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T.  INTRODUCTION

. ‘ . . .
There has been an increased concern in recent years over the

“ " poor nla.t%:‘ica] preparation of the general r’:opu]ace.‘ Of part-
n has been the decline of mathematical preparedness

of entering co]]egewstudents. It is a we]]-doeumented fact that

standard indicators of mathematical aptitude, such as the Scholas-

tic Aptitute Test (Educational Testing Service, 1948-1982) have

/ ' spdwn a monotonic decline over the last decade (Haxris, 1976;' )
Harneschfeger dnd Wiley, 1976; Braswell, 1978). Several ex-
p]anations, both academic and sociological, hqve been offered for

icular con

this dec11ne (Edson, 1976). Perhaps the most cogent academic -
explanat1on for the lower mathematical preparat1on of college
' *students is the decline in the overall enrollmeat in high. school
'second year a]gebra (National Science Foundation, 1980), coup]ed
B with the attenuation in high school mathematics enrollments as the
level of the mathematics course becories. more advanced (Yptional,
Assessment of Educational Progress, 1979) This situation has
g1ven rise to an an®maly which is rap1d1y gaining Jfcceptance --
» college level remedial mathematics programs (Whitesitt, 1982).
The purpose of the current research was to investigate the
cogni tive processes employed by ninth grade students enrolled in
' A]gebra,I; The choice of algebra for the subject of this study

.

was not arbitrary. Algebra is traditiona]]j the first mathematics
course where students encounter concepts which are much more

* subtle and abstract than thehsimp1er arithmetic manipulations of
their prior math cohrses. Further, because algebqa is the found-,
atjon upon which the majorify of advanced mathematics is based,

. any_insights gained from researching this area may eventually make
the Tearning of algebra a more efficient process. Some national
mathematical organizations have even gone on record to emphesize‘
the.importance of algebra for college level work over other mathe-

- ' matics courses .taught in high school (The Mathematical Association
) of America and.the National Council of Teachers of Mathematics,
1978) . , e '

A clinical interview approach was employed for data collection.

B

I
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" pursue math/science related professions.

. R . I )

The use bﬁ.c]inica]winterviewsﬂto Study problem so]ving has met.

with some success. " Unlike any paper-and -pencil assessment, the\.~

c]1n1ca1 interview approach 1s unique in perm1tt1ng 1mmed1ate feed-

back and interaction between the interviewer and subject. This

allows the-Tnterviewer to probe for the cause of d1ff1cu]t1es and

m1sconcept1ons as they arise dur1ng the 1nterv1ew-- someth1ng which

"is not possible w1th non-interactive data co]]ect1on techniques. -
The focus of this study was on, the learning difficulties ex- ~

perienced by H1span1c students. There are several reasans for

this focus. As*w1]1 become evident in a section-later in this

chag;er wh1ch/rev1ews past researqh studies, the number of investj-

gations that have focused on the learning’and performance of

Hispanics 1n mathematics is van1sh1ngly,sma]1. Further, several

" statistics published in-The Condition of Education for Hispanic

Americans (National-Center for Education Statistics, 1980) reveal, L,
that the educational, as well as socioeconomic situation of Pﬁsf

panics in the mainland is bleak. For,exampie, even though in » LI
1978, Hispanics in the mainland .comprised 5.6% of the total popu-
lation, ‘the percentages of Hispanics enrolled in 4-year college
programs, graduate programs, and professional programs were. 2.8,

'2.0, and 2:1, réspectively, of the total student enrollment. In )
-terms of college enrollment in fields where a strong mathematical . .

' preparation is 1nd1spensab1e,, h as engineering and physical
science) H1span1cs are substwm ally underrepresented° the per-
centage of . wh1te-non H1span1cs enrol]ed in these fields out of the
_total wh1te-non H1span1c undergraduate enrollment is more than
tw1ce that of the percentage of Hispanics enrolled in these fields -
out of the tota] Hispanic undergraduate enrollment. There isa *
need for more research ‘efforts which may help in the development
‘of strategieslfor increasing the number of Hispanics wishing to

.
., .
. .—.
N e a——

Finally, we would like to comment that the results of this
study have a wider applicability than is 1mp11ed by the title. . .
- Even though this study focused on H1span1c students, the majority =
of the findings apply not only to the H1span1c participants, but - . o
also to a control group of Ang]o students who participated |

- | “ | ) N : ;//
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in the study. ”

r

-y * * . «
A. Study Site . ) ’

The study was conduc ted in a small city in western.Massa-
chusetts. There are approximately 45,000€nhabitants in the city
and 6,200 of these are of Hispanic origin (figures taken from 1980 o

‘census). Thé schpol system has & ‘total of approximately 8,000

students at all levels with 2 300 of then §1span1c The, school.at
which the study was conducted was a small ‘junior high school

_(grades 7 through 9) with - 532 total students, 128 of whom were

Hispanic. -The study was conducted during the 1981- 1982 academic

-year. . . /

It should be,pointedjout khat the Hispanic composition of this
community has undergone’a tremendous increase since the'1970 census.
Figures from the 1970 censug place the number of persons af His-
panic origin in this city at 1,870. This 230% increase in the
last decade was largefy due to an influx of Puerto Rican seasonal
agr1cu1tura1 workers' who opted‘to make th1s commun1ty their per-
manent p]ace of res1dence o

The teacher of the: A]gebra I class from which the subJ&Cts v
came was an integral part of the study. The classroom style used
in the Algebra I course was traditional, w1th}the teacher present-
ing ne&kmaterla1 during the first half of ea¢h~per1od and the
studentd working out examples ,and-asking quest1ons during the |
second half.

B.  Review of Relevant Research , ,

This section has been divided into four subsections covering
the following topics: ’1) Effect of cultural and soc1oeconom1c
factors upon performance, 2) Cogn1t1ve style, P1aget1a1 level, and

P

*We will be deliberately vague in 1dent1fy1ng the study site by °
" name. The agreement between the principal investigators and the
school system in question stipulated that the school system and
a]] ersops participating in the study from the school system

uld remain anonymous . . 3

{
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mathematics, 3) Research in mathematics -education, and 4) Research
in mathematics education with bilingual subjects. - '

Effect of Cultural and Socioeconomic Factors.Upon Performance

When engaged fn research with differing ethnic or cultural
groups, special care must be taken to ensure that findings.are in-
terpreted appropriately. Often, the criteria used by the exper1-
menter to judge performagce when dea11ng with dxverse cul tural

groups are not the same as the criteria used by the subjects., Care-

ful analyses of non-standard responses ‘in several &ross- cu1tura1
s€0d1eshave in many instances, revealed that the logic used i s
performtng certa1n cogn1t1v¢ tasks is entirely in keeping with the ~

1"]og1c" of the culture, and that the supiosed non-standafa respon--

ses are indttative of intelligent behavior in that cu]ture 4 o

A well-known examp]e of this difference in standards is a
study conducted with the Kpelle tribe. of Liberia (Cole, M. and .
Bruner,J.$., 1971; Cole, M., Gay, J.,.Glick, J., and Sharp, D
197?). On a classification task, Kpelle subjects were asked to
group all_obaects that belonged togéther. There were 20 objects, -
5 each f;OQ,the following categories: food, clothing, tools, and
cooking utensils. Many of the' Kpelle classified the objects, into

.10 groups of 2. For example, a knife and a potato were placed

together, because the knife cuts the potato. This type of classi-

fication, considered useless by Western standards, was considereds
q?actica] and “intelligent-behavior by the Kpelle. In fact, when

-asked how a fool might classify the objeets, the "stapdard"

classification of 4 groups of 5 obqects each_was given.

In the Navajo 1nd1an culture, 0hanness1an (1967) fgund that
subjects were reluctant to engage in problem solving tasksguntil
they were confident of success. To try too oon and fail was
tantamouht to being shamed in that culture. According to Wober

-(1972), certain Uganflan groups associate wisdom with "slowness"

rather than "quickness". Wober also notes that the more schooling
a Ugandaﬁ has, the farther away he/she is from the ability-
slowness association. To have interpreted these.two behavjors by

IR 4

yda

_Western standards woquﬁgevé clearly led to sevére misunders tandings:




o \Tﬁomas, and Mendez(1968) illustrates this.y- This study compared

LR R

~ L4 ' ‘ ‘ /
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Another -factor which can often have a confound1ng effect on . -
research fimdings,if not taken into account - appropr1ate]y,1s soc4o-
econom1c status (SES). A cross cultural study by Hertz1g, Birch,

-the performance of.middle class Anglo and working class ‘Puerto

R+Can three year-olds at various cognitfve thsks,-and arrived at ‘ .

conc]us1ons that paint a somewhat bleak picture- for the Puerto & y

Rican group, namely: ' : "a
- = Puerto Rican children were more likely to be distracted from '

the task, and stay distracted, than were middle class Anglo ch11dren.

- Middle class Ang1o children responded to cognitive demands '
by verhalrzat1on much .more frequent]y than by action or gestuhe;
Puerto Rican chéldren tended to use. pass1ve and silent unrespons1ve-
ness frequent]y “a . * .

- The "atmosphere" of* the m1dd1e class families was business-
like, and m1dd1e class parents cons1dered toys as a source of ‘ o
educat1ona1 experiekce. The atmosphere in Puerto Rican working, '
class families was Ehth more social, and Puerto Rican parents
regarded their children's tdys as amusements .

The researchers claimed that styligtic differénces between the
groups were sustained when I, Q level was controlled for, and" claimed
also to have~controTJed for other s1gn1f1cant var1ab1es, such as fam11y

stability and ethnicity of the 1nterV1ewer, implying that the -

-?

~ differences found were tultural. ‘Since the Hertzig et al. study S

was supposéd tb be compar1ng middle c]ass ch11dren with Tower
-clags children, there iere substant1a1 “differences*in SES among
subjects. However; the low SES subjects were Puerto R1can while
the high SES subjects.were.Anglo.  For example, 87% of the Ang]o'
fathers had had™at least some gollege preparation whereas 84%

of the Puerto R1can fathers had not even completed a high K

school program.” In add1t1on, 75% of the Anglo fathers were
professipnals or business executives, whereas 61% of the.Plerto
Rican fathers were unskilled workers. A1l of the Anglo families:
lived in suburban or urban apartments and houses , whereas 86% of

the Puerto Rican families lived in ]ow-income public housing
projects.




&

Given the large differences in SES factors between the two-
groups, it is not clear how 1nformat1ve this study really is, In
fact, since there werenear perfect correlatgons between ethnic
c]ass membership and SES, to attribute the "negative" f1ndgggs to
ethn1c group membership without adequately contr0111ng for SES is
misleading. It would have been more useful to compare the Puerto
Rican group studied with an economically and educationally equiv-
alent group of Anglo families before drawing conclusions about
cultural differences, especially in view of the study by Anastas1 -
and dedesus (1953 \£1ted in the Hertzig et al. paper which’ con-
cluded from observations-of children during free play, that Puerto

Rican children were not found to be Tess verbal than Anglo children.

Hertzig et al. do point out in their conclusions that if these
differences between middig class Anglo and lower class Puerto Rican
children persist, a convEntional educational setting would be less
effective for the Puerto Rican gréup and would Iikely.result in
higher achievements by the Anglo group.

"Anotner well-known study by Lesser, Fifer, and Clark (1965)
investigated various cognitive abilities among Chinese, Jewish,

‘Black and ‘Puerto Rican children. The study concluded that sig-
: n1f1cant ethnic d1fferences existed among the groups, and that

socio- econom1c status affected performance; that .is, a lower SES
implied a poorer performance. The study also presented Puerto
Ricans as the group ending 1ast, or next to last, on thé’general
intelligence tasks in relation to other ethnic groups. Since then,
there have been several studies (Reiss, 19723 Leifer, 1972; Burnes,
1968; -Flaugher and Rock, 1972) that compared the performance of -
di fferent ethnic groups on cbgnitive,tasks and found no clear
evidence supporting the premise that performance was dfrect]ya
related to ethnicity. o

More recent studies have demonstrated a relationship between

academic performance and SES. In a study w1th Hispanic college

. students majoring in science and eng1neer1ng, Mestre and Robinson
(19%2 ) found statistically significant d1fferences in the obvious
.direction between low-, and high-SES subjects in college grade ‘
. point average, vocabulary, and two measures of algebraic prob]em

]

. -
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so]V1ng ability. Bendeh and Ruiz (1974) found in a«study with .

. Mex1can-Amer1can h1gh schoo] students that class membership was

more s1gn1ficant than race in déterm1n1ng levels of ach1evement
and asp1rat1ons Yet another study bx,Bur1e] and Saenz {1980)
found that, 1n compar1son 0 non col]ege-bound Mexican-American .

females, co]]ege bogn‘, i¢anas “came from. higher income familfies.

I% dhould be’ porq!bd out that this positive orcelation between - . :3; i
SES and academic ach1evement is not endempic t® m1nor1ty\§Fodbs, ',;;,, R /“
 but helds for fon-minority groups as well (Sewell, 1971; Sewell >~
and Hauser, ]975) . S : “ AN

[ 4

g

Cogn1t1ve Style, Piagetian Levef and Mathematncs
Cogn1t1ve style, which refers, to individual wvariations in

modes of perceiving, remembering, transforming, and utilizing in-
formation, has been shown to differ ac¢ross different cultural and '
linguistic groups (Berry and Dasen,1974; Cole and Bruner, 1971; .
Witkin and Goodenough, 1976; witkin;'Dyk,~paterson,.Goodenoggh,

and Kérp, ]962): Cognitive style is also supposed to be a dif-

ferentiating measure in the analytic domain. More specifically, field-
.independent individuals allegedly possess more highly eloped

~

analytic, and problem solving abilities than field-dependent in-
dividuals (Kagan and Buriel, 1977; Witkin, Moore, Googenough, and

"Cox, 1977). Field-dependency constructs have been used to differen-

tiate in the personality and sociaN domains as well.. For example,
fie]d-indeﬁendence is associated with attributes such as positive
self-evalation, assertiveness, and a preference to work independent-
1y, whereas fje]d-depéndence is associated with low self-evaluation,
passivity, and a preference toward group activities (Kagan and"
Buriel, 1977 and references therein). _ i

®The cognitive style construct has evolved into an assoéiétion
between - field-dependence/independence and child rearing practices,
and since child rearing practices depend upon cultural values,
certain cultures "promote" the development of ane cognitive style
over another. The fécp that Hispanics have tested to be more field-
dependent than Anglos (Holtzman, Diaz-Guerrerbd, and Swartz, 1975;
Kagan, 1974; Buriel, 1975;" Mebane and Johnson, 1970; Witkin, Price-
Williams, Bertini, Christiansen, Oltman, Ramirez, and Van Meel,
1974) has been used tﬂhquldin the lack of "mathematical proclivity"

7



/ dications that performance and 1e%rn1ng style in mathematics may be ,'
related to f1e1drdependency mdisures. For example, a study by
‘McLeod, Carpenter, McCormack and Romoualdas (1978) resulted in
field- dependent (nonm1nor1ty) student respond1ng better o in-
structional treatments in mathenatlcs wh1ch had substantial guid- ,
- ance; in contrag; field- 1ndependent students responded better
w1th minimum guidance. Other stud1es have resulted in: stat1st1ca11y
s1gn1f1cant correlations between mathemat1cs performance ahﬁ .~ “q
* measures of field-dependency (See Table 2 in Kagan and Buriel, 1977;.
Erh, 1980). ' -
Another measure of an individual's cognitive prowess concerns
his/her Piagetian level. Perhaps less culture depgndent than other.
measures, Piagetian levels supposedly delineate an individual's:
) cognitive ability in a hierarchy of categories (e.g., concrete, -

‘ - ! ‘ 2
N ]
T of Hispanics. ' ’ Y
R " - Although the ev1dence 1s not 1ncontrovert1b1e, there are in- \

‘.

formal, etc.). The higher the category of an individual the more

1ikely that this individual will do well at complex cogn1t1ve tasks.
Since the existing literature on P1aget1an assessments concernlng
! : bilingual populations is extensive, we will only review a few
studies, and point out some of their limitations.
One thing is clear when one reviews the existing literature on
Piagetian tasks for bilingual populations, namely, that there is
no consistent pattern. Perhaps this is due to faulty control_of
. significant variables. For example, Liedtke and Nelson ¢1968) *
compared b111ngua1 and monolingual subjects on a variety of . |
Piagetian tasks. Their results support the hypothesis of a cog- |
,nitive advantage for bilinguals, but are weakened by failing to

-

control for linguistic variables. The children participating in ?
the study were assigned to bilingual groups solely on the basis of
teacher observation. Another study, by Feldman and Shen (1971),
compared bilingual and mondlingual subjects omw object constancy,
and found bilinguals to be superior in performing the assigned
tasks. However, the designation of children to -the bilingual group
in this case was based on their answers to several simple-questions
. in Spanish, and on the ability of the child to speak'Spanish at

8 . . -
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home. Finélﬁy, a study. by Brown; Fournier, and Moyep (1;;}) ex- |
amined the performances of Mexican-Amgrican children on 10 Piag-
etian tasks. The study concluded that achiring a second -language
leads to a deVélopmqpta] 1ag, without atteﬁbting to measure or
Eontrol for language proficiency. Moreover, 'the tasks were ad-
ministered both in oral and written form,lleading to further con-
founding effects for the bilingual group. ) ¢

There was one study which attempted to control for fgctors
such as SES, }anguage prof1c1ency, and teacher perception of
students. DeAv1la and Duncan (1980) stud1ed the performance of

903 eh11dren from 9 d1st1nct ethno 11ngu1st1c groups on vqr1ous

academ1c, cogn1t1ve, and 11ngu1st1c tasks »The results from the
study are elucidating, though not surprising; it was found that’
Tanguage prof1c1ency predicted academic achievement much better
than measures of cogni tive style. Further, for all ethno11ngu1st1c
groups, language proficiency was the most important predictor of
achievement re]afive to aﬁy other factor. DeAvila and Duncan also
concl ude that .there 1s a positive, monotonic relationship between
11ngu1st1c prof1c1ency and cognitive functioning, implying that
ndeficiencies" in the subjects' performances on cognitive tasks -
were linguistic rather than intellectual in nature. In terms of
cbgﬁﬁtive style, DeAv%]a and Duncan state that even though there

is support far the contention that bilinguals possess above average

[}

ability in the cognitive style dimension in earlier grades, this
ability attenuates by fifth grade; in fact, their data showed no
strong correlation between math performance and cognitive style..

Mathematics Studies ‘ .

"~ The number of research studies in mathematics education which
are directly or indirectly related to this study is so large that
a brief review such as the one we are about to give cannot even
begin to cover a small fraction of them. We will therefore only
attempt to give the reader a "flavor" for what has been, and is
being- done. .

Much of the research in mathemat1cs educat1on uses the clini-

.cal interview approach. In two interviews with a gifted jwelve-

year-old seventh grader, Davis (1975a, 1975b) explored the processes
”
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employed by the student while sofving the .equations §-= T§§¥T7

and 102X - 1, 100 10X+ 100,000 = 0. Davis_ identified two modes of
mathemat1ca1 th1nk1ng eqp]oyed by this student -- "one-small- step-
at-a—t1me"~th1nk1ng and "chunk" thinking. Davis also found that

. mathematics pferequisites such as definitions and axioms mady be

substantially .different from cogn1t1ve prerequisites such as heuris-
tics and creative thinking. Pereira-Mendoza (1979) also found ‘with

. high school students solving novel problems that the heuristics

employed-were.not app]ied'geneea11y, but instead were problem
dependent. In another clinical study by Days, Wheatley, and Kulm
(1979) with eighth graders solving.problems with both simple and
comp]ek structures, it was revea]ed that formal operational (in
the Puaget1an sense) students used a 1arger var1ety of processes
than concrete 0perat1ona1 students, and tHat the Formal group was’
more affected by problem structure than the concrete group.

Several jntergsting findings have emerged from recent stud1es.
on’students’ understanding of equations and var1ab1es. Clement and
his collaborators (Clement, 1982; Clement, Lochhead, and Monk,

*" . 1981; Rosnick, 1981) have fourid that college engineering students

are prone to use a sequéntial left-to-right translation of wr1tten.
algebraic stateménts resulting in erroneous equat1ons'where the
variables are treated like labels, not-unlike the labels for inches
and(feét'in 121=1F. F1nd1ng§ by Wagner (1981) reveal that some
students are not aware that the two equations, 7W + 22 = 109 and

7N 4922 = 109 have the same solution. Herscovics end Kieras (1980)
suggest a method for teaching students-the concept of équation
which starts from a concrete perépective and proceeds toward the
abstract. '

In an interesting treatise of the mechanisms by which many |
a]gebra1c errors are committed, Matz (1980) 1ists 33 common errors
sited in numerous studies and proceeds to explain why these errors
are not the result of some random process, but rather follow a
regular pattern. According to Matz, errors are the result of
reasonable, albeit unsuccessful, attempts to adapt previously
learned knowledge to a new situation. She identifies two processes
as the cause of miny commonly made ervors: 1, Use of a known rule

10 17
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‘correct]yﬂadapfing a known rule so that it can Qs\used to solve a %

*when confronted with one such problem-containiny an error, not:

"as is" in a new situation whgré'it ié;%nappﬁopriate, and 2) In- D T
new problem. . '
One stddy by Davis, Jockusch,and McKnight (1978) deserves

particular attention. This 1s a rather comprehensive treatment . -
(300, pages i; length) of the cogn1t1ve processes emp]dyed by-7th, -

8th, and 9th grade students learning algebra. We w111 comment on

a few aspects of this work which are very apropos to the findings
we will discuss later in this report. Davis et 3. comment that

tudents often use sloppy ‘language in mathematics, for example
é@qging x3 as "X three", and that this poor use of language can

S

produce’ errors and ambiguities. .This stugy also cites cases of
students.being able to solve certain types of problems, and yet

being able to verbalize or otherwise,identify what the error was.
Davis (ﬂ? al. advotate giving the students ‘the fullest Jpossible” -
apprec1at1on of the 1mportance of 1og1ca11y 1dent1fy1ng eveny
algebraic step, beginning as ear]y.as the seventh: gradey’ "the_"do
it this wa}" approach commonly used in so many schools, Davis et
al. claig, is not sufficient to inculcate in the stydents the vl
notionatﬁat each algebraic step requires explicit logical justi-
fication. Finally, these authors report being able to teach‘many
remedial. Tow SES seventh graderszhho scored two years below grade

level in stdndardized achievement tests, ninth grade level algebra

by using teaching methods appropriate for these students.

Mathematics Studies with Bilingual Subjects

- -
aldy

Few studies have been conducted with bilingual subjects.” The |
oldest and perhaps best known study with Puerto Rican bilinguals
was doné by the International Institute of Teachers College, Colum-
bia University (1926). This study found that the English mathe-
matics problem solving ability of 12th grade Puerto Rican bilinguals
educated on the island of Puerto ﬁico was‘§ignificant1y below that

‘of U.S, 12th graders. This was surprising, in view of-the fact
that these students had been receiving mathematics instruction in
Eng]ish (second language) since fifth grade.

