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Abstract

Several extended caution indices (ECIs) have been introduced
earlier as a link between two distinctly different approaches: one
based on standard statistics and the other, a model-based approach
utilizing item response theory (IRT). Expected valyes andlvariances of
some ECIs are derived and their statistical properties are compared and
discussed. Then, standardized ECIs are introduced and thelr
distributions are investijated. It turns out that the standardized ECIs
fit normal distributions well. A comparison of detection rates auong
appropriateness measures based on IRT theory is carried out witn the

signed-number dataset. There is no noticeable difference in their

detection rates using the 80% intervals.
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Introduction

An increasing numbér of researchers have begun to show interest in
using response patterns of n items for analyzing pe;formance on test
scores. By so doing, more information is obtainable than by using only
traditional total scores. Tatsuoka and her colleagues (Sirenbaum &
Tatsuoka, 1982a, b; Tatsuoka & Tatsuoka, 1982a) nave demonstraced that
some wrong rules of arithmetic computations (fractions and siyned-
numbers) can produce the right score of 1 on as much as 60% of the test
items. If many students apply a variety of wrong rules consis* ntly
throughout the test, then these faulty rules cause a serious problem by
violating the unidimensionality assumption of a dataset. After
rescoring these correct responses obtajned by faulty rules, the dataset
became nearly unidimensional. They have developed several indiceg Lo
detect aberrant response patterns resulting from consistent application
of wrong rules (Tatsuoka & Tatsuoka, 1982b) and have shown one of theu,
the individual consistency index (ICI), to spot more than 904 of such
aberrant response patterns (Tatsuoka & Tatsuoka, 198l).

Rudner (1982) investigated the detection rates of various personal
indices (norm conformity index, caution index, personal biserial and
apbropriatness measures based on item response theory) and found that
the indices based on IKT are more efficient for detecting anomalous
response patterns than those based on observed item résponse and summary
statistics. However, estimating parameters of IRT models requires a
substantial number of subjects while it is often impossible to have such

a large sample size in many classroom settings.
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Satg (1975) developed the caution index in conjunction with 5-P
curve theory and succesfully used it for diagnosing students”
performance and evaluating instructional materials in Japan. Harnisch
and Linn (1981) demonstrated its usefulness by applying it to a NAKP
dataset (Natiomal Assessment of Educational Progress). Although their
analysis is based on a large thaset, their results show cleariy that
analysis of response pattermns as a whole provides very useful information
assoclated with individual differences, curriculum differences and
school differences.

The concep‘s of $-P curve theory and caution lndex have been
extended to the|continuous domain of IRT models from the approach based
on the discrete/ summary statistics by Tatsuoka and Linn (1982). They
have developed‘five alternative indices and named them extended
caution indices 1, 2, 3, 4 and 5. In this paper, further statistical
properties of ECIi, 2, and 4 will be discussed and their detection rates
will be compared.

Statistical Properties of Extended Caution Indices

Definition of the Extended Caution Indices

A group of extended caution indices (ECI) has been introduced as a
link between two distinct apprcaches of detecting aberrant response

(

patterns (Tatsuoka & Linn, 198l) . One is based on the use of binary
response patterns and their standard summary statistics (Sato, 1975;

van der Flier, 1977; Tatsuoka & Tatsuoka, 1980, 1982a), while the other is
a model-based approach. 1In the latter, the patterns of probabilities

that are derived from item respomse theory are utilized in calculating

appropriateness measures together, with observed binary responge patterns

iv




(Wright, 1977; Drasgow, 1978; Levine & Rubin, 1979). ECIs are a1
extéhsion of Sato”s caution index to the appgoach usi. IRT. In this
section, three of the five ECIs will be investigated in terws of their
expected values,_vafiaﬁces, and advantages and disadvantages.

Let ¥ij [i=l,;;;,N;‘j=l,...,n] be the binary scoré of subject i to
item j, yj, be the ith row sum, and y;j the jth column sum of the data
matrix (Yij)° Let Pyj be the probability ;ﬁ sub ject 1 answering iteam j
cqrréctly, ?hich may be based on the one-, two-— or three—paraﬁeter
logfstic model. That is,

Pij =Cj + 1 - €3

1 + exp{-Daj (61 — bj)]

. 4
where cj = 0 and aj = 1 for the one-parameter logistic model; cj = 0 for

the two-parameter logistic model. Thus, two data matrices —— one
comprising observed binary scores of n‘items for N subjects'(yij) and
the other conbisting of (Pij) —— may be introduced. We refer to (Yij)
as the observed binary matrix and (Pij) as the probability matrix.

