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*  An Investigstion of Methods for Reducing Sampling Error

- in Certain IRT Procedures ' v o v . iii"”

e Abstract L T . . p

The samplihg errors of maximum likelihdod estimates of item~responge
5 . .
theory parameters are studied in the case where both people and item

o

parameters ‘are estimated‘simuitaneOuslyn A check on the validity of the

standard errOr formulas is carriedﬁoutl The‘effect of‘varyiﬁg sample

size, test length, and the shape of the ability distribution is - o _g“i-ff

‘investigated. Finally, the effect. of anchar-test length on the standard o i
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2 i .
An investigation of, Methods for Reducing Sampling'Error

. w in Certain IRT Procegures* ' o .o

In IRT'until now, the sampling variances and covariances for maximum - 7%

v
.

likelihood estimates of item parameters have usually been computed by
. B

~ assuming the abilities to be known; the sampling variances and covaridnces

for ability estimates were; computed by assuming the item parameters Lo be .o

. o

. known. In this paper, a suggested method for computing the sampling

variance-covariance matrix when all parameters are unknown (Lord and
' S\
Wingersky, 1983) will be used to try to answer various practical

questions. Section 2 presents needed additional though not conclusive,
evidence that the new method for - computing the variance-covariance matrix

Q : 4
v .

: w
~ sylelds correct results. Section 3 investigates the effect of changing the .

: numbor of items or the number or distribution of people on the standard

. -
errors of the item parameters and of the abilities. Section A‘presents a

technique for diSplaying and understanding the standard errors: and ) .
sampling covarfiances of estimates of item parameters.
Section_5 deals with the practically important situation where we

have two tests that contain a set of items iﬂ common and these tests are

h administered to two separate.groups,of examinees. A problem in;item ‘

, *This work was supported in part by contract NOOOIA 80-C—0402 o .
- project designation NR 150-453 between the Office of Naval Research and BRI
. .« . Educational Testing Service. Reproduction in whole jor in part in’ S
e : permitted for any purpose of the United States Government.




paraneters for poth tests in One Cﬁ%ibration run. When this is done, “how ,

EL ey .

. | -2-

+

banking or test equating ‘is putting the parameter estimates for the two

twsts .on a common scale. One way to do this is to estimate all of the
’

does the numbe quality of the common items affect the st\ndard

errors of the parameter estimates for the unique (noncommon) items?

) . - -
° . .

" .

—————r

- : i. Preliminaries

o

b
!
|
1

4 - : o

The three-parameter Birnbaum logistic model is used throughout. The

- ) - ) A ‘
probability of . examinee 'a answering item 1  correctly is .
. J) _ “
1 . M . ¢~ ‘ (
Bya = cg + (1 - ¢g)/(1.7+ exp(~1.7a3(85 = b1))) ' (1

, | . . . . e
. . -

where aj is the-discrimination of item 1 j by is the difficulty ‘

) e

are unidentifiable; 'The origin and unit of the ability scale must be

' “speoified in terms of (as a function of) the true parameters.‘ If the

for the item, ¢y is the, lower asymptote of the item response

function, and 6, 1is the ability for examinee a .. In a typical

-

. calibration run,'pogrly estimatable ¢y are ordinarily fixed at~some

common value. In this paper, however, all. cy are considered unknown
, . e : - .

and must belestimated. In treating all of the 61“ as unknown we are

looking at’ the * ‘worst case standard'errors.

~

In IRT, the origin and unit of measurement of the ability scale is,

arbitrary. Until this scale is specified all parameters.except the ¢

NN . °




origin and unit of the ability scale were specified ln terms of the
—
parameter estimates, then the true parameters w0uld be ‘undefined. Since

-

the true parameters are unknown but depend on the scale used, 'this means.
that the scale origin and the scale unit (each defined as a function of
the true parameters) must be estimated from the daca. The estimated