Kellaghan and Macnamara (1966) found a similar retardation in
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‘problem arﬁthmetic among Irish fifth standard:primary students when 1
oL it was taught in their weaker language (Ir1sh), despite the fact .. - .
£ _ that the c?nponents of the problems were separately understood. ' i
Ke]]eghan and’Macnamara also found that the problem read1ng time
was 1onger in the'weaker language by a factor of 1:4 to 1. 7 even e
when the English-Irish versions were equated for number of words - ‘
Several other -studies cited by Machamara (1967) show similar
retardations when the weaker language is the language of instruc- . ’
tion. Accord1ng*to Macnamara (1966), the research evidence sug- ' '
¢ gests that b111ngua1 children” keep pace with monolinguals in mech- -
anical ar1thmet1c but fall behind in problem ar1thmet1c On the,
other hand, in a study conducted wi th Mex1can-Amer1can‘14 y r
olds, Ortiz-Franco (1977) found no significant correlation b yond '
the .01 .level between read1ng proficiency and prob]em so]v1n ‘
ability. Another 1nterest1ng finding of this study was the 1 ck of a
v : . - significant corre]at1on between math achievemént and f:e]dy
dependency . ‘ g .
“Rectnt research wuth H1span1c co]]ege students majoring in
eng1neer1ng and sc1ence re1ated f1e]ds a1so supports the prem1$e
' that language’ prof1c1ency p]ays a very 1mportant roTe 1n “the prob- "'f ’ ,'v
) ‘ lem solving- process In a study investigating the transﬂat1on '
skills of bilingual Hispanic technical college students 1n 6ing
from a wr1tten statement to a mathematical equat1on, Mest e, egrace,
-and Lochhead (1982) found that performance was s1gn1f1cant1y correj
1ated to language prof1c1ency, and that the types of errors His- ‘
panics made were very different from those made by mono]1ngua]s
¢ ‘ For example, in \theproblem,

" Write an equation using the var1ab1es C and P to
Lo . represent the following Statement: "At a certain
restaurant, for every four people who ordered -
‘ ‘ cheesecake, there were five who ordered pie".
- . LetC represent the number of cheesecakes ordered
and P the number of pies ordered, :

the "typical" error made’ by nnnol1nguals (C]ement, Lochhead, and
Monk, 1981), and by a substantiat fract1on of the Hispanic group,
was to reverse the var1ab1es and write 4C = 5P. Several other types of
, errors surfaced for the Hﬁspan1c group, however.' Two consisted of
! writing —%% and 4C < 5P. In videotaped clinical interviews, the"l

- °8,
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students explained their'ratiopale for these answers. Those
writing the former, %%, c]aimed,tnat this fraction set upa
"relationship" expressing the appropriate ratio of cheesecakes-&o
pies sold at the restaurant, those wr1t1ng the latter, 4C < 5P,
claimed that because of the 4 to 5 ratio of cheesecakes to pies,
one could never set up an equation re]at1ng the two variables. As
evidence, ‘these students pointed out that if 4 people bought '
cheesecakes, then 5 boubht pies; if 8 peop]e,bougnt cheesecakes,

then 10 people bought pies, and so on. Hence, the two quantities ..

-could not be related via an equation.

Other findings by Mestre (1981, 1982) revealed statistically
'significant di}Terences in the performance of these Hispanic stud-
ents between equivalent prqb]em sets, one set requiring Tittigs
semantic processing, the other reeuiring substantia] semgptic pro-
cessing. Further, there were'persistent statistically significant
'correlat1ons betweep algebraic prob]em solving skills and language
prof1c1ency for the H1span1c students The surprising finding was
thie presence of strong correlations between Yanguage skills and
algebra1c skills, even for,problems requiring very little semant1c
process1ng, Such as'“so]ve for x: 2x - 9 =3x +5". Such statis- ;
ticall ‘
'skjlls and language proficiency were not present for monolingual

significant correlations: between mechanical algebraic .

» college students.
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1. METHOD L
‘A, SubJects ' : . .
) LA Three groups of students part1c1pated in the 1nterv1ews The

first group cons1sted of all 6 Hispanic students in the part1cisat1ng
“eacher's Algebra_l class. These six (5 male, 1 female) students,™

Ty which will be ¢alled the "partic%patino Hispanics" during this
report,.were not enrolied.i’n‘any special bilingual program and
received all their instruction in English. The Recond group con-

" sisted of 5 Anglo students (3 males, 2 fema]esﬁ-a]so from the par-
ticipating teacher S A]gebra\I class. These«students were selected
by the part1c1pat1ng teacher during*the second month of classes as
representative of the spectrum of mathematical ability in the algebra
class. fhese'studenfs wt]] be called the "participating Ang1os"

) There were a tota] of 34 students in the part1c1pat1ng teacher S,

algebrg class . .

The third ‘group consisted of all 3 H1span1c studentsf(l ma]e, ';:
2 female)’ enr011ed in an advanced ajgébra c]ass which=was not taught’ “
by the part1c1pat1ng teacher Here "advanced" means that these 3
students had started studying algebra one-half yéar before the
part1c1pat1ng teacher's Algebra I.class. These students will be

?

1

ca11ed the "advanced H1§pan1cs". There were‘a total of 29 students k\'

in the advanced algebra c1ass . . .
Hav1ng the'se three groups allowed varxoys comparisons. For ex-
ample, comparisons made between the partdd”pat1ng Ang]os and "the
part1c1pat1ng Hispanics helped to eval uate whether some of the
difficulties encountered were due to linguisticy or seqpantic fagtors.
Comparisons between the advanced Hispanics and the other two groups
provided information on the degree of exbertise derived from having
been exposed to the Subject matter over a longer period of time. We
w111 note in pass1ng "that none of the H17Fanxg students in "the’ school

C)

l\
o

*To be more precise, the 34 students we divided into two separate
, classes of approx1mate1y 17 students each. Both classes, however,
were jdentical in terms of the material covered and the exams
given. For the sake of convenience, we will refer to all of these
34 students collectively as the A]gebra I class.

-~ v o) .
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enrolled in the transitiona1cb111n§ua1'program was takihg a]gehra.

. B. ‘Jextbooks
The textbook used in the Algebra I class waSc"Modern A]gebra
Structure and Method-Book 1" by~Mary P. Dolciani and N11]1am Nooton,
Houghton Mifflin Co. Publishers, Boston, MA: 1973. The textbook
used by the advanced algebra class was "A]gebra“ by Richard E.
»  Johnson, Lona Lee Lendsey, and William E, STesni Add1son~wes1ey - »

Publishers, Read1ng, MA: 1967. Both tex$§§em§&g;7: "traditional" '

' dpproach. o ' o ' ,'J o

C. Prpject Personnel

. There were five people intimately involved in the study. They . q:
were the two principal 1nvest1gators, two ha1f-t1me research graduate :
ass1stants, and the part1c1pat1ng teacher. Throughout th1s report, < »
-if there is a need to make a reference to the part1c1pat1ng teacher's '
name, the name "Mr Smith" will be used =2

5

D. Interview Log1st1cs and Question Se]ect1on
. The research plan during a typical month cons1sted -of four t
. tasks: 1) prepar1ng questions for the 1nterv1ews 2) conducting the
1nterv1ews, 3) ana]yz1ng the interviews, and 4) a staff*d1scuss1on |
of the interview results. The process of se]ect1ng qu stions for
A * the 1nterv1ews involved a staff meet1ng where guided by the course
"syllabus, the two.half-time research ass%stants and the part1C1pat1ng
teacher sugaested possible interview quest1ons These were evalua- .
“ ted.and d1scussed with the priacipal 1nvest1gators ﬁh]Jowing'the ’
staff meet1ng, the pr1nc1pa1/4:vest1gators met to se]ect the actual
set of interview questions to be used *for the month S 1nterv1ews
‘ATl questions used durirg the naterwew. sess1ons are included in
Appendix I. . : |
Once the interview questions were selected the part1c1pat1ng
~—"teacher arranged an interview session. Whenever possible, three
a interviews were conducted simultaneously bv_the two research assist- ]
ants, and one of the principal investigators (JVM) and students
were rotated through the interviewers-so that.a student spoke with .
the same 1nterv1ewer once every three 1nterV1ews A]] 1nterv1eWs .

. were audio- recorded . The “{nterviews took p1ace¥eurinq one of the
. e e -
‘i '
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‘regularly schedu]ed "study" periods and lasted aghrox1mate1y 45

m1nutes The part1c1pat1ng Hispanics were interyiewed on a monthly
bas1s, while the part1c1pat1ng Anglos_and the adyanced H1span1cs were
interviewed bimonthly. The participating Hispanics were inter-

viewed a total of 8 times during the academic year, while the students .
"in the other.two groups were interviewed 4 times dur1ng the academic

year. The odd-numbered interview sessions were adm1n1stered to the
participating H1span1c group only. . The even—numbered interview
sess1ons were administered to all three groups. The only exception

. to this was Interview- 2 where only 3'out of the 5 payt}c1pat1ng Ang]os

were 1nterv1ewed due to 1og1st1ca1 prob}ems
- . . ) 0 - B

E. Condutt1on of Interviews . i ' ) | A
The method for conducting .an 1nterv1ew went as fo]1ows An 21"

" x-14" “sketch pad" was used during the interview. The intenview

quest1ons were taped onto the top page of the pad allowing the ~
student to see the questions while he/she worked out . the solution
on the bottom page. ‘ ‘

THe interview questions were uSedlas'guideiines for discussion
rather than as "quizzes" for the students to work out. Each question
was read to the student and the interviewer made every effort tox '
make sure that the‘itydent knew what was being asked before a
solution was attempted. That is not to say that the interviewer -
cleared up misinterpretationg of the problem statements when’ .they
occurred. The interviewer”!éhole was to present the problem to the
student, clear up questions tegarding any‘vdcabulary with which the
student was unfamiliar and sihiTar stumb]ing”b]ocksl until the '
student thodght he/she understoo at was being asked and started
on the solution. ) ]

Al particfﬁahts were told (and quickly adjusted to th!rmodus
operandi) that the interviewer was interested in how they solved .
problems, and wou]d therefore interrupt at various stages along the
way to ask ¥or an explanation of why a certain problem was solved
in that part1cu1ar way. The part1c1pants were told not to interpret
this. as the1r having made a mistake, since the interviewer would ¢

"cha]]enge" them to offer ‘an explanation for any answer or procedure7
no matter whether it was correct or incorrect.

A - 1623
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F. Anh]ysi} of Interviews

A two stage analysis procedure was used. ~The first stage
consisted of .a brief pre-analysis where the %ntervﬁewer would write
down ‘comments on the actual student protocol sheets (the sheets
used by the student to work out the p ob]ens) This stage took

stand1ng the events that trénsp1red uring the interview. The
rder of "flow" of the
student's(protocpl, any student reactions which may be missed during
an auta] review of the’taped interview, and genera] 1mpre551ons of
the students’ know]edge level, anxiety 1eve1, etc.

The second stage consisted of the more. deta11ed protoco] analy-
sis where ‘the-interviewer Tistens to the taped 1nterv1ew wh11e re-
viewing the student's written protocol and pre-analysis comments.

comments’ made covered areas such as th

The protocol analysis consists of making detailed comments on the
stddente' performance, including strengths, weaknesses, and possible

-sources of any difficulties encountered by the student during the .

course of the interview. *° ‘ \

Once the analyses were completed for an interview ession,
another staff meeting followed during which the entire set of inter-
views was discussed. These staff meetings also served as "brain-
-storming" sessions where explanatory hypothesesihere discussed which .
attempted to encompass the behaviom, m1sconcept1dns and other
findings ‘of the interview set

. ..
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111’ STUDENT.PROFILE

‘ In this chapter we w11i present quantytat1ve data, .and in so
far as possible, give? *n 1nd1cat1on of the academ1c background of
the students. We should. state at the outset that,due to the natufe.’
of th1s study, the,size of the various samples fakes it 1nappropr1ate
to carry out a comprehensive quant1tat1ve statistical analysis. The
, data in_this thapter are bé&ing presented only to give am 1nd1tatron
of how thé part1c1pat1ng students compare to other students at both
the local "and nhattonal 1eve1 in several standardized measuresﬁ g
In April of 1981, all students in the school system in question
s ' . were given the Ca11forn1a Achievement Tests (CAT) (CTB/McGraw—H1]1
. 1977). This battery consists of eight major divisions: 1) Reading
+ + Vocabulary, 2) Read1ng Comprehens1on 3) Spelling, 4) Language
Mech ics; 5) Language ExpreSS1on 6) Math Computation, 7) Math
Concepts &'App11cat1onsg and’8) Reference Skills. There were three
sect1ons which were made up ‘%f combinations of.the e1ght major ‘
‘d1vas1ons above, name]y, Total Read1ng was made up of the comb ined
\ scores in Read1ng Vocabu]ary and Reading Comprehens1on, Total Math
was made up of the comb1ned scores from Math Computat1on and Math
Concepts & App11cat1ons, and Total Battery was, made up by comb1n1ng
. the first seven categor1es 1isted above e that is, all major-
divisions except Reference Skills. o
In additfon,‘three other measures were administered to the
pRNED 1pat}ng teacher s whole Algebra I, cTass,aas well -as to the
three advanced H1span1cs The f1rst of these is a Piagetian exam

. entitled "An Inventory of P1aget S 5evelopmenta1 Tasks (Catho11c l ’ : .I

) ~Unjversity, 1970) des1gned by, Hans Furth o cover the fol]oW1ng 18 -
‘areas: ])_Quantity, 2) Levels,. 3) Sequence, 4) We1ght 5) Matrix, l
6): Symbhols, 7)‘Perspective, 8) Movement, 5) Volume, *10) Seriation, . , ‘
i1) Rotation, 12) Angles, 13) Shadows, 14) Glasses, 15) Distance, - ' l
’ 16 Inc]usﬁon, 17) Inference, and 18) Probab111ty There were four )
quest1ons for each of these 18 areas maklng this battery a 72 l

question test. o
The. remaining two measures were the Ana]og1es and Classification
' : subsections of the Test of General Ab111ty -Level'5, Form CE (Guidance
" Testing Associates, 1962). The Ana]ogles section contained 24
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quest1ons wh1ch were totally symbolic and asked the student to make iu ‘
- one pair of draw1n§s like a given pair, as shown in the fo]]oW1ng %m; ' |
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The C]ass1f1cat1on section was composed of 26 quest1ons wh1ch again 1
‘were totally synbo]1c and asked the students to identify one draw- i
ang in 2 ;er1es of five which was- “d1fferqﬂt" For example, Lot ;
|

|

|

|

|

I YO O T
) Table 1 gives the resolts of these tests for the various‘subgroups :
of .students. The fiwst two entries correspond to the mean and ‘
standard deV1at1on In the CAT scores, the th1rd entry gives the
. nat1onaT percentile ranking corresponding to that part1cu1ar raw
score. Also shown 1n Table 1 anethe students' final grades in
A1gebra The scores on all standard1zed measures a;e based on’ the

»

-

total number correct. R > _
\ Table 2 shows the results of the Piagetian éxam: broken down by 'h >
‘the 18 subsections that make up the test. The two entries correspond
"to the mean and standard deviation for that subsectqon, with a max1—
¢  mum possible score of 4 for each subsect1on - 2
Finally, Tables 3 and 4 show the Pgarson Corre]at1on Coeff1c1ents .
" among selected variables for the A]gebra I class, and the Advanced -
Algebra class, respectively. ’ '
Several observations can be made from Table 1. First, it jé
« 1 . " evident that the advanced a]bebra class is consistent]y "afbve
average" on the CAT in compar1son to the Algebra I class, as well ..
as to national morms; in fact t-tests between the Advanced Algebra A
c]ass and the Algebra I class.on all the means of the CAT result
! 1n stat1st1ca11y significant differences in favor of the Advanced
:c]ass well beyond the .05 level, Second, it is-evident that the
3 advanced Hispanics are very tomparable with their Anglo peers in
the Advanced Algebra class in all the measures shown on Table 1%

: : ]
Third, it is eVident that the five participating Anglos are comparable




TABLE 1
PERFORMANCE ON AVAILABLE MEASURES

P -~
. Read. Read. Tot Spell. Lang. Lang. Tot. Math Math  Tot. Tot. Ref. Anmal. Class. Piaget Alg.
Vocab. Comp. Read. Mech. Expr. lang. Cmpt. Cncpts. Math  Batt. Skills ) Grade

Algebrt 1 Class 15.1 24.0 391 10.7 15.3  '24.0 - 39.4 26.1 23.3  49.3 138.5 18.5 15.8 17.5 49.0 72.1
L N=34* 5.7 5.7 10.5 2.9 4.1 5.3 8.5 5.5 6.3 9.9 -26.1 3.2 3.6 4.8 7.9 15.3
53 49 52 43 39 44 4 - 59 45 53 46 43 ——— —— hamm | mma-

Nonpartipat- 15.9 25.7 41.6 J0.8 16.3  25.7 2.v 26.7 25.7 52.4 146.8 19.4 16.9 17.7 49.8 73.1

ing Anglos 5.6 5.3 9.6 3.2 2.8 4.7 6.3 5.4 59 100 -23.5 2.5 3.1 4.6 8.8 16.0
| =23 54 56 55 43 44 51 48 61 53 57 53 50 s e
Participat- 17.4 - 23.8 4.2 10.8 150 20.2 3.5 26.0 19.8 _ 458 133.0 18. 15.2  18.2  49.4 78.8
ing Anglos 4.8 5.2 9.5 2.6 3.7 5.0 8.0 6.2 4.8 7.2 2.8 4. 11 6.0 3.6 13.0

N=5 59 48 5 43 38 29 3 59 k! 46 43 39 cmee mmmm ccee mmea

Participat- 0.5 183  28.8 10.3 12.2 2.2 - 33.3 23.8 17.8 4.7, 472  16.0 12.2  16.3 45.8  62.3 .
ing Hispan- 5.4 4.2 9.4 2.7 6.9 57 1.9 5.4 3.5 6.9 23.6 3 .4.8 - 5.5 6.7 10.3 “*
ics  N=6 30 29 29 39 24 32 27 52 27" 38 30 30 c—e mema c——— ——m

0¢

Advanced Algebra  23.7 31.3 55,0 .15.4 20.7 32.3 53.0 34.0 35.4 69.5 192.9 22.1 amem meee oo 81.4 ‘s
Class N=29 4.0 4.2 7.3 2,9 2.4 2.9 4.0 3.3 4.2 6.5 16.5 1.6 —=om cmee amen 5.1
79, 79 79 83 78 85 84 81 81 83 8 78 cmmm emme memm mmee
Advanced 23.7 31.6 853 153 20.7 32,7 53.4 34.0 355 69.5 193.5 22.3  acce  amce aeee  B1.9
Anglos 4.0 3.8 6.8 2.5 2.3 2.2 kR | 3.5 4.3 6.7 14.9 1.3 seem e e 4.8
N=26 79 81 80 83 78 87 85 81 81 83 86 80 mmem mmme emee meae
Advanced 23.7 29.0 52.7 - 16.0 20.7 29.0 49.7 34.0 34.7 68.7 187.0 20.0 17.3 16.0 50.7 73.3

Hispanics 4.0 8.2 12.2 . 6.1 . 3.8 6.2 9.0 1.7 38 ° 55 3.2 ° 2.6 2.5 1.0 4.5 7.1 .

N=3 79 70 76 87 78 67 73 81 79 81 81 55 ceam emme eeme eees

v

Note: The first twelve measures correspond to the California Achievement .Tests. Analogies ant Classfficatﬂ.)n are from
the Test of Géneral Ability. The last two measures correspond to the Piagetian test and the students® final grade
in algebra._.The three entries correspond to the mean, standard deviation, and national percentile ranking.

| " N for the Algebra I class {s 32 for all CAT.measures. N for the Algebra I class/nonparticipating,Anglo subgroup is e
. 21 for all CAT measures. . : “ . ’

’ (R 2 7 \
f
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- . TABLE 2 : L.
' ) PIAGETIAN EXAM BREAKDOWN . 4 .
' Section Algebra 1 Nonparticipa- Participa- Participa- Advanced
+ : Class ting Anglos ting Anglos ting Hispan- Hispanics ’
‘ N=34 N=23 =5 ics  N=6 N=3
* ‘ b
1. Quantity 3.5 3.13 3.40 3.00 3.67
. .5 .55 .55 .63 .58
2. Levels 3.68 * 3,61 3.60 4.00 © 4.00
.81 .89 .89 0. 0.
3. Sequence . 3.18 3.30 3.20 2.67 3.00
Y .97 1.02 v %5 1.03 1.73
4. Weight 3.65 3.70 - 3.80 3.33 + 4,00
.81 .76 .45 1.21 0. |
F - |
5. Matrix 3.74 ., 3.65 3.80 4.00 4.00 |
.45 .49 .45 0. 0. |
6. Symbols 3.26 3.39 3.00 3.00 . 3.67 .
N .66 N .89 .58 :
7. Perspective 2.79 3.26 240 4 1.33° 3.33
, . 1.15 .81 1.14 1.03° 1.15
|
’ 8. Movement 2.74 2.83 2.80 2.33 2.00 |
. 1.08 | 1.07 1.10 1.21 1.00 |
. 9. Volume ( 2.2 2.39 2.00 1.67 2.00
- '.95 .99 1 .82 1.00 \
10. Seriation 3.7 3.70 3.60 3.83 4.00
' .63 .63 .89 .4 0.
+ 11. Rotation -2.15 2.30 , 2.20 > 1.50 3.00
, 1.05 .88 e84 1.05 0.
12. Angles 2.76 2.74 3.20 2.50 1.67
1.02 ) . .45 1.38 1.15
13. Shadows 278 " 2.91" 2.20 ' 2.50 3.00
: 1.14 1.12 - .84 1.38 0.
14, Classes | 1.53 1.52 T .80 1.33 0.33 —_—
. 1.05 1.04 .84 1.37 i .58
15. Distance 1.97 2.00 1.60 2.17 . 1.33
.83 .85 .55 .98 .58 >
16. Inclusion 2.29 2.7 1.60 1.33° 3.00
1.3 1,26 .89 1.21 0. : .
17. Inference 3.24 3.35 2.80 . 3.7 3.33
. .96 93 .84 1.17 .58
18. Probability ‘2,44 . 2.57 2.20 2.17 1.33
1.3 1.4 1.10 1.17 .58 N
! Total 51.21 53.04 49,20 45.83 50.67
6.74 4.51

6.73 " 6.55 3.56
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TABLE 3
PEARSON CORRELATION COEFICIENTS
r ALGEBRA I CLASS

Read. Read. JSpell. Lang. Lang. Math Math Tot. - Anal. Class. Piaget

AA-' - — o

Vocab. Comp. Mech. Expr. Cmpt. Cncpts. Batt.
Yede
Read. 70 —-a . - .
Comp. |
Spell., 23 29 .-- . N |
Lang. 45 47 14 ———
Mech.
¥ ke s ™~
Lang. 51 49 0 59 --- ¢
Expr. ’
. Math 54 63 54 54 50 ——-
Copt. . R
* * ok %* ﬁ‘ +*
Math K} 59 03 40 51 43 ——
Cnepts. . R
ok %* U ke %* *e L -
Anal. 45 38 -19 56 50 33 45 53 .-
* . * ek
Class. 25 30 -06 1A 0 21 15 21 54 -
%* % . * L *
Piaget 17 25 -04 34 20 37 20 3] 49 34 -—-
« Alg. 06 2" 0 12 17 R L Y, % 28 -
. Grade . '

.

*

p < .05, *p < .005 for one tailed tests of significance.

Note: Analogies and Classification are from the Test of General Ability. A1l other variables
except the Piagetian score and the final algebra grade are from the California Achievement
Tests. N=32 for correlations involving CAT variables, and N=34 for the remaining:,
variab1es:i Decimal points have been suppressed from correlation coefficients. . . _
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TABLE 4 _
PEARSON CORRELATION COEFFICIENTS
FOR ADVANCED ALGEBRA CLASS

. - —V B —' - —A“ —' S
: B

Read. Read. Spell. Lang. Lang. Math Math Tot.

L Vocab, Comp. Mech, . Expr. Cmpt. Cncpts. Batt.
Read, 58** -—
Comp. .
! spell. 51 49 .
N * % Tk
Laog. 35 33 56 —-
Mech. '
Lang. 3% 537 42" 13 .-
Expr.
Math 14 15 17 537 2 .-
Cnpt. 4 .
Math YR LR " T M. “ R T
Cnepts. .
" Alg.  -28  -02  -05 05 13° o8 05 01
Grade

*p < .05, “"p < .005 for one tailed tests of significance.

Note: N=29 for the correlations above. All variables except algebra final
grade are from the California Achievement Tests. Decimal points have
been suppressed from correlation coefficients.