Let Gj be the jth element of 4 vector approximating the group
response curve (GRC) for item j, and Tj be that of the vector for the

test response curve (TRC) for subject i. Then

1 5p
Gj == N.i=l iJ ’
n
Ty T o1 ij

In other words, Gj for item j and T4y for subject i are the jth coluwn
sum and the ith row sum, respectively, of the probability matrix (Pj;j).

Three of the five ECIs are defined as complements of the ratio of
two covariances between various pairs of row vectors taken from

the two matrices.




coviys 30 "

ECIlj =~ 1 -
‘ cov (pi » _Y¥.)
cov(y G ,
ECI2{ = 1 = — - 18 , (2)
cov(g , P1) . \

cov Py)
RCT4y = 1 - SoVA B (3)

COV(..(\;_' n,\P_i)

whererzi = (y11, yiz,...,yié), the vector of binary scores for subject i

-

‘or the ith row veétor,

hz. = (Y-l: ¥.25++¢5¥.n), the column-sum vector in the observed
binary matrix,

~Bi = (P11, Piz,...,Pfh), the probability vector from the ith row
in the probability matrix, and

G =-(G1, G2++4,Gp), the GRC vector which is the column-sum vector of
(Pij)' Expression (1) is defined by forming the ratio of the following
covariances: the numerator is the covarlance of subject i”s response
pattern and the column-sum vector over n items in (yij), and the
denominator is the covariance of the ith row probability vector derived
. from a logistic model and the column—s@m\vector in (yij). Expressiohs
(2) and (?) have the same denominator, the covariance of the GKC vector
and the ith probability vector; and the numerators are covariances of - 4
the response pattern vector with the GRC vector and the probapility
vector, respeciively.

Whenh11 consists of all 1s or Os, the second terms of the ECLS

become undetermined.




The expectations of ECIl, ECI2 and ECI4

@ In this section, the expectations and variances of the three ECIs
given by Equations (1), (2) and (3) will be derived. The actual

values of the ECIs for subject i can be calculated by replacing the item
and persen parameters with thelr estimated values aj,-Bj and 51 based on
thevmaximum likelihood method. It is known that the maximum likelihood
estimates of item and person parameters satisfy the likelinood

conditions (Lord and Novick, 1968) given in Equations (4).

&
n n
@ 38, Pyi= 3 8iyi4
=1 irij a1 i¥ij
n n
3Pii= 3
ja1 ij j=lYij

33 3 a
g‘P s == a-y s .

Since the ECIs are functions of the person parameter ©j, the conditional
expectec values and variances of the’ECIs for a fixed ability level will
be intthuced. Hereafter, the circumflex on %ij (and its ith-row vector
ng) will be omitted to simplify the ﬁotation.

ECI1

- 4

The condiffaQiiﬂ?xpectation of the first ECI defined in Equation
o j_) -

_ Eleoviye . y.le0]

(1) is given by the following:
S cov. J)

E(ECIl|e4) =1 - E <__,,..Q-l&’_~¥.
cov(Pj , ¥.)
< : i&

-

&

=1 . cov(Pi , ¥.) . . )

(4)

(5) -
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The observed vectorrzg is a random vector at tine level © and the

expecEation is obtained over k. Now, we have to find the expectation in

the numerator of the second fraction, E[cov(yx , y.)I®j]. First,
A~

the covariance of yy and y_  1is rewritten as the summation of the product of the
L) M .

deviations:

’ E[cov(yk » yi)leq] = E[jgl(ykj = Pi)(y.5 = p.)l6i]/n

where pj, is the i:h row mean of (Yij) and p,, is the mean of the row means or

t

column means as follows,

n
2 L

p'j = = iz pi.

1
Poo 1 3 N i=1

1

By using the second members of Equations (4), this expectation

reduces to the covariance of Pj and y, . Thus, the conditional
[V ~~

expectation of ECI1 at the fixed level i becomes zero, as summarized in

Equation (6).

cov(zy

.)
)

E(ECI1l]8y) = 1 - cov(Py ,:ir =0 , (6)
The conditional variance of ECI1 at the fixed level i is
Var(ECI1|64) = E[ECIl - E(ECIL|84)]2 . (7)
By substituting the result from (6), the con@itional variance
(7) becomes E(ECI12|64). That is:
E(EcriZeg) = B([1 - fPYQXE_:LZ;)]Zlei)
covggi ’~Z°)
(8)

2
= =] +E—(COV gl.k ’JNy—')lei) o
covlggi ,ﬁz.)

where we have again used the fact that E[COVQXk ,hz,)] = coVv gg} ’AL')

The numerator of the last term of Equation (8), however, can be expanded

Al




to' the sum of the diagonal and off-diagonal terms, and then by applying

the conditions given in Equations (4), we obtain Equation (9).

