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: _ Introduct'ig?b:

- v

" There . has been an 1ncreased concern in recent yeans over the poor
mathematical preparatloﬂ of the general populace. Of particular concern has
been the decline of mathematical preparedness of entering college stude\nt's.

It is. a well- docUmented fact that" .standard indicators' of mathematlcal R

apt1tude, such as the Scholast1c Apt1tude Test (Educational Testing Servme,
1948 1982) have shown a monotonic decline over the last decade (Harns, 1976,
Harneschfeger and Wiley, 1976; Braswell, 19/8) Several explanatmns, both
academic and sociological, have been- offered for this decline (Edson, 1976).
Perhaps the most cogent academic explanation for . the lower mathemat1cal
preparatmn of college studefits is the decline in’ the overall enrollment in
high school second-year algebra (National Science Foundat1on, 1980), coupled
w1th the attenuat1on in high school mathematics enrollments as the levefof
the mathemat1cs course becomes more advanced (Natmnal Assessttent of

+

Educat1ona1 Progress, 1979) This situation has given riée ,to an anomaly

wh1ch is rapidly gaining “acceptance -- college level remedial mathematics
programs (Whltes1tt -1982). : o )
The purpose of the current Tesearch was to 1nvest1gate the cogn1t1ve

processes employed by ninth grade students enrolled in Algebra 1. The chmceg

of algebra for the subject. of this_ study was. not arb1trary. Algebra is
traditionally the first mathematics course where students encounter concepts

which are much .more subtle and abstract than the simpler ar1th1\net1e\,\

manipulations of their prior math courses. Further, because algebra is. the

_ foundation upon’ which the’ majority of advanced mathematics is “based, !Eny

insights ga1ned from researchlng th1s area may eventually make the learnlgg of
algebra a more eff1c1ent process. Some national mathemat1ca1 or«an%zatmns
have even gone on record to _emphasize the mportance of algebra for [colleqe

\

léevel “work over otheT mathematics courses taught _in__high —school-- (The‘

Mathematical Assoc1at10n of Aglenca and the: Natlonal Counc11 of Teachers of
Mathematics, 1978) . .ot

- A clinical interviews approach was emnloyed for data collection. 'I’he use

of c11n1ca1 interviews to study problem™ solving has met w1th some success.
Unlike any paper-and-pencil assessment, the clinical interview approach is.
'l,.mique‘ in permitting immediate feedhack and interaction between . the

interviewer and subject. This allows. the interviewer to. probe for the cause

of . difficulties and misconcept:.ons as they arise during the 1nterviey,
‘ ' 14.4

~
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"’ sonething which is not 'possjible- with. non-interactive ‘data collection
teghniques. g ’ : <% :
* The focus. of this study was on the “learnlng d1ff1cu1t1es experlenced by
AHispanlc students. There are several reasons for* this focus. F1rst the
number of 1nvest1gat10ns that have dealt with the 1earn1ng and performance of
Hlspamg,, in mathematics- is vamshmgly small. Further, several statistics
pubhshed in The Cond1t1on of. Bducatlon for Hispanic Americans (National {
Center- for Education Stat1st1cs, 1980) reveal that the "educational, as well as
. Socioceconomicy situation of . HlSpamcs in the mainland is bleak. For example,
even though in 1978, Hispanics in the ma1n1and comprised 5.6%-of the’ total
population, the pexcentages of Hispanicé enrolled in 4-year college programs,
graduate programs, and .professional .programs weré 2.8, 2.0, :and 2.1,
respectively, of the total student enrollment. In terms of college enrollment
in fields where a strong mathemat1ca1 preparatlon is indispensable, such as .
engineering  and phy51ca1 sélence, H1span1cs are  substantially
underrepresented the percentage of whlte-non-Hlspanlcs enrolled in, these

than twice that of the percentage of Hispanics enrolled in these fields out of

the total H15pan1c undergraduate enrollment. There is, therefore, a need for

more research efforts which, may Help in the development of - strategles for

‘increasing the number of Hispanics wishing’ to pursue math/s‘qence Telated
g profe551ons. '

fields out of the total th.te-non-Hlspamc undergraduate enrollent is more ._.\k‘

Finally, we would like to comment that the results of this. study dre
-not  idiosyncratic to Hispanic students. Even though  this' study
focused on Hispanic students, 'the majority of the fmdmgs apply not only to
the Hispanic participants, but also to a control group of Anglo students wbo

_part1c1pated in the study o .o N c
d . e .

- ' Methodology .
The study was conducted in a junior nig'h school (grades 7-9) “in-a small
city in Western MassachuSetts during the 1981'-19_8i academic year. There. were
a total of 14 students participating in the study. These 14 ‘students were ‘
f ‘divided ‘into th'ree subgroups. The first gaoupl which will be called -
"part1c1pat1ng Hispanics" cons1sted of 6 Hispanic students -(5 male and 1
female); these students were in the mainstream curnculum and not in any




: ’ . "sﬁecial program''. The second group,: the"part1c1pat1ng Anglos'! consisted of 1
5 Anglo students (3 males and 2 females) The 11 students from these two
groups, were enrolled in the same Algebra I class taught by a teacher
(henceforth, the "part1~.1pat1ng teacher") who was an integral part of the
study. The laSt group consisted of three Hispanic students (one male and 2

> females) enrolled in_an' advanced lalgebra class which was_ not taught by _the .

‘ .participating teacher. These students will 'be called the 'advanced ~ ‘
Hispanics', where l;y "advanced" we mean that theylhad started studying ;\lgehra
one-half year before the parf;ici;iating teacher's > Algebra I class. The

.

part1c1pat1ng Hispanics were mtenuewed a total of 38 t1mes during " the
academic year while the. other two groups were' 1nterv1ewed 4 times. The ' o
classroom style and textbooks used ‘in both the Algebra I class and the
advanred algebra class were "traditional". v
) In the. clinical interview approach used, anb‘ mgerv*Lewer presented:
mathematics problems to a student and asked the student to\*l@mk aloud" while
attempting to solve the problems. The 1nterV1ewer was free to probe the ",
student for clarifications and explanaticns of the mental processes he or she\
used to solve the problems. All interviews were audlo-reco rded . " After the -
interview, the "protocol analysis" followed durmg which the 1nterV1ewer '
reviewed the "student s -protocol (i. €oy the- events that transp1red during the
interview, 1nclud1ng the student's- worksheets and audjo tapes) and made:
o idetailed. comments on the student's performance, . including _ strengths,
weaknesses, difficulties, misconceptions, etc. Once all interviews were .
analyzed for a given session, a staff meetmg followed during wh1ch the entitre
interview set was reviewed. -The purpose of this meeting, at?t’ended by the
. researchers and part1c1pat1ng teacher, was to propose and dlscuss explanatory
- hypotheses for the f1nd1ngs.

- . " Student Profile - ‘ ' .

LY

In April of'198l, all students in the school system in question were -
given the California Achievement Tests (CAT) .(CB:I'/McGraw-Hill,: 1977). This
battery consists of & major divisions: 1 reading vocahulary,‘z. readipg
comprehension, 3. speliing, 4. language mechanics, 5. language expression,. 6.”
math computation, 7. math concepts ,and applications, and 8. reference skills.
There were 3 sections which were made up. of combmatlons of the 8 m!aJor tL

\ : ’
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sections above, namely, total read1ng was made up of the comb1ned scores in .

.Jeading vorabulary and reading comprehen51on, total math. was made up of. tHe

comblned scores from math .computation and math concepts/appllcatlons, total

battery' was made up by combining the =first seven categories llsted above
--that is, all major divisions except reference skills.

