& * :

DOCUMEﬁT'RESUME

N
'

ED 223 412 a : SE 039 475

: X
AUTHOR _ Myers, Jerome L.; And Others
TITLE ' Structure and Process in Learnlng Probability. Final
: Report.\

" INSTITUTION ' Massachusetts Univ., Amherst. Dept. of Psychology.
SPONS AGENCY National Inst. of Education (ED), Washington, DC.;
National Science Foundation, Washington, D.C.

PUB DATE 21 Oct 82 .
GRANT NIE-G-80-0126 :
NOTE 77p.
‘ PUB TYPE . Reports - Research/Technical (143)

. EDRS PRICE - MF01/PC04 Plus Postage. -
DESCRIPTORS *College Mathematics; *Educational Research; Higher
Education; Instruction; *Instructional Materlals'
E . Mathematical Concepts; Mathematics Educhtion;

a

PO *Mathematics Instruction; *Probability; Problem
: Solving; *Textbook Research; Textbooks _
IDENTIFIERS *Mathematics Education Research - N
ABSTRACT

Studies of methods of teach1ng stat1st1cs are
repbrt‘d Three brief texts were wr1tten\for the investigations; they
varied in degree of explanation of basic concepts of elementary
probability. Subjects were undergraduate students at the University

. of Massachusetts, Amherst. None of the subjects had had previous

«  formal exposure to probability or statistics. All texts presented.six
basic formulas from elementary probability and an example of the
application of each formula. All three documents contained ’
definitions of special terms. The high-explanatory text emphasized
the relation of probability to counting, used- p1ctor1a1 aids, and
presented equations as natural developments ensuing” from examples.
The standard text lacked this conceptual development, but presented
more concrete examples than those found in the low-explanatory
document. Subjects were given sufficient time to read their text,
then given an unrelated 15-minute task to minimize immediate memory’
dependence. This %as followed first by a performance test, then,6 by an
aptitude measure,. Results; suggested that very different patteﬁns ’
appear to be preSent in tke hlgh-explanatory subjects as compared to
the other groups. In partlcular, subjects in the high- efgi%na¢orz
group tended not to retrieve formulas, but to recall exa es
(MP)
. 9\1

o e

********"c**************************************************************
* Reproduct1ons supp11ed by EDRS are the best that can be made _ Tk

* from the original document. - *
********t****'k*****************************t***************************

4

A\

EKC ‘ S - |

wll Toxt Provided by ERIC




Nl
—
s
M
aJ
oJ
(]
Le)

Aruitoxt provided by Eic:

p -
U.S. OEPARTMENT OF EOUCATION
. NATIONAL INSTITUTE OF EDUCATION
, EDUCATIONAL RESOURCES INFORMATION
- . CENTER (ERIC!
' . This document has been  teproouced J9s
- recewved from the pefson Of Ofganization
ongmatng it
. Minot L hanges hdve been made 10 improve
. . eproduc ton Qudlity
a & Points of view 0f 0Optiens stated in this docu
ment do not necessdnily represent otficiai NIE
« « posnlloh of pohey
~
— Final Report
Structure and Process in Learning Probability
\
- , »
.
.
! .
P4
.
\ ’

Prinecipal Investigator: Jerome L. Myers

L}

PR

University-of Massachusetts— - - -
.Amherst, Mggfachusetts 01003
j413>545—2331)

Date: October 21, 1982

“PERMISSION TO REPRODUCE THIS

- %ATERIAL HAS BEEN GRA_NTED 8Y
. :

’ ’ TO THE EDUCATIONAL RESOUF'!CES
INFORMATION CENTER (ERI(_)).‘




—
v
) Final Report
Structure and Process in Learning Probability
NIE-G-80-0126 .
[
3
Principal Investigator: Jerome L. Myers L ' x - .
4 ‘ University of Massachusetts
Amherst, ‘Massachusetts 01003
A (413-545-2331) ' - N
Date: October 21, 1982
. . A ‘
i ‘> .
"j\;‘; < s % ‘ .
Y . . - - - it T T ) i !
e e e e e i T - oo ooy T e
et o e . -l l ‘. T "‘; ¢ ,
N : f
. \
. N > s 5 i




7y >,
g ® 3 \
. » '

Elementary probability prov§%%§§the foundation on which statistical
theory and practice is built. Itépportance as a discipline goes well
beyond that, however. Frequently, ﬂﬁe average citizen encounters probability
concepts and statistics in his reading and in his viewing of television
néwscasts. To cite but a few examples, we are all exposed to information
about statistical test results and correlation in discussions of the
role of smdﬁing in cancer, to 1nformation about confidence intervals

9 in presentations of results of polls prior to elections, and even to
probabilities in viewing sports and the weather. Many of these sorts ~
. of "everyday examples" are discussed in an excellent book of readings
- edited by Tanur (1978). We contend, then that statistical education
is an important part of the general education of students, and therefore
. it is critical to attend closely to the fundamental concepts and calculations
to be found in the areaof elementary probability.

Despite the clear importance of.the fopic, there is no evidence that
it is being taught properly. Indeed, research in th& last decade (Tversky
. and Kahneman, 1974, provide a seminal paper) has made clear that college

students have marked misconceptions about probability and statistical
concepts. Ag Tversky and Kahneman note: ''Misconceptions of chance are
not limited to naive subJects." They go on to report results of studies
conductd with research psychologlsts, individdals who ordinarily have
had several statistics courses at the undergraduate and graduate level.

It appears time that systematic investigations of methods of teaching
statistics were undértaken. The research conducted under the auspices
of this grant provides a beginning. We begin with the observation that
most introductogy statistics texts emphasize memorization of formulas
with little con eptual development. Recently, there have been a few:
T exceptions to the general approach; Freedman, Pisani, and Purves (197§)
and Pagano (1981) are examples of an approach that places a greatergempha51s
on understanding. We have conducted several studies contrasting these
approaches "and have obtained some interesting results. In what follows,:
I will summarize the general procedures and results, and prdvide a brief
discussion. Three appendices to this report provide a considerably greater
_detail. The paper by Myers, Hansen, Robson,-and McCann (Appendix 1)
. has been accepted for publication, that by Hansen, McCann, and Myers
(Appendix 2) has been submitted for publication, and that by Myers (Appendix
3) nstitutes an invited presentation to the First International Conference
on the Teaching of Statistics and will appear “in the published proceedings
of that conference.

- .

- < . . Methods

Subjects . -

Subjects in these studies were all undergraduate students at the
University of Massachusetts, Amherst. None had previous formal exposure
to probability or statistics. :

- ' - - T

s . Instructional Texts ’

o Three brief texts were wrltten for the purpose of this reséarch program

’ _ During the course of the research program, rev1sions were déveloped to
improve clarity of presentation. Such Yevisions were based on taped
interviews with subjects who commented aloud as they read the text. !

“

E l C : "}' he M , %

pmg anpr T T



All three texts presented six basic formulas from elementary probability
and an example of the application of each formula. All three texts contained
definitions of such terms as independenge and mutual exclusivity. In
the high-explanatory text, the relation of probability to counting was
emphasized, pictorialjaids were used, and the equation was presente&
as a natural developiient ensuing from the example. The standard text
lacked this conceptual development but presented examples that were some- °
what more concrete than those employed in a low explanatory text. Further
detail on the nature of the texts can be found in the Appendices.

A

Performance tests

In most of our studies these fests involved equal numbers ¢f formula
(e.g. "If P(A) = .4 and P(B) = .6, what is P(A and B)?") and story problems
There was one study (Appendix 2) in which only story problems were presented.
Where both types of problems were presented, the order of presentation
was counterbalanced. Examples of problems can be found in Appendix 2.

-

Procedure .

Subjects were given suffleient time to read their text and then were
given an interpolated unrelated task for 15 minutes-to minimize dependence
on immediate memory. They were then given sufficient time to do the
performance test. Follow1ng this, they were given an aptitutde test
based on items from the quant1tat1ve and analytical Graduate Record Examina-
tions.,

Results and Discussion

Very different patterns of knowledge appear to be present in subJects
in\the nonexplanatory (standard and low-explanatory texts) and explanatory
corditions. Subjects in the two nonexplanatory groups performed cons1Jerably
ell on story than on formula problems, and often used the correct
formul for a problem (that is, met the lenient criterion) but failed .
to, solve it. A closer look at answers to story problems revealed that )
subjecfs in the nonexplanatory conditions often required the explicit
presedce of key words which unambiguously pointed to certain operations,
tended -to misclassify problems in the presence of irrelevant or redundant
information, and made many errors when the values in the story required
modification before insertion into the formula. In contrast, subjects

in the high-explanatory condition performed equally well on story and

formula problems, tended to solve whenever they showed evidence of knowing
the appropriate formula, and were cons1derably less hindered by absence

of key words, the presence of irrelevant information, and the need to
translate values in the story. The situation may be summarized by noting
that,, although all-our sybjects were novices, those in ‘the high-explanatory
condition seem to share more of the characteriscts of experts than do °
those 1n the other’ two °conditions. S S ’

» N

Thé results of more recent studies lead us to believe that the solution
processes in the explanalory and ﬁonexplanatory*conditons are qualitatively
different. In one study, subjects in a high- explanatory condition had
only 60% correct .recall of equations (as opposed to 90% for a standard
group), but were able to perform correctly on 53% of story problesm.

This result suggests to us (as does the equivalence of formula and story
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scoreg'in the study just detailed) that subjects in.the high-explanatory
condition often may not retrieve the formula at all.
which dubjects thought alolid while solving supports this conjecture;
afteristudying a high-explanatory text, students tended to attempt to
constugct solutions, often using the diagrammatic aids provided by the
text. :Rather than recalling formulas, they .attempted to recall examples
from-the text which they felt were similar to the problem at hand, and

to usg these d4s a model for solution.

Much remains to be done. High on the agenda must be the use of other
measures of comprehension--bath problems demanding more complex processing
and transfer to new materials such as the Binomial and Bayes' theorems.
We suspect that such research will provide further evidence of the role
undergtanding can play in mathematical problem-solving.
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1

‘ . Abstract g

In Ahis stu&&, 48 subjects who had no previous exposure to probability or

b

tatistics read one of three texts which varied in thé degree of explanation

'

ofs basic concepts of elementary probability. All‘texts contained six formulas,

each accompanied by an example, as well as definitions and information

logicully required to solve all problems. The high-e«planatory text differed

L]

.« from the low-explanatory and sgandard texts in that it emphasized the logical

basis under%ying the construction of the formulas, the relatiorns among

4

formulas, and tlje relations of variables to real world objects and events.

On both immediate and delayed performance tests, subjects in the low—éxplaﬁatory

.~

and standard text conditions performed better on formula than on story

probYems, while the subjects in the high—cxpiahntory text condition did -

) . -

.equally well on both types ol problems. ‘it was concluded that explanation

did not improve the leérniﬁg of formulas but rather facilitated the applica-

- . R

tion of what was learned to story Qrcblems.
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from an initlal repference to dice-throwing, cxamples were stated in terms .
. .

i

Learning Probability

2

, Parents, educators, and mathematicians have been involved in recurrent

& -

debates about the relative merits, of understandiny mathematical concepts

and rote memorizing computatithal formulas. In pxinciple, such conflicts

.

should be resolvable through research involving manipulation of the degrae

(] Al -

to which students understand mathematical material and observation of their
] .

performance.on tests of maZthematical knowledge. In actuality, we encgunter

e, .

- s ’ ’
difficulties because we lack both a precisc definition of mathematical

-

undcrbtandlng and a sncc1flgatlon of the prdvcesses such understanding might

af fect. ' .

The present study examines the effects of varying understanding of

>

elementary probability.. We have identified three dimensions of understanding

<
|\

and have constructed three téxts that vany:a*sng these dimensions. The
first dimension is similar to what Mayer and Greeno (1972) have labelled

-

"external connectedness.' ln a high-explanatory text, probability was

defined as a relative frequency of eveats, and evanples caphasized the

relation between answergﬁand counts of the numbers of ways thaf various
\

~

l 4
events could occur, A standard text treated probability as a measure

with certain well-defined properties (e.y. limits of once and zero) and

u53ﬂ>£amiliar real-world examples -(e.g. the probability o rain tomorrow),

~

but did not evplain probability in terms of counting yrocesses. A low- -
P y I :

explanatory text was more abstract than either of the [irst two; aside

/

of such quantiticd as P(A) and P(B). ; '

’ -

The qccond/ﬂimcn31nn dlony whlgh the texts .varied W the degree of - -
linkage amnng‘éhe equations presented. Only the high-explanatpry text

showed that one ‘equation was a special case of anogher, or that one equation
. .

~
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could be derived [rom another. For c.uample, this text pointed out that the

probability of the union of Lwo mutually exclusive events was a special

case of the probability of the union of any two cvents.

The third dimension Jf relevance was the degree of <oplanation provided
for each equation. In the high-explanatory text, Venn aad brauch diagrams
were used to represent thlie information in the examples, and the equations

applied in these examples were explained in terms of thesc diagrams. Neither

.

of the other texts provided such explanations. For example, although all .
~ ’

- C ’ &
three texts stated that the probability of the joint occurrence of two

A independent events was the product of tlieir probabilities and provided

an example of this, only the high-explanatory text attempied to demonstrate

why probabilities were multiplied in such cases.’

’ < .

