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";Dntra,t betweén twa statisticisns whc draw widély different canclusicns

'.CE g., Games,11976 and Llndley and Nevick 1981) ;chd wrote Eﬁa

_Tnﬁradughiéni_ o oL Lt
B ’ ! =
- i o F]

_ Lard s Paradax first appearad in a shazt twgrpagesaftizle.CLafi;_

5
Y i

1967) iﬂ Psychc glcal Bulletin. Ihis artlale presanﬁs_éétehafkable-

; : A

) £
1 : . 3 =

frém ;he-éame set of ﬂatai’ Tbé culprit appéars to be-thatvthg analys;s

-faf covariance cannot be counted on to make a pfaper allgwance for: ;

i

unccﬁtfﬂlled pfeégisting‘differenzés between ;atural_gr;ppsg Much to

= i
v

his pafadax, This fazt increases the interest in the questians lE “

4 -

‘raises. The impagt~af the papervhasrbegn_aﬁ extensive analy is and

Y

 critieism of the use of the an§1YSis of covariance ‘that still continués

.8
@

¥

addltlanal short piécas on. the paradax -= a secand artlgle in Eszﬁhalaq'f

glcal Bulletln,*{Lard 1968) and .an gntfy in tha Eﬂzyclqggdla of Educa-

- tional EValuatlcﬁ CL@rd 1973 in Aﬁdersan, et al.,_1973 page 233). We

. e
base our discussions on these hree artl;lez by Lord. .

. : . .

Lor d'usas examples to illustrate his paints, and théfa are. Eaur

gxgmples discuggeq in the three papefsi{ Our sppraach d;ffers fram

u

Lord's in Eh§t we first present a,mathamatical f:amgwa:k_;hat ig com=

plex Eﬁﬂugﬁ to accommodate what, we regéf@ to be the"important features
inthé axampiéé freated‘by Lord, and welghan épply thié ffaméwatk to

each of his ex amples. As will becomé avident,iweabalievgighat Eheré‘

are several differEﬁt issues Ehag ayise inﬁfhgse examples, and ‘feel :
théﬁ our ﬁatheﬁatical framewark prcv1des tha 5tructure for a pIECi
analysis.. -
. A
- . = \

'\the dismay Di the édit"A@f,Psychmlagicél‘Bulletiﬂ, Lardjdid’nét fééalve'



Gur paper is organized as follows. In Section 2 we describe the
[ L i A - N . ‘ B ’ r . _-l’ ’ LT
general mathe ii’l ffamewafk-gr médei for causal inferénge. In %

,S icn 3 we apply this genefal framewark tD Each Df thé examplég

L]

,appaariﬁg iﬁ Lcrd =} three pap . SEEEiQﬁ 4 glvgs our generallggnélq%r

= =
st

,"1ragardlng the nature af Lgrd s Paradax. We,lnclude an ‘Appe ndiﬁ;-

’ £l # 3
Whiah 1nd;;ates various’ :glated resul;s that fallqw frDm our’ mad%l e
= == - ,,_r -._.r AT !:’ =
2. A Hadel far Céusal IﬁfEIEﬁEE ' : < coa
NEAXE - ; o i At BN
. ; . . ey [
In thl SEEEiDﬁ-WE:dES;E;bE our model for aausal inference and

i

derive thg results from it that we need for the examplas that Lard '3:“

L

”diséusgéd Mnrg technical ccnsequa eé:@f th Ddal are'derivéd 1ﬂ-
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2.1 The Eléments of tha H@del

a5

The chief. iséue ‘that.is of condern “in Lord's Paradox is the

P #

ttan about causation but our ’

v f’ L -
'attzlbuzlan of cagse. Huchghaslb22ﬂ W

a

point Df daparture 15 the analys;s Qf causal EffEGES givgn iﬁ Rubin

C1974 1977 19787 IESD)E- Hawevar, lt w;ll be suff cient fﬁr our purF_q

,ﬁgses to aal with a. S;mpllfled Eppulatlan—level, vers i n éf Rubin's

LA I.F . N

model. We have used thls Simpliflﬂd madal elsewhara (Halland and

Rub;n, lggﬂ} to’ analyze causal lnfEfEHEE in fEEfGSpECEIVE,”CaSE%QGnﬁfé;:
Y o

- 4

studies cfﬁen used in- medical research . e '5é? f% =Jf ‘ ;_;

Dur madellls s;milar to thase used to désgribe-many=siﬁ§le séatise_

~tical prablems _ Héwever, we ‘are absmlutely explicit abaut tain'dis—

Y A’-’~a

tlnatians and elaments that ara usually laft 1mp1lalt in ather dlSEuS='

.

: sions. WE belléve that it. is impﬂsslble th give a ccherent aﬁalysls

af cﬁusal lnfefence w1thaut baing at lga%t asgexpli:it as we arg2harei

= B T L3
. .
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fé)iiafécp'lat;gn of units £, - R
®) an “éxpeﬁrimé‘fﬂ?%l:'maqipulacian"§~ﬁitﬁ‘léirelg toor ¢,
»:ia§§>i;§ égggciafe& indicator fariabléj,s, v

“(e) § -}bp éulatlan iﬁdicatar variable, G; : | -

(d) aﬁ,autccme»va:;abla, Y, and .+ ) }
. (Ej :agkgcnggmltaﬂt varlable, fg Lo o L : ;
. & , : ‘ . .
'Eazh,@f ‘these :Dmpcnents to the mcdel needs further spaciflgatlan and

we da thls 1n the next SubSEEthﬁ. .Figure 1 summariges_ﬁhisfframéﬁgtk‘-

%‘: -EﬂhE.EFi_iq =
s f Figure 1 about here

yeooo : il

2.2 Discussion of Ehe Elements'gf tha Eédél .

. The papulatian P af ‘units underlles the rest af théiﬁodel; ‘Typi-

.¢al examples of '"units" are human:subjecﬁs,taf rats,’af’hougghalds, or
i . S

;Qéfnﬁseeds,- All varlables are asgumed to be functlcns Ehat ara dEflﬂEd

‘h§é5%§ef§ unit in P All pfubébllltles, dlstflbutlans and expacﬁed
: #alﬁesvarélcampﬁteézéver Pi A prébabllity will mean ncth;ng m;ra nor
'; ;% than gvﬁrapmrtlcﬁ ﬂf-unlts in P. The axpected value af a variable
: ;é merely 1t5 -ave g% vaiﬁe over all of E. _Ggﬁdiﬁiéﬁal‘axpeatéd valués

irére,subgraup avéfages where the subgroups are’ defined by the condition-

“ing stéteméﬁt. In Figure 1 there are N units in P. . -~ . o
. The "’xperlmental manipulatlan is the focus of all causal infer—

ence_in our model. It is important tg realize that by using the term
.o R o o :

experimental manipulation' we do not mean to limit our discussion to

the activities within a controlled randomized laboratory study. ‘We do

w
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'Q'mean tb 1ncluda aﬂy sart cf wall daflned axperlence to whlch Each of
. _ . i

=

L]

:the unlts in P may. or may ho t,be axpased. The kay nctian is the thEn—x
. e v ' 4
'tlal for EKPGSlﬁg ea:h unlt ta any one. af the EEPEIlmEﬂtal QDndltans

11:1 the Study‘-' FDI‘ i‘,ausa,,l infar&ncé, :Lt is- c;‘itical that éat:h unit be