L n _ - 2
. ) E([jzl(}'kj P1)(y.5 = P.0]%6)

’le,]

N S 2
) E[jzl(ykj - P )%(y.5 - p..)

+-;%»E§§h (Ykj = PL.)(Ykh = P13 - P.O(Y.n — PLIED]

The first term, the diagonal part inside the parentheses of the above

RS

equation, 1is:

BLZ (g - P12y - poo2leg]

- jgl(Y.j - p..)2 Bl - P1.)2165)

- 3 - 2 - .- 2
jzl(Y.j P..)°[Py3(1 = Pyy) + (Pyj - T1)“] .

The second term inside the parenthesis 1s:

E(jgh(ij - P1)(yknh - B3 )(¥.5 - P.)(y.n - BLO)I6y)

= 3T RIGm - R E[(yij ~ P1.)104] E[(yp - P1.)]61)

= j;h(Y.j - P.J)n =PIy - T1)(Pip - T1)

Adding the results of the two expectations givés Equation (10).

1 n 2 ;
2 E([jzl(ij - P1)(y.3 - P.I1% e

v.j - p,,)ZPij(l - Pij)]

[ I =]

1 o 2 1
) [jzl(Y.j P..)(Pij i)l 2 E .

‘ 2
(y.3:- P..) 01

i MB

v 1
= cov2£v. » Pg) + o2 ]

1

15

i

€

(10)




Substituting (10) in Equation (8), the variance of ECIl becomes:

n 2
LB+ 2oag? 0y - R ) /n’

covz( i

~°

Var(ECI1l) = -1 +
’ covZ(Py , y.)

.

e}
2 0¢5(y.q - p.)2 (11)
AL G

nzcovzggi y Y))

Y
L)
ECI2

The conditional expectation of the second ECI is given by

E(ECTpl0g) = 1 - E[“"Sl.k_’_) |ei]

covgw
=1 - Eleoviyk : 9,'.911 . (12)
covg\_
P
'//' .~
But /‘;

\

/ 1 3
E{cov(yk »,8) 181 = & }3[3‘51()'kj ) pi')(GJ‘ -0 -| ei]
11 )
= EJEIE[(ykj - Pi.)(Gj - T)I' eiL:mr.:.n

= jI (Pij - T4)(6; - T) ==,"covgVi , j

‘\,

. i
‘
. \

: N n
where T= XT4/N= 3Gj/n .
i=1 j=1

By substituting this result in Equation (12), we get (13).

E(ECI2|0g) = 1 - SOVER1 » &) = eE)

lo




The conditional variance of ECI2 is given by Equation (14),

Var(ECI2/61) = E[(ECI2 - £(ECI2))]2 |ey)

= E(ECI2Z |8j)

- 1+ Eleovi(aie , Q) leg] (14)

cov4(G » Pi) *

L

The expectation of the squared covariance of yk and G can be simplified
4. v

and given by Equation (15).

1 2 2
E[cov? G)lej] = cov®(Py , G) +— 2. 0..° (G, - T . 15
[COV (rZ,k ’r\.)l i] co g\‘i 9(_\_') [12 J=1 ij ( J ) ( )
By substituting (15) in (14), we get (l6).
n .
_EI(G - T)zoijz
var(Ecizley) = 3= . (16)
n2c0v2§g_,fgi)
ECL4
The conditional expectation of ECI4 is
cov(yk , Pi)leg
4 =1-E =%
E(ECI4[64) =1 [COVQQ_nhgi) (17)

where yy is a random variable from the distribution of binary responses

-
to n items at the fixed ability level i. Since the denominator of the expected
value, cov QQ,:,Ei): is fixed at level i, the second term will be

simply the expectation of the numerator divided by the covariance OfAi
and Py, E[congk,fgi)Iei]/cov gg‘,rgi).