L] J
. Learning was measured by performance on CWOXCVPCS of prcblems: formula
) . h 29ru- 2

problcems, which mercly prescited certain values (e.g. "U'(V) =V:6, P(B) = .4")

»
Iy

and necessary conditions (A and B are independent cvent: "), -aind required
4,

i

the subject to set up the correct results (c.g. "What is T(A"and B)?" requires
. .

.6 x .4 as the answer); and story problems which were considerably less

transparent. Solving formula problems should depend only jupun memory of

the cquations, while solving story problems should depend alghy upon the

. . Pyt . 3,
N ability to apply the equations; that is/ty select the equation appropriat

e
. »

to the problem and then to inscrt the appropriate numbers f;sm the story
)

3

into the selected evquation. ‘ - -

[t is not clear which group should better remember the equations. \\
There is some evidence that spending time and effort learninyg added,

. . . . . - [ : .
ctaborative, material may hinder the acquisition of certain basic points

%

(Reder and Anderson, 1980). .In a like maaner, the high-explanatory fq&p

o .. : . \
ERIC - T Ly
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e
may spend proportionately less time and éff&rt than the stundard and low- °

. - -
explanatory groups on learning the equations’; the high exp!hnato;y text

> . 0 - -
. involves 14 pages wf magerial compared to four papes for the, other two
, -

~

texts. On the otler hand, subjects in the high-explanatoery group should

'

be able Lo relate cach equation to bpth their world knowledgg and- the other
. equations; the required equations would therefore be morce tikely to be
’
stared in memory, or stored with greater stgengch in memory.  Such

consequences of inteuration have begen demonstrated by muny investigators

- (e.g., Bransford & Johnson. 19725 Kintach & van Dijk, 1978). Finally, the

bl /7

formulas may be ecasier to retrieve. in thc hl%h—c\pldnlLor\ condition, —
. ~
' When concepts are linked to many other concepts, there is a greater

TS
. »

likelihood that the retrieval of any one piece of information will auto-

matically "prime" the retrieval of other infdxmqtion (Cc 1 & loftus,.

1975). . ’

Q o

These arguments indicate rhat the Qigh—explandfory group has

potential advantages and disgdvantages in learning and recalling the for-
- M °

mulas. Thus, no text condition has an indisputable advantage on formula

-«

L] ~

problems. Nor is if clear which group, if any, shqgld perform best on story |
problems. Such problems may be viewed as involving three, stages: cate-
. ~v

gorization of the problemy, retrieval of the formula appropriate for that’
? ]
Y N

category, and franslation = correct substitution o!f values from the story
L4 . ¢ .

. -
.

into the retrieved cquation. "We would expcct that because the high-

]
. .
N ’

explanatory text places an emphasis on undcstdnding concepts and their

3

" ———— ey

connections to real*world refcrents, subjects in this condition would have - i

an advantage in catggorizing and cran51acigg-story problems. As we noted
7 .

<

above, however, the other texts may have an advantage in learning the

formulas and, therefore, in rctrieving them.
A

ERIC - T o
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Although the potential advantage of the low-explanatory and standard

groups iunspetrieving the formula makes it difficult to predict the outcome X
of comparisons between wuroups, there are two pruJiccions that §9llow from
\

the stage analysis just presented. First, because story problems involve

p v -
categorization and translation, in addition to retrieval, they should prove

-

considerably’more difficult than forﬁula problems. Second, this advantage

- . N -

of formula problems over stoﬁy problems should be much less for the ‘high- .
explanatory group than for the other two groups. In ché high-explanatory text,:

external connectedness should aidgin translating the components of a story

problem; and linkage among equaticns and an understanding tostered by

-t t

.
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. ; o ’ aiu-'

the exblanation of ecach equation may aid the subject in reconotracling the

5

« .

T required equaticn.
. L
L. . > '
.k,rThte ﬁre!icﬁing of intertction finds some suprore ia a study by Mayer
. - X

(1974); he:qund that subjects had more Jifficuley solvia story problems

. L,
than rormula problems uand the efiect way preater in a test ewrharwzing

calculations (formula text). Mayer taught the binomial ~nvorem using twc
texts which differed in their emphases on calculaticuns and liuks te experience

» ’ ?
and in the sequentine of ;g{8§matinn. However, his aeneril and formula

Moo . \
texts are very difforent from any of our lLavee tenis in o nteat, cmrhasis,,

seauencing of information, ‘and jfenpth: and there e miarand disierences
Y . .

in ogir procedures and test problems.  One »otencially iooaertnt difference
. . . {
ig that Maver', subjects had the binomial formula n freat ol hem while

Laking the test so that the retrieval stage may mot have booa as critical
H N [

. . . . . AN
as in the pregent study. Nus . different pattern of résults is possible

.
. L

- in rae present,study.

. . Parker (aote 1) used materials mere similic to those uscd In the present
: study. She tested cight subjects in cach ot twe conditions, similar o

our standard and high-explanttory conditions. She alse tound that story
’ - . X

. problems were more difficult than formula problems, and that this difference

was more marked for her staudacd -group. Following completion of that study,
. A}

’
the high-explanatory text was modiflied to include questions desiyned to

";) the subjece's understanding of* the tgxt. "This guestion-and-answer

b .

7/ .
- versioun was.then read by cinht new subjects, who chought aloud as they

considered the interspersed guestion.. Their comaents were tape-recorded

and analyzed.  ©o the basis of that analysis, several changes were made
e '
i{n the text used in this experiment. These changes werge designed to clavify

N
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the presentation. Subjects' responses on a questionnaire given at the
rd

end of the present enperiment indicated that this v»al was achieved. .

S~
Tn the present study, we have twice as many subjects in each condition,

have added the low-exnlanatory text condition, have counterbalanced the

'
.

order of posttests (which Parker failed to do). and asked subjects to set

e, ca e . .
up the answer rather than to providé a final numerical result. This last

‘ “ <

procedural change allowed us to examine the possibility that subjects

v

might use the correct formula but not substitute values correctly in it.

~ .

This is important hecause our theoretical analysis suggests that such partially

correct responses should be mere prevalent in the’ standard and low-explanatory

;

groups, which, presumably, have more difficulty wich what we have called

-

the transiation stage.

\ Method
Subjects . , ) ‘ T ,
Forty-cight volunteers f:om an int roductory Psychology course wére
randomly assigned to three text conditioms. None had previous exposure

to probability or statistics.,

Text Materials ' . ) .

There were tirec texts: low-explanatory, standard, and high-explanatory.

A1l begun with a brief introduction indicating that the rext containred

N

a series of cxamples of probability caleulations, and that each example

. “
.

would be followed by a formula which could be used to solve, problems of

s

that type. All threg texts then vontained a scctionm labeiled "hat are

the chances?™ which introduced £hé cenclept of probability and its limiting
X - .

4 .

values. This section noted that an action such as todsing a ecoin or observing

the daw's weather could have several possible outcomes, that a probability

, .

. .
®
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,

N

. ;
value could be assigned to these o

s dning Prebabilicy

ateomes, and® thoat thewe values ranged from

[

zerce to-one. The low-explunatory text then espl:ined thit the pgessible

outcomes could be designited by letters, ond inticduced turms such as P(AY

and P(3). The high—eiplanaﬁory text was the only text to present probabiliiy

as a relative frequency of outcomes. It presented a concrete example (a

of drawing a parc;cuinr color was the proportion of marble, of that color.

.

~

The remainder of the three te

The ferulas are vresented in Iabl

L -

.

»

way:

difference

in rable 1.

N ~

-

nsert-Tab
o8

The texts are too lengzthv to

"Two events, A

can occruY on 1

in appreaches may be ob

The low-explanatory t

.(r
and B, dde sai

single tqial.

head cr tail on a singld toss

If A and B are

. g3 .
incompatible,

P(A or B)~-is the sum of] the

&

with six red and four white mdrbles) and expluined that the nrobability

xts presented siv exrinples wnd formulas.

’
reproduce herce bhut some sé%se of the
‘ “ed
tained by considering the first forgula

>
pxt presented thiumeterial in the following

1 t(; be i_n_gy_rgpesﬁg'ble if only one of them <
For gxamp]c?gi\coin can come up either
;o tﬂ#c these two evonts aré”incompacible.
the probability that A or B occurs--

0
-

O

ERiC
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and P(B) = .45.

“‘,',P(§’0rlB)

two prebabilitics. »Suppo%f P(A)Y = .20
Then, '—-__ i . = -
= P(A) + [P(B)
= ,20 4+ |.45 =}.65 - ’

. We might have several iacompatible

Ry
E’ et(:~.

’

and P(C), a Then, ¢

P(A or B or C)

»
-

-~

Farther suppose thay we k

= P(A) + [P(B)

«

events which we'll call A, B, €, D,
M T
- : ‘
1ow the numerical values of P(A),{P(B),

‘

(e s - 2 (1)




CLearning Probabilicy
9.
- .., <
.0Out of a total of 100 marbles, we have 45 chances of .drawin~ . red
e . 4

: ; ‘% . v et
. plus 20 chances o! drawing a white one. Therefore, the probohility
{ . . *

' et
. . \ .
of drawing a red or a white marble is

.

N

' hY e D
P(red or white) 22366:9

45, 20
100 100

P(red) + (white)
We say that red and white are incompatible cvents be:ause onlv one
dan oceur on a single draw; the marble can be red, or white, but not

both., A picture may help.”

| 20 .

a.

At this point, a1 tigurc coataining a rectangle with wwo rouovérl ipping

circles was presented. One circle was labelled "45 red'" and the ocher
A k-

°'"20 whice»; the arvea within the rectangle but outside the .irclhs was labelled

f

135 other." Following this, the extensicn to more évents was vroted and

[ 2
\

Equition 1 fWye presented.
. * . * .

Tn summary, all texts contained an example followed by the equation,

as well as a sufficient definition of mutual exciusivity. In the high-

explanatory text, the relation of probability to counting was emphasized:

piccaridl'aids wege used, and the equation was pf@senLdﬁ 1s a natuzal develop-

<

_ment .cnsuing from the exampic.

L

Performance Tests ‘ : .

»

Two tests werd constructed, cach containing two sets of six storvy pﬁbblems'

‘

A

ad two sets of six formula problems. Within each set, thore was one problem

tesLing:éacL'of the six unnfaons in the text. Theeorder of sate within

. ) - _‘ .
a tesf was counterbalanted over subjects so that there were four sequences,
, e , ; - ‘ '
w\{t the constraint that storv and formula gets would alternate. Half of

L]
-

P e

|
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. . > 1c
the subjects received one tost first and the remaining svbjects received
. /

the other test first. -
Formula and storv problems differcd in the dearce to which the ¢iven

. . ot e .- TR S - X
information was explicit in the question. For etample, o formula problem

f

testing knowledge of Fquatjon 1 would state "P(A) = .4 and P(B) = .3. If -

A and B are incompatible, what is chelva]ue of P(A or B)?" In contrast, '
g . ~
a story’'problem testing the same knowledge woyld réad as follows: '"The

probability is .20 that Jirmy will win a race and.30 that he will finish o

second. What is the probability that he will win or finish second?"
’ ‘ . . v *

v

Aptitude Tests o .

. ‘ . -

A ren-ithm test measured knowledge ¢f basic alyebra, decimals, per-~

certages, fractions, and syrbol translation. A second, eight-item test

.

measured analytical ability; it required subjecdts to choose from among severdi -
4

Yenn diagrams the one that represented o speciticed relationship among real-

world sets. The items in both tests were taken froa the analviical abilities

and mathematics scctions of the Graduate Record Examination aplitude test.

siabjects ware Lested iddividgal]y. They were jnstructed to read the

. . 3 NN L -
text booklets silently and at their own ratc, tryiny, to understaad the explanations

and cxamples. The standard dand low-explanatory groups, whuse Lexts wera

O

PR A v 7o provided by eRic

S—— —
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”

four, pages in length, were told that they wormritd—have—lS-micutes to [inish;

the high-explanatory group, whose teXt was L4 pajges in }unuth,'was siven

25 minutes. These limits, based un pilot suhjocts: were i.poscd te discourage
,ény individual from cither, qui(biy scauning the texts, or Léklng an inordlnately
long ciﬁva All subjects fimished reading thelr teits in the given time

pezio& for.their n;oup. Subjects in the low-explanatory md standard groups

t

[
f ann S
oW

i»
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- J .
v tended. to rate the study gime more favorably than subjects in the high-

. >

- . . ; , 2
~ explanatory text condition, but this difference was not significant.
i i

. - At the completien of ¢he study périod, subjects werce given twe minutes’
e

to study a list of 15 words uarclated to probability and were then required

J . P .
" Al -

- to write dewn as many wvords as' they could recall on 1 blank sheet#dcf paper.

.

. +

Upop completion of the interpolated task, subjects were gL(ED?the test.

.

.TheFe was one problem on a page with space. to do any work which the subject
.a pag p ) ;

{ . ~

/ « felt mizht help in thé solution. Subjects werec given as rmeh cime as they

rquired towomplete tne test: most required abeut 30 mirutes. Upon completing

.

i - the problems, subjects were asked to return &3 hours-later. m the second
s . ;.

& -
o i

~ i . : . - & . - £
- test day, sitbjects were given the scconu/rorm of the tast. The orvder of

'

I

presentation of the test forms was counterbalanced. ’ P
o »

4 t
*

/ . - - R .
Followiny the second pertormance teJt, subjects were given as much

- % J .