'patentlallg Expcsable to any one of tha experlmental cand;tlans. As an

o L4

,tién in our sense, whgress the student's race or genda: is not.
TR ; i : ) - 5= -
. - ‘ ) * - ' LS
L L e . L, A . . o N
For Simpllglty,vinAthis paper we shall assume that there are just

F

“or 13?&15565-treatmené,"dgnated b

m-

¥ two aifferént axperimental ;bnditié%
‘ ) IR . : :
(tfeatment) and ¢ (EDnthl) We will let S be a'variébla,thatriﬁdiéétes

- .= ——— : * =V i’ e

,tha exparlmantal\caﬁdltlan to whlch each unit in P 1s exposedy; that is,

§,= ¢ indicates ;%é unit is expaseg to 't, Whila S Q'indicat35 expasufE;

. i 7 . G . . ) N . B -
- to-e. -In a contr }%ed sgudy, S+is constructed by the experimenter. -lIn.

an uncontrolled Sgudy S 'is, determined to Samé%gﬁtéﬂt by factors Beyond

i thé;a;periﬁgntéf's“cqﬁtralliyiﬁ aithgf_caéa; the critical feature of
the “éxpéfiméﬁtai ﬁaniéulatiénq is‘thé;;thefvaiué éfrsjfat each‘unif
"could have Eééﬂ di ffeféﬁt;f; o - r |
Wé w;llrmaka‘the 51mp11£ylng assumptlan ;hgﬁ 8 is-défiﬁed‘aﬁ'ail _ Ji_
cf E,s§7that fgr.eazh uglﬁ altﬁerzs';-t Qr S = c. in-twa of the exémﬁléévr
.iiﬂ Secti;n 3, § is a'c@nstéﬁt‘évef Prfi;afg tﬁere-§s @nly-aﬁe treatment
ﬁé Whigh=g§it5 are actual;' ’ﬁ sed) Injéﬁé exém?lé, :hereA;s no S‘_ ; V)
sinéé.théré_i% no ideﬁtifiéd tteétment; . Our model is at the "popula-
tisnglevéi";becguéa we do ﬁct cgnsidar_theziﬁfeygn:é p:;ﬁléms=é$s§éisté§:_ﬁ
ﬁith thefsampliég';f-;giésriﬂ;?:far study.’ ' The madel'désc?ibéd gﬁ{
Rubin (1974, 1977, 1978, 1980) deals with the!a&ied.cééﬁleﬁiﬁy-gf the
-sampling éf uéiﬁs_f 3* V ‘ ) E
O ""';“""'”‘L T ‘””’{ o I
- i1 |
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5= . = .- - 5 =t

ffrThE Eerm lﬂdépandent variable" 15 @ften used ﬁa raier to a. ‘treat
. R T . 4
ment 1pﬁlcataf va:iable lika S but 1ﬁiis alsa applled mare 1cgsaly to

T e D el

M s = *

-

1ncludé an entlfely dlffergnt type of’ variable.“ Tn Gu; madél“thl%m

:52c§ﬁd type of varlable is ;£E§subpapulatlan 1ndlcat g%iéblé‘G.s ;
hEvans and Anés gla CLSES)? am@ng;agﬁérsv dlstiﬂgulgh ﬁlearly Eetweeni
Afgenuiﬁé iﬁ&épéﬂdent yariahieéi tréatméngéiﬁhatréaﬁ Eésmaﬂipﬁléééd;fi;
lraﬁd C13551fléat13n5 éf Dﬁhéf %arlablas whiéh a : ba. thé ¥nta;tr_r-

B : ) _ _ il
graupé Ta chd»is guize aware of the digginctigﬂ and, in fact; des-—-

) . ) ‘3 FR it 5 i N = R 3 ’ PP ;’, e 1 z - .
cribes his paradox as "a prgblem that‘arlses in interpreting data on

: & o : s s
- préexistiﬁg gféupsg" He also rafers to the 1mstSlb111ty af randam

assignment in the c@mparlsen Gf the educatlcnal achlevaments Df
different racial groups." - In our mcdal we have two,: difﬁefant variable:
S and G, in order to fgpraseat,bcth &ase%; The Vaf;abia G indicagésv

e or. gender of )’

ﬂ

the subpopulation membership of each hﬂit, such as ra

st,derts,-?yarietiesﬁrcf corn, etc. Unlike’ S it is ﬁat passiblerégf

N I ST rs o

* the value of.G for each unit to have been ather than what it is. TFor.
: . . . »

‘thé purposes @f;thié pa§3f7;we have a ,gla subpapulatléﬂlindlcatgr

- -

=

fvarlable G whlch has ‘only twu passible ValUES CG £ 1, 2):1nd1cathg,

* &
- . =

for example, gat%_aﬁd female studeptsg as shown in Figure 1..

By tha 'éﬁtéame variable" Y ‘we -mean tc’ccnvey:the usual notion

2

of dependent or ErltEfiDﬁ varlabla, w1th one 1mpartant Ext;ﬁsicn.

[ . . ) SE =

When. there-is an éxperimental manipula iDﬁ; there ara~multi§1§ ver—
% ‘ . ‘. & ’

] Nip v - ' i o o . . R :
siaﬁs\@f Y, one for each treatm&ﬁt asﬁditlan_ . In our case, these are
e T, y B
xdéﬁéﬁé&'by Y, and Y The interpretation of thESE-twa.yaluas gf pe fcr

- @ given unit is that Y is the value ‘of Y t&a£ wauld ber bserved if
* the unit wege.éxpaséd to't while Y ishthg valﬁé‘ﬂfzi,thai wauld be
- W Fidﬁ e
= a; i = B és - g‘ '
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observed an'

the sama»unit if i; wafé Eiﬁgéédrtﬁ é.—§Tha.b§$ié5ﬁ§tiéﬁ:,f

that a traatment 1nf1uen&es tha dapendent varlable is fafﬁsiiééf'iﬁlfr

° L

ffﬁha mo del by the two valuéﬁ, aﬁd,Y ot If t influanaes Y _then thexb j

'gffegz of Ehe expeflmantal\maningatia is-t ’ aka the value Y
j,& fﬁerent ffcm the value Ec\far each unit.r “The - null hypath Si of i d
: -, . »ir . . 7{\7 . . B 7- ) R N - " .

gspands to

~ put a. subscript on’ Y - mor dé?we subsgript Y when we_are réfatring'tgfj'
. L1 : j-’ Lo - *‘_‘\{ ; : . e

;1t Wlthaut referanae to tﬁe.trastment ;Onditians.;t?

Central tm Lord's Earadgx 15 the availabillty of a variable K

that.is auxlllary EO’thE au;zame vaziable Y,ﬂ‘We ‘will” call X a

2 - -

fcaﬁcémitagg-%aﬁiablé to: dlstlnguish ;t fram Y. «Howewar, 1n Egrd‘s

- examples tﬁera are’-two d;s’tiné CLyp!

enta;’manlpulat;an.* This state af affaifs can be axaf

'ﬁéf:ﬁt and X denate the vslue gf X that’wmuld bE”“'*“

Te ﬁéﬁ ;ively._:lff'

2@

"iﬁ th;s’spggial EESE we $h§1L2§34 ;i”éfggfar;afa.i If X % K far soméz

o] . . = VR

- unitsy EhEﬂ*it:iS nét’a'gaiariaﬁe,_bﬁt wé-“ill*Sﬁill-QEi thapmara‘génerai‘»

tarm gancamitaﬂt var;able to déécrib X in this case. Ey de 'ti
. . ’gv . L
tha-subpqpulatian indizatar*varlable G is an Example of a cavarlate, In.