/
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to the 23 other Anglos,in the A]gebra I class, and that all of the
Anglos in the Algebra I class are "average" students as determined
by(}he CAT national dércentile rankings. Finally, Tablé 1 shows that
the 6 participating Hispanics are consistently "below average" in
the CAT both as compared to their Anglo classmates, and as measured
by the national percentiles, excﬁpt in‘thé Math Computation section
where this group scored "average". , N .
There were very few differences between the various groups'
performance level in the Piagetian exam} regardless of_whether’ one
looks at the performance on the exam as a whole; or at the perform-
s ance on the individual subsections as shown on Table 2.~ With few
exceptions, the advanced Hispanics outperformed both the participat-
ing Anglos and Hispanics; while the participating Anglos performed
somewhat, albeit not significantly, better than the participating

A

The correlation coefficients for the Advanced Algebra class
from Table 4 show many fewer statfstica11y significant correlations
than the corresponding correlations for the Algebra I c£lass of
Table 3. This is not surprising since the larger variance among the

Hispanics. -

measures of Table 1 for the Algebra I class necessarily results in
larger correlation coefficients for this group (see for example,
Hopkins and Glass, 1978, p139f% for an explanation of this pheno-
menon), Some interesting results to note’are the sfrong coire]ation;
between the Math Concepts section and the verbal sections of the CAT
for both the Advanced Algebra class and the Algebra I class. This
could be'indicative of the importanée of language skills in "abstract"
héthematics. In terms of the final grades received in algebra, the
Advanced class shows only one statistically significant correlation
with Language Expression, while the final drade for the Algebra I

~ Class ishsignificant1y corre]atéd with Reading Comprehension, Math

géﬁ Concepts & Applications, agd'Math computation.

Some information was gathered on several non-academic back-
ground characteristics of ‘the students. This information was ob-
tained in one of two ways. The first method consisted of chatting
with the students just prior to the beginning of the interview
sessions concerning their interests, family bgfkground,ffuture plans,

\
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etc. This not only gave us a brief profile on the students’ back-
ground, but also served to put the student at ease Just prior to the
stirt of the problem solving tasks. The other method was to ad-

¥ minister a short questionpa eliciting information on topics suchy
as language spoken with e s,ATEEEDage spoken at home, and number
,' of years in the mainstream curriculum. It was left up to the student

to volunteer the information. If the student did not wish to volun-
teer personal information to us, the matter was not pursued further.
For this reason, many of ‘the background profiles we were able to
compile are incomplete. We have included the information we were
able to obtain in Appendix II, ' .

In éummary, it appears that the aﬁvanced‘%ispanics are extreme-
1y well-prepared atademically as measured by their performance in
the CAT. The participating Anglos', performance in the CAT indicates

»  an average preparation. The participating Hispanics appear to be
academically underprepared, both in comparison to their Anglo class-
, mates, and in comparison to national norms. '

Ay
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IV. INTERVIEW RESULTS &ﬁ;‘

The questions used in the interviews were designed to assess
Stldent expertise in'four relatively independent areas. The four
areas are: 1) Appreciation of algebra as an abstract logical sys-
tem. 2) Command of the formal operations of algebra. 3) Ability to
use algebra. 4)-Ability to solve problems. These areas will give
an indication of a student's command of mathematics as a formal
construct, as well as his/her ability to utilize this construct in
a problem solving situation. In the four sections that follow,
each of the four areas will be discussed in detail, -and accompanied

by examples from the students' protocols.

Although the focus of this chapter is the results of the dctual )

interviews, in a.study such as this it is hard to dissociate the
results from a discussion of what the results mean. We find that
the.béét time to discuss the cause of certain errors is at the

time we present them, There will, therefore, be various mini-
discussions during the dourse of this chapter. The following
chapter, entitled "Discussion”, will offer an overview of the whole

study
A.  Appreciation of Algebra as an Abstract Logical Si%em

What we wish to investigate here is the degree to which the
student creates and develops an abstract conceptua1 schema for .
mathematics that is independent of other 1og1ca1 systems, such as
languages. Like language, mathematics has its own formal logical
structure, largely composed of definitidnal constructs which form
the "rules of the game." We are hopeful that research in this
area will help us to understand how mathemat1ca1 and linguistic

. ,deve1opment are related. B111nguals who a1ready have ‘two languages

and therefore two logical systems, may be able to develop a third
logical system more readily than monolinguals. On the other hand,
if the. language 1ogiéa1 structures arespoorly developed, bilinguals
may find it more difficult to deve]bp new logical systems.sBilinguals
constitute a good "laboratory” in which to: pursue these questions,
From a practical standpoint, information for this area can be
gafhered by attempting to find answers to questions such as the -
following: ’
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I

l ' - Does the student understand the role of definitions in

| matheméiics? Does the student utilize definitions. to

' . resolve points of ambiguity? A . S

- Does the student distinguish between mathematical statements .

I (e.g., equalities and .inequalities) and mathemakijcal phrases
(e.g., expressions and ratios)? . )

i - Does the student recognize the difference between a variable
and a label? ‘

°

I A ' Number Lines ' ' .
‘ The first interview, in which only the participating Hispanics
took part, dealt heavily with the students' undertandﬂhg of the -
number line. The number line was not only the first topic covered .
in the textbook and in class, but also the students’ first'encounter‘
with a totally abstract topic.” From the responses given it was
clear that the number line construct was something students had a

difficult time grasping. However, it was also clear that many of
the"difficulties 'experienced by the students”were not due to the
number line per se, but cou]d be attributed to incorrect mathe-
matical knowledge, misinterpretations of’éomments the teacher had
¢ made in class,and to semantic difficulties. More often than not,
erroneous responses followed a consistent pattern based upon the
students' knowledge frame. A few examples will illustrate what we

~ v F

-

mean.

Various students did not accept number Tines which had the first
"tick mark" to the right of the origin labeled with anything other
than 1.. Thus if shown the following number line, these students

R 2R __ ___J L R

|

' U S Y W S S S S S A S —— S e
‘ -2 -1 > 0 ' "o 2 . .
insisted on 1abe11ng the' line wwth the first t1ck mark to the right
of the origin as 1, the second tick mark as 2, etc. The f0110w1ng
section-from the protocol of a student discussing the number line

aboyve illustrates this phenomenon.

. I: Where's four? ’
S: (Points to tick mark labeled 1)
I: OK. How come this 1 is there? (points to the 1 at the’
fourth tick mark to the right of the origin.) Is there a




mistake? e & c ‘ Y
S: No... Well, Mr. Smith (the teacher) tells us that.everything
right here, every littlevthing's a number, so there's zero,
one, two, three, and four. (Pointing'to'the tick marks
. coresponding to 0, 1/4, 1/2, 3/4, and 1). Tk
A similar response from another student is given below in
*» reference to the following number line in Set C of Interview 1.

3 1 e 3 3
¥ et + T

+

50 1 2
I: Where's positive 1?
S: (Puts +1 at the first tick mark). - - °
\\\‘\\./ Can you tell me where negative ohe is? .
S: Right there {points to ti'ck mark labeled -1/2)
I: Oops! I've already labeled that point -1/2.
) _ S: Yeah, but that's wrong. ' -
I: I made a mistake? B '
S: Yeah, you probably made a mistake (chdck1es). ‘
We can attribute this confusion to two factors. First, the ’
) . participating teacher told the class that every tick mark rep- |
1k/ ' . resented a number, as statgd-by the first student above, However,
it appears that many students “interpreted "number" here to mean
"whole number." Second, in all examples and exercises given in the
textbook, not one number 11ne is labeled with the first tick mark
o being anything other than 1. _This, needless to say, is somewhat
misleading. :
It also'became evident that much of the confusion exhibited
by students jh p1aqin§ fractions on the number line derived from
_their poor knowledge base concerning relative sizes among fractions.
Many students thought that 1/2 < 1/3, 1/3 < 1/4, etc., demonstrating
that they were comparing only the denominators in deciding relative
sizes among fractions. ‘
. Another problem, this one perhaps due ‘to semantic d1ff1cu1t1es,
was djsplayed by two students and involved using.the numbers "one “
{ and/6ne-half" and"one-half" interchangeably. . These students would ' -
say "one*half" when reading 1 1/2 and conversely, would Tabel a
point 1/2 when verbally asked to label "one and one-half." It

- L3




appears

v

that to these students, the symbol 1/2 means "half" or "one-

half", and they use the two terms interchangeably. The problem theée

and the-

students have with 1 1/2 is that the first part,1, is read as "one",

second part, 1/2, is read as "half", and.hence 1 1/2 becomes

] "one ha]f "

The 1ast common error we will discuss, 1nvo]ved labeling two

" different t1ck marks with the same gumber. For one student, this

was caused by having two separate interpretations for labeling

whole numbers and 1abe11ng fractions on a number 11ne This is

illustrated in the following protocol: '

‘\

"
]

-2

I:
S:
I:
S:
I:
S:
I

o BN Ve

w

—

S:
So

: (Pause...) Well, you've-got, like, ... negative 300 and

N 3 | WY N + 3 1 3 A} 3 1 1 »
T v T r T T Y - Y 4 T

O 0 1 2

\

Label this first tick mark to the right of 0. ‘ 4 .
(Labels it 1/3).

What's the second mark? - —

(Labels is 1/2).
What's the third mark?
(Labels th1s one 1/3 also)

: Lé% s talk about any number line, not just this one here

If T give you any. number at all, like 300, is there one
specific location in the number line where that number
would go, or can it go in various places in the Tine?

: Can go various places on the line.
: OK. How is that? Can you explain it to me? Or can you give

me an example of it, if it's easier to explain-it that way?-

you've ‘also got the other side 300 so..like... (pause).

: So you think that because there are two sides to it, you

can. put sort of Bhe-same number on either side. Does the
fact that one side is negative and the other positiye make
a difference? '

Yeah. ' '

it it clear at this point that what this student means by

sayfhg it is legitimate to label two different tick marks with the -
same number.is that two different tick marks can have the ‘same
absolute value, but one must be negative and'the other positive. As
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| tﬁevigterview continues, we see why the student-is not bothered by
labeling thée number line above with two 1/3's. ~ :

I: If this (pointing to the first tick mark labéled 1/3) is
. oné-thi{d hefe, could it also be one-third here (pointing

~ to the second tick mark labeled 1/3 at the tick mark ™
corresponding to the value 3/4), or wou1d~it have to go-
someplace else? ' T .

. S: I suppose it depends, because if you have 1/3 away froﬁ,
like, the origin, then you got,like,the 173'cJoser to 1.

Here the student has displayed that she attributes different T
meanings to the representatioﬁ of whole numbers and the represent-’
ation of fractions on the number line. To her, the first 1/734s . U
showing that one-third of the distance between 0 and 1 closest to
the origiq; the second 1/3 is showing that one-third of the dis-
tancé between 0 and 1 closest to 1.

The performance of students in'number line problems which were
somewhat concgete was much. better. For example, most students had '
no difficulty answering the following problem correctly: .

1-C4 If I ?e]] you that 1/2 means 1/2 mile east of my house,

where would 1/2 mile west of my house be? Where is my
house? If my friend Julia lives two miles west from my ;
house, where ‘does she live? ~ ' |

-
-~
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Fractions f :

In Interview 2, we probed students' understanding of fractions
using the following two questions:

2-A4. How would you deff;§ a fraction?

2-A5. VWhich of these are fractions? Why?

2, 1/2, 3/4, 5/3, 4/2, 9/3, 6/1, 10, 52/1.

Responses given to these two questions revealed that students
had only a partial understanding of the concept of fractions, and
were often inconsistent in applying the definitions given in =
question 2-A4 to their answers in ques%ion 2-A5. A few examples
will {llustrate the situation.

. Gy
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One student stated that a "fraction is part of any object...
a different number on the top and on the bottom." Even though this
definition is not self-con§jstent, it is fairly good for a student

. of this mathematical sophistication. When asked to select the

fractions in the list provided in 21A5, this student ‘only chose
1/2, 3/4, and 5/3 as being fractions. Yhen asked why;4/2'was not a
fraction, the student explained tha& 4/2 equals 2 a"@QE&IbE? not

a fraction. Apparently, even though 4/2 conforms to the second half
of the definition, "a different number on the top and on thgfr

it did not satisfy the first half of the definition; that isy 4/2

is equal to 2, and 2 is not "part of any object:" Another, student
claimed that fractions were "numbers that are between whole numb-
ers." -However, by stating that every number except 2 and 10 in
question 2-A5 were fractions,(this student displayed she was either
unaware of, or not bothered by,lthe’inconsistency between her
definition and claiming that numbers such as 9/3 and 6/1 were
fractions. Yet a third student claimed a fraction was "a part of

a number -- a piece of something" and answered question 2-A5 con-
sistently with this definition by selecting-1/2, 3/2, and 5/3 as

the only fractions among thd nine numbers given. However, when the
interviewer asked him to explain why 4/2 was not a fraction, he

sdid that, written as«/2, 1'3: was a fraction, but that you could
also write 4/2 as 2, which is.not a fraction. '

In terms of each group's overall performance in these two
qﬁestionsg all of the advanced Hispanics had a good grasp of the
concept of fractipns. The participating Hisbanics and the partjgl;
pating Anglos were somewhat confused as to what constituted a
fraction, with the participating Anglos having a slight edge over
the participating Hispanics., - - |
Equations | LI

As in defining fractions, we found that students were not able
to give correct definitions of the term."equation." , In the
fo]]odﬁng qqestion from Interview 2, .

2-A6. Which of the following ma;hgz:ifal statements are

equations? Why?
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a)3+1=4 Ce)x-7<10 i) -—g——

7+ Y

b)3x -9 £)Z=19 §)8x3=(Ix4) 12
3t Y " _ W+ T

<) Y57 ) 5(X +Y) =20 k) R

d)10+2=8  h)8>A 1) 8/4 = 4/2

The most populér definition of "equation" giveﬁ was something that
was either Tanipulated or solved, as evidenced by- the following
quotes from fouQ'of the students interviewed: . ‘ ! .
An equation is... B S
- "when you have-an operation and you have to figure something
out tdsget the answer" ‘
—,"a prob]eh with an answer" ,
- iyou have to look for an answer for someth1ng to be an
eqyat1on . ( .
- "Someth1ng that you solve for -- aﬁyth1ng that has letters"
One student had an opposite viewpoint and stated,
- "if it has letters, it is not an equatidn 'cause yqr—don't
know what, the letters are" ' ' | )
Only four students during this interview session had a correct ,
notion of what an equation was, both in terms of verbalizing a
fairly precise definition and in applying their definitions to .
select the equations among the list of 12 cho1ces given in quest1on
2-A6. Two of these students.came from the parth1pat1ng Anglo
group and the other two came from the advanced Hispanic group. g
It is evident from the answers above that most beginning algebra
students view algebra concretely rather than abstractly, The .
definition “"two mathematical expressions separated by an equal sign"
is simply too large an abstraction for these students. It- appears
that, in order to have meaning from these students' perspective, a
def1n1{/on must answer questions such as "what good is it?"/"what
can you do- w1th it?", and "in what does it result?” Thus a
process-product oriented definition such as "an expression.you mani -
pulate to get an answer" is something meaningful to'these students -
after all, it answers the three questions posed above, namely an

- c
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equatiorf is useful as something you somehow manipulate (the process)

- *
and results in an answer (the product),

13
t

More on Def1n1t1ons
There were various other interview questions pr0b1ng the
students' ability to verbalize their understanding of a concept by
definining a term. The performance of all groups was nearly equi-

. valent in the following question from Interview 6:

6-Al. What.is the difference between a monomial, a binomial,
_ and a polynomial? :
Even though only one student (from the participating Anglo group)

. offered a correct definit%on:'approxjmate]y half from each groupthoudﬁt

that these terms- referred to how many were in an
expression, and words used by these students to fill in the previous
blank were "equations", "numbers", "ferms", "problem", and "parts."
In question 5-A1 from Interview 5 (recall that only the - . _ -
participating Hispanics were interviewed in the odd-number inter- -

view sessions) where the following was asked,

5-A1. Given these two se%s: A=1{,5,0;~-3,19, 24, 4}
B = {-1, 19, 21, 29, 4, -40}
What is A y B? What is A n B? ,
two out of the six participating Hispanics interviewed were not ,
able to ‘offer any answer-te this problem; another student thought *
"union" meant all the pos%tive numbers and "intereection" meant all
negative numbers.in’the two sets; the rémaining three thought -
"union" meant the'numbers that the two sets had in common, while
"intersection" meant the numbers in one set which were not in the .
other set. ok ' ' r
The responses to questqon 5-D] 1n this same interview,
- 5=D1. what is a variable? What are var1ab1es used for?

+

'reVealed that these students knew what a varlab]e was, operationally,
“but could not define the term correctly. Four of the students said

* We thus expect students to define a | "teacher“ as "someone who gives
homework" and not as "someone who imparts knowledge." .
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a variable was a letter, and the remaining pr said a variable-was
a number. However, all of the students that said variables were
letters showed that they understood wﬂat vatiables were used for in
their responses to the second part of this question; their answers
were reasonable facsimiles of the statement "variables are used to
represent numbers.” This supports the hypothesis adduced in the
previous section where we claimed that students are more likely to
remember a mathematical term in terms of what its function is, and
not in terms of its abstract ‘definition. ) .

Further support for this can be found in questions 1 and 2 of
Interview 3 where the participating Hispanics were asked the meaning ~
of the terms "axiom" and "closure." MNot one.student had any idea of
what these terms meant, even though they weére covered in hoth the
textbdok and in class. 'Vis-a-vis our hypothesis, the reason these
students could not offer a definition was that, unlike terms such as
"equation" and "fraction", the terms "closure" and "axiom" are such
that answers to the questions "what good is it?", "what can you do
with it?", and "in what does it result?" are certainly not readily
apparent, '

The last definitional question we will discuss is 8-D1 of Inter-
view 8. Here we asked, ’

8-D1. What is, a prime number? Which of the following are ptrime

numbers and why? '

a) 2 d 5§
' b) 3 e) 6 oo
c) 4 L. 7.

Here many of the participating Anglos and advanced Hispanics Qere
unable to accurately verbalize a.definition; however 1all 8 of these
students operationally knew what a priﬁe number was and could pick
out the prime numbers from the Tist above. On the other hand, the
performance of the participating Hispanic group on this question was
somewhat poor. Only 3 of the 6 students were able to pick out the
prime numbers from the 1ist, and just as the students from the other
two groups, these three students were not able to verbalize a
definition. The remaining 3 students thought "prime" had something
to do with whether a number was even or odd.
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Varijables vs. Labe]s

The fact that varlables are treated,as labels by many college
students has been recently .established in various ;rtﬁales (Mestre, ‘
Gerace, and Lochhead, 1982; Clement, 1982; Clement, Lochhead, and
Monk, 1981; Rosnick, 1981). In the following problem

-

Write an equation using the variables S and P to represent
the following statement: "There are six times as many
students as professors at this‘university." Use S for the
number of students and P for the number of professors.

‘ the now-famous "variable-reversal error" where students would write

6S=P, was committed consistently by approximately 35% of non-minority

fenglneer1nq undergraduate students (Clement, Lochhead, and Monk,

1981). Using a population-of Hispanic engineering students, the
frequency of the variaple reversal error was 54% (Mestre, Gerace,
and Lochhead, 1982). -

In clinical interviews of students solving the above Broblem,
it was discovered that one of the major points. of confusion regarding
the. variable-reversal error derived from treating S and P as labels
for "Students" and "professors”, instead of treating them as varia-
bles to represent the number of dents and the number of professors.
It should be pointed out that the students interviewed displayed that
they were aware that there were more students than professors’in the
probtem statement (Clement, 1582). For these students, the meaving

of 6S = P was "six students for every one professor”,
To 1nvest1gate whether beginning algebra students are prone to -

this kind of confusion, we de510ned the three quest1ons below, given
durlng Interview 6: _
6-B1. Mr. Smith noted the number of cars, C, and the number of
trucks, T, in a parking lot and wrote the following
equation to represent the situation:
8C=T
Are there more cars ‘or trucks in th1s parking Tot? Why?
Write an expression with varlables for the following statements.
6- BL~ Six times the length of a stick is 24 feet.
6-811. If a certain chain were four t1nes as ltong, 1t would be
36 feet, '
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From the student response§ to these questions, the evidence is

_strong in favor of the students' proclivity to treat variables as

Jabe]s. In 6-B1, 11 of the 14 students interviewed_from the three

.groups said that there would be more cars in the parking lot as

represented in the ‘equation 8C=T due to the factor of 8 in front of
C. Of the remaining 3 students, one from the advanced Hispanic
group said that there would be more trucks -- her explanation dis-
played that she was using C and T eorrectly as variables for the
number of cars and trucks. The last two students, both from the
participating Hispanic group, gave rather unique answers -- one
said that you could not tei] whether there were more cars or trucks
because the values of C and T were not given; the other said there
would be an equal number of cars and trucks because "of ‘the "=" in
meemmhvn

A comparison of the students' responses in prob]eﬁs 6-B10 and
6-B11 revealed an interesting phenomenon. A1l 14 students obtained
the correct answer in both of these prob]eﬁs. In problem 6-B10, 8
students wrote a correct equation using the letter "L" for the varia-
ble, and the other 6 wrote a correct equation using some other letter
for the variable, such as "a", or “X"; none of these 6, however," used
the letter "S" for the variable which is not unreasonable to expect
since the problem 1s about a stick. In contrast, the most popular
variable name used in 6-B11 was "C" and not "L"; seven students used
"C", two used "L", and the remaining used ‘Some other variable name.
Given that both of these problems asked" for a quantity invo]ving'
1ength, and that many students were using a variable in 6-B11 to
represent "the chain”, it is evident that the sentence construct1on
of ;hese two problems trlggereq (more often than not) specific

.responses for that particular problem. That is, the manner in which

6-B10 started, "Six times the length. o makes it c]ear to the student
that this is a problem about length, tgéreby triggering the use of
the letter "L" for the variable. Howeyer, In 6-B11, the first few
words, “If a chain..." make it clear this is a problem about a chain,
thereby triggering the letter "C" to be used as the variable. Even
though 6-B11 is asking for a 1ength Just as 6-B10 s, the student

is distracted from this fact by hav1ng the references’ to length via

s
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the words "long" and "feet" appearing much later in problem 6-B11,

Thus, although the eyidence is not conclusive, there are strong
indications that these beginning algebra students, not un]ike‘college |
technical students, often treat variables as labels. It further B
appears as though the syntax structure of the problem is largely
responsible for the triggering meghanism by which a variable name \
is chosen, with the first important noun in the problem statement
(e,9., "length” in 6-B19 and "chain" in 6-B11) serving as the trig-
ger. This makes it somewhat of a random process whether the student
will choose a variable name to mean a label for that noun, or a
quantity to be represented by the var1ab]e name.

Th‘re will be further discussions of the variable reversal
error and of the students' performance in other problems such as

J
the ones above in section D entitled "Ability to Solve Problems."

B. Command of theﬁFormal Operations of Algebra i N

A complete logical system contains not only a set of defini-
tions and relationships, but also a set of rules for maﬁipulatﬁng’
these relationships. Quite independent of students’ knowledge of
the structure of algebra is their understanding of the dyn?mica]
laws, or permissible operations that may be used in the process of
obtaining a solution. We are not concerned here with the students'
ability to obtain answeks; but rather with their knowledge and
comprehension of legal algebraic manipulations. Thus, whereas in
the last section we were interested in whether students knew the .
rules of the game,in this section we are interested in whether
students "play by the rules of the game.” Inyestigations in this -
area may eventually lead to an understanding of what determines a
student's approach to learning mathematics. For- example, if'a
beginning student chooses to memorize a set of permissible operat1ons
as opposed to more generallzab]e concepts, then this student may be
able to obtain answers more readily, but at the same time, this
approach may inhibit the formation of a deeper understanding,

§pecific research questions that probe this area are: ~

- Does the student know what fundamental operations can be

performed on an algebraic statement?