. ~ ¢ 5
. time as Chey required tO\ruSpOnd to the dptitude tests and to 4 quostionnaire,

o~

’

4 . - ’ ~ f- . . . .
which ntked subjects to rate the study time, the comprehoicibility of the

7 \

text, and the difficulty of the problems. Since tfitre werv no significant-

- .

.differences between groups by any of these measures, they will not be' considered

.

v ‘o'

further. . : ,

-
s

. .. P Resulrts

' .
v N e

i 14
Performance test data were scored accerding to beth a strict and a

P

lepient triterion. The strict eriterion required that thu subject sat up
: % . - L ; Lot i
the answer correctly in all respects; the lerient critetion gave credit

» if the subject used the correct equation but. § r. example’, inserted ihe

3

wronz values. -This distinction applies only tosperformanc s on story problems:

.

strict and lénient scores weve pearly the same for formula problems.

Q ' ; 1:
ERIC ‘ =90 - -
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Performafice Test Data : . .

. R

. Two analyses of variance were performed on the data. The {irst analysis

Al L}
- was ofi the strict-critericn date. This invelv:d three between-subject variables
L]

‘(three texts, four sequences of problems, and twu orders ol posttests) and

three withif-subject wagriables (two problem tvpes, s{;-scts of problems

. . 1 .
. w;ch one correspond¥e® to each of the six equations, and two days). The

-

second analysis dropped one problem type, the formula problens, and iIntroduced
» Al
criterion (strict versus lenient) as m variuble.

N

Figure 1 gummarizes the resuils. Consider the analvsis of the strict-

P ; , . .
. eriterion data first. Formula problems had a nigher ratc i solutioun than

. .
story oroblems when scores were averaged over text conditions and days;

.. .

F(1,24) = 532.22, p <.00L, MSE = ,6129. Problem type interacted with text;

F(2,24) 10.41, p <.001, MSE = .6129. Two subsidiary analyses were performed
to determine the source of this interaction. First, simp.v effects tests

were performed comparing the three text conditions on formula and on story

scores; despite the appavent supericrity of the standmd and low-explanatory

groups on formula problems., and of the hiph-explanatory .roup on story problems,
‘ * neither analysis yielded a significant result (p - .10). Analvses of covariance

using aptitude scores as coMriates produced the same reswdt.

.,

In a second analysis, story aud formula scores were contrasted for
. . B Pl

L3
\\ each of the three text conditions. The Jow-explanatory and standard groups
) . : <

.
'

did much better on'fbrmpla thin on story problems while the high-explanatory
~ . :
group performed about.- equallv well on both problem types. F tests of problem

Q .

' ’ | /\) 15 ’ ‘ |

2
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‘
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n 4
type were performed on the data tor each group separately: for the low-

t

explanatory group, F(1,28) =733.66, p © .00i; {or the stavdiard group,

. '
’

F(3,24) = 39.16, p <.001; for the high explanatory proup. [ < L. Betause
A

the error variarccs were quite stable across the three neat conditions,

-

the pooled MSE of 6129 was the error term in all thrce tosts.
: \

R The effect of davs differed for the two types of protlems, as indicated

by the sigrificant dny’x problem type interaction; F(1,24) = 7.12, MSE = ,1580,

“ : X
p: <.02. Thére was a small nonsipnificanc drop in proportion ¢orrect for
the formula problems from the first to the scvecond test {(tLhe propoctions
- ' . \.
are .63 and .60, respectively), and a smail ponsignifivant inecrease for
- 2 .

‘s the story_proble@s’f.&3 and .46). '
¢

. e - .
[ N . .
Table 2 preseats the proportion correct for each grewp £or each set

v

of four problems testing knewledge of each equat lon. tie problem sets varied

in difficuley [F(5,120) = 21.72, MSE = 5.63, p < .G01] ; the dezree of ’
variability among the six sets depended upen text condition [F(10,120) = 2.09,
163, p < .03] and problem type [F(5,120) = 18412, MSE = .3506, .

.001]. On2 factor in this variabilitv appears te be that mean scores

]
n

(W]

MSL =

A

2

- \ .
for the standard and low-cxplanitory groups arc well below those of the

. .
high-cxplangtorys group on all the story problem scts testing knowledge of

S ’

y

Equations 1, 2, 4, and § ($&t A\) but not on those Lcstin:’ﬁhowlcdgc ol Equations
. N ;

Voo R,
3 and 6 (Set B). In response to this obscrvation, four siynificance tests
were performeld contrasting the high explanatory| group against the other ”

' .

» two groups combined on . Set A story problems, on Set 3_story problems;

oo

ERIC . <
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~ R ' ‘ N . . "
on Set A formula problemg] and on Set B formula probliws. Oaly the [Dooitio

. !
- LY - H .
for Set A story problems wis greater than 1y ¥{L,45) = 6.19, p - I Jk S
' X rhg % . o
, .\ This contrast is post hoc and the reported I statistic should bg

- wvith caution; it would not be significant using Jchetfté's criterfoa. \ Never-
L] B N - . -
. theless, the resylt makes sense in terms of the stade model presented
. - ‘ .

Story problems testing knowledge of Equations 3 and 6 (Set B) contain

key word, "and," wnich'unambiguously dictates multiplication of the stated }

probabilities. This is not true of other story problems; for example, 'or
‘ »

[3 °
.

may dictate Equation 1 (addition) or Lquation 2 (addition and subtrdction)s '
. 1 M ¢ ' . ‘
This differc.ace between Set A and Set B story problemg suggests that the

~ difference in re.u!ts i tosting coatrasts on the tho sets reflects an inabilit,

of subjects I non.aplancrory conditions to match the performence of those

in the high-erplavatory vvoup except when,categoriastion and translation

~

D e
requirements are minimal. o
The analyses reported so far have been based upon a strict sooring criteriong

- [

.
to receive credit for ah anmswer, chie subjcute had to have it entirely correct.
‘ [ 4
p ' sAnswers to story problems weru also scored according to"a lealent criterion,
AN

. which.accepted as corract the aLpropriaLc tormula, regardless of whether
» . N
\\ . ) 3 > . . . .
values were correctly inserted. The criterion Jdid not interact with the

sequence of test problers wiljtin or across days (all Fs « 1) and, therefore,

’
these sources were poolud with the error term for criterion and criterion

.

‘ by text condition tv permit more powerful tests. Lenient criterion scores

were significantly higher than strict criterion scores; IF(1,45) = 49.59,
MSE = .3656, p < .0l. The criterion interuacted significancly with text
‘ s

- condition, F(2,453) = 3.65.‘3 < .p5. The recason for this interaction appears

to be that strict and lenient criterion scores ditffered much less in the

ERIC , 2
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high-explanatory text condition than in the other two cond'tions; the inter—- -

action sum of sguares was complatels accouated for by the \uhgrast'begﬁcen -
i - .
the high-explanatory and tib other two condidbns with resnct to the strict-

1en%pnt difference. The,F ratio for this contragt was 7.1°, p <.05 using

-

AN

Scheffe's.procedure.

Aptitude Data ’ .

. The respective mean aptitude scores for the low-explanutory, standard,
and high-ezplanatory eroups were the follcwing (expressed 1:¢ proportion

\ -

correct): Ouantitative - .66. .66, .7%; Analytical - .69, .71, .82. 'The
: differences were not significan, both ps > .13. {urthermere, an additiohal
A

analysis of performance scores {?ﬁ/n’subbet of subYects magcbed in aptitude

produced the same results as the original analysis ruported in the preceding

‘ﬁ’

sections. v

e L& Digcussion
A ’ .
“ Congider three alternative models”of tne role »f explimatory text.

v

An elaboration model holds that the presence of additional, integrative
AN i

¢

-
- ~

T . s . . 4 :
and explanatory, material provides additional retrieval routes teo the main

points to be remembered (Reder & Anderson, 1980). That model provides an

account Qf many memory phenomena, including levels of processing results, .
'. . -. . ¢ -

and better memory for supurordinate ideas in passaxes (Anderson, 1970).

It would predict that. the high-explanatory yroup would have an advancage

- .

in retrieving formulas. It clearly does not provide an idequate account
A}

of the effects of our texts. Our high-explanatory group -loes worse than

~A
the otlers (although not sginanif icantly) in selving formula problems. Further-

.

.more," in a study recently completed, we have found significant superiority

we

of the standard group apainst the high-explanatory group (.90 vs. 160 correct)
* ‘ ;'

L . b

e

——— .

ERICF . T - e
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in recalling the ri-ht hand side of the equations to the cue of rhe 4Th

hand side.

~ . -
A . ,

N . . , . . . . . fanl
while the elaldration model focuscs on retrieval, thbe interf.rence wodeld

. ] . v . I3 . . !
focuses on initia. storage. It holds that the dditional mater:ial inucrent /
- . . 5 =
“* \ 3
. in an elaborated text takes needed resources and the main points are less

well learsed. Reder and Anderson (1980) conciuded that this is what happens

“in studying chapters from texts in linguistics and geography. The resusts

on formula problcms and memory for formulax, nouted above, suggest that there
t

may be some truth to this. Formulas do appear to be less well stored ia
! x

the high-vxplavatoery cordition.  Nevertheless, this model is “incomplete

.

as a characterizaciza of mathematical learning boecause ic fails Lo come

. . B

af story probicms.

S

to grips wite el oroceasing

—;-- = \ ..
acceunt of »ue dari. Wichin this framevork, tie results of the prescit

study can be «gpls taed by two assuaptions; the 1irst is thac bogh categorication

’ .
and traaslatlon are more difricult for\tory thas for fevmula provlems:

.
-

in story problems it i~ less obvious whal kind of problem is prescut and, ’

{
once that is decided and an equation retrivyeld, it is less obvigus which I ‘
- - i
) ‘numbers go where. . The second assumption is that external coanectednoss, [ )
{
]
;

linkgge amony equations, and explacationgZotl cquations—-qualities primarily

‘present in the elaboruate high-czplunatory text--in some combinacion tacilitate
:
?
.

categorization and translation.
N

\ 5
From these assump{ibns, it follows dircvctly that subjects in the high-

A\

ory group should be less arfected by preblew type than those in

thestandard and lowv-explandatory groups,” sheuld be more Likely to solve

LS

prublems when they had retrieved the appropriate cquation and should be

,

aided less by the preserce of key words in seleg¢ting appropriate equations

ERIC | .25 -
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, x
. for,story problems. All three of these con,cquences ol Lhu,moch{?ere supported

by the data. TFirst, while the standard and low-expliaatery group&;pcrformed

significantly less well on story than on formula prebleas, the high-explanatory

1 4
group performed about the same or both. Sccond, l-nieny and strict criterion

. . : A

scores ware further apart for the low-ciplanatory oud stundard groups thun
for ethe *high-explanatory group, supporting the assumption ¢hat translation

of the story was more difficult for the first Lwo groups. Third, .LHe o

-

{l
) !
noncxplanatery proups perfermed as well as the hich-cuplan ooy gréup only \/:Sf

. ' "
on story problems in which the wordiny urambijuouslty rogquiies a ptiicular

operation. The advantaye of the liigh-explanatery group is much larser for
L4
nther story problems. An oxamination or the Linds of evrrors subjgets made
‘
'”} . _v/ o
of individual problems provided additional evidence about the etfocts of
/
test. The performance of the hiyh-explanatory group was lesw aftécted by ¢
(S ’ H
. ; 4 . -
{he presence or absence of key words, and was less depre-~sed by the inclusion
T }d .
I3 . -~ . . \.I‘ N .
of irrelevant information in the statement of story problems. Sigec this
« l‘,
analysis is post hoc and unsupported by significance tests. the support
1 R *
it offers our model is at best tennous. LU does suggest, howaver, that
&

>

future studies might profitably &anipulate the prevecnceaoi key wordQﬁand

irrelevant inférmation, and study the interaction with text condifion.
f .
The yfchcE reliance of the low-cxplanatory and standird proups on
. ) - . , : <
key words [parallels a result reported by Chi, teltovieh, ind Glaser (note

A

2) who tound that novices lfdrning physics were more depeadent upon sich
. -

’ .
surface features than were eimperts. Theynete that both sronps may use the | ’

. <. A

Are not the

. - ’

v N
wor%@.Lhcmselvcs but wh?%\thv signify." Tn our 5‘ud%i:§“”” verds.may be

E 4
tmmediate retrieval euds for the low-essplanatory and staudard iroups but .
v ’ - » . ) N ——
tmay sisnity secondary cues such as intuersections and unions for the high- .