1

real-llfe rgsearzh deslgns, the queszlon af whether cr nat K YX'fcaﬁ,:“

~be qgitg-gerious,énd di f ult ta answer..~Undér the usﬁél.qifcumstangéé_

13
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A descriptlva Etudy has na. experlmenﬁal manlpulatlgn so. that there

s anly one ver51nﬁ of Y and of Xi-an fng treatment iﬂdi:atcr variable S.'

and dlffar anly 1n the degree uf :cntral that thg'**Tif;

avar tha treatmant indlcatgr, § In a cantrallad

’f@éusaIHStudy,'thé'valueslgf'srare datafmlned by tha axper;menter and Eaﬁ.
- ‘depend gnégumefégs'aspeéps of each;unit -e. g.; subpapulatlcn membership,

" values- _covariatéS;lbﬂthnét Eér;Y“ Siﬁce thé_vélue

0.
N

- of the outcome va 1sble is. abserved after the valuas af 5 are dete:mined

by the éipétiméntétg lﬁ an. uﬁcanttalled ‘ca usa l Sﬁudy the valuas-gf's_

B
.

_are detefmiﬁad b' f ictors thét'aretbeyand Ehé_&x@eiiﬁeatéffsLcantfglg=

B

‘ Qf crltical impcrtance is the fa -t Ehat,_in -a iontré'led causal study o5

8 cag-bé: Tda;to be 5ﬁatist;cally iﬂdEEEﬂdentrGf:Y and Y whe:gas in én

P . N
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;unacﬁtralied Eausal study th;s is not true.j'Ail-offLﬁrdiE

these afé thé yp:séaf studiés;thaE"cgmmanly_arisg in~th§ béhaviéral 'g‘?

:sciences and invéive prEExist;ﬂg grgups I s 1'35j_7?~

ffg;gs;éﬁdeg 1a gd Quantltlas in Causal Studies

Thé‘qausal EffEﬂt af t on Y (felative ta c) f&r Each uﬁ;t in P is_”f
* .

gitén by the dlffafeﬁ‘

'YE; Thls 15 the amoun§~that E. has 1n— e

’ ;iééééd:t or dgcreased) tha alue«cf Ve (relatlve Eﬂ E) on éa:h unit.:i

- Y o) is the average ﬂausal ffect of t'versuéf'
'étdﬂ”Y iﬂ~E;b*Sané tha Expéﬁtad valua Qf diffaranca is’ tha diffefenza

ad values, i,e._ - x'_'?‘ B 'Jazii “f . f{ﬂrv% o 1_ R

E(Y

Jwe ‘see Ehat the uﬁcaﬂdltlanal

P . r
‘:ausal‘interpféﬁaticﬁs.=v

&

; :¥} Iﬁza‘caﬁsal stgdykﬂwhétﬁex ntralled or. uncgntralled the,valuéffv

of ¥ that is gbserved on each unit’ 15 Y "s0. that when § = ﬁ; Ygfié

ng canditlanal Expa:tatlani

tfaatment graup mean = ECY IS = t) ;-; ‘E'f (2 2)

The ‘mean of . X fDr the "caﬂtralggraup~ is - y?

S ',sén?rél_siékp méaﬁi=1E1YEl§‘éeE§;“ R ¢

e L o= . e K

*

In a mara general SEttiﬁg the definltlon af a :ausal effect at the

unit leval wauld nat requlra that the subtfactl@n, YE i YE, ‘be’ eaning- -

. ful;i This -1 bgyand the scmpe af thlS ﬁapér but is o di ussed 1n s B
Halland and Rubln (1980) ED : |

O
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[

I
st
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)

1]

rt
~t

;-c)'¥7§§Y%JS

izithé'avarage‘vélua éf:¥£ amang thﬂse

. - Bu ECY ]s = :) and|its.
- ;'t) can never ‘be. ii?ﬁél?,méééuiéd Excep; when Yt )

,’éﬁéér§e§7éﬁ,all_ﬁﬁitéif This.-is the. ndamenﬁal prgt

-\mﬂ

v S Ny
jiﬁix?we-shaw haw éxpgrime,t } ..
',king (2. 1) equal “to- tha o et

dlfference betweenﬂ(zrz) and (2 3)

B.f Lcrd‘s Examp; s

B

:Léfd ﬂses,fé r rinclpal egampla, ’oﬁfsé bg;hi dl cu 551‘
.. Each example is a

5 - -

\m‘

in Lard (1967), L ord ClQES),Vaﬁd Lgrd (l973)

1
[
l

l,tlciaus research study th t

1- ife’ihﬁéstigé;iaﬁl

iExample 1is usgally.refe:red?ta_[,lf;, 's ‘Paradox. Iha ather three'

examples amplify the ,SSﬁEE thét ari e there. In this sec;i@n,»wg,

h example in terms of tha mgd 1 given in Se ion 2. BN )
. .:,,‘-;i = -

¥, .
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3 1 Examgl_,l*t Twc Subpapulatians Re¢eiv14370ne Treatment

Lord's=famags parad@x ;5 tha canterpiez"
2 T

7‘i5~mEVElQﬁEd briafly

of béth Lgrd ClQE?) and

LEI& C19?3) and a variant Qf i

It is intradu;ed in Lgrd (1957)“w1thrthis shart parag:aph:;

A 1arge unive sity ls 1ntefested 1n 1nvest;gat1ngf— -

the affects on’ tha students Efﬂih§4dlét praVldad

= B el

t'ln the university dlnlng halls and]any sex d;fferﬁ‘

= * ,'

TN

3 i ’ t M ”:i;
Tzand his weightstﬁé f@llowing June are. rgcardad, l.fF R

E ThEIg.lSAQG ether hfarﬁétién descrlb;ng-thls:hypgthatlcal study
\. B = ' 7?3‘--’, < . o

‘;identlfy all af;the relevant alemEﬂts af the madeliflstiéil summarizes

£Y

3

the- dlnlﬂg hall,dle 15 arly the treatment t, “whose effect‘an

= L

‘stud&nt waight is Saught by the" study,lthere is no cantral diet,

- even hlﬂtad at im the th:ee pépars- In our madal the 1nfluanc3 ﬂf t

on Y is aiways felative to sama other cgndlticn c. The: fact thag, in -

_this-exémple,gié is vaguely deflﬂed and not Dbserved dife:tly plays a o

crucial role in our aﬁalys;s of the psradax.wfIt shauld be remembered

~

-
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, ‘S —='t FoT all units

_The’Stﬁaénés=_
gr_ﬂ:u:n:ﬂl.-yaa:f,"T

Var;ablas Méasufad :'::_»f’-fiA: :-_:F;-

Student géndef%(l

male, 2 = female), - ...

The we1ght of a stﬁiﬂent*’iﬁSaﬁtiﬁEéf; e

The weight af a studenﬁ in June.a-

SRR




: v

;d;fferén:é YL %fYéE s0 that the averaga ;ausal effgct of the d;et on

tudent w21ght is the axp cted ?alue of. thls differe . cheveg; Qgg

Qf the featuras af‘thls Study 15 an. expressed 1ﬁtezest in "ialyéﬂy Eéﬁ .