‘origin'and"scale unit are obviously subject to sampling err&rs, which
affect the accuracy of all parameter estimates. It is therefore important,

oo

to'define the origin and unit each by a function of parameter that can be -

v

estimated with good accuracy.
_ . i > . o
The .scale recommended in Lord and”Wingersky (1983) and' used here

requires that the.mean‘of the difficulty parameters of certain selected
items be 0 (the origin) and that the difference between “two such means

for two sets of selected items be 1 (the scale unit) Thie scale Vill be
y . . . : LN . - . . ‘ .
‘referred to as the "capital” scale:  parameters on this scaie will be

denoted by the capital letters' A{ , By, Ci., €5 The "small" scale

or thé "LOGIST“,scale, referred to' by lower-case letters, is}the’scale

Id

vused by the LOGIST program (Wingersky,'Barton, and Lord (l982\),

computer program used here for estimating the parameters of (1) by maximum.

likelihood. LOGIST sets a truncated mean of ‘the estimated abilities to 0 °

»

'and a truncated standard deviation. of the estimated abilities to l. The

following formulas ‘convert the parameters from the LOGIST scale to the

»

capital scale:

k=51 - bp




‘.
L . ' . it

By = (b - Bd/k . SR "

where ho and b; are means of the by for two selected subsets of

items. The* capital scale is a.linear transformatton of the LOGIST scale.

~
.

The ¢y are not affected by the scale,

) ' 2, Variance of pj , the Proportion Correct

If we could prove that the maximum 1ikelihood parameter estimates for
the Birnbaum model are consistent when all. item and ability parameters are
egstimated simultaneously, the sampling variance-cOvariance matrix ° K
described, in Lord and Wingersky (1983) would’be the correct one to use.
Since consistency has not, yet been proven:mathematically any results that | .-
confirm the appropriateness of this variance-covariance matrix makes one

re comfortable about using it. -

feel'

}~Tve sampiing varianse of pi » the proportion of examinees in the

¥

"y )

' sample who angwer item -1 correctly, can'be computed directly from
familiar standard formulas; ‘it can also be computed with ‘some efforé from
+the sampling variance-covariance matrix obtained by Lord and Wingersky

(1983). These two methods should_give the same resultsvif the‘Lord-

I3 v

vingersky matrix is correct. o . - Sy

[y
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R . ' ' A . "
The usual likelihood equations for by and for cj,, obtained by
setting the derivative of the likelihood function equal to zero, are

(Lord, 1980, eq. 12.1 and 12.2)
, %

RAALP P8 (R (0) = )Ry (8 ) =0y (2)
N \7@9'1.: " ema - |
It - R e/R G =0, ) , 3,

where uj, 1s the score (0 or 1) of ‘examinee a on item 4 , N 1is the
numbef of examinees, andva caret denotes substltutipn of parameter esti-
mates for true ﬁarqmeter values. Multiplying (3) by- ¢y , adding to (2),

| ]
and transposing gives

®
. I‘~
N .~ . - N .
L Pi(ea) = I ug, . y .
-a=] B a=1 : . .
Siﬂée
q “ . .
1 N
' Py * N E Uu S
a=] « . ¢ n
‘.. ° ' .
we hive . ,




0

g 87 , o (5)

.
.
- . . ”

From {4) and (5); we can derive two separate formuing for the varlance

3 ' : - . )
Of pi . . . -t -y
For some group of examinees whose abilities are specified by the '
vector 6 = {0},09,...,0y§} , we have from (4) that .
:, . .' B -
: Ay NN Lo
' ) vat(pi|9) - L I cov(ujp,uqa! |9) y

N® am=] a'=]
\ .

. ‘ "
‘. ‘ l N . . -~
= F _!:1 var(ugal®) ,
as . . .
G ‘ .
’ .
p N : . '
p } - L Pi(ea) Oi(ea) ' (6)
. N"  a=l . ~ .
\.: ) ' )
with \ .
) .\\. ,\" N
01(03) =1 -'31(08) ’
3 \ .
IR '\\‘ \ . . . .-
S S \ : . ' . :
‘since. cov(uyy,ujat|0) =0 when a # a' . Similarly, ’
. . LY . " -~ \ .