] , - Does the student realize that these operations do not cﬁé;ge
~ . the solution to an equation? )
‘ - Does the student confuse what "rules” he/she may apply in a
particular situation? i ' ‘
Interview questioﬁs in this area were interspersed throughdut the
eight interview sessions. This_gf1owgd us to monitor progress in
mastering p?évjous1y learned, as well as newiy learned concepts.

1 ‘
Commutative and Distributive Properties . -

In question 4 from Interview-3 we attempted to ascertain whether
students had a good grasp of the commutative and distributive
_ properties, and whether they were aware of Which of these two prop-
erties was applicable to addition, subtractibn, multiplication, and
division operations: . .
3-4. Which of the following equations-are true and why?

: a)8:4=4-8. h) 17 + 4 =4 + 17 -
b) a+b=b+a ) X-Y=Y-X ’
é) asb=bz:a jy XY= XY . . >
d)8-3=3-8 k) a7 +b) = 7a + ab -

e) a(7 - b) =7a - ba 1) a(7 - b) = (7 - bla
f) 10(6 + 3) +Aﬂ =4 +10 ‘6 +10 -3
)

g) 10 + (2 +15) = (10 =.2) + (10.: 5)

The two partichEtjng Hispanic students whdxwere successful in
answering this ﬁrob1em used numerical substitution often, to check -
the va1idif} of the equations containing variables. For example, '
iQ~X - Y =Y -~ X, these students would substitute something like

%=1 and Y=2, and checked the left, and right hand sides of the °
equation for equality. For the remaining fbur'participating Hispanics,
their responses were somewhat random. "For example, one student

stated that a(7 - bfﬁ 7a - ba was true but that a(7 +b) = 7a + ba_

F TN 4w R R A4 090909090 v

was false, while another stated the converse, Upon probing, it

became clear that the cause of*the problem was a misunderstanding over -
the role of the parenthesés. According to both pf these students,

the false equation could have been made true by having "b" alone on
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the right hand side. This'response was not consistent with ansyers
given to a question during Interview.l where we asked "what is
3x6 +2=17" Here we attempted to confuse the students after all
six of. them had stated that the answer was 20 by pointing out that
the answer could also be 24. A1l six of them volunteered that if

d

parentheses are placed around the "3x6", then the answer would —_

always be 20, and that placing them around the "6 + 2" would result
‘in 24. These students appeared to have an understanding of paren-
theses as "grouping operators" in a concrete example using numbers,
but not so in more abstract examp]es(using variables such as those

.

above.

o

4

S6iving Simple Algebraic Equations ‘
The questions below from Interview 4 served as a good evalua-
tion of the étudents' manipulative skills in solving fairly simple
algebraic. equations: i
4-A1. Solve the following equations:

7 a) 24X =3 . d)4+a=-6
b) X+7 =10 e) r-3=-8
c)y-12=40 f) X+9=4
4-A2, Solv€ the following equations:
a) 3X=6 d) 9a=-18
b) 4 Y =10 . e) X/3 = 33
c) -2 X =12 f) Y/8 = -4 .

4-A3. Solve the following equations:
’ a)5Y+10-3Y-Y="14

b) 4 X+7=6X-5 , %
7

)7 (Xx+3)=21
-while the following question evaluated the students' ability to
multiply a negative and a positive number:
4-A5. a) What is - 7 times 3?
" b) Wnat is.-3 times 72"
Our discussion of the advanced Hispanics will consist of merely
sfatjng that they had an excellent uq?erstanding of the procedures
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involved in solving all
procedures virtually fi

other two groups. We i

g

of the problems above, and executed«%hese
awlessly, This was not the case for the

solated ten types of errors commi tted by

both the Anglo and Hispanic groups as described below:

1. Failure to reverse the sign.of an additive constant when

moving it across an equal sign.

e.g., 2+ X=3 orr - 3=-8
X=3+2 r=-8-3
X=25 ' r = -~11
2. Combining a constant with a variable.
e.g., 2+ X=3 or X+7=10 A
2 +1X =3 8§ Xx=10
3X = 3 X = 10/8

3. Treating the factor multiplying a variable as an

additive factor.

e.g., 3 X=6
X=6-3
\ X=3 |
4. Moving a multiplicative factor through an equal sign
' by multiplying instedd of dividing. ;
e.g., 4 Y =10 0ﬁ‘X/3 = 33
C Y =10'x 4 X =33x1/3
Y <40 X = 11

-

5. Determining the sign of a product between a positive and
a negative numﬁZr by the sign of the factor, with the
largest absolute value.

e.g., =7

6. Changing the
by it.

e.g., 3 X

x 3=-21 but7x-3=21
sign of a factor when dividing an equation
: )
=6 corollary: 9 a = -18
= 6/(-3) . a = 18/9
=2 . a'=2 ‘
4048 '
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7. Trying to perform too many steps at once, resulting in
errors along the way. '

e.g., 5Y +10-3Y-Y =14
2Y +10 =14 - 10
2Y =4

8. Failure to respect the transitivity of the equa] sign.
9.9.,4X+7-6X“5 ’
4 X=6X-5-7=-12=-2X=6

. Y
9. Strange combinations. ’

eg., X +9 =4
1X-9=8X
~ X=8-14 y
X =4
10. Silly computational errors.
e.g.,4X+7=6X-5
’ 7+5=6X-4X ' ' -
13=2X
N 13/2 =

Two of the five participating Anglos exhibited a thorough
understand1ng of the concepts necessary to' solve these prob]emsm of
~ the remaining three, only one commi tted error 5, while all three "j
committed error types 7 and 10. In the participating Hispanic group,
one student showed a thorough understanding; the remainder committed
various combinations of the 10 errors above. Our general consensus
in evaluating these two groups was that two participating Ang1o§ had a
mastery of the "tools" necessary to solve these problems, two had.a.
partial mastery, and one had little mastery. In the participating
Hispanic group, one had a mastery, two had -partial mastery, and
three had 1ittle mastery. '
Several questions in Interv1ews 6 and 8 coyered polynomials.
and exponents as shown below: .
6-A2. Rdd the following expressions:
a) (3¥2 + Y - 4) %(2Y2+ 5 + 1)
b) (7%2 - 2) + (X% - 3X + 9) .
c) (6R%S + 11) + (3R® + 2R + RS + 2R + 1)

. R .
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6-A4. Simplify each expression:

a) 2032t = ) (r2s)-
b) (2YZ)(3Y2)'= e) (X°)(xh=
(ab) (ab)® =
6-A5, If X=3 anng 2, what are the values of the following:
a) x2y3 ¢) (x2y)°
b) (xY)? d) (X + V)

8-D3, Multiply out:
L a2 - 3)
b) (3Y + 1)(Y + 5)
8-D4, Factor the. following: \ .
a) a’+a'-6 ’

b) X% + 5X + 6 {

" The additional six errors shown below were made on these five prob-

Tems during the course of the interviews:
11.  Adding bases with different exponents:
eug., V2 v = ayd
12. Adding exponents when summing two termslwith unequal ex-
ponents: -

e.q., 3%+ v = 3%

13. Mu]tip]ying exponents instead of adding them in a product:

e.g., (B)(xh) =X

14. Adding exponents when they shou]d be mu1t1p]1ed
e:g., (RZS)3 = R%%. . E

15. Neglecting the middle term in a b1nom1a1 prodUCt

e.g., (X +Y) 22 x2 4y
» ' \
L andifX=3and Y =2, (Xx+V)?=13

IR
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S 2(x-3) =% -6 Y
16. Inappropriate’?%ctoring of a polynomial: .
g, X546 (X+1(X-8) :

The frequency of committing these six errors for the three
, groups was similar to the pattern for error types 1 through 10.
Namely, the advanced Hispanics committed these types of errors ver§
infrequently; the participating Anglos committed them with moderate
frequency; the participating Hispanics committed these errors fre-
quently. o ' ‘
A Before Teaving this brief discussion of polynomials and ex-
pbnents, we would 1ike to point out an amusing result. In Inter-
view 2, question 2-D3 asked "Suppose X = 3 and Y = 4. - What is
- (X + Y)z?" Since at the time of Interview 2 polynomials had not
been covered, we were only interested in whether the students could
extend their understanding of sduaring simple numbers to squaring
a relatively complex quantlty. In Interview 6, we asked essent1a11y
the same question: 6-A5d) If X=3and ¥ = 2, what is (x + Y) ?
galn, all ‘three advanced- Hispanics got these two equ1va1ent ques-
ons correct. However of the 5 students from both the partici-
pating Hispanic, and Anglo groups who got the question correct in
Interview 2 by taking 3 +4 =7, 7 = 49, al] .got the quest1on in
. Inyerview 6 wrong by using 32 4 22 = 13. This we think shows how
students can become mind-locked when cover1ng a new top1c by attempt-,
ing \to solve all problems using the newly learned procedure, rather
than resort1ng to a prevxous'ly 1earne/, and perhaps easier procedure.
In. terms of the student’'s overall performance, there was an '
obv1ous difference between the part1c1pa§1ng Hispanics, and Anglo
. groqps in consistency. Whereas the participating Ang]o group
'showeg a consistency in error patterns, the participating Hispanic
" group was much more random in their error. patterns, For exaﬁp]e,
some students in the participating Hispanic grbup would comit error
J type 2 in working parts of question 4-Al, but exhibited flawless -
. . techniqués in the remaining parts; the fact that a student used the
"torrect procedure in part b) for example, was not any indicatien of
the procedure he/she would use later on in part- d),

\‘l‘ ‘..~' + ' ’ 51 e
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more likely than the Anglo group to confuse which rules applied to

which cases. The participating teacher, //en attempt to help his «

students learn various algebraic rules, made a chart and posted it

at the front of the class. The chart contained reminders of facts

such as how to determine the sign of the sum‘of a positive'and a-

negative number. However, in explaining their procedures for _
solvying some of the§e prdb]ems, some of the participating Hispanics . '
made it clear that they were applying some ruies to the wrong cases. i

’ It was also clear that the participating Hispanic grodp was i

" For example, for those who said that -3 x 7 =21 and 3 x -7 =.-21,
their explanations revealed that they were using the rule for
determining the sign of the sum between a negative and a positive
numbﬁﬁf E '

. " C. ,Agﬁ1ity to Use Algebra

. Before algebra can become a useful problem solving tool, the

. student must be able to formulate a problem in algebra and combine

elementary operations into a strategy for 'solution.. These abilities
clearly require a deeper assimilation of the principles of mathe-

. K ) matics, than does learning to solve assigned prob1em§. Knowl edge- of I
v .. those factors which influence strategy formation, or of specific |
A 1earhing difficulties which inhibit strategy formation, will permit. l
R . " an optimization of the assimilation process. To extend the meta-
‘ i phor we have been using, this area is attempting to ascertain how : i
Gf‘ , " well the student can "manipulate the rules of thg game to his/her )

‘ own advantage while still remaining within the confines of 1ege11ty".;
: " Specific questions to be addréssed in this area of research aqe: I
/ 5 : - Does the student employ a1ge5reic concepts to solve problems . |
’ @%é,' without being prompted,‘Pr does the student prefer to usei “ !
B other techniques such a trial and error or guessing?

- Does the student define variables? - | e '

- Does the student have a strategy for a solution, or resort
to random manipulations in the hope of stumbling onto a

solution?
- Is the student able to extend and apply his/her knowledge

to a relatively novel problem?
Various questions from Interview 2 were Very fru1tfu1 in ex-
ploring this area. In question 2-C3 of this interview, most students
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revealed that they hreferred not to use variables in solying prob-
lems. Question 2-C3 posed thé’fo]]owing problem:
2-C3. . Suppose I told you that the number of students in this

. S school is equal to th1rty times the number of class-

S

Hispanics defined appropriate variables and solved the problem ' .
correctly. The remaining -5 attempted to write an equation using
actual numbers to represent the classrooms and the students, bf ) . \-
these 5, only 2 used variables appropriately in an equation after a
* strong prompt. The 3 participating Anglos interviewed (recall that
in Interview 2, onTy 3 participating Anglos were interviewed) could’
not write a correct equation with variables even after. prompting. '
This, in fact, was one instance where the pérticipating Hispanics
' -outperformed the participating Anglos. - Out of the 3 advanced His-
panics, one sotved the pnob1em correctly without prompting, one .
so1ved it cor;ect]y after prompting, and the 1dst one could not’

so]ve the problem even after prompting. ,
These results demonstrate that the large maJop1ty of students ' }
are either unab]e to or reluctant to def1ne and use variables in -
solving problems. .They have a much better "feeling" about using
. concrete numbers rather than abstract variables. What js somewhat _
suhprising is that this symptom was manifested ‘also by the adyanced S ()/
Hispanics, while their overall performance in the interviews would
suggest otherwise. ’ . ’
Another good 1nd1cat10n of the students' ability to use algebra
was their perfor@ance on the following problem also from Interview 2:
/ 2-C4, Suppose I have a ball which I drop from a certain height.
Every time the ball bounces, it only goes up to 1/2 of
¢ ~ the highest® point reached in the previous bounce. If I
y drop the ball from 16 feet, how high does it go after the
first bounce? How high does it go after the second:
bounce? Suppose I have another ball that goes up to 3/4
, - of the highest point reached in the previous bounce ...
¢repeat préb]em). _ .
' Here, the problem was the/students' inability to generalize a

' ) . ) . ) . ‘. ".
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. rooms. Can you write an equation that says this?
The result revealed that only one student from the participating -
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mathematical problem. ' Five of the participating Hispanics could
+ work out this problem with the "bounce factor" of 1/2 without
‘hesitation. However three could not generalize this procedure for
a bounce factor of 3/4 It appeared that they had an excellent in-
tu1t1ve‘brasp of "ha]ving" but not of "three-quarterlng“. The
part1c1pat1ng AngIos also suffered from this problem, albeit to a
1esser extent; the advanced Hispanics were quite facile with either
‘ a1/2or 3/4\bounce factor It 1s our feeling that the d1ff1cu1ty
wnth the. 3/4 bounce’ factor was due to students not being able to
verbalize or understand the procedure they used fn the 1/2 bounce
factor case --had they-rea11zed that a]] they were doing was multi-
p1y1ng each max1mum height times 1/2 to obtain the subsequent maximum
he1ght they could have easily extended this procedure to the 3/4
‘case. Perhaps the difficulty was that in the 172 bounce factor case,
students divided by 2, but in the 3/4 bounce factor case, they were
° not syre whether to divide by 3, 4, or some combination of 3 and 4.
A Add1t1ona1 evidence that students are not very aware: of the
procedures or strategies they fo]]ow in so]v1ng problems was found
in these three quest1ons frog Intervxew 2

WY

.

’ ' . 2-D4, Which'of the fo]10w1ng equations are true statements? v
- X X, X
a) =24 4
o h Py oyrzool - ;
) T Fed :
‘ . ' ' 3+ X -
, - 2-D5. Which of the fo]1ow1ng is 7Fy equal to?
¢ a) 3+X+§2(_ N . )
- ' 3. x 7
‘ot iy I L ~
:' .\\ b)7 @y :
. 3 X ‘
c) .
7+y 7+y - -

2-D6. If x = 13 and y.= 1, what. 1s the va]ue of

7 +y 77

Again, n\\Wsll not discuss the advanced Hispanics, other than to say

that two of the three obta1ned the correct answers for all cases ‘ ‘
and, demonstrated that their reasoning was ot spec1ous On the

other hand, all of the students in the rema1n1ng two groups performed

poorly in quest)ons 2 D4 and 2~ 05. Even those who said 2-Dda) was

> .
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false ahd'that 2-D4b) was true offered an ihproper explanation. All : ‘
. . ' but two of ‘the students ‘in these’ groups chose b) for the answer in
1quest10n 2-D5; of the remaining’ two ‘one sa1d that the answer was

not among the cho1ces given, and theé other chose the correct answer,
L ‘ but his exﬁIanat1on d1sp1ayed improper logic. Amu51ng1y, a]\ stu- N -
oo : dents from these two groups plugged in the valtes of quest1on 2-06 ) )
' ‘"and obtained the correct answer. However, none of those who picked ‘
" answer b) in question 2-D5'were inclined to p1ug x=13and y = 1
into 3/7. + x/y to see 1f it resulted in 2 as g cons1stency Check thh
their answer to quest1on 2-D6. We found 1t surpr1s1ng that.none of
>

.these students rea11zed that answer b) of prob]em 2-D4 ‘is ﬁhat they
must do to add fract1ons - name1y, get a common denominator and

..

¢ then add the numerators. Even though they can add fractions proper1y '
when couched in concrete terms (i.e., with numbers), they cannot -
+ 1isolate the procedure enough to.hecognize’it when expressed in terms o
e C of variab]és Before Teaving_these probfem;, we would Tike to pbint ‘
\ out that the most frequently given reason for quest1on 2- D4b) be1ng ' ;;v '
faﬂse was that there weére two t's in the denom1nator in the right
hand 51de wh11e on]y one appeared in the left hand s1de of the
equation.
e Severa] quest1ons from Interv1ews 5 and 6 also probed the stu- .
'dents ab111ty to genera11ze the1r know]edge to prob]ens wh1ch went .
a little beyond what was presented in the textbook or - in class.
These probtems are listed below: , '
5-A2. Look at tifis diagram:. T
' a) According to the diagram, .
are there basehall players
that do not make. Tots of
money? .
"b) Are there peop]e that make
-." lots of money who are not” "
- . baseball players? If S0,
, y L oo what part of the d1agram ‘ _
- ; o represents these peep]e? . o o

© people )\
- that @)
- make . -
Tots of

money

‘baseball
-players ..

c) What does this
diagram tell you7

fruits

Q R . / e ) .’3-
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d) What part of the
diagram represents
those fruits that are
not apples? '

¢

~

5-B2. Suppose we make up a new operation,, "*", as follows:®
A*B=28+B )
What is the value of 3 * 9 = ?
6-A6. If f(x) = x + 3-and g(x) = x - 2,'€ly;gt js: - 0*
a) f(x) + g(x) =
b) f(x) - g(x)
c) f(x) + g9(x)
We will finst discuss the questionsfrom Interview 5. In 5-A2,
, we were looking to see if étudents would extend their knowfedge of
. Venn diagrams about union and intersection from the simple examples
using numbers given in the textbook such_as:

{1,5,7,9} {3,-2,9,7 » Iiiii!iliiiiii-
p

The Vennﬁdjaéram in 5-A2,_£ért; a) and- b), above about base-
ball players and rich people proved'confusing to the students. Only
one out of the six participating Hispanics answered both parts
correctly and appeared to have a good understanding of what the dia-
grams represented. The remaining five students had no idea how to
sanswer this question. One student answered_these. two parts by re- K
s ~ sorting to his knowledge about the situation in the real womwld.-- he
said that all baseball players made lots of money. The students
performed better in parts c) and d) aggut “fruits and apples"; four
of these six students were able to answer part d) of this question
correctly. S
The performance in 5-B2 was worse.” None of the six partici-
pating Hispanics interyiewed in this session knew how’to interpret.
the opera%ion "k Among the erroneous ‘answers given, one student '
stated that 3*9 = 3A + 3B, another that 3*9 = 2A + B, a third student
.stated that you-could ﬁot tell what 3*9 was because you were not-
told whether "*" meant you added, subtracted, multiplied, or divided
the 3'and the 9, B ’
. In question 6~A6, the results were much'betten. Here, four of
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the participating Hispanics, all five participating Anglos, and two

. - of the advanced Hispanics showed that they were using the correct
procedure in solving this problem, At times, however, some of the
students who employed the correct procedure were nat successful in
carrying it out without making errors, e.g., f(x) + g(x) = T
X+3+x-2-= X2+ 1., 7
‘ The last three questions we will discusstin this section.were
suggested by R.J. Jensen, and S. Wagner from the University of
Georgia.* These questions were given in Interview 8 and "gre shown
below: /
8-A1. 'Suppose x = 170. What is the value of x - 377 .
8-A2. Suppesg y + 13 = 160. What is the value of y + 13 - 157
8-A3. Sufpose 5(2z + 1) = 10. What is the value of ﬁngi_ll? .
Jensen and Wagney, who are conducting one of the three NIE funded )
- stydies.under this RFP,*found in their preliminary analysis that in
problem 8-A3, students were likely to solve 5(2z + 1) = 10 for z, and
then substitute into (2z + 1)/2 for an answer, instead of using
simpler approaches such as dividing 5(2z + 1) = 10 through by 10, or
solving for the quantity (2z + 1) and dividing this by 2.

We found that in 8-A1 and 8-A2, all students had little diffi-
culty in coming up with the correct answer. The p;ocedure used in
answering these two questions was to subtract 37 from 120 in 8-Al,
and 15 from 1§0‘in 8-A2. Only-one student from the participating
Anglos éctua]]j solved for y in 8-A2, and then evaluated y + 13 - 15..
The performance in 8-A3, howevezz was poor across all three groups.
Only one advanced Hispanic obtained the correct answer ---her pro=
cedure consisted of ééﬁripg at the proB]em until she realized that
she-.could divide through by 10 to obtain the desired result, and

P

~ * See Jensen, R.J. and Wagnér, S. "Three Perspectives on the process
uniformity of beginnirng algebra students." In S. Wagner (Ed.),
: Proceedings of the Fourth Annual Meeting of the North American ™
‘ Chapter for the Psychology of Mathematies Education, p.. 133-139.

Athens), University of Georgia, Department of Mathematics Education,
1982. ) ~ o
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wrote the answer as 10/10. In contrast to the findings of Jensen

and Wagner, no student attempted to solve this problem by solving for
2 first. Most erroneous answers consisted of either dividing 10 by
some number (usually 5), or of leaving the answer as an expression
involving z (e.g., (z + 1)/2). |

D. Ability to Solve Problems
Several aspects of the students' problem solving skills were
%nvestigated in order to identify any particular difficulties they

,might have in learning or using algebra. To conclude the metaphbr,

this area attempts to assess whether the student can "win the game”.
The points upon which the discussion will focus are translatjon
skills .between verbal and symbolic representations; caTtukal or lin-
guistic factors that may influence problem solving ability, and prob-
lem solving techniques. Some of the specific research‘questione we
will be addressing are: ~ '

- Does the student possess the necessary algebra1c and arith-
metic skills to obtain a solution for a problem without making
‘errors? " .

- Is the student able to translate word problems into algebraic
equations and word phrases into symbolic expressions? '

- Does the student misinterpret problems because of language
difficultjes such as poor vocabulary or Fead?ng comprehension,
rather than as a result of mathematical misconeeptions?

- Does the student’s success_at solving problems depend upon;the
amount of linquistic processing that must. occur?

- Does the student exhibit good prob]em solving procedures and
habi ts? ‘ ,

- Are there cultural factors which may affect the student’s
performance? '

Since the four areas into which we have chosen to divide our

-t

discussion of the interview findings are only relatively mutually
exclusive, Mmany of the above questions have already been discussed
in seEtions A, B, and C of this chapter. In this section, we will
draw upon the findings discussed in thefprevious three sections in

Qour evaluation of the students' problem solving capabilities. At
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‘this point, it should be a pareht from the previous three sections

that the answer to the fiyst question above is often "no". A1l 1] I
participating students fr he Algebra I class have displayed that .
they do not have the necessary mastery of arithmetic and algebraic I
skills that would allow them to confidently obtain,the,so1ution to

a problem without making some kind of error. ' l
Another iﬁpedimeﬁt to the development of these students' prob- ' j

lem solving skills derives from semantic difficulties. We found that

got a problem wrong because they simply misinterpreted a word or

_all three groups, but particularly the participating Hispanics, often :

phrase in the problem statement; For the sake of fluidity, we will
discuss some of the semantic difficulties apserved during the course
of the study without making refegence to the particular interview
session or question that e]icitzg\tﬁg response.