, diffef ences in these gffects.;i Thus tha averaga :ausal effacts far;

-male

v

 3§§?£3£ fem 175 need tg be’ separataly estlmaged. The parameters

averaga dausal effec;s for males aﬁd fgr fEmalEE 5

. of interest ére

R . e L : o
: . .
A o
X : P .
& ) ) . . B . -
v “ I
. ‘lj ) V“
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L@

sz)

szn terms af the 1ﬁdlv1dualxsubpcpulati§n av _aggs, A ,fbé Expgésééd}fﬂ

i

[ECY |c; - - ZE@;:’G; z 2) —ECYE]GEZ)J et
,:,,.,_A IECY [Gz 1) '—E'C»i—j'é:;5—--12)7'j§';~ifE€,7:;;QIIG )—~E(Y ]c; »::z),]il i:cxsa.'a)-ﬁ-
:Equatian.(B.&):15 espeaially u;éful in ﬁhis example since it separaﬁes

the Dbserved Y, fram Ehe un@bserved SR ;

Stat;sthlan 1 bases his eanclusicn abgut the effect Df the diet

A N .
- L s — i

: ﬁﬁ the dlffefencgibetWEen thE dlstrlbugicns Qf Y and nf K in. eacﬁ Suqu

fﬂ'papul, on —~ 4. e.,. l S5 and females. _Iﬁ'tefﬂ&Aﬂf tha mgaﬁs af &hese '

ﬂ"dlstrlbu i the :grrequpding pafameters areéﬁhe average diffe;ences

DzECz -xlc;=:i)i,_f'1§iz ~(3\.5)';

Vis the mean waight galn in subpgpulatlan i. The dlf— _f

Tk e

ifére,cg af _the galns is Z: R o

"Dy =D o C'Bf?),»'.

Ercm theadescrlptian af ‘the - paﬁtarn of data valuas given by Lard in
=

thls axample Statlstlclan 1 abserves that éhgre.are no diffaranaes .
§ e"-““_‘r‘ - -

between thE'baginning and Eﬁdiﬂg weight: d;strlbutlgns faf either mgles

El

=y

or famalas, Thus the D in- (3. 5) are bath gera.a»Frﬂm this ébSéfvas

tlan, Stat;stlgian l canaludes that. -



nf any 1nterestlng effrct.of‘ h’7:

~aﬂ=studant WElght.xjf,i

_aylaen;e afgany;

vtwalﬁaxés' Siﬂéé

.

‘Under; thls antiraly untestable agsumptigh,ftﬁevDr in CB_,) are’ equal to

"jﬁﬁg éveragé ééusél”effe;ts”parametergfﬁ “5

. In Lord (1968), Lot

éssamptiéﬂ CSQ?);

;“tha cbviaus p

or it cism cf 1t must ba based an iﬂtu;tlﬂn and/or subjectamatter

i Eﬁ?eriéfl'ﬁ;as ; : . . o - L ,"" {.
. ) . B o . . - B k)

ERIC

Aruitoxt provided by Eic:



a*éavafiéncé,aajusEea aiffefenééfpf.the -~

B S 5

;éwg subpgpulatlan meaﬂs; This ccrresPGnds ta camput;ng tha fDllEWlﬂg

"—ﬁwdycgzdit al axpéztatlans 61 e., w;thln—gzgup regrass;an functlans)

R E(Y IX G )— 1 z. ff : C3 S) i

,ﬁiTﬁE'mean, ccnditlanal waight galn in gfaug i at X 1s:j )

7.' CeE L G e t e

T 73113‘?3 7 E(Y - xlx, ff 4) ,.

f; Ihg dlffEfEﬁCEulﬂ—thESE;Eand;tlﬂﬁal_ﬁelght galns at X is

. are’ bgth lineat and parallal.' Thus W?'Eaﬂiﬁiité

Hence;‘D (X) slmpllfiag Fé o Y'E;,; S e L fg.j :7
D 0= ag F (b=DX, L= L2, o (51D

Cam -

(3.1%)

§Eéti§ﬁiéiéd"ZJEEiféEElEW"L’“”

&+ _ w
A .

Lnterpfets D(X) thaz : age amaunt mare that ‘a male (G = 1) ll

\h—“

V w21gh 1n June than w;ll a female (G = 2) nf equal 1nitlal walght X;l~'
Aithéﬁgh.z@tfeét; ;his'staéeﬁént aboup~TEX). bears. no direct relevance

%
PR

'diet éﬁ thé'june

‘to the di t,albcéﬂsalv

weights af’malerénd fémalerstudEﬂts:, This is beaause DCX) in CB 10)

is: nét dlrEctly related to the causal eff tvparamagegs_ﬁlgjﬁz—and~A ,'f.;i

gi‘van in CE l) and (3 2)

x

0o
D2

O
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Hawaver, undar an uﬁtastable assqmpt;an th 7 is'akiﬁbﬁb;bgg',*gffj 

L]

different fram CS 7), DCX) equals A and EDDEEquEﬂEly dées-@éaSure-tﬁé»‘ :

ucta

ai fférential gausai effagt céﬁi;tarés;,- “To sggzthislﬁé,généralize‘théﬁ

;assufﬂ?ti@r;zczﬂ) to I R S B T A

s

-
i
1

e ”7' S ’\_,thfg%g~+ BX. '7; R ?j e 1f3?1§3::

Assumptlan CB lﬁ) asgerts that a student s wel h i” J

" \I'"f.

;; linaar fu Eiéﬂ'gf_tﬁe vé;ue_gf:ﬁ,

‘gtu dant s walght in SEPtembér, X.' F h'rmafé, Fﬁgfsamé“liﬁéaf*f

dents regardless*gf gaﬁder.A The assumptlan

o

of Statlstla;an 1 is that of no éighﬁ h nge " under th% cantrglAdiétz
~f£;e@3 o = ﬁ;‘éjéll. If Sﬁatistlclan 2 'gkas he altarnatlve assump tio

',that E =- b where b is: thg camman slapa Df;ﬁheitﬁé wiﬁhlnegrﬁups-fég§35i?

‘sia, 11nas in (3. 11), tﬁéﬂ ha may 1ﬂtérprgg DCX) in C3 lD) as tha

g

m

ff',eﬁze in causai ééfectég def;nad ‘in (3 2) We amit the stzalghts

S . T o S -
Ihesa*rasults are Summariz d in .

M‘I

f@rward algebra that SEDW

Iablg 2 “‘! _ ’f“; R 5;jjf': S

N

=

m

&

HeoTR
wo -
o e

rr

Q

‘mw

',gfik :if mphas ize that the assumptlcns that 1 ad ‘to the farmﬁiaé

Egsgd by the: twc stat;stlc;ans 1ﬂ Table 2 are nat the anly nnes, nor are

they the mast general ones. - Far.examplg; Staz tig;an l cauld make the

waéker assumption that E(Y ]G 1) = E(xX|¢ = 1) lngtaad of (3 7) ) Any

assumptian ab Y @pst Eg‘pﬁcésté§1§7in this= xampla and yet willrvé d

'té;i formula fgf A. . The plauslblllty of any- particu ar assumgtian abauﬁ_a

\,..q‘ L

, must be argued from ccnsidefgtigﬁs'extétnal to the data,

‘..-
'

O
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. ff-u'f;ilgmaj;; i IABLE 2 r_;gilfgeffffi;fi;ft”;A404
A.Suﬁﬁafy' af Twa Sets af Assumgtians ‘That :

- f‘7: _Laad‘tQ the Conciusion of Each HyPathet;cal i;a"
’ Ststistigian in Lard k= Paradcx i

EL - T

Statistician 1

:_Testaﬁle e
—Assumptions-. - -

 Untestable’ -~ |~ a'=0
Assumptions B =1 B =1%b

Formala for | ° - o oo .
causal effects | A, = E(Y = X|@=1) | . 4, =E(¥_ra=-bX[G=1) -

A, o | S
i e Lk
£ R o - :