"ERIC . | | o
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.

ekplanatpry/subjects. The preosent work complements -tudics comparing experts
. ’
-~ * -
»
ind novices. Although all our subjects were hovices. those taught wich

- ’

the high-explanatory text ditfered from other subjects in their processing

- ’

[ »
2f storv problems in ways similar to these ia whtch experts have been shown

N

to differ from novices. 1If the goal of instruction is to move the novice - ~
- ’ -
4 I3 -
along the path toward expertise, the role of explanation would seem to b¥
critical. : ®
. . L
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/
, Table 1 '
. s . .
: Formulas Presented in the Three rexts
)
- * . . . 7/
(1) P(A or B or ¢) = P(A) + P(B) + P(C)
(A, B, and C are —wtualiy exclusive) ‘ o7
, .
(2) P(A or B) = P(A) + P(B) - P(A and B)
» ] - ' ~ /
(general case) ' . -
- - : !
T (3) P(A and B and €) = P(A) x P(B) x P(C) ) ) . AN
(A, B, and C are independent)
(4) P(A, B, B, B, A) = P(A) x P(B) x P(B) x P(B) x P(A) - ) -
(5) P(A given B) = P(A and B)/P(B)
(6) -P(X and B) = PCA given B) x P(ﬂ{/ Lo S
- L}
~ Y ¥
i v Py N N
L ‘ N
3 . - 4 N
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giiz fable 2
. s .- .
: Propoction of Correct| Responses fBéﬁ%hch Fauation .
: ’ , For Story and Formulal Problems. Pooled over Days
N . T
) ~ Stpry Data
- Equation
i ‘ Group 1 2 3 4 5 6 Mean
Low-Explandtory .531 .172 547 406 203 .59 - .409
. ) i
R Standard . . T _ ' .547 L2199 L5381 .250 .29 .609 . 396
- .. R ' _ . . ’ ‘
High—~Explanatery - - .828 . 297 .563 , .53} . 359 .625 .534
) Mcan 635 L2290 U547 1396 .260 1609 446"
) * .: i\
X ‘ . Foémula Data
. N
. Tyquat ion
l
. * Group 1 2: 3 4 5 6 Mean
Low-ExplgnaLory . 750 .Z8§ .813 .750 394 .453 T .64
. . ! .
‘  Standard . 578 .57 .781  .766  .719° .453 . .646
~ *  High-Explanatory 750 .391 L5947 .072  .422 484 .552
Méan ' 693 484,735 C.729  .578 L4632 o o 613
i
i
4 |
'." 2z .. '
- ) .) ! 2 3 . , Al
J
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Statistical inference is part of the research methodqlggy'of many

¢
disciplines.’ It is not surprising, therefore, to find intrpoductory statistics

courses required, or highly recommended, in the undergraduate curricula of
suck'diverse units as departments in the social and biological sciences,
and in schools of education, business, public health, and agriculture. A

basic element in such ceurses is probability: typically, the addition and

»

¢ multiplication theorems, ‘the binomial theorem, and possibly conditional and
&
joint probabilities., Given the importance of statistics in general, and’

\/probability in particular, an understanding of the consequences of. various

approaches to tehching this material is clearly desirable. The need for

research on the teaching of probability and statistics becomes even clearer

when we note the considerable evidence that most adults do not understand

probability and, in fact, have ‘pronounced misconceptions (Tversky and
. .

Kahneman, 1974). : .

-

~

Infthe last decade, several inveStigatoré (Mayer, 1974;.'Mayer. and

Greeno, 1972; Mayer, Stiehl, and Greero, 1975; Myers, Hansen, Robson, and

‘ { . ‘
McCann, 1982) have varied the relative emphasis placed upon rote and con-

’ ceptual léarning in te;ching elementary probability. The most consistent
finding in all of these studies is that neither methods.which embhasizga
rote learning of formulas nor those which emphasized understanding of“
(coﬁcepts‘pfoyided a uniform advantage of post—instruction tests. Per%or-
mance wés’a functiqn of both thénhethBQ of instruction and the type of
problems. _ _ . .

. ~ These results are based on group means for sets'of problems. Because

of this, they provide only limited‘insighxs into the processes involved

when novices attempt to solve elementary probability problems. To further




our uhderstanding of those processes, we have recorded clinical interviews
with individuals attempting to"solve problems after brief exposure to a
. . text which.pfésented, and attempted to explain, a few basic probabilit;
formulas. Some of the results of those interviews will be pfesented and
discussed in the ne%f'section. We have also returned{go the data originally
collected by Myersgaet al., (1982) to perform a more molecular analysis.
More precisely, we have éxamined the types of eréors made on individual
* problems by subjects taught by texts whicéfdiffered with respect to the
relaiivé weight placed upon rote learning and understanding of. probability
formulas. Those error analyses also will be econsidered in this article.
v PROTOQOL ANALYSES
6 Method -

”

Subjects. Nine undgrgraduate students at the University of Massachusetts |,

~
each received six dollars for their participation. None had previous exposure

, to probability or statistiecs.

Text‘matefial. The text was l4 pages in length, and cbntained concepts
and equations pertaining to elementasz probability. It explained such terms
as mutual exclusivity and independence, and presented six equations, each
of which was p;gfaced_by an example. The equations are shown in Table 1,

Probability was defingd as a relative frequency of events, and examples

= emphasized the relation between answers and counts of the number of ways

that various events could occur. Equations were developed in terms of

their relation to other equations; for example, the text noted that the

-

probability of the union of two mutually exclusive events (Equation l) was

a’ special  case o{ the probability of the union of any two events (Equation

-~ . . N )
- ’
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2). The text used pictorial aids, such as Venn and branch diagrams, to

.explain why an equation was applied in a.particular example.

N
———

Insert Table l. about here

¥
— ¥ .

Procedure. Subjects were -tested individually. They were instructed
to read the text at their own rate, trying to ‘understand the explénatipds
and examples. They were permitted to take notes, but,were informed that

.

ghey would not Be allowed to use tgeé during the subsequent proglem solving
,\ B \

period. Most subjects required about 30.minutes to read the text. At the
conclusion of the study period,fsubjects‘were given two minutes to study a
. Iist of 15 words unrelated to probabiLitf'and were then a;Led to write down

as many words as they could recall on a blank.sheet of paper. Upon completion .

of the interpdlated task, subjects participated in a tape-recorded interview

in which they were instructéd to "think ohk loud" as theylattempted to solve
'a series of 16 problems reléted to.gﬁe te;t. A typital interview lasted
approximately 1 hour. (Three subejcts who required that much time fqr their
"first few problems were not given all 16.)‘

When subjects first considered g problem, the interviewer was non-

directive, allowing subjects.to freely answer and explain théir reasoning.

If subjects encoutered extreme diffieulty'with a problem,‘the interviewef
provided direction by such means as questioning certain aspects of the
sugjeck'é reasoning and encouraging the subjgct to pictorially reéfesent ‘

the informatiop in the problem. The interviewer also reminded subjects to

¢
think aloud when they fell silent. : 4




_ Problems. The problem set consisted of two story problems for each of

the six equations in the text, as well as f?ur "conceptual' problems which
were included as an alternative means of taping subjécts' understandiné of
the text. The solution of Ehgse last four problems required subject; to
réason beyond the information provided by a fofmula. -

Results and Discussion . &

Before consideri%g the problem solving processes, as 1nfefréa froﬁ

s
progoéols, it may be useful to have a sense of the level of“performance.

Answers were scored correct if correctly set up in all respects. Subjects
were not required to calculate the numerical result. The proportion correct
for the six subjects who completed the problem set was .9Q on story groblems

~and .79 on cqunceptual problems. The three remaining subjects attempted an
average of 5.33 story problems ;1th a mean pFoport?on correct of .56.

/In examining the interview protocols, we focussed on two questions:
How did subjects attempt toﬁcategorize préb ems? How héipful were th®

diagrammatic aids provided in the text?” We now[;urn to these matters.

Cateéorization of problems. Categori atz;p‘is a cruciél stage in
problem solving (Hinsley, Hays-&\Simon, ﬂ87?5. Cognitﬁ?& psychologists
have §uggested a number of ways in’ which ihstances of a,catego;y ma§ be
clasgified, among thém cateéorization oqfthe basis of crifical features
(Bourne, Dominowski, and Loftus, 1979) ;%d categorization by.amalogy to

previously experienced instances of the category (Brooks, 1978). Our

subjects exhibited both of these processes. We will consider each in turn.

- Subjects frequently used key words such as "and," "or," or "given" as

cues to categorization of a problem. Foilowing are two typical protocols.

The first demonstrates how a subject decides between addition and multiplication:

(3‘£



S:...If I was relating different events by an "and" instead
K of an "or," then I would multiply the.probabilities, whereas
- if they were "or' - then I would add the probabilféies. That's

the way I looked at it while I was doing it. So I'm trying to

see whether these are "ands" or org." . ,

s Other protocols illustrate dependence on théukey word ''given." Note that
the~subject in the following excerpt is somewhat confused about exactly
Qhat goes into the numerator of the ratio of probabilities:

S:...I re;ember at the end-there was a formula thai showed you
how to calculate someting given something else. 'And it had to

o~ do with a ratio——a ratio of these two—-added toggther——...A /

given B--I remember that part—-was equal to the ratio where -

yore

t‘ the numerator was A plés B.

¢
.

Reliance on key words is only partially. successful. Even if the
. i »

problem is categorized correctly, the:key %ﬁrd strategy‘provides no.help in
‘- substitqting the correct values from the problem into Ehe equation. Th;\
key word strategy often does not uﬁambiguously distinguish.between equations
(for e;ample,ibetween applications of Equations 1 and 2); and it is
' iha?plicable when the key word is not explicit in the text. We shall éee N
eVidence.oﬁ-thesé“aifficultiesain-the_section‘on‘error-anaIysest, «_.. . __,//‘ .
.Finally, even when applicable,.tﬁe key word strategy is subject to

N »

misuse. For example, protdcols demopstraﬁed fregueﬁt'confusion about which

.
+ -

word signified multiplication and which addition. We shall see evidence of °

: <&

-

¢ -

« these difficulties in the section on‘brggr analyses. . .

Aithougp'key words were clearly important to subjécts, they also

. e ‘)yccasionally verbalized their recognition oﬁ the similarity of a problem to -
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an example seen in the text. ‘Following is an excerpt from a protocol of a

Subject(S):

™ Instructor(I):

S:

’ .

analogous example in the text:
i

_ Why do you think that?

| subject ,who, in trying to solve a problem, notes that he had seen an

1 ~

Okay, 50% is under 40, 60% is male, 20% is both... .

This one seems to be like that ace of hearts one (an

example from the text)l.

Why do you say that?

Becaugé, it overlaps-there's part of it that applies
4

to both 40 and male. So under 40 or male-~I know I

subtract something-— ’

What do you think‘you should subtract?

I subtfract this. r

The 20% under 40 and male?

Uh-huh

Why;do you think you should subtract that?

Because I remember the one-—you were supposed to
subtract the ace of hear{s—zthaglwaé the overlap. ]
So I think these involve addition.

Jusg the way I remember it in my mind--the problem
was laid out in cﬂe text.;.It was the chance of qﬂ3

drawing an ace or a heart and they got three chances
of drawing an ace(:lj’of dra&ing hearts and i? was
minus one for the aCe of hearts. So--it doesn't

come out to the same answer that they gave. ) ’ N

o

Dp you know why?




7. N
S: Igthink it came out to{ 17. Oh, maybe I should put . '
. —fo;; aces.
: 1: Does -that make sense to you-—4.aces and 13 hearts?
ja ’ / ’
S: Yeah, 'cause that's the whole thing. And that's
-~

just minus ‘the overlap. So now I'll go up here and
v T

~ do ‘this up here. Four aces, thirteen hearts, 50%

under 40, 60% male; 20% under 40 and male; so that

' would be .5 plus 60A male minus .2 equal to .9,

l

That s a lot. o
5 4 ’ ,
Protocols such as this demonstrate that subjects were able to go beyond

superficial features and extract classification cues. The subject in the

example noticed the intersection in/the problem, used this cue to recall an
\
‘ example, and analyzed the example “to arrive’ at the solution. In short the

//
subject made use of conceptual relations between the problem and the example,

&

\‘_tather than relying on memorized associations between surface features of —

the problem statement (e.g., the word "or") and a formula. . .

/ .
)k’ The role of diagrams in the text. Venn and branch diagrams were included

v

with the presentation of each equation in the text in order to aid subjects

- ' ‘

in understanding the rationales for these equations, and to provide a frame- ., .
work within which to solve problems. Comments by subjects in th§s study

and in a previous one (in which subjects were asked to think aloud as they

worked through a question-and-answer version of the text) indicate that the

]
diagrams did help subjects understand the text. However, they were less ~

successfully used in solv: test problems. Although most subjects attempted
‘ J

. to use at least one of these. representations at some point during the problem

solving session; they did not attempt;zggsse them very frequently.

. N ¢ Y

-

.

37 .




Mistakes involving Venn diagrams were typically gue to confusion ‘dbout _ -~
. ) ) - , !
¢ how to construct and label the diagram, rather than in inability to interpret
¢ .

a correct, repre’sentation. For example, one subject madg three attempts to
N .

represent the information given in the problem presented in footnote lk//;%\\

the first two attempts, the subje&ct was unable to represent the information

-

“r

that 60% of the city's population was male. This was because he focussed
on the probability of being under forty and its cémplement, first dividing
a single circle into areas of "over” and "under 40," and then drawing a

diagram containing an intersection of "over and under 40." In the third

attempt at a representation, _the sdbject drew two'non-overlappiné circles
4

for "over" and "under 40," with a third circle, labelled "males," over-

lapping each other. This diagram; however, contained an area which

r

supposedly repfesented males that are notijisgaor under 40.

i Misrepresentation involving branch diagrams seemed to occur most often

because subjects lacked the ability to move from a representation invd}viné

> L

.

relatively few concre@gg countable events (as giveh in t:h?text), to one

that involved more abstract“probabilities of events that ygre more difficult

’ A

to count. While the subject in the following example did not actually draw

a branch diagr@m, the protocol is relevant in that it shows the subject

attempting to obtain the same result :that a branch diagram would yield;

N L
namely, the number of events in the:sample space and the number of events

of interest. The following is an ekceﬁgt of a subject attempting to solve’

-

the following p~r oblem:

"On a multiple chozia test with 4 choices for each item, a . .