‘In addition, three other measures were administered 'to the participating

'teacher s whole Algebra I class, as’ well as to the 3 advanced Hlspanlcs. The
.‘flrst _of these is a P1aget1an exam entitled "An' " Inventory of P1aget S

Developmenta}: Tasks' rCathollc Un1ver51ty,( 1970) designed to cover the’

follow1ng 18 areas: 1. quantity, 2. levels, 3. sequence, 4. welght 5. matrix,

6. symboIs, 7; perspective, 8. movement, 9. volume, 10. ser1atlon, 11.
rotat1op, 12. angles, 13. shadows, 14. classes, 15. dlstance, 16. 1nc1us1on,,

17, 1n£erencc, and. 18. probablllty There were 4 questlons for each of these
18 areas;making thls battery a 72 question test. X _ k\,
Th rema1n1ng two measures .were  the analogies and c12551f1catlons
subsectlons of the test of general apility level 5, form.CE (Guidance Testing
Assoc1ates, 1962). The analogies section -contained -24 questions which were
totally symbolic and asked the student to make one pair of drawrngs 11ke a
given palr, as shown in the follow1kg example: '

AA Q? v#]:@ 0210

J

-

The c1a551f1catlon section was composed of 26° questlons which again. wete

totallx_symbollc and asked the student to identify the one draw1ng in d series

¥

-of five which was 'different". For example,

’a),w. b) ;Q c) Vd ' "e‘).m{

. Table 1 gives the results of these tests for: the virious subgroups of

students. The first two entries correspond to -the mean and standard
dev1atlon., In the CAT scores, the third entry glves the national percentlle

ranking correspondlng to that particular raw score. Also shown-in Table 1 are

the student's final grades- in Algebra. The mean scores on all standardlzed

measures are based on the total number correct. _
Several observatlons can be.made from Table “I. First, it -is evident

that the advanced algebra class is ‘consistently "above average" on the CAT in




-~

-
~

e
»

O ee—

" questions inve

. ’ D ' e o ..

[ . - I"
nd . . . B ,

. e ¢ e - . . \
comparison to the Algebra I class,as well as to national norms. Second, it

is evident that the three advahced Hispanics are very comparable with their

Anglo peers "in the advanced algebra class in all the mea\sures shown on Table -

I. Third, it is evideqt that the five part1c1pat1ng Anglos-are comparable to

.the *23 other Anglos in jthe Algebra I class and that all of. the Anglos in the

Algebra I class are. "average' students as determined by the (.A’I' %hational
percentile .tankmgs. Finally, Table 1 shows that the 6° participating

Hispanics aré consistently 'below aver'age" in the' CAT, both as compared to
their Anglo' classmates, and ,as compared by the mational percentile rankings,.

except in the mash cdmputation section where this group sc\ored ""average''.

In’ summary, it appears that -the advanced Hispanics were extremely well
prepared academically as measured. by the1r performance/m the CAT. The
participating Anglos perfomance 1n the CAT indicates an average ‘preparatlonf
'I‘he participating lhspamcs appear to be academlcally underprepared, both in

compar:,son to their Anglo classmates, and in comparison to nat1ona1 norms. In
terms of the problem solving tasks given during the ;nterwews, the'3 groups' .

performance was consistent with their .performance on the standardized measures

as shown on Table 1, namely, ' the advanced Hispaniés “performed extremely well
-in the interview problems, the participating Anglos 'showed ° an average
«performance, and the - participating Hispanics showed a below ,-average'

pérformance. . : .
. ‘ . / . . ' - )

s
/

Interview Results: . '~ ‘ e
. / k

» ¢ ~ ) . \ ’
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In this L_‘se‘ction,' we will give a brief description of the- ki\ ds of

gated during the course of the study, and present a réew of
the interesting findings. The probleﬁls used in the mterwews were de51gned
to probe six relative

1. Appreciation of Algebra as an Abstract Logical Systém

~
A S

The “focus of this area was to investigate the degree to which the
student creates and develops an abstract conceptual schem& for mathematics
that . is independent of other logical systens, such as . languages. Like

'mdependent ‘areas. In the dlstqssmn that foll\ows,’
‘each of these six¥ ares will be treated separately. , \




velop @ third logical system more readily than monollnguals. On the pther
+ hand, if the languages' 1oglca1 structures are poorly developed bilinguals
may find it more d1ff1cu1t to develop new”"loglcala systems. -Bilinguals
therefore constitute a good ”laboratory"'ln which to pursue these questions. - v
‘ From a praCtlc dpolnt we used the follow1ng -general questions as o i

.a sprlngboird for our 1nvest1gatlons in thls.area“ '

v

. )

///zirgad have two languages and thorefore “two- logical systems, may be ab e xo : w
e

i

———

» - .
s

. . -7 - Does the student understand-the role of definitions in mathematics? Does v
T . the student utilize definitions to resolve points of" ambiguity? _

~

s

- Does the student dlstlngulsh between.mathematlcal statements (equa11t1es
and inequalities) and mathematical phrases (expre551ons and ratios)?

= Does the student recognize the dlfference between a variable and a label? _: ~f

4 , P
We will limit our discussion to answering the last question. - Y
There "have been several recent research studies which have-.revealed
N . 4 . .
that many college students treat variables as labels (Mestre, 'Gerace, and -
‘Lochhead, "1982; Clement, 1982; Clement, Lochhead, and Monk, 1981; Rosmick, .
1981). For example, the following problem,: S ‘

-

TN .
. Write an.equation u51ng the var1ab1es S and P to represent the follow1ng

- statement: ''There are 6 times as many students as professors at this
< un1vers1ty". Ure S for the number of students and P for the number 'of
,professors. . ’

e v e

- Q ) * ]

the’ "var1ab1e-reversa1 error" where students would write "6SP, was conmltted
conslgtently' by approximately 35% of non-minority eng1neer1ng undergraduatel
students.. Using a populat1on of Hispapic englneering students the frequency
s .. of the variable reversal -erTor was 54%. ' .
y In clinical interviews of students solving the abave problem, 1t was
discovered that~one of the major points ‘of confusion regarding the
variable-reversal error derived from treating S and P as labels for "students"

» and 'professors", instead of treating ‘them, as variables to. represent the ¥
. number of students and the numbef of professors. ‘It should be pointed out

~ a
.

' . ) - - -\6
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that 'the sty dems interviewed dﬁisplayed that -they were’aware that there were
~ more stuglents than prof.essors in the problem statement. For| these students the -
mearﬁng of 6S=P was"_'6'students f_orievery 1 professor'. The mechanism leading.
students to write the variable-reversed equation appeared to stem from using a

sequential left-to-right "translation of the problem statement. That is, "six

to P. } X
To 1nvest1gate how: prone begmmng algebra student]/s are to committing
this kind of error, we deslgned the ‘three questions belaw:/

» ‘ * . * t

-professors students equate 6

N LI

ol.-Mr. Smith noted the number of cars, Cy and the number of trucks, T,

situation: 8C=T. Are there more cars or more trucks 1n thlS parkmg lot
and why? - .o w

]

~ Write an expression with variables for the following statements.
¢ g o
- 2. Six times the length of a stick is 24 feet.

3. If a certain chain were four times as long it would be 36 feet.

From the students' answers to these questions we found .strqné evidence that

they had a proclivity to treat variables as labg}s. In problem 1, for .

example, 11 of ‘the 14 students ipterviewed from ‘the three groups said that
: there would be more’ cars in the parking Iot as represented by the equation
8C=T due to ‘the fa%;er of 8 in front of -the C. Of. the rema:l,mng three

students, one from the advanced Hispanic group said that there would  be -more -
trucks; her explanation dlsplayed that- she was using c and T correctly ds -

variables for the number of cars and grucks. The last two students, both frem

the part1c1pat1ng Hispanic group, gave rather unique answers, one sai’d that

_you could not tell whether there were more cars or trucks because the values

of C and T were not given; the other said that there would be an equal number

of cars and trucks because of the "s" sign in the equatlon. ' '.