=

differential N el S R = 'G,. D - B lo - 2)
gausal effect . = E(Y.|c = 2) 1. ~ bIE(X G,% l);f E(X[G;:_
: C- [EX]e =1

Formula for | égﬁg A = E(YEIG 21) - Aiéf ¥

1]
)
e

;i Ecx{é ="2)]

difference in.  |. . = covariance ad;usted ‘mean =~

- méan wedght gains. SR difference in June ﬁeights
1 _r' - - )
V L
- o

K




: - N L o . y

may be parfggtly reasanabla..:ﬁz;

?jan§§ln many casas partizular

’iThere aza sﬁatements in L@fdi(1967) and‘chd (1973) that suggest that

-Lsrd wculd be Wllllﬁg ta agcept thg’agsumpt;an zhat juétifles Stat; i

- i

mclan ; raﬁhar ;han tha one that gust;fies Staﬁistician 2 Dur vlew ;5»

 31ight1y d;fferent. TD paraphrase Lard % no statistlcal pr=A

‘cedura tha; can be aguntad on ta makeéuntég bl as umptigns Ehat are

c@rfégt.g In Ehé case Qf;th diet exam{ie,fneizher assumftip $eems

?atadcx; If baﬁh statlsticlans made- cnly descrlpt;va statements, they

wauld bath be carre:t.A SEaEiSEIC1an l makas the uﬁcanditignal descrlpﬂ’

Equal Statlstlcian 2 makas tha EDnditlQﬂal (an X) statement ﬁhat faf_ f

= =
: =

males.and fémales;Bf’E%Eal-SEpEEEbEf weight -the malas'ga;n meE than'

L

the females.f Iﬁ canﬁrasﬁ, 1f the _ tlst;clans turnad chas des ptlvaii~

stataments intn causal statements,. n21ther wauld be tarrect;af ingaffe:g

WEéé§ﬁ§é7ﬁﬁtééﬁéE1é:‘g ﬁmptians determlna thé ccrrectness gf the causal

‘statements. ' These- sats Df assumptlans are autllﬁad in Iable 2. fnra
sense,chén,'Statié tiei an L is wrgng because h2xmakes a :ausal statemenﬁ

wathaut\ f’i ng the assumptlcﬁ neaded ta make it true. S ist;:' an -

.2 is m@ra cautiaus, 51nce he makes gnly ‘a- dascrlpglva statemeﬁt. Hdwéé

L

5

‘ever, unless hE EDG makes furthar assumptians, his dagcfiptiva statamEﬁt

i

»-ié zgmpl ly lrrevelant tD the:&ampus diatiglan s=1nt§rast in the T

:éffézt’cf théAﬂin,,g h,l diet. - A
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7"i53éﬁplé;2§, A Descriptive Studg

bThi%ié%éﬁéle ;S.g;ven at’ th , ; ing cf Lafd CLBEB) as an,lllus- o

tration of a type of é'tuatlan in which the analys;s of :avarlance'iég';

'thgngspplieéi Lérd glves only the follaw1ng dis;uééi"i Df Examplé Eiéirﬁ

;-,.a grgup of underp:;v1leged studants is to be-ﬁf

S éJ I ccmpared w1th a ﬂﬂnﬁfﬂl graup.an ffeshman gradés

ol palnt avezaga (y) Ihe underprlvilegad grcup

" than the';@ntggl:gfoupif Hawgve;, the undérprivi—'

"1éged"gt5h57§tgftéd_with a ganéiderably—léwar -

=

\H

mean aptltudg score (x) than did the- , E

':gfaup;i is the Dbsarvad dlffEZEDEE betwean gfgups'i'-“;”””*7

*on y attflbuﬁabla t’ iniﬁial difféfancés on x?j'

:i"Orrghall ve : canclude thaL the  two: graups achleva

ﬁiffé;éntly-évan afte::allgwiﬁg,fg: f itlal ;Af: -7

'.fdifferaﬁges in méasurad aptitude

'ﬁi,,g to 1 entify the vaflgu élai' of €

,S ctlan 2 far thls Example we must declde whether this study 15.1n= '

,taﬁgad EG»bE deszz;ptlve gr qausal. Thls daclslon hlnges on the

'iﬁtefpratétién.givan to tﬁe :cantrai grau*"V 'ﬂggdafp:ivilégéd?‘reférS'

to a vague mixture Df social, ﬁutri;igﬁalgﬂeéoﬁgmig_aﬁéjéduéaﬁi3§alugfi,
,Ei?cpﬁstanéés_aﬂd:SéiétimesaévéglEa:faéial'diffeﬁeﬁgeégf'iﬁ Séﬁe.gﬁ;*
uéuai’éircuﬁsténééé; guéh'as Wiﬁhft&iﬁs seﬁafétéd éhq£%1Y afﬁe? Eifﬁh;.‘x

1t gan be reascnable ko 'c nsidgr underp v1leged as aﬁ.éxpériﬁéﬁﬁglr

ERIC
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>'manipulatlgn, in such cases,.bgth the mean aptitude seafe X and the >rla

Efneshman grada PQIHE average Y Wguld be aff d by Expasure ‘to. thls

f*;gxﬁé’imeﬂtal manigglatlcn, and bnth wauld ba repfesented 1n aur mgdel L

by two ve: ons,

5gp§é$ible to regar

an experimaﬁtal manlpulatlcn, 1n practice 1t is - than unreasgnable ta;i

we. 'éhéll;

“do- sa 51nce tha expasure essentlally bgglns at bifth Hense we

:51ntarpret thls ggample simply as.-a descriptlve study lﬂ whlch therag

y P . . . Table .3 goes hére Sl P )
L4 : \q k
&Efines a. subpapulgtlan af P far aa:h

- of its_ if—é}ﬁes-,’ i;a. thé;&ub‘pépglatian @f, P -far Vhicli ;}i__f% '?5_,~ I rtértgé"

of our ﬁédel iﬁ-ié’nét possible to aék.if the value'éf f~fo'a uﬁit,in

a;wauld be dlffarent,had the value af X far thag unlt baan dlfferent. ;;;47

hE questlan cf whathar ar nct an abserved

dlfferenca betwaen two graups on Y is attribu;able tc differences in .

fthe values Df X far tha twa grcups. In DfdéfztD attribugg zause ta tha

:valuas Df ‘a variable (1 e,

’fta Estimate a causal Effééﬁ‘;n Dpr_madel);

“dt is necessary fcr these values to 1nd1cate the lééelsggf.a'ttgatmént;;E

'-Hén:e,'céusal stat&ments lnvalving tha 1nfluencg Qf:a.gahéamiﬁanﬁJf‘g

._varlable Dn a de epe endent ygrlaEIE'afe gegeraliy ﬂaﬁ'ﬁeahihgfﬁl;"Haﬁgvéf,‘

i@therg are useful,de?;fiptive parameters that. can be esfimated in this = -
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1:fTABLE 3

':i&énﬁiﬁiégiigﬁ,§f:ﬁﬁégzlamanﬁs of the Model in Example 2 -

g

'*-The freshman class at’ thaﬁuﬁiﬁéréigjfiﬁ a,
given year.- - U LT i

N Varlables Meagurad

- Srf@ Undarprivileged status Cl i uudéfpfiﬁiléged;f €,;:;,

2 =’ccﬁgral)

. - SEDfE on.an aptitude ‘test’ Eaken prlar ta
:Qllage entrance., . iy ca

e

v

Freshman- grade ﬁP oint average.
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R | . ‘.7- ‘ -- ; : 7 —- ; ; 23-