3
' i

éov(b;,pj|g) =0 . : (7)




et

»

3By the formula for the covariance between twﬁ'auma. ve have from (5)

for the same group of examineas thnt

[ N
" .

s N - a A A - .
LU SERCULXCRE XCRTIT R, (8
» 4 aw b & N -
.« 1 N N ~ -~ " ~ o
cov(PL.PJ Ig,) =— I I °°"“’1(°a)"’j(°b)|91 , . 19)

'N” a=1 bl .
" The éolei{ég) , Pj(Ob)]Gl are evaluated by applying the delta method
¢
(Kelley, l9é7, pp. 524-526; Kendall and Stuart, 1969, Section 10.6) to

(1). For fixed ‘0 (for simplicity, the notation." |6 " is.omitted from

the folioﬁing formula) . .
cov(P (& ) Pj(Gb)) - wia"jb{thtjblcov(ea'ab) cov(b Gb)

*

) * P

-

- éov(aa,%j?.+ cov(b j)] + v, jblcov(a1 b) - cov(gi,;j)]

¢

?

‘¥‘v3béialcov(0 ’°j) - cov(%i,;j)] + v“vjb °°V(;1’;j)

+ tjblcov(ci,ﬁb) - cov(ci,bj)]/l.7 + lvjb go?(ci,aj) \

+ v, co;(;i,;j)]/l;V +;t1alcov(a‘,;j) - cov(%i,;j)l/l.7

+ cov(ai,sj)/(l.7)2} . ' (10)

.\\H . i



t. . . ." -~ o :l\ 3
. where -~ e X .
,
. - . I .
1.70,(8,) _

o Ha“T 83 (Py(8) = ¢p) s

The standard errors for Pi were calculat”

This gives us incr aled confidence -

4(10) were all'ofrorder 10 7 or less.

‘ iin the Lord—Wingersky sampling covariance matrix. 7;’f°“ .pr ‘;f:f
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the Frequencz,Distribution of‘Ability

N

To investigate the effect of changing the ntmber of items, the

‘number of examinees, or the distribution of abilities on the sampling

~

' errors of parameter estimates, various sets of parameters were specified. o

' vThe simplest set of parameters represents the administration of a. 45—item B

test to 1500 examinees. The numerical values used as the true ea' were
'V'a spaced sample of 1500 6 . drawn from the ability estimates obtained by
'LOGIST for a regular administration of the Test of English as a Foreign‘ﬁ
>~Language (TOEFL) A spaced sample of fifteen items were drawn from the
"sixty TOEFL items whose parameters were estimated in the same run as the~d:';bfy

abilities. The estimated parameters for these fifteen items were used as :

‘the true parameters. These fifteen items were then replicated twice to get
3

a. total of 45 items, where items 16-30 and items 31—45 have the ‘same- item

o

'parameters as items 1-15. Note that various parameters were specified but.

'

no sets of artificial data were generated for this study,ksince sampling

F
'1-

variances and covariances depend only on the true parameters, not on sample; .

et

‘observations.

xaminees. To study the effect of increasing the number o items,vil

'test. For a different distribution of abilities, a rectangular f' - ‘.1;}5

'distribution of 1500 e . between —3 and . 3 _was randomly generated.

&




"Only the standard errors for the fifteen Lnique items are given in the

vtables of the standard er/gys ‘for the item parameters. The abilities are"

L]

‘would be ootained from actual data in the variops situatiOns investigated.{_ gk

:grouped into 16 intervals between -4 and 3. Two of the intervals had no

. —,-/
’enaminees.' N is the number of examinees and n is the number of items.

errors of the estimated item parameters' doubling the number'of items,

‘gdecreased the standard errors of the estimated abilities by a factor

n~standard errors for 0 sharply, but has little effect on the.smaller EH» ﬁﬁg7

,;standard errors- doubling the number of items has only a moderate or'm

. . \ 4 - . b = 'j I
4 - ' : - ' T R

Tables 1 4 give the standard errors of the parameter estimates that-:f§h' o

\ e

Lo
-

R

The values of both the small "and capital parameters are given.w The'
constants to convert from the small scale to the capital scale are '

bo = —.305 -and k = 0. 976 .'

