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Children’s quantitative nofion

v

o

CHILDREN’S QUAMTITATIVE NOTION, O0F , RATIONAL NUMBER

This etudy was undertaken to gain insight _lntow‘childpen’s

undergtand|ng of rational. numbers as quantities, that }s. the

extent to which children associate a size with.a fraction like.

2/3 or 4/4 which representg a (pasitive) rational number. The aim
N * . ~:."‘ L
was to identify levels of children’s conceptions and misconcep-

tions about rational number .size that are observable across <

o

vartety of task situations. - o
$ ‘ ’ . ,
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’ . 1. INTRODUCTION - - o
. S ’ .‘ ‘o . -.‘ ‘ ‘ ke
© .. 11 The iasue . , -t , !

gwhile schools put - éﬁphasis ¢h children‘s -acquiéfiioh of
fraction algorithms, that is, on how to.operate with fractions as oo

. numbers, there 1s indication that a vast majarity of children

e * 0 Om s R .
' across agrade levels have poor undefstanding of the number corncept

-

of fractions {(see an earlier discussion in Behr af al, Note 2).lA

good understanding of fraction size, However, seems important-not ’

» -
* -

only km the context of fraction operations, but alge in a variety
. . - ¢ ] .

of contexts including the number line and ratio_ and proportion.

Insi_ﬁts into children’s Qif¥icuL§ies with a quantitative notion

of rational rnumber thus would be relevant in a larger context

-

'l . . 1] <
than' only {for computation. ., - - : .

“

=}

- . . .y .
. .

v

1.2 Ihe appooach-takgn in this study

The task of assessing cpildren’s~quantitati6e understanding

of . rational numbers appears.-to be difficult, This+® ig true

t »

!
because a quantitative notion evolves from, ' and is relevant for,
- M B ~

. -

numerous .and diverse situations. _Clearly, .since.a {positive)

- ¢

rational number can.be characterized as the property . common to
- , , .

. N A ] N .
all fractions in an equivalence class, an ascsessment of

chrldren’s notion of #rattion~eduiualéﬁca would contribute to

insights 1nto their quantvtativ% conéepglon of rational number..

~

Other situations relevant to the number conception would include "o

: ” . - S .
aocder  of fractions (as representatives of positive rational @
numbers), and’ eslgmaxlon: for example, an estimate of the

locatian of a traction on the number line, ofr, an estimate of thé
. ( .

ocoutceme of .an opiration with fractions, requires that a size is
. \ i -
“

B oo ) -
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y -

assgciated with a fraction.symbol.

g

Oversimplified,..ghe under l¥ing assumption in the present
o - . 9
study was_ the fdllowing: Children who.-do not have a- well-

e

Fn%erbariééa, stable conception‘of frqctiéns as numbers:cag “be

-

accoss.’a set of tasks that wary the context in which the ¥ unbes

o

concept of fraction is inuolued. That is, the ocbservations made
about the number concept for a particu]af iqaiLiduil aqcﬁss tasks

3 wohldoge expected to be inconcistent. On the contrary, children

. . - '

¢ who "do Héve.a~wel1Linternalized. stable concepticon of fractions

<

as numbérs can be expected to exhibit consistent success aér959

such tasks. ‘The- approach taken to obtain insights into what

-

cognitive structures are required for an individual to exhibit

‘

consistent success with different task situations, and what

- cohpbnent; can be identified as important precursors of such
coénitiu@- structures,, was to look at subject performance on a
.. . Ny
variation of tasks. . h .
c . 7 24 THE STUDY

\

* ~

Project during 1982-83 (Behr ot al., 1988 . The Rational Number

.

N

Project is a multi-site effort funded by NSF $rom 1979 througﬂ

1982, One, focus of the.project is to assess the development of
the number concept of fraction in children. ' _
- . . . I 2
2.1 Subiects - -
' . . :
Subjects inm this investigation were -eight children in an

experimental group in DeKalb, I1Vinois, that were chosen to

v .0 . -
%
o

expected to exhibit subsiadtial difference; im their performance -

The present study was conducted by the Rational Number

ERIC
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.reflect the fulf rdnge fron high through low ability and  ,were

[N

contthually observed'throughout 30 weeks of experimental inétruc-",
I3 . .

“tion during tkeir 4th and S5th grade. In addition; a claséroqm

— élze group of 34 4-th/S-th, grade children took part in the same

'tea&hlng experiment conducted simultaneocusly at the Minneapolis" Lo

Y
k-l

. cite. This class consisted of a more or less\homogenecus group
. : r
of middle akility children.

) 2.2 lnstruction
/fhe teaching experiment provided children with ménibulative-

LY

griented theory-based instruction (Behr, et al, 1988). At the

‘ time of the assessments from which data wehre take; for this study
N ¥ Too»

.
>

~ Y the children had dealt with the ¥ollowing manipulative aids:’

Colored fractional parts of circuﬁgr. and rectangulab modéls,_

>

a.digcrete model'using counting

paper foldina, centimeter rods,

-

chipé.. and the number line. Based on the multiple—-embodiment
.- . - . .
principle (Dienes, 197212, instruction had included thesrational
[ "“\,‘ Py « . . N - . ..
number constructs of?part—whole, quotient, measure, and ratio.

Students had learned to translate between 'different physical

L »
o

representations and between different médes of representation.

They had associated fraction symbols and syﬁbqlio rational -number

operations and relational sentences with embodiment displars. In
. d a - o . 7
: > some' lessons near the assessments relevant for the present study,

c

N . .
clase activity included that children were given a fraction for

which they in turn were to give fractions that were successively
M . t

v ¢

closer. .

2.3 Assessments
& a ®

Seven magor (video-taped) interview assessments, each pre-

a

6 ' ‘
. ]
v .
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ceded by about 4 weeks of instruction, were given on a cne-on=-oné€

basis to all subjects.in the DeKalb group, and to 8 of the 34 \\Q
subjects in the Minneapofiétgroub;-' In add}!ion, written tests
were gLven’ to all subjects in both experimental groups gt"each

- ~

time an Interview assessment was scheduled. ' The ffrst four

assesgments (I-IV") were administered during -children’s 4-th

-

qrade, and. the other ‘three (U-VII) duFing children’s S-th grade.

. L4

The 'data relevant for the present study were gathered during..

LY

these last three assessments. Additiona] supportive data are

available froﬁ} classroom oObservations made on a daily basis

throughout the téaching experiment. ] . -

N . . L .
> *> . -

2.4 Tasks - ) . -

e

Three specif}c tasks'were utilized to obtain an across-task

assessment of individual subjects’ performance in situations - ~
involVing a quantitative understanding of fractions. #
’ ' ° . ..' -,
2

-

2,4.1 Estimate-tHe-sum task

The first qg two different vergioné of this task consisted.

.

L

of numeral cards on which the whole numbers 1,3,4,5,6,7 were
written and a form board as showh in Figure 1.

a

. _[]_+_%_-~clg‘:e$t 1
¥ to :

. “ * -Figure 1 .
a - i"

‘@ . e
°The second version used the same. form board but numeral cards
Ny * N

:

with the following n@pbers: 11,2,4,%,6,7. ' Version 1 'was

presented- as ﬁart of Assessment !, “and -both wversions were
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presented' Buring Assessment VT’ In each‘Ease, subjects -were
- ~ , p . . _' » R

"directed éo "put number caids inside the boxes to make fraztéons

*

so that when, you add them the answep |s as close to one' as

‘pogsible, but not equal to one." To discourage thet use of

computatidonal algorithms, subjeéts were enéburéged to estimate,

and a time limit of one minute was imposed on the task. AFSRr
= N R - I'd . L [
completing the task suQJects were asked to “tell’ me how .. you

thought in solving this problem,™ -

~a— o *
.

2,4.2 DARTS ‘,

The OﬁRTS tasks were set up as a vldeo game on an APPLE 'II

ae

computer (AppleQComputer,1979) and were presented ‘as part - of

A\

-

Assessment VI, Each screen in the game consisted of a vertical

.

number line Wwith randomly'generated begin and end marks- and a °

-
.9 . » N ‘

further mark at some point on the number line., ‘At three yandom

posLtloﬁs balloons were attached to the number line. The task
. . , .

was to pop the balloons by Keying in a fraction or a mixed number .

e . ]
.

to shoot a dart at the;corresponding location on the number line.