:;’type af study. Ihe mean differenca betwean tha grada—pclﬁt avarsga Qf

S

'!3 3 Exampla §=_ZCcntémplating Héw I:eatments t;'”_b

Lard giveg this example in Lard ClQEB) Hié des crlptlgn 4is as’

iwfcllaws,—'- i
vl?*;-<. : :,} 7_¢ = ;;.Suppcseran agrgéémi;tr£srstudy1ng the yieié_f
. o of various: variatlas gf ccrn.v HE plant% 20 B
: gf'f:jAflcgériéats w1th saads of a- "black" va;i;ty : .
"§§d 2é#m@ra pats W1thgsééds Qf a’ WhlﬁE& '
tvarietyi"Far simplgcjty rfr£i1us§£;£iéﬁgm-w;ﬁﬁwVL

'suppcsa that ha treats all AD plants equally
'.f far several mgnths, after whi:h he flnds that
‘ _the WhltE variaty has ylelded cansiﬂerably

more marketable graln than the black varlety._"iﬁkAf

}Hawever;vlt 15Aa faat that black variaty
:fglanté avgrage énly;slf t hlgh at flﬂwerlﬂg
. '@V  1 fimE;'ﬁhé:EEE;WhitéAfafletY piants.avaragé 7
e% >f§ét; =iHe ngw asks tharquastlnn, WGuld the:Aa‘
b.vblack variety praduce as much 5alabla graln 1f

;E‘Eaﬁdltlﬂns were adjusted s0° that it averagad

R 7 feet in h21ght at. flawefing tlma,
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IhlS Exampl% is’ l ' ;Ahg-fir§éﬁ§ﬁé in zhat anly aﬁé leﬁél.affthéir“

expérlmental manipulatian occurs in. tha s udy., Hawava§, Lard 15 qu;Ee -

:cléar in this example as tg the p:ablams cfeated by nat having aﬂ ex—'::

- B g z = - o : . e

 ¥911 '51y finad alterﬁative exparlmental gcnditlgn.w:In.facﬁf:thef'

 :néarns'thézéhéiéélgf,t;f Iﬁ hls

“In pfa;tiéE; the answar depemds én what we - da

"to secufe blackeﬁarlety plan;s a"’raging 7

feetln height: ' This could:be'done’ by destrsy—;*' .

klﬁg the EhDrtEf plants, by applylng meE 1jif

fgrtrll;ge:, .Vr;sr' by gzret:h;r;g ﬁhg plants aﬁv o - *
v?igﬁt Whllé-théy are yaung, érzby‘athéfpﬁgans;  1::15 .
.Th.a answert dgpanié on ;thg, maan,é LLééd .

The role of” the concamitant variable 1n,th;s example is quite—rww

dlfferent frnm the prev1au5 ‘ones; - It ls EVldEﬂt that the measuredf

: value of X will be affected by t ELHEE that WOuld be tha stated‘puri‘

5

pase Qf thé-tféatmentji:Thus, there are two verslans af K, X and X

and anly X is measu ed iﬁ this sﬁudy.: Nat-aﬁly must'ang,maka-untasté
. . B B T !Fi}‘_ B -
able assumptinns as to tha value af I 2 it is alsa necassary ta make

. assumptlans abaut the valuer f e Tha parameter af interest ‘in this -
example is the avefage causal effast on yield.fér tha "bléck“.variegy;

o

O
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. Identification écheElamantsgf _the Ma

‘1" The “standard" treatment applied by the ' ‘.

© agronomist..

_+ mourt of marketable grain produced. .

M.;,w,d“ D

;_’-ﬁalrn!v!aj:iéty{ (l:f;; -i"l;vlaél;"? 2 = “whi_te'?')_:—!_ o

:  Height-at flowering time:




E(Y . 3 5’f ol f';“.' {fi;,ff-xf: Vi“e' ‘;-f’f"fr; cs 15)

;ﬁT-Thg value uf E(Y lG i l) can be camputed fram ﬁhe data, but tha value -

zéliaf E(YEIG l) is detarﬁined by whatever uﬂtestabla assumptians we make.

% ECY IG

\I?ﬂ :

E(Y IG R

.
ot
el
1]
i
"
]

Lagéus;a

: Assumptlan CE 18) ;s uﬁtesgabla,rbut assumptlan CB 19) can be- tested .-

“with thé d* *. We may than campute the unknawn quantlty ln (3 16),  _'

:ECY [G = 1), by the fﬂrmula

E(Y |c = 1) =-ECu X )Js = 1) ,a,4+ b scx IG\='l> 'E3-20)€f

‘7;fSinéerthE mean af Y far G 1 can be gxprassed as
L : 7 . .
-» E(Y ]G ) = E(p (x )lG 1) =.a, + b E(K IG

}the average increase in y;eld for the "black" varlety is.m

"E(i ,_,»[g ;Q%) %‘[E(X;J@ 1) - E{X [G = 1)]

(3.22)
g »which is an analysls af aavar;ance salugian. Héwgver, we agree w1th
K A o
’Lard that thE plau51bllity af the untestable assumptign CB lS) depends .

on EhE;EhﬁiEEﬁéf-t(_ Fnr example, 1t might be a plausible assumptlcn i%’

T, ; \
"additional fertilizer" is the new treatment, but stret:hlng the" young. -

-_plants aﬁ'ﬁigﬁt" might gnly@lengthen tbem w;th“ﬂc carresp@ndlng change

32




. apprcpr ate., ;*'

354 Exampl& 4 Iwa Exﬁlicit Treatmgﬁts fo S

Althcugh the flrst Ehr examples ara ;ntanded,ta

, E}in paiﬁzg aﬁd are‘ncﬁ nsi darad by chd as lndicative Qf real i;?

';:gsearéh-stgglas,‘ﬁhe_fanaL,examplég

- that ''the’ paradox is not just:an ;ﬁﬁslng,sgatig’i'al pugzl

statément of EHEJEEaﬁﬁigjis gs,fbligﬁs,

lii;fgﬁé;éaggé A?é: ucation ﬁrograms -A grOup,af
) d;;advaﬁtaged chlldrén ara pza;ested 1n Sépéemﬁér;ﬂ;:f
Eﬁen enralled in a % l pragzam, .and- fiﬁally;_i.-v A
APQSEEEStEﬂfiﬂ;JuﬂE;, Aﬁaantr@l gzﬁupagf,chiidrén,égif, >"3;
: O . i

are Slmllarly pr "—d and posttested but ﬂDt:;
enralléd 1n the special prcgram,i»Siﬁ:e thé ﬁasﬁ

dlsadvantag d';h;ldIEE are SElEEEEﬂ-fo the

o ;sﬁézial'prcgrém, the ccﬁtrcl ngup...;ill_EjpiE

Ly

'EIhis is the first»cf;thesa Eﬁéﬁﬁleg in whi hl@yérlevels of anr

axperlmantal man;pulatlcn are e pl': ly preéent. Table 5 identifies .-

thé Eléments of the mﬁdel in EhlS examplE;

Table 5 goes here
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t s & in the specific.
= ¥ glven school year: : :

"t :":The. special edudation program. - S e e s

e »;_¥Thé_,_Etaﬁdardgduéatipﬁagi-pi:ggraﬁgl

8§ :. Treatment indicator. )
G : Disadvantaged indicator (1 = disadvantaged,. -
= S . - o . - 7“ - )
‘X i Pretest in September. - . .-l . 5]
" Y. 3 -Posttest +im June.' . o ¢
: -
LY N
!
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”T—gng

I IR

— ven thﬂugh twu traatments are axplisitly dafined thefé’isném% ,é:

biguiﬁy as to haw they are assign&d and what the :Elatignship betwéeﬁ;'

S and G is.:: The remark "Since’;hé m@st disadvaﬁtaged chilaren are ;'

selectad for the special prcgram" might be read as meaniﬂg that the .