, student guesses. at is the 'probability that he is right

4
on items 1 and 2 but wreng on J and 42" \



Siject(S):

.
B

Intérvi®wer(Il):

-

S: ¢

-

* sixteen possible.choices, four éould

-

Probability of beingcrighf is one fourth, .25.

And wrong would be ,75. . ) o
Okay, how did you get those two?

Well//out of the four choices for each item, you. get

‘to choose one--so that would be one out-of four <

A}

chances~-you have one char‘ of being right~~which

’ - J
would be one to four which would be ,25. And to be

* N
wrong——there are three wrong answers and, one right

: . (
answer, soigd%.of four questions with four choices
. .

each--there's sixteen possible choice

[} -

twelve could be wrong. Chances of/getting them all
right would be .25;
The Fhances of getting tﬁe first one right, the

second one right, and the third and fourth is .25?

Yeaﬁ. . . ' ’
Okay, why do you say that? iﬁiw\‘ \ .

ﬁecause,'out of the.sixteen possible choices for all M

§ . .
four questions, there are only four right answers, )

\ )

so it would be four sixteenths--—one\fourth--I'm

going to ;ake a wild guess at thiS~ofie--and say.it

s
one eighth. . ;
Why do you say that?

Because to get them all right is~-it's .25. That's

" the chance you get, one quarter chance. ~So you're

< .
halving~~wait a second—-you's halving thdt.

. 3y



»

i g\\ "Why are you halving that? o

s S: L Well, you're only getting two right-—Eut you're only
e 1 - ' .
Al ] ‘ .
* < ‘ . getting two wrong, too,—-The chances are better for
j ¢ - L b getting things wrong—-1 don't know. v '
T (N

ihis subject has made a fairly reasonable attempt to obtain the answer as a
s ‘relative'frequénéy. The éajor error occurred in défining an event as one
" of sixteen. alternative afiswers (four for each question), instead aé‘one of
‘;256 poséibie seq;ences of ahswegs. (The text had.not explained fhat
- probabilities *may be assigned to segments-of a branch_aiaéram'in order to
simplify it: When ali segments are.equglly weighted, the correct diagram
has 256 possible pafhs, nine of which satisfy the conditions spetified’in

the problem.) This subject seems to have been aware that her representafion

was incorrect, that it failed to compensate g%r the greater probability of

(¥

ing incorrectly. However, she was unable to usg this knowledge correctly.

The subjectseems to have been prepared to think in terms of a fairly Eﬁall;‘

countable sample space, but unable td extend this thiniing to situations in

-

‘whhch very large sample spaces or abstract probabilities are involved.
Although the use of branch diagrams by our subjects was_infrequent, this

difficulty was typical on those occasions when they were employed.

-~

-

. *  ANALYSES OF ERRORS

In the gtudy just described, we employed only one text. An earlier

study by Mye%s et al., (1982)'proyides a basis for comparing the effects of

instruction by that text (which we will,call "explanatory") with the effects

 avmm———— .

. of instruction by texts which provide little explanation, or integrationm,

* of the equations taught. In .this section, we provide a more molecular:

bl . —

et - L r °

. baad ] -
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analysis of the data than‘is available in the, earlier article. By examining .
. . < .

the kinds of errors made on individual problems under different‘text conditions,

we arrive at some sense of the way in which different instructional modes

N

influence what is learned and how it is used in solving probability problems.

: A N )
Method . , .

“ v

<

. ubjetts. Forty-eight’ &olunteers from an Introductory Psychology course

were randomly assigned to one of three text conditions. None had previous

-

exposure to instruction in probability or statistics. - .
Lreos. . v

Texts. There wre three text conditions. The explanatory'text was the

-

same as the ‘text used in the protocol study described in the preceding section,

]

A second text was labeled "standard" because it seemed similar to mdny

introductory statistics textbooks currently in use; it treated probability

as a measure with certain well defined properties (e.g., limits of one and

-

zero) and used familiar real-world examples (e.g., the probability of rain

tomorrow),. but did not explain probability in terms of counting processes.

e

Nor did- the standard text ptovide any explanation'or develop relations

between equations. A low-explanatory text was even more abstract than the\\\\

standard text, aside frfom an initial reference to dice throding, examples

were s}ated in terms of such quantities as P(A) and BP(B), All three texts

I &
presented an example followed by thé appropriate equation, as well as

’ -

definitions of terms dbch.as independence and mutual exclusivity. A more
detailed presentation of the materialmin the three texts may be found in

Myers et al., (1982) .

>

i Problems. The 24 story problems included the 12 used in the protocol

: adélysis study‘and 12 others that were-similar. There were four problems

teSting knowledge of each of the six equations presented in the texts.

’
<
-~
~
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| .
\\\jf‘_——’—Ih\length, were given 25, minutes. These limit§: based on pilot subjects,

~ -
.

“Procedure. Subjects were tested individually. They were instructed

<

to read the text booklets silently and at their own rate, trying to under-

o

stand the*explanations and examples.. The standard and low—explanétbry

N

groups, whose texts-were four pages in length, were told that they would
. C/ . * 5 £ —( .
have (;:minth§ to finish; the explanatory group, whose text was 14 pageé

P

were .imposed to discgurage any individual from either quicklf_scanning the

.

texts, or taking an inordinately long time. All suhjects'finished;reading

‘ ~

their texts in tﬁé-givén tipe period for their group. Subjects in the{ldw— S .

explanatory and standard groups tended to rate the study’time more favorably
, . - - © ~ s ) o
than subjects in thé explantory text condition, but this difference was not

N - .

. .
RN % d

significant.,

At the completion of the study period, subjects were. given the same
interpoldted taék used in the protocol study. Upon completion -of this task,.

‘

they were given a test .consisting of half of the problems. There was one

[\ ‘

préblem on a page with space to_do any work which the subject felt might

S

help in the, solution. Subjects were given as much t;hg as they required to .F ..
complete the”test; most required about 30 minutes.. Ypon comﬁleting_&he

N P e
by

problems, subjects were asked. to return 48 hours later, On the secord test

day, subjects were given the second form of the text, consisting®“of ‘the

a

<, ‘e
‘other 12 problems. The order of the presentation of the test forms was
. - L. P
counterbalanced. i . ”

. e

. Following the second performance test, subjects were given as much time
AN )

1 4
A

as they reqﬁired to respond. to aptitude téstq and to a questidénnaire. These .

measures are described in Myers et al., tl982),“where the regult of their o

b d

analySes is also reported. O . ‘ \
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. Results \ , '
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We have chosen tg,foéus od\those problems “testing knowledge of Equations

. 1, 3,‘aqd 4; the problems within' these sets revealeq the widest variation
. \;u’b . N

in proportions of correct responses. In considering answers to these problems,

we ask: why is there marked variation in proportion correct to problems . ;.
. 3 K , .

requiring the samé equation' for solution? And why is this pattern of variation .

affected by text copdition? .

The low-explanatory and standard groups performed in similar fashion

“le. .

on all problems. TﬁéfeEOre, in\the interests .of éimplifying the presentation,

~ -

we have treated them as a single condition which we have labelled "nonexplanatory." _
. AS
We Leéin our conséderation of the results by briefly noting Table Z\HE}ch

® . .

-

~

PR C - Insert Table 2 about heré

o

- -~ -

_presents proportions of correct'fésponses for each condition for each of
C v . / . -

- the four problems for each of the rules presented in Table 1. It 1 clear ’
:‘. . Lo U R ' » . . - ‘. ?
from Table 2 that .there was cohsiderable variability within sets.of prgblems, | .

-

and that the pattern of proportion correct of ten” differs markedly for the

< . \ . . [y
.o M ¢ .
. two text conditioms. In what follows, we will attempt to demonstrate that
- .
. ﬁpe problem-specific effects are due to i}ements of the problem presentation .
{. . -

which affect the ease of classification andrtranslation, and ,that subjects

‘:>\\\\\\\\ in the nonexplapatory ;ondition were.more sensitive to these elemenp;.
. ' Eguation'l. “These four problems provide an example of our thesis that

: ' , . - |
subj s in the nonexplanatory condition are sensitive to aspects of tkﬁ?

problem staf ent which have iitfle effect upon the performarice of subjects ' P




in the explandtory condition. As indicégéd by Table 2, proportions of

correct responses in the nonexplanatory group varied greatly across the
~
3

four problems testing .knowledge of Equation 1, while performances of those

in the explanatory group are not only much better but also quite stable.

One reason for the variation in performance in the nonexplanatory

&

condition is that--for ihese subjects—--some problems are much more difficult

-

to classify than others. There are at least two aspects of a problem's

>

statemént'that~can cause such difficulties in miggiéssification: the

‘.preseﬁée ;f 1rfé}evant information and the assence of key words aésqciated
with use of a particular equation. Both are illustrated by errors made in
response to Problem 1B. This problém states that:

¢ -

"In the National Womsp's Ping~Pong League, Los Angeles has a

.3 chance of winning, San Francisco has a .2 chance, San Diego
R 4

—————

has a .l chance, New York has a, .1 chance, and Philadelphia has™

a ,3 chance. What ;é the probability that a We€t Coast team

R
will win?" ‘

.

Note that this problem contains irrelevant information; the stated

probabilities for New .York and Phlladelphia are unnecessary. Subjects in .
!

the nonexplanatory condition attempted to use these probabilities; five

éubjects subtracted ,1+.3 from the correct sum (or from the product of the

West Coast probabilities), four others multiplfed akl five probabilities,

*

* and two others divided by .1 + .3. Only one subject in the explanatory L

condition attempted to incorporate theairrélevant values into his answer.
Apparently, subjects who do not understand the rationale for using the
equations attempt to use any information presented to them. In this example,

the subjects cited misclassified the problem; using.Equations 2, 4, or 5 in

an attempt to incorporate allr the values stated.

-

Q i ’ .. .
- ' 4
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- Eight of the 32 subjects in ¥he nonexplanatory condition used Equation

3 rather than Equation 1, multi

ing probabilities instead of adding them,
It is revealing that the only otder of the four problems in which this type
of error was frequent (nine of 12 subjects who made errors) was problem 1D,
which states:

t
-

"In a large city hospital in 1978, the proportion of births
/
involving twins was .06; for triplets, the proportion was .02;

forlmore than triplepé,'it was .0l. If we define a multiple
'birthlas one involving more than a single child, what was the
probability of a multiple birth in that hospital?"
(lﬁ) and (1D) are the only two problems in this set in which the problem
does not specifically request the probability of something or something. .
It is also important to note that this misclassification error occurred
only once for Problem (1B) and once for Problem (1D) in the explanatory
condition. Apparéntly, the absence of the key word causes difficulty for
subjects in the nonexplanatory condition.

Even when subjects in the nonexplanatory_condition used the correct
equation, they-may have had difficulty .translating the story; that is,
correctly inserting values from the story into the equation. This was a
major source of difficulty for the nonexplanatory group in Problem 1A. The
problem states: .

"A marble is drawn from a jar containing 10 red, 30 white,

\

20 blue, and 15 orange marbles. What is the pfobabiliti’of -
drawing a re? or white marble?"

Five subjects misclassified the p{pblem; attempting to incorporate frequencies
of orange and blue marbles into their answer. Most of the errors, poqevgr,

~
won -
P




reveal a lack of understanding of the relation between frequency and probability.
Subjects often faiféd to divide the smnGﬁ the numbers of red and white marbles

by the total number of marbles, or divided by 100. Note that this problem

was the most difficult for the nonexplanatory group but the easiest_for the

explained in their text,. Thiscprov1des evidence of the effects of key words,

Fox

irrelevant information, and translation requirements on the performance of .

explanatory %iégp/yh 2ﬁ9 the relation between frequency and probability
b -

Y
_ subjects in the-nonexplanatory group."The problem states:
"The probability is .2 that Jimmy will win a race and .3 that

_he will finish second. What .is the probability that he will

<
win or finish second?"

Note that this problem contains no irrelevant values, includes the key word

"or", and involves a simple translation of the stated values. This problem

* Y
evoked the best performance in «he Znonexp]anatory group.

~

Equation 3. The explanatory group did not perform as well on these
problems as on those testing knowledge of Equation 1. We suspect that the

rationale for multiplication of brobabilities is more difficult to understand

than that for adding probabilitieei

In one respect, performances on this problem set were similar to those
"

on the first problem set: proportion correct was fairly stable over problems
. Vo v
for the explanatory group and quite favorable for the nonexplanatory group.

As with the first problem set, it appears that subjects in the nonexplanatory

condITtdn are more sensitive to the statement of the problem than,are subjects

. in the expianatory condition.