A comparison of the- students' responses in problems 2 dnd 3 revealed an

interesting phenomenon. All 14 students obtained the correct answer in both

* of these problems. In problem 2, eight of 'these students _wrdte a correct

i{ -, equation using the letter L for the vanable', and the other. .aix wrote a
{' o , ‘ - | : , o7 o ‘

.

N 1

times as _many students" bec:ou:f 6S, and since thls is equal to t}xe number of .

in a parklng lot ,and wrote the follomng equatlon .to represent the + |
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« correct equition using some other letter for :the variable, such as A or X;
aone of thesp six students, however, used the letter S for the variable; S /
would not be an unreasonable choice smce the problem is about a st1ck In -

contrast, the most popular var1ab1e name used in problem 3 was € and not L;
seven students used C, two used L, and the remaining used some other variable
name. o - ' .
' Given/ that both of these problems asked for a quantii:y_ involving length,
and that mdny students were using the variable inf problem 3 to represent ''the
cham" it is evident that the sentence construction of these “two problems
trlggered,i more often than not, spec1f1c variable names. That is, the manner
in which problem 2 started, "'six times the length...'" makes it clear to the
student that this is a problem about 1ength thereby triggering the use. of the
letter L for the variable. However, in problem 3, the first few words, "“if a
chain..." make it clear that this is a problem ahout ‘a chain, thereby
triggering the letter C to be used as the vari,able.. Even though problem 3 is
asking for a length’ just as problem 2 is, the student is’distracted from this
fact by having the references to length via the words '"long' "and "f.eet""'
appearing much later in problem 3. It therefore _appears that the. syntax
structure of these problems is 1arge1y respon51b1e for the triggering
mechanism by which a variabJe' name is chosen, with the first 1mportant noundln
the problen statemejlt serving as the trigger. This makes it somewhat of a
random process whether the student will choose a variablé name (i. e. a letter)
as a label for a_noun, or as a quantlty to be represented b}'o the var1ab1e name.-

N

“~

2. Command of the Formal Operations of Algebra -

A" complete logical s&stem contains not only a set ‘og definitior}s anci
relations, but also a set of rules for manipulating these relationships.
Quite independent of the students' knowledge of - the structute “of .algebra 1is
their understandmg of the dynamical laws, or permissible operations. that may
be used 4in the process of obtaining a solution. We are not concerned here
with the students' ability. to obtain answers,. but rather with their. knowledge
and comprehensmn of legal algebraic manlpulatlons. Thus whereas in the last
section we were mterested in whether students knew "the Tules of .the game"
in this sect1on, we are 1nterested in whether students "'play by the ‘fules of
the game''. . ‘ 1.

11 \
‘ } S
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- Does the student know wha fundamental ‘operations can. -be performed on §n
dlgebraic statement?- - c A

- Does the student reallze that these operatIons do not change *the
solutlon to an equation?-

(% N .
-~ .

- Does the student confuse what rules he/she may apply_ in a partlquar '

51tuat10n'7 . < . T
- , - S
t - An example of some oﬁfthe specific questions uséd during the inte,x\/iews
are' the following: - < EEEEE >,
. \ ‘ . . . T«

4. Whlch -of the follewmg equations are trué\ and why"
a) a+b=b+a b) a-—b-b a c)a(7-b)=7aba = )

| ] - . . -

5. Solve the following equations:
a) 2+X=3  b) <X=l2 &) 4XTAGX-S » S

[N * ‘ ”’
6. If X=3 and Y=2, what are the values of the followmg

a) x2y3 b) (m)2

7. Multiply out: (X+2) x-3) 7

8. Factor the follewing: X“+5X+6 = . T T

9. a) What is -7 times 3?7 ' 7
b) What is -3 ®imes 77 - o .

-
-

[N

Rather than glvmg, a detalled breakdown of each group's. performance we will
only state that the perfomance on these types of quesnons was Consistent.
with the groups' performance on the CAT What we mll do is discuss a couple
of spec1f1c errors. .

In an 1nterv1ew Session near the beginning of the school year, the
students were asked the following question: "Suppose X=3 and Y=4.- What is

-(X+Y) 7M. At the time we asked students this question they had not. o)zered
polynomials, but had- tovered*mmng—nmnberrto—spenfrrpowefs. ~Only f fwe-of 1

the fourteen studcnts were able to obtain a correct answer in ~th15 ouest1on.
They did sp by adding 3 and 4, and squaring 7 to get 49. At the time students

P .
.9 " : . ’ )

. .
-
» . .
12 : -
. .
. > . ’




w'ere’g'iven problem 6 above,: they had covered polynomials in class. Amusingly,
| al} fiwve 'students, who obtained the correct answer to the question above,
obtained the wrong answer to problem 6. The answer “that all five of these
students gave in problem 6 was 13, by taking 32‘ + 2% This we think shows
how students can become mind-locked woen covering a new topic by attempting to
solve .all problems using the newly learned procedure rather than resorting to
‘ a prev1ously learned and perhaps easier procedure.
- Finally, we !would like to state that many of the students treated
algebra as a rule-based d15c1p11ne and not as a concept-based d15c1p11neu
Because of this, students often confused which rules apptied to ‘which cases.
For example, the participating teacher, in an attempt to'help his students
\learn various algebraic rules, made a chart and posted it at the front of the
class. The chart contained .reminders of facts, such as how to determme the

-

sign of the sum of a posigive and a negative number. However, in explammg

their procedures for solving some of the problems -above, some of the

participating Hispanics-made it clear that theyi‘:mzre applylné some of the
. rules to “the wrong cases. For example, some students s‘tated that -3 times 7

was equal to 21 but that 3 times -7 was equal to -21; these students displayed
. that they weére using the rule for determining the sig;’i of a sum between a
‘negative and a positive mmloerJo determine the sign of /a produ‘ct.

/

* .3. Ability to Use Algebra

Before algebra can become a useful problem s‘,{)lvmg tool the student
must be able to formulate *a problem in algebra and cbme elementa
operations jinto a strategy for solution. "I'hese agihtles clearly require a
deeper assimilation of the principles of mathematics than does learning to
solve a551gned problems. Kx{owledge of those factors which infiuence strategy
formation, or of specific learning d1ff1cu]tiés which inhibit strategy

- formation, will permit an optimization of the dSS/J.m11at10n process. To extend
the metaphor we have been using, this area attem;/ted to ascertain how well the
student can "manlpulate the rules of the game to hls/her own advantage while
st111 remaining wi thin the confines of legality'

We>uced the followmg general questlons/ to.guide us in this area of
investigation: . p e

- Does the studentg‘employ a1gebra1c conc/epts to solve problems without
) Lo




being prompted or does the student prefer to use other technlques such
as trial and error or guessing?

*

- Does the student define var1ab1es?

la)

- Does the student have a strategy for /a solution, or resort to random
manipulations in the hope of stuiibling onto a selution?

- Is the student able to extend and apply* his/her knowledge to a‘

relatively novel problem?

-

We will only discuss the students' answers to one specific problem, and pornt
out a general weakness we found among most of the students. This problém was
given to all 14 students and goes as followsi

L
-

Suppose I have a ball which I drop from a-certain helght. Every time
the ball bounces, it only goes up to 1/2 ¢f the highest point reached in
the previgus bounce. If I drop the ball.from 16 feet how high does it
go after the first bounce? How high does - it go after the second
bounce? Suppose I have another ball that-goes up to 3/4 of the h1ghest
point reached in the previous bounce (repeat problem).