Figure 1. contains plots corresponding to these tableg.*”‘

oAl

the curve for the Bi are. due to some points out of the range of”the‘5w

.,

. plot."The standard error for Ci" was ot plotted against Cf—,ﬂsincedmos;1”y77

;.of the Ci were, equal, but against By - Z/Ai' instead.‘ Bi - 2/Ai is Q.j*f:”’f{;a,f

an’ indicator of the: ability level at which the item response curve becomesg'

¢

asymptotic. The'hiéher By ~ 2/A4 tne better one-should be' able'to"

egtimate -C . ,

. ) . .- P N o P . Pl 4T )
As’expected,‘quadrupling the number of.examinees halved the standard L

’

of ./f Quadrup]ing the number of examinees reduces'the largest B

.:’
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e : mall effect onT;he standard errors of item parameter estimates.

Q:;. that the effects discufsed in the previous sentence cannot:be invesfi-”"
gated at all using the usua1~standard error formulas whichbassume either .
that the item parameters are known or else that the 98' are known; -
The rectangular distributiOn of abilities definitelv gives better e
estimates of the item parameters than the’ bell-shaped distribution of
abilities. For Ci where B: -'2/A1 is low, the rectangular distribution';.f

“gavevstandard errors nearlyvas 1ow as the standard errors with quadruple

-

the .number of examinees. : o e

b, Displaying>Standard'Errors.andnSampling;Covariancesdlj

In looking at - tables of standard errors it is hard to see how the

sfbndard errors for Ai » By and Ci interrelate and how the standard -
‘errors relate to the magnitude of the parameters. A plot of the three-‘”:""

~ _a

dimensi0na1 asymptotic joint normal distributiOn of ‘3A ,. B ;4and C

ould be useful but difficult -to read. However, projections of the

-

"contours of this distribution onto the three two-dimensional planes will

give a graphical representation not’ only of the magnitude of the standard

l/ N

errors. but also of the sampling correlations betweenbthe parameter

estimates.‘ The projected contours are two-dimensiOnal ellipses.' These"f

A

plots are a refinement of a suggestion by Thomas Warm (personal

COmmunicatiOn, 1982) f d__'ffu:fﬁ;‘- : ,”gj e

. ‘/
only"var(A) ar(B) and cov(A B) are»needed. The eXpOnent of

¢, o

* . - Sl e . “
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-Aright side of (ll) The quadratic in brackets is asymptotizally distributedlﬁ

as chi square with 2 degrees of freedom. The 95th percentile‘for a xz with

2 degrees of freedom is 5. 99. Thus 95 percent of the time the obtained

(A,B)g- will lie within the ellipse given‘by theeequation ,“;»'.‘ S

Y

+ o e .

1 [ (A - A) _*'ip(_i--,;{)‘(i “B) (§f-‘ B)Z'] (11)

1 - p2 Var(A) ' {.Var(;)‘var(b)b“f Var(B) S

Cov(A B)

/ Var(A) Var(B)

Similar equations apply for the projections. onto. the (A C) —=and (B C) -

L 2

planes. The ellipse plotted from (11) for a given N is identical to thefu‘

4

53-percent ellipse that would be plotted for a. sample size N/A

‘.

v The- following procedure was used to plot a representative set of
R .

. estimates as the true parameters.n A standard normal distribution of 1000
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4abilities.wasjgenerated. we then created 15 new items with all combinations ";
_of the parameters ja = .5 - 1.0, 1. 5 3 b= -2 ;E—l,v d,,l; 2 and .15 .'
- Using these néw items, fifteen 61—item tests were created each containing
the 60 original items and one of’the ‘new items. The sampling variance-
covarianbe matrix for each of the fifteen 61-item tests was obtained.
. These matrices differ only because the 6lst item differs for each matrix.
Only the variances and covariances for the 61st item were used in (11) to
compute the ellipses. | | h - “
41 The plots were made for an N of 16,000 to avoid confusing overlap of 'jiig
4the ellipses. These ellipses are also ‘the 53% confidence ellipses for an N -
of 4000. The left. and bottom axes are labeled with the small scale,fthefi”:'jﬂq
right and top axes are’ labeled with the capital"lscale.f The standard errors.