-t e et

saleatian of a uniL iﬁqé éiﬁté Lt Ent graup is made ‘on. th

i‘pteﬁest"séére, wiﬁh_the lgwer scarlng chlldreﬁ mara llkaly ta’

Vﬁeﬁrblié&}iﬂzéheispecial prégram;':Dnithe athéruhaﬂd tha descrip

m;ght bé 1nte:preted as ;mplying that S =G éﬁdfthat G indicatgéia!f

-

.classifigatlan of*chlldrg ;n v"dlsadvantaged and ‘ﬁgntiél"; not

éf-fundameatél‘impéftaﬁgaiAi T .

i

Flrst, suppgsa that 3551gnmant tg t gr c Was based an EhE value ﬂ'

af K aﬂd Ehat“thé valgesAgf G’ are ju ust. 1'b 15 detarmiﬁed by the

 covariate XI&'If;tﬁa:iégféééiéﬁsééfrfé'aﬁd,f on X are llné r and

.t
1pa;all§l§ then, as we Shoﬁvin;gha Appendix, the usual Eévarianca .

i;adjuSted,estiﬁafagvasﬁimaﬁés théfcausél Ef,,g,,.E(Y

1

. Inzcéﬁtraét, suppose that S = G.and that.théfg.ara twé,ek;sting .
subpapulat ns iﬁdiéatadtﬁy kaaﬁd tﬁat G is not a functiaﬁ bf X'alane;

T .

Nawrs and G are aampletaly anfaundad ‘so that in a:dar to estlmate the

effegt of 't vs. ¢ on Y far aaah 5ubpcpulatlan, we.must make assumptlans

,abﬂu; the valuas af ! and Y far the graups expasad ta .c and t- respec§

B

tivgly; T’hesa assuinpt;ans w:Lll ba unteatable and slmllar to thcse

mada in Example 1. )
/N DiEéuSSiDﬂ'> ﬁ; . ﬁg , : %" -
s in’

-; We. believe that Lord tagched upgn a number gf impnrtant issue

the examples that surraund hls paradcx.; ‘The bllnd use cf campl;ﬁated’

. = = . =
-
s i
.= e
: = .
N ) .
' ! 35'} - !
. . 2
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1,Qt an betwaaﬁ causal inferen;e and desefiptiva lnferenca
is ESSEﬂtlal in many cantexts, and thls dlStlnCthﬁ is qlar;fled
B ¢

Frameﬁérki

Lead tg absurd\cdﬂglusign
o é

. Dn Ehe}ﬂthé:fﬁand
riance is_ a useful tcal

L&

table pr'blem manageable.

the ﬁalysis gf ca—

7 desarlbai ln SEC -ton 72

-

the attributiaﬁ af causa.

e

are often vague and potentlally’mlslaadiﬁg.

s)

Tha rale of mathamat
& . ] = .
is to glve PfEElSan ta natural langﬁage stataments, and wgrbéliévé
that thig 1s.aﬁ‘1mpartant aspeet sffour aﬁaly is éf Lcrd s Paradax.

3

EB ba absaluﬁaly explicit abaut the untasﬁable agsumptions thst need
to ba made-to'draw Eagsal inferan;es.

‘h

These assumptians alL 1nva1ve

a which thay are gnaxpased aﬂd
eby turn- Qbsarvatlons abbut data (i g., deszrlptiva canclu51cns)
inta causal lnfarances.

afticlés-th t-

1]
u

Wa anly dlsagrea Wlth tha tcﬂe af LDfd'E three
uggests the analysis ‘of ccvarlan:e gannat
Except und % 'pé'

l exparimeﬂtal de =

ns. Y1We'f"
ghaws that in mgst camplex studi

,gal that

s 1n which causal infarenﬂes are’ af
cangern, there are always bath testable and untestable assumptlﬂns that

st be made in Drdar to draw causal conclusions. We believe that it

make -
The -disti

i@

by our- -
Fgr example, quEStlang such as*"Is the naw diat mare

efféé%




'“éaunding questlans may ngt be causal and inVDlve ng attribut;on gf”

;—._*' .-

;'ti@ns'iﬁ‘thét thérefls na lmplled campar;sgn cf the values cf ‘an cute‘

- eama variable under{diffarent lavals af an experlmental manlpulatlan,

As illustratad‘ln the Append;x, tha calgulatlcns raqulreﬂ tar1'

answer. d%SEflpthE questicns may,i
] S .- . .
galculat Q ns’ th t afE requlred to answer :ausal questlans uﬂdar specl=

fic assumpt;ansi—vTha sa;entif;c and practlcal 1ntérpretatlcns af the

. Fl:

nt

fesults of: Ehe calculatians are, hawevaf, dramatically dlffEfEﬁt fo

descflptlve and causal questlans. The Appendlx shgws hgw exparimantal

Ca

;randcmizazlan can allav;ate the problam af hav;ng to make untegtable

assuﬁpﬁians tgudraw‘causal ;nferéﬁgésg' This;shg,ld no "bé:i, Erpreted

" as meaning that raﬁdamizati§n=is necessary for dfawing éausal'inférencegi

Iﬂ many aases, appropriatg untestabla assumptigns will be.w l uppﬁrtei

by 1ntu1t;cn, thecry, or past Evldence. 'I, such cases, we shnuld nati

avoid dfa’ g ausal 1nferengas and h;da behind the EQVEI Df un"ﬂterasﬁ—;“

lﬁg da p tive statements. Ratﬁef,WE:shéuldﬁmake'causal SEatemeﬁtg
that explicate the undéflylng assumptlﬂﬂs and justify them ‘as well as

- pcssible.!f L _ . A .
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Vfg:éup“mean d;fference: S

*jéﬁmeCausal‘Effa:ts din: SubpcpulatlcnS'f’;'f'ﬂii

p with

w W

B % -

Appandl,z- Randamlzatian and Inference fgr Causal Efiécts'il

We now: shall shgw haw fandg

Randﬂmizatlan has a pawarful gffeﬁt and a speglal place -in- Gur
’mﬁdé;;

in a cumpletaly randamlsed study3 grea; eﬁfart is made té iﬁ;:

" sure that S -is stat;st;ﬂ 11’ indapendenzzgirall other’ var;sbles~1n,£héi"

’ECYﬁ)‘% ECYtlé‘% £) = E(Y_.|S = ¢) (A.1)

~and. T 'l.?=' Lo

[

\IlII

III

';;.,,:, ;—sf$r'f: CE(Y Kx E(¥; ls af;};,fﬁc$~-s e lficggéir*l—

The cru:;al ﬂaﬂsequénﬁe

\I"I'

f:randamigétién in- our model is’ hat it fcrces :
v .

fthg ,ual;ty cf the avarage causal effagt and tha

=,

[}

rr
L

|

=
)

o
Swm
e -
]

g

il

o

>
[
L

BCY, X = RO

- Whan subpapulatlans ‘have. been deflnad using G, it'is ﬂatﬁral.ta
want to.estimate a 2ausal eff 1n aach subpapulatlan.: By analégy

equatlcn (4 3), ‘the avafage causal effect 1n subpapulatlcn )"15;'

- ECY ERAERS E(Y 6= 4) - E(Y IG D =X:'-Z_-:'-x(fA,il:r)5'

. Thus, thg uﬁcahditicﬁél_@eans.gf ¥t¢and ¥§ fgrfﬁhé uﬁ ts withiﬂ-%,iL”

1
o

A R X i

-
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(2 E) andrCZ 3),

treatment E aup maanAf f'

Alaﬁd: B

e ﬁﬁral<graup mean faf G

The quaﬁtitl

1) P(Cs.