Efcov(yk , Pjislo1]

1 B :
== E[jzl(ij = P1.)(Pyj — Ty)l6y]

1
E.ng(P#j - Ti) E(ij - Pi.lei) '1’7
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But E(ykj = pi.l01) = Pjj - Ty Dbecause of Equations (4)

Therefore,

E(ECI4l0g) =fL - cov(Pi , By)

cov(g’,'gi)
ap - Ver(ki)
covgg‘ ’,&) ’l/ L] (18)
\ The conditional variance of ECI4 is given by Equations (19).
\\ : var(ECI4|81) = E[[ECI4 - E(ECI4)]2|61] (19)
Substituting the expectation of ECI4 from Equation (18), (1Y) becomes
. 2
var(ECi4ley) = E |(COVSRL , i) cov(k » BU)) Ty,
: } °°VQ§.’f81) conQ',rgi)
A straightforward expansion of the inside of the parentheses leads to
Equation (20).
2 2
Var(ECI4|6y) = E[°°Z,§XB » 21)l61] coy EE; » 2i) (20)
Ty cov (rQ..’,\I_)_i) cov S&’__ ’,.Ei)

The numerator of the first term, E[covz(yk , Pi)lei], can be simplified
~
in the same manner as in the case of ECIl.
E[covZ(yk » P1)1®1]
~., -

= LB S (g - P10y - T2 | 6
o2 21 e 1.0(F15 i i)

- 1 o _ 2 _ 2
"3 E[jfl(ykj Pi)2%(Pig = T1)" [8)

1,1
2 EGu Oy ~ Py ) gy ~ Py I By - TRy - T8 .

ERIC Lo
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Because of local independence and Equation (4), we obtain the following

two relations:

n B
BL,Z Okj - pi.)2(P1y - T1)?ley)

S )
| = j§1[01j2 + (Pyj = T1)2](Pyy = Ty)?

i =

I and N

E[jgh(ij = Pi.)(kh ~ Pi)(P1j = Ti)(Pip ~ ?1)|611

¢
L
\
\
\
\
N\

=3 [(Pyy - T1)2(Pyp - T1)?] 8]
j#l iJ h I i” -
By adding the results, we obtain

E[°°V2(,Z_k , ’_gi) 161)

10 2 n 2 2
=—5 3 [(Py5 - T{)2 +-—§ Lo, (P, - T,
;2j=l[( 1j 1)¢] 22 I ( i i)
. 2 l n ] 3 ol 2
Var®(Pyj) + = jzlcr%J (Pj = T,) . (21)

By substiturting (21) in (20), we get Equation (22), the variance of LCI4.

n
2 2
2 . 1 5 o %, -T)
cov4(Pj , Pj) +—= - . . 2 i
~ n s 1] 1] 1 N *
var (ECI4|ey) = e j=1 _ cov (B ,Py)
\ COVZQQJEJ) cov2§g4£i)
2 2
Zoij \(Pij - Ty)
- . (22)

nzcovzg\_,ﬁgi)




Comparison of Some Statistical Properties of the Three Indices

ECI1, ECI2 and ECI4

Comparison of the Standard Errors

The conditional expectations of the three indices are different in
a manner that suggests that ECI1 and ECI2 are similar to each other,
while ECI4 stands alone. ECI1 and ECI2 have the constant expectation
zero, regardless of the level of person parameter 8ij. On the other hand,
the expectation of ECI4 is a function of 64, as shown in Figure 1 for

the dataset obtained from a 32-item signed-number subtraction test. The

Insqrq_gigure 1 about here

x-axls represents true scores and the y-axis the 127 students” expected
ECI4 values. The curve in Figure 1 decreases monotonically as the true
score decreases. The standard error of ECIL4 is the square root of
expression (22) and is also a function of 6. Figure 2 shows the
relationship between the standard error and the true scores. (The

estimated true score of IRT was used instead of 6j so as to have a value

between 0 and 1, which facilitates comparison across different tests.)

Insert Figure 2 about here

For students whose true scores are extremely high or low, the standard-
error curve rises sharply, while for average scores, it becomes rather
flat.

Figures 3 and 4 are plots of the standard errors [square r?f?é of
expression (1l1) and (16)] of ECI1 and ECIZ‘against true scere as the x-
axis. They are almost identical curves that are nearly horizontal for

the average true scores but increase rather rapidly at both the high and

low extremes of true scores.