. e
T e

Tﬁ”used are for—parameter estimates bn the capital scale. The transformation»%uff'

' parameters to transform from the small to the capital scale are bo = .001 ,f‘

k=1, 336 « The center of the ellipse is marked by a +

©

Figure 2 shows the ellipses on the (A B) -planev. The plot shows

'that the standard error of A increases with A . The standard error of ;
.’B increases as B approaches the extremes. The sampling correlation
-between A and B is moderately or. strongly positive for- easy items and

-
- .

fmoderately or strongly negative “for hard items.
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Figure‘3 shows the projections onto the (;;6) -plane. At each value .
, of eB therqiare three ellipaes, Hhichuare;concentric heeeuee c=C.= ,15 “
o g "for all-item;\. The longest eliipse’along the C exis:ie for a = .5 ,n
- the middle ellrpse'is for a= 1'0'; end'the ehortest is %or"a : 1 5. 'The

other triples of ellipses are similariy ordered on a « The standard error
NN I

of C is large‘for easy items and moderately small for difficult items' the

. standard error of c decreases as a 1ncreases. AB a decreases, the » o
- . ~ -Q ° ‘ ¢ ) .
gsampling correlation between B and C becomes strongly positive except F
for hard "items where C 1s well determined. ‘ 'j . ;

~ ~nr

Figure 4 shoéf the projections onto. the (A,C) —plane. There are five

.concentric e11ipseé for each value of A . The e11ipse with the longest -

. ¢ —axis is for b =\r2.0 , the ellipse with the shortest c¢ =-axis-is .
. SRR o ‘ .
for b= 2.0 . Again_ C hag large standard errors. for easy items

\ - o .
- and for items with loY a 's. . For hard items the saﬂpling correla- -
“tion between A and C is positive and sometimes high' ‘for easy items,

’

»

theocorrelation is negativez -

- ' 4, StandardgErrors for Two Tests with CommOantens

i
' ~ |
\

» Suppose that each of\two tests'measuring the same ability is
\ ,

a ' .
' administered to a different group of‘examinees. We want to use item .

response’ theory either to put the items for both tests:into a common item

‘ pool or to equate the two tests. For either purpose it is necessary that ,
\

. " " all the estimated parameterA be on the same scale.
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Unless equivalent groups of examinees ‘are used methods for doing this

usually require a subset “of . items that are common to both tests. The unique ;'A“

items are the items: in each test that are: not - common to the other test. The l;”f

‘item parameters for each test can then either be estimated separately in two 1

_ calibration runs or together in one calibration run. If the-parameters are

estimated in two separate runs, there are two different parameter estimates ;

for each .common item, These should be the‘same except for samp1ing_error"and._

N

the arbitrary origin and unit of measurement of thelability scale. Thereiaref

\

several methods for determining the 1inear transformation/hecessary to trans- ,w,v

- form the item parameter estimates for both tests te the same/scale.v These

/

methods will not be described here (see Stocking and Lord Ll983) Howeyer: if

‘vall of the iteis for both tests are calibrated in one run, called a concurrent

-y, . -
S ‘calibrétis% theeparameters for both. tests are automatically_pnt_gn_;bels_a_me_._.___~~

N ‘ .
~ I(

scale and no linear transformatiou is necessary., 'This concurrent procedure is

'most efficient"“it—provides*smaller—standard—errors—and—involves fewer :’ : '{':

asSumptions than»otherwproceduresr The concurrent procedure-is the procedure y'

studied heres | o |
One question that arises when applying the common item method for B

; putting the parameters for both tests on a common scale is.f How many common

| items are necessary’ Vale, Maurelli Gialluca Weiss, and Ree (1981)

:15,}and 25 common;items,

‘ investigated this problem using simulated data with 5

'peaked normal and rectangular.; They also investigated many'other 1inkingi

lamethods. For the common item method nthey assumed that ‘one already hau good

XN

Z,estimates of the parameters for the common
estimates of the abilities.;

They

ERIC
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used two estimates of the abilities, one obtained-from thelcommon items, theli

other from the unique items to determine the transformation to put the unique .

