1) The relevant basic_knowledge concerns mechanics, j.e.; principles
in.n.ving motion; forces, and. energy. A theoretical description of the
problem should thus involve these concCepts.

~ (2a) Statement 1 in Table 2 specifies that the s1. . moves without
friction. Thus the frictional force is zero, i.e.; the surface force Fg

exerted on the sled by the ground is always perpendicular to the ground
surface. : [

. (2a, continued) Statement 2 in Table 2 specifies that the sled just
leaves the ground at the top of the hill. The word "just" indicates a . ...
critical case between two types of solutions, one. type where the_sled still
touches the ground at the top of the hill (so that the surface force [

# 0 at the top of the hill), and the other type where the sled has left
the ground before it reaches the top (so that F. = 0). The critical case.
between these two types of solution is then that where the sled at the top
of the hill still barely touches the ground and F._= 0.

(2b) - The only relevant system is -the sled. SThe motion process-can

be subdivided into two stages, the entire initial motion until the sled

reaches the top of the hill; and the stage where the sled is at the_very
top of the hill. Consider first the initial motion. Application_of ferce

arguments (and the equation of motion) leads to the conclusion that the

sled moves as a result of the downward gravitational force F_ = mg and
the surface force F_ on the sled. Application of energy argdments leads
to the conclusion that, since there is no frictional force, energy is con-.
served. Thus the kinetic enerdy and the speed of the sled. vary simply with
its corresponding gravitational potential energy (or height). -

{2b, continued) At the top of the hill, the surface ‘force Fs =0
so that only the gravitational force acts on_the sled.

{3) As already mentioned, the energy of the sled is a_simplifying
invariant. We have also mentioned types of solutions and shall not do
more along these lines (although we could). .~ . .

The results of this analysis lead to the useful problem formuation
partially summarized in Tableé 3. Note that the previous statements
describing the problem in Table 2 have been reformulated into theovetical
statements about the surface force. Also the crucial importance of the
gravitational force (never even mentioned in the original problem state- .
ment) is now fully apparent._ The problem formulation of Table_3 js clearly

much easier to.solve than the earlier problem_descriptions of Tables 2 or 1.
Indeed, if Table 3 were transcribed into prose form_and were._given as_a_

textbook problem to students; it would be much simpler for them than the
original problem of Table 1:

Besigh

- A schematic problem-solution, obtained by the "generate-and-modify"
strategy of the last section, is succinctly summarized in_Table 4. This
table indicates explicitly how the problem is decomposed into successive
subproblems and what information results from the solution of each solvable
subproblem. Such information is described by global statements which dis-
regard distracting detail in order to specify merely an existing relation
between key quantities. {In Table 4, the quantities in these statements
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Spec*fied information

Stirt of sled motion:

0

speed v
‘ unknown height y
Sled motion
Surface force f L surface
Mass of sled
Bownward gravity force gé = mg
Energy is constant
height h

radius of curvature R

=0

tin

3
Desired informa

Table 3. Useful formulation of the problem of Table 1. {To be
supplemented by Fig. 4.)

are conveniently indicated by single-letter abbreviations arrariged

in_separate columns. However; without much sacrifice in_transpar-

ency one could d1so express such statements ir words. For example,

in designing the solution of the problem of Fig. 2 one might use
the statement "resistance, geometry" to indicate that a particular

subproblei yields information relating a resistance to georietrical
factors.) '

.. ..To explain the schematic_solution of Table 4; let me express _
it in words I might use as a problem-solver: 1 start with the.well-
formulated original problem P and note that it lacks adequate infor-
mation to attempt a solution. Hence I undertake subproblem P1 to
find relevant information reldting the sled's wotion to its inter-.
action with other objects. -To solve this problem, my_previous_prob-
lem analysis suggests that 1 try to solve subproblem P1.1, applying
the conservation of energy to the initial sied motion; and thus ob-

tain a relation between the sled's initial height y and its speed v
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e

Prob# Problems Results .
P Well-formulated problem
P1 FIND mechanics information
‘1 APPLY E=const: initial motion | ¥, ¥ 1 o
.2 APPLY ma=F: top of hill Fo |29
p2 ELIM a I
1 APPLY centrip accel v, a 34
2 | ELMa: 2,3 | @ F, |4vo
PI |ELIMv: 1,6 v Fg |5 ¥

Table 4. Schematic solution of the problem of Table 1. (The circles

and lines in the last colunn indicate_pictorially which
stateients are combined to yield new Statements:)

at the top of the hill. The prev1ous prob]em ana]ys1s a]so suggests
an attack on subproblem P1.2; applying the equation of motion ma = F
to the sled at the top of the hill. This yields a relation between

the acceleration a of the sled and the gravitational force F. acting

on it: Hence I have now schemat1ca]]y solved (and may thus eheck

off)_the original_ subprob]em P1 of _finding relevant mechanics infor-

mation: Now 1 note that the acceleration._a (c1rc]ed in Table 4) is
a flaw in my available information Since it is not wanted for thé

solution of the original problem. Hence I undertake subproblem P2
to eliminate this acceleration. To do this, I first solve subproblem

P2.1, applying the relation for centripetal acceleration. .Thus.1.
find a relation between the acceleration a and speed v of the sled

at the top of the hill. I then tackle subproblem P2.2 to eliminate
the acceleration a by combining Statements 2 and 3, thereby finding

a relation_between v and F-. I have now solved the original_sub-___
problem P27 of e]1m1natihg he acceleration. Finally I note that the
speed v {circled. ir Table 4} is a last remaining flaw. Hence I
undertake subproblem P3 of e]1m1nat1ng v by combining the previous
information contained in Statements 1 and 4. In this way I obtain

a relation between the initial height y and the known gravitational

force Eg Hence my entire original problei P has now been solved:

The task of obtaining the actuwal_solution of the. prob]em is.
now quite straightforward since it only remains to solve in detail

the simple subproblems specified in the schemat1c solution of Table

199



[ _
4.  Thus subproblem P1.1 (applying enerqgy conservatidp) yields
mgy =.mgh + mv-'/2,.0r y = K + v'/29. Subproblem P1.2 (applying the
equation of motion) yields simply ma_= F_ = mg; or a = g- Subproblem
P2.1 yields a = v}?R and subproblem P2.29then produces v2 = gR.
From subproblei PA we get simply y = h + R/2; which is the answer
to the entire original problem P; L

The last step of the strategy; involving assessment and revis-
ion, is so straightforward that it needs no illustration in this
particular case.

DISCUSSION

The preceding iilustrative example has hopefully clarified and

inade niore concrete sone of the basic ideas discussed earlier. Hence
it _is now possible to point out some of the general implications
and liiiitations of this work.

... .The problem-solving strategy brbposgd”inrﬁhe”jasﬁrcgypjéfbf,,,,
sections can be regarded as a specific model for effectively solving

problems in physics. This strategy strives to achieve the following
advantages: (1)_1t systematically decomposes _any problem into a.
sequence of sinpler subproblems. {2) It directs one to proceed by
a_series of successive refinements; Thus only a few decisions_ need
to be made at any one stage. Furthermore; major global decisions
are made_first; unobscured by distracting detail. These can then
guide subsequent decisions at a more specific level. {3) The fact
that a problem solution is described at a global level without
burdensome detail {e:q:; as illustrated by theé schematic soiution
in Table 4) helps to reveal the essential features of a solution;
and to modify a solution easily when a problem i§ changed. (4)
" Finally, the symbolic representation illustrated in Table 4 can
itself be a useful aid in designing a solution, in helping students .
design solutions; or in suiiarizing someone else's solution {e:qg.,
in summarizing the solution process inferred from a person's problei-
solving protocol). e S
The problem-solving model described by the strategy is intended

B

to simulate some of the central features of the problem-solving _  °
processes of experts. However; it should be noted that the actually \
observed problem-solving behavior of an éxpert may conceal much jm- )

plicit inforiation processing which is not explicitly apparent. The
reason is that an_expert can often use very few words to invoke
fairly conplex solvable subproblems which he has accumulated in his
repertoire as a result of his extensive past problem-solving experi-
ence. The familiarity with sich major solvable subproblems makes
problem solving easier for an expert than for. a novice, who must

solve the same problem by piecing together a larger number of more
primitive subproblems. = . L -
__ As emphasized earlier; the work I have described is still very
much in progress and much more needs to be done along the following
lines: L

(1) The problem-solving fiodel needs to be refined and made
more explicit. In particular; it is important to specify more pre-
cisely the hjerarchical structuire of & knowledge base; described .

at multiple levels of detail, which permits efficient retrieval of
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relevant information by .fhe proposed problem-solving strategy.

Models of swch a structure could then be tested by examining or
constructing knowledge bases for some specific subfields of physics

or engineering. . . e
. {2) Detailed experiments are necessary. to ascertain to what
extent someone; proceeding in accordance with the problem-solving
strategy, does attain significantly improved problem-solving per-
formance. Some aspects of the problem-solving model might also

be checked by computer simalation.. = . .

_{3) If such experiments substantiate the merits of the prob-
lem-solving strategy; one should then be able to use this strategy

as the basis of a systematic and practical instructional procedure
for teaching students -improved problem-solving skills.

~ (4) The present domain of applicability of the problem-solving
madel is limited to relatively simple problems of the kind encounter-
ed in basic physics or_engineering' courses. In the case of more _
complex problems, the design phase of the strategy must be amplified
by incorporating in it more elaborate heuristic procedures for re-
describing problenis or searching for their solution.__Examples of
sach heuristic procedures are discussed in Polya (1957) or

Wickelgren (1974). Furthermore; one should explore. to what.extent
the problem-solving model can be extended to areas beyond physics:

CONCLIDING REMARKS

1 have tried to show that serious concerns with problem solving
can benefit significantly from detailed studies of the information
processing underlying successful problem solving. Such_studies,
pursued in depth and with the formulation“of detailed theoretical
models, can lead to substantial intellectual challenges and_touch
on fundamental questions of substantive interest both_to.modern
engineering fields (such as computer science and artificial intell-
igence) and to cognitive psychology: Furthermore; on a_.less funda-
mental and more practical level; the analysis of human information
processing can have far-reaching implications for teaching students
improved problem-solving skills and for furthering the development

of an effective applied science of education.
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CAPTIONS

wection between a

Fig. 1: Diagram indicating schematically the o sen a
referent {black square).

particular:symbol {black circle) and a particular
Fig. 2: Current flowing through two joined wires of the same material
and Tength. The diameter of the first wire is twice as large as that
of the second.

Fig.3: Major subproblems of the problem-solving strategy.

éig? 4: Diagram representing the information provided in the problem
of Table 1.

e
Table }: Original statement of a physics problem.
_Jable 2: Convenient description of the problem of Table 1. (To be
supplemented by Fig. 4.)

Table 3: Useful information of the problem of Table 1. (To be supple-
mented by Fig: 4.)

Tabje 4: Schematic solution of the problem of Table 1: (The circles

and lines in the last colomn indicate pictorially which statements are
combined to yield new statements.) .
-
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