The results from this problem .revealed that five students from the
participating * Hispanic group could work out the problem with the "bounce
factor" of 1/2 “without hesitation. However, three of these five. could not
generalize this procedure for a 'bounce factor" of 3/4 The part1c1pat1ng
Anglos also suffered from this problem, albeit to a lesser extent; the
advanced Hispanics were quite facile with either a 1/2 or 3/4 '"bounce
factor''. In general, it appeared that students had an excellent intuitive
grasp of "halving" but not of "three-quartering" It is our feeling that the
difficulty w1th the 3/4 bounce factor was due to the students pot being able
to verballze or understand the procedure they used in the 1/2 bounce factor
~ case. Had they realiazed that al% they were doing-was multiplying each
maximum height times 1/2 to obtain the subsequent maximum height, they could
have easily extended this procedure to the 3/4 case. Perhaps the difficulty
was that in tﬁp 1/2 bounce factor case, students divided by 2, but in the 3/4
bounce factor -case, they were rot sure whether to divide by 3, 45 or some
. combination of\ 3 and 4. This inability to generalize a procedure from a
simple to a complex case was observed in other contexts a well.

J '
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4. Ability to Solve Problems . o :

This area of our inveétigations focused on /the stu&ehts' ability to
solve word problems. Since algebra I is thg; f¥rst course where students
encounter non-trivial word problems, and srg;e word problems have always
proved ‘to be a nemesis of mafhematlcs student; at all levels, we will make our
discussions in this section somewhat lofiger fhan those of the previous .
sections. The one area which will be/sfreZsed is the translation process from
textual to symbolic representatlons, since it "is this step which students
found most difficult. The general questions which served to, guide us were the
following: / ' )

- Is the student able to translate ‘word problems 1nto algebralc equations
and word phrases into symbolic expressions?

- Does the student misinterpret problems because of language d1ff1cu1t1es .
4 such as poor vocabulary or reading comprehension?

- Does the student's success at solv1ng problems depend upon the amount of <
linguistic processing that must take place?

- Does the stuﬁent exhibit good problem solving procedures and habits?

The best way to_start a-discussion of word problem proficiency is to
convey what students claimed they found hard about working out word problems.
In one interview se551on, in which only the part1c1pat1ng Hi'spanics took part,
we asked the quest1on, "What do you think is the hardest thing . about solying
word problems?? The following are the verbatim .quotes given by the six
students: '

- "Getting the. information you need to make the problem. Like if it says
something about how many miles she walks, you gotta ge; how many
miles--get, it into numbers-=take it apart.' .

- "Starting them. First it's hard for me to-start a word problem. Like
trying to find, you know, what's'X."

- “Knowing what they'want. Sometimes I read it wrong."
- "The whole thing. I hate 'em." .

- "Finding the equation.“

- "You don't know what to do--you den't know whéther to add . gr d1v1de~-you
don t know which number comes first.' . ,

-

" These responses corféspond very well with the "difficulties which the '
: e - : :
12 ‘ '
\
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students experienced in solving ward problems. To paraphrase what the"
,/fiudents found difficult about solving word problems, they realized that there
was no set of rules or standard procedure which could be appl1ed in a rote
- fashion to word problems in order to obtain an answer. Often, the approach
taken by textbooks and teachers is to teach students specific techniques for‘mgQ“
solving specific types of problems. Students are then forced to remember
tricks ‘or rules which can be applied to ''age problems', 'per cent problems',
etc. However, if there is a slight twist in a particular '"age problem', tnen.
the tricks or rules they learned no longer apply and the student is left at a
loss on what to try. A better approach would be to teach students sound,
general proggdures w1th wh1ch “to approack any word prolem, rather than
specific procedures that apply to specific types of problems. .
L Someth1n§ which-is often overlooked when teaching students how to solvé'
problems is how to deal’ with language-related subtlet1es, such as problem }
syntax, vocabulary, semantics, etc. As the student ansﬁers to some of the
problems We are about to d1scuss will illustrate, the ab111ty to understand a
problem, and translate it into mathematlcal terminology 1s, we belleve, the
single most 1mportant step in the problem solving process.

':/\

Let us first cons1der the students' performance in the following four
problems; ’

Write an expression using vaEISEIEE—ESEfEHE‘ESEIEQing statements:

10. A number. added. to. 7 equals 18.

11. Six times a number is equal to a second number.

12. Nine times a fumber results in 36.

13. In seven yeare,'bohn will be eighteen years old. .

To aid in the discussion, we have coded the students' answere in Thblelz.
The letter '"C'" in Table 2 means that the student: worked out the problem
correctly. The entries ''skipped" and '"no idea" mean that the problem was
skipped during the interview for that student, and that the student tried to
solve tiic problem but had no idea what -to do. Any other entry.denotes tbe
student's response in the problem. - . -

Table 2 shows that students had little d1ff1c:yty working out problems

'10, 11, 'and 12, but that problem 13 caused inordinat difficulties. There is
an obvious difference between problems 10, 11, and 12, and problem 13. In 10,
11, and 12, the problem -structure is very clear -~ thé unknown to be

represented by 2 variable always appears near the beginning as the noun .
s, ~—
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"mmber''. The ramaining problem structure directs the student on what 'should
- be done ‘with this unknown, for example, '"a number added to 7...'", or “six
times a number..:". On the other hand, the structure of problem 13 does not
make obvicus what the unanan- is; the unknown, John's current age, must in _
fact be deduced Evidently. two students, one who wrote "7 + 11 = 18" and the
other "7 + 11", understood the problem but were not able to write'an equation
using a variable. It appears that variations in the syntax of simple problems
have. an observable effect on performance. In particular, if the unknown or
quantity being , sought m the problem is not readily discernible, there is a
higher likelihood for confusmn than if the unknown .appears clearly near the
beginning of a problem statement. . .
‘Let us' next con51der the students! translational s&la in slightly n;;ore““
d1ff1cu1t problems 1nvolvmg two variables: .
‘ Wr1te an expressmn usmg variables for the followmg s‘tatement§' ‘\’“)

~ 14. The mumber of nlckels in my- pocket is three times more than. the
number of dimes.- , _ . ~u
3 ) @ . e
15." The number of math books on. the shelf is equai to elght tlmes the
number of science books.

.

16. There are four times as many English teachers as there are math
teachers at this school .

s
Ty

"~
17. Last year, there were six times as many men cheating on thelr income -
tax as there were women.

The "students' responses to these problems are shown in Table 3. The entry
* labeled 'Reversal' implies that the student committed the variable-reversal

error. j ® )
_ From looking at blems 14 and 15, it is clear that the syntax 1s such
that a sequential left- -to-right translation should y1eld the approprlate

answer. For example,

"the number -of nickels "is (equal to )"  "three times more than.
in my pocket" the number of dimes'”’
N ' : = S 3D ’

\

We therefore expect more correct answers on problems 14 and 15 than on i6 and
17, and further, we expect that those who translate problems uémg the'
Asequentlal left-to-right method would 11ke]§' get 14 and 15 correct, but 16 and
17 variable-reversed. This was borne out ‘by the results; four students

Ll
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obtained both problems 14 and 15 cdrrect as shown on Table 2, but of these

" four “students, only one advanced Hispanic was able to get 16 and 17 Torrect.