Much of the variability exhibited by the nonexplanatory_group can again

—

be traced to variations in the problems with respect to irrelevant information



- "- - . - -
and translatitn requirements. Problem 3D presents values that are redundant:

o~

-

"In a ce;%ain class, there are 80% men and 20% women. Alsom
' 60% of tﬂ% class are freshmen and %407 are sophomores. If sex
and ye#tr %Eg independent, what is yhe probability that an
individual’% is female and a freshman?" ' | _ o »
Eodr subjects in thg gbnexplanatory group used the wrong equation in an
attempt to incorporate all four values in their answer (e.g., ".2 x .4 x .6
.x .8") and one made what wé would characterize as a translation error,
multiplying .2 by .4, In contrast, no subjects in 'the expl#natory group
Aused n;;bers other than .2 and .f in their answers.
The angyers Eo Problem 3A indicate a serious translation difficulty

) \

for subjectg in both conditions. The problem states that:

" The probabil%ky‘that a man will be alive in 20 years is .4. '
The probability his wife will be alive is .6. Assuming that
these are independent events, what is the probability thaé
he will be altve and she will be dead in 20 years?"

0f 23 subjects in the nonexplanatory condition who made an error in answering
this question, 1l made the response ".4 x .6;" one subject in the expla;atory
condition gave this answer. Nine other subjects in the nonexplanatory gro;p
sug;tituted .4 and .6 into the wrong equation; five subjects in the explanatory
group did this. It is not clear why subjects had so much difficulty classifying
this problem. It is clear, however: that 20 of 32 subjects in the non-
explanatory group, and six of 'sixteen in the explanatory group, failed to N
translate the stated probability of the woman being alive into the probabi“ity

that she would be dead. We will shortly consider other evidence that

translation of a stated probability into its complement is tmore difficule, -

B

) . - - .‘
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and more often overlooked in the nonexplanatory condition..

In contrast to performances on Problem 34, the nonexplanatory group

Wiid very well in answering Problem 3B. This problem states:

"7 oﬁ the memgers of the state legislature favor a particular
bill. .6 of ;he members are Democrats. Jf party and vo;e are
independent, what is the probabili?y that the next legislator
you meet is a Democrat and votes for the bill?" .
Why was this problem so easy for the subjects in the nonexplanatory group?
Vé’éuggesf that they haﬁe‘memorized the rule: "Whenever the probabilifiés

of something and something else are required,gnultiply their individual

probabilities." In Problem 3B, thé(word "and" is present and theﬁ? are

I

only two possible values to multiply. Fortunately, they are the r%ght two
values.

Equation 4. This equation is the general case of Equation 3 and,
therefore;<£t.fould seem that subjects should score about the same on this
problem set as on the earlier one. That was the case for subjects in the
explanatory group; in the ngnexplanatory group, however, the average
proportion correct was .22 lower for the problems testing knowledsf of

Equation 4 than for those testing knowledge of Equation 3. For the

explanatory condition, the proportions correct weré, as in the other problem

. sets, relatively stable. Also, as before, the nonexplanatory group exhibits

greater Qariability of performance over the four problems.

That the nonexplanatory group had greater difficulty with these fdur

A

problems than with the third problem set may reflect two factors. First,

-
« N

these problems typically omit explicit use of the key word "and"; this may

cause classification problems. Second, the probability of the complementary
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event ‘is often not explicitly stated; thus, tﬁgre may be tranglation :

difficulties. For example, consider the wording.of Problem 4A.

“ . ‘—&
"A baseball player gets a hit in 30% of his times at bat.

\\What is the probability that !L goes hitless in all four
X .
times at bat on a particular day, assuming that the result
of one at bat has no effect on the result of any othef at bat?"

Problems 4C and 4D are similar in that they lack the key word "and" and the

—_—

- : 7, /_\ / %
student must supply one probability by subtracting the ‘value given, im 1.0.

In both conditions, there are errors of -misclassification: for example,
. . 'l - - ¥

averaging over problems 4A, 4C, and AD,.five of 32 subjects in the non-

. '\
explanatory condition added instead of multiplying values, and 2.33 of 16

-~

did this in the explanatory group. There were also attempts to subtract
and div}de probabilities. More striking, at least in the nonexplanatory

condition, were errors of translation. AQeraging over the three problems,

»
-

11.67 subjects in the none%ﬁlanatory group made errors .of translation; for

example, giving .34 as an answer to‘ProblemhAA. Only 2.33 subjects made

.y -

such errors in the explanatory gioup.

. The nonexplanator§ group performed reasomably well on Probléﬁ 4B which
N

StateS: - e

3

N "A.hockey team wins with probability of .5, loses with prob—,

ability of .3 and and ties with probability of .2. What is

.

the prbb§bility that in the next 4 games, the team wins, then
ties, then wins, then loses?"
The staitement of this problem seems to more closely parallel the statement

of Equation 4 than dogs that of the other problems in this set, .thus reducing

r

the likelihood of misclassification. 'Furthermore, all the required prob-

abilities are stated; translation difficulties are presumably minimal.

' . -
-

-
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GENERAL: DISCUSSION. : :

>

[
¢

In order to examine more closely’ the effects of an explana?g}y text on
subsequent problem solving performance; e have recorded interviews with
2 .
students as they worked on individual problems. In addition, we have analyzed

the types of errors made by subjects ﬁnder differ ext conditions to

determine whether these errors would form any} recegnizable pattern. Thece

’

interviews and error analyses provided‘ nsights into both the successful

qg%Tunsuccessful strategies our subjects usedyand uncovered several common

S

0 ’ces of diffiéulty underlying their attempts to solve elementary prob-
ability problems. . ’

The protogol analyses reveg}ed that our subjects relied primarily on
critical features, or "key words," in the problem statement in order to

categorize the problem. They were also able to categorize some problems on
the basis of an analogy to the example provided in the text. Both the

interviews and the error analyses revealed that the key word* stragegy is

only partially sudcessful in categorizing probability problems because it
does not always unambiguously differentiate between equations and leaves
the subject at a loss when the key word is not explicit in the problem

statement. In addition, even if the problem is correctly categorized, the

key words are of little or no help in translating the values in the problem

N

: LN
into the variables of the appropriate equation. Finally, subjects' protocols

indicated frequent confusion about which key word signified which operation.

This may be the result of the words "aA;;" "or," and "given" having different

conndtations in the context of probability problems than in their more common,

e (.

everyday use ‘with which the subjects are more familiar. \isr eiamﬁie, subjects

’

often wrote "P(A + B) =" when the problem required the probability of some-

»

oy
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thing and something else. Although it is not difficult to understand these

. . !
errors (it i%/pZt considered improper to say "two and two equal four"),
' ' i .
this connotation of "and" makes it a less discriminable cue for multiplication.

On the other hand, subjects were gore likely to arrive at the correct

' solution when they categorizéd probléms by analogy to the eXample presented ”“/

- in the text. This sort of analogical reasoning.seems less prone to the
. pitfalls @é";’ssociated with the 'use of key words and ‘t:hus desirable to
encourage. _An important fégtot in developing this "approach to categor%zafion
may be an emphasis on éxplanation within EFXCS' Aithough the ;ubjects |
taught by an explanatory text in the protocol'study‘did employ key words in '

solving problems, they are mich less dependent upon those words than subjects

taught by texts that place greater emphasis on rote learning of formulas.

-

This was amply demohstrated in our analyses of errors made by subpects from

\¢¥o text conditions. Subjects in the nonexplanatory text condition made

more classifichti&h errors on problems in which the key word was missing
from the prob statement than on problems in which the key word was
explicitly stated. For subjects in the explanatory text condition, the

proportion correct was about the same regardless of the presence of key

»

_words; that is, their performance was relatively stable across problems "«

N

testing knowledge of the same equation.

One limitation of our explanatory text may be that the text,exaqple§

A

were different from those in, the text, Several subjects indicated that

they undefgtood the text but found the problems ia—the—text more "abstract"

than the examples in the text. This may be because the examples in the text

. used countable sets (e.g., the number of marbles of a certain color, or the

1

number of cajds of a certain value) while those in the test .most often

/) .
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presented proportions and percentages. This observation points up the need
for more research on the role of examples in the text. Based @n subjects’

. } .
comments about the need to have tesfxbroblems more like text examples, we

suspect.thagait will be important to identify the ditensions aloﬂé which
problems can vary. Our results suggest some of these dimensions: the
'presence oriabsence of’countéble events, of key words, of irrelevant infor-
mation3 and of quantities that must be transformed in order to solve the
prbb}em.. If examples are to serve to illuminate concepts, and to provide .
an adequate base for analogical problem solvipg,.}hose used in instruction
should vary along the important dimensions. Such variability, rather than
thé sheer number of exémples in the text, may-well be the critical factor.
The protocol agalyses also ;evealed that our subjects seldom used Venn
and branch diagrams in solving text problems, although subjects' comments
indicated that these diagrags did help them understand the accompanying
examples in the text. Attempting to represent the problem statement in a’
diagrammatic formlproved to be a source qf’considerhble difficult& for the
subjects we intervieweq} These findings indicate that undgrstanding of the
representation of an example in the text does not necessarily translate .
into the ability to répresent a new problem. To the extent that such an
agility is important, practice at represenging problems is a critical‘part
of instruction in probability that is gegerally overlooked. How to implement
such practice is an impogtant question to be researched. It is not clear
that the répresentatidhs we have used, which are those most tyﬁically found

in probability texts, will function best. Recent texts have incorporated

more 'concrete diagrammatic aids, .for example, pictures of individual cards

and alternative outcomes of throws of dice (Freedman, Pisani, and Purves,
e d
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1948; Pagano, l93lb; Sistematic research on the effectiveness of various
» ! ™ -
modes of representing probability problems sSeems in order.

- « . .
- The error-.analyses revealed that variations in test performance on
>

problems requiring the same equation for solution were due to various
s * . ’
elements of the problem presentation which affect the ease of classification’

and translation, Subjects in the nonexplanatory text condition were more

sensitive to those elements than subjects in the explanatory text condition.

. i} . . .
For subjects in th-nonexplanatory text condition, the presence of

. Airrelevant information (values not required for solution) caused errors.
M . . I
These subjects tended to incorporate the extra values in their answers more

frequently than subjects in the explanatory text condjtion, which indicates r

that they may have a very limited understanding of the rationale underlying

.

the use of each formula. If this is the case, it appears that the numbér

of variables in the problem, rather thaﬁﬁwhat the problem actually;@sks for,

~ will-dictatg wﬁ}ch formula is retrieved and used for solution.

, the types of errors made on certain probltms ceﬂfaintng—eddé&ioné;—éafermaﬁien’*\———

revealed that many subjects in the nonexplanatory text condition lacked the

n gddition,

. fundamemtal concept of probability as a relative frequenCy,’gyen though
{/,f they could correctly apply formulas to simpler problems.‘//’
. /
N The error analyses revealed two types of translation errors both of -

which occurred m;;2~frequently in the nonexplanatory condition. The first
type was revealed by problems which required the subtraction of one of the
given values from 05;. The‘ﬁost frequent error on these problems 1nvolv;a
inserting the stated value, rather than Lts complement, into the equation.

The second type involved the translation of a verbal statement in the problem

into a probability required for the equation. These errors occurred on l
* .

- _ (
— - ’

I S (
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problems which involved countable events. For example, on one problem testing

- xe

Equation 2,,several subjects translated "the probability that'a randomly

%elected person has a birthday on the first of any month" into the  value

1/12 in their answer. It is clear that there is some counting process under-

]

lying this translation, and-that subjects who make this kind of error do ™~ _.

have some sense of_probability as a relative frequency. Nevertheless, they

N

fail to take into account the entire sample space in their answer.

>

Résearch on translation skills and various sourees of translation errors -
. ' !

(e.goy Clement, 'Lockhead, & Monk, 1979; Paige and Simon, 1966) has indicated

that translation of story problems into mathematical equations is a véry
common- source of difficulty for many students. Although translation skills

aré essential to unders tanding and successful problem solving, they are

Sem

generally taken £Ur"fﬁanﬂéd in instruction. Our analyses suggest that

practice at translating progability problems should be an iPportant part of

S

instruction in pfobability. i{sYclear that a major factor in developing
translation skills is an emphasis on explanation of the basic concepts
required for successful translation over a wide range of problems.'

The explanatory text used im both this and the pre¥ious study defined

"y

probability as a relative frequency of events, and presented examples which

emphasized the relation between answers and counts of the numbers of ways

that ;afious events could bccur. Myers etPal. (1982) demPnstrated that
this emphasis on explanation did\facilit te Lhe tra;slation'of story problems.
They uged both a strict and lenient scoring criterion in analyzing story
problem data. The strict c'rite~ on required that the solution be correct

. ‘ H

in all respects, while the lenigat criterion accepted as correct the appro-

priate equation, regardiess 6f whether the values were correctly inserted.

7
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* . The.ﬁiffefence between the two scores thus provided an index of translation

s S

errors. The explanatory group had fewer translation errors; strict and

”

. -
lenient criiterion scores differed much les’s in the explanatory text condition

than in the nonexplanatory text condition ?See Myers, et al., 1982, for a

more detailed discussion of the contrast between text conditions with respect

« to the strict-lenient difference). ) : \

’

-~ The findings of the protocol study and the error analyses reported

here complement the results of studies using similar methods to investigate
the processes underlying students' problem solving performance. Chi

Feltovich,'&:Glasser (1981) investigated the categorization of physics

problems by experts and novices. Like our subjects in the nonexplanatory
text condition, the novices they interviewed relied primarily on the surface
features or key words in the problems, whereas the experts tended to categorize

< the problemi according to the underlying\physics principles.‘wﬁ}though all

of our subjects were novices, those in the explanatory. text condition differed

from the others in their processing of story problems in wa&s that are similar

’ N
to those in which experts differ from novices. BN !