<\
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FIGURE 1. Expectation of ECI4 Plotted Against the True Score
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FIGURE 2° The Standard Error of ECI4 Plotted Against the True Score
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Insert Figures 3 & 4 about here
ECI1 and ECI2 correl;te highly (r = .97, see Appendix XI) and have
the same constant expectation of zero. Moreover, their standard errors
have almost identical curves when plottea against true scores, 80 we
will drop ECI1 hereafter and make comparisons between ECI2 and ECI4.
Since ECI2 is defined by using the elements in the probability matrix

(Pij), the investigation of ECI2 and ECI4 will be more interesting.

Standardized Extqugg_ng}}g&_}ndices, ECI2, and ECI4, and their

Density Functions

ECIs can be standardized by subtrECting their expected values and
—

then dividing it by their standard errors. Equations (23) and (24) are

the standardized extended caution indices ECI2 and ECI4.

ECI2 - E(ECI2/e;) _ ncov(P; = yi , G)

ECI2, = ,
SE(ECI2|8y) 2]}&

. [.n 2
Zoij (Pij - T)
j=1

ECI4 - E(ECI463) _ ncov(Py - yj , Pi)
SE(ECI4|85) zly&

ECI[GZ =

[[21 1~2(P1' - T,)
j=P J J 1

As can be seen in Equations (23) and (24), the second variables of the
covariances iE the numerators arerg'andﬁzi, respectively. The
denominator for ‘ECI2, involves the group-oriented vector;i-— Tl while
that for ECI4, involves the individual-oriented vector at the level i,
rEi —;é?l. Tatsuoka and Linn (1982) argue that ECI4 may corresgond to the

individual consistency index (ICI) introduced in Tatsuoka & Tatsuoka

(1980, 19821) while ECI2 may function similarly to the group dependent
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indices,\i.e., Sato”s caution index (1975) or the norm conformity index
{Tatsuoka & Tatsuoka, 1980, 1982a), The ICI has proven to be effective
in spotting \the aberrant fesponse patterns resulting from consistent
application ogxerroneous rules of operation (Tatsuoka & TatsuokW, 1981).
Our predicgion Q;th regard to detection rates of erroneous rules of
operation is thAE\ECI4 should be betier than ECIZ.

It should bg\poted that the scale of the original ECIs are
functions of © buq\ﬁhose of the standardized Eglzs no longer depend on
'e. As a result, txo ECIi4, (or ECI2,) values obtained from differént 0
levels are comparaﬁie in terms of the extent of anomaly they signify.
However, the deqsitx functions of ECI2, and ECI4, have to be
investigated in order to determine their differences statistically.

{

i
Figures 5 and 6 show the goodness-of-fit test of the normal distripution

1
Eggefﬁhf}égres 5 & 6 about here

for ECI2; and ECI4;. \Appendices I and II give the tests of the normal
distribution for ECI1l, and lz (Levine & Drasgow”s standardized

appropriateness measute, 1982), while Appendices III, IV and V give the

goodness—of-fit tests|of beta distributions for ECIlg, ECI2,, and ECI4,.

The data used in these figures are based on 2,400 students” scores’
obtained from a math qest (National Assessment of'EducatiS?al Progess
series, matheﬁatics for 13 year olds, Booklet 4). As can be seen in the
figures, both the standardized ECIs fit normal distributions well.
Similar results are obtained from the NAEP data, Booklet 5.

Appendices VII, ViII, IX and X give the stand;rd errors of ECIl,,
EC]2,, and ECI4, and the expectation of ECI4,, obtained from the NAEP

data. Although the NAEP data is used for testing "goodness of fit" of

the ECIs with tteoretical distributions, we will go back to the signed

T 2o
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FIGURE 5. Goodness of Fit Test for the Normal Distribution
The Stepfunctionis a Cummulative Distribution of ECIl;Z:
The Smooth Curve is a Theoretical Curve '




FIGURE 6. Goodness of Fit Test for the Normal Distribution:
The Stepfunction is the Cummulative Distribution of ECI2 z
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number data in order to investigate the dctection rate of aberrant
response patterns by she standardized EUIs. In the next section, a
brief description of the dataset and procedure for the couparions will
be described.

