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An Investigation of the Sampling Distribution *
/ of the Congruence Coefficient
Wendy J. Broadbooks and Patricia B. Elmore

Southern Illinois University at Carbondale ‘
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The technique of factor amalysis hsiJiEyEined considerable

popularity as a method for analyzing the interrelationships within

a set of data. Mulaik (1972) stated that "factor analysis as a
scientific tool has as its goal the decomposition of variables

into fundamental elements, the factors, which may then be uéed to ’
explain the interrelationships a;ong variables" (p. 337). Repli-
cations of studies utilizing~factor analysis are jusf as necessary
as replications of studies’using any other statistical techniqhe.
In order to make comparisons of sets of factors and their inter~
pretability across different studies, some objective basis is '
sneeded gor the comparison in order to ascertain the degrée of the

»

relationship between corresponding factors in the studies. Several

o -

measures of factor similarity are?available and commonly used. The

-present study focussed on one such simitﬁf%ty coefficient: the ’
3 * "..
congruence coefficient (Burt, 1948; Tucker, 1951; Wrigley and,gﬁgﬁfus,

t

1955). The congruence coefficient involves a comparison of téh sgis
. * . - N N
of factor loadings in terms of both the pattern and magnitude of:

) . ® .
the loadings. It has been used extemsively as a descriptive statistic

in research comparing factors across studies. In most of these studies

] ) P ' .
the same Set of variables but different subjects were used. The . -
< -

»




_of the distribution of chance congruence coefficients and maintained
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where n is the number of variables common to the two studies, p is ~

the factor found in study omne, q is thé factor found in study two,

and b, .
iq
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coefficient can range from +1 (perfect agreement) to -1 (perfect

and aj are factor loadings. The value of the congruence

inverse agreement). A zero value for the congruence coefficient
reflects a lack of agreement between the two vectors of factor

[

loadings. Some studies have examined the distribution of ‘the
congruence coefficients under various conditions (Cattell, 1978;
Koffﬁ, 1973, 1978; Korth & Tucker, 1975; Nesselroade & Ba}tes,
1970; Nesselroade, Baltes, & Labouvie, -1971), howevér, none of
these studies have examined the gampling distribution for varying
values of the population congruence coefficient. For eﬁémple,
both Korth and Tucker (1975) and Korth (1928) reported results of’
Monte Carlo studies examining the distribution of chance congruence
coefficients from simulated data. Korth (1978) comstructed tables
that the rés&lts reported in the tables could bé used to tesg the
null hypothesis that two sets of random vectors have been matched.
Korth stated that rejecting thiﬁ null hypothesis still does not

hypothesis
) |

tested by these tables is still not strong (Korth, 1978, p.x428).

establish that two factors are identical; thus, the null




-

Nesselroade and Baltes (1970) and Nesselrpade, Baltes, and Labouvie

(1971) also reported results of simulation studies of the congruence
s r

coefficient based on the generation of random data. The research

performed in the present study is an extension of what has .
previously been done in that a systematic examination of the
distribution of the congruence coefficient was done for varying

values of the population congruence coefficient; that is, not only

for the situation where one can assume that there'is no relationship
between two factors (which would theoretically result from a
population congruence coeffiéient of zero), but also for situations

where one can assume that there is some relationship betwéen two

‘ 4
factors (which would result from a population congruence coefficienF

different from_zero). ;

The purpose of the present research was to develop and . fﬁ

investig4dte an emﬁirical sampf&ng‘distribution of the congruence
coeffigient. The effects of sample size, the number of variables,
» .

and the magnitude of the population congruence coefficient were

. /‘ A ]
considered in the analyses.

Method L

‘ For the putposes of the présent study, simulated data were

generated. Population congruence c;;fficiéﬁfé ;ere specified by
deéermining pairs of population factor loading vectors that é;sulted
in the following values for the congruence éoefficient: .00, .10,
.20, .30, :40, .50, .60, .70, .86, .90, and .99. Sample data were

generated from these population factor loading vectors on the basis

of the common factor model. Sample sizes examined were: 50, 100,
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) and 200. Number of variablestuség/;ere: 10, 30, and 50. The

data were generated using Fortran computer programs.
Principal axes factor analyses were performed using squared

multiple correlations as the communality essimates and one factor

was extracted in each analysis. A sample congruence coefficient

and a ;ample Fisher z-transformed congruence coefficigpt was

computed for each pair of sample factor loadings. Séﬁéiiﬁg o
distributioné of the coggruence coefficients and of Fisher z-
transformed congruence coefficients were'formed on the basi;Fof -,
200‘replications for each combination of psi (population congrﬁénce\
coefficient), sample size, and number of variables.

" Charactefistics of the empirical sampling distribution were
examined (e.g., mean, variance, selected percentiles) glong with =
the results of goodness of fit to normality/iests. T-tests and

-chi gsquare tests were performed in order to determine whether the
sampling dis;;ibution of the’ congruence coefficient .-and of the
Fisher z-transformed congruence‘éoefficient behaved similarly to
the sampling distribution of the correlation coefficient and of
the Fisher z-transformed correlation coefficient, resﬁectively.

]

T-tests were done to test for equal means anq%chi square tests
e T
were done to test. for equal variances of tﬁgn@eai;ed éistributions.