Y

Clement (1979) found that engineering students were particularly likely

to apply the wrong farmula to elementaty physics problems containing extra

. . -

information. Moreover, his analyses of\student problem solving protocols
A\l * ' .\

indicated that a student's understanding of elementary principles of physics

~

can be very weak, even though the student can remember and manipulate relevant

formulas. Similgfly? our subjects in the nbnekplanétofy text condition made

A
)

A ¥
. more translation and classificatio@rrors t\\an the others, even though there

. . . ;
was some indication that subjects who read the nonexplanatory' text remembered
LN R 2

- -~ the formulas better. . . -~

v .. - - - -
. . - R . - -
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The clinical interview method, and the analyses of the types of errors

.

made on paper and pencil tests, have shown that the stragegies used and the
errors made are seldom unique to a. single individual; rather,’'those strategies

and errors form specifiable patterns agross subjects whitch reflect the degree

of their uhderstanding of the concepts under 'study. These methods are

increasingly being used as research tools in invesfigations of human problem

solving performance. 1In the present study, they have brought us closer to

a precise definition of what it means-.to understand elementary probability

and to a specification of the processés such understanding might af fect.

> %
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"3

1T27 problem states: "50% of a city's population is under'40 years of
age. 607

‘of the city's population is male. 20%_ is under 40 and male.

-t

A
"

- ?
' What is the probability that the next person I meet will be under 40 or male?"

. 2Myers, et al. (1982) found that s;;;::ts 4in the .nonexplanatory text
‘conditio; perfo}med better than subjects in the explanatory condition on
formula preblems such as "P(A) = .A and P(B) = .3. .EfAA and B aré
4 incoﬁpatible events, what is P(A or B)?", but this differenc? was not )
significant. ’However; theyesalso riported a follow-up study in which .

subjects in the\nonexplanatory'chdition showed significantly better recall

for formulas, “ . L\<
. 4

-
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Table 1 <T’L

. ' Formulas Presented in the Three Texts -

. (1) P(A or B or C) = P(A) + P(B) + P(C)
(A, B, and«C are mutually exclusive)

(2) P(A or B) = P(A) + P(B) -~ P(A and B)

(general. case) ) .
(3) P(A and B and C) = P(A) xe?TB? x P(C)
N . (A, B¥and C are independent) ~—
y e 8 .
\ (4) p(s B, B, B, A) = P(A) x P(B) x P(B) x P(B) x P(A) ,

. (5) P(A given B) = P(A and B)/P(B)

<\\\~— (6) P(A and B) = P(A and B) x P(B)
-
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Proportion Correct for Each Group for‘Fach Problem

NONEXPLANATORY

OO wx OO w X

o 0w

(n = 32)

P(C)
.4063
4375
.7188
.6563
.5547

.2188
.1563
.2500
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APPENDIX 3

The Role of Explanation in Teaching
Elementary Probability

Jerome L. Myers .
Department of Psychology

University of Massachusetts <
Amhg;st, MA, USA 01003

ABSTRACT '

L)
-

Subjects with no prior knowledge of probability read one of three texts;
the texts varied in the degree oé explanation and integration of basic con-
cepts of elementary probability. Subjects in the high-explanatory text con-
dition did equally well on both story ‘and formula problems, falling below
the formula performance oé-the other groups and above their story performance.
A detailed analysis of error protocols for each story problem showed marked
differences in which problems caused the mbst errors for the different groups
and in the kinds of errors made. Tﬁe high-explanatory group appeared to be
less dependent upon key words, better able to filter irrelevant information,

and more likely to insert values correctly into formulas. Thus, even with

novices, qualitatively different knowledge structures can be produced by

texts which vary in their emphasis on understanding.




The Role of Explanatipn in Teaching ‘
! ° Elementary Probability /

Jerome L. Myers
- Department of Psychology
i University of Massachusetts .
- Amherst, MA, USA 01003 ’ :

Parents, educétors, and mathematicians have been involved in recurrent ‘

debates about the relative merits of understanding mathematical concepts
I\ -

-

and rote memorizimg computatiaonal formulas. In principle, such conflicts

should be resolvable through research involving manipulation of .the degree

.

to which students understand ‘mathematical material.and observation of their

performance on tests of mathematical knowledge. In actuality, we encounter

— -

difficulties because we lack-both a ﬁrecise definition of mathematical under-

, standing and a specification of the,proéessés such understanding might affect.

We have begun a research progrém to investigate the role of understanding
le in 1e;;ning elementary probability by university undergraduates. Although

we still lack a precise definitiqn of understénding, we have identified three
dimensions which have provided the basis for constructiQ§ short texts. The first
such dimension, external cénnectedness, corrésponds to the degree to which a
text explicitly relates the concepts and formulas to.be learned to the real-
world knowledge the student presumably bring; to thé situation. Th; second AE

"

dimension might be .termed "internal connectedness,'" the degrée to which rela-

tions among fprhulas and concepts are explicitly developed. For example,
an equation to be learned may, ‘or may not, be presented as a special case

of a formula presented earlier in the text. The third dimension is explana-

.

tion, the degree to which a rationale is provided for a particular formula.

This refers not to derivations, but to intuitive justifications for proceédures

taught. For example one of our texts uses branch diagrams to explain why
B hatame
tfe probability of the joint occurrence of two independent events is a product

of the marginal probabilikies. . e

A
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We will describe the texts constr;cted within this framework more fully
in a later section. First, howevér, we wish to con;ider éertain processes
which/;hould be involved in solving probability problems, and the ways i&
which these may be affected by the degree of understanding imparted by the
text. We assume three stages: categorization of the pr%plem, retrieval
of the formula apprpiriate.to that category, and translation of the probﬁ?‘——
substitution of values from the statement of the problem into the retrieved
formula. In general, understanding should aid both the categorizhtion and
translatioé of proSIems. Understanding may aid or hinder retrieval of formufgs
from memory. On the one hand, the linkage of ideas and formulas make the

formulas easier to learn and recall; on the other hand, the ad tﬂéﬁfl explana-

tory and integrative material could detract from time and effort that should

¢

[

be spent leappihg.the equations.

From our perspective, it makes little sense to examine total test scores
as a function of the degree of under§£anding incorporated into the te&t used
for instruction. Which text is better may well depend upon which processes
are most important in the solution to a particular problem. For example,
aésume that texts which empahsize rote learning of formulas at the cost of
deemphasizing e;planation do p%ovide an aévantage in memorizing formulas.

- .

Then, problems in which categorization and translation are not difficult
may be mdre'éasily solved by ;tudpnts who have less understanding of thé
material. On thé other hand, :ssume that a problem provides no key words
which }mmediatély signal the problem's category, or contains considerablé\‘—
irrel®vant informati;n which make categorization or translation difficult;:
a text which has emphasized understanding ﬁay provide a definite advantage

here. - e
In view o?fthese considerations, we have éttempted a more molecular

analysis of test’performance than is usually the case. For each of several

text conditions, we have examined variations in performance as a function .

. . d !

b ~
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} of the type of problem. At a rather gross level, we have formula problems,

which merely presented certain values (e.g. "P(A) = .6, P(B) = .4") and

~

necessary conditions ("A and B are independent events"), and required the
subject to sif\;z\the correct results (e.g. "What is P(A and B)?" requires

«6 x .4 as thé swer); and story problems which were considerably less trans-

Iy

parent. Within the set of story problems, performance has been related to

such variables as the presence or absence of key words (e.g. "and" implies

-

. ,the multiplication of probabilities), the presence of irrelevant values,
and translatio? requirements (e.g. whether it was necessary to subtract a

stated probability from one in order to solve).

Our perspective has also led us to require subjects to report their

answers as operations on numbers;. for example? a correct answver would be -~

'.4 x .2, not .08. This approach alspo provided?more detailed knowledge of

.

the types of errors’ made. . ,
. : ‘ R

To summarize, we view understanding of mathematical material as a function
of (1) connections of text concepts and formulas to real-world referrents;

(2) integratiqp of concepts ada formulas within the text; and (3) explantion

-
; of formulas. This view has provided a basis for constructing three written

-

treatments of elementary probability, presumably varying in the degreé to

which they convey understanding. Our view of the procea.'§ involved in solving

problems has led us to use both formula and story problems, and to emphasize

analyses of error prodtocols.
3

A Method
,Subjects -

. Forty-eight volunteers from an Introductory Psychology course at the

~

* 4
University of Massachusetts were randomly assifned to thrce text condjtions.

None had previéus exposure to probability or statistics, ﬁ:
Texts )

’

There were three texts, each judged to be rep;ésentative of actual
’

chapters on probability in'varidus introductory statistics textbooks. All
p S . e
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contained the six formulas shown inhable 1, with one numerical example illus-

|
{
trating the application of each forﬁula. All three, texts began with a hrief

Table 1

Formulas 'Presented in the Three Texts

N

(1) P(A or-B.or C) = P(A) +-B(B) +P(C)
(A, B, and C are mutuai'ly exclusive) .
(2) P(Aor B).= P(4) + P(B) - P(A and B)
(general éase) : | ” " L
f(3) P(A and B and"C) = P(A) x P(B) x P(C) .,"

(A, B, and € are independent)

%) PgAP, B, B, B, A) = P(A) x P(B) x P(B) x P(B) x P(A)

~(5) P(&-given B) = P(A and B)/P(B) ]

7(6)  P(A and ‘B) = P(A given B) x P(B)
ra - -
introduction indicating -that the text contained alseries of examples of pro-

“bability calculations, and that each example would be followed by™a formula

which could be used to solve problemsuof thay type.’ All three texts then
A

contained a section labelled "What are the chances?" whieg_iptroduced the
concept‘of,afoﬁability and its limiting values. This section noted that
an action such as tossing a coin or observing the day's weather could have

v »

several possible outcomes, that a prébability value could be assigned to these
+

outco@es. and -that these values ranged from zero to one:. ’
Despite these similarities, the'fexts differed in several sways. .Afhigh:
Sx;lanatorz texédAefined;g(obabiliiz\a; a relative frequency of events, and
ples emphasized the relation between answers and codﬁ?§ZQE the numbers

of ways that various events could occur, pA standard text treated probability
as a measure with cerfRin well-defined properties (e.g. limits of one and
‘zero) and used familiar real-world examples (e.g. the probalility of rain
tomorrow), but did not explain probability ii terms of counting processes.

A léw—explanaéogy'fext was more abstract than either of the first two; agide

Y A . ,; . 60 ’ ] \

. /\ S - \
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from an initial reference to-dice-throwing, examples were stated in terms’

of such quantities as P(A) and P(B).

. The texts also varied with respect to the degrée of linkage aﬁong thé;

equations presented. Only the high-explanatory text showed that one equation

was a special case of another, or that one equation could be derived from

{ another. For example, this text pointed out that the probability of the

-

union of two mutually exclusive events (Equation 1) was a special case of

the probébilicy of the udion of any two events-:(Equation 2).
. Py

Finally, the texts varied in the degree of explanation provided for
each equation. 1In the<;igh-exp1anatory text, Venn and branch diagrams were
used to represent the information in the examples, and the equations applied

in these examples were explainéd in terms of these diagrams. Neither of

the other texts provided such explanations. For example, although all three

texts stated that the probability of the joint occurrence of two independenf'

-

events was the product of their probabilities and proVided an example of

o~

»

this, only the high-explanatory text attempted to demonstrate why probabilities

were multiplied in such cases. -
In summary, all texts contained an example followed by the equation,
well as sufficient definitiggs of Cegps such as mutual exclusivity and
" \%endence. In the high-explanatory text, the relation ol;/probability -
to counting was emphasi%ed, pictorial ‘aids were used, and the equdtion was
presented as a natural development ensuing from the example.

1

+ , Performance Tests

Two tests were constructed, each containing two sets of six story problems

. and two sets of six formula problems. Within each set, there \was one problém

testigg each of the six equations in the text. The order pf skts within

A

a test was counterbalanced over subjects so that therg wepye four sequences,

with the constraint that story and formula sets would alternate. Half of

the s%piscts received one test first and the remaining subjects received
~ 2 ‘\ !
the other test first. K
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Formula and story problems differed in the degree to which the given

’//\ information was'explicit in the question. For example, a formula problem
< ' ’ . I

testiné knowledge of Equa 1 would state "P(A) = .4 and P(B) = V3. 1f

A and B are incompatible, what is %¢he value of P(A or B)?" M??cogkgggbr‘

. -

N . «
a story problem testing the same/knowledge would read as follows: '"The probability
is .20 that Jimmy will win a race and .30 that he will finish second. What -
is the probability that he will win or finish second?" ///

Procedure

Subjects were tested individually. They were instructed to read the.,

text booklets silently and at their qwn rate, trying to understand the egplana-

1)

tions and examples. The standard and low-explanatory groups, whose texts *; .
: were four pages in length, were told that they- would have 15 minutes to finish;

the high-explanatory group, whose-text Qas 14 pages in 1engqh; was givﬁn .

.

25 minutes. These limits, based on pilot subjects, were-imposed to discourageﬁ

<

any individual from either quickly scanning the texts, or taking an in-. -

ordinately 1dng time. All subjects finished readinglth;ir texts in the given

time period for their group. .Subjects in the iow-ekplapatory and standard.
groups tended to rate the study time more favorably than subjecté in the

high—explanafory text condition, but this difference was not significant.