It should also be noted that the variable-reversal error constituted a
significant percentage of the wrong responses. . . S

) Finally, we would like to discuss briefly some of the "unusua-I" answers -
in.problems 11 and 14, as shown in Tables 2 ‘and 3. Some of the student
responses in these two problems " are very suggestive- of interpretational
difficuities. For example, the ,participating Hispanic who wrote 6N=N in
problem 11 explained: that due to ‘the phrase "is equal" in '"six times a nuhﬂ;er

is gqual to a -second Tumber', both numbers must be the same, and t_herefo'E:N_

used “N'to represent both. The participating Hispanic who wrote 6X=2 explained
that the ™" in the equation represented -the 'second number'. The
participating HJ,spamc who wrote 6X=12 explained that the "12" ‘came from
multiplying the ''second number" times 6 As can be seen from Tzble 2, there

. were other answers very 51m11ar to these committed by students . from all three
" groups. Although we have no f1rst hand evidence to ‘confirm it, we suspect

that the three students who wrote variants of the answer "6N=2N" used 'chéﬂg 6N
to represent "six times: a number" and. 2N to represent the "second mnnber"

" In problem ,14, we see ‘from Table 3 that three students wrote® answers
with the 1neqt91/ "gre ter than". There were also four answers which were

"not in. the form of equatlon, such as "N3 d" and "NeD='". It is

interesting to note tha ese types of answers did not >oc¢cur wn:h- anywhere

*

_ the same frequency in problem 15--a problem fairly eqhivalent in structure to

problem 14. The biggest difference between these two problems is that in

_ problem 14, the gﬁ)rd "equal'' was nevér“éxplicitly 'used as_was the case in

problem 15; the equality in problem 14 had to ‘be deduced from context. Those
students who wrote an inequality seem to have interpreted (not unreasonably) .
the phrase "is three times more than" as a statement of iflequality rather than
as a statement of equality.  Those who did not write a complete equation may

have had. problems flgurmg out where to put the equal sign.
,/

aw
[

5. English vs. Spanish Performance

. N . o
. Several word problems were constructed in Spanish to ascertain whether
there existed observable differemces in problem solving style, confidence,

anxiety, etc. for the participating Hispanics when their English performance

was E:ompared to their Spanish performance. Since the algebra course was

518
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taught completely in F.nghsh, all ipformation, vocabulary, and’ exper1ence in
this subject will have been conveyed ‘to ithe students in English. This may
result in students being able to work out word problems "better" in Eng11sh

appreciably different than their success in word )problems phrased in English.
‘The styles used in solving the Spanish problems differed somewhat across
students.  Two students read the Spamsh problegs and proceeded to try and
' solve them directly. One student had not had any formal training in Spanish
and Ysounded out'" the problems before attempting a solution; that is,. the
student read them aloud G’n’t_ll the "gtst" of the problem was understood. - Two
students translated the Spamsh problems into Eﬁfltsh, and would not,start on
the solution untii they understood the English translation. e’ remaining
student stated that he could not understand the Spanish problems and did not
attempt any solution. : . .
The f1ve students who attempted to solve the Spanish word problems
encountered sqme Spamsh vocabulary words they did not recognize..and asked
«  about their meaning. Once told, they had no further d1ff1culty in attemptmg
colution. That is not to say that their attempts were. successful. These
differences in vocabulary did not, per se, create any additional difficulties
in the ability of the students to solve the problems. We observed nothing in
their overall performance to indicate that they could solve problems phrased

caution, however, that if these students had been solving the Spanish word
- problems totally on their own, it is very likely -that their perfomance ‘would
' _haVe been worse than if solvmg English word prob'lems due to difficulties with"
vocabulary, or inappropriate translat1ons. ,

6. A Teaching Experiment : . L
" There was a teachinpg experiment tried with the six participating
Hispanics du?ing one of the interview sessions., The approach taken was to
select six mathematical topics with which the students were unfamiliar and to
give each student a 10 minute "mini-lesson" on one of the-six topics. After
the mini- lesson, the student was asked" to teach the same lesson to one of
his/er peers. Since the s1tuat1on'° was contr1ved there is nd assurance that
what we observed was what would normally take place if students were to tutor

each other. Perhaps the experim\e_nt was only useful insofar as- it let us

16 )
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The overall success of the students m the Spanish word problems was not.-

in Spanish any better, or ‘worse, than problems phrased iﬁ”hugli‘sh', We should -
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evaluate what information the student deemed important. enough to distill and
teach to a peer.

teaching style used by the students did not differ appreciably. There were,

" style used by \the ‘interviewer. The most obvious contrast between the two
v styles was that whereas the 1nterv;.ewet attemptéd to impart knowledge, the
s,tudents attempted only to convey information. At no time did the students
attempt co '"motivate' the subject .they were teaching ti’o their peers. 'I:he
students' presentations were aimed at answering the qugzﬁns/—'lwhat”éaﬁw)"ou do
) with it?'" and "in what does it result?", and never “at answering '"what gpod is
. it ' . / . ‘ ‘
For example, one presentation was on circles, and covered the topics of
radius, _diameter, drcumference, and ‘the mathematical relati"onshipé between
them. Although the name 'pi"' was never mentiohed, the \iﬁi:;'viewer a;temf;ted
to cenvery that the‘ratio of the circumference to the diameter was a constant
for any circle. Various wooden circular blocks were measured to "illustrate
the-  various relatlonshlps among the quantitites. In the student' s

3,

illustrating how to measure quantitites such as radms, diameter, and,
. circumference;  he angwered "in what does it result?" by showmg his peer ‘how,
to plug some of the measured values into equations like 2R=D and C/D=3 1n He
never: conveyed two very mportam; Bomts, namely, that what was nice abqut the

to get C by knowing only D, or vice versa--pomts that weré stressed in the
. interviewer's presentatmn. .

In all cases we observed substantial attenuation of informatisn between
the original presentatlon by the interviewer, and the subsequent\ student
presentation. There was a dramatic attenuatlon in the two-step proceéss from

«-the interviewer's presentatlon, to what the final student was able to glean
from the presentation he/she heard from his/her peer.

tnd

I ’ ‘
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Discussion

" - The fact that many of .the errors we encountered have also been found in
other investigations with non-minority students (Davis, Jockusch, and

17
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Summarizing the results of this experlment, we can state that the

hewever, distinct Jifferences between.the styles used by the students and the.

\..' ~.presentation, he showed his classmate '"what can you do with it by .

relationship C/D=3.1 was that’ it held for any circle, and that it allowed one-

+




atz, '1980) means that the- students who part1c1pated in our

study were not urique in what they found d1ff1cult about algebra. It is- true,
however, that tre part1c1pat1ng Hispanics were at a d1sadvantage in language

prof1c1ency as evidenced by their poor performance on the language portions of
the California \Achievement Tests. . That this deficiency served as' an
iﬁpediment in the learning and. problem solving processes was, -we believe,

.apparent. \ : ¢ . T

>

For the rest of this section. we will focus our d1scuss1on on specific
topics related to ' the effectlveness of the textbook,o-to 1nstruct1enal
approaches, and to the 1nterplay of language in cogn1t1ve processes. Before
proceeding further, however, it would prove helpful to summarize the salient ~
fmdmgs of .this ?iudy . .

S

>
3

- Stodents prefer not to use algebraic feéhniques in solving problems.

- Students are extremely poor at verbalizing definitions of mathematical-
terms, even when they possess a correct operational definition of the
temo * . ; = .

&

- Students can often obtain a solution to a probleh, but can seldom
. verballze the procedure they used in obta1n1ng the solution.

- Problem syntax is often the most 1mportant factor in determ1n1ng
problem difficulty.

- The step that stggents find most difficult in solving word prohlems is
the translation the problem statement into the appropriate
mathematical equation(s).

"= Students do not use their textbooks very much except as a place to find
. assjgned problems. . : . ,

- Stvdents treat algebra as axrule-based d15¢ipl1ne and not as.a concept- .

based discipline. : ,‘ .

-

- When apply1ng algebraic rules, studenfs do not apply them self-
consistently.

1. The Textbook

Our discussion of the effectiveness* of the textbook should not be,
construed as an 1nd1ctment of the particular textbook used 1n the algebra I
class. The Dolciani and Wooton téxtbook (1973) 1s “not atyp1cal of beginning
algebra books, or of matpemat1cs books in general. I; has been, and still is,
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| one of the most popular tzxts used in beglnnlng algebra courses. A5 stated in-

L,f the summqgo above, it became apparent soon after the beginning of the study, ,

| - and was confirmed by the participating teacher, that the maJorlty of the
‘students in the class: did not read the' textbook as a means of supplementall
ihstruction -- they merely used it as a place to find the problems that were

< ¢

assigned for homework. . , . .