. - \

items onto the common scale. They found that 15 to 25 1tems- were necessary and

. . pe |

. that the common item sections with a rectangular or. normal information function
\ . T
o —were-better -than- -those with—a‘peaked~information*function-—l“r—r* e

!
Another study to determine the number of common items necessary was done
b

by McKinley and Reckase (l981) They compared-the concurrent_method and

several other methods for obtaining the linear transformations’using ‘the
o ) L - . - \ :

two sets of item parameter estimates for the common items. A large set o£

. . ) 1 .
items using real data from a multidimensional achievement test covering seven S

£

‘8ubareas was callbrated in-one calibration run and these parameter estimates
were used as'the criterion for determining how well the other linking

procedures put the parameter estimates for subsets of these items on a dommon

= ~ scale. A chain of three links was created, that is, test . A was linked to

“test B through one'set of common items, test B to test C through another»h

L

- ' L g :
set of common items, and test C to test D’ through a thirdwset.wmFivewsamplemg
sizes ranging from 100‘examinee to 2000 examinees were~used.- All four tests
were then calibrated in one run for the concurrent method for each sample. The L

. r_/

linking was done with 5 15 and 25 common‘items. Each individual test was 50

4

B items long including_the comimon items.' McKinley and - Reckase concluded

,/‘\

- that 5 items were not .adequate, 25 items’ were better than 151 but 15.wéref

\ adequate for linking with the concurrent method.

Given»the sampling/variance-covariance matrixjfor_all,parameter,estimatesf’"

«.in our single, concurrent run when ‘all parameters are treatéd_asvunknown, we

El{lc -
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can investigate hat effect the ‘number of common items has on the sampling
standard errors of the unique items in both tests.' Noterthat,this problem'“
cannot be investigated at all with the limited sampling-error formuiasimf””””‘
that assume that either item or ability:parameters are'known.w7" _
Numerical Procedures B s :
Suppose test 1 has a section of unique items labeled V4 and“test 2 heo~i*s
. " a section of unique items_labeled 25 . Both tests have the same set. of common
items 1abeled 'CO'."iongﬁgroup of'exeminees, groupv*x,, took test-1, another
group of examinees, group Y ; took teét 2. The informetion.matrix HIqu
° which must be inverted to get the variance—covariance matrix has the
following structure (Lord and Wingersky;-l983):
. 4 ] S ‘¥ =
_ Items . - j”.Examinees:tj . o _
- ) o Group, 'Group.. - . N -
V4 co © 25 - X SN S
1| s; o o |Fy o o0 | oL
e 0  'S2.. O Fa1 - Fa2.7
8 ‘.0 0 'r“S334 0 Lo F32 .
ST o T o
pPq :
o . S B
o . .
. @ a .
. o
1
m
. .
.8
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~The. § submatrices ( S11 for the VA items" 522 for the common f

items; S33‘{for the 25 items) contain 3 x 3 Fisher information matrices‘iiuu.e

) for ai Vb

~

{ on the diagonal.v The T submatrices are’ the diagonal

o

information matrices for ‘the ' examinees-.—T11 for the examinees that took ft;;,ﬁ

'test 1; T22 for the examinees thaE took test 2. The F submatrices contain
thekvectors fia » each of which is the 3 x 1 Fisher information Vector

for item 1 and examinee a . Note thatffor‘Group .Y;;‘thisuiszjo 'fgfﬁghea-7V

VA items' for Group X, this is 0 for ZS .

. The matrix inqI is - inverted by grouping the abilities for gr0up x

into sixteen groups and by grouptng the abilities for group Y into

.

another set of sixteen groups., ‘Then- the formulas for inverting a vf’

° partitioned matrix using the method described in Lord and Wingersky (19837f}"

Y

\are successivelyoapplied.

Data and Results TR ST A f_ TR i

.

To study the—effect of the number of common 1tem5fbﬁftﬁe*§t5n&afd*

errors of the parameter estimates for the unique items, we selected two

‘section;_ The 60 unique items in the first test will be refi

run. These estimates were treated as true parameter~values in computing
the standard errors for all 145 items.