We found two popular 1nterpretat1ons of the phrase "twice’
a number”.. The first was "the sum of two numbers", for example, &
A + B; the second 1nterpretat1on was "a number times itself”, that
is, the ‘'square of a number. Students from both of the Hispanic
groups were more prone to this interpretation. Thus in a problem
such as "twice a number equals 16", typical wrong answers were of -
the form A + B = 16 or x2 = 16. The term "reciprocal’ used in g-‘ ‘
question giveh only to the participating Hispanics was interpreted
to mean "additive inverse" in an operational sense; that is when
asked to find the reciprocal of 5, the answer -5 would be offered.
By flar, the most misinterpreted term was also one of the simplest --
"quotient." : A1l but one student from the participating Hispanics
misinterp}eted this term. Typical meanings- that students assigned .
to "huotient" were "product”, “sum", and "answer"; a.discussion of -

o .
R K.

s "
s

possible cause for this interpretation is.given in-the next chapter
where we discuss how students use the textbook. Finally, certain
constructions such as "subtract 7 from the quotient of x and y"

gave students difficulties; here, students were more likely to write .
" 7- (something)" than "(something)-7", This error is common enough

to have been observed by all instructors of algebra at one time or
another, It is not so much a semantic difficulty that causes stu-
dents to write "7-(something)" but.rather a sequential left-to-right
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* problem D1 of Interview 4,

’ N
translation of the statement, that is, .
subtract 7, fromthe quotient of x and
— H
7 - X+y
or
x2
or ‘ -
A\ 4 x/y

Although we have no préof, we expect that they would have had no
difficulties in writing a correct mathematical expression for a con-
struction such as “the product of-x and-y-minus 7", since a left-to-
right sequential translation will yield the correct result.

The remainder of this section will be devoted to a discussion
of how students performed in a variety of word problems given dur.ing
the last four sets of interviews. Although there weré¥some word
problems given during the first four interview sessions, the students
had not been working with word problems enough during the fall semes-
ter for us to be able to make a fair assessment of their competence.
We should, however, comment on three findings that were.consistently
manifested during the first four intefviews. First, there was )
noticeable anxiety exhibited by the students when asked to solve word
problems. Second, students performed extremely poorly on problems
that could not be easily solved in their head, or by trial and error.
Th1rd on word problems where students had a reasonable degree of -
success, the procedures that were used most often were trial and
error, or direct solution without use of variables. For examp]e, in

. .
4-D1. In 8 years, Ana W1]] be as old as her sister Sonia is now.
If Sonia is 23 years o]d how old is Ana?

- students would either guess a.reasonable answer, and if that did not

satisfy the conditions of the problem, would then try another until
converging, or they would stare at the problem silently for a while
until they figured out that what they needed to-do was subtract 8
from 23, Only two students, one advanced Hispanic and one partici-
pating Anglo), set up this prob]ém algqbraica]Ty using variables and
equations.
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At the start of the second half of the study, we were jinterested
ih eliciting the students' opinions on what they found difficult about
solving word problems. The following question from Interview 5 was
used for this purpose:

5-D3. What do you think is the hardest thing about solving

word problems? ’
The following verbatim quotes were taken from the protocols of the
six participating Hispanics interviewed: .

Student #1 - "Getting the information you need to make the
problem. Like if it says something about how
many miles she walks, you gotta get how many
miles -- get it into numbers -- take it apart”

Student #2 - "Starting them. First it's hard for me to start
a word problem. Like trying to find, you know,
what's x" -

Student #3 - "Knowing what they want. Sometimes I read it
wrong" '

Student #4 - "The whole thing. I hate 'em"

Student #5 - "Finding the equation" .

Student #6 - "You don't know what to do -- you don't know

whether to add or divide -- you don't know which
number comes first!
This question was immediately followed by the following question

.which we hoped would allow the student to tell us, with the aid of a
., concrete example, the sSurces of some of the difficulties they ex-

perience in solving word problems:
5-D4. Look at the following problem.
The sum of Mary's age and Gary's age is 23. Mary is 3
years older than four times Gary s age. MWhat are the
ages of Gary and Mary?
a) How many var1ab1es do you need to solve this prob1em?
b) Is there somethlng you find hard to do when you try -
to solve this prob1em?

c) Can you solve it?

. The-same six participating Hispanics gave the following responses:
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Student #
1-a) This student said two variables were needed., After a
brief pause, he changed his.mind and said that op]y one
was needed. A brief moment later, he changed his answer

back to two." X )
b) Said he found nothing ‘particulariy hard about this
) problem, W
c) He wrote the following series of equations:
3WHN=23
)  4y=26 NI '
W=26/4

2-~a) This student stated “None, You don't have any, Just num-
bers, I think the variables are the numbers®..

%) Here he stated, “This part, '3 years older than four times
Gary's age', I'don't know right here (pause) times 3,
times 4, or if you just add this to that",

c) Was not able to attempt a_solution. . -

3-a) This student stated that four variables were needed,
namely, A, A+1, A+2, and A+3. '

b) Said he found nothing particularly difficult about this

-

problem. -
c) Student wrote the following series of equations:
A+A+1+A+2+A+3=23 ~
4A+6=23 k\ .
e 4A=23-6
o 4A=18 ‘
A=18/4 :

-t

4-a) This student explained that two variables were needed, one
for Gary's age and one for Mary's age. )

- b)‘Was not sure what was hard about this problem.,

. - ¢) Student was not able to start this problem and gave up.
The ‘interyiewer then specifically asked her what she would
do with the phrase "4 i&mes'Gafy's age", and she wrote
"4G". Then said "I don't know what to do with the '3 years .

' 'o]der'paft--do you add, or multiply, or what?" When asked

to write what she thought the problem wanted done; she

. { '
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wrote:
© 3+46=23 ,
4620 = T ‘ L
6=20/4 ' . '
6=5 '
191 This student explained that two var1ab1es were needed,(
one for Gary's age and one for Mary's age. '
b) This student repeated his answer to 5-D3, and stated that
"finding the equation was the hardest thing about this
qbrob]em.
c) After the student displayed he was discouraged because he
did not know how to proceed, the interviewer asked if he
could write an equation for the first paft of the problem, |
"The sum of Mary's age and Gary’s age is 23", This prompt
alldwed the student to write: M+G=23, At this point, he
stated that Mary's age was 12 and Gary's age was 11.
-a) This student said that “about 3 or 4 yariables" were
needed to solve this problem. "
b) Was not’sure what was hard about this problem.
c) Said that the only way to solve a problem 1ike this was
"to set it up the way Mr. Smith does". After a strong
prompt from the interviewer asking him what would happen
if he let G = Gary's age, and M = Mary's age, he wrote: |
3M(G-4)=23. ‘ . I
The answers to 5-D4 above display that these students were ab]g\
to verbalize rather well whaf~they found hard about solving word prob-
. lems 1in their answers to question 5-D3, If we may-be so bold as to
interpret what these students were saying, we believe that what they
found difficult about word problems is that there is no*set of rules
"one can apply which makes the answer miraculously appear, That is,
{f one asks a student to solve the equation 2+x=8 for x, he/she knows
that there is a rule that you follow -- even if he/she does not
remember what it {s at that precise moment or perhaps \even mistaken~
1y applies the wrong rule ~- and that this rule guarantees that you
get the correct answer, Hence in the above example, "subtract 2 from
both sides of the equation", is the temporary panacea for the

63.
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student’'s malaise, In word problems, this is no, longer the case.
Left with no clear-cut rules to app]y'to a general word problem, we
see from the responses above that students will try to do something
with the information givén in the problem that will lead to some
kind of answer, '

Pe}haps the current emphasis gﬂg"teaching~students to solve (
word problems" shouid,be modified to "teaching students sound pro-
cedures with which to approach word problems". This would Teave

. the student with sometﬁing that he/she could use on any word problem

‘rather than force the student to remember “"tricks" or "rules" that _

can be applied specifically to "age problems", "percent problems", ‘
. etc. That students do try to apply rules to word problems is évi;

dent from the answer given to 5-D4, part c), by students #3 and #5 .

These two students were trying to apply the procedures’ they were :

learning in class on "consecutive integer problems" at the time the

,hi;;ggggryiews were given, to the "age problem" of question 5-D4.

: Kl We would now 1ike to shift the discussion to a group of short

wofg problems given in Part B of Interview 6. This group consists : C

of a set of 14 problems designed to investigate a) the translation

process from a textual to a symbolic representation, and b) the -

question of whether a letter in an equation is treated as a variable

or a label by the students. The variable-label question has already

been discussed in Section 1 within the context of problems 6-81, 10,

and 11 of this set,‘and we will thus restrict our discussion now to

the translation process. _

It would be helpful to divide the discussion into two parts,
the first dealing with problems 6-B2,3,4, and 5, and the second
dea¥my with problems 6-B6,7,8, and 9, The former four problems are
Tisted below: ' ‘

PR SNy $ En s .

Write an expression using variables. for the following state-
ments; ' '
6-B2: A number added to 7 equals 18,
6-B3. Six times a number is equal to a second number,
6-B4, Nine times a number results in 36,
6-B5. In seyen years, John will be eighteen years old.

To aid in the discussion of these problems, we have coded the

Qo ’ | ’ 8‘1 :
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- performance of all 14 students intervie;ga in'Tab]e 5. The letter
"C" in -Table 5 means that the student worked out the problem correct-
" 1y; the entries “skipped" and "no idea" meant that the problem was

skipped during the interview for that student, and that the student

tried to solve the problem but had no idea what to do. Any other
entry denotes the student's response in tlie problem. '

" Table 5 shows that students had little difficulty work1ng out
problems 2, 3 and 4, but that probiem 5 caused inordinate d1ff1*
culties, There is an obvious difference between problems 2, 3, and
4, and prohlem 5. In 2, 3, and 4, the problem structure is very
- clear -- the unknown to be represented by a variable always appears
near the beginning as the noun "number", The remaining-prob1em~
.structure directs the student on what should be done with this un-
known, for example, "a number added to 7...", or "six times a
number.,.". On the other hand, the structure of problem 5 does not
make obvious what the unknown is; the unknawn, John's current age,
must in fact be:deduced. Evidéﬁ?]y two students, one who wrote

"7+11=18" and the other "7+11", understood the problem but were not
able to'write an equation using a variable, It again appears that
variations in the syntax of simple problems has an observable effect
on performance. In particular, if the unknown, or quantity being
sought in the problem is nof readily discernible, there is d higher
1ikelihood for an error than if thetunknown appears clearly near the
beginning of the probtem statement,

Before leaving these four problems, we will like to point out
that some of the errors made in problem 6-B3 are very suggest1ve of
semantic difficulties. The participating H1span1c who wrote 6N=N
explained that due to the phrase "is equal” in "six times a number
is-equal to a second number", both numbers must be the same,and -
therefore™N was used to ;epresent both. We conjecture (without
evidence) that this was the reasoning that caused one advanced
Hispanic to write the equivalent answer, "6X=X", Further, the
participating Hispanic who wrote 6X=2 explained that the "2" in this
equation represented "the second number'; the “second" was appareﬁt-
1y interpreted as "2", Again, we surmise (without e§idence) that
"the participatiﬁg Anglo who wrote "6A=2" used similar reasoning.
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TABLE 5: STUDEMT ANSWERS

6-B2

6-85.

Correct
Response

X+7=18

J+7=18

Participating Hispanics

Participating Anglas

Advénced Hispanics

No ldea

7=18

B+7

(12 was from 6
times second #}

(§econd # was 2)

Skipped

No Idea

’

|}

C

7+11=18

7A.18

8+9=18

z

11N+7=18

A,

7+11

7218

X-7=18




The participating Hispanic wgwrote 6X=12 explained that the "12" '
- came from multiplying the "second number” by 6. Finally, there were
3 students who wrote variants of the form 6N=2N. Although we do
not have first hand evidence to confirm our guess, it appears that
these students were representing "six times a number" by 6N, and
'the "second number" by 2N.
Let us now move to problems 6-B6, 7 8, and 9, as shown below:
Write an expreSS1on using var1ab1es for the following state-
~  ments:
é-BG. The number of nickels in my pocket is three times more.
“than the number of dimes.
o / 6—83, The number of math books on the bgok shelf is equa1 to
eight times the number of science books,
6-B8, There are four t1mes)as many #2911sh teachers as there
are math teachers at this school.
6~89€ Last year, there were.six times as many men cheating on
their income tax as there were women.
We have again coded the responses to this question in Table 6. The
focus of our discussion w;11 be on the "variable reversal error",
coded as "Reversal" in Table 6, which was briefly discussed in
Section A of Eﬁis chapter.* The syntax of problems 6 and 7 are
such that a left-to-right sequential translation should yield the
appropriate answer, for example, ) \
"the nuiber of nickels "is (equal to)" "three times the

in my pocket" = number of dimes"
N .= ! 30D

A similar left-to-right translation of problems 8 or 9 will result
in the variable reversal error, for example, -
"there are four times as "as there . "math teachers at

many English teachers" are" ~ this school"”
4E ' = M

~
HERN

* We urge the reader to review the discussign of the “variable :
reversal"error from the Variable ys, Labels section of section A, - :
in this chapter.
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TABLE 6: STUDENT ANSWERS

- . /R TR R WS TSN SR s S -
Participating Anglos ) Participating Hispanics )
w ~n . ~ o o, e w ~n — "
.
) o ’ . ’ _

L

. Problem #
6-B86 6-87 6-88 6-89
> , |
Correct ' = . - .
Response N=3D H=83 E=M . M=6W
: SR
No Idea « Skipped No Idea .+ No Idea =
+ T . 1
No Idea 8-6248 4-4=16 2-6=12
. . o . (2=women, 6=men)
N-D= 8x5=-8 4xS=-4’ 6 W= /
. \ L |
. vy |
L] - |
o c ‘Reversal Reversal " %\agi? Lt
« . 3 .
3N+D Reyersal’ Reversal Reversal ) .
13 3 N \
3d- 4+N= g4M-8: 8= aMT=20ET Reversal ;
“venay® 0 M-8S=B P *,
3N+D=X *(B was tot. books) 4:E-M=T Reversal
"‘aij-a - Reversal* Reversal * Reversal*
N3.D b=S8 E4-M Reversal
) \
4 3N210 N=8 Reversal Reversal
5 C v C Reve}sal* Reversal*
.. C c c . c v
. ¢ v
- . N ¥
C C {Reversal Reversal \
X3 more than N X~ more than N. X4-N=x=1* X6 more than N

Note: Students appgar in the same order as in Table 5.7

1'Upon prompting, student displayed an impro
sizes among the two quantities in the prob

]

er understanding of the relative
em statement.

»* : .
Upon prompting, student displayed a proper understanding of the relative
sizes among the two quantities in the problem statement.

& ERIC 5

e e R
Advanced Hispanics
wh ~nN —

Aruitoxt provided by Eic:
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-9, and further, we exgect ‘that those who trans]ate prob]ems using
the sequentTa1 Teft- ~-to-right method would 11keTy get 6 and- 7~correct
but 8 and 9 v{riable- -reversed. This was borne out by the results;

. four students obtained both 6 and 7 correct as shown on Table 6,

. but of these four students, only one advanced H1span1c was ab]e to
' . get 8 and 9 correct, ‘ )

‘ We should make one 1mportant déstinction w1th respect to the
order of occurreqce of tWOjseparate events. The ‘question.is, does:
the proclivity to treat variables as labels, such as prob]ems 11ke

) "the students and professors”, a -problem discussed in section A of
- " this chapter, or problems 8 and 9 above,.come before writing a
~-uariab1e.reversed equation, or does the proelivity to treat varia-
bles as labels come after the student has obtained a variable ™
reversed equation by a sequential left-to-right transTation of the
“problem? We believe the latter to be the case. Eijst,;thetstudentﬂ
franslates the textual portions of the problem sequentially ahqi' \Z§A
arrives at a variable-reversed equetiqn, Ibeg,'the‘student's focus

shifts from the problem tg_the equation, and henceforth, the - '

"variables" are treated operationa]]y:as labets by the student. This

) - is why many students who write var1ab1e-reversed equations at. both ‘

- 4
) ' R . » . .:“ o . (‘
- We would thus expect more correct answers.on 6.and 7 than'on 8 and - ‘ ‘

e

the college 1eve1 and in this study have an accurate understanding of
exactly what is stated in the prob]em, and yet believe that their
equation’is also an accurate representat1on of this. Clement (1982)
showed in clinical 1nterv1ews with co]lege enngeer1ng students
solving the "students and professors" prob]em that many of these
" students are perfectly “aware that there are more students than'pro-

fessors, and think GSFP reflects this situation, Similarly, Table 6
shows that in those casgs where the interviewer prompted £Fiérs tu- :
derit about the’ re]at1ve sizes of the quantities in the problem = -

N statement, there wés only one 1nstance where a student showed an

" 1incorrect 1nterpretat1on, that is,. part1c1pat1ng Hispanic student : i

v

* #3 in problen 6-B6 (marked with "+") thought that the problem

.stated there were more dimes. than nickels ~- in all other cases
where prompting on the relative size of the problem quantities
occurred (marked with ") .the students displayed knowledge of the




-~ + «

relative sizes of the two quant1t1es*1n the prob]em statement.

- " There-is one surprising result in Table 6, If we groyp all the
variable-reversal errors together with all correct responses for a
particu]ar problem, then this corresponds to all those students.who

‘at least understood that the probfen was asking for an equation

relating two quant1t1es in some specified proport1on There were !
a total of 4 and 6 students in this category in problems 6-86 and
6~B7, respectively. ﬁowever, in problems 6-B8 and 6-B9, there were
6 and 10 students in this category, respectively. Thus, if this - -
aggregate correct-answer/reversal-error cateéory is taken as a
measure of "understanding" what the problem is asking, it appears
that questions 6-B8 and 6-B9 were easy to understand in eomparisonv
to questions 6-B6 and 6-B7. We find this.sarprising since questions
6-B6 and 6-B7, albeit somewhat harder, have the same structure as

questions 6-B2, 3, and 4, (see pages 56 and 57), which students .

found easy to work out, A p0551b1e exp]anat1on for this result is
that the phrasings in problems 6-B6 and 7 are those used in formal
mathematics and therefore more arcane than tge colloquial phrasings-

,of problems 6-B8 and 9,

Finally we would Jike to offer a p0551b1e explanation for the
"unexpected" answers in problem 6-B6, By unexpected answers in
6-B6 we mean thé three answers with the inequality "greater than",
and the four answers which were not in the form of an equation, e.qg.,
"N3~d" and "N.D=". It should first be noted that these types of

-answers did not occur'with anywhere the same frequency in problem

6-B7 -- a probiem fa1r1y equivalent in structure to probliem 6-B6.
It appears that the biggest difference between these _twof problems
is that in 6-B6, the word "equal” was never explicitly used as was
the case in problem 6-B7; the equality in 6-B6 had to be deduted\#
from context. Those studénts that wrote their answers as inequa]-

T

ities seem to have interpreted the phrase "is ‘three t1mes more than" -

as a statement of inequality rather than as & statement of equa11ty
Lochhead (1980) has pointed out that Tmp11crt .4in algebra is the
ab111ty to write equations, to relate quantitreS'wh1ch are in, fact

- not equal, but can be made equal by us1ng appropr1ate we1ght1ngs

(evg., 10 the "students and-professprs"gprob]em, even though the:.

i . . . )
& " . .o e

-
~




two quantities, S and P, are not equa] they can he related yia the
equation P=6S),

Performance as a Function of Word Problem Length
Our assessment of how performance was affected by the amount

- of semantic processing required by a word problem was made by désignl
ing two sets of problems,. each set containing four problems. 1In the
first set, the problems were terse, while #r the second set, -the ..
prob]ems were verbose and often contained “informatjon irrelevant to -
the so]ut1on Algebraically, the structure of the problems were ‘
completely equivalent across the terse-verbose sets. It was expected
that students would pefform better in the terse problems than in the-

. verbose problems. The two sets of problems, given during fnterview
.~ - 8, are shown below:

P

Terse
-8-B1., A number added to 11 equals 23. What is the number?
X . - 8B2. Twice a number is 26. What is the number? "
8-B3. Six times a number is equal to a second number. If the
N second number is 48, what is the first number?
8-B4. A number multiplied by 4 resu]ts in 36 What is the
number?
Verbose ¥
8-C1. In a recent survey conducted among the teachers of this ‘
_school, it was discovered that 11 teachers wanted to con-
tinue school through the summer. How many more teachers
would be needed to raise this number to 23?
- ' 8-C2, Different bicycles have different size wheels. Some have
very small wheels (only 10 inches high) and some old bi-
) cycles have a front wheel over 6 feet tall. Many modern R
- i o 10 speed bicycles have wheels 26 inches high. What would
be the distance from the ground to the center of a 26 inch
.bicycle wheel? - .
- I 8-C3. An article in a regent medical magazine states that college *
. ‘, - women who smoke c1garettes are slx times as 11ke1y to '
have 'tung cancer as college women who don't smoke. If inra
1§rge eastern igate university there are 48 smoking women )

&)
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|
with Tung cancer, how many non-smoking women with lung
cancer are there likely to be? _ |
8-C4. In a small blood sample analyzed at the local hospital, |
¥ there were 36 blood cells. found. It was also found that
, the number of serum antibodies was smaller than the |
number of red Blood cells by a factor -of 4. How many
serum antibodies were found in this blood sample? o,
A summary of the students' performance is shown in Table 7. We . I
have added a different code, "H", to meén that the problem was
worked out in the student's head without apy‘é]gebraic set-up.
Two aspects of Table 7 are surprising. First, even thoudh there
were more correct answers in the terse set as was expected, the per-
~ formance in the verbose set was not’significantly worse for any group,
This is surprising in view of a recent-study with Hispanic college
students majoring in the sciences. where we found statistically sig-
nificant differences in student performance between terse and verhose
. sets of algebra problems of slightly higher difficulty than the prob- |
lems given to the ninth grade students of this study (Mestre, 1982),
Second, the number of students that useﬁ'a1gzg}a in solying these
problems was extremel} low, This was perhaps more discouraging than
surprising, particularly since thi?(iﬁterview was given in May near
- the end of the school year. It appears that even after completing
‘ one academic year of algebra, students still prefer to work out prob-
1em§lh31ng non-algebraic techniques, -This finding is con51stent with
a recent study by ‘Karplus, Tgurn1a1re, Pulos, and Stage (1982) who
found that eighth grade students will not use algebraic techniques
unless problems are sufficiently difficult that n-algebraic tech- r/',

—
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niques would frove an ineffictent procedure for\o®aining an answer.
There were some difficulties worth mentioning in the verbose

set which we-believe were a consequence of the increased verbosity.

We mention three such difficulties. The first refers to the Tesponse

on problem 8-C2 by the second participating Hispanic on Table 7.

By writing "]0-6= ]6" this student displayed that he was trying to S
:’1ncorporate all the irrelevant information given in the problem,’

such as ".,, some have very small wheels (10 inches high) and some

old bicycles have a front wheel over 6 feet tall.,." into his

A
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TABLE 7: STUDENT ANSWERS

Terse Problems

Verbose Problems

3

: . 3
8-81 8-82 8-83 8-B4 . 8-C 8-c2 8-C3 8-C4 |
6X=Y
Correct \
X+11=23 2X=26 Y=48 4%=36
Response X=12 X=13 X=8 X=9 12 13 8 9
1 C.H “C,H C.H C.H C,H C,H C.H C,.H
w 2 Sajd "23" C,H CH C.H C,H 10-6=16  48<6=42my; 36+4240 i
= - 16-26=10
-
)
= 3 C.H C,H C.H C.H C.H C,H 6x48=288 C.H
2
.s . A
2 ? - g o ’
= 4 C,H C,H CH C,H £#C,H C,H 48x6=288 C,H
3 . )
= 2A=26 o 11+4t=23
5 . A+11=23 A=26/(-2) 6A=48 4R=36 t=23-11  No Idea 6A£48  Said "32"
A=23/11  A=-13 A=-8 R=36/(-4) t=12 A=48/6 .
: o -§aid not
6 C.H C,H C,H C,H C,.H Said "30" &nough info. C,H
given
. \ N
T C.H C,H C.H C,H C,H C,H C.H C,.H
g , ; ' :
= 2 c c ¢ ¢ C,H C,H C.H C,H .
& .
o
£
S 3 - C,H C,H. C.H C,H C.H C.H C.H C,H .
o . . -
) .
‘E ) 'S ' .
s 4 ¢ c c c ¢ 105+26=26  6+C=48 ¢
, S=0 - (=42 |
5 C.H C.H C.H ' C.H C,H C,H . 6x48s288 C,H
= C
"8 C.H C,H C.H C,H C,H C,H  Said "ag" C.H ;
‘% . . .
S )
2 .
T2 C.H C,H C,H C,H C.H C,H C.H C,H
.'§ ,
s
> . '
2 3 8.H C.H 48+x%aN C.H C.H C.H CH C.H

Note: Students appear in the same order as in tables 5 and 6. An gntry of C,H implies’a correct 1
answer worked out in the student’s hgad. An entry of C implies a correct answer using algebra.
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solution. Being able to sort essential f{;m nonessential information
in a problem is a necessary tool for successful problem solving.