The fact that students did not read the text is not something that can
be ea511y blamed on the text. Perhaps the teacher should have made more of an
effort tg/hdld‘the students responsible for reading the book. What we can é&y 4
is that the language and style of the, textbook' seems more appropriate.for
someone who a1ready krnows a 1little about algebra, ‘than for 14 vyear oid
students with absolutely no prior training in algebra. The book does attempt
to convey the precision necessary to "'communicate"! in mathematics. We .
‘believe, however, that the 'incomplete" use of the text by the students may be = -
respons‘ble for some of the -difficulties 'we uncovered, as we hgpe the
folloving examples will illustrate. T -

In \an 1nterv1ew session where- we asked students to-- deﬁlne several
'mathematlcal terms covered in the  textbook, we found that the most
misinterpreted term was ''quotient'. opular interpretations glven by the .
students to tﬁe term'qUOtient were " er' and 'product”. In the.sectlon of
the ‘textbock dealing with quotient (Chapter 4, section 4) we flnd the

f0110w1hg instructions glven in .,the quotient exercises: o

‘

"Read each quotien: as a product. Then state the value of the quqtient" .
. _ . _ | | .- m
and ' '
. . -~

"State the value of each quotient". \
Ay

For students reading these instractions, it as understandable why they might
come away with the interpretation of "'product" ‘and "answer" for qpot;ent --
the firt instruction aﬁ’;a can be taken to imply that "product' and "quotlent"
are interchangeable; the second 1nstruct10n makes perfect sense _if one
substitutes the word'"answer? for "quotient''. . o

Further, the -textbook often attempted to draw upon ''real 1life"
situations for its word problems, This attempt to be relevant may be of

questionable pedagogic value for students such as the participating Hispanics .

19 .




of this study. Even though we have no formal measure of socioeconomic status
(SES) for the participating Hispanics, we were able to deterriine that they

" were 'below average' in SES. The fellowing two problems from.the textbook

('found on- page 76) were used .in an interview session ‘to assess the
‘understanding that the students ‘had of the vocabulary, and will illustrate an
important point. N
¢ ) 5
"A stock selling for $30 per share rose 2 dollars per share each of two

-. - .days and -then fell $1.75 per share for each of three days. What was the
- selling price per share of the stock after these events?"

"On 'a revolving charge account, Mrs.: Dallms purchased $27.50 worth of
‘tlothing, and $120.60 worth of furniture. She -then made two monthly
payments of $32.00 each. If the interest charges for the period of  two
months were $3. ZS,,what did Mr<® Dallims then owe the dccount?"

\?gon asking the six part1c1pat1ng Hispanics to tell us what they thought tems

like "stock" "share" "revolvmg char jé account'', "monthly payments', and
"interest" meant they dlsplayed that they had little idea as to -the meaning

more money. C

What is of more questionable pedagogic value in using problems like the"

ones above 1is that students were being confused by the jargon, ‘and not
necessarlly by the mathemat,lcs. Several students stated that even though they
were not. sure what some of the terms meant in the 'revolving. charge account"

problem, they thought they could nevertheless solve the problem; - Their

attempts to- solve this problem tonsisted of combining the four mone.tary

. quant1t1es given in the problem m some fashion to ohtam a final, albeit

?

1ncorrect answer»

We would like to begin this section by br1ef1y summanzmg some

characteristics dlsplayed b)r the students which we believe are not conducive
toward the learnmg of mathematlcs. The students' perfomance durmg'
interviews revealed that they did not appreciate that when working in a
subject 1like mathematics, a) the sllghtest degree of imprecision . and

sloppiness cdn lead to errors and b) there are logical and 1eg_‘itimate Teasons,

- .20
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. of these terms. - Several students came close to be1ng able to ‘define  °
- "1nterest", and stated that it was somethmg that banks and stores d1d to make -




- for every stage 1n any ser1es of algebralg manlpulatzons. It 1s also evident
from the students' unW1111ngness to use algebra that they had 11tt1e "faith"
in using algebraic procedures to obtain asnwers.” In other words, the notion
that algebra allows one to start with a word problem, and by applying certain
procedures such’as defining variables, translating the relationships among the
variables in the problem into mathematical equations, and manipulating the
équations, one is guaranfeed of findirly a solution even if one has absolute¢ 1y

no idea what the solution is anxyhere along the' way, is somethlng students
found quite incredible.

We also found that the students.were neither verx~carefu1 11steners nor
good at follow1ng 1nstruct1ons. One problem given in an interview session
will illustrate .this 51tuat1on. The problem was the following: ™~

3.7, For each of the following, underline ali.the operations that mean
addition. )

347 =
4+2 =
3+(4.8) =

v 9+(7-19) =™

Here we were not intereted in the students' answers to the problem inasmuch as -

we were interested in whether they followed our instructions. Our normal
operating procedure for conducting interviews consisted of <the interviewer
presenting each problem to the student, as'opposed to asking the students to
read a problem silenfly before offering a solution. In the problem above, it
was decided that upon reaching it, the interviewer would merely point to it
and say to the student "do this problem'. Adm1.ted1y, wb were attempting to
see how easy it was to trick the students, 51nce the response we predicted was
that they would solve the left hand side of the equality, and write an answer
Yon the right hand side. Only two of the six participating Hispanics (only the
. participating Hispanics took part in the interview session in which the
qhestion above was given) atfempted to read and:follow the instructions of the
problem; the other four.did what we had predicted. ,

" In order to address the difficulties that the students had with algebra,-

what is needed is a pedagogic appro roach which addresses all of the problems in
a glopal fashion, as opposed to remédies which are applicable only in specific

21
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~ through interaction with the student, guide him/her towacrd the formation of t"ga
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situations. To help evaluate th pedagog1ca1 suggesti/ns we w111 make, <it

would help to have a v1ewpomt or ideal against which our suggestlons can ‘be .
judged. The v1eWpomt we_ will present will not only encompass the role of
concepts and skills in 1earn1ng alge'\ra, but also mclude a perspectlve on the - .
importance of communication 3k1115 Qn the educatmnal process. In an .-

“‘oversimplified description of the .situation; there appear to be two extremes.'

in the approach used in teachmg Mathematics. “*There-. are those ‘who fee1 that = . :
rigorous formality is 1ndlspensab1e to the learning of concepts and those who S
feel that the possession of manipulative ba51c skills is a' precondition’ to

learning concepts. We tend’ to agree and yet dlsagree with. both of ‘these .-
views. If the fermal aspects of mathematlcs are emphas1zed at. the expense of '
training in ba51c sk1lls., the student may learn the jargon of mathematics, yet

remain quite incapable of solving problems. On the other hand, we will not be , -'_ .
the first to point out. that a1though workmg out lots of problems may be a

necessary condition for problem solv1ng prof1c1ency, this does not mean~it is.