At the completion of the study period, subjects were given two minutes
1

to study a list of 15 words unrelated to probability and were then required ~

- -

to write down as many words as they could recall on a blank sheet of papei._
Upan completion of the interpolated task, subjects were given the test. -

There was one problem on a page with space to do any dbrk which the subject
4 . ’ *

felt might help in the solution. Subjects were given as much time as they

. required to complete the test; most required about 30 m%nutes. Upon eompleting

' i

the problems, subjects were asked to return 48 hours later. On the second

test day, subjects ﬂp{é given the second form of the test. The order of

L4

presentation of the test forms ﬁps counterbalanced)

5
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o Results and Discussion vy

’

-~ ) .

; Performance test data were scored according to both a strict and a lenient

. criterion. The strict criterion requifed that the subject set up the answer

4

.correctly in all respects; the lenient eriterion gave credit if the subject

v

used the correct equation but, for example, inserted the wrong values. This

distingtion applies only to performanees on story problems; strict and lo:nient

J N
gscores were the same for formula problems. <

-

A Summary of Test Data

~

¢ ‘ Figure 1 (next page) summarizes the data. The points on the lines are

-

. . .
for the strict criterion; the disconnected open symbols are for the lenient

>

criterion. There dre two important observations to be made about the means.

First, considering the strict-criterion means, the relative performances

of the three text conditions-strongly depend upon the type of problem (p < .001).
" The two nonexplanatory groups appear to know the formulas better than the high- -
explanatory group but they have more difficulty in applying that knowledge

) to story problems. : - .
. '] N - .

AY
The second point to note in Figure 1 1is that strict-criterion scores

: t
. N

are significantly lower than lenient-criterion scores for the two nonexplanatory -

groups (p. <.001). 1Apoarently, subjects in these two groups may correctly . J

.categorize the prdﬁlem and recall.the appropriate. formula but are not able
. ) e 2 -

=

iy . 3 .
to translate the values in the problem statement. In contrast, when high-

3 . - .
12 -

explanatory subjects know what operations are to be performed to solve a

. NI ’

29

-~ : broblem, they usually perform them on the correct, set of values; there is
"T?:;f 1ittle difference beétween their strict and lenient -criterion scores.
N '-; ) A Moﬁe Detailed Analysis of Individual Problems . ' ‘ .

= e -..‘.. ey

;p;'?} It is impraetiaal to. examine ‘the numbers and types of errors ‘made to

- '\.,' . ’

. _f_fi.w :each oﬁ,the 24 story problems for each of‘the three text conditions. Thereforc,'

. sa - N ¢

‘we will focus on those problems testing knowledge of Equations 1, 3, and

.

L {
,A;‘ the problems within these sets reveal the- widest variation in proportions

v
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of correct responses. 1In considering these problems, we ask: Why is’ there

marked variation in proportion correct to problems requiring the same equation

fof solution? And‘why‘is this pattern of Ygriation affected by text condition?
The low—~explanatory and standard groups performed in similar fashion

on all problems. Therefore, in the interests of simplifying the presentation,

we have treated them as a single condition which we have labeled "nonexplana-

tory." We will refer to the high-explanatory group as "explanatory."
Equation 1. Performances on these four problems indicate that subjects

in the nonexplanatory condition are sensitive to aspects of the problem state-
¢ ]

ment which have little effect’upon the performance of subjécts in the explana-

tory condition. Proportions of correct responses in the nonexplanatory group

varied greatly across the four problemsftesting knowledge of Equation 1:

-t
\(a) .375, (b) .4375, (c) .625, and (d) .7188. 1In contrast, the performances
OFY ..

é? those in the explanatory group are not only much better but also quite
@ stable: (a) .9375, (b) .75, (c) .8125, and (d) .8125.
N o - .
Examining the answers to (a) and (b) more closely,We find clear evidence
" of failures to cétegorize_or translate these problems correctly, but only
in the nonexplanatory condition. Consider problem (B;;
. "In the National Women's Ping Pong League, Los Angeles has
. a .3 chance of winning, San Francisco _has a .2 chance, San Diego has
. ‘ ' a .1 chance, New York has a .1 chance‘g’d Philadelphia has a .3 chance. |,
oY . What is the probability that a west coaSt team will win?" .

Note that this problem contains irré&evant information; the stated pro-

‘ Paﬁiii;ies for New‘York and‘Philadelphia are unneégssaf?. Subjects in the
gonexplanatory condition attempted to use these probabilities; five subjectg
"subtracted .1 + .3 from the correct sum (or from the product of thel&est
coast probabilities), fouf others multiplied all five probabilities, and L

N -
. two others divided by .1 + .3. Only one subject in the explanatory condition
~ "attempted to incorporate the irrelevant values into his anwer. Apparently,"-

I

. subjects who do not understand the rationale for using the equations attempt

Q to use anx}information presented to them. In this example,. the subjects

B ‘ , - o

\ ‘ .
14 ? )
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¢
cited misclassified the problem, using Equations 2, 4, or 5 in an attempt

to incorporate all the values stated.

~

. Problem (b) also indicates that subjects, in the nonexplanatory’éondition
have difficulty when there is nc key word to provide a basis for classifica-
! tion. Eight ef the 32 subjects in this condition used'Equation 3 rather

: than Equation 1, multiplying probabilities instead of addihg them. Tt is
3

revéaling that the only other of the four problems in which ,this type of'
s . y

error was frequent (nine of 12 subjects who made errors) was (c); (b) and

(c¢) are the only two problems in this set in which the problem does not speci-

fically request the probability of someﬁsgzg gg‘something.\ It is also im-

portant to note Fhat th?s misclassification error occurred only once for

problem (b) and once for problem (c) in-eﬁgtexplanatory condition. /’5/‘///
Even when subjects in the nonexplanatory condition used the correct

equation, they may have had difficulty translating the story; that is,

\

correctly inserting values from the story into the equation. This-was a

major source of difficult§ for the nonexplana&ory group in problem (a). The

. problem presents frequencies of different color marbles in a jar, and- then

asks for the probability of drawing a red or white marble. Five subjects

.

misclassified the problem, attempting to incorporate frequencies of orange
and blqe marbles into their answ;r. Most of the errors, however, reveal
a lack of understanding of the relation bethveen frequency and probability.
Subjects often failed to divide the sum of the numbers of red and white marbles
‘. by the total number of marbles, or divide; by 100. Note that this problem
was the most difficult for the nonexplanatory group'but the easiest for the
. " explanatory group who had the relation between freq;ency and probability L._
explained in their text. | . ‘
?ﬁé performénce of the nonexplanatory group on problem (d) Rrovides

further evidence of the validity‘of our analysis of classification and translation

errors. This problem evoked the best performance from the nonexplanatory
. ' " '

ERIC  ~ R '
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group. Not surprisingly, in v}ew of our analysis, it states_exaétly two
values, includes-thg key word "or," and requires né translation of the stated
values.

Equation 3. The explanatory group did not perform as well on these
problems as on those testing knowledge of Equation 1. We suspect that the
rationale for multiplication of probabilities is more difficult to understand
than that for adding probabilities.

In one respect, performances oh this problem set were similar to those
on the first problem set: proportion correct was fairly stable over problems
for the explanafory group and quite variable for the nonexplanatory group.

For the explanatory group, these proportions were (a) .5, (b) .5625, (c) .625,
and (d) .5625; for the nonexplanatory group, the proportions were (a) .2813,

(b) .5, (c) .625, and (d) .8438. As with the first problem set, it appears

that subjects in the nonexplanatory condition are more sensitive to the statement
of the- problem than*arE”éubjeCtS'in‘fhe explanatory condition.

Much of the variability exhibited by the nonexplanatory group can again
be tragéd ;o variations in the problems with respect to irrelevant information

A}

and translation redquirements. Problem (b) presented values that were redundant

(in essence, presenting P(A), P(not-A), E(B), P(not-B). Four subjects inge

‘the nonexplanatory group used the wrong equation in an attempt to incorporate

all four values in their answer (e.g. ".2 x :4 x .6 x .8") and one made what .

we would characterize as g translation error, multiplying .2 by .4. In con-

trast, no subject in ghe explanatory group used numbers other than .2 and

+6 in their answers. ‘ . !
The answers to problem (a) indicate a serious.translatiog difficulty.

The problem states P(A) and Pﬂnot-Bi, and asks for P(A and B}. Of 23 subjects

in the nonexplanaCOry pdhditibn who erred in response to thiégproblem, 11

‘multiplieé P(A) by P(B); only one suﬁject in the explanatory condition did

this

7 ‘}. R




In contrast to performances ¢on problem (a), the nonexplanatory group

did very well in answering problem (d). This states:
".7 of the members of the state legislature favor a
particular bill. .6 of the members are Democrats. If party and vote
are independent, what is the probability that the next legislator you
meet is a Democrat and votes for the bill?"

We suggest that Ehis problem was very éasy for the nonexplanatory group
because they have memorized the rule: "Whenever the probabilities of something
and something. else are required, multiply their individual probabilities."

In problem (d), the'wo;}5"and" is present and there are only two possible
values to mﬁltiply. Fortunately, théy are the right two values. The same

circumstances hold for problem (a) except that the values given are not right;

‘one value must bé subtracted from 1.0 before multiplying.

- Equation 4. This equation is the general cése of Equation 3 and, there-
fore, it would seem that subjects should score about the same on this problem
set as on the earlier one. That was the case for subjects in the explanatory
group; in the nonexplanatory group, however, the average proportion correct
was .22 lower for the problems testing knqwledge of Equation 4 than for those
testing knowledge of Equation 3. For the explanatory condition, the propoftions
correct were, as in the other pfoblem‘sets, rela;ively stable: (a) .5,
(b) .4375, (c) .625,.and (d) .5625. Also, as before, the nonexplan;tory 4
grouﬂnexhibits greater variability of performance over the four pfoblems:
the relevant proportions were (a)..1563, (b) .1875, Jﬁ) .3438, and (d) .625.

That the nonexplanatog;*group had greater difficulty with these four

problems tham with the third problem set may reflect two factors. First, T
these problems typically omit explicit use of the key word "ana;" this may
cause classification progiahs. Second, the probability of the complementary
event is 6ften not exp. citly stated; thus, there may be translation diffi-
culties. ‘ \ |

‘, b
Both conditions exhibit about 16% classification errors as indicated

by use of operations other than multiplication. More striking,'at least
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in the nonexplanatory condition, were errors of translation indicated by

I3
3

using the stated probability when its complement was appropriate. Averaging

over problems (a), (b), and (c), 11.67 subjects in the nonexplanatory group

-~

made such errors. Only 2.33 subjects did so in the explanatory group.
The nonexplanatory group performed reasonably well on problem (d) which

states:
»”
"A hockey team wins with probability .5, loses with probability
of .3, and ties with probability of .2. What is the probability that
in the next four games, the team wins, then loses, then wins, then loses?"

The statement of this problem more closely parallels the statemept of Equation &4
thi& does that of the other problems in this set, thus reducing the likelihood
of misclassification. Furthermore, all the required probabilities are stated;
translation difficulties are presumably minimal.
~ Conclusions

Very different patterns of knowledge appear to be present in subjects
in'ﬁhé%nonexplanatofy (standard and low-explanatory texts) and explanatory
.éondixions. Subjects in the two nonexplanatory groups performed considerably
less weil on story than on formula problem;{ and often used the correct formula
for a problem (that is, met the lenient criterion) but failed to solve it.
A closer look at answers to story problems revealed that.subjects in the
nonexplanatory conditons often required the explicit presence of key words
which unambiguously pointed to certain operations, tended to misclasa}fy

’

problems in the presence of irrelevant or redundant information, and made
many errors wheﬁ the values in the.story required modification before insertion
into the formula. In contrast, subjects in the high-explanatory condition

)

ﬁerformea equally wel} on story and formula problems, tended to solve whenever

»

they showed evidence of knowing the appropriate formula, and were considerably
less hindered by absence of key words, the presence of irrelevant information, \,

and the need to translate values in the story. The situation may be summarized *

by noting'éhag, although ail ohr\subjects were novices, those in the high-

]



explanatory condition seem to share more of the characteristics of experts

than do those in the other two conditions. —
’ The results of more recené studies lead us to believe that the solution
processes in the explanatory and honexplanatory conditions are qualitatively
different. In one study, subjects in a high-explanatory condition had only
607 correct recall of equations (as oﬁposed to 90% for a standard group),
but were aile to perform correctly on 53% of story problems. This result
suggests to us (as does the equivalenc;;f formula and story scores in the
study just detailed) that subjects in the high-explanatory condition often
may not retrieve the formula at all. Another study in which subjects thought
a%pud while.solving supports this eonjecture; after studying a high—exézgnatory ,
text, students tended to attempt to construct solutions, é}ten using the
diagrammatic aids provided by the text. Rather than recalling formulas,
they attempted to recall examplés from the text which they felt wére similar
t§ the problem &t hand, éﬁa”to”use thése as a model for solution.

Much remains to be done. High on the agenda must be the use of other
measures of lomprehension--both problems demanding more complex processing
and transfer to new materials such as the Binomial and Bayes' theorems. We
suspect that such research will provide further evidgnce of the role under-

¢

standing can play in mathematical problem-solving.
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