A sample task s shown in Figure 2.

. «
-~ -t

39q- R
5

¢ . » . -
. 1%- .Figure 2 . )
e : - . . y
‘ [ ] . «
- v 1- ’ : . : .

The number lines generated by the DARTS program by%raﬁdom choice

L]
- -

consisted of one or more ‘units. Prucented to each subject was a

’
*

~ sequence of three screens. Recorded were the suﬁjects’ attempts

i‘) - R ) . " “,

[P — B e

- 0 - )
.

<

s




<t T PAGE 7 T © Childreh’s quantitative notion
. P . ) "' . v ', ".p N P

' - <
- . » . .

te'pop the balloons ‘and the unsiructufed dialég between intervie-

.

/] wer apd’ spybject. Subjects® were encouraged to “think aloug”

Th—— —

- // o N hd . . ¢ ~ ’ . © . -
. ] throughout_ the game. -. : s . e
. - : L : .
)//T/ ‘2.4.3 Gray-levels task T : )
B . . The gray levels task was a complex problem solving task that R
. was given in the final assessmen.t (VII). Sub;ects were presented

a gray-level scale that“showed 1t dnstnnet gray Tevels- nncrea5|ng

S

in darkngss from 87 (white) 'to IOBA (black) in -steps of 10%. -

K ¥

Subjects were then glven 12 fractlon cards with the fractlons

\v .

8/28, 1/5, 2/7, /28, 2/S5, 4/10, 6/15,_2/4,-4/8, 4/6{”6/9, and

o

12/15., These fractnons were to be understood as‘ representnng

" cornicentrations of~mixtures consisting of black ink anéﬂyater in a
- ’ hd R ,“ . . .
way previously explained to the subject (e.qg., 274 means "2 of 4
. - . i s
. parts is black ink" which results in a mixture that iss"” "two~

. fourths ’darkh). fheNthsk was to order the fraction cards from

lightest to darkest and put each at a correspondihg gray level in
the scale; permitted "was pﬂac;mbgtnbetweeﬁ two gray levizls to
al Low fgb finer discrimination. The correct pladement‘of 311,12

. . - v * ]
cardsz is shown in Figure 2.

i T

o . . .
AN [
.+ _07, 10,20 ,30 ,40 , 50,60 ,70 , 80 | ‘10 - |oo7., .‘
) S R 2z 2 4 - 1
20 -. 5 7 S % b s
6 4 4 5
. te . +20 10 3 q
: o X Figure 3

\
v

Recorded were “the shbiects’ placement of cards along tﬁé‘ gpay—'

’

level <scale, and anecdotal data from obseruations during the
4. P ¢ b -0

problem-solving process and from fg]low—up questiong. ¢

Qo . e s
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. 3. 'DICUSSION AND RESULTS OF THE SPECIFIC TASKS
0 . . .- _" . o ) ‘ L ) /' ’ . .
3.1 Estimate=the=sum . - PPN R R I * Qa .

. .‘. e p . . F 4 $ B ‘e - ."

- ’ ‘,The Key idea in thjs tdsk was that, the ch%]dren.were m§Sg to

think .in

% - ' - . N v -
ranges rather than computing unhkque answers™‘by-.lsing
3 . . . S D o T .

. = . .= . ’ . o " PR
fraction alogrithms. Because, of the imposed tfme constrainﬁ,

trial-and-error® methods in the sense of choosing any two frac-~. = *

.tiods . and working out the addition algorithm-would not have been

°

, " - syccessful. The children weﬁe‘informed accordingly: 71"You won’t
‘ e / ' - » ’

have time to work out.the addition. What you have to do is think®®

about how big each fraction is and then think about how big the
.~ . 3 N . -,
answer will be." In the first version of the task it ’'was possib-

' . leftb make ‘exactly 1 (4/6 + 1/3): Some subjects soon foundftﬁfs .

A .

KN

. o .
' solution’ But the difficulty imposed by the second constraint,

to get clase ta, but not axacilx ta 1, required that the‘subjects

"4 really, were to deal with the number size of fracfiqns.l "For
examplé, if 1/3 cdnnot be agded.on to 4/6, then a Judéément fs:t;

s, ’ ‘be made as to what can replace.lﬁB, (1/5?2 1/7?, 32%? vee ) SO
., thgi the Fésult‘of'the'3¢dition:%till s aéprcxim;téhy II\AConsé-
queqély, it was expec%ed that subjects who had a .qood qééio? . of
-rational—gumbe} size wquld succéed in this tacgksg whereas‘suBJZQts Y.
lacéiné such a quantitative notion would exhibit considerqbﬁe . L

difficulty.

n * & .a

®

. Table 1 gqgives the pircentage'deuiations of the sum from 1

for” Task I and Task II. 'The percentage deviations from 1. of

.constﬁucted responses varied from-2.38 pe?cent'to 285.71 percent

LN <« ¥

with -an overall "average percent}ge deviation over all subjects on «
. . o [N

L a1l tasks of 42.36 percent.

~
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' S #able 1. Overafl”pegjormanCe on the Estnmateﬂthe—sum task -
. . 7 i ) . .
=========================""'—::"" — =" 3=——-======:=I'=====s=====:===—==:
‘ e Ty B SUBJECT -] - . d o d
. - - IR DU T 20 .
—————— —p ——-—————-—-——'——T——————--d--—-l—-—-—-—L-—.—-—-—.—-o--——'-—-—-—-—-———-—-—-——---——---—
- éj_ BERT - ‘Z2.38 - 2.38 v 3010 2 2,42
- " l{. ,b . -
Jo@ . -t 3,33 = ) nr » 3.33
- brie t t 5.00 13,33 . 384 7.32
\.,~ ‘. . . . a'nt_:b’ nr . R © 8.33" R o '. . .-:.8.33,
; KRLSTY: 16,67 EEEUPT I S - 16752 ¢
.o -JESSIE $52 - 16:67. ., 1858 L - 13.98
* L R W, . ‘ L < & 4\ .
v ‘ erica, . 25:;60 . nr ) nr ‘; 29,00,
-+ JEREMY ' 5.e@ ‘" ' 46.47 .oa e . 25.48 .
. . - : 8. . '
o marqret .45. 09 ‘ = | .- 13,464, - - 2%9.32
, e e e e e e o e e e e e e e e e e e e
TERRI .~ 29,17 ~ 45,7, . 232,81 - 30,15 -
MACK . 58.33 . '  23:33 9.52  ° "38.39
¢ ’ LY _: h ~- . . ., a - i d e )
TJED ,  48.48" ©. 40,48 15.58 - 32,18
richard  508.00 15,00 .38.44 * 34,55
tricia =1 ., s8.38." " . or 58,33
. JEANNIE *  285.71 26,67 ‘ 250.00 . 187.46
, tild , 66.71 . 19.00 co 491‘&7 . T192.7¢9
a ‘ K . .
child’ Qave up in frustrat'on. ’ :
nr = no response given, " = {" = given response equaL to I,
- d > : -DEKAhB_avenagg,' 41.5?.Q
. -minneapol is av. 44 .87 -
) ' »
high: averagqe deu:atnon less than 11/ ' '
- middle: average deviation less than 3@%
low: average deviation more than 30% s
[N - .;‘ '
15 .
[N -L-L ~
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< 1

- Based on the explanations which children qave about how they -

~ ——

v solved the taskKs, the reSpofises were partitioned in 4 catééprfts ,
- i ‘ © . - . N i <@ ¢
N : plus an "other" category. The categoriés together with a descrip-

a

tion of the responses in that'qategory and one or more subject

. ¢

bespopsesoto exemplify the cateéory are giyen.‘fne responses-indi~

_cate .the type of thinking and the.cqgnftiue structures the sub-

Jects exhibited in reéppndiﬁg to the tasks. . st

t ’
1]

— . CATEGORY ER . (Esf(mate by forrect comparison to a ' standard’

- -

+

Reference point). Responsge explanations in this,qafegohy indicate

. a successful attempt to estimate the c0nstgdéted ratioqal number

sum by uéing cne-half orf.one as a poin{ of r;ference. The spontﬁQ‘

‘ neous use oféfréftion~quivalence and rational number order is
to- ?euidgnt in taé subject’s regpo;se. " ;' . ‘ v

" " *BERT: [Usi&g 1 3‘\5 S .6 7, \construcgea 5/6 + 1/7] .J.K‘Qel}"

uh, ... ;ive ..: five—-sixths (peihting to 5761 is one pigce.

away from -the unit, and a seventh-is just a little bit

L smaller, S0 that could fit there Ci.e., between 5/6 and 1).
- ‘ . ) © .
KRIGTY: [From 11 3 4 8§ _é 7, _constructs é/11 + 3/7 “and .

changes to 5/11 + 3/71 ... UWell five and a half is hatf of
Lo - ' ' c . o \
. eleven (pointiﬁg‘to‘S/iIJ and [pointing to '3/71 “three and &

half is half of seven, so it would be one (i.e., oné what is

A
L

not cléar) away from ... Cand 1 changed é/11 to’S711) ...
. pecquge [pointing to /141  that would ,be a little more
and that’s ([peinting to 3/77 is less than one Q-Ha?f)l..]