. a sufficient condition as well (Krfpatrlck 1978)

To perceive that th;s contention of views regarding fonnality versus
basic skills is not easily reconciled, one need only’ observe that whereas
‘basic skills are.tagght, ‘concepts are formed. Concepts cannot  be' taught,
although they are °1ear31ed in some sense-of the word. The actval formation of
a concept, however, is a purely internal process on the part of the student.
Although the possessmn of baSic skills can-certainly aid the student in this
endeavor, no amount of honing of basic skills will necessanly force a §tudent
to conceptualize.” Our resolution of this dilemma is based on our behef that

the single most important ingredient ~in the educational process .is s .
communication. Our recommended approach, therefore, focuses on the uSe of, the
comminicative process. ’ : "9{'.., \

Communication between the teacher and the student can assist the student
in the process. of conceptualizaticn. The teacher can not only suggest the ' L >
existence of concepts and encourage students to grapple with them, b_ut also,”

correct concepts. It is imperative that first apd foremost, the tegcher A(
convey to the student as early as possible the need to be precise when working .
h mathematics, whether it be in 'lister}ing, following instructions,

conmunica‘ting, or manipulating mathematical expressions. The .emphasis « e

thereafter should be on helping students form 'generalizable'concepts rather

! . , .
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than on askmg students to memorlze a1gebra1c tules and facts ___Eg.llthel:...we_,’— -

are” in agrdegent with other researchers (Davis et al., 1978) in ‘their advocacy
of giving , students the fullest posslble appreclatlon -of the importance of-
log1ca11)' 1den ifying and justifying algebraic procedures, ,and in their claim
that ndd it thts way" approaches are not sufficient. If we were to choose one.
algebralc concept that is often taken for granted by experts, bu;: wh1ch is a
very "difficult concept to grasp for neophytes, it is the notion that algebra
is an artform in which unknown mathematical quantities can be manipulated v1a
a Set of rules in order to extract a known answer.

“With the recent technological advances, one instructional .aﬁprcach that
should be given serious consideration is the use or low-cost micrecomputers
for supplemental mathematlcs instruction. That microcomputers are gaining
rapid acceptance in mathematlcs 1nstruct10n, both as teaching and programmmg
tools, is unarguable. For the types aof students, in this study*—*computer
instructional modtles which combine presentation of material‘with detailed
step-by-step workeda-out , examples, and drill w.ork would be particularly
helpful. We would like to emphasize the phrase "presentatlon of material"
above " to distinguish this approach from the "drill" modules "which have become
the standard product of many software and publishing firms. There are several |
reasons why this approach may prove very effective for this age group. First,
given that students are not inclined to read the textbook having them read
-the material on a computer's screen may be a p0551b1e lution , to . this

ith watching T.V+
and not with reading a textbook -Second, the "mystique' surroundmg computers
can be exploited tac have students spend more time working on mathematlc.s.
Finally, ‘the fact that compdters are so intolerant of sloppy commnication
would help in training these students to work ‘and communicate in mathematics

probiem, particularly since the students may associate this

.
"

wich more accuracy and precision. 3
N . N

- ] .

*We do not mean to imply that having a command of algebraic rules and facts
is unnecessary. Although a command of algebraic rules and facts will aid in
getting an-answer, it does not help the student in de&gnmg a strategy for
obtaining the answer. -, ; ’

b . N
' ’
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3. Linguistics N ’

Whenever a c'ognitive research study is conducted with a bilingual

populatlon there is always one albatross with' whlch to contend, namely, the
question of how language prof1c1ency affects the findings. The notion that
language may have an effect on cognitive processes (not necessarily for
_bilingual populations)” ;s not new. For example, in Vyg&tsky's (1962) view,
many facets of intellectual functioning are intimately related to language
acquisition.  According to Vygoi:sky, the Internmalization of langue;ge
introduces a restructuring of many mental processes. Of particular relevance
to this study is Vygotsky's claim that problem solving strategies become more
rational and sophisticated when they can be verbalized. . \
‘ Another .view, that of, Whorf (1956), states-that the language we speak
can set;_ certain limits or constraints’ on our perception. Perhaps the
justification for this view derives more from cultural effects than from
linguisti¢ effects; that is,’ it may well be that cultural experiences are as
important as linguistic experiences in forming our perceptions. The
difficulty with the .,Whorfian hypothesis lies in how to distinguish between
these two effects.

hypothesis adduced by Cummins (1979) desérves particular attention .

due to it ide rangd of applicability to bilingual students. Cummins'
11ngu15t;c threshold hypothesis %sns that 'there may be a threshold level of
Imguls&c competence which b111ngua1 children must attain both in order to

avoid- cogmtwe deficits and to allow the potentially beneficial aspects -of
becoming bilingual to influence their coghitive growth' (1979, p. 229).
Curmins does not define the threshold level in absolute terms since it is
likely to vary depending on the child's stage of cognitive development, and on
the academic demands of the different stages of schooling. |

Cumins does define three types of bilingualism. The first,
"semilingualism", is characterized by a below-threshold level of linguistic
competence in both languages: In semilingualism, both 1languages are
sufficiently weak to impair the quality of interaction the student can have
with his/her educational environment. . The negative effects of semi'lingualism
are no longer present in 'dominant bilingualism", charactenzed by an
above-threshold level of competence in one of the two languages. ~Dominant
b11mgua115m is supposed to have neither a positive, nor a negatlve effect on
cognitive development. The last category, 'additive bilingualism'', is one

24
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which ‘has positive cognitive effects. Additive bilingualism is characterized

by above-threshold competence in both languages.

In our investigations with college level Hispanic enéineering students,
we have found that, on standardized language proficiency measures, Hispanics
score considerably below their Anglo peers (Mestre, 1981)'.“?_ This below-average
performance holds across both En§hsh and Spanish. In temms 6f Cummias'

: definitions, these Hispanic engineering majors appear to be "semlhngual" Even
though we have not made an assessment of the Spanish proficiency of the
participating Hlspamcs of this stud/, it appears from their performance on
the language portions of the CAT that they are below-threshold, at least in
English. Although it is extremely difficult to separate language effects from

" other ‘effects, findings with college Hispanic students (Mestre, Gerace, and
Lochhead, 1982; Mestre, 1982), as well as with the part1c1pat1ng Hispanic
group of this study indicate that this below-average language proficiency
level has an adverse effect on mathematical performance. The facts :that the
advanced Hispanics of this study appear to be at legast ''dominant bilingualis"
(and perhaps "additive bilinguals"), and that their performax_lce in this study
was extremely strong by any measure, lend support Cummins' hypothesis.

Finally, it appears to us that any effort designed to "increase the
language proficiency level of bilinguals, at least up to the level of their
monolingual' peers, is most désirable. It does not appear to be too important -
which of the two languages is developed, as long as at least one of them is
highly developed; however, for the obvious reason, the language used for
instruction in the student's school may be the most appropriate to target foi‘
development. A word of warning is in order. Although there are strong
indications that being highly proficient in language is a necessary condition
for cognitive development, it certainly is not a sufficient cond'i”tion as well.

2

Recommendations

Two points were made by the participating teacher which should be
conveyed before moving to the specific recommendations proposed below. The
first point made by the participating 't\eacher was that ‘_since the 'character"

—_— —-of mathematics classes varies from year to year, and from class to class,
depending on the students comprising the class, it is unrealistic to expect
that one pedagogic approach which proves very effective .for one particular N

v
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class would have the:' same result when used with another class. The seconhd

point concernéd the realism of dealing with 14 year old adolescents. He

claimed that, given this age group's maturity level, some ped"agogic approaches

were likely -to prove ‘more effective than-others; in part1cu1ar, approaches.
which demand the undivided attention of the whole class for a prolonged period

of time would not prove fruitful.

In terms of the recommendations below, we believe that thé? would be of . .

benefit to all students. " However, we have designated several which we feel
would be particularly beneficial for students such -as the participating

Hispanics of this study whose language proficiency level is below t}}at of

their Anglo peers. Our recomner[dations are the following:

L
i

1. Students should be asked to participate in- the process of learnmg
concepts. Although these students -are not of an age where they are
naturally introspective, encouraging and aiding .them in forming general

concepts are preferred over passively absorbmg rules. Whenever -
possible, procedures which are generalizable to a wide range of problems -

should be emphasized over rule-oriented procedures which apply only to a

; narrow range of problems. Concept formation can be reinforced by

presenting the students with both correct, and incorrect ‘examples ~ahd
asking them to recognize valid procedures as well as- fallaciou$ logic.
It is often the case that the real hint of a’concept lies in the path to
the answer and not in the answer itself. _

~ 2. More important than the pedagoglc style of the teacher or " textbook
is the hammony between~the two. The teacher should use a textbook which
is consonant with- his/her teaching style, so that both text and the
teacher emphasize a single approach. The teacher's primary objective
should be to impart to the sttgient his/her understanding of the material

rather than some supposedly superier way of thinking about the subject-

-- one which he/she neither uses nor feels fully comfortable with.