Q

ERIC
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. We then doubled the length of ‘the’ common item section by simply
:replicating the parameters for the 25 common items.; Surprisingly, the

standard errors for the -120 unique items in va and 5. computed with 50

.
N

common items agreed with the standard errors . computed with only 25 common

items- to two decimal places. If doubling the number of common items makes_. o

‘80 little difference ‘what is the effect of halving the number of{commonl‘
items? Or at the extreme, reducing the number of common items to 27
This is really not as .absurd as it sounds. Providing the common'items'

are not part of‘the test score,‘other than improving the estimates of the

i *

3

abilities, the function of the common items is to put- the parameters ;g’“_,;”

-

. for the two sets of uniQue items on the. same metric. . If the model hblds, ,f

%

only a linear transformation is required to convert the parameters from one o

P

—————ar

. scale to another.. Only‘Z parameters are’necessary'to;determine this'

. ) linear transformation.f.With 2 common items wefare‘estimatingffour param-

eters that affect the scale, the two ﬂa. influence the scale unit and

R

“the two b 's influence both the scale unit and origin. The two e 's are -

N

" not affected by the scale.i Consequently with 2 items we actually have

-

two more parmeters than absolutely necessary.. However if“the 2 common _f-'ﬂ

e

items have parameter estimates with large standard errors,'the*scale will
—. . '4;7' . : . :

be less well determined than if the estimates hsve smal

standard errors.

’common‘items.. The item parameters‘

S Do R

the 2 good" items were

o

ERIC
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. a SE(A) : b sﬁ(ﬁ)i;fl_c. . sz(c)

£ 98 409 . =10 .02 .06 .02 R R
. . Y . R o . R . ' . . .

c N

The item parametere”and thei: standard errors for the 2 “bad” common»

L . B “ A TR a

'a - SE(A). b SK(B) e SE(C)

32 W10 =151 W47 W07 W24 o i

-fthe%variance-covariance matrix when only the 2 bad common.items are used.;p,."‘

The constanta to ttansform from the small scale to the capital scale are .=j,ﬂ;,L.”

’:-/bO" —;Zﬁl and k i 1 914 . Only V4 and ZS items were useduto compute

;;ﬂ ?-ho Iand .k» 80 that the me transformation would apply to all four varlance-;*”

fcovariance matrices. ;fV

¥ A'.

'Lstandard errora forN\A ,;ﬁB

EI{I()
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Table 5 . . ./
. Comparison of the Standard Errors of Estimated Item Parameters across - )

the Four Sets of Common Items

v . - - ,
b 50 25 2 Good - 2 Bad
' - Common Common Common Common
; ‘Items ~ = Items ‘Items Itens
Standard. Errors for A . : 7 B v ' S
 First Quartile 0.114 ~ 0.1l15 -0.123 - 04131
Median " 04140 0.141. ~~ 0.151. _ ~ 0.163
Third Quartile ' 0.224 0.226 .0.236 .- '0.243
' Standard Errors for B : , S
" First Quartile | 0.029 . 0.030 _  0.03%  0.041°
Median . - . 04042 0.042 - . 0.048 .. 0.056
Third Quartile  \ 0.066 0.067 . 0.072 = 0.076
N
" Standard Errors for C - T o .
- First Quartile , - 10.013 0.013 -0.013 0.013
Median . 0,027~ 0.027  0.028  0.027

Third .Quartile - -\' p.055  ,0.055 - ~ 0.058 0.056 .
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are not much larger than the standard errors using 25 common items. Even
reliance on juatvz bad common items givea‘surprisingly good results.

Since the purpose of the common items 1is to determine'the‘scale,‘it.is'not t

surprising'that the number of common items has a'negligible effect on the

standard error of C , since ¢ is independent of the ability scale.,
‘Table 6 gives\thedstandard errors for the abilities computed with the | "7(ig

four different sets of common items. Not surprisingly, 1f we increase the“

number of common items to 50 we reduce the standard error of the abilities,

~, Yy
s i

although not. uniformly as shown by the ratio column. The standard etror for

~

the abilities ‘at -2 were lower when c0mputed using the two bad common items,,f
- which were easy items,_than when computed using the two - good common items. B