A brief description of the dataset

Birenbaum and Tatsuoka (1982a) have demonstrated that the
traditional zero-one scoring of incorrect and correct answers does not
reflect a student”s performance correctly because several erroneous
rules frequently yield the righﬁ answer for some problems. By extensive
error analysis performed on the o;iginal dataset (the 127 eighth graders
test scores for signed-number subtraction problems) Birenbaum and
Tatsuoka (1980) identified erroneous rules that were congistently
applied by certain students. They rescored ones to zeros for items that
students got right for the wrong reasons. The dataset used in KFigures 1
through 4 are the modified dataset in which the scores of zero-one

should reflect more accurately the student”s performance than the

original dataset of N = 127. The modified dataset was much more nearly
qnidimensional and had higher item-item and itew-total correlations

than the original, while the item-means and standard deviation remained
aimost the same (Birenbaum & Tatsuoka, 19828)l Fifteen erroneous rules
were randomly selected from the 45 erroneous rules listed in Tatsuoka &
Tatsuoka (1981) and responses based on these were added to the modified

dataset. We refer to the new dataset of N = 142 as "Bugdata" hereafter.




Comparison of detection rates of ECI2, and ECI4, with respect to

Epeir 807% intervals

By using the item parameters estimated from the modified dataset,
ECI2, and ECI4, for the 142 subjects in the bugdataset were calculated
and plotted against the true scores. Figure-7 is the scatterplot of
ECI4, against the true scores and Figure 8 is ECI2, against the same
true scores. Thé 15 bugs are marked by a small circle “o" with the
numbers and 89 real data points are marked by a plus sign "+" without

being numbered. -

inseEE_Figures 7 & 8 about here

The 80% intervals for both the ECIs and lz are constructed and
listed in Table 1 along with the means and standard deviations of the
indices. These are the intervals within which, theoretically, the

values of the indices associated with BOZ]of the non-aberrant responses

Insert Table 1 about here N

should fall. The intervals are marked by broken lines in Figures 7 and
8. We may choose, as a conveniéht decision rule, to classify response
patterns with index values outside these intervals as "aberrant.” The
propdrtions of real response patterns classified as "aberrant” (which

are essentially false alarm rates) by the four indices that are shown in

\\\ Table 2 along with the proportions of. the 15 bugs that are detected.

Insert Table_g about here

The unstandardized ECI4 seemed to have the best detection rates in
r
comparison with the other four ECIs (Tatsuoka & Linn, 1982) but lost its
high rate after it was standardized. Exactly the sa.e dataset is used

in both the cases, the standardized and unstandardized fourth extended

caution index. In Table 2, the false alarm rates of the four indices

/
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Table 1

The 80% Intervals

ECI2, , ECI4,

of ECI1_ ,
z

and 1lz.

Indices Mean S.D, 807% confidence interval
ECIlz .001 1.105 (-1.414, 1.416)
ECIZZ ,020 1.230 (-1.555, 1.594)
ECT4 019 1.229 (-1.554, 1.593)
1z 017 .619 ( -.775, .809)
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Table 2
Detection Rates of Erroneous Rules by Four
Personal Indices Based on Item Response Theory

with Bugdataset

Rcal Students  Erroneous Rules

i N = 89 N = 15
o ECIL .22 | .60
' ECI2, .15 .53
ECI4, .17 .67

'lz 018 .67

%
e~
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vary around 20% as they should, while the correct detection rate
fluctuates around #0%. Considering the fact that the false alarw rate
for the 89 students by using ICI with total scores (ICI 2> .90 and scores
lower than‘a certain criterion, Tatsuoka & Tatsuoka, 1981) was less than
5%, the results summarized in Table 2 are not 1s good as we had
expected. One reason for the low detection rates may be the fact that
the modification procedure of rescoring in the original dataset was
carried out by an intuitive error analysis, and hence there are sone
responses affected by persistent misconceptions left in the modified
dataset. Table 3 lists the percentage of "bugs” left in the modified
dataset. The total number of bugs (including repetitions) has become
42. The mean absolute value of ECI4, in the two groups described in
Table 3 are 3.141 for the bugs that were not found in the modified
dataset, 1.353 for the bugs left in. However, the value ;f ECL4,,

1.353, is still substantially high in comparison with the majority of

real responses in the modified dataset.

Insert Table 3 about here

Sumwmary and Discussion
The extended caution indices, ECIl, ECI2 and ECI4 are standardized

by the usual transformatibn,
ECIm - E(ECIm|64)

ECImg = for m=1, 2, and 4.