The second diffjculty concerns the response given by the‘éixth
participating Hispanic in problem 8-C3, This student allowed his
personal opinion to bias his understanding of the problem, as we
can see from the following quote from his protocol: . g

"I don't know 'cuz they don't say how many women are at the

co]]egé. They say 48 of them smoke. It could be, 1ike, 200

girls, or more women than that: Colleges have a lot of women

and there are,like, 48 of them that smoke and there's a lot more

that are there, so maybe other people don't smoke"

We are neither sure of the cause of the th1rd difficulty we are
about to discuss, nor are we sure why there was a difficulty at all.
We are referring to the fifth participating Anglo's response to
problem 8-C2. A detailed description of the sequence of events

+ leading to this student's answer would be elucidating. Qnitiqi1y,

the student wrote "10S+26=26", solved for S and did not 1ike the

fact that S turned out to be 0. The interviewer then asked her to

draw a@ picture depicting the situat?gﬁ% and she drew an accurate

picture of a wheel and by pointing, displayed that she understood

the dis}ance,that‘was being asked for in the problem, Next she

rewfote the same equation above, this time using the variable I .
instead of S, where presumably [ stood for inches. 'Again she solved

for I and did not Tike the facfl}hat I turned out to be 0 for the

second time in a row.* At this point, the interviewer askqd her to

talk about what she thought the problem was sayfhg and she read and o~
exp1a1ned the problem extremely accurately, even going-as far as

stat1ng that éhe information about‘;ﬁe\g;: bikes having 10 inch

wheels and the part about the 10 speeds Rad nothing to do with the

problem. She finished by saying that what the problem was asking <
was the "distance to the center of the wheel". After all this, she

could not figure out that all she needed to do was to divide the

distance from the top of the wheel to”the ground by 2. She finally

estimated the answer by looking at the picture she had drawn of

_* That students are often not aware that merely chang1nq the variable -
" name in an' equation does not’ change the solution to the equation=
has been observed by Wagner (1981). ,7 i
N s . . 3
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the wheel.

English vs, Spanish Performance

" Several questions were constructed to investigate whether there
existed observable differences in problem solving style, confidence,
anxiety, etc. for the partipating Hispanics when their performance
in solving problems in English was compared to theéir performance in
Spanish. Since the Algebra course was taught completely in English,
all information, vocabulary, and experience_in this new Ssubject
will be associated with English. This may mean that these students
are "coordinate bilinguals" with respect to algebra.

There are numerous theories as to how language is represented
in the brain. One such.theory, compound vs. coordinate bilingualism
(see Segalowitz, 1979 for an excellent review) suggests that this
representation is dependent upon the type of upbringing to which the
individual has been exposed. A compound bilingual associates the
same meaning for a word, concept, etc. in both languages due to ex-
posure of that word or concept in both languages simultaneously. On
the other hand, a coordinate bilingual has separate meanings for the
same word, concept, etc. in two languages; this situation arises when
the bilingual assimilates information from two very different set-
tings, In the case at hand, we were intérested in how the partici-
pating Hispanics approach a word problem written in Spanish given
that all their previous associations in solving word problems had

been in English.
To study this, the following questions were used during Inter-
view 5: , i -
‘ 5-Ef.%Lq suma de dos ndmeros The sum of two consecutive
' enteros consecutivos es integers is 51. What are the
51. Cuales son Jos numeros? numbers? '
6-E2, Work out the folldiWing two problems:
_a) Si lapices cuestan 5¢, cuantds puedes comprar con
$2.057? '
b) How many 15¢ candy bars can you buy with $1.657
5-E3. Write-an equation for the following two-statements:
a) Dos Veces un nimero sumado a 3 es igual a 5.
b) Doce mas que el doble de un nimero resulta en 6.

L .
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5-E4. E1 costo de una casa y un terreno es $40,000. La casa
cuesta siete veces mas que el terreno, Cuanto cuesta la
casa y cuanto cuesta el terreno?
5-E5. a) John has 6 times more quarters than dimes. How many-
dimes does he have if he has 18 quarters?
b) En una fiesta hay 8 veces mas botellas de cerveza que .
de vino. Cuantas botellas de vino habrén si hay 16
botellas de cerveza?

3

c) The larger of two consecutive even integers is six
less than twice the smaller. What are the numbers?
d) E1, menor de dos numeros enteros consecutivos es uno
mas que el doble del mayor. Cuales son los numeros?
In the first problem above, the students were asked to,read the
equivalent problems in English and Spanish and state whether they
found théhgpaﬁish“version hard to understand. Only one student put
of the six stated that he could not understand the problem in Spanish
well enough to attempt a solution. The rest of this discussion will’
be restricted to the rema1n1nd;f1ve participating Hispanics.
The performance of the students in the Spanish problems was not
observably different from their performance in the English problems.
The styles used in solving the Spanish problems differed somewhat
acnoss the students. Two students read the Spanish problems and
proceeded to try and solve them airett1y. One student, who had not
had any formal training in .Spanish, was not comfortable reading the
’problems silently; instead, she "sounded out" the prob]ems, that is, .
» ‘ she read them aloud, until she aurally understood what the problem
k;' ' was asking. The remaining two students translated the Spanish prob-
‘ lems into English, and would not start on the solution until they
understood the English translation.” The former two students stated
that they were equally comfortab]e reading the problems in either
English or Spanish, wh11e the 1atter three stated a preference fo@i& e
the English versions. A1l five students encountered some Spanish .
words they did not recognize, and asked about their meaning; once
.told, "they had no further difficulty unders nding what was being
asked in the problem. That is not to.say that once they understood
‘what was being asked, they were successful at so1v1ng the prob]em.

. ¥
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These differences in approach, and unfamiliarity with certain
vocabulary words did not, per se, create any addition4l difficulties
in the ability of students to solve problems.. We observed nothing in

" their overall performance to indicate that they could solve problems

in Spanish ahy better, or worse than in English. We should caution,’
however, that if these students had been solving word problems in
§panish,tota]1y'on their own, it is very likely that their perform-
ance would have been worse than in English due to vocabulary diffi-
culties, or inappropriafé translations. Given that these students
have been mainstreamed for some time and receive all their instruction
in English, it is not surprising that the majority prefer to work

out word problems phrased in English.
P .
E. Students Explaining Mathematical Concepts to Each Other

Up to this point, no mention has been made of Interview 7. This
interyiew session was entirely different in style from the other
interviews, and therefore does not fit into the discussions of the
previous four sections. In this interview, we were interested in
how students communicated mathematical concepts among themselves.

It was_ our hope that by Tistening to how a student explains a newly '
Iéarned concept to a peer that has not seen this concept before, we
would be able to determine what the student had deemed essenfia],

+ or important enough to teach to one of his or her peers.

The approach taken was to select 6 topics which we were con-
fident the students had not encountered before. The three inter-
viewers chose two topics each and prepaéed "mini-lessons™ to‘be
presented to. the students. A typical interview Sessjon consisted of

* two simultaneous but separate presentations of two different topics
by the interviewers to two students. Each presentation took approxi-
-mately ten minutes. After both interviewers were finished with the

mini-lesson presentation, the two interviewers and the two students
got together as a group, and each student in turn would teach the
other what they had just learned in their mini-lesson. When'they
were finished, the group split back up into the original interyiewer-
student pair and a short quiz, both on the topic the student had
learned from the interviewer, and on the topic the student had

-
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i ' learned from his or her peer, was administeréa to the student. All ' ‘
six participating Hispanics were interyiewed in this fashion. 1

% There were various precautions taken to ensure consistency among ‘

the mini-lesson presentations given by the interviewers. For example, 3

each interviewer presented, both of their mini-lessons during our ‘

weekly staff meet1ng in order to evaluate and cr1t1que the presen-

tation. The mini-lesson approach selected was des1gned to opt1m1ze

on clar1ty of presentation and s1mp11c1ty of vocabulary. There was

a stipulation made that the interviewer have some assurance that the

student had graéped the "essence" of the presentat1on otherw1se it ‘

would be pointless to have the student teach someth1ng about which '

he/she has no understanding. ’

. The following were the six topics that were used in the mini- ¥
Tesson presentation: ‘ ‘
’ 1. Bar graphs. Students were shown how to read, interpret, and ' °
o ' draw their own bar graphs. _ ‘
2, Operations. Several operations were defined, such as "*", .o
defined as A * B = 2A + B, and students were asked to use
, and man?puﬁate them. Students were also asked to deducé an
operation by giving them the result of the operation on '

two numbers. -~ . - ,
3. Square Roots, How to take simple square roots as well as
how to s1mp11fy expressions such asv8 = 2/Z were covered.
4. Circles. The topics of radius, diameter, and circumference,
and mathematical -relationships between them‘were covered.
5. Angles. Here the student was taught how to measure an angle
. using a protractor, ahﬂ why a ruler could not be used for
’ this.
6. Linear Graphs, The student was taught how to plot a linear
" graph and the meaning of "y intercept" and slope.
Before proceeding to discuss the results of these interyiews, a word
of caution is in order. The situation contrived to have these stu-
dents talk to each other about mathematical concepts was not one
which wou]d naturally occur, Further, there were some constra1nts .
that cou]d not be removed. For example, the mere presence of the
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interviewers while the students were teaching each other may have,
inhibited the students and forced them to communicate in ways "shyer"
than they would haye otherwise communicated. We are not aware of
whether these students ever talk to each other about math, or of the
communicative techn1ques they use if in fagt they do talk to each
other about math under more "natural™ c1rcumstances The findings
from this "experiment" may therefore not be indicative of how a
student would tutor a peer. Perhaps this experiment JS useful only
in allowing "us adults" to perce1ve how we sound_to "them kids"

Summarizing the "experiment" we can state that the teachmng

style used by the students did not differ appreciah]y. There wefe, ‘
however, dis;inct differences betheen the style used by the students
and the style used by the interviewers. The most obvious contrast
hetween the two styles was that whereas the interviewers were attempt-
ing to impart knowledge, the students were attempting to impart
information. At no time did the students attempt to "motivate" thé
subject they were teaching to- the1r peers. The studengs' present-
ations were geared toward answering the,latter two qhestions of the
"three question hypothesis" posed in Section A , namely, "what can
you do with it?", and "in what does it result?" At no time did they’
attempt to answer the first question, namely, "what good is it?"
5erhaps the best way to illustrate this contrast is to follow one
, protocol of an interviewer teaching'a student, "Carlos", about
circles, and how Carlos teaches this material to another student,
-"Ana", ) '

I: OK. What we are going to do is--I am going to teach you some-
thihg which will -take me about 5 or 10 minutes. He (referring
to another intehviewer at the other end of the room) is ' -
teaching Ana something different from what I am teaching you,
and then we will a]] get together and you will teach Ana what
I taught you, and she will teach .you what was taught to her

i11 get separated and I will give you a -

by David. ﬂmnw
quizQn everyifiing -- what I taught you and what Ana taught

© YyOU.

C: (Chuckles) OK.
I: A1l right, we are going to talk about circles. Let's first




draw a circle with this compass (draws circle). That

(pointing to the hole left by the co;pass) is the center of

the circle. Let's get\this ruler 'cause we are going to

need it soon. Now there are various.relationships which are

important; Before we talk about that, let's talk about fhé

names of some of the parts of this circle. For example, £he

distance from the center of the circle to any place on the

circle itself is the same no matter where you measure it and

it is called the "radius". This circle here happens to have l
a radius equal to 2 inches (the circle radius is being meas-
ured with a ruler during this). So let's give that distance
from there (pointing to the center of the circle) to there

(a poing on the circle) the symbol R. Another length that's
important in a circle is called the "diameter". That length
is’from one side of the circle to the other, .but it must go
through the center, otherwise you could~~-sort of go anyplace
you wanted. So if I take a line that goes through the center
(draws one such Tine with the ruler) then the distance from
there to there (poiﬁts) is the diameter: You can see that
there are many diameters since yoh can draw a line like this
any place you waﬂt—-they are all the same length. Now’you
can see that from here to here (points to distance from circle
to center along the diameter 1ine) is a radius and from here

"to here (points to distance from center of the circle to the

other side of the circle along the same diameter line) is
another radius, so we caﬁ write a relationship that says that
a diameter is equal to two of these (pointing to the drawing).
So yod can write a relationship which says that twice the
radius is equal to the diameter:
. 2R=D

So the radius of this circle is.2, And so the diameter is?
(we measure it with a ru]gr) | '

L

: Four, .
I: Right. Now the last thing we are going to talk about is

something called the "circumference”, The circumference is
the distance around the circle and we could measure it with

72 80 ’
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some kind of circular ruler if we had one. So if I start

. _here (points at a point on the circle), it is the distance
completely around and back to here again'(denotes this dis-
tance along the circle with finger). ‘Now I brought one of

. these tapes (shows Carlos a measuring tape) and we are going
to measure_the circumference of this circle (points to a
c%rc]e made out of a block of wood). But first, let me tell
you something else. The nice°thing about circles is that
there is a relationship between the éircumference, the dis-
tance all around here, and the diameter for any circle no

matter -how big or small the circle is. I will tell you what
that is-- if you take the circumference and divide it by the
diameter you always get close to this number:
L= 32"
So this is one of those'things that are true--sort of a 1aw‘
of nature. I'11 show you what that means. (interviewer grabs
the flat, wooden, cylindrical "circle" and using the ruler
measures the diameter). Now the diameter of this circle is?

C: Six "

I: Yes, six inches. yow the circumference (tgkes‘measurjng tape
and wraps it around the wooden circle to measure it) is
(showing Carlos) aboq} 19.5 inches. So let's d1v1de that now.
The circumference is 19.5 and we divide that by the d1ameter

which is six inches: 3.25

6/19.5
18
15
12
30 . L,
30
. " 0 . '
sd you can see that t's close to 3.2. If I had-done it a
Titt1e more carefully, it would have come out closer.

* N .

We decided to use 3.2 rather than the actual value of = for simp-
licity, and because the measurements we took at the staff meeting
resulted in answers ,very close toy3.2.

] 73 v 81




I

C: Yeah. -
I: So you can see it works. And it doesn't just work for this
- circle. It will work for this one too (points to a smaller
wooden éirc]elg What's the diameter of that circle?

£: (measures it) Four. .

I: Why don’t you try measuring the.circumference--you'l1l prob-
ably be able to hold that tape better than I. (Carlos wraps
the tape around the’circle).

C: Twelve point five. '

I: So)]et's try ‘that again--if we take the circumference which

is 12.5 and divide that by the diameter which is 4,
. g 3.12 ) ,
» 4‘
‘ . 0

== o

.70
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just two "radiuses". So we can write,

) ) c N .
, 3R = 3.2 ¢ - ,
C: _(Nods approval). ( /
’ /
I: Now what all this is telling you (points to/series of
equations: //
C e /
“—D-_ 3.2 //
c /
Q'R"_ 342). '

is that if I,give you a circle, and you measure the diameter,
you can tell me the circumference wjéhout haying tbi@easure
jt, You just take D times 3.2 to get C (points to the first
equation hbove).. If I give you ahother circle, and I tell
you the circumference, and I ask you 'what's the diameter?"
you can just take the circu@ferenge and divide' it by 3.2

T # 82
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after putting D on the other.side (points to first equation
above). So that says that any two of these things that I give
you, you can give me the other right away.

.C: uh huh. . o ]
I: That's what's useful about it. Do you have any quest46ns?
C: No " :

\ I: Explain to me then, if I.had a ci(cle 1ike that one (points

to the'original circle drawn on the sheet of paper with the
compass) and T tell you the radius is 4 inches, how would
.you find the circlimference without measuring it?

.C: ~By—~the dq‘ametey\‘n.,.ﬁ,gww..-,..&.._w,..m N B S

I: What would be the diameter?
C: Eight (Caq]os now writes %-= 3.2 and stares at it fpr a
< Jittletwhile) ‘
.I: Can you put C by itself? .
C: (Car1ds now multiplies through by 8 arriving at C = 8 x 3.2
and answers) It's 8 -times 3.2.
I: So you understand circles?
C: Yeah ,
I: 0.K. Lét's stop here "and when David is through teaching Ana,
we will get together and you can teach Ana about circfes.
The following is the protocol of “Carlos teaching Ana the-same lesson:
C: This is a compass. (Draﬁg a circle with the compass). We got
a circle here, right? We will measure from the "thing, like:
from one side to the other side to get the diaheter, and from
" here to'here'é‘the radius, or whatever they call-it. Now.we

measure from... let's see... from here to here (uses ruler to

« measure the radius of the circle) we get 2 inches, right?

That'd be R. And from this side,-from one side of the circle

to here (poinis with his fiﬁger to a distance correspopding
.to a diameter) is the diameter‘,.it could be eithefeside. It
will be 4. So it will be R=2 inches and D=4. And see over
| here, we just got, like, it's two radius that equal...that
make up the ‘diameter. And this (pointing with his fingér
around the.circle to denote the circumference) is, uh.. let's
see.. (after a short ﬁ%use, Carlos looks td his interview?%

L] L
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as if asking for he]p in remember1ng the word for. that
d1stance) o

I: Circumference o _

,C; Circumference is..uh.. measurement for the whole ciré]e: I "
See, you start here (points to a point on the c1rc1e) and 4 |

just measure all the way around the circle, and yourwill get

" -that, See, if you divide...(5t this point Carlos 1ooks at ;\ : /( : s
’ his interviewer and asks) say it that way? Just look at it L, *
and say i : T - . o ?t
‘1:Say It astgggi as yod canm. Exp]qin it to Ana as best as you :' : ;‘i; éyi
can. . “ \ , ) o

C OK. We diviée that, um, the circumference and the¥diameter .
“and it would equal gigp And if you measure this it would
copne close (pointing to gne of the c1rc1es), if yoﬁ measdke
any of these it would come close to i§¢ Let's see. Six,
diameter (He is measuring the diameter of a ‘wooden circle
and writing down the djameter as D=6. Then he takes the tape ,
and wraps it around the'wooden~cir§1e to obtain the’circumé
ference. He appears to be engrosseq in this process and does
not let Ana know what he is doing).

-

I: Show Ana what you are-going, don't just do it.

o . C: Yeah, I'm just geq;ing it ready (meaning all ‘the measure- . -
. . ) ments before he show§ Ana the relationship C/D = 3.2). .
Measurement's 19.5 (referring to the measurement of ‘the
circumference). I'm measuring that (pointing to the distance
around the circle) (at'thfs\egéz: he.turns to the inter- 8
viewer and adds thé.parenthep1 remark) and I got it easier
. . than you this time (shifes)?‘ And you would divide 19.5 by
' : 6. Three..eighteen.. one poiﬁt five, and six goes into 15..
12 and you get 3 (he is saying this as he writes:)
. - 3.25 ,
! . 6/19.5 o
. ‘ﬁ —18-‘ .
1

*
.

—
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0 .
It comes close, and yau put it down... it comes to whatever’
it comes to here (pointing to the 3.2 in the equation
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C/D = 3.2). You measure that one (gives Ana the ru]er,
tape, and another wooden circle).
o« A It's twelve around (she is using the tape ‘to measure the _

‘ circumference. Now she takes the ruler and begins to measure
the d1ameter At this po1nt she is not sure how to read the
d1v1s1ons on the ruler and asks Carlos: ) The 11tt1e ones: or
thepb1g ones, or. ~

C: (po1nts) this one r1ght here.

A: Uh, threeee.. .

C: Make it as close to the bigger numbéer as you can-that’ way .

4%& Four. _—

C: Al11 right. 4 into 12 and you gef...§§“(at this point Carlos
is somewhat puzzled because when he did it,the diameter and,
circumference. were measured to be 4 and 12.5, respectively,

" B e _MW.‘“»N&,_"; P
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giving the answer 3.12, instead of the answer 3 which Ana
just obtained. Ana senses that someﬁhing went wrong).
A: A mistake? | ’ )
.V C: No. (He does not sound too conV1nced as he says, "No")
I: Well you're measur1ng those th1ngs kind of casua11y If you
do it really accurate]y, it would come out closer.
C: I'mdone. - - R '
A: Oh, No! (the Oh, No! refers to the fact that now it is her
turn To teach Carlos what she was taught) .
For the sake of comp1etene§s, the quiz administered at the end of

the $tudents’ teaching session-is shown below: . '

1. If the diameter of a circle is 10 inchés, what would be its

circumference?
2. If the radius of a circle is 4 .inches, what would be its
diameter? | AN
3. Find the rad1us, d1ameter, and circumference of the following
c1rc1e . ' , .
77 v o 89
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. rad1us is 27/2 = 13,5 vnehes and the circumference is 86.4 ﬁ
1nches In the p1cture be]ow is*a whee] of this b1cyc]e - \ |

! How far does the wheel move after .it makes one comp]ete '
turn?

- @

- Ty .

fe—— : ] T
.\, - distance traveled by .
’ wheel in making one .
complete turn. RN

In this quiz, Carles could not do any of the problems dealing S
. with circumference. In problem 1, he wrote "%-= 3.2,\D = 10" but
could not solve for C.- He obtained the correct answer in problem 2, ' 2‘
and measured the diamgter and radius correctly in problem 3. His
pérformance in problem 4 was similar to that in’problem 1. Problem
5 was put on the quiz to see if students could generalize their ' (/
4  knowledge to a relatively "qbscure"‘examhle; in this particular in-
stance we wanted to see if the student realized that the wheel moved
wone circumference in makipg one complete revotution. Carlos looked ‘ \
at the picture, thought for a minute, made a gesture with his hand
while Tooking at the floor as if estimating the distance he thought
a bicycle wheel would-actually-travel in haking one*eqmp]ete turn,
and answered "about a f°°ﬁ§ As far as Ana's performance goes, she
was totally lost with respect to any prob]em dealing w1th‘ne]at1on- \
ships between C, R, and D. She, however, was able to measure the B .
diameter and the radius in problem 3, \
We will make one observation before concluding this discussion.
From both, Carlos' teaching, and his{quiz performance;gﬁ} appears
at can 'you do

4. If the radius of a certain c1rc1e is 6 inches, what is
l ‘ ‘ 1ts c1rcumference? '
5. If you buy a 27 inch b1cyc1e, this means that the diameter .
1 ’ of the bicycle wheel is 27 inches. This also means’ that thenﬂ

that in his own mind, he had answered the questions *

.with it?" and "in what does- 1t result?" He knew_that what you did

i‘ i T .o . ™78 86
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was measure certa1n ‘quantities, and plug them into an®equation which °
resulted -in something close to 3.2. It appears that Ana was only
able to answer the question, "what can you do with it?" after
“Carlos’ presentation; namely, you.take.a ruler and tape,and measure
certain quantities on a circle. Other than thgt;*éhe-had Tittle
idea what you did with these quantities once you measured: them.
We will offer one explanation to this. In the-interviewer's
attempt to be peqsntic and answer the question "what good it is?"
as well as the more practical questions "what can you do with it?"
and "in what does it result?", it appears that he was only success-
ful in answering the latter two. The attempts to teach the student -
that what was good about these relationships was that they held for
_any circle,and that they allowed you to compute any pair of the
quantities C, R, and D, by knowing only one of them, were not success-

y—-m/w-.—up&

ful. -Canlos, in his distillation of the lesson, came away with a
"working knowledge” of circles, even if he was not successful at
carrying out some of the algebrajc manipulations. On the other hand,

" Ana's distillation from Carlos' somewhat terse and imprecise pre-

sentation consisted of 1earn1ng the. names for quantities Tike "rad1us",
"diameter", and "C1rcumference" and being able to measure them. There
appears to be a substantial amount of attenuation of information be-
tween the original presentation by the interviewer and the f1na1 dis-
tillation.by Ana, .
Y If this "attenuating distillatidn proceés" occurs often, then to
assure that students come away with at least a work1ng knowledge of
a top1c, the top1c must be presented at a much hrgher, comp]ete,.and
rigorous Yeve1 than the level that the student is actualdy_expected
to assimilate. The distillation process itself will guai§ntee that
a good portion of what is presented (in fact, probably the "what
good it is?";portidns) will be lost. A presentation aimed only at
giving a working knowledge may not be successful at impartimg this
working knowledge after distillation by the presentee, unless per-
haps reihforted by subsTantial drill work.