3. Students should be held responsible for reading” the textbook. The
ability to learn from written material is an indispensible tool for
self-learning and should therefore be incorporated as early as possible
"in the educational process.

4. Whenever a new definition or procedure is introduced, it should be
compared and contrasted with previous ones. Equally important’ as
telling students what something is, is telling them what something is
not. .The use of counter-examples or discussions of incorrect
app11cat1ons of rules/procedures would help stude"xts ass1m11ate the
© correct rules/procedures more quickly.
1
S.. Students should be i{nade to reallze that two very important
ingredients in mathematical reasoning are precision and consistency.
These same characteristics should be sought in the communication.process
itself. Due to the great redundancy present in oral communication, and
. aided by the context of the situation,.most of us can tolerate large
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doses of ' imprecision and inconsistency in oral communication. When
attempting to.teach or learn mathematics, however, imprecision and
inconsistency can be very debilitating.

6. The use of microcomputers for supplemental -instruction in mathematics
should not be underestimated. Microcomputers may serve to motivate .
students to spend. more time on mathematics, force¢ them to communicate’
more precisely with a machine which is very intolerant of sloppy
communication, and prov1de an opportunity to present material which
students would not otherwise be 1nc11ned to read in the textbook.

The following three reconzmendatlons would be of partlcular benefit to studemts
with language deficiencies. ’

7. Students should be- aSkig ito verbalize the rules, strategies,
definitions, and procedures that they employ in solving problems. This
would serve,to a) monitor the precision with which the students
communicate mathematical ideas, b) encourage. students to always have a
reason to justify what they are doing, and c) reveal amy misconceptions
the student has so that the teacher has an opportunity to address them,

8. In word problems,’ the emphasis should be on teaching students sound
procedures in translating the problem statément(s) into mathematical
notation. By defining variables and writing appropriate equations to
represent the problem statement,Students would begin to ‘appreciate more
quickly that they do not have to know the answer '"all at oncé", but that
the resulting equations are the means by which to obtain an answer.
A . >
"9+ A concerted effort should be made to increase the ) language.
proficiency level of, "semilingual" students (in the Cummins sense) to at .
least the “Udominant bilingual" level.-- Although the evidence is not
conclusive, indications are that "sem111ngua115m" may have an adverse
effect on the commlcatmmprocess wluch we believe to‘be crucial in .
’ the educational process. —

\\

~
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| PERFORMANCE ON AVAILABLE MEASURES  * .
- - - -
Read. Read. Tot  Spell. dang. Llang.: Tot. Math Math Tot. Tot. “Ref. Anal. Class. Plaget Alg.
VocaQ;' Comp.  Read. Mech.. Expr. Lang. Cmpt. Chcpts. Math  Batt, Skills-. ’ * Grade
j N . i ’ ) S : .
Algebra | Class 5.1 . 24.0 39.1 0.7 153 240 ‘334 ,2.) 233 493 1385 18.5 158 15 49.0 72,
N=34 53.7 57 105 2.9 41 53 85 5.5 ‘g.s Sg.s ss,l. ‘g.z 3.6 4.8 7.9 153
' 19 52 43 39 a4 3 59 . 6 A3 . ceee cmme mmenTegee-
1.4 . » . \ .
Nonpartipat-  15.9 _ 25.7 4i.6 10.8° 16.3 257 420 267 257 524 M6.8 194 169 7.7 49.8 3] I
. ing Angjos 56 53 9% 32 2.8 4.7 63 54 59 100 235 25 31 .46 88 160
( N=23 54 56 55 IH] I 51 48 61 53 57 53 50 AN
Pabticipat- 1747 23.8 412 1.8 150 20.2 35 2.0 19.8 458 133.0 18.0 152 182 49.4 788
ing Anglos 48 52 9.5 2.6 37 50 8. 6.2. 4.8 7.2 228 45 L1 60 3.5 °13.0
N=5 59 48 54, 43 3 29 3 59 - M 46 3 39 meme emee SR e
Participat-  10.5 183 28.8 _10.3 12.20 21.2 333 23.8 17.8° AL7 14.2 160, 12.2. 163 45.8 62.3
ing Mispan- 54 * 42 94 "27 69 57 N9 - 54 35 .69 -23.6 35 A8 55 67 .10.3
fcs  Ne6 30 29 29 29 24 2 27 - 82 2 38 30 1 SR U
. . ‘ . ' . I N
Advanced Algebra 23.7 31.3  55.0 15.4 20.7 32.3 53.0 34.0 35.4 69.5 192.9 . 22.1  eeen  omde  ceee B8].4
.Class  Ne29 4.0- 42 7.3 29 24 29 4.0 3.3 42 6.5 165 16 c-en  coem 4 meee 5.1
o 79 79 79 3 718 85 84 gl 8 - 83 86 2 SR P
Advanced 23.7 3.6 5.3 ..153 207 32 534 4.0 355 69.5 -193.5 223 ~cee  ecem —eem B1.9
- ‘Anglos .0 38 6.8 2.5 2.3° 2.2 .x3.1 3.5 A3 6.7- W9 V3 . ceee . cmee’ aeem 4,8
(i =26 79 81 80 ‘83 78 87 85 8 8l 83 . 86 80 mmmsmeem Temeseenw
Advanced 23.7 29.0 52.7 160 207 29.0 49.7 34.0 34.7 68.7 187.0 20.0. 7.3 16.0 50.7 73.3
Hispanics 4.0 82 1.2 61 38 62 90s" V7 38 55 3.2 26. 25 1.0 45, 7.
N 1 70 76 Y 78 67 73 w0 79 81 8 55 dememmen e e
Note: The first twelve measures correspond to the Cal{fornia Achievemént Tests. Analogies and Classification are ‘from :
the Test of General Ability. The last two measures correspond to the Piagetian test and the students' final grade !

P

in algebra.

* N for the Algebra 1 class is 32 for all CAT

21 for all CAY measures.
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The three entries correspond to the mean, standard deviation,

and natioml percentiie ranking.

measures. N for the Algebra I <lass/nonparticipating Anglo subgroup is
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" TABLE 2: STUDENT ANSWERS -
. “Problem # .
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TABLE 3: STUDENT ANSWERS

o -/
) . Problem #
.14 15 16 ' 17
Correct Ne3D — EsaM Ma6N \
Response '
1 No Idea Skipped No Idea No Idea
g .2 No Idea 8-6=43 4.4a16 2-6%12
s . - {2=women, Gam.en) ’
~
. | - \
E 3 N+Ds 8x52-8 4xSn-4 §-We ‘
2 . o D
oz ’r e
[ied -
Qe L
c 4 c c Reversal Reversal
2 o
So
g } 1 :
) ° s T 3N4D Reversal Reversal _Reversal
6 3dsaette sa-3-ge  AMTS20ET  Reversal
#. 85:8* ¢ i.' ) »
1 0K (5 e tet. books) SEMT - Reversal
3 L L ’ . L
= 2 a3-e Reversa] Reversal Reversal
&
2. .
s 3 N3.0 bmsd et - Reversal
o
S .
EE .
S 4 310 N=8 Reversal Reversal
5 c ¢ Reversal” , Reversal *
8 1 C . c c “C
S : ' i
(=9 -~
2 ;
- 2 c c Reversal Reversal
g A y
= . -
g . . ] \. .
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Note: Students appear in the ‘same order as in Table 2,
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