\ .

All statistical tests performedjgggd 33%0i~leveiﬁef significance.
i F i e
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" Results and Discussion - . e

Fd

The following results were found{concerning the characteristics
of the sampling distributions of the congruence coefficient and the

\\]/f?ffjfr z-transformed congruence coefficient: (1) the congruence
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coefficient is positively biased for valu;s of psi from .10 to .40;
(2) the congruence coefficient is néﬁétively biased for valdgs of

psi from .50 to' .60 and from .90 to .99; (3) the skewness and kurtosis
values of most of the sampling'disfriéutions seemed to ée near those
expected for a normal distribution; f4) almost all of the sampling
distribu%ions examined did approximate a normal éistribution (of the

88‘éoodness of fit to normality tests only six tests led to a rejection

“-of the null hypothesis); (5) regardless of the value of psi, as sample

size became larger the variance of each distriéution either stayed the
same or decreased; (6) regardless of the value of psi, as the number of
variables increased the variance of each distribution either stayed the
same or decreased; (7) the sampling distributions of the congruence
coefficient behave similarly to the correlation coefficient only when
psi is equal to zero (on the basis of the results of the é-testsi
goodness of fit to normality tests, and chi square’tests performed in
the present study).

i

Table | ‘presents a summary of the three statistical tests that

were performed on each of the sampling distributions. If the congruence

coefficient behaved similarly to the correlation coéfficient then there
would be no "X's" on the table and all the statistical tests would
have led to a retention ¢f the null hyﬁothesis.

When psi is equal to éero, the sampling distributiop of the
congruence coefffﬁient behaves similgrly to the sampling diﬂ{{ibhtion
of tﬂe conrelaiion coefficie;t. Whéﬁ 10 variables were used the

obtained variances were equal to the expected variances. However,

whgﬁfthe number of variables used was larger than 10, the obtained

Vo :




 TABLE 1 /
Summary of Statistical Tests Performed on Each Disfriputiona
‘ W/Z\y . . *
.00 .10 .20 30 ~.40 .50 .60 .70 .80 .90 -.99
.00 .T00 .203 .310 428 549 693 867 T.009 T.472  Z.647
w2 2 2 2 2 2 2 2 2 2 2
NONS . D t%, |0t D tX, Pt D tX, D t%D tX D tX,|Dt¥%ID txD t%
10 50 X , X X X X X X X XX XX X XX
10 100 X X X X - X xboxxxoxx] o oxx,
10 200 X X X X X X y X XX XX {X XX
30 50 - X X X X X X X X X X X X X X X X X X X X X
30 - 100 X XX X X X X X X XX+ XX X X X X X XX
30 200 X XX X X X X X X X X X X X X X X X X
50 100 X | XX x x| x x| xx| xx| xx| Xx| XX} XXji XX
50 200 |~ X X X X X X X XX | XX X X X X X X XX [Xx XX

NOTE: For each distribution 200 replications were performed.

’

3\ ihere: NV=number of variables, NS=number of subjects,
=chi square test of equal variances.

. equal means, and

hypothesis for the test was reje

8 I

cted, p<.0l.

D=goodness of fit to norm
An "X" in this table means that the n

e L
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ality test, t=test for
ull
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variances were less- than the erected variances. Thereforé, a
researcher could use the hypothesis-testing procedure available
to test the null hypothesis that rho is equal to zero to test
whetﬁer psi is equal to zero. Since the obtained variance for
the sampling distributions (when psi is equal to zero} were equal

to or less than the expected variances, this statistical test .

would be a conservative test of the null hypothesis. If the null

1)
§

hypothesis that psi is equal to zero was rejecteé, a researcher
could copclude that tbere is some relationship bétween the two.
factors on which the congruence coefficient is calculated. .

The magnitude of the sample congruence coefficienp is an indicatiorr
of the strength of the relationship between the two factors.

The findings 'of the present study have implicatibns for

researchers who wish to use the congruence coefficient in order

to determine whether two factors have been replicated. Tables
(which are available }rom the senior author) were constructed

. ,
that presené the characteristics of the distributions of the
congruence coefficient and of khe diétributions pf the Fisher z-
transfor;ed congruence coefficient for the selected values of
the population coefficients and across all combinations of sample
size and numbe; of &ariaﬁlé; used in this study. Further
investigation of thé“sampling‘distri§Ption under more combinations

-

of sample size and number of variables would provide information

" . [ '
as to wheth%r the results reported here are representative and

generalizab%e. The results found in this study do indicate that

the étabiliéy of the congruence coefficient increases as number of .
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‘examine more levels of sample size and number of variables; “

variables and subjects increase.

’

Further research might be done to (1) examine the effect
~
on the sampling distribution of the congruence coefficient of

varying the distributions of the population factor loadings;

hd ¥
(2) examine the distributions that result from using negative
values for the population congruence coefficient; (3) examine
the éeneralizability of the results of the present study to

studies in which more than one factor has been extracted from

the data and several factor comparisens are to be made; (4)

(5) examine other possible transformations of sample congruence
coefficients in an attempt to discover some transformation
-~

that would result in a sampling distributionywith known properties.
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