4
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V.  DTSCUSSION
The fact that a 1abge fraction of the errors we encountered
have also been found in other investigations with noﬁ-minqrity
students (Davis, Jocusch, and McKnight, 1978; Matz, f980) means
that Hispanics are not unique in what they find difficult about . =

algebra. It is true, howeverhéyhat the participating Hisbanics )

were-at-a-disadvantage- in language proficiency as evidenced by

their poo?ﬁfirfo}mance on the language portions of the Ca]ifornja,'

Achievement-Tests. That this deficiency serves as an imbedimeht in

the learning and problem solving processes is, we believe, apparent.
On the other hand, the impressive performance of the advanced His-
panics on the CAT and on the interview problems ceftainly dispels
any question of intrinsic mathematical limitations for Hispanics.
, For the rest of this chapter we will focus our discussion on ¢
specific topics. Before ‘proceeding further, however, it would prove '
helpful to summarize the salient findings of this study:
- Students prefer not to use algebraic techniques in solving
problems. . ,i
- Students are' extremely poor at verbalizing definitions of _
mathematical terms, even when they possess a correct opera- '
tional defiﬁition of the term.
-, Students can often obtain a solutdion to a problem, but can
seldom verbalize the procedure they used in obtaining the
solution.
- Problem syntax is often the most/impo}tant factor in deter-
mining problem difficulty.
- The step that students find most difficult in solving word .
problems is the translation of the problem statement into .. '
the appropriate mathematical equation(s). N ) ) .
- Students do not use their textbooks very much exc@t% as a
place to find assigned problems.
- Studeﬂis treat algebra as a rule-based discipline and not as
a concapt-based discipline.
- When applying algebraic rules; students often do not apply
them self-consistently. '

-
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A. - The Textbook

The criticisms we are about to make of-the textbook shoufd not
be taken as an indictment of this particubar textbook. The Dolciant
and Wooton textbook that was used in the course ‘is not atypical of
beginning algebra books (or mathematics books in general). It has

‘been, and still is, one of the most popular textS used in beginning

algebra courses.* As we stated in our summary above, it became
apparent soon after the beginning of the sgpdy, and was confirmed by

”“”ﬁemgagzipépating teacher, that the majority of all the students in

the class did nQ;;;ead.the textbook as a means of supplemental in-
"struction--«they merely used it aé’%”p?ace to find the problems that
were assigned for homework.

The fact:-that students did not read the text is not something
that can be easily blamed on the text. Perhaps the teacher should
have made. more of an effort to hq]d‘;Qe studénts responsibTe for ~
reading the book. What &e'can say is that the language and style of

. the textbook seems more appropriate for someone who already knows a

little about algebra, lhan for 14 year old stydents with absolutely
no prior training in algebra. The book does attempt to convey the
precision necessary to "communicate" inWdthematics. We believe, "how-
ever, that the "incomplete” use of the text by the students may be
respons{blé for some of the difficulties we uncovered, as we hope’
the following examples will illustrate. _

As discussed earlier in Chapter IV, Section D, the most mis-'
intérpneted term we enfountered was "quotient.” Popular interpre-
tations given by the students to the term.quotient wérg "answer"
and "product”. In the section of the textbook deé]ing with quotients
(Chapter 4,,section 4) we find the following instructions given in

the quotient exercises: ] < }/ff \
,,//’“ﬁead each quotient as a product. Then state the value of

the quotient" . e

..

L

%*
We will note in paSSIng that a s]1ght1y d1ffe;ént edition of the
Dolciani and Wooton textbook- used in the Algebra I class of this
study is the textbook used in the Algebra I c]ass of the study be1ng
cénducted by Jensen and, Nagner in Georgia.

o




For students reading these instructions, “it is understandable why

, , ‘ - |
and s .
° . "State the walue of each quotient”, - S
they might come away with the interpretations of "product” and

na

second instruction mages perfect sense if one subst1tutes the word
answer" for "quot1e:§' . : . s

Further, the text often attempted to draw upon "real 1ife"
situations for its word problems. This attempt to be re]evant may
be of questionable pedagogic value  for studénts” SUeh 4§ the par-
ticipating Hispanics of this study. "Even though we have no forma]
measure of soc1deconom1c status (SES) for the part1c1pat1ng H1s-
panics, the prof11e in" Appendix II ihdicates that these students are
“below average" in SES. The following two prob]ems from the text-
book (found on page 76) were used in Interv1ew 3 to assess "the
understanding that the students had of the vocabu]ary, and will,
illustrate the point we are try1ng to make.

- "A stock selling for $30 per share rose 2 dollars per share‘
each of two days and then fell $1.75 per share for each of
three days. What was the sel]ang price per share of the -stock
after these events?" . , ‘ '
“Onﬁa‘revolving charge account, Mrs. Dallins purchased $27.50
worth of clothing, and $120.60 worth of furniture. She then -
made two monthly payments of $32.00 each _If the interest

®e charges for the: period of two months were $3.25, what did Mrs.
_ Dallins then owe the account?"
Upon' asking the 6 participating Hispanics who ‘were interviewed in
Interview 3 to tell us what they thought ferms 1ike "stock", "share",
Yrevolving charge account”, “monthly payments", and "interest"
meant, they displayed that they had little idea as to the mean1ng
of.these terms. Several students came close to being able to def1ne
"interest",and stated that it was something that bahks and stores 4

-

| 3 "answer" for quotient -- the.first instruction above can be taken
' to imply that "product" and "quotient" are interchangeab]e; the :

}

|

|

did to make more money.
What is of questionable pedagogic ‘'value in using, prob1ems 11ke o

1 the ones above is that students-were being confused by the Jargon,

FATIN
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- textbooks over "arcane talk" textbooks in teaching students mathe—

-

and not necessar11y by the mathematics, Severa] students stated
that even though ‘they were not sure what some of the terms meant
in the "revo]v1ng charge account" problem, they thought they could
neverthe1ess sp]ve the problem. Their attempts to solve this prob—

Tem cons1sted of combining the four monetary quant1t1es given in - ‘ I

the problem in some fashion to obta1n a final, albeit 1ncorrect, ’
answer. o ‘
Perhaps more effort shou]d be devoted on behalf of ‘researchers

and textbook publishers a11ke on the efficacy of using "plain ta]k“

mat1cs.' The only attempt of which we are’aware at us1ng -a "plain
talk" text in teach1ng algebra has been somewhat successfu] in its
approach, but has appanentiy also met with some ambivalence from
mathematics textbook publishers (Time, 1981).

B. Pedagogy

We would like to begin this section by briefly summarizing
some character1st1cs displayed by the students in this study which
. we be11eve are not conducive toward the 1earn1ng of ‘mathematics. As
has become clear from the .interview results, students did not seem _
to appreciate that when working in a subject Tike mathematics, a) the |

s]iphtest degree of imprecision and s]oppiness can lead to errors

and b) there'are logical and 1egitimate reasons for every stage in
any series of a]gebraic manipulations. It is also evident from

the students’ unw1111ngness to use algebra that they had Tittle
"faith" in using a]gebra1c procedures to obtain answers In other
"words, the notion that -algebra aldows one to start with a word proh-
lem, and by applying certain procedures such as defining variables,
translating ‘the rélationships ampng the variables stated in the
prqb]em\into mathematicat equati s, and manipulating the equations, ,
one is guaranteed of finding a/sglution even {§ one has absofutely

no {idea what tht sofution is°a here along theway, is something\
students find qu1te incredible. ' A q

To compéund pedagogic d1ff1cu1t1es we found that the students

were not venry careful listeners, noripere they good at following
instructions.-One prdblem givenﬁ%nﬁlnterview‘3 will exemplify this

\ -
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situation. The;prob]em was the following:
3-7. For each of the following, underline all the operations
| that mean addition. '
3+7 =
§:2 =
3+(4.8) =
9+ (7-19) =
Here we were not interested in the students' answers to the problem
inasmuch as we were interested in whethgr they followed our instruc-
_tions. As stated 1n Chapter IT, our normal operating procedure con-
s1sted of the 1nterv1ewer presenting each problem to the student as
opposed to asking the students tojyead a problem silently before
offering a so]ut1on In the problem above it was decided at the |
\J staff meeting that upon reaching it, the'interviewer would merely |
) . point to it _and say to the student "do this problem".” Admittedly, :
we were attembting to see how eaéy it was to trick the students, since .
the response we predicted was that they would solve the left hand
side of the equality, and write an answer on the right hand side.

" Only two of ‘the six (participating Hispanic) s tudents interviewed
atteg;?ed to read ang’ fo]]ow the 1nstruct1ons of the problem; the .
other four did what we had pred1cted {

’ In order tqraddress the situation as described above, what is /
needed is a pedagogic approach which addresses all of the problems
in a global fashion, as opposed to remedies which are applicable
only in specific~si%uetigns. To help evaluate the pedagogical *

L)

suggestions we will make, it would help to have a viewpoint or ideal
gagaipst$which our suggbstions can be judged. The viewpoint we will
ﬁresent will not only encompass the role of concepts and skills in
learning algebra, but a]se include a perspective on the'importance

. of communication skills in the éducational process. In an over-
simplified description of the situation, there appear to be two
extrémes in the approach used in teaching mathematics. There are

- those who feel that rigorous forma11ty is 1ndlspensabTe to the

learning of corcepts and' those that feel that the'possess1on of
maszu]ative basic skills is a precondition to learning concepts.
We“tend to agree and yet disagree with both of these'views. If the
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formal aspects of mathematics are emphasized at the expense of
training in basic skills, the student may learn the jdrgon of mathe-
matics, yet remain qu{té incapable of solving problems, On the
other hand, we will not be the first to point out that although
working out lots of problems may bé é necessary condition for
problem solving prof%cieﬁcy, this does not mean it is a sufficient
condition as we}] (Kilpatrick, 1978).'
To perceive that this\contention of views regarding formality
ve?§usubasngg§giils is not easi]xﬁxeg&;qiTed, one need only.observe

Pl R R

that whereas-basiG.skills are taught, concepts are formed. Concepts
can@ot be taught,a1though they are learned in some sense of the word.

" The actual formation of a concept, howéver, is a purely internal
_process on the part of the student. Although the possession of

basic skills can certainly ai# the student in this endeavor, no
amount of honing of Basic skills will necessarily force a student
to, conceptualize. Our resolution of this dilemma is based on our
belief that the single most important ingredient in the educational
process is communication. Our recommended approach, therefore,
focuses on the use of the communicat?ve process. |

Communication between the teacher and the student can assist
the student in the process of conceptualization. The teacher can not
only suggest the-ex%;tence oﬁuconcepts and encourage Sstudents to
grapple with them, but also, through interacting with the student,
quide him/her toward the formation of correct concepts. It is
imperative that first and foremost, the teacher convey to the student
as early as possible the need to be precise when working in mathe-
matics, whether it e in listening, following instructions, communi-
cating, or manipulating mathematical expressions. The emphasis _
tHereafter should be on helping students form generalizable concepts
rather than on asking students to memorize algebraic rules-and facts.*
Further, we” are in agreement with Davis et al. (1978) in their
advocacy of giving students the fullest possible appreciation of ‘the
importance of Togically identifyiné and justifying algebraic

* ;
We do not mean to imply that having a command of algebraic rules
and facts is unnecessary. Although a command of algebraic rules
and facts will aid in getting an answer, it does not help the student
in designing a strategy for obtaining the answer. '

.
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procedures, and in their claim that "do it th}s way" approaches are
not .sufficient. « If we were to choose one algebraic concept that is
often taken for granted by- experts, but which is a very difficult
concept to grasp for neophjtes, it is the nodjon that algebra is an
artform in whichunknaunmathematica]‘quantitéls can be manipulated
via a set-of rules in order to extract a known answer. T

With the recent technological advances, one instructional
approach that should be given serjous consideration is the use of
1ow-cost m1crocon3uters for supplemental mathematics instruction.
That m1crocom0uters are gaining rapid acceptance in mathematics
instruction, both as teaching and programming too]s is unarguable.
For the types of students in this study, computer 1nstruct1ona]
modules which cpmbine presentatibn of material with detailed step-/""
by-step worked-out examples, and drill work would be particularly
helpful. We would like to emphasize the phrase "presentation of
material" above to distinguish this approach from the "drill"-modules
which have become the standard product of many software and pub-
lishing firms. There are several reasons why this approach. may prove’
very effective for this age grouyp. ,,First, given that students are
not inclined to read the textbook, hav1ng them read the material on -
a computer's screen may be a possible so]ut1on to this problem,
particularly since the students will 11ke1y ass9c1ate this with
watching T.V. and not with reading a textbook Second, the "mys -
tique! surround1ng computers can be exp101ted to have students spend ¢
more time working dn mathemat1cs Finally, the fact that computers
are so intolerent of s]oppy communi cation, they would help in .
training these students to work and commun1cate in. mathemat1cs with ", v
moye. accuracy and prec1s1on, , . N

C. Linguistics - ‘ -
Whenever a cognitive research study is conducted with a bilin-
gualpopulation, there is always one albatross with which to. contend s
namely, the quest1on of how language prof1c1ency affected the
f1nd1ngs. The idea that language may have an effect on cognitive
. " processes (not necessarily ‘for bilingual populations) is not new.
. For example, in Vygotsky's (1962) view, many facets of intellectual
functioning are intimately related to 1anguage acqu1s1t1on Accord1ng

- . . ©
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to vygotsky, the internalization of language introduces a re-
structuring of many mental processess: Of particular relevance to
this study is Vygotsky's claim that prob]em solving strategies
become more rational and sophisticated when they can be‘verbalized.

Another view,.that of Whorf (1956), states that the language
we speak can set certain limits or constraints on our perception.
Perhaps. the justification for this view derives more from cultural
effects than from Tinguistic effects; that is, it may well be that
cultural experiences are as importanf as 1inguisti§'$xperiences in
forming our perceptions.—&he.difficulty-with the.Whorfian.hypo-. .
thesis 1ies in how to dintinguish between these two effects.

One hyﬁothesis adduced by Cummins (1979) deserves particular
attention due to its wide range of applicability. Cummjins'

Linguistic threshold hypothesis posits that "there may be a threshold

level of linguistic competence which bilingual children must attain
both in order to avoid cognitive deficit; and to allow the poten--
tially beneficial aspects of becoming bilingual to infTuencg their
cognitive growth" (1979, p. 229). Cummins does not define the
threshold Tevel in absolute te}ms since it is likely to vary depend-
ing on the ch11d S stage of cognitive deye]opment and on the
academic "demands of the ‘different stages of schoo]1ng.

. Cummins does define three tyges of bilingua]ism. The first,
"semilingualism", is characterized by a lower than threshold level

. of linguistic competence'in both languages. In semilingualism, both

language$ are sufficiently weak- to impair the quality of inter-
action the student can have with his/her educational environmeﬁt.
The negative effects of semilingualism are no Jonger present in
"dominant bilingualism", charagterized by &n above threshold level
of competence in one of the two languages. Dominant'bilingualism
is supposed to have neither a positive, nor a negative effect on
cognitive development. The last category, "add1t1ve bilingualism",
is one which has positive cogn1t1ve\effects. Add1t1ve bilingualism
is characterized by aboyve-threshold competence in Qg;ﬁ_]anggages.
In our investigations with college level Hispanic engifigering -
students, we have found that, on stdndardized language profiéiency
measures, Hispanics score considerably below their Anglo peers ‘.

. Bi"
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(Mestre, 1981). This below-average_performance for the Hispanics
holds across both Engfish and Spanish. In teérms of Cummins' defini-
tions, these Hispanic engineering majors appear to be "semilingual.
Even thpugh we have not made an assessment of the Spanish proficiency
of the part%cipating'Hispanics of this study, it appears from their
performance on the language portions of the CAT that these partici-
pating Hispanics are below threshold,at least in English. Although
it is extremely difficult to separate language effects from other
effects, findings with college Hisbanic students (Mestre, Gerace,¥and
Lochhead, -1982; Mestre, 1982), as well as with the participatiry
Hispanic group of th1s study indicate that this lower 1anguage pro—
ficiency level has an adverse effect on performance in various
mathematical tasks. The factsthat the advanced H1span1cs of this
study appear to be at least "dominant bilinguals" (and perhaps
"additive bﬁ]ingua[s"), and that their performance in this study

was extreme]y strong by any.meésure, lend support to Cummins’
hypothesis. ‘

Finally, it appears to us that any effonk\des1aned to increase
the,1anguage proficiency level of b111ngua1s, at least up to the '
level of their monolingual peers, is most desirable: -It"does not
appear to. be too iﬁportant which of the Ewo languages is deve]opeq,
as 1ong‘as at least one of them is highly developed; however,‘for
the obvious reason, the language used for instruction in the stu-
dent's school may be the most appropriate to target for deve]opment

A word of warning is in order. Although there are strong indications

that being highly proficient in language is a necessary condition
for cognitive development, it certainly is not a.s$ufficient con-
dition as well, '

D. Dlrect1ons for Future Research

Even though there have been a plethora of research studies
conducted 1n mathematics educat10n, very few have focused on minority
popu]at1ons. In fact we are not aware of any other systematic
study of the a]gebra acquisition and prob]eM’so]v1ng skills of
Hispanic adolescents., Before serious consideration can be given
to the design and imp]ementation of programs which'attempt to

increase the percentages of" minovities pursuing math, and math-
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related careers to a level commensurate with their national represent-
ation, there must be an increase in the number of résearch programs
which attempt to identify, assess, and define the specific prop1ems
contributing to the current situation. )
T e would Tike to suggest several questions for possible future
1nvest1gat1ons which would be of particular relevance if researched
with minority populations. These questions have been'divided into
four distinct areas: -
1. Effect1veness of Textbooks
- Why are students inclined not to read their mathematics
textbooks? ‘
- Would their understanding of mathematics improve if students
. were forced to read their textbooks?

* 7 students with 1anguage deficiencies? Will these students
read a plain language textbook without encouragement’
- What are some possible changes in textbook sty]e that may
make them more effective didactic tools?
- Does the fact that almost all math textbooks on a part1cu1ar
subject appear to be cloned from some "standard":derive
from tradition,. logical pedagogic reasons, or the unwilling-
ness on behalf of textbook publishers to take risks with’
*innovative" approaches? '
2. Effect1veness of Computer Assisted Instruct1ona1 Approaches
- How effect1ve are CAI approaches as supplemental instruc tion
‘ " for minority students? | .
- Will students read textual material more willingly if it 1is
_presented at a speed and level commensurate with the stu-
dent's speed, and level of reading comprehension?
- - Will minority students spend more time working in mathe-
" matics jf they had the chance to work with computers?
- Are computers effective for use in teaching problem splving
as opposed to the traditional use as "drill 1nstructors?"
3. tffect of Language in the Problem Solving Process
o - How do reading speed and reading comprehens1on affect prob-
Tem solving performance?

CERIC T s

‘7 .- Are "plain 1anguage™. textua] presentations more readable for -
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- What ié’the single best‘]anguage predictdr of Qord problem ¥
so1v1ng proficiency for minority students? - ¢

' - Is an increase in language proficiency followed by an 1ncreas?

[

in mathematical proficiency?; ' . -

-

4. Sociological and Econom1c Factors /./"
- How can minority parents be made to 1nvo]ve themselves in

. *  the educational process of their children?

- How do programs that comb1ne career counselling and role gro
mode]s affect the attitude and motivation of m}nor1ty stu- .
dents to pursuenathematics? ;

- What is the effect of family economic level on a student's ' .

=
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VI. RECOMMENDATIONS
" The participating teacher made two points dur1ng tﬁg 1ast staff
meeting when this report was the topic of d1scuss1on It would per-
haps be e]uc1dat1ng to convey thesewtwo points before moving to the
spech1c recommendations p‘eposed below. The first p01nt,made by
W . the part1c1pat1ng teacher was that since the “"character" of mathe-
i matics classes varies from year to year and from class to ‘class
depquing on the students comprising the class, it is unrealistic to
) expec% that one pedagogic approach which proves very effective for
one part}E%ﬂar class would have ‘the same result when used with
another class. The second point concernéﬂ the realism of dea]ﬁng
with 14 year old adolescents, He claimed that, given this age

group's maturity leved, some pedagogic approaches were likely to .
R ) prove more effectjve than others; in particular, approaches which |
demand the undivided attention of the whole class for a prolonged
’ period of time would not prove fruitful, ‘ o '
" In terms of the recommendations below, we believe that they
would be of benefit to all students. However, we have designated-
ik‘ ' several which we feel would- be particu]gr]y beneficial for students "
such as the participating Hispanics of this study whose language
proficiency level is be]oﬁ that of their Anglo peérs. Our recommend-
N “ations are the following: '
1. Students should be asked to participate in the process of
learning concepts. Although these students are not of an
age where they are naturally inty spect{ve, encouraging and ;
. aiding them in forming general &oncepts are preferred over
ﬁ%ssive]y absorbing rules. YWhenever possible, procedurés
. which are generalizable to a wide range of problems should ‘
. be emphasized over rule-oriented procedures which apply .

only to a narrow range of problems. Concept formation can
he réinforced by presenting the students with both correct,
¢ and incorrect examples and asking them to recognize valid
procedures 'as well as fallacious logic. It is often thé "
case that ‘the real hint of a concept lies in the path to
——the -answer-and-not—in the-answer-itself,

"
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More important than the pedagogic sty1e of the teacher or
textbook is the harmony between the two. The. t@acher should. -
use a textbook whdch i§‘consonant with h1s/her teaching
style, ‘So that both text and 'the teacher emphasize a single
approach. The-teacher's primary objective should be to
impart to the student his/her understanding:of the material
rather than some supposedly superior way of- thinking about
the subject --"one which hefshe neither uses nor feels fully,
comfortable with. * '
Students should be held responsibie for reading the text-
book. The abilidy to learn from written material is an
1nd1spensxb1e tool for self- 1earn1ng and should therefore
be incorporated as early as possible 1n the educational
process. . .M

Whenever a new definition or Erocedure is introduced, it
should be compared ‘and contrasted with previous ones.

Equa]]y 1mp0rtanﬁ as te111ng students What someth1ng is,

is telling them nhat something is not. The use of counter-
examples or disqﬁssions of incorrect applications of rules/
procedures would help students assimilate the correct rules/
procedures more quickly. |
Students should be made to realize that two very "important
ingredients in nathematical réasoning are precision and
consistency. These same characteristjcs should be sought

in the communication process itself. Due to the great re-
dundancy present in oral communication, and aided by the
context of the sttuation, most’of'ns can/}olerate large
doses of imprecision and inconsistency in oral communication.
When attempting;to teach or learn mathematics, however,
imprecision andrinconsistency can be véryidébilitating.