. I was afraid they’d get éxact!y onk. (Recall the direction

to get rlose to one.? . ‘ ) *

-

- BERT: (From 11 3 4 S 6.7 makes 3/6 + 5/11. 1 ... Three
s o e g ; B

v
. .
. v .
. . - Py . . ’

- . - M )

- . - o ‘

g =
. - ~ *,
. . -, ~ .
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b il

sixths is half a unit,and ees if it Was fige and ' a~half-
. ©  eleventas [Pointing ic 5/113.that would be hal€; and a-hal¥
| Ci.e., one-half-elevenths). would be very tﬁin. |

CATEGORY MC (Mentai algorithmic Computation). lResponse

.explanptions placed in this category ingicat€ that the subject

'aid mental computation to carry put a céFFEct,§¥andxrd- alqgorithm'

\ - . . )
(e.qg. ‘common denominator) - to determine the aéihgl sum .of the
) .

RN

and rational number order is evident in the subject’s thinking.
- ’

KRISTY: [Usingl 3 4 5 & 7 , makes (J/3 +(_U/4, then changes

- to /8- +-4/51 ... If you figd the co&monmdenomiqatorq twe- ~

ve; but ..., and then four times one would. be jour {explain-

ing the change b [l/4 to 4/51, but then three times ... . I
didn’t have a two or anything (amBng the .-number cards given

& t .

‘and rémaining) and I used up my-three so ...- ¢ Observe whgt

Kristy is appapaently doing: 1/3 is equivalent -to 4/12. How

from {174 or 23[l/12, .so réailizfna that she has only 5, 6,

. or 7 to choose for the box, each of which gives too many

twel fthe, she changes the denominator to 5 and now must do

2

the same type of thinking with fifteenths.)

,” CATEGORY ERI (Estimate by Incorrect, gross, or unceh‘ain

. ”

Qo

+ aslaced in this category indicate that the subject a%}émpfed to

restimate the constructed rational number sum by using one—half or
. _ \ -

one as a point of reference. Little or constrained understanding
6% fraction equivalence and rational number order is evident in

’
’

Qo

A S N 14 « *

. ]
PR . 1
v ' "" 3
’ M- '
. :
A

: N e .
generated fractions. The spontaneous use of fraction equivalence

; many more twelfths to get close to one? .'This is determined

’ compariéon‘tb a standard Reference point). Response explanations '

f
.

-

-

»
.

R
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2

4
S o

o

JESSIE: (From 11 3 4.5 & 7 makes 11/3 + 4/7, But during

, ©

. discussion after reading 11/3 as three-eﬁeuenths, changes to —
. b s 13 ¢ .

3/11 '+ 4/71 ... (ls this close to one?) ... I think so, .c.

you takKe .three of elewven thfngs, that’s less than a half- and
“ . 3
take four out o+ seven thingsz it’s Ci.e., 4/7) mGre than a

“half, I think so ... . T T e e

MACK: [From 1 3 4,5 & 7 makes S/% + 3741 I+ just thought

o about-equivalent fractions ... like ... wait ... ljke You
7’ -
take <closest to one you can gety threa—four.hs “cause it’s
- v

only one (i.e. one-fourth) away (from 1), and the same with

-

this one ['pointing to S5/6 1.
‘ v

MACK: [From 11 3 4 S & 7 makes -4/6+ 3/71 ... Well
" [pointing to 4/6] it had two (-sixths) to get ... it .would

. take-th ses uh ... to‘eqLal one and I thought (pointing to !

3/51 and this takes two ¢(-fifths) ... to get to one ... and

the less they (difference between each fraction addend and

—

1) are the areater they’d be (fraction addends), so I said

(the sum) would be a littlie bit less (than one) ... [pausel

3

“... alittle bit morg-than one.

- &

o CATEGORY MCI (Mental algorithmic Computatjon based on Incor-

-

rect alogrithm). Responses in this category indicate that the

-~

ad

S

subject wused mental computation based on an incorrect algo%ithm

1

| . to compute the actual sum.
[

Ted: [Srom 1 3 4 5 & 7 makes S/74 + 471 ... Well First |

thought, I tried to figure out what would come closest to

-4 ~ -
one and I found out that.five-sixths and four-sevenths would “\¥\l

come the closest ... ‘cause I used the top number ... (If°I |

i

14
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. *~ added them) nine—thirteenths, @ -

)

JESSIE: (From 1 3 4 S5 6 7 makes 3/7 + 4/61 ... Three plus

four is seven and that’s [pointing to 7 and 61 thirteens it

. would be one-thirteenth close to one.
w e \

‘JEANNIEQ [From 1| .3 4 S5 6 7 makes &/7 + 4/3, changes to ‘6/7

N

+ 3/11 ... this C(pointing to & and 3] would be 9 and this

) _ (pointing to 7 and 11 would ?e 8; that‘s [pointing to 81 the R

whole and this ¢9) is one after l?;fi.e., 1 greater), so ”
e . . . . "-.’f:“h ’:,.,. .
it‘s (i.e, 94?) close, but'ndt*rigEt on the dot. * S
2 ; . o

AT R Tt et s ot M e e e e

N g - -
CATEGORY G (Gross estimate) Response explanations placed in
. <<
this  category suggest that the subject made a cioss -estimate of

each rational-number addend} but did ‘not make a comparison to a
R .

?

standard reference point, and did not use fraction equivalence or

A
' rational-number orderin

h‘,,"o v

TED: (From § 3 4 5 & 7 . make®:3/11 +:4/74- ... the same

.

thing .§. I wanted to use up the little pieces for the top

<

... then use the highest number of pieces for the bottom ...-

Well, if 1 ever-thought if it was equal,. or one‘s less or -
° « greater and stuffy, I always have to be greater than the top

ks 3

.

number. : - '

y . . Discussion

L3

- r

v

The children in the experimental classes had received some.
Al 4 .

instructions on estimation of whole-number sums by rounding, but

no formal instruction on strategies that might be used in estima- 4

¢ .

ting the sum'of two rational-number addends.’ The children had

[
v -

Kad

. . ’
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received extensive experience with rational number order and

[N

equivalence, The level of understanding about order and equiva-

-

: lence of *rastlons and rational numbers exhibited by. these chil-

[

dren 1n tasks limited specifically to, these concepts will be
N available 1n a forthcoming paper (Post et al, Mote 30
Children who dispfayed a spontaneous use of fractidk':qulvav

lence and order concepts (i.e.y those whose responses agpeared

¢ .
in Categories ER and MC) display the highest performance on these

-

estimation\tasks 45 measured by the deviatioﬁ of the construcfed

(T4

. sum from {. Responses categorized in Category ER had an average

deviation of 2.58 percent, tFose in Category ME;—i4+18—percent
and the pércentage across Categories ER mand MC was .6.28 percent.

For responses categorizéd in Categor»*ERI which indicated -little

J— . A

or .a constrained understanding and\applicabkg? of .order and

. .equivalence concepts, the average deviation of responsés Wwas

. - | I
24.58 percent, The average deviation of respopses which exhi-

“ . - ‘bited some spontaneous understanding of fraction erder and equi-

valence concepts, i.e., responses in Cateabries ER; MC, and ERI

was 18,11 percent. This is contrasted to the average deviation

.

of responses in categories other than ER, MC, and ERI; ‘those in

which concepts of order afd equivalence were not applied, which

3

was &¢7.55 percent,

i B v

While one must be careful about broad genegaliizations given

#

the small .,sample sizes, tt is ugeful.to make some obgcervations 3

O s et e e o

. about the cognitive structures of children who exhibited thegorr
. - I [ - .
ER and MC responses as compared to cognitive structures of «chil-

- dren whose reponses fall in other chtegorjes.f Bert <(see the,

L
.

first and third subject responses in Category ER above) exhibits

13
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. y -
- .
0

considerable i1magual memory. There is evidence in his explana-

3

tion (i.e., "is one niece away", “so that could £it ...? "one-
half—¢levenths would be very ih;n") which suggests that this
child 1magines episodic éxperiences aséociatéd with the manipula-

tive based instruction. Moreover, he,eribits, in his abjlity to .

associate the oral symbols for mathematical entities ("fiue- .