‘Note that aquatlan (A 7) 1nvglves tha mean cf Yt ig;

e ﬁlth'G'% i and équaticn (A S) iﬁvalves'tha ‘mean, cf ngféf'uﬁité_éxéf'rg

,i)_and'

L
.IJIV

A

pose

LA L

'E(i ls

,taft with G‘sll is= 1 2. But ECYngH e, G

ﬂ[i E

t; G = i) 'can never be dlrectly maasured.r As- Wlth Eausal
anffects ln tha papulatlan, randcmizatlan plays a- Spécial rala ‘when-- - :in

Aastiﬁating’géusal effacts-iﬁ-subgépuiagians.‘;‘,ff*; o L-”'F

;_A.B Randcm;gatlan Wlthln Subpqpulatians'; N ' {:: ::; 

Suppase that w1thin each subpgpulaﬁlaﬁ, S 15 1ndependaﬂt cf

'Y } ig 111 hald far example, 1n camplately randamlsad exp i=-

ments and in ! randcmlzad black" ,Erimaﬂts, where dlff n randcmigas"

% '_ PRTE R A PP -
&5 N -t c . L L. R . bl ® . - .
- :
Ead = - = =
-+ . - e
x. 2 -
= : . _ . i & .



d fference3 1 e’

salact uDltE‘intﬂ treatm&nt canditlana.

rt

0 i
)

o

i

1%& X be a- pretest, and suppgsahst d n 5 Wlth 1DW scgr es Qf X ara a_

ta taka a: speelal aducatianal prggram tiz -

 ‘9slgnad w1th hlgh prnbab;lity

#, thcse w1th mlddle scaras are

‘as sigﬁed Lo

Special nd ragular pragfams and thgse w1th hlgh scares

' w1th hlgh prgbablixry to thé regulat prcgram. ;ﬁgt "; ]~” L

. ”Inwsuch:a situaﬁignS h randami;atlaﬂ 15 a Eunctlan Df the ab— R

Sl ‘se rved valua af X, and it fallgws that S and Yl"YE are’ cnndlt;@nally

- -
1ndapendént glven X. JHéncé?j- S ;_j’ L Co o J%}i .
B TR Ll . . R &= -

Lk .
- . -
s T LI -
- .
.
o
B
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 the distrlbuﬁlcngqg

A RS L

sk K =

:and (A 10) is that frgm the gbserved

fegtimata these regressions,5 o

s - ) . s -

X)’

a E(‘f IS

mllnear?msayquQJ

1]
o]
+
TRx
b
oo e
n_u
(]
L

ifes regr2551gn of Y. © X'far the treatmemt grcup

(A 11), ané thE 1east squaras regr3551cn af E

Est1mates equatlan (A 12) (Dﬁigpursé,

other’ ways tc Estimaﬁe tﬁe condltlonal axpactatlcns whan

et

W_ﬁéé%féﬁa-; Te g 1i5iif”r f:;i(firj are nct 63 g., see Rubln,

s

Suppose that we have estlmated ECY IX) ‘and . E(YL[X);}hqw §§n'y3f

=Y 1n P? ‘Let P(X) repregent -

ﬁfif e AR E[E(Y IX> E(E 'Ixn P(X) e (aald

That 13, tha average causal aff gt f ,1,rsus c on ¥Y'in P is éiﬁ?ly 

# —

-



;thén,the.céusalfeffect'gfct versus Qﬂi

'vthg causa 1 f Qt af t versus

.then ' 'rﬂw:""
th

Y

"(»s;)

egr ’S'i ons. cf Y on X ara llnaar and parallellA

c in P. B

3

= g s 2 o
t - e L -

assi gﬂm&nt incg traatmant gfaup is base

_ this case and mar3=gamplicatéd_ones_ 'v' R 3*5i,,<l;i-

¥

A5 "Randomization Based on a Covariate Within Subpopulations

The argumenﬁ of*Sécﬁion

latiaﬁs.

\m !

ffg

é=males (G

‘ment to treatment depends on

O
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ch a study would be an avalu tion of
of'a_spégial diet (S.

1)’ and females CGj

A%4 can be éxéendéafté::asésiﬁi%h

E) ve”s-* 'narmal dlet (s

="¢c)

lnitlal We;ght (X) with different

Wheﬁ'fA.léb hbi&é;”ﬁﬁe-évefééfﬁgi’

:2); in whlch the prababil;ty of

tandard analys;s cf :avar;anca Estimatar is EPPZDpfiaEE when

£

subpopu~"
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paundéﬁ PCS

1lx,

[1 + X/IZD] : 1n sm;h .:as"

’i;(gﬁ? Y } given (G ;7;315;

The Entlre argumenz af Se:t;an A.4 can be applied

each subpapulatlan iﬁditated by. G.- Hav;ﬁg thained estimates af tha~ﬁm

caugal effect Qf t ve:s c i

. ‘M“

ach subpapulatlan,:ﬁhésg eétima;e§ caﬁ

fgf the subpgpulat1QHY’

>‘jbé:averaged Cweightéd by the ralat;va ffequanx

ﬁté obt ain an esﬁimate fg: the entlra papulatlan., Alterﬂatively, the:

o diff rence.betwegn the subpap 1 Estimates canfbe camputed An- Efdef

to estimate tha dlfferenﬁial ‘cau l affegt gf t versus e ln the twa"

- subpapula E»,-

:

It'is 1mpcrtant ta nate that ﬁhls Eamparlsan of tha gizes. Qf the

,,t‘a

fYé; cnly one Df whl;h gan be Qbsefv&d ?n ea:h uﬂit' thls Esﬁmptiéﬁ*r

has bEen called i trgn ly ignarablé treatment assignment" Ain Rasenbaum

and Rubin (1982) and plays a central rcle “in’ causal lnferanceg
A. 6 Desctlptlva Studles " ﬁ,”,v,f:,; D : ] va Lo 5 R
De§2rlpt1ve studles are dlffEIEﬁt fram causal studles 1n that
:.théfé_islﬂa axpérlmental manlpulatlan 1nvalved and therefara thefa is
only one version of ¥. The treatment'1nd;§atariisfﬁpt evan-deflned in.

- For example, suppose G = 1 for males, G = 2 for females, -

R i

= June weighf in pcundszand X = préviéﬁs September ﬁéfght iﬁfpauﬁds;
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than hava females?"
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-1 = e = 1
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lv—‘ﬂl
=
L)
(2 .
o
*;w'“
1
o
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W
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il
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e
el

JE(Y[C = 4, X

then (A.15) equals o, =

s

anélysis of gévé:iaﬁce estim

: deScriptive.duestiansVaS~fH@w much more dg malas ith Saptember WEIght -
X weigh in Juﬁé_ i‘:haﬁ do females ﬁith SE ember waight; X‘?" depen, on the

value of X. Sometimes, an average answer may be deSigedg and. thén the . .

v E R WS

O
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jeurﬁel uf Edueetineel Stet

A,P

istics; 2 1—26. ,7*%jf;;§j£
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of rgﬁ}emieetien.'; Ihe Aeee;e,;:
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