The use of microcomputers for supplemental instruction in
mathematics should not be'underestimated Microcomputers
may serve to mot1vate students to spend more time on mathe- °
matics, force them to communicate more Dreclsely with a

_machine which is very 1nt01erant of s]dppy qommun1cat10n,

and provide an opportunity to present material which students

»




: would not otherwise be-inclined to read in" the textbook. v
The following three recommendations would be of part1cu1ar benefit -
to- students with 1anguaoe def1c1enc1e§~ : ' P

. 7. Students should be “asked to verbalize the rules, strategies,
definitions, and procedures that they employ in solving
problems. This would serve to a) monitor the precision
with which the stuﬁents communicate mathematical ideas,
b) encourage students to always have a reason to justify

what they are doing, and'c) reveal any misconceptions the ,

student has so that the teacher has an opportunify to ™ .
address them. i ,r/;

8. In word prob]ems, the empha§is'shou1d be on teaching stu-
dents sound procedures ‘in translating the problem statement(s)
1nto mathematical notation. By defining variables and
wr1t1ng appropriate equations to represent the problem
statement, students would begin to appreciate more quickly

.

that they do not have to know the answer "all.at once",
but that the resulting equat1ons are the means by which to
"obtain an answer. .
9. A concerted effort should be-madé to increase the language
‘ prof1c1ency level of "semilingual" students (in the Cummins
sense) to at least the "dom1nant bilingual™ Tevel. A]though
the ev1dence is not conc]us1ve, indications are ‘that "sem1-
' 11ngua11sm" may have an adverse ef;fqt on the communication

process which we believé to be crugial in the educational” .

process.
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Interview Questions

First Interview Session

. e i
. . ;%
. -Question Set A

1. Where is the originzon this number 1ine?

2. Which is the positive direction? What is the other direction called?

.

cos ;é _i 6 } 5 oo p
\Question Set B - -
1. Where is -1/4 on this number {ine Where is 1/2? '
2. Can you label all, the marks? Explain - (
‘3. How many numbgrg are represented by“each éark?
B e e e T e S e e e e e B e o e AR ‘ <

Question Set C

A
v

3 4
— v

1»

1. Where is #1272 . . 7

2. How much distance is between -11  and ;_? )

3. Can you label all the marks? . ‘ ) . .

4. If I tell you that 1/2 mean§fi/2 mile east of my house, where would 1/2
mile west of my house be? 2 l“ is my house? If my friend, Juiia;-lives‘

. 5 =
2 miles west from my house, where does she live?

4

"Question Set D

.§>g7 1. What is 3 x6 + 2= . ? (If student answers 20, point out it could
be 24 and Jaunch into discussion). ' :

2. Are thesé sets equal? ﬁy?
~ 1,2,3)  © {3,1,2) -

3. What is an infinite set? L




Interview Questions ,

Second .Interview Session

el

Question Set A
' , RN 1
1. -How would you answer thé question "What is a number"?

2.  How many numbers are in ‘this set? {1, 1/2, 2/3, 4, 1/8, 7} ' A ’
3L*\AIS a fraction a number? Why or why. not? . -

4, How would you define a fraction? Y

R

5. 'Which of these are fractions? Nﬁyé 2, 1/2, 3/4, 5/3, 4/2, 9/3, 6/1, 10, 52/1

6. Which of the following mathematical statements are equations? Why?

a) 3+1=4 e) x -7 <10 i) 6
' , N 2 +y )
h) 3x - 9 . f)Z =19

) ~ j)8x3=(9x4)-12
c) 3+y g) 5(x+y)=20

x+z - v k) wtt
h) 8 > a 7 '

d)10+2=38 g ~

, | 1) 8 .4 -

4 - 2

2

Question Set B

Look at the following sets

- - - S - - .

I. {the positive integers} IV. {the even poéitive integers}
II. {the negative int;gers} _ . V. {-52,-3, -1, 0, i, 3, 5}

L1 (the non-negative integers}) * = VI. (-4, -2, 0; 2, 4}

1: whichpof these sets has the fewest elements? Why? " .
2. whicé of these sets has the most é]ements? Why? .

3. Are any of these sets equa]? why%' | -

4. What is the solution to 25 > bx

\

if x ¢ {the positive integers}
if x ¢ {the ﬁegative integers} .
if x ¢ {-5, -3, -1, 0, 1, 3, 5} ' U . ‘

o «“ﬁé=°(ask for explanation in each .case) .
N . 1_2 110




"Question Set C

You probably know that there .are 12 inches in one foot. If I write the

equation
121 = 1F /
What does I represent? What does F represent? -

Write a mathematical expression to represent the statement: fsubtract 7

from the quotient of x and y".

Suppose I told. you that the number of students in this school is equal to
thirty times the number of classrdoms. Can you write an.equation that
says this.

Suppose I have a ball which I drop from a certain height. Every time the
ball bounces, it only goes up to 1/2 of the highest point reached in the
previous bounce. If I drop the ball from 16 feet, how high does it go
after the first bounce. How high does it go after the sgcond bounce.
Sdppo;e I have another ball that goes up to 3/4 of the highest point
reached in the previous bounce...(repeat problem)

Suppqsé T have an apple pie and I Eut it 1ike this, and then like this;

v ‘I (-
/////’— If I eat this piece, how much of the pie is left? (try to get
them to give a fraction) .

Question Set D

1.
2.

If I write 32, what does it mean? What does it equal?
Which of the following is (x + y)? equal to?
a)2x+2y b)x2+y? c) (x+y)x+y) d)x+y?

Suppose x = 3 and y = 4. What is (x + y)2 .

' 1-3
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4. Which of* the following eqhations are true statements? -
.. ‘ « T LY A
, .
L a) X . Xy X
=~ _Y+Z _Y z .
A ¢ I3
b) rise_ _F . S . !
~ t t t - ' .

5. Which of tﬁe fo]]owing"ﬁs 3+ X equal to?

7+y K«

a) 3+x . 3+x
i:‘ggh 7 y&
b). 3 , X -
7y _
o c) 3 + X . . ’
7+y 7+y

6. -If x =313 and y = 1, what is the value of 3 +x 7
bl .

a8
¢




Interview Questions

Third Interview Ses§ion

1. What is an axiom? r
2. What is closure? }n other words, what does it mean to say'that the set of R
integers.is ﬂcloséd" under the opeFation of additiong
3. Can you explain what "absolute value" means?
4. Which 6f the following equations are tnué and why:

8 . 4 =

=4 .8 1726=4217
a+b=>b+a X-y=y-=-X
a+b=b+a X —y= _X_ h
y .
8-3=3-8 a(7+b) = 7a + ab
a(7-b) = 7a - ba . a(7-b) = (7-ba

10(6+3) + 4°= 4 + 10-§ + 10-3
10 - (2+5) = (10 2 2) + (10 2 5)

L)

5. What~is 3 .:

36
Z -8

?

©

6. What is _7 times _1 ?
' 8 5 ’
7. For éach of the following underling/JQ1 the operations that mean addition.

3%+7 = 3 . 5

. 42
3+ (4:8) =
9 + (7-19) =

.8. For each of the following real numbers, find the reciprocé], or
multiplicative inverse.

"2a"4a89 12: _]__a

2 3
'3 z 3
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9.

10.

1.

12,

13.

Find the numerical value of the following: _
6-lal= - leal= % \
6 - |-4] = |s6) - 4

.14-6| = -6+ ]-4]=
If a = -3, what is the value 9f the following:
7-a = 7 - a= a-17:= o
7 - lal, s T+as | lal -7+
The teete?ature at 12:00 noon is 2 degrees. At 6:00 p.m. it is -8 degrees.
If between 6:00 p m. and 11:00 p.m. the temperafﬁre drops tw1ce as much as
it did between 12:00 noon and 6:00 p.m., what will be the temperature at
11:00 p.m.? ' ) L \ . 7
A submarine dives to a-level 730 feet below the §prface of the ocean. Later
it climbs 200 feef and tbeﬁ dives another 80 feet. wﬁat is then the depth
of the submarine? ‘ '
(Explore students' understanding of vocabulary in the following two peoblems

from page 76 of text,

"Modern Algebra Structure and Method".)

a) A stohk‘selling for $30 per share rose 2 dollars per share each of two

days and then fell $1.75 per share for each of three days.

selling price per share of the stock after these events?

khat was the

b) On a revolving qparge account, Mrs.

Dallins purchased $27.50 worth of

clothing, and $120.60 worth of furniture.

She then made two monthly pay-

“ments of $32.00 each.

- & .
If the interest charges for the period of two

Dallins then owe the account?

months were $3.25, what did Mrs.

O I-6
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y " “Interview Questions
Fourth Interview Session
Question Set A
| 1. Solve the following equations;
a) 2+ x=3 d) 4 +a = -6
b) x + 7 = 10 e)r-3=-8
c)y-12=140 f)x+9=4-
3 4
2. Solve the following equations: A
a) 3x =6 d) 9a = -18
bj 4y = 10 e) _x__=/§3'
S [ A o e N ,_,3- [, S _ e
c) -2x = 12 ‘ £) 1y=-4
. ‘ 8
3. Solve the following equations:
a) 5y +10 -3y -y = 14 Y
b) 4x + 7 = 6x -5 , . ’ -
c) 7(x + 3) = 21 - )
4. S%mp1ify the expression: o )
'T]:_(ab) = . e A%:

5. a) What is -7. times 3?
b) What is -3 times 72

6. If a=3and b =4, find a numerical value for the following:




7. Look at the following equation: b+ 3'=7

v

Which of the following changes do not chdnge the answer to the equation above:

a)4+b+3=21+7 - d)b+3+a=7 * '
by G ¥3=6-7 e)b+3+a=7+a
. ) :
c)2(b+3) =7 £) ab +3) =4 - 7
8. Pick the correct answer (or answers) to the following problem:
" » a) b2a .
L (ab) = b) b =
c) a
d) ‘ :
b . *
Question Set B -, : . .
1. Write an equation for each sentence below. ™ - . <

a) A number-added to(7 equals 12. . : o

)

4
J b) Six times a number results in 24.
¢) Twice a number equals 16. ' . :
d) Twelve more than twice a number is.6. ., ,
e) The quot1ent of x and .3 is equal to 2T.
f) Add 4 to a number, then subtract 5 from the sum and you get 43

g) Add 3 to a number, then multiply th1s.sdm by 4 to get the answer 50.

\'.,

t r " 118 | | \ | .
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 Question Set C ] , ) &

1.

Uée the calculator to find answers to the following problems.

a) 8-3 = c) 90 _ T "

For the following five problems, firsﬁ.find an answer, then use the calculator

to check the answer.

€

a)3-8% c) 5(3+4) = e) (2-4) - 3=

b) 3.4:-% = d) (3+4) -5=

' _ Solve the following problems.

Question Set D

T

In g;years, Ana will be as old as her sister, Sonia, is now. If Sonia is -

N

23 years old, how old is Ana?

Johp spent 6 hours on the lake. If he fished for twice as Tong as he swam,

how Tong did John spend fishing? ’ . k\

A MacDoqa]d‘s hamburger hqs 250 calories more than an apple pie. An apple

_pie Mas 50 calories less than a milkshake. If 3 MacDonald hamburgers have

a fota] of 1800 calories, how many calories are in oné milkshake?

. Tom rides the school bus part way and walks the remainder. He walks 3

minutes 16nger than he rides. If it takes Tom 17 mirutes to arrive at

school, how long does he spend on tpe bus? ' : .
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% Interview. Questions o
Fifth Ipterview Séssion . . 2 %
Question Sgt A ' ' ¢ . ,

1. Given these two=sets: A={1,5,0,-3,19,29,4} and.é={-1,19,21,29,4,-40}

. »

What is AuB? What is AnB? .
Can you draw a diagram showing theSe two sets?

"~ 2. Look at this diagram:
people

a) According to the diagram, arg there ~ that
baseball players that do nbt make players thg of

lots of money?
money
b) Are there people.-that make lots of
money who are not baseball players?
If so, what part of the diagram
pnesents—these—peeplﬂ? = .

— — — — — —— —— — —— —— —— ——— —— — — —— ——— —— - ——— — o —— - —— — —— T —— — o—

a) What does this diagram tell you?

_ S frudts
'b) What part of the diagr‘a'm represents . ‘
" those fruits that are not apples? N

Question Set B s
2, IS

1. Look at the following function: f: X-4xX-2.
What is the value of f(1)? What is Ebe:va]ue of f(3)§ What is the

value of f(-5)? (

2. Suppose we make up a new operation, *, as follows:
A*B=2A+B -
What is 3x9= ? ’ .

v

Question Set C

1. Which of these are true statemgpts?

a)5#2 b)6<3 c)-3>-8 d)-5>3 e)1/3<1/2

f) -5/3 < -1/2 ' . _ "+
"

2. Starting with 5 < 7, how could you mu1t1p1y both sides by -2 and wr1te
the answer as an 1nequa11ty?

3. If a < b, then which of the fo]]ow1ng are true, which are fa]se and
which can't you tell whether they ar& true or fa]se?

a) a<bt3 b) at3 < b+¥3 ) at3'< b d) < -b i} -a> -b
\)‘ | ' I-‘IO 1'18 . . q'
EMC v "

A ' \,"/




Question Set D

1. 'What is a variaB]e? What are variables used for?
2. Circle all the variables below:

a) 2Y;3 b) 2X+Y=15X c) 7+2=9 ¢

3. ‘What do you think is the hardest thing about solving word problems?

4. Look at the following:. prob]em
The sum of Mary's age and Gary' s age is 23. Mary is 3 years.
older than four times Gary's age. What are»the ages of Gary
and Mary7

-

é) How many variables do you need to solve this’probTem?

b) Is there something you find hard to do when you try to-solve
this problem?. ° y

K 2. Work out the fo]]oWing two problems:

“&ACanvyou—seﬂvc .t? Do -
t : P P
Question Set E _ .
l ‘,r
1. la suma de dos nlmeros énteros The sum of two consecutive integers

consecutivos es-51. «¢Cuales son -~ is 51. What are the numbers?
los numeros? ,

[l

a) Si Tapices cuestan 5¢, ;cuantos puedes comprar con $2.05?
b) How many 15¢ candy bars can yous buy with $1.65?

3. Write an equation for the following two statements:

5) Dos veces un nimero sumado a ‘tres es igual a 5.

b) Doce mas que el doble de un nimero resulta .en 6.

4. El1 costo de una‘casa x,un‘terfeno es $40, 000." La casa cuesta siete .
veces mas que el terrenoyvaCuanto cuesta la casa y cuato cuesta el terreno?

3

"5, a) John has 6 times more quarters than dimes. How many d1mes dbes

he have if he has 18 quartens? =

b) En una fiesta hay 8 veces mas botellas de cerveza que de vino.
;Cuantas bote]]é%.de vino habran si hay 16 botellas de cerveza?

c) The 1arger of two consecut1ve even integers is six less than
twice the smaller. what are -the numbers?
d) El menor de dos nﬁmeros enteros consecutivos es uno mas que el
doble del mayor. ;Cuales son los numeros?

119
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Interview Quesgﬁons

1
Sixth Interview Session‘

a

;o ‘destion Set A .
11 What is the difference between a monomial, a binomial,~and & polynomial?
° . 2. Add the following expressiqns:~ |
a) (3Y24v-4) + (-2v%45Y+1) A b
b) (7x2-2) + (4x%-3X+9) -
¢) (6R% + 11) + (3R%S + 2/S + RS® + 2R + 1)
3. Solve each.equation: ' .
a) (4-24) - (X=5) = (X#2) ' (3-X) ‘ .

b) -3Y - (7-5Y) = 15

LA . . ‘ _— -

4. Simplify each expression: s
- 2) 2(-32%= b)) @A) o) @)@ @) (%)
o) Oxh=
5.' If X=3 and Y=2, what'are the values of the following:
&3 ) (02 ) 63N d) ()2 ‘

3
6. If f(x)=x+3 and g(x);x-z, what is: .
a) f(x) + glx)= -
b) f(x) - g(x)= . . K <
e) f(x) - glx)= s T
Question Set B v : : L o , .
. - —

1. Mr Smith noted the number bf‘cars, C, and the number of trucks, T,
in a parking lot-and wrote the following equation to represent the
situation: : v ‘

8C=T - ‘ , ¢
. N v '
Are there more cars or trucks in this parking lot? Why?

"

¢

1
- N =

-y .



.

wr1te an éxpress1on us1ng var1ab1es for the following statements:

2. A number added to°7 equa]s 18, ' . | N
3. 'S1x t1pes a number is e;La1 to a second qqhber. o '
4. N-.ine times a number results in 36,," >

5, fﬁ ven years John will be eighteen years 61d.

6. T?ed umber of n1ckels in my pocket SS three-t1mes more than the numBer ) )
) 0 es. _ -

7% The number of math. books on the book %he]f is equa] to eight times: §
* the pumber of science books. , B

. Jdhere are four tipes as many Engl1sh téachers as there are math
. *teachers at th15 schoo] ,
9. Last year, there were s1x times as many men cheat1ng on their income
tax as there were women. u '\ .

10. Six times the 1ength of £ stkgk is 24 feet.

3

11.7° If a certain cha1n were four t1me93as 1ong, 1t wou]d be 36 feet.
12. The sum of two consecut1ve 1ntegqrs is 25 ‘ ' )
13. If the nﬁkper of peop]e in Chnna were decreased hy a-¥actor of 8

then the nnumber people ih «China and the number of. peop]e in,

England would be (he same, ) e

o . ° ~
14. The.sum of the ages of two.horses born one year,apart is 25.

\’ \v . e N » -

» ¢
.




2 - Interview Qg@stiohs
TR '

' ﬁ@%g\ Eighth Interview Session

~—

Question Set A 4 _ )
. = . —_—r ’
1. Suppose X=170. What is the value of X-37%- ' .
, ‘2’. Suppose Y+13=160. MWhat-is the va]ue of Y+13-15? oA
’ 3. Suppose 5(2Z+1)=10. What is the value of . (22+1) |
- ' P C oy ) . ‘ 2
Question Set B " ' ' , . . j
! - ’ v ‘ g
Solve the following problems: L
v S : '
1. A number added to 11 equals 23. What ¥s the number? '
% 2. Twice a number is 26. What is the number?
v §1x times a number.is equal to a second number. If the second number
. is 487 what is the first number? .
. 4. A ndmber mu1t1p]1ed by 4 results in 36. What is the number? i L
Question Set C ' L ‘ Yo
_ : 1. In a recent survey conducted among the reachers of this'géhoolt it
. was discovered that 11 teachers wanted to continue school through the S
summer, How many more teachers would be needed to raise this number
/ . ~to 23. . , : v ' y
¢ 2. Different bicycles have different size wheels. Some have very sﬁal]
wheels (only.10 inches high), afhd some old bicycles have a front wheel
over 6 feet tall. Many modern 10 speed bicycles have wheels 26 inches
‘ . high. What would be the distance from the,ground to the center of a
26 inch bicycle wheel? . ¢ . .
. v o .
3. An article in a recent medical magazine states that college women who
‘ smoke c1garettes are six times as likely to have lung cancér as college "
« 1 - women who don't smoke. If in a large eastern state univergity there T
L are 48 smoking women with ‘ung cancer, how many non-smoking women w1th
! ‘Tung. cancer are there 11ke]y to be?
4. In a small b]ood sample anaTyzed at the local Hospital, there were - ‘!

ant1bod1esﬂhas smaller than the.number of red blood cells by a factor
_of 4. How many serum antibodies were found in th1s blood sample?

A

i. ’ . 36 red blood cells found, It was also-found that the number of serum




LN

- 4. Factor the following: : -

a) a2+a -6

245%+6

©b) (3Y+1)(Y+5) | \
b) X

Question Set D
. ¥
1. What is a prime number?
. Which of the followtng-are prime numbers and why? h =

a)2 b)3 ¢)4 d)5 e)6 )7

2. Simplify:  9z° + 182 | _
3Z :

3. Multiply out: | ' :

a) (2)(x-3) o
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Appendix II

Setected Background Information
on Student Participants

Participating Anglo Group Background ' '
\ © T Student # S
) : I Born and raised in the same city where
(female) the study was conducted. Father is deceased;

mother works as a head nurse. Hobbies in-
clude participating in numerous sport
activities and playing poker. Plans to
attend ‘college and major in nursing.

2 No information
' (male) |
i
-3 No information -
(male) S -
4 . Was born in a town next to the city where she
(female) now has been living for 4 1/2 years. Father

not 1iving at home ‘(did not specify reason).
Mother is a housewife holding no outside employ-
. ) ment. Hobbies include playing soccer and
y C softball. Is not sure whether she plans to
' attend college.

5 ' Born and raised in the same city where the
(male) . study was conducted. Father works in con-
: struction while mother is a mill worker. His
hobby is weight lifting. ' Plans to attend
college and study medicine.

-~
»

Participating Hispanic Group 'Backgrohnd

Student # . ’
1 IRt Bonn in New York City of Puerto Rican parents. '
(male) ' Has lTived in New York City, Connecticut, New

L Jersey, Puerto Rico. Father is deceased, mother
is a-housewife. Has spent the last 4 years in
the city of the study site. The language of
instruction used in grades 1 and 2 was Spanish.
Grades 3,4, and 5 were spent in a bilingual .

. . program where both English and Spanish were used.
for instruction. Speaks to parents and friends
' in both Spanish and English. Has been mainstreamed-
since grade 6. His favorite subject in school
is math. Hobbies include participating in
numerous sports activities. Plans to join the
Army after high school.
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Participants in Hispanig Group (Continued)

Student #

2
(male)

(ma]ef

4
(female)

(male)

(male)

-

Background

Emigrated from Columbia 5 years ago and
has been living in the city of the study

‘site since then. Did not specify parents'

occupations - only stated they both work.

The language of instruction for grades 1
through 4 was Spanish. Has been' mainstreamed
since grade 6. Speaks to friends in English
but to parents in Spanish. His favorite
subject in school is.math. Hobbies include.
participating in numerous sports activities.
Plans to go to college and major in architecture.

Born in New York City of Puerto Rican parents.

‘Moved to city of study site from New York City

5 years ago. -Father does not live with family.
Mother works but did not specify occupation.
Speaks English at home and both English and
Spanish with hi$ friends. His favorite sub-
ject in school is math. Has always been in
the mainstre urriculum. Hobbies include
drawing, dancing, and participating in numerous
sports activities, Plans to attend college

" and major in architecture.

Born in New York City of Puerto Rican parents.
Parents are co-directors of a day-care center.

-‘Has always been in the mainstream curriculum.

Speaks English at home and with friends. Her
favorite subject in school is social studies.
Hobbies include participating in numerous’
sport activities. Plans to attend college and
major in engineering.

This student is the older:brother of student

#4. Background information is the same as

for his sister. His favorite subject in school
is math. -Plans to go to college bg; is un- -
decided on what field to study.

Born in Puerto Rico. Moved to Pennsylvania

as a young child and has been living in the
city of the study site for the last 5 years.
Nei ther father nor mother were employed. Speaks
Spanish at home and both Spanish and English
with his friends, Has always been in a main- .
stream curriculum. His favorite subject in
school is math. Hobbies include participating
in numerous sports activites. Plans to attend
college; he s undecided on what field to
study, but is sure he wants to play football
while in college.
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Advanced Hispanics i . .-
Student # Back ground “-~ v
- 1 Born in Columbia and immigrated to the city
(female) of the study site when she was 4 years old.
E i ) Has always been in the mainstream curriculum.

Speaks Spanish at home. Her favorite subject:-
in school is social studies. Plans to attend
college and study law.

2 Born in Puerto Rico and immigrated to the city
"(female) of the study site when she was 3 years old.
- Has always been in a mainstream curriculum.
Speaks both English and Spanish at home. Her ™~
favorite subject in school is English. Plans
to attend college and study nursing.

*

: . Born and raised in the mainland. Has always

(male) - been in a mainstream curriculum. Speaks both
English and Spanish at home. His favorite

subject in school is math. Plans to attend

college but is not sure what field to study'.

O ' 11'3
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