4

saxthe is aneﬁg&eca away ...") with the imagual units, the abili=

ty td translate between ideas eanpressed wia manipulatives to

’

ideas expregsed in oral and written mathematics srmboiism. This

. -

zame child <see the third response in Catehory ER) has, in addi-

e —

tsPn. exce]lent'ability for spontaneous application of fraction *

[}

1
order and equivalence concepts. ]
An example of°Kri§ty’s aBilrty to étoqe a long sequence é§j¥b

memory unnts‘}ogether with tremendous:-mental symbol manipulationu

v
P

capability is evidenced in her response given for .Category ER.

She also displays considerable imagual memory for symbeolic mani-

. . i
pulations., . It appears that she has excellent ability to "pre-

view" an entire a\gorlthd sequence. The order of events in the

2
-~

algorithm are obviously.'automatizéd so '.that her m%ébrr 1 oad
needs to deal only-with numerical ehtries of fhe algorithm\whila
the process ig automatic. .

Jeannt'e ‘‘gave Cgtegory MCI and ”other"':r;sponses. This’

child was chosen to participate in the experimental group to

represent somewhat fhe lower segment of high achieving children.

< «

During‘the teaching experiment participant-observers on numerous

occasions observed that she showed reluctance to work with mani-
pulative aids, frequently short-cutting such activity, ;nd seek~ "

. < . .

r A

Do 17
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2

-ing the aigor;thm cor rule to obtain answers, One might  conjec-
ture that her concepts of order-and equivalence, rather than
. abstracted from manipulatives, is more likely based on given or

seltf-generated rules or procedures,
’ N

Ted <(see Category G) displaved a very gross method of esti-

L4

mating fraction size. . He seemed firm in his understanding that

fractions with denominators greater than their numerators have a

> Q » o kd \ <.
value less than one. He apparently generalized thi% incorrectly

.~ ! . \ -
to believe that the sum of two fractions, both o*\ this form, -

hd

would be less than ‘one .

)
<

. * « 6
” Again we observe in many of the students the inability to
\ . T T e .
ucse concepts of order and equivalence in an applicatio\ type of .
task. Data from a férthcoming pape} will show that most of these

children we}e du}te capable with symbolic order and équiualénce

taske in a -éetting for thch the question was for two given

fractions, are they equal or ic one less (Post, Behr, and

Wachsmuth, Note, 3. Further elaboration of the rbsqlts.of the

Estimate~the-sum study will be presented in (Behr and Wachsmuth,

.

Note 12,

wrt
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3.2 -DARTS *
" The DARTS game is a nicé task to assess children’s quantita-
tive notion of ré‘iohaﬁAngmber ;?ﬁce it offers a challenging

situation that requires asso;iétioﬁs“oixipactions and mixed num~

—.

bers with points on a (Oertiqal) number Jinq;\\Thatxigi the size
of a réfionalonumber is ‘'embodied in & lenath. . (The un}QW\ET;e
randoml; varied from scree; to screen so memorization of the unit
cize was unlikely.) 1If a subject’s attempt at popping a bQ{looH
was unsuécessfuf; the actual location 5f the attempted rational

.

number was diéplayed on the screen as a label at_ the number line.

‘.

That is, an immediate feed-back to an attempt wés éiven. As

almost always a subject’s nex} attempt would build on }h}s feedj -
back, the DARTS task is a powerful means for eli;iting behavior
that gives insights into the cognitive struct&rés géquired‘by the
individual subjects about rational numbers.

Presented in this section are selected ;egments of episodes
in wgich children were responding to the micro-computer—presented
tasks and the interviewer’s questions. The episod;s were selected

to exemplify different 1levels of children’g thinking in the
context of rhtiopal numb;r order and fnactioﬁ equiv#lensés

¢he first ;pisodg invqlves Kristy afte}'she was presented
with the number line: (5,5 1/9, 5 1/3 , 5 5/8, 5 4/5, 8, that'

is, a S -8 number line with a further label at '§ 1/8, and

\\"

bal loons attached at (non-labeled!) points 5 1/9, 5 5/8, and-

5 4/5. Especially notable about Kristy’s ‘thinking in this ex-

e g v

T cerpt is the $1inbTTTty“w$th;"and"automatfc*genérafﬁoﬁ~of~qu+:

valent fractions. It appears that when Kristy thinks of a frac-

3

2

- 18
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-

-
B

tion she is aware of an unlimited set of equivalent fractions and
is able to thinkhabout a.number of them automatically. In some

cases she éives evidence, esﬁ%cﬁally with pauses in the explaha—

-«

tions, that she is using some computation® to generate an equiva-

*

lent fraction. She appears to be completely comfortable in this
> -

excerpt to use different fracticn names for the same\point on *the

>

.+ nu~ter lime, She uses egquivalent fractions to move the number

-~

sy . -
line within self-specified bounds. .

Y - ) ¢
KRISTY: Oh boy, that’s one-third [iterates the 'distance from S to

] ﬁ73\\glong the number linel and that [pointing {9 the

\\‘.\\ . [} .
balloon at 5 5781 _would be five and two-thirds (The dart is
] . \\\ .-

projected and, misses) ..

~— ?
. *[Taking_ aim at the same balloon]
» - ‘ n\\\\\ e

about 5 3/6. _ T

. T

—

sixths? S
¢

KRISTY ...~ Well, T thougft‘it (pointing to S 2/3:6H the number

linel would be equal to four-sixths; and then, »ou want it
‘ to be lower Cbut) I didn’t want t& take a third-lower (dart

misses) ... Ok, five and two—thirds is equal to ... six-

ninths “... . I’m gaing to take it Ci.e. 2/3) equélh to
oo Y, )
eight-twelfths, then how about seven-twelfths ( iie. 3 7/12

for the next shot) because.‘ tQat’s a little bit less (than

A

"2#3) lshot misses). 0K, two (-thirds) is equal to. ... ten

.ot tenrfi€¥;€nths and so nine-fifteenths (i.ew for the next

shot) [shot hites balloon at 5 5/8],

o~

i‘e-marked. on__—the_

1)

B K . \...“
INTERVIEWER: How did you think to come up with five and three-—

LR

\

.

*‘“‘“‘ﬁxr*ithrs~po¢nf-5'SfﬁjjvamongwothePAfnae&+ons,

- a

number line. -’ .
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PN

- v
-

fterating the
v B r . s
distance from § to 5 1/? up to 5 3/4] That [pointing to the "

KRISTY : ([Takes aifh at the balloon at 5 1/9 By~

balloon at § 1/91 will be five. and on2-eighth ... '5éC§USé'M
that (pointing to 5 3/74] was one~half'and‘;hat tP°k about
four (i.e, itegations,of the distance from 5 to 5 1/9> to '
.éet there, so that would be eight all.’ acgggs. : ;f .

. R{J
\

i

The next episode involves Bert"at screen (1, 1§ 173, L 142,

-

1 3/5, 1 3/4, 2). Bert had made shots <1 3/5;. 2), “(1 "&/4, -

1 2/3), (1 1/8, 1 2/6)% (popped balioon Ts indicated by * and
was taking aim at the ballooh at 1 3/S and he explains:

—

BERT: One and twé—thirdg is more than one and two-sixdhs vvuvus’

.

Cpoints to the balloon at I 3/5). What's between a-half

-
“

fusing the fixed point 1 1/2] and two-thirds, it’i be one

.

“ and three—fifths. ‘ . -

t g
S ~ €

Bert gave no overt indication of how he -arrived at the fact'thaf“ -

t

1 3/5 is'bgtween 1 1/2 and 1 2/3. Since he earlier rg@erred to e
\\<\2/6, one anJecture~is that he thought of 1/2 as 3/6 - and then ° P
:;Bse 3/5 because it is greater than 3/48. - ;
fﬁ&\\fext epis;de algé in?olve§ Bert; he was presented wi%h
screen (1, N\ 1/5, L1.143, 1 142, 1 3/4, 2). The following

shots had been de (1 1/3, 1 176)Y%, (1 1/2, 1 3/5). We noted in

the above that Bert,

as Kristy, makes spontaneous use of equiva-

lent fractions;. he als

displays a good application of fraction—

order * to the number line Bert seems to have order on the

number lyine clearly associated with the order_of .fractions wvia -

symbolic interpretations.
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y In the‘véry next episode we get a, fee'l fég Bert’s*sense of
Qat;onai number size; in the-épis?de.he ordéré tﬁ;ee fracfions )
B after indicatiné that cne of them is.Jusi ouge Ci.e., just a .»
lfttlg more) than the léast of thé three while, another oﬁe is "‘ -

»

more (i.é.. moce than the litikf more) . In the ,excerpt that
follows we observe his strong imagual base for. his - fraction

_cbnégpt. This’' is evident thzough the imagual language (i.e.,

pieces are smaller). , . . ~ : N

¢ s » <

. BERT : [Taking aim at the balloon at 1 1/21... something between

one—~third £1.e. 1 1/8) and one and ‘three~#ifths +es. Ohe and

Y

f 3~fifths is Jﬁgi ouer one and ‘one—half and two-thirds ’is A_H:H

’ .

more than a half, so un... one and three-sixths, same as

/ one and one-half.® ) o

’ s

Next Bert measures' on the number line, <cince 1 1/6 has been

-~

- marked on the number line he itérates the distance from { to | ,
‘ \' 1/6 - up the number line and finds that‘1\5/6 takes him above the
t a'\.g e ~t'« . . | . . . \\\- -

\
A} *
N

Y

. < -
o \

BERT: .It couldn’t be ‘one and five-sixths; one &qd'Five-seyenths.

\ -

INTERVIEWER: Tell me how you chose one and five-sevenths.

BERT: «ss Since the pieces are smaller ... one. and frveﬁﬁevénths

-~
.

- would be a little more down Ci.e. than 1 5/&).

N G

In Jessie we seeca level of functioning with the «concept

of fraction equivalence‘which,mighx be called latent. We say that

N i) . .
., Jessie’s ‘level of thinKing with respect to fraction . equivalence
. . . !/ s

@

is latent because heir use , aqeneration, and recognition of equi-
? -

s O —

.

. va]ent'fréctiods occurs only after she ic prompted By Eome exter=—

X

et

R
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s T . ’ ‘ Py Lo - _ S e N . “ ) ( i °
nal source such as the interviewer, or the cohputegg screen to - .

constder equuvalent fractlons. The 4ollow|ng protocol deals With

i L

\\hRIs screen (3, 3 1/9, 3.3/8, a 142, 3 3/5, 4. -

JESSIE: ,[Qims at the balloon &t 3 1/9, shoo€6 (3 1/9, 3 3/621.

,INTERUIEwER: [After, the 3 3/6—dartlhits and Jessie can observe
. Y - - - " : .
that 3 3/6 hits the same point ds 3 1/21 What can you sar *

-

A about this ¢3 3/6)?

.
t

JESSIE: 1It’s equal to three and one—half. oo [Indicates shot (3. -

-]

/72, 3 2/31. ’

- ’

¢ ¢ s 0 0 N -

. . .
N .

- INTERVIEWER: [Points to 3 1/3 and balloon at 3 1/91 Can’'you name
a mixed number less than three and one—third? o -
JESSIE: Three and ...‘thﬁee ‘and two-founths. - v

INTEvaewER That wouﬁd be below three ard one-third? . .
JESSIE: Wait ... wait, three and cne- fourth»... wait three and “

" one-seventh [laughsl. — L.

4

. INTERVI EWER: Why do you say three and one-seventh?
‘ . JESSIE:. Because the pieces are smaller. [Shat (3 1/5, 3 1/7) .
. o b
misses above the target] [Indicates (3, 1/9, 3 2/4) as “the

" ! d ’ h ) “ ..‘ .
- - next shot.l . .
~ . -~ ’ o

g INTERVIEWER: UWhere do you think it will go? . ek

~ T

~

+ JESSIE: [Points ' to the balloon at 3 1/9] é(?ht there. [Shot

.

misses and records 3 274 at same point with 3 1/2 and . 3

3761, : : N o .
..+ " INTERVIEWER: Why do you think it hit the' same point as three =
. and one=hal £? : ' . -

.
ol . - 4 -

. JESSIE: ‘cause they are eqéal.

S S —

Q ‘

. .
R .
. A |
Lo 3, L y | |
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an Jeremy shows behavior which suggests a level of thinking on

’ o,

ﬂgactnén equivalence wﬁich &ould be claséi#ied as latent. Mére- . *

» .

over, we observe in Jerem¥ a weak concept of fraction order; he
i's very doubtful about the order of 1/2 and 4713, The screen
., . display is <8, /5, 2/8, 4/5, 1, 2. The iollowing“episode.'

. begins after Jeremy has made these three shots ¢2/5, 2/5)%, (2/3,

LY

3/10)>,° (2/3, 9/15)%,

~

 JEREMY: [Takes aim at bé}loon at 4/51 one hundred-n'ine teenths.

-

INTERVIEWER: * I can’t key that in, will it be above 3 or below 17

JEREMY: Above. tlndicates.next ;hotl Twelye—tweﬁty—fi?ths.

- - —— o

- INTERVIEWER: Oh, I cannot use that. . . ' | L

- JEREMY: Six-twelfths,

1 M ~—

INTERVIEWER: [After shot hits and marks the same spot as 1721

. Why will six—twelfths go through the one-half?

JEREMY: * One-half,. . two-fourths, SiIX e (@wetfths) oo
(Shoots,» (4/5, 6/12), (4/5, 4/?), (4/5, &/18>, (4/5, 1/2),

‘ then suggests (4/5, 4213)].

INTERUIENER: Would this ("4/13) be mofe-or lg§5 than one-hal+f?

.J;REMY: It would be a little bit more, I have thg feeling, I

hope, wait ... waif, wait, wait; five—thi~teenths (shot .

misses).

z . =

*®
'

. ' o In the following episode Mack displays his aqklity~to apply - .

concépts "of ¢raction ordering as it r%lates to a quantitative %'
2 * . X 7
N contept of rational number. The task dealt with the :¢following \

Sscreen: (1, L 248, 1 2/73, | 8/9, 2 1/83, é)§‘ the following shots

had been made (1 2/3,1 4/5), (1 273, 1 3/5) %, (1 8/9, 2) wﬁen the -
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. following took place: ) L ‘

INTERVIEWER: You have to get closer. to two..
? = N L | . .
MACK: 1 Khow,. ... walt ... one and ... seven-eights. '
. ) ] .
INTERVIEWER: Why did.,you say ...-

3. . , .
MACK: ..., T thought, it’s got to'be one away .«i.e.— one

.
“ -~ - « ..
: L

fractional'pert away from 2) ... one thing away from some-

thing ... I thought” it was small pieceé (ive. the eights are

.small pieces), )

*In te "next episode Mack exhibits considerable knowledge-.
. about the number line structure and of fraction order. .The task
- .

is (7, 7 173, 7 1/2, 2 442, 7 547, 8. !

MACK: [Measures the line with Bis;fingeréllHoly smokes! For the

top one (i.e., \bhe balloon at ?7 5/7) ‘it’d be. sebeh and five=

sevenths ...tmeasures llne between ? 5/? and 7 4/?). That’s

>

got to be one-seuenth 0 go up [measures number line frpm

s = -

the. hottoml. &seven and three-sevenths [points ‘to the' bai-

loonaat 7 1/3] seven _and three-sevenths ... (éhot misses)

Al .
\

. - At least that gets me somewhere, oL e

'S
-

That ﬁack as us.ing the fact that the bal!eon at 72 1/2 is brac-

Keted by shots marked at 7 3/7 and ? 4/7 is euldenced by his

t -

shot (7 1/2, 7 1/2 which is mldwag between 7 377 and 7?47, It

. & ., T
~might be possible to infer that Mike is thinking of one-half -as:

. three and one-half¥-sevenths, or is tﬁinking'about é/? and 4/7 as
- e - . .t o - N

&/14 and 8/14, réspectively and then chdoses 1/2,as 7/14.. .

¢ Subjects’ overall performance on the DARTS task is compiled
in Table 2. ¥ _ : '
- .. . 'sfﬁ?”" ' ST
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mQTable 2. Overall-performance on the DARTS task

; P e . . s ; ) . "

=t -ttt ] ====-‘====;===========-T;===-"-‘\‘==========-‘====== .,
Subject . . Shbts/écreen . ' Average/screen
.'KRISTY T «s, 373 Ce 3 y
» . h |
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TED T L4y 976 P ‘
, . o :
. MACK e 7,7, & RSN .
erica ¢ . (11, 9, 5 aal ‘
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| SN (9, 15, 90 11 -
- TERRI - T, 1, o 3.5 ‘

» ~> - i e

\ , . )
: DEKALB average 7.4
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3.3 Gray=lsusls task -

[

>

. The key idea
e ot .t . ¢ s

‘will  be
. -

*

C el -Child?}n’s quantitative'notioﬂ

t

L

a

in embodying rational numbers in gray

4

»

LA

.

~

_described briefly usind the rationai humBer:1/2 as an

example. One-half is the property common to an equﬁualencg_c]ass

levels

-

. of fractibns: [17/2] =
. P

C1/2, 2/4, 3/6,  4/8, S/18, ...}e .The

property common to thr fractions in this class is that for

edch
the comparison of Bumerator to denominator iéiréffectgd in the . '?'
ratio 1:2.’1n;tﬁe'chmon part-whole embodiment the interpretation

is ughai Mhal £ of the to alinumber of parts into which a unit is

-

partitioned are shaded; see Figure 4a. .

?

. ) ’ . .
. ° (2l N . v
n
- .

*

Qhaded; see Figure 4b,

n

Figune -4a

<@

~

A

Continqu'to ‘the extreme, this way of embﬁd?iqg 1/2 would still

. . require that an agreed-uypon unit is shown, "half" of which is¢

¥ e s NS E AR T, it ity
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N $‘° | E - o

d . Qo\ ' Figure ab
¥Be nuﬁorator(denominator compari;on of }he fractions in iﬁ_:::::izg
) . class [1/23. is also réffected.in the following way of shadiqgl RS
half' of the total number. of parts into which a'un}t is pa}tl4 : ﬁ
tion;d; see Figure Ja. 'g 1 I
e _7 e
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'cpntext of the following (+idtjciops) srguatiohfx.Black ink and

»
1 MM'
- l 2 N ] ,
2 O §

Figure 5a

- -
- «

Continued to the gxtréme, this way of eméodying 1/2 would lead .

to a shading as shown in Figure 5b, that is, an average gray

shading. - C ‘ : (T
- - / Ll

Figure 5b

[N

0~

This makes the perception of the embodjmenf for 1/2 somewhat

indépendent of the reference to. an actual ‘size of a unit (much in

.

the same way as the rational number 1/2  is independonf from a

unit)’ since 1/2 is embodied in any subsection of " the unit,

namely, in the darkness of the shadina.

Y
' -

The gray-levels task was presented to the subjects in the

water are mixed together to make lighter ink in % way printers

~
R
R }

e

might do it forn their printing machines. Then mixtures where '|
of 2 parts is black ink, or 2 of 4 barts,'op>3_9{“6,paﬁté, Ztc},
'woqld be equivalent in--the senée that inAaach’case the . rgsulting
gray level is the same (no matte} how much }{quid is- prnducéb,

i.e. which unit is chosen). Consequently,. mixtures where; for

example, 2 of 5 parts, or 4 of 18 parts, etc., is black ‘'ink would

a

4




. able to associate the fractions 2/5, 4718, and &/15, for exam-

PAGE 27 . « Children’s quantitative notiom~. ¢ !

- R

vield a~” gray color less ihag'"half darK." A pilot .assessment

(during Assessment v, ensured.thai:subjébisuundeéstood “thi-s-
|

. ¢ ¢

» - ‘ i -' ‘b
manner, of_jembodying a rational number. Upon this, it was decided

to use gray levels to assess the dbantitatLve notion of rational

2 0
3

numbers (in the range from .8--clear~~through i--totally black).

Even though the task:was presented to the subjects embéddea'

in a situation they were able to grasp (and the gray scale was
prepared with considerable care to show percept&ally distinguish-

able stages), .l}mitations‘of human visual:perception and ‘imagi-

nation restrict the association of a rational number “with a%, o

unique gray level, Were this not the case; subjects would be

ple, with a single Qrai’level without symbolic-level realization

that these are equivalent fractions. Since visual perception‘aqd

imaéination is probably not sufficiently sensitive in this situa- a

r

tion, subjécts'-solutiéns would necessarily draw upon thgir‘iﬁdi—

vidual knowledge aboGt the fractions. That is, because the

FatioéApf brack ink to.total liauid are equivalent in 2/5, 47180,

and ‘4715, these fracti'ons would have to be associated wifﬁ- th;wM,ﬂﬁ,;

same gray level. T ..

- the~éue§€iog‘bfybh;ﬁh.gpéy Jevel is the appropriaté one for
each of the 12 fractions in the task would involve subjects’
Knowledge of the'(order and equivalence) relationships be tween
the fractions. . In.associating the fraction cards to the gray
scale, subjecf; could use the fact that the left border ‘of 'the~

scale was white ("no ink; Clear water") and the right border was

black ("all inky no water"), and the center gray level "half¥
' M -+

black® ("half ink, half water").

1
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We now present results of the DeKalb and Minneapolis ,inter~
v{;af\éugidgts’ performance on‘the.gray-levels task., A" rough

performanco index! of subJects placéhent of_the cards along the

gray-— leyel scale is compnled\un Table 3. Shown is the _aveﬁago'

—

g ¢ . L

percent\deviation, d, of each subJeckis\gJacement of the cards: °

v\ ~
\12 . .

d = 1/12) tcorrect location card:i ~ subject’s location card il
izt . '

\

Also showh is the ma;iMal percent deviation, dmax, by'which each

subjgbt’skplacement of cards. deviates from the correct locations:

‘
X

dmax = max lcorrect location card. i - subject’s [ocatéod card il
- i \ . ) .. ’ . ’ Y
\

i
\

The performance index as shown in Table 3 reflects subjects’
\ .

ability to\ associate a quantitative value with the fractione’

invorved, but lt does not convey the causal Helationship be tweeén

subjects’ understand:ng of the order and equivalence relat&onF

-

ships amon t e fractlons and their size perceptnon of the corre-

sponding r tlo al number? For example, one subJect recognlzed

the equiv len e of 2/5 and 4718. " but mlsplaced €he paig by

\

16 2 3 an theT subject did not recognize this equivalence and

R

4718 by 18 % while' placing 2/5 correctly.

Recogn

no
'Misplacod Lnly
}tuon of equivalences cenjainly is an important varia- !

ble |n thls‘taskr Four distinct equivéienceé were iﬁvolved:- 2/4

and 48, |2/5 %nd 4/1@, &/15 and 2/5 (or 4/18), and 4/6 and

alwa)§ did recognition of an equivalence result in a
\

subject’s p!acemanthof the correspond:ng cards at the same . graY

&/9. Not

level as willl be documented below. The sots of equivalent frac~

+

- tions which|were attached at the same gray levels by individual

subjects are \shownl in Table 4,
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o
Table 3. O0Overal! performance on the gray-levgls task
Average and maximal deviation in card-placement
Teubiects o d dmax.
% KRISTY - 2.1 ‘ \10
‘BERT 3.3 ., 18
erica 4.2 1@
Tt 5.8 20
Joan 6.3 30
richard ?ll 25
‘brett 8.3 25
© T JEANNIE te.0 . se
Y
andy 12.1 > 30
N tricia 13.5 35
: JESSIE . . — —4v2 T “30
' margret 16.7 A 70
" JEREMY 19.2 70
Teo .. 225 .. 78
TERRI 23.3 70
" Mack . 29.6 50
DEKA;B average 15.5
‘ av., ?.3

minneapolis

highs
middle:
low:

averaged less than 10% off
averaged less than 207 off
. averaged more than 28% off -

14
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-
x

Table 4. Placement of equivalent fractibns at the same gray\level:
by individual subjects L. :

KRISTY + - + R ‘ .-
JESSIE . + L+ - -
eriéa 4 - = + ]
richardh + ’ } e - +
brett + - - - + ’
BERT . T A A
til + .o - - |
' joan + - - - ! ;
[ JEffﬂ*}Fﬁ,ﬂ”,MM_Ium#w“ww—n——fJL"**““””“*“”“”““’“‘”””'iﬁwiaﬂjrmm»w““"—v~ﬂ;7_-‘wh”—ﬁi'
T andy o S : - -
. margreth + l - ) == - )
" Tep + - - -
P
© JEREMY 1 - - - T '
TERRI - - e
MACK - - - -

high: recognized 2 or more equivalences "
middle: recognized equivalence of 274 and 4/8
Tow: recognized no equivalence




in short descriptions of some subJects behavior while’ performnng

e
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-

Fggthen dlarlftcatnon about subJects’ thnnk/ Q is provided | {
the taskj this is complemented wi th d;élogue to exennlify some of”
the conceptions and mrsconceptions elicited (the full presenta-
tion of results |is defehred to a fénthcoﬁing paper). The presen-»
tation foilows the orgenizatign of Table 3 in groups, of high, -
m[ddle, and.low penfonmers.

The highest subject, Kristy, showed superior performance

both in recognlzlng equivalences of fractlons and placung them at
the correct level of darkness on the scale. The Onlr- fraction
she did not associate w{th i ts equivalents was: &/15 "which she
placed ;nly S X off (left) of 2/5 and 4718 which she had plaeeé-
correetly et 40 % ..téesides coordinating her Knowledge about fn;we

4

fraction equivalence with the placement of fraction cards at

‘gray levels. This is demonstrated in her explanetidﬁ of wh} 679

appropriate gray levels, Kristy also made strong use . of ' the

length embodiment for fractions that was implicitly present in

the ghay level scale by'issociating lengths with the position of

should be between 40 A and 70 % : She flnst obsePVed that &/9

A

is equal to 2/3, then said “you can’t divnde.it (the s 9lgg into’ T*LLQMN

thirds," but then she qbserued the following partitioning

(conjectured from her behavior gnd comménts): Consider 0 % - 80 /%

-

¢i.e., the corresponding positions atnthe scele); 48 4 would
be at about the 2/3 point, however, &adding on the 90 % “and’
160 %X levels makKes' the scale larger to the right so the location

of 2/3 would move to the right as well. Fur ther, KniQtyii T

. . 4

‘discrlminqtion for fraction size was so exact that she even iput

2/7 slightly left of &/20.




-

-~

S i i

.,

.
'

PAGE 32 . o " Children‘s quantitative notion

Al though Bert’s overall performance -on ihe'gray?leueTs task

[}

was nearly as high as Kristy’%, a striking difterence was obser -

ved. Kristy coordinated her knowledée about fraction equivalen~

3

ces with a'good perception about the lpc;tion of (lowest-term!)

fractions on the scale; on the other hand, Bert’s blehavior sug-

.

gests that he possesses both of these relevant Knowledge struc~"

tures, but the connections to be made afe latent in his perform=

ance on the task. This is further commented on'in the followifg

o

anetdote.

BERT : [Egrly-on, sorts the cards and pdts 2/4 and 4/8

together on table.l

&~

INTERVIEWER: You put two-féurths and four-eighths togetheh?L
BERT: [picks them upl They‘re equal. . N

A ,

INTERVIEWER: ] see... would you put them on the same card~(f;@.

qray-level)?

?
-

BERT: Yeah... [now puts &/9 together with 4/6] These iwo are

i s

equal ... -

PRI g

That is, _before Bert starts“putting-cards” a‘t“‘t'h‘é*jg‘f:'ay"“é‘é_‘ai:’ei;‘“”’ he
ﬁakes ;ome‘observaﬁiéns abaut tﬁe fr;ctions and only then sfaﬁts
putting them, one-by-one, at the gray scale. In so doing, he
first puts 4/6 at the &0 % 1level then and &/9 at the 78 7%
level. Similarly, he puts 2/5 at 40 7%, 4/19 ;t 45 7%, and
6/15 at 35 % . That is, with respect to placement on the aray-
level scale, Bert rates these (equiv;lené) fractions as very
close in size but his lost sight of their equivaleﬁée.

INTERVIEWER: [after the whole taskK has been completed] You out

L3

.
,

» J
34 _
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F . . N
s'x~nnnths rnght of four-suxths, why did you do that°
BERT: Because four-ninths and a half (ninths) would be half 3 N

Un.ito--‘ ' ) ' ’

Bert éﬁparently talks about 4 1/2-ninths which  explains why he
placed 6/9 right of, but still not far away from, the "half-
dark™" _position; this kKind of flexible and fine-tuned thidkihg

Bert also displayed in his explanations for - his placement of
L4 . \

-

other cards. ,
J : _ .

- ' : . C ’
INTERVI EWER: «+s Before, you mentioned that they are equal ...

‘four-sixths and six-ninths ...

P - S e o S

BERT : Oh yeah, they are! [picks up 6/9 and 4/61 I think

they’d ‘be right there [puts both cards on- 40 AJ,. :

It may be of interest notlng here that Bert did a very §imilar .
~th|ng ih a parallel version of°>this task that inboloed ratio .
cards (to be reported in a different context in Wachsmu th zi al,

1983>; * there he also placed 2:3, 4: 6, and 6:9 at dlfferent but

prpsvaas———— e

o adjacent gray Tevels. o

THTs phenodehon‘o¥‘a,gdqd_sGﬁsé o+'¥r§cfiqnlsize independent . .
of recognition of equivalences ig displayed in Qimilér ways in
mos? of ;he other "high" subjects’ (Table 3) performance on the
gra*-levels task: Except for Bfeit (and of cour;e Kristy), they

all placed 4/6 and &/9 at différent but adiacent.gray levels

close to the correct position.

| From 'Till, « lower subject in_the group of high performers

(Table 3>, we see indication that during exposure to the.experh-

mentél instruction he developed at least a rough feel}ng for* the




. pointing to the . 12/15, 4/9, and 4/6 <cards].

o
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*’
>

size of a fractiong 7 about 1245, /9, and 476 which he

pTaced at the 88 (4/4) and 78 percént levels he remarks:

-

bty

TILL: Because that looked 1ike three-fourths, and that looked

like. threg—fourths, and that loékéd like three-fourths [in

INTERVIEWER: And three-fourths to you is what? :

-

1
‘ . ‘/_

.o -
S

TIkL: Like four-sSixths and six-ninths and twelve—fifteenths.,

.

The subjects in the middle group\(Table 3) are_characterized

By generally lower performance in positioning the fraction cards

at,appﬁopﬁ{ate gray levels on fhe one hand, and on the other by s

I

making migtakes in ordering the fractions.. In many cases the e

-

‘“more familiar" fractions like 4/8 and 1/5 were placed

‘correctly, while the less familiar ones could be placed

incorrectly. For example, all three 1ower ﬁiddle'subjéqts (Table

-

1> placed &/15 fleft of /28, : -

InApaniiculanAthe»+ow€§t~mfdére“subjétfg”“UﬁFFﬁf}“Tﬁ”ggveral‘

‘cases arranged fraciion' paing in the wrong order within the

[
.

string of ‘all twelve\frﬁctiohs,\ for exéhplé, his -arranﬁqment'

" reflected that 4/6 should be less {Q:n 4/8.  When Jeremy was

asked which 'of the two fractions is less, he answered that 4/8

is less, that is, Kknew it "in some sense\i\\ But as can be seen

from the following anecdote, Jeremy had to\be prompted to the

insight that in this case 4/8 should go wf%h a lighter gray

level than 4/63 his "in-some-sense" knowing\\%as inconnec ted

L]

with, and did not apply to, the'task situation,

-

36 .
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( "/ ' ’ l - t R L] A
INTERVIEWER:  Now, Jerefy, ~what about four-sixths and four-

-

e:ghths [Jereéy - starts to move-%hi cardsl no, don’t move

!
them..ﬁ Tell me why you put 48 “here tpounts Yo' 68 %1."

'JEREMY: I /don’t Know. . 3

INTERVIEWER:  Tell me why you put 4/6 hére [points to ‘4/6 at
30 xllcb v o '

JéREﬁY: t;hrugs shouldersl., = N o”’_ o

-~

" INTERVIEWER: ves I we:look at four-sixths and four~eighths, -

o which one is less?

JEREMY: [squirming) Four-eigths. ]
INTERVIEwERz Now fet’s see, it's,fouﬁ—sixths over here [points

L}

- to it ;t 38 %1 and four—nghths~over there [points to 4/8
~at 48 %1, . which one is less? *
JEREMY: [points to 4/8], - e

INTERVIEWER:  Now 4 f we put a fraction with a Vighter one, does

’it,take « smaller fraction or a larger one?

JEREMY: Smaliler., . i -

INTERVIEWER ¢ OK, so in what order should four-sixths and four-
eighths go? | ’ . g o Con

AY
JEREMY: Unm... that! [switches 4/6 and 4/8, i.e. -4/8 to 30 %

-

and 4/6° to &6 “l.

INTERVIEWER: [ see, why?
- JEREMY': Because fourths [pointing to 4/§ and to 9 7 levell,

and four-sixths is more [points to 4)& and then to 108 ¥%

L)

level at end, i.el. to suggest the direction for greaterl. .

~

The behavior of. 1 three subjects in the iow group (Table

A

3 \
3> is characterized by their treating the fractions as . ordered
l
1
i

\37 I
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.
.

pairs and put{ing them in a strict "leéxical" order by increasing
N « . ‘

-~

. nuﬁérators{denominators. Ted and Terri' ordered like ©/20, 1/5;

2)4, 1 2/%,,2/7, 4/6, 4/18, etc., while Mack used the denomithors_

~

as first and the numeratgrs as the 'second order cfiterion. ~ All

three. subjects in general put one fractian card at . each  gray

. level and dealt separately with the l;¥tfover card -(there were “:_

n

. — < ‘
. stwelve cards for eleven gray levels). Terri just added on {pos~-

tulated) a twelfth gray level right of 100 ¥% . Mack sdueezed'iﬁ"-

L4

.one fraction. between two gray leuéls_(as was' permi tted>. Ted,

when realizing that “there’s going to be one left" itiehpted to

deal with that situation—in—several ways and_finally deqided"to

put 4/8 ‘together with 2/4 Con 20 %). : ‘ : i

A
© i L

lMack early-on had -grouped 2/4 and 4/8 together at about °

- -
+

-1 A buf ipdigateq that he did not understand what is meant by

Y

getting the fraction cards in order. In the followrup discussion

-

he demonstrated better understanding fbr the fractiion size than
is documented in his lexical ordering, for examplé;~Jhe arouped
N 4 -

-~

2/4 -with 4/8 at 50 %, put ©/20 on 8 % and 4/186 on 49 %

.. "because' it’s a fittle bit Jess-than a hal¥.". That is, the low

' overall performance recorded for Mack presumably reflects his

misunderstaﬁd)ng of the task more than m]sqon&eptions in fraction
: - g

size, )

4

, " Terri‘s perforfmance probably more adeguately reflects the

inconsistencies and misconceptions in her Knowledgé about

+

?raction order and quiua1ehce. There seemed to be* two
\ * s

conflicting "frames" that were relevant for her judgment about’

~

) X particutar fﬁactions as is supported by the followlngt‘anecdéte.“’ ’

From earlier obéervations Terri was Known to consider two frac- >
Q I : ’ ) , . !
ERIC ‘ 1 A - R
‘ . 38
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‘e

ticns ‘as equivalent i¥ Cand only if) they had the ‘same denomina-

tor. ‘In the present task, she attached /15 aﬁd 12715 aé{'

different gray levels (90 % ahd:right of 1080 4). * Althdugh her
. . - « 4

- lexical orderting of the fractions raised doubts over whether she

-undgrstqod the conpection between.fractjons and'gray levels at

all she seemed to understandu;ométhing, for about her placing of

‘6720 oh the white (@ %) level she explains:

TERRI: Because there’d be no bl ack ink, no black ink so it would

{4

v

be—¢Tear water. .

>

-

Later, Terri is asked what she thinks about the two fragtion;

", 6715 and 12/15.°

LAY

(4

TERRI: Theyre equal, like [laughsl. _
INTERVIEWER: QK, but you put -them in different positions,
L P Q\ . M

*  though, why did you do that?
, e ’
TERRI : Bec;uée! That’s the way I thought 1 should-do it! [moves

»

and messes up chartl. 'k. B ) <

Al .

*INTERVIEWER: I would still) 1iKke to Know--you say six-fifteenths

and twnge¥fiftQ$nths are edual?

%

TERRI: - Right.

-e

INTERVIEWER: But you put them on different parts...

TERRI : ‘Cause six comes before twelve s0 I thought tha§'3~ the

R . . .
way yYou do it... . .
; & -

+INTERVIEWER: 'OK, d{éw}ou think in terms of darkness when you'dld.

——

that? “

TERRI: ’ Yeah, ‘sorta likKe...
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S
”
3

\

INTERVIEWER: Which would be darker? Sgﬁgﬁifteenths or tweloe-" »
« - v . - b’b?‘i‘ 2 o .

fifteenths? .
| TERRI: Twelue-flfteenths. ; _ .
o INTERVIEWER: 0K, 'and which fraction wou1d be biager? y

S

TERRI; Twelue—f&fteenths.

P i . f . 5

INTERVIEWER:  And if 1 ask you.  six-fifteenths, twelve-

-

. fifteenths, are th?y equal or is one .legs? . ' ’ '
TERRI: It's less. - ’ , '
U — e e s eSS, T 1 =
INTERvIEwER' Which ong is less? | ) ' e
. N . - .- - ' . o
TERRIr SiXeao um... f:fteenths. ) B L e )
INTERVIEWER: And why did you say it‘s less? \ . " o

. TERRI:  ‘Cause it... oh! [puts head in hapd and sighsl. iNo,

they're.equal. Because they hage the same, denominator.
- ¥ a2
4. RESULTS OF ec.oés—TAsggoessaqarroNs

. At this time an initial look at the data shows the follow~
Ving. There exnst subJects that Were consistentlysuccossful wlth
all three~ta§ks (e.g., Kristy and Bert). Sechdly, there exlst
subjects that were consistently unsuccess%ql w;th all' three .
tasks (e.q., Terri), Finally, there axiit subjects Shat exhibited * *

high performince on one task, and middle or low_berfermdnce Bn_

" the others (€.g., Jeannie and Richard). In Table 5 is shown the

ranking of ali subjecte in groups of high, middle,f»and‘”wa .
performers for each task as obtaaned from Tables 1, 2, and 33 the
- * |

orngsnal rank orders within each group were. kept.'
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' . Table §., Comparison of hugh middle, and low performers by
. , specific tasks (compiled from Tables 1, 2, ahd 3).
average perf, Estimate-the-sum - DARTS Gray., ﬂevels
BERT O OKRISTY KRISTY
Joan  BERT BERT .
* : . brett . . JEANNIE | . erica
] . high o : :
b driig s < °  andy . andy titl,
\ " KRISTY L ' - joan
2 ' - - richard
s . - |
i - , ’ - ibrett
""-_"'""""-"_-"'-'"""'""-""""'"-"“"'.'-7'“"""'“"-"""_-"""-"—'T ...L_
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*

S. CONCLUSIONS

R o . ~
3

The quantitative notion of rational number is a ﬁoncept theat,

is too qQeneral to be assessed by a single type of task.‘ Thé fact

- ‘ ’
that subiects Were identified in the study that showed inconsis-

N L

tent success-across the variety of task situations involving the

-

number concebt of fraction graphically supports that. Only for

) .
subjects who exhibited high. performance on all three tasks that .

t

where utilized, could one assume that a'general, flexible concep-

w «

tion of number size has been developed which can be expected ~ to

. apply to an even'broadgr cet of situations involving rational

' numbers. o ®
. ; |

. From the observatidns made in this early evaluation stage of
the present study it appears that three Knowledge structures are
essential for the development of a quantitative understanding of

.,

rational number: Estimation, fraction equivalence, and rational-

number order. .It appears that these three Knowledge structhres-
develop somewhat independéntly'but need to be coordinﬁted ?b{

. R N N
success with rational number situations. Levels of 'development

»  seem to exist including, for example, the latency of access of

\ ‘ \
-

relevant Knowledge i;/an applicdational situation.
Further substantiation of these first conclusions will be

. > )
provided upon full evaluation of the data that were acquired and

be presented in a forthcohing paper,
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