Even though there is little difference between the standard errors when

-

there are 2 common items and when there are 25 common items, the parameter

estimates for the VA and ZS items will not have been adequately put on the

same scale if all of the parameter estimates forv VA items err in one ’

direction and all of the . parameter estimates for 25 items err in the

opposite‘direction; Is this what will happen in practice?* To determine “how

“well an anchor~test of only 2 common. items puts tests VAU and —§§-onﬂthe.__.w;;’l
‘j:*“-~; -game scale, we reestimated the. parameters twice, once in a LOGIST Tun. with “
| the items for 25 ‘and V4 and the two good“ common items, the other in
a LOGIST run withlthe;itemsffor _ng and V4 and the two . “bad“ common items,_:?

| The estimated.parametersnfor'ZS and VA computed'with;the 25 commonwlr -

items will be used as the'criterion.forfevaluating'the calibrations

i
s




' Ly ‘ . Table 6 . , .
Comparison of the Standard Errors of Estimated Abilities across -
~ ‘ \ o 1 the’ Four Sets of Common Items
g g f).mcbod_m" R
) Common Common - " Common  Common..
...... Items Items Itemg - Items .

S.E S.E.  -Ratio - S.E. 'SeEs

. 0,097 0.109 03894 0.127 . 0.132

0.089 0.102 - 0,870 04122 ©  0.126 IR
0.100 * 0.115 .© 0.874 0134 0.138 L=
0.129 - 0.145-. 0.892° 0.165 0.167 T
0.221 0.248  '0.891 ~ 0.288 0.281
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with 2 common items. The 2 good common items did fairly well at putting

. the parameters on this acale. The' 2 bad items did not do ao well.

" The top plot in Figure 5 comparea the b 'a for. the 60 unique V4 items

| eatimated with 2 good items with the- b 's. eatimated with 25 coumon

~itemswv-~ Similarly, the bottom plot compares ‘the - b 'a for. the unique 25 | ?:..muuMm;u

{

items. If the parametera re on the game metric the b 's in both plota.-

should fall on a 45° 1ine. fference from the 45° 1ine 18 hard to

5“ that .are far away from the 45°' 1ine had

y in the other.

Figure 6 shows the plota for the 'a‘for V4 and Z5 reapectively.

Here it’definitely looks as 1f thel a 's are not on the same scale. Y

~

f The a 's for the V4 items have a alope greater than 45°,

" Figure 7 compares the b 's estimate .with the 2 bad common itema with

the b 's estimated with. 25 commOn tems.| Here the pointa ‘for the V&

itema are ahove the 45° 1ine, and points _r the 25 items are below'the

a
~

line. The plota comparing the a 'a in Figure 8 confirm that the 2 bad

common, itema do not put the paramete 8 for Z5 and V4 on‘the same metric._ . L
. As auapected with the 2 bad items the par metera for one Bet of the unique

'itema err in one direction and for, the oth r aet, in the oppoaite direction.

. The reason for putting ZS a d\ V4 o

the same acale waa to equate

effect doea uainf only 2 common

e

z5 to V4 uaing true—acore equat nJ Wha
L scal

items to put: ‘the two forma on ‘the ame have on the trve~?core equating

.
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A=-V4-ESTIMATED WITH 2 QOO0 COMMON ITEMS

A-ZS-ESTIMATED VITH 2 GOO0 COMMON ITEMS

Figure 6..,Comparison of the a

itema and the
zZ5.

O
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Figure 8. - Comparison of t;he .a's estimated with 2 bad common"'
itemS\and the a g estimated w:lth 25 common items, separately for V4 ‘and:
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between the two forms’

Figure 9 shows three true—score‘e‘uatlng li.es'

items.f For this equating, true scores on form ZS

s

are first equated to

~

true scores on -VA . Then the true scores on V4 are converted_toiscaled
scores between 100 and 800 by a linear transformation. Using the equating

line with the 25 items as a criterion, the equating using 2 bad common items {%

-

is worse than the equating using 2 good common items.. The equating using thegf

2 good common items is close to the equating with 25 common items' the k

° .

maximum scaled score differen e is 8 points.io--

All of these results ass e that the item parameters estimated using

FENE

25 common items are on the sa e. scale. This analysis should'bezrepeated in agb

situation where one knows ‘that all of the parameters used a
B ' T -,, '\ K
on- a common scale. - From the résules so far, it appears that g d”linking,may

be obtained with as few as five common items or- less.

determined from the common items."”;“
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