SE(ECIm|63)

The conditional expectation of ECI4j is a function of the level, but
those of the other two ECIs are identically zero. If we sample two
students from differeﬁt ©i levels, then it is dangerous to compare their
‘ECI4 values in order to determine which student”s response patternsbis

/

more aberrant than the other. Moreover, the standard errors of all
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Table 3
Percentage of Each Bug that was not Rescored and Remained

in the November Modified Dataset (n = 8, N = 89) 356 Sets of Responses

Total
Bugs % /Scores * ECIL4 .
1 0 T4 3.728
3 0 3 4.309 )
—~ . 4 0 2 4,259
5 8 0. 6 3.059
g 10 0 3 4.045
12 0 2  —1247
13 ’0 1 1.338
2 1,006 6 2.554
5 ¢ W011 5 -1.435
o 6 014 6 -2,197
& 7 .003 4 w631
5 9 .008 1 -.887
11 014 1 1.084
_ 14 014 6 1,162
15 .048 7 .876
*Mean of Group 1 = 3,141 S.D. = .503
Mean of Group 2 = 1.353 S.D. = .240
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three ECFS are functions of i and have U shaped trend curves. Tnis
explain4 the past findings that the correlation of personal indices,
sﬁch as the caution index, NCI,or ICI, with total scores vary according
™
to the shapes of the total-score distributions. The findings are that
if the total-score diétribution has a negative skewness, then the
correlation is positive, if the distribution is positively skewed, then
a negative correlation results (Harnisch & Linn, 1981; Tatsuoka &
Tatsuoka, 1980). Since the ECIs are natural extentioné\of the caution
index, we can safely impute some behaviors of ECIs to these discrete
personal indices as well. ECIs provide inflated values at both the
extremely high and low total 8co£es. With the standardized tCIs, the
bias of the values at the extreme scores is corrected, and moreover the
responses from different levels of 8 can be compared safely.

It would be ideal if the theoretical distribution of the
standardized extended caution indices could be derived algebraically,
but goodnes-of-fit tests of the ECI s with normal distributions provide
satisféctory evidence thatAthey may follow approximately normal
distributions.

Regarding the detection rates of "bugs", they are unexpectedly low.
We have tried to find the reason for this by investipgating each response
pattern in the modified dataset. The results indicate that if an
otherwise normal dataset includes a considerable number of aberrant
response patterns, then these patterns are no longer detectable with
high probability by the ECI approach. A new method to detect such

aberrant response patterns should be investigated in the future.




a .

|

Rudner (1982) recently conducted a Monte Carlo study to compare the

&

detection rates of various indices. He found that the indices based on
item response theory performed consistently better with his data than
the indices based on sa%?le statisti;s alone. But IRT is not always
applicable in practice. An advantage of ECIs in comparison w%th other
appropriateness indices or Wright’s index is that they can start from
the caution index when a sample is small. Then it can be shifted to
ECIs as the sample size becomes larger without loss of continuity
because ECIs are natural extentions of the S-P curve theory. However,

further investigation of the relationships between the original caution

index and the ECIs will be needed.

e
G-




References

Birenbaum, M., & Tatsuoka, K. K. The use of inforwation from wrong responses
in measuring students” achievement (Research Keport 80-1~ONKk).
Urbana, Ill.: University of Illinois, Computer-based kducation
Research Laboratory, 1980. (AD A097715) (ERIC No. ED 202 915)

Birenbaum, M., & Tatsuoka, K. K. Oun the dimensionality of achieveuent
test data. Journal of Educational Measurement, in presé, 1982a.

Birenbaum, M., & Tatsuoka, K. K. The effect of a scoring systea based on
the algorithm underlying the dftudents” response patterns on the
dimensionality of achievement test data of the problem solving
type. Journal of Educational Measurement, in press, 1982b.

Drasgow, F. Statistical Indices of the appropriateness of aptitude test

scores. Unpublished doctoral dissertation, University of Illinois, 1978.
£ ¢

Drasgow, F. Appropriateness measunés.“xﬁaper presented at the 1981 ONR
contractor mezting, Memphis, 1981.

Harnisch, D. L., ;>Linn, R. L. Identification of aberrant response patterns:
application of caution index (Final: Report). Urbana, Lil.: Univer-
sgty of Illinois, Department of Educational Psychology, December 1981.

Levine, M. V., & Rubin, D. B. Measuring the appropriateness of
multiple-choice test scores. Journal of Educational Statistics,
1979, 4, 269-290.

Lord, F.M., & Novick, M.R. Statistical theories of mental test
scores. Reading, Mass.: Adisson-Wesley, 1968. - :

t

/
Rudner, L. M. Approaches for validatimp test performance. Paper presented
at the meeting of the American Educational Researchers association,
New York, 1982.

Sato, T. The construction and interpretation of S-P tables.
Tokyo: Meiji Tosho, 1975 (in Japanese).

Tatsuoka, K. K., & Linn, R. L. Indices for detecting unusual response
patterns: Links between two general approaches and potential
applications (Research Report 81-5L0NR). Urbana, Ill.: University
of Illinois, Computer-based Education Laboratory, August 198l. Also
in Applied Psychological Meagurement, 1982 (in press).

Tatsuoka, K. K., & Tatsuoka, M. M.  vetection of aberrant response patterns
and their effect on dimensionality (Research Keport 80-4-ONR).
Urbana, Ill.: University of Illinois, Computer-based Kducation
Research Laboratory, April 1980. (AD A091838) Also in Journal of

Educational Statistics, 1982a (in press). e




1 L ;.w;\:

o

A i {

Tatsuoka, K. K., & TatsJoka, M. M. Spotting erroneous, rulés of operation
by the individual consistency index (Research Report 81—4-ONR).
Urbana, Ill.: University of Illinois, Computer-based Education
Research Laboratory, 198l1. Also in the Journal of Educational Psychology,
1982b (in press). K

‘ ~ van der Flier, H. Environmental factors and deviant response patter.s.
\ P In Y. H. Poortinga (Ed.), Basic problems in cross cultural psychology.
\ Amsterdam: Swets and Seitlinger, B.V., 1977.
o v
Wright, B. D., & SEone; M. H. Best test design, Ras¢h Measurement.
Chicago: The Uniyersity of Chicago, Mesa Press, 1977.

< "\ . N




Appendices

i




Captions of Appendices\

Appendix I: Goodness of Fit -Test for the Normal:Distribution: The
Stepfunction is the Cummulative~Disﬂ(ibuticn of-ECIlz

Appendix II: Goodness of Fit Test for the Normal Distribution: The
i Stepfunction is the Cummulative Distribution of 1z

Appendix III: Goodness of Fit Test\for the Beta Distribution: The

Stepfunction is the Cummilative Distribution of ECI
z

Appendix IV: Goodness of Fit Test for the Beta Distribution: The
Stepfunction is the Cummulative Distribution of ECIZZ

Appendix V: Goodness of Fit Test for the Beta Distribution: The
.Stepfunction is the Cummulative Distribution of ECMz

Appendix VI: Plot of 1z Against True Score for the Modifried Dataset
("+") and Erroneous Rules ("0"), and 80% Probability
Interval (-.78, .81)
Appendix VIIs Standard Error of ECIl
Appendix VIII: Standard Error of ECI2
Appendix IX: Standard Error of ECIL4

[
Appendix X: Plot of Expectation of ECI4 Against True Score

Appendix XI: Correlation Matrix of Standardized ECIs and 1z with Bugdata
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APPENDIX I . Goodness of Fit Test for the Normal Distribution .
The Stepfunction is the Cummulative Distribution of ECII 2z




APPENDIX ITI . Goodness of Fit Test for the Normal Distribution .
The Stepfunction is the Cummulative Distribution of £z




APPENDIX T . Goodness of Fit Test for the Beta Distribution .

The Stepfunction is the Cummulative Distribution of ECI 2z




APPENDIX I¥ | Goodness ‘qf Fit Test for the Beta Distribution:
~ The Stepfunction is the Cummulative Distribution of ECI2 2z
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APPENDIX ¥ . Goodness of Fit Test for the Beta Distribution .
The Stepfunction is the Cummulative Distribution of ECI4 z.
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APPENDIX I ® Plot of £z Against True Score for the Modified Dataset ("+")
and Erroness Rules ("0"), and 80% Probability Interval (-.78,.81).




Appendix VII

Standard Error of ECI1’
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Appendix IX

Stgndard Error of .ECI4
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l ‘ ) Appendix XI )
Correlation Matrix of Standardized ECIs ana 1z

l ' With Bugdata
L Total True
ECI1 , ECIZ.z ECI4 , 1z Score Score
1 2 3 4 5 6
1 1.00 ° .99 .92 -.88 -.11- - 14
2 1.00 .93 -.88  -.l1 -4
3 .1.00 -.83 -.19 -.22
4 1.00 .22 22
5 1.00 .99
6 1.00
\
. / f
/
